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Abstract

This thesis presents the programming language TransLucid, from its denotational se-
mantics to its concrete implementation. In TransLucid, a variable denotes an intension,
which is an array of arbitrary rank and infinite extent, indexed by a multidimensional
context. TransLucid is descended from Lucid, whose development since 1974 left several
open problems, all of which are solved in this thesis. These open problems are: 1) the
semantics and implementation of higher-order functions over intensions; 2) the semantics
and implementation of dimensions as first-class values, atomic values as dimensions, and
contexts as first-class values; and 3) the implementation of a cache-based evaluator. In
addition, this thesis presents a type inference algorithm for TransLucid, and the concrete

TransLucid system, which is a synchronous reactive programming environment.
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Chapter 1

Introduction

This dissertation presents the programming language TransLucid, from its denotational
semantics to its concrete implementation. TransLucid is an intensional programming
language, meaning that a variable denotes an intension, which is an array of arbitrary
rank and infinite extent. Programming with infinite arrays allows the data flow of a
computation to be made explicit, with every subcomputation explicitly indexable. The
most immediate application of such a language is in parallel programming; by writing down
equations describing this data flow, the programmer is not concerned with the specific
implementation details of synchronisation, locking, shared memory, and so on, but with
expressing the problem in a manner that makes the available parallelism obvious. The
interpreter presented in Chapters 8 and 9 is currently available at http://translucid.
web.cse.unsw.edu.au. The entire presentation is given in a bottom-up manner, building
on simple concepts at each step, since the concepts are too new for a top-down presentation.

TransLucid is a descendant of the dataflow language Lucid, first presented by Wadge
and Ashcroft in 1976 [7]. In order to understand the contributions this thesis makes to
TransLucid, it is necessary to examine the historical context, mainly the development of
Lucid, which left open several problems, all of which are solved in the following chapters.

We begin in 1974, with the mathematician William (Bill) Wadge, and the computer
scientist Edward (Ed) Ashcroft. Wadge made the observation that it is typical to write

statements like the following in a program:

I=0
while (I < N)
{

}

Mathematically, these statements are nonsensical, in particular I = I + 1. To a mathe-
matician, a variable is not assigned to, but is a mathematical object defined by an equation,
or set of equations, and is typically parameterised by one (or more) dependent variable(s).

Wadge realised that the variable I could be described by the following equations:


http://translucid.web.cse.unsw.edu.au
http://translucid.web.cse.unsw.edu.au
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first I 0

I+1

next I

Initially, when Wadge took this idea to Ashcroft, the latter responded positively, but with
the question, “What is the semantics?” The first answer provided by Wadge was to give
an operational explanation of what was going on—which is not semantics. Wadge, having
studied the Baire space (irrationals with infinite decimal expansion) while doing his PhD,
soon after realised that the semantics of the variable I is an infinite stream, (0,1,2,...),
representing the history of I as it varies through “time”. This infinite stream obeyed
the prefix order, which is that a stream s is less defined than another, s, if s is a prefix
of s'—in other words, that it was necessary to compute elements in order. It was seen this
way exactly because the operational view of I suggested the semantics; since I was a loop
variable, it had to be evaluated sequentially.

This exchange, here between Wadge and Ashcroft, in which several threads of ideas
interact, would be repeated as Lucid evolved. The first, and most important, of these
threads is the question, “What is its semantics?” The second thread, which we have also
seen, is how the operational view of computation interacts with the semantics, and is also
frequently recurring. There are other significant threads of ideas, each is introduced as it
occurs; each is solved completely in this thesis, but their presentation is deferred, because
the solutions only become clear in their entirety.

Lucid was first presented to other researchers in 1975 at the Symposium on Proving and
Improving Programs, hosted by Gilles Kahn and Gérard Huet in Arc-et-Senans (France).
There, it quickly became clear that Kahn’s work on dataflow networks, and Wadge and
Ashcroft’s work on Lucid, were intimately related. In 1977, Kahn wrote [23] about this

connection:

The style of programming also recalls LUCID, which has a similar semantics.
The obvious pay off will be in easier correctness proofs. Note also that this
programming language is just what is needed to compute over real numbers

with unlimited accuracy.

Lucid streams were soon understood as dataflow networks, and a new operator, by (fol-
lowed by) was introduced. As a result, the two declarations for I, as above, could be

replaced by one:
I=0+fbyI+1

Another luminary of the same period, Alan Kay, designer of Smalltalk, also noticed
Lucid. For Kay, a Smalltalk object was a function transforming a sequence of messages

received into a sequence of messages sent. In a 2004 interview [21], Alan Kay said:

One of my favorite old languages is one called Lucid by Ed Ashcroft [and Bill
Wadge]. It was a beautiful idea. He said, “Hey, look, we can regard a variable
as a stream, as some sort of ordered thing of its values and time, and use
Christopher Strachey’s idea that everything is wonderful about tail recursion

and Lisp, except what it looks like.” When he looked at Lisp, he had a great
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insight: which was that tail-recursive loops and Lisp are so clean because you're
generating the right-hand side of all the assignment statements before you do
any rebinding. So you're automatically forced to use only old values. You

cannot rebind, so there are no race conditions on anything.

You just write down all of those things, and then when you do the tail recursion,
you rebind all of those variables with these new values. Strachey said, “I
can write that down like a sequential program, as a bunch of simultaneous
assignment statements, and a loop that makes it easier to think of.” That’s
basically what Lucid did—there is no reason that you have to think recursively
for things that are basically iteration, and you can make these iterations as

clean as a functional language if you have a better theory about what values are.

The intuition Kay held for Smalltalk objects was that they were filters between Lucid
variables.

Although Wadge and Ashcroft wrote about dataflow, they were already aware by 1977
that the primitives of Lucid allowed the creation of programs that could not be interpreted
as pure dataflow, but in a demand-driven manner, which they later called eduction. The
first Lucid interpreters, implemented by Tom Cargill and David May, which were sub-
sequently refined by Calvin Ostrum [26], evaluated elements of streams in this demand-
driven manner, meaning that some elements were never even computed. In fact, these
interpreters even worked if there were elements defined by nonterminating computations,
as long as those elements were never requested. However, this model of evaluation was
not consistent with the dataflow semantics, because the prefix order on streams required
that a stream be defined sequentially, from zero, in effect, forcing iteration. This brings
us back to the second thread of ideas: the way in which the operational view influences
the semantic view. We will return to this semantic problem shortly.

The term eduction was used around the same time (1978) for exactly the same purpose
in a completely different area of computer science. David P. Reed published his PhD thesis
Naming and Synchronization in a Decentralized Computer System [38], in which a trans-
action in a distributed system could be defined by supposing an independent transaction
on a complete (virtual) copy of the system, whose result would be then integrated back
into the (in the mean time) possibly-changed physical system, should there be no contra-
dictions. If there were, then the transaction would need to be restarted. This principle
is the basis for software transactional memory. The actual implementation of this idea
requires a demand-driven strategy to acquire copies of components of the original system,
as needed, for the purposes of the transaction; this strategy Reed also called eduction. It
is unclear how two different research groups ended up, at the same time, with exactly the
same terminology for what was essentially the same process, used in different situations.

In the first interpreters, elements of streams were cached. This was fairly trivial, since
streams only varied in a single time dimension. A cached evaluator worked as follows:
the user would request the value of some stream, say, I, defined above, at some time,
say, 6. This would then need I at time 5, which would need I at time 4, down to time 0.

Since every stream varied in only the time dimension, it was trivial to remember the value
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resulting from each pair of requests. Then, if a request later came along for I at some
time, for which the value at that time had already been computed, it could just be looked
up in the cache. This is in fact the next thread of ideas: it is desirable to cache results of
computation, to reduce repeated computation of the same thing. However, as will soon
be seen, this became increasingly difficult as the language evolved.

At the end of their 1977 CACM article [8], Wadge and Ashcroft gave their vision for
Lucid:

There are, besides iteration, several other features so far not discussed which a
programmer would expect to find in a high-level programming language. These
include arrays, structured data and user-defined, possibly recursive, functions.
Naturally any such extensions must be compatible with the denotational ap-
proach; the addition of imperative features would make the rules of inference
invalid. Function definitions offer no real difficulty, because, as was noted in
Section 2 [of the paper], recursion equations are simply assertions. The ad-
dition of arrays is not quite so straightforward, but is possible if we allow
the value of a variable to depend on space as well as time parameters (David
May’s interpreter deals with arrays in this way). Details will be given in a

subsequent paper.

Solving these problems took a lot longer than expected, precisely because of the interplay
between methodology, semantics and implementation. As a problem was being solved, it
was also generalised, which forced advances in other aspects of the language. The above
problems are all solved in this thesis, and due to the history of the language, not always in
the manner envisioned by Wadge and Ashcroft, but using a more general approach where
applicable. In particular, the introduction of intensions and higher-order functions over
intensions was non-trivial, and forms the key contribution of this thesis.

By the time that Wadge and Ashcroft wrote their first book on Lucid in 1985, Lucid:
the Dataflow Programming Language [43], streams were written with a single definition,
using operators that transformed streams. Their vision was that a Lucid function was
essentially a filter—as was envisioned by Kay—which transformed streams of data. At the
start of their book, Wadge and Ashcroft presented an example program that computes
the root mean square of an input stream. With the appropriate function definitions, the
expression sqroot(avg(square(a))) is a filter producing a stream, whose elements are
the root mean square of the elements of a, up to that point. They likened this to Unix
pipes, whereby one could write something like (sqroot | avg | square) < ato achieve
the same effect.

With the initial intuition that a variable is an infinite stream, and the subsequent
realisation that problems can be described as data flowing through a network, Wadge and
Ashcroft saw the potential for exploiting the maximum parallelism in a problem, by simply
writing down the problem declaratively, rather than a sequential solution to that problem.

In their 1985 book Lucid: the Dataflow Programming Language, they wrote [43, p.31]:

Machines exist to solve problems; to simulate an airplane in flight, to control a

refinery, to compute the gas bill. The role of the programmers in this context
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is to communicate the problem to the machine—the programming language
is their tool. The reason that the programmer wants to get away from the

machine is to get closer to the problem.

These three sentences epitomised their vision for Lucid. Wadge and Ashcroft saw the
potential for parallel programming, at the time in its infancy, and understood that to solve
parallel programming problems, it was imperative that programming move away from the
sequential programming model, and towards a language in which parallel problems could
naturally be expressed.

Although, by 1977, they recognised that the semantics and implementation were dif-
ferent to pure dataflow, it continued to inspire their vision, which made it difficult for
them to look further. By initially looking at a stream such as I, which provided a very
good model for declarative iteration, Wadge and Ashcroft restricted themselves to think-
ing only about iteration, i.e., a single stream varying in time, whose elements depended
on the value of the previous element. Furthermore, by doing this, they were essentially
focusing on task-level parallelism, and never considered data-level parallelism; they had
the correct intuition with regards to connecting different filters together, but by forcing
everything to be iterative, they lost the potential for every element in an entire stream to
be computed in parallel.

The lack of functions in Lucid was problematic, because they were necessary for trans-
forming streams. So by their 1985 book [43], there were user-defined functions in Lucid,
but they were not first-class objects. This led to criticism from the functional program-
ming community, who did not consider Lucid to be a functional language because it did
not have higher-order functions, even though every single Lucid variable was itself a func-
tion (a stream is a function from naturals to values), so any Lucid function was, in fact,
inherently higher-order, just not in the sense that the functional programming community
wanted. In addition, Wadge wanted an approach to the implementation of functions that
was consistent with the eductive implementation of Lucid variables.

At the end of their 1985 book [43, p.233], the authors presented an idea for a hypothet-
ical version of Lucid, in which there could be streams of functions, as well as higher-order

functions over streams. They wanted to be able to define a variable like P as follows:
P=(Nx:x) foy (\x : x *x P(x))

Functions as first-class values is the next thread of ideas in Lucid, beginning with this idea
about allowing streams of functions; the idea is picked up again later. The TransLucid
solution to the above problem is presented in §4.13.

Also at the end of their 1977 paper [8], Wadge and Ashcroft presented the possibility
of manipulating arrays in Lucid, essentially allowing streams of arrays, or explicit mul-
tidimensionality, instead of the current single-dimensional model. So the thread of ideas
was, “How do we allow more dimensions to be manipulated by the user?” In their 1985
book [43], Wadge and Ashcroft presented several implementations which attempted to an-
swer that question. To achieve this multidimensionality, additional space dimensions were

made available to the user through additional operators. There were operators such as
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cby (continued by), amongst others, which were “space” analogs of the functions used to
manipulate streams varying in “time”. These functions had slightly different semantics in
each implementation, but the basic idea was that they allowed some limited manipulation
of the “space” and “time” dimensions. These ideas were heading in the right direction,
but since the user could not explicitly manipulate dimensions as first-class values, the pro-
grams that could be written were limited by the operators made available in the language.
In addition, the dimensions over which a function operated were preordained, so if the
user wrote a function that operated over a stream varying in space dimension sg, then it
could not be made to operate over space dimension si, forcing it to be rewritten.

In fact, as shown in this thesis, both higher-order functions and multidimensionality
need each other. So it is not surprising that without either concept being completely
understood, neither of them was successful. Multidimensionality is not particularly inter-
esting without higher-order functions, because functions are necessary to structure data;
and higher-order functions need multidimensionality for implementation purposes.

Meanwhile, the desire to understand the concepts of Lucid denotationally continued.
So, now, we return to the problem of the semantics of streams versus the implementation.
It was later realised that the correct order for streams is, in fact, not the prefix order, but
the Scott order, which says that a stream s is less defined than s’ if s’ defines at least the
elements that s defines, and that they concur for those elements.

The Scott order of streams led to the idea of the intension [15] in 1986. This had the
implication that a variable is not a stream in one dimension, but an infinite array varying
in arbitrary dimensions (the intension is a generalisation of the Lucid stream, extended to
multiple dimensions, so a stream can be seen as an intension varying in one dimension).
In logic, an intension is a mapping from possible worlds to extensions, see the work by
Carnap [12] and Montague [14, 42]. In Lucid, an intension is a mapping from possible
worlds (multidimensional indices) to extensions (atomic values).

From this point onwards, the questions driving the development of Lucid were about al-
lowing the user to explicitly manipulate all of the concepts referred to in the semantics. So
in continuing the thread about the user manipulating dimensions, the next natural question
was, “What if the user can explicitly manipulate dimensions?” The answer to this question
was Indexical Lucid, introduced by Faustini and Jagannathan in 1991 [16, 17], and later
presented in the 1995 book Multidimensional Declarative Programming [9]. In Indexical
Lucid, a function rotate, which takes as input an intension varying in dimension d1 and
rotates it into dimension d2, i.e., returning an intension varying in dimension d2, can be

defined as follows:
rotate.d1,d2 X = X 0.4d2 #.d1

If a and b were actual dimensions, and A were an intension varying in dimension a, then

the function application:
rotate.a,b A

would rotate A into dimension b. In Indexical Lucid, functions take dimensional parame-

ters, and intensional parameters, and cannot be partially applied. So here, a and b are not
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passed as values as in ML-style languages, but are passed as the dimension names a and b
to rotate. Indexical Lucid made huge progress in the way that programs were written.
However, it always came back to the question, “What is its semantics?” In Multidimen-
sional Declarative Programming [9, Chapter 3], the authors gave an intuitive description
of the semantics, but no rigorous mathematical semantics. In addition, the cached eval-
uator previously used did not work with the huge number of dimensions now used in a
program; it was not clear how to tag the result of a computation, nor how to later look
it up, since not all dimensions being used at any given time were relevant to the value
of any particular expression. The implementation of a cached evaluator became an open
problem, and is solved in Chapter 6.

Continuing along the thread of introducing first-class functions, the next question was,
“Can we introduce higher-order functions?” In 1999, Rondogiannis and Wadge presented
a system for transforming higher-order functional programs into multidimensional inten-
sional programs with no functions [39]. However, their system only worked for a restricted
class of functional programs, in which functions could take other functions as argument,
but could not return functions—so partially applied functions were not allowed either.
This was a step in the right direction, but did not produce a Lucid language with func-
tions, only a means to transform other programs to Lucid with no functions.

To return to the thread about explicitly manipulating dimensions, the next question
was, “Do dimensions necessarily have to be special parameters to functions?”. In 1999
and 2000, Paquet and Plaice suggested with Tensor Lucid [27, 29], that dimensions could
be first-class values. Then in 2000, Plaice proposed Multidimensional Lucid [31], in which
any atomic object could be used as a dimension. If dimensions could become first-class
values, it was only natural that contexts should become first-class values. In 2001, in
developing his GIPSY project [28], Paquet suggested that the context change operator
become E’@ E, meaning that E should evaluate to a context x, and E’ would be evaluated
by perturbing the running context with x. However, the implementation issues became
further complicated.

In 2005, Plaice started the TransLucid project, with an idea from Wadge called lazy
eduction. This was a back-and-forth interaction between the cache and the evaluator,
whereby the cache would build up the dimensions used to produce a result by attempting
evaluation with only the dimensions known about. If more dimensions were required, the
cache would record this, and the process would continue until a result was obtained. All
of this work culminated with Plaice’s Habilitation thesis in 2010 [32], which attempted to
provide a denotational semantics, operational semantics and cache semantics for TransLu-
cid with higher-order functions and first-class dimensions and contexts. Whilst the ideas
were heading in the right direction, clearly defining the future work, much was not imple-
mented, and the set of primitives defined therein turned out to be definable by an even
smaller set, leading to simpler semantics and implementation.

It is at this point that the present thesis steps in and draws all of these threads together.
This thesis provides an answer to each of the following questions from the history of Lucid:

“What is its semantics?”, “Can we have first-class higher-order functions?”, “Can we
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implement a cached evaluator?”, and “Can contexts and dimensions be first-class values,
to be manipulated as the user desires?”

Chapter 2 presents the semantics of Core TransLucid, which is a basic functional pro-
gramming language, with only four more syntactic elements than a standard functional
language, in which an expression with no free variables denotes an intension. Further-
more, intensions, functions, contexts and dimensions are all part of the semantic domain
(Definition 1), meaning that they are all first-class values.

After the denotational semantics, much of the work in this thesis exists to produce
a concrete language that is usable and implementable. In order to move from Core
TransLucid to Concrete TransLucid, presented in Chapter 8, several different syntaxes
are presented, with complete syntactic transformations and semantics. To illustrate the
syntax and transformations, the remainder of this Chapter will use the example of a sim-
ple matrix multiplication, presenting it in each different syntax. Matrix multiplication is
presented in (canonical) TransLucid, and explained in detail in §4.7.

Suppose that A and B are two matrices, of sizes 2 x 3 and 3 x 2 respectively, both

indexed by dimensions a and b. We can visualise these matrices in the following tables:

‘Ao 1 2 ¢ ‘B> lo 1 *¢

0/1 2 3 0/9 8

114 5 6 7 6

#b| 205 4
0]

In fact, in Core TransLucid, A and B are two-dimensional intensions, of infinite size, but we
only need concern ourselves with the relevant entries. With this example it should be clear
why we refer to this style of programming as Cartesian Programming, because all variables
are arrays sitting in a Cartesian coordinate space, indexed by as many dimensions as

necessary. In Core TransLucid the multiplication of A and B is defined by the expression:

W wherevar
A'=AQ[a+ #.d]
B'=Be[b+ #.d]

Z=AxB
W =if #.d =0 then Z else Z + W fi
end
wheredim
d<+ 2

end

Here, we create a new dimension d, and initialise its ordinate to 2, resulting in the wherevar
clause being evaluated in the context {d — 2}. The variables A" and B’ are the result of
rotating A into dimension d along dimension a and B into dimension d along dimension b.
Then, Z is a 2x3x2 parallelepiped, formed as the result of multiplying every corresponding

element of A’ and B’. The variable S is the result of summing the elements of Z in the
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d direction. Since the size of the common dimension of the matrices is 3, we need to pull
out the third entry of the sum (counting from zero), hence initialising the d-ordinate to 2.

The variables used to produce the result can be visualised as follows:

‘Ao 1 2 B> |o 1 2 %
0/1 2 3 0l9 7 5
114 5 6 118 6 4
#b| #al
Zela+<o0| 0 1 2 % Zela+1] 0 1 2 %
0l 9 14 15 0] 8 12 12
1136 35 30 132 30 24
#b| #b]

For the variable W which sums the elements of Z, we write dimension d to the right,
which is the direction of the summation, and the boxes represent the values making up
the final result.

‘Wela«o0| 0 1 2 Wela«1| 0 1 2 %

0] 9 23 [38] 0| 8 20 [32]

1136 71 [101] 1132 62 [86]
#_bi{ #.bJ]

The final result is reproduced below using a single table, rotating the table so that dimen-

sion a is to the right again.

‘Weld«2’| 0 1 *
0| 38 32
1101 86
#b)

In Core TransLucid, we can write down higher-order functions over intensions, although
it is a little verbose. Therefore, Chapter 3 presents (canonical) TransLucid, which provides
several function abstractions and applications, implemented as syntactic sugar over Core
TransLucid, and demonstrates the canonical way that the user would write higher-order

functions. These function abstractions are:
1. An intension abstraction, which promotes the intension to a first-class object;

2. A base abstraction, whose body must define a single atomic value;

w

. A call-by-value abstraction, whose parameter is evaluated when applied, and whose

body defines an intension;

S

. A call-by-name abstraction, whose parameter is evaluated when used, and whose

body defines an intension.
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In addition, the wherevar and wheredim clauses are combined into a single where clause.
Using the syntactic sugar of TransLucid, we define a function matriz_multiply that takes
as input two matrices, the dimensions in which they vary and the size of their common

dimension, this example corresponds to the one in §4.7:

fun matrizc_multiply.d..d,.k XY =W
where

dimd + k

var X' = rotate.d..d X

var Y’ = rotate.d,.d Y

var Z = X' x Y’

var W = foldl.d.plus.0 Z

end

Then the expression matriz_multiply.a.b.3 A B gives the matrix multiplication of A and B.
The fun declaration is also presented with TransLucid, and it is syntactic sugar for a

variable declaration, which defines a function. In this case it is the equivalent to:
var matriz_multiply = \d. — \d, — APk — A"X — A"Y — W where --- end

Here, X’ and Y’ are defined using the function rotate.d.d’ X (§4.5), which rotates dimen-
sion d of its argument X into d’, and variable S is defined using foldl.d.f.z X (§4.6), which
computes the left fold of its argument X along direction d using the function f and with z
as the initial element.

After presenting TransLucid, Chapter 4 gives an introduction into the methodology
of programming in TransLucid, by presenting how TransLucid solves several standard
programming problems, with particular reference to the geometric view of an intension.
This is a key chapter, because it is through this geometric view that it can be seen
how the flattening of the data involved in a computation allows data dependencies to be
made explicit, with the goal of drawing out maximal parallellism. This is in contrast
to a language such as Haskell, which requires the programmer to explicitly program the
parallelism, using extensions such as Control Parallel [4], Concurrent Haskell [3] and Data
Parallel Haskell [1], the result being that if an opportunity for parallelism is missed by the
programmer, then it cannot be recovered by a compiler.

In moving TransLucid towards an implementation, Chapter 5 presents Operational
TransLucid, which moves manipulations of the environment into manipulations of the
context—another key contribution of this thesis. It is necessary to do this because a
direct implementation of the denotational semantics would be horribly inefficient. To
achieve this, all uses of the environment in function abstractions are transformed to uses
of the context, and a function abstraction must hold on to the ordinate of any dimension
used as a parameter by a surrounding abstraction. In addition, call-by-name abstractions
are transformed to call-by-value abstractions that take an intension as parameter, call-by-

name applications are transformed to call-by-value applications that wrap the right-hand
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side in an intension abstraction, and the where clause is split into wheredim and wherevar.
The matrix multiplication example is transformed to the following (note that the user does

not see this syntax, it is purely for implementation purposes):

var matric_multiply = \P bd, —
Ao {¢a.} ¢a, —
XS {bd,, ¢a,} o1 —
A5 {@d., ba,, b1}t dx —
Ao {bde, d,, Py Ox} by — W
wherevar
var X' = rotate.¢q..¢q (I $x)
var Y/ = rotate.@.@ { oy)
var Z=X'xY'
var W = foldl.d.plus.0! (T {ba,, Pd,, Pk, 0x, Oy} Z)
end
wheredim,
dim ¢g < k

end

The question of the cached evaluator is solved in Chapter 6. The evaluator discovers
the dimensions of relevance using a back-and-forth interaction with the cache. Initially,
an attempt is made to evaluate with no dimensions; should a dimension be required, the
cache records the dimension and its ordinate and tries again. This continues until an
answer is produced, at which point the cache has built up a tree describing the dimensions
necessary to evaluate an intension.

Consider an evaluation of the Fibonacci numbers. We would like to compute the value

of the following expression:

fib
where
dimd + 3
var fib = if #.d = 0 then 1
elsif #.d =1 then 1
else (fib@[d < #.d —1]) + (fib @ [d + #.d — 2]) fi

end

Without the cache, the evaluator requests the pair (fib, {d — 3}), which requests the pairs
(fib, {d — 2}) and (fib, {d — 1}), the latter gives the result 1, and the former requests
(fib,{d — 1}) and (fib, {d — 0}) which both produce 1. Even with the third Fibonacci
number there are two requests for the first Fibonacci number.

Evaluating with the cache is slightly different. Initially we ask for (fib, {d — 3}), and
the cache starts the computation with the empty context (). When the evaluator reaches
#.d inside the condition of the if expression, it returns the fact that it needs dimension d.

The cache records this, and then attempts to evaluate again with the context {d — 3}.
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This time, the else branch is taken, and a request is made at {d — 2}. This whole
process is repeated, except that this time the cache knows that the d-ordinate is required,
so it starts evaluating immediately, and again comes to the else branch, which requests
(fib,{d — 1}). Again this is repeated, but this time the result 1 is returned, so the cache
remembers that (fib, {d — 1}) = 1. As evaluation continues, the same process is carried
out for the values at 0 and 2. Finally, evaluation returns to the right-hand side of the
addition when the context is {d — 3}, which requests (fib,{d — 1}). This time, that
result is already stored in the cache, so it does not attempt to recompute it, and simply
returns the result.

As a final note, the cache scheme is so effective, that the plethora of dimensions
resulting from the transformation to Operational TransLucid causes no problems for it.

In addition, this thesis seeks to answer two additional questions: “How far can we take
static analysis of TransLucid programs?” and, “Can we produce not just an expression
evaluator, but a complete programming environment with multidimensional input and
output, that remains completely declarative?”

Chapter 7 presents a type inference algorithm for TransLucid, which starts with the
idea that the principal type of an object is itself. To support this idea, types are inferred in
a framework which generates subtyping constraints. For example, the type of the number
42 is not intmp, but «, with the constraint (42 < «). The types of larger programs
are built up by composing the constraints generated by subexpressions, and placing them
in a constraint graph, if that graph is closed then it has a solution, and the program is
well-typed.

An example type that can be inferred in this system is the Y'-combinator, whose
definition is:

Nf—= (Nz— f(zz) (W2 — f(z2))

and whose type is inferred as:

(%

Va.(t (T a2 a) 5 a)

which is something that unification-based type-inference algorithms cannot do, such as is
used by Haskell.

Then finally, Chapter 8 presents Concrete TransLucid, along with the TransLucid
system, which is a synchronous reactive programming environment, supported by the
TransLucid standard library presented in Chapter 9. Concrete TransLucid provides con-
crete syntax for expressions and atomic objects, so that the user can write down real
programs, using real atomic objects available in the host environment. The TransLucid
system evaluates demands across several instants, taking finite multidimensional arrays as
input and producing finite multidimensional arrays as output. Additionally, the behaviour
of the system can be modified, by the programmer adding the appropriate declarations
at each instant. All of this is completely declarative, with the demands for computation
being carried out each instant, and the results written to the required outputs. This solves

the problem that Simon Peyton Jones referred to when he said that “Haskell is useless” [2].
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By providing a semantics for side effects to occur in discrete time instants, this thesis has
produced a completely declarative system, which is capable of affecting the outside world.
To finish with the matrix multiplication example in Concrete TransLucid, with the

system evaluating demands at each instant, and taking inputs and producing real output,
we can create a system that evaluates matrix multiplications every instant, with new
inputs each time. We declare the variables A and B to be inputs, and variable C' to be an
output:

indima

indim b

invar A <+ URL

invar B < URL

outvar C := matriz_multiply.a.b.3 A B

outvardest C' — URL

Each of the three URLs would be set to point to the appropriate location, and as long the
inputs provide a different matrix at each instant, the request for assignment into variable C
will compute a different matrix, upon each instant, until the end of time.

The open problems left by Lucid in the 1970s and 1980s are closed by this thesis,
but many new questions are raised, which research teams could spend many fruitful years
working on. Chapter 10 examines the different problems raised, and points in the direction
of their solution, with much of the future work being in static analysis, so that efficient
code with maximal parallelism, as appropriate for the target architecture, can be generated

from the same program.



Chapter 2

Core TransLucid

This chapter presents the key concepts and semantics for TransLucid. The language
presented here is Core TransLucid, a higher-order functional language in which a variable
denotes an intension, which is a mapping from contexts to ordinary values, where a context
is a set of dimension—ordinate pairs. Core TransLucid is a standard functional language,
to which are added four syntactic constructs: the tuple, the context, the context change,
and the wheredim clause. Core TransLucid’s semantics requires the definition of domains
for contexts and intensions, in addition to ordinary functions.

The chapter begins with an extensive presentation (§2.1) of the concept of intension,
the very basis for the language, and the hardest to grasp. This intuition leads naturally to
the definition of the domains needed to define Core TransLucid’s semantics (§2.2). In this
semantics, the evaluation of an expression takes place with respect to the interpretation
of the constant symbols in the expression, to an environment mapping identifiers in the
expression to intensions, and to a current context. During this evaluation, new dimensions
may be allocated, for which two approaches, one non-deterministic, one deterministic, are
presented.

The full language used to program, simply called TransLucid, will be presented in the
next chapter. It uses the same semantic domains, but requires syntactic extensions, all

directly translatable to Core TransLucid.

2.1 Intensions, contexts and functions

In TransLucid, a variable, and in fact every expression, defines a multidimensional inten-
ston, which is an array that may be indexed by as many dimensions as one needs. In
the discussion below, we make use of two dimensions, = and y, the ordinates of which are
considered to be natural numbers. The word ordinate comes from the word co-ordinates,
literally meaning “ordinates which are together”. Below, in addition to two-dimensional
intensions, we have one-dimensional and zero-dimensional intensions. These are visualized
as tables, with the x dimension being displayed to the right, and the y dimension being
displayed down the page. A zero-dimensional intension is simply a single value, such as

the intension defined by the expression ‘42°.

14
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In TransLucid, we can write a definition for variable A using a declaration like the
following one:
var A =42+ (2x#.2) + #.y

The above expression defining A is built up from subexpressions 427, €27 ¢ 42 ¢ %,

‘#.x’, and ‘#.y°. If we consider the evaluation of these subexpressions in the aforemen-

tioned {x,y} two-dimensional space, then these subexpressions give:

42> € ‘472> |0 1 2 3 ¥ 4.y
42 2 0123 - 0]0
1
C 40 Cx 2
+ X 3
#y|
Subexpressions ‘42°, ‘2’ ¢ 4+ and ¢ %’ all define zero-dimensional entities; we say that

the rank of each is () (the empty set). It is important to remember that each expression
defines a whole array, all at once. So the expression ‘42’ defines an array whose only
entry is the value 42. One should not think of this as a two-dimensional one-by-one array,
or even a one-dimensional array with one entry, because that is not what is going on here.
The array truly is zero-dimensional, and holds one value, it does not have a number of
cells holding different values, or even a number of cells all holding 42. Hence, the only
value that can be retrieved from the array is the one value that defines it. We cannot
emphasize this point enough, because it is critical to understanding the remainder of the
text. Without understanding that every expression defines an array, any further attempt
at understanding will be fraught with difficulty.

Subexpressions ‘#.z’ and ‘#.y’> are 1-dimensional arrays: ‘#.x’ has rank {z}, which
means that it is an array that has entries in the x direction. In fact, it is an array whose
entries are simply the index of the entry, in the z direction. Again, this point is key to
understanding TransLucid: when specifying a cell in an intension, one must give, for each
dimension in the rank of the intension, both the relevant dimension (the direction) and
its ordinate. Similarly, ‘#.y’ has rank {y} and is an array whose entries are the index of
the entry in the y direction.

For subexpression ‘2 x#.27, since subexpressions ‘2’ and ¢ * ’> are of rank (), they are
naturally extended to rank {z}, and the resulting array is the multiplication of each pair

of corresponding entries from the arrays ‘2’ and ‘#.z°.

#.o

2 ¥ € x0 2 = 2x#.x’
X

2 2 2 - |

(2)

0 1
X %

For expression ‘42+ (2« #.x) +#.y’, the subexpressions ‘42’ and ¢+’ (both rank ),
‘2x #.x’ (rank {z}), and ‘#.y’ (rank {y}) are all extended to rank {z,y}, and so the

value of ‘A’ is:
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43 45 47 49
44 46 48 50
45 47 49 51

#.y\L

Looking at example ‘A’, one could easily get the impression that ordinates must
always be natural numbers. This is not the case. Here we show an intension ‘L’, without
showing how it might be defined, giving the textual representation of the integers in several

languages, varying in dimensions z and lang:

‘| & —2 -1 0 1 2 %
EN|--- “minus two” “minus one”  “zero” “one” “two”
ES|--- “menos dos” “menos uno” “cero” “uno” “dos”
FR|--- “moins deux” “moins un” “zéro” ‘“un” “deux”

#.langi

Viewing an intension as a multidimensional table does provide us with an intuition
of what an intension is. Nevertheless, in general, this table is infinite, and cannot be
constructed explicitly in a computer. Furthermore, programmers do not normally see
their variables as infinite tables: Faustini and Wadge [15] state, with respect to an example
about temperature, “No one in their right mind would think of temperature as denoting
some vast infinite table; nor would they consider statements about the temperature to be
assertions about infinite tables.”

In fact, the infinite table is the extensional view of an intension. The intensional
view is from the perspective of a particular point, called a context, within the table. For
example, we might want to query for the value of A at context {x +— 3,y + 2}, which is 50.

In this intensional manner, an expression can be thought of as a mapping from the set
of possible worlds (all the contexts for which the intension is defined) to its meaning in
each specific world (each particular context). Then, when a specific entry is required, one
need only compute the entries necessary.

This is, in fact, how the semantics in §2.2 is defined. To compute the value of an
expression in an intensional manner, one must first define at which array entry, or at which
context, one would like to reach into the intension. That context is called the “current”
context, which corresponds to the # symbol appearing in our examples. Therefore, in
evaluating A in the example above in the context {x — 3,y — 2}, the expressions #.z and
#.y have the values 3 and 2 respectively.

Because the rank of A is {x,y}, A is defined whenever the current context defines at
least = and y. So, for example, if the current context is {x — 2,y +— 1,2z — 12, w — 10},
then the value of A is the same as if the current context were {z — 2,y — 1}, i.e., the

value is 47.
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If we view an intension from the extensional point of view, i.e., as a giant, infinite,
multidimensional table, then the context is the set of Cartesian coordinates that allows us
to pick out a specific value in the table.

However, if the intensional point of view is taken, the current context can be considered
to be an implicit parameter of an expression that can be manipulated explicitly as needed,
using the context constructor [---| and the context change operator ¢ @ .

The context is changed by specifying the relevant dimensions in a context constructor,
and the new ordinates for each of these. For each dimension, the change can be either

relative to the current context, or an absolute change, as seen in the following examples:
var B=A Q@ [z« #o+ 1,y < #.y + 2] var B'=A @ [z <+ #.x+ 1,y < 3]

The variable B defines an intension that has the same values as A, but shifted one ‘to the
left’ and two ‘up’; the context change is relative for both z and y. As for B, one absolute

row in the y direction is chosen, making B’ a one-dimensional intension.

‘B>l o 1 2 3 % ‘B>l o 1 2 3%
0[46 48 50 52 .- 147 49 51 53
A7 49 51 53
48 50 52 54
49 51 53 55

#.y\L

In both cases, the context constructor to the right of the ¢ @ > produces a new context

in each context:

‘r—#ar+ 1y #y+2)°

0 1 2 3 e
Ol{z—1ly—2} {z—2,y—2} {z—3,y—2} {v—4,y—2}
1| {z—1Ly—3} {z—2,y—=3} {z—3,y—3} {x—4,y— 3}
2/ {z—1ly—4} {z—2,y—4} {z—3,y—4} {v—4,y—4}
3l {x—1,y—5} {z—2,y—5} {x—3,y—5} {r—4,y—5}
vl . . ) )
‘lr—#ar+1y< 3]
#.x

| 0 1 2 3
‘{$l—>1,yl—>3} {r—2,y—3} {z—3,y—3} {z—4,y—3}

For example, suppose the current context were {z — 2,y +— 1,z — 12, w — 10}. Then
the expression ‘[x + #.x+ 1,y < #.y+ 2]’ would evaluate to the context {x — 3,y — 3},
and so the new context resulting from the application of the ¢ @ > would be {z — 3,y
3,z +— 12,w + 10}, i.e., the ordinates of z and w would not be affected, and so the result
would be 51. As for the expression ‘[z < #.x + 1,y < 3], it would also evaluate to the
context {x +— 3,y +— 3}, so the result would also be 51.
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So, putting the two perspectives together, programming in TransLucid can be called
Cartesian intensional programming.
When a function appears in TransLucid, it can be considered to be an encapsulated

intension with arguments. For example, here we define a function with two arguments:

‘var C=Xa— Xb—a+b+2°

ek ‘C.(#ax).(#y) |0 1 2 3 %

a,b 0/2 3 45
0123735 1)3 456

012 3 45 214567

113 4 5 6 315678

214 5 6 7 #u]

3156 7 8

2

In the table to the left, the box is an atomic value, meaning that the value of ‘C"” is an
intension of rank (). Note that the box has a little box attached, holding the arguments a
and b. This is how a function with two arguments is visualized. In the table to the right,
‘C.(#.z).(#.y)’ is the application of ‘C’ to arguments ‘#.x’> and ‘#.y’.

Local identifiers can be introduced both for variables, with primitive wherevar, and
dimensions, with primitive wheredim. Here is the definition for iterative factorial, using
a local dimension identifier d. When this expression is evaluated, a new dimension is

allocated for d, and then used.

var fact =
An — F wherevar
F=if#d=0thenlelse#.dx (F@ [d<+ #.d—1])fi
end
wheredim
d<n

end

It is, in general, possible for there to be several active instantiations of the same wheredim
clause. Therefore, the dimension allocation must ensure that a different dimension be allo-
cated for each of these instantiations. This is done by using a series of x?, dimensions, which
are indexed by the current path—encoded as a list ¥—in the currently-being-evaluated
expression tree (held in the current context by dimension p), and by the position 4 in the

wheredim clause (for the current example, i = 1).

#XY%,
=

‘2101 2 3 4

1126 24
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The current context is initialized with #.x} o set to n.

The above definition could be rewritten, using syntactic sugar, as:

fun factn = F

where
dimd < n
var F = if #.d =0 then 1l else #.d x (F @ [d «+ #.d —1]) fi
end
Note the introduction of the fun fact.n = --- notation, as well as that of the where clause,

combining the wherevar and wheredim clauses into one. These ideas will be developed in
detail in the next chapter.
All of the primitives of TransLucid have now been presented informally; their formal-

ization follows in the next section.

2.2 Semantics

The denotational semantics computes least fixed points of systems of equations in a se-

mantic domain where variables denote intensions. The semantic rules are of the form

[E]eCr
where FE is an expression, ¢ is an interpretation of the constant symbols, ( is an environment
mapping variables to intensions, and « is the current context. The section will define basic
notation, the domains and the formal syntax (Figure 2.1, p.23), then give the rules. This
presentation order is chosen to be consistent with the bottom-up nature of the dissertation:
the definitions for domains are key.

2.2.1 Notation for function manipulation

e Let A and B be two sets. A partial function f from A to B is written f: A — B.

e Let f be a function with finite domain {vi,...,v,}. Then f can be given as its

graph {vi — f(v1),..., Um — f(vm)}. When the graph is empty, it is written (.

e Let f,g: A B. The perturbation of f by g is defined by:

(ft 9 = {g(v)7 v € dom g

f(v), otherwise.
e Let f: A— B, and let S C A. The domain restriction of f to S is defined by

(f a8 = { fw), ves.
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e Let f: A— B, and let S C A. The domain antirestriction of f to S is defined by
(f<8)) = { s, vgs

2.2.2 Domains

Definition 1. Let D be an enumerable set of values. The semantic domain D derived

from D is the least solution to the equations

D = DuU Datomic,m U Dctxt U Dintens U Disunc
Datomicn = D™ —D, m>0
Deexe = D—D
Dintens = Detxe — D
Dtywe = D—D

where for all N € Dingens, if k € dom 7, then for all k' such that k = k' < (dom k), we
have n(k) = n(k"). We call this the intension restriction.
We call

e D the set of atomic values; an atomic value is written d; a subset of D is written A;

® D.comic,m the set of atomic functions of arity m, such as arithmetic and Boolean

operators; an atomic function is written op;

e D iyt the set of contexts; a context is written k; elements of the domain of a context

are called dimensions; elements of the codomain of a context are called ordinates;
® Diniens the set of intensions, mapping contexts to values; an intension is written n;
e Dy the set of functions; a function is written f.

Note that Datomic,1, Dctxt and Dintens are all subsets of Deync. Because of this situa-
tion, we will only need to define one kind of application in the abstract syntax.

The intension restriction, that for all x’ such that kK = k¥’ < (dom &), we have n(k) =
n(k'), ensures that a TransLucid expression gives a certain result in context , that adding
to the context will not change the value of the expression. This is a finitary requirement,
essential given that we are working with infinite data structures. This precludes any sort

of belief revision or non-monotonic reasoning.

Definition 2. Let D be an enumerable set of values, D be the semantic domain derived
from D, and L ¢ D. Then we define the order C over D; = D U{L} by:

e ForalldeD,, 1 Cd.
e Foralld e D, 4.

e For all op, 0p" € Dasonicm, op T op’ iff op = op’ <1 (dom op).
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o For all K,k € Degye, K E K iff s =k < (dom k).
e For allm,n' € Dintens, N T 7' iff n =7 < (dom 7).

o Forall f, " € Deunc, fC fiff f=f < (dom f).

Proposition 1. The pair (D ,C) is a complete partial order, such that the following are

also cpos:
1. (D1,C), where D; = DU{Ll};
2. (Datomic,m:C);
3. (Detxt, O);
4. (Dintens, 5);
5. (Dtunc, ).
Proof. Mostly standard. See §2.4.1, p.27. O

Definition 3. The rank of an intension 1, written rank(n), is the minimal set of dimen-

sions needed to fully define n. It is given by:

rank(n) = U {dom(k) | k € dom(n) and Ar' T &, n(k') =n(x)}.

The rank of an intension can be infinite, although in practice, in TransLucid, as we
shall see, the ranks of intensions in programs we write have very low dimensionality.

The semantics of TransLucid relies on the dynamic allocation of dimensions, something
similar to the dynamic allocation of memory in imperative languages. A key point for the
semantics to have meaning is that it does not matter which dimensions are allocated.
We therefore need to define a notion of equivalence (Definition 7), which requires first

definitions of occurrence and substitution of atomic values in a value (Definitions 4-6).

Definition 4. Let d € D be a value, and § € D be an atomic value. We say that § occurs
in d iff
0 =d, deD
3(01,...,0m) € dom(op) s.t.
(Fi s.t. § occurs in 6;) V (0 occurs in op(61,...,0m)), d= 0p € Datomicm
§ € dom(k) vV 3 € dom(k) s.t. § occurs in k(d'), d =k € Deixt
J € rank(n)
V 3k € dom(n) s.t. § occurs in k < rank(n)

V 3k € dom(n) s.t. 0 occurs inn(k), d =1 € Dintens
§ occurs indom(f) V 3d s.t. 6 occurs in f(d'), d = f € Dpune.
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Definition 5. Let d € D be a value, and 6,8 € D be atomic values, and suppose that ¢’
does not occur in d. Then the substitution of ¢’ for ¢ in d, written 6(6,0’,d), replaces each

occurrence of § in d by &', and is defined as follows:

5, §=d
de D

d, otherwise,

{(006,8',dv),...,0(6,8",dm)) > 6(68,0", 0p(dy, ..., dw)) |
(di,...,dn) € dom( op)}, d = 0p € Datomic,m

{(0(6,8",d)) — 0(8,0',k(d')) | d' € dom(k)}, d =k € Detxt
{(6(6,0",d")) — (5,8, f(d)) | d € dom(n)}, d = 1 € Dintens
{(0(5,8',d')) = 0(5,8", f(d)) | d' € dom(f)}, d= f € Dpyne-

Definition 6. Let d € D be a value, and A = (61,...0p) and A = (0} ...4],) be disjoint
sequences of atomic values in D, and suppose that none of the &, occur in d. Then the
substitution of A’ for A in d, written ©(A, N, d), replaces each occurrence of d; in d by

the corresponding 6., and is defined as follows:
O(A, A, d) =6(01,6,...,0(6m,0,,,d)...).

Definition 7. Let d,d’ € D. Then we call d and d' equivalent, written d = d’, when there
exist disjoint sequences A = (01,...,0m) and A" = (§7,...,08,) such that d = ©O(A, A, d).

2.2.3 Signatures, interpretations, environments and syntax

Definition 8. A signature ¥ = (C, ar) is a pair consisting of a set C' of constant symbols

and an arity function ar : C — N. We write ™c for a constant symbol in C of arity m.

Definition 9. Let X be a signature and let D be a set of atomic values. An interpretation
of ¥ over D is a function v : C — D U J,,-o(D™ ~— D) such that «(%) € D and
(Mc) : D™ — D, m > 0. We write Interp(X, D) for the set of interpretations of X

over D.

The pair (3, ¢) together form an algebra, which will be provided by a host environment

for the concrete language (see Chapter 8).

Definition 10. Let D be an enumerable set of values and X be a set of variables. Then
Env(X, D) is the set of environments over X and D, i.e., mappings ¢ : X > Dintens-
We extend = and = to environments and define the extended rank (erank) and extended

range (eran):

¢C ¢ iff dom(¢) C dom(¢’) and Vr € dom ¢, ((x) C ¢'(x)
¢=(¢ iff dom(¢) = dom(C') andVz € dom((),¢(z) = {'(z)
erank(() = U {rank )) | = € dom(¢) }

=
—~

eran(¢) = U {ran(¢(z)) | = € dom(¢)}.
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Definition 11. Let X be a signature and X (3 x) be a set of identifiers. Then Expr(%, X)
(> E) is the set of TransLucid expressions over ¥ and X. The free variables of a
TransLucid expression E are written FV(E). The abstract syntax for TransLucid ex-

pressions s given in Figure 2.1.

E:= z identifier
| ™c constant symbol
| # current context
| [E+ E, ..] context constructor
| e = E function abstraction
| E.(E,...,E) function application
| if E then F else E fi conditional
| EoFE context perturbation
| E wherevar z = FE, ... end local variables
| E wheredimz < FE, ... end local dimensions

Figure 2.1: Syntax of Core TransLucid expressions

The function application can have multiple arguments because the function may be a

host function of arity m > 1. User-defined TransLucid functions are all curried.

2.2.4 Nondeterministic semantic rules

We will present two sets of semantic rules: one allocates dimensions non-deterministically,
the other deterministically. The non-deterministic semantics was proposed in the Multi-
dimensional Programming book [9, Chapter 3], and involves passing around an infinite
set of dimensions from which dimensions can be allocated, which is split into smaller, but
still infinite, sets at each syntax branch. The deterministic rules, presented in §2.2.6, lead
naturally to an implementation.

The structure of the rules for the two semantics, and, in fact, all but one rule—for
the wheredim clause—, are shared. The syntax for both semantics is, in fact, the same,
and the only different rule is for the wheredim clause. Therefore, we only present the
properties and rules once, and present the minor differences for the second semantics.

Before giving the non-deterministic semantic rules, we need to define notation appear-

ing therein:
e Let d be a value. Then d is a constant intension, defined by d = \r.d.

e Suppose A is an infinite set of values, and let n € N. We suppose that A can
be partitioned into °A,'A, ..., ™A such that they are all mutually disjoint and all

infinite.

Preamble 1. Let X be a set of variables; D = Ag U Ay U Ap, where Ag is a set of
atomic values, and Ag is a second set of atomic values, called hidden dimensions; Ao is

a third set of atomic values, called other dimensions; ¥ be a signature; E € Expr(3, X);
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v € Interp(X,Ag); ¢ € Env(X, D); and k be a context such that

AoNAg=AoNAg=AgNAg = 0
{true, false}
erank(¢) U eran(()

dom(k)Uran(k) C Ag.

N
>
0

N
>
0

Preamble 2. Let p € Ap, and k be a context such that A = k(p) is an infinite set of
values. We define
ik =rT{p—"A}.

The notation ;x appears repeatedly in the semantic rules, and it is used to designate &,
where just the p-ordinate has been changed. For the non-deterministic rules, a smaller,

but still infinite, set of dimensions is created.

Definition 12. Suppose Preamble 1 holds, let Ay be a large infinite set of hidden dimen-
sions, and suppose ;k is defined as in Preamble 2. Then the non-deterministic semantics

for E with respect to v, ( and K is given by

[E]C(5 1 {p — An}),

where the rules for [-] are given in Figure 2.2, and the wheredim rule is given in Figure 2.3.

[z]i¢r = C(x)(k) (2.1)

["clegr = «(™c) (2.2)

[#]c«Ck = & (2.3)

[[Eio < Einli=1.m]Cr = {[Eioll(r) = [Eal(irmr)} (2.4)

[Ae = Eo]Cs = Mg [Eo]e(¢t{z — a;}) (or < {p}) (2.5)
[Eo-(Ed)iz1.m]Ce = ([EoeC(or)) ([EDeC(iw)) (2.6)

[if Eo then Ey else Es fi]iCk = let dy = [Ep]tC(ok) (2.7)

0 [E1]eC(1k), do = true
[E2]C(2K), do = false

[[EO Q El]]LCKJ = [[Eo]]LC(on T [[El]]bg(m)) (2.8)
[Eo wherevar z; = F; end;—1. i€k = let (¢ =(1{z;i— 0} (2.9)
Cat1 = Ca T {zi = [Ei]eta}
W =lpca

in [Eo]u(¢u)r

Figure 2.2: Semantics of Core TransLucid expressions

We explain all of the different cases below. Note that for each subexpression, the
context is perturbed by changing the ordinate for dimension p to keep track of the set of

unused dimensions which may be used for dimension allocation.
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(2.1)

(2.2)

(2.3)

(2.4)

(2.10)

[E wheredim z; < E; end;—1._ ik = let §; € k(p) (2.10)
K =rt{p (k(p) —{61,...,0m})}
d; = [Ei]C(;K)
in [[EOHL(C IRE 5:}) (ofi/ T{6; — dz})

Figure 2.3: Non-deterministic wheredim

A variable identifier x is looked up in environment (, and the resulting intension is

applied to k to produce a value.

An me-ary constant symbol ™c¢ is looked up in interpretation ¢, returning an atomic

value if m = 0, otherwise an m-ary atomic function if m > 0.
The current context is returned when # appears.

The context constructor creates a function whose domain is the set of the results of

the left-hand sides and whose range is the set of the results of the right-hand sides.
The A creates a function whose body is only sensitive to the p-ordinate.

In function application, the function and the arguments are all built in context &,

then the function is applied to the arguments, also in k.

Condition FEj is evaluated in context s, then, depending on the returned value, one

of the choices Fy or Fj3 is evaluated, also in k.

Expression F; is evaluated to a context, used to perturb the current context x to

produce a new running context for the evaluation of Fs.

A sequence of environments (., a € N, is defined by creating the initial environment
Co = Ct{x; — 0}i=1.m, then applying the meaning of the individual equations, map-
ping variable identifier x; to the meaning of defining expression F; to produce (n+1
from (,. The expression E is then evaluated in the least-fixed-point environment ¢

resulting from the sequence of the (,.

Each dimension identifier z; is mapped in the new environment to gi, where §; is
a dimension non-deterministically chosen from the infinite set of hidden dimensions

k(p); the d;-ordinate is initially the value of expression FE; in context k.

2.2.5 Soundness of semantics

In the semantics, the allocation of dimensions in the wheredim clause is non-deterministic,

as is the splitting in each subexpression of the available dimensions from which to allocate.

For the semantics to be correct, it is necessary that the meaning of a program not depend

on the actual sets of dimensions chosen when wheredim clauses are encountered.
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Proposition 2. Let E be an expression, 1 be an interpretation, (, (' be environments,
and k, k' be contexts, such that ( = ¢ and (k < {p}) = (v’ <{p}). Then

[E]«¢k = [E]'w.

Proof. By induction over the structure of E. See §2.4.2, p.28. O

2.2.6 Deterministic semantic rules

Since non-deterministic behaviour does not easily lead to an implementation, we present a
deterministic method for allocating dimensions, in which a list representing the evaluation
tree is passed through the semantics. Since the actual choice of dimensions in a wheredim
clause is irrelevant to the meaning of a program, we should be able to implement that
choice of dimension in any way that we want. Therefore, we present a deterministic
means to allocate dimensions to bring TransLucid one step closer to an implementation.
Since we make use of a list in the deterministic semantics, we use the notation below

to manipulate lists, and then change the meaning of ;x to suit the new semantics.

e We write v for a list of natural numbers, where v € N*. The empty list is written ¢,

and the consing of element ¢ € N onto list v is written ¢ : v.

e We suppose that there is an infinite set of hidden dimensions of the form x?, where
1 € Nand v € N*.

Preamble 3. Let p € Ap, and k be a context such that v = k(p) is a list of natural

numbers. We define

ik=rt{p—i:v}
Definition 13. Suppose Preamble 1 holds, let
Ag = {X,ﬂ|i€N,V€N*},

and suppose ;K is defined as in Preamble 3. Then the deterministic semantics for E with

respect to v, ¢ and K is given by

[ElC(kt {p > e}),

where the rules for [-] are given in Figure 2.2, with the wheredim rule given in Figure 2.4.

[E wheredim z; < E; end;—1. ]k = let §; = xfi(p) (2.11)
di = [Ei]uC(ix)
in [Eo]e(¢ 1 {zi — 8:}) (or T {6 — di})

Figure 2.4: Deterministic wheredim

Proposition 2 holds for the semantics in Definition 13, since this is simply a special

case of Definition 12, where the choice of hidden dimensions is made deterministically.
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2.3 Conclusions

In this chapter, we have presented the Core TransLucid programming language and its
denotational semantics. The difficulties solved by this chapter were two-fold: First, what
was the exact choice of primitives? Initially, it was thought that the full TransLucid lan-
guage, with the different kinds of abstraction, presented in the next chapter, was primitive.
Then, it was discovered that in fact, so long as the current context was a first-class value,
that only a single functional abstraction was necessary.

The second difficulty arose in the allocation of dimensions in wheredim clauses, so that
each entry is guaranteed to allocate a new dimension. The semantics presented in §2.2
manipulates in the context a special dimension p, whose ordinate is an infinite set of
dimensions from which the wheredim clause can take dimensions. Using the p-ordinate
upon entry to a wheredim clause guarantees that there is no possibility of dimension clash
when allocating new dimensions.

However, this is not effective for implementation, since it is non-deterministic, so the
second method sets the p ordinate to a list encoding the path from the root of the eval-
uation tree of the expression being evaluated. This approach ensures a deterministic
approach to dimension allocation, which is one step closer to an implementation.

Despite presenting a semantics for TransLucid, this chapter makes no attempt at solv-
ing implementation issues such as concrete syntax, concrete objects and operations over
those objects. Rather, it supposes a set D of atomic types, and a function ¢ which pro-
vides an interpretation of constants. Neither does this chapter give more than a basic
presentation of how problems can be solved using TransLucid.

These issues are resolved in later chapters, with Chapter 4 giving a presentation of
programming in TransLucid, with a focus on viewing problems from a geometric perspec-
tive. Then Chapter 5 presents the infrastructure necessary to move the semantics towards
an implementation, by changing manipulations of the environment to manipulations of
the context, with Chapter 8 presenting the complete concrete TransLucid system, with

syntax and data types available for the user to create and manipulate.

2.4 Proofs of propositions

2.4.1 Proof of Proposition 1

Proof. Suppose (d;);en is an C-increasing chain in D . Then, unless all the d; = L, there
exists a j such that for all k£ > j, di will belong to one of the above enumerated cases. We

consider them each in turn.
1. Case (D,C). This is a flat order, hence a cpo.

2. Case (Datomic,m,C). This is the standard order on the set of partial functions

from D™ to D, hence a cpo.

3. Case (Dc¢ixt, =). This is the standard order on the set of partial functions from D

to D, hence a cpo.
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4. Case (Dintens, =). This is the non-standard case. Define 1; = d;1;, i € N. We define

the function 7, as follows:

dom(ny) = |_|dom n; and, for k € dom(n),

nu(k) = mi.(K), i is the least i s.t. k € dom n;.

Since, for all 7, dom 7; € D¢iyt, it follows that dom (7)) € Degxt-

Now suppose that x € dom 7. Then there exists ¢, such that x € dom #5;,_.
But since 7;, € Diptens, it follows that for all £ such that k = k' < dom &,
that n; (k') = m;,.(k), hence ny(k’') = nu(k). Because of the intension property,
I < ig. But should i, < ix, because the n; form an increasing chain, it follows
that n; , (k') = m,(x") = nu(x’). Since x was chosen arbitrarily, it follows that

Ny € Dintens-

Now suppose that 7, is an upper bound of the n;. Then, for each 7;, dom 7; C dom .
Hence dom(n,) E dom 7, and so n, = n,. Hence 7, is the least upper bound of the
chain of 7;. It follows that (Diptens, =) is a cpo.

5. Case (Dsypc, =). This is the standard order on the set of partial functions from D

to D, hence a cpo.

Therefore (D ,C) is a cpo. O

2.4.2 Proof of Proposition 2

Proof. Proof by induction on the structure of E. There are three base cases.

[z]cCr
= ((@)(w)
= (') ()
= [z]e'w

["e]uCr
t(™e)
t(™e)

_ [[mc]]bcl,{l/
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[#]eCr
=K
=x
= [#]C'K
There are seven inductive cases. We let n = 2M, where M is the maximum m
occurring in an instance of “[---]”, “”, “wheredim” or “wherevar”, and suppose that

k(p) = A and £'(p) = A’. Then, by assumption, we can split A into distinct, infinite sets
OA, ..., A and, similarly, A’ into °A’,...,» A’. The inductive hypothesis is that for any

Jj € 0.n, [E;]iC(jk) = [Ej]ed’ (5K).

[[Eio < Eitliz1.m] «Cr
= {[Eio]C(ix) = [EalC(i+m)r)}
= {[Eio]C'iv") = [Bale ((4m)s) }
= [[Bio < Eili=1.m] ('K’

[[/\:U — Eo]] (K
= Mo [Eo]e(C 1 {z > da}) (0r < {p})
= M. [Boe(¢" 1 {z = da}) (o < {p})
= [[)\w — Eo]] 'K

[Eo-(E)i=1.m] «Cr
= ([Bo]C(or)) ([E:]eC(ir))
= ([Eol¢ (0r) ([EileC (i5))
= [Eo-(Ei)i=1.m] ('
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[if Ey then F; else Fy fi]u(k
= let do = [[Eo]]LC(OIi)
) [E1]C(1k), do = true
in
[E2]C(2k), do = false
= let do = [[Eo]]LC,(()I{/)
, [E1]eC (1K), do = true
in
[E2]iC'(2x"), do = false
= [if Fo then E; else Es fi]u('s/

[[EO ¢ El]]LCH
= [Eo]C(or T [E1]C(1w))
= [Eole (ox" T [E11C"(15))
= [[EO ¢ El]][,C//ﬁ}/

[Eo wherevar x; = E; end;—1_n ]k

=let ¢ =(f{xi—0}
Cat1 = Ca T {zi = [Ei]la}
w =1lpdla
in [Eo]e(Cu)k
=let ¢ = 1{z;i— 0}
o1 = Co T {xz = [[Ez]]bdx}
¢, =1lpg,
in [Eo]e(¢))r'

= [Ey wherevar x; = E; end ;1 ]eC'K

30
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The wheredim case is the only non-trivial one.

[Eo wheredim x; < E; end ;=1 ]k
=let §; € k(p),i=1..m
K'=kt {p — (/ﬁ(p) — {(51,...,5m})}
d; = [[EZ']]LC(Z'K,”)A
in [Eo]e(¢ 1 {zi = 0i}) (or” t {0i — di})
=let 0! € K'(p),i=1..m
W =it {p s (7(0) — (81 3 ))
di = [EieC(ir")
in [Fofle (¢t {wi — 67}) (or" T {0} = di})

= |[Ey wheredim z; + E; end ;— o'
0 ) 7 1=1..m

The two middle lines are valid because if ¢ and ¢’ are equivalent, then ¢ { {z; — 5’;} =
¢z — ;52}, by definition. Similarly for the x” case. Therefore, the induction hypothesis
applies.

We have therefore proven that should ¢ = ¢/ and k = «/, then [E](x = [E]('s'. O



Chapter 3

TransLucid

This chapter presents TransLucid, which is the language that is seen by the user, and
is defined using a set of syntactic extensions to Core TransLucid. The new constructs
include a where clause combining the wheredim and wherevar clauses; as well as abstrac-
tions whose body, once evaluated, is sensitive to the context at the time of application,
and possibly also sensitive to a named set of dimensions of the context at the time of
abstraction.

The extensions are of two kinds. First are the intension, function and call-by-value
abstractions (and corresponding applications); these, together with Core TransLucid, de-
fine TransLucid Lite, and are given a semantics, along with a proof of the validity of
their transformation to Core TransLucid. Second are the call-by-name abstraction and

the where clause, which are simply defined as syntactic sugar over TransLucid Lite.

3.1 Syntax

The syntax of TransLucid is given in Figure 3.1, where - - - is the syntax of Core TransLucid.
Each of the new syntactic elements is presented in one of the following sections, and the

detailed syntax for the where clause is given in §3.6.

E: = ...
| t{E,..} E intension abstraction
| JE intension application
| AP {E,..}z = F function abstraction
| MWAH{E,...} x = E call-by-value abstraction
| E!FE call-by-value application
| A A{E,...} x = E call-by-name abstraction
| EE call-by-name application
| E where --- end where clause

Figure 3.1: Syntax of TransLucid extensions

32
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3.2 Intension abstraction

The 1 operator allows an entire intension to be wrapped up into a single value, and the |
operator decapsulates an encapsulated intension, as can be seen with the examples of A
and B. The rank of A is (): it is a zero-dimensional array whose value is the encapsulated

intension, while | A has rank {z,y}.

var A ="1(#x+#y+2)

<A> ‘LA |01 2 3 ¥
01 2 3 "2 0[2 3 4 5
ol2 3 15 113 4 5 6
113 45 6 - 214567
214 56 7 - 3156178
315678 - #)
#y|

As seen above, an encapsulated intension, when decapsulated, gives an array that is
identical to the one that was encapsulated. However, there are situations in which one
does not wish to encapsulate the entire array, but instead to filter out a particular row in
a certain direction. This is done by explicitly stating which dimensions are to be filtered.
For example, here B filters out the y direction. As a result, the rank of B is {y}, and there
is a different intension for each y-ordinate. If we wish a particular one of these intensions,

we can specify which one with @, as seen here with C, and its decapsulation | C.

var B="1{y} (#.x +#y+2) var C =B @ [y «+ 1]
tB; (C;
. *e 0123 "
345 ... 13 456
#.x
! 4
, ‘ccrlo 1 2 3%
Ful : 345 6

As described in §2.2; an intension is a mapping from contexts to atomic values. So,
to encode that in primitive TransLucid, an intension as first-class object is a function
that takes a context—which we will always refer to as an encapsulated intension, in order
to avoid confusion with the intensions that an expression defines—whose body may or
may not use that context. Without considering the freezing of dimensions, the expression
“" B’ can be considered to be syntactic sugar for ‘Ak — E @rx’, and ‘| E’ for ‘E.#°, the

application to the current context of the function to which E evaluates.
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The semantics of the intension abstraction and application are as follows:

[[T{El}zzlm E()]] LCFL = let dz = IIEZ]]LCZR (31)

in \eg-[Eoli (ko T (5 < {di}))

[ Eo]Cr = ([EoleCor)rir (32)

3.3 Freezing the context for function abstractions

Similarly to the way in which the arguments in braces of the intension abstraction operator

are used to freeze the ordinates of a specified set of dimensions from the context at the

creation of the abstraction, we can freeze the ordinates of a set of dimensions at the

creation of a function abstraction. For example, the function abstraction A given below

creates a different function for each different xz-ordinate:

var A= \{z} a - a+#2

(A’ 1 #.x
[a]

0 1 A 0123 %

0 1
If we apply A to a query for the z-ordinate, we get:

‘Aaz)’ |0 1 2 3 ¥
02 46
The semantics of the AP function abstraction is as follows:
[P\b {Ev}zzlm xr — EQ]] LCH = let d7 = [[EA]LC?KZ (33)

in Mo [Eo]e (¢t {z = da}) (or < {p,di})

The corresponding function application is the same as the function application in Core

TransLucid, and has the same semantics.

3.4 Call-by-value context-sensitive functions

The intension abstraction operator T allows the construction of expressions which are sen-

sitive to the application context, as well as the abstraction context for named dimensions.

We do the same for functions, with the AV operator. Here, A is defined with respect to
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the z-ordinate of the abstraction context and the y-ordinate of the application context.

var A=A {z}a—a+#o+#y+1

IE

= W N = O
T = W N
S O e W N
N O Ot W
UL = W NN O
S U R W=
N O Ot N
co J O Ot Ww

0 1
1 2
2 3
3 4

T ST S S B )

Application of these call-by-value context-sensitive functions is done with the ‘!’ op-

erator. If we apply A to a query for the z-ordinate, we get:

#.x
_>

‘Al(#.x)’

N U N e =)
S Ut s W=
o J O Ot N

© o0 | W

0
1
2
3 10

#.yi,

The semantics of call-by-value function abstraction and application are as follows:

[[)\V {E'L}’Lzlm T — Eo]] LCK = letd; = HEzHLCzK? (34)
in Adg.A\kg-
[Eole(¢ 1 {a > da}) (5a (5 < {di}))
[[EO ! El]]LC/i = ([[Eo]]LC()H) ([[Elﬂbglli)gﬁl (35)

3.5 Call-by-name context-sensitive functions

Up to now, all of the arguments to functions are fully evaluated before being passed to
the functions. However, there are many times in which one wishes to pass an entire,
encapsulated, and therefore unevaluated, intension to a function. This is done with the A"
operator. Here, function A takes a dimension d and an intension X as input, and shifts X

one “to the left”. We write X4, for the value of X when the current d-ordinate is .
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var A=Ad—-> A" X - X @ [d+«+ #.d+1]

(A;

d,X\

0 1 2 3
‘X{dm} Xias2y X{as3y X{d-a)

Application of these call-by-name context-sensitive functions is done with the space (¢ *)
operator. If we apply A to a query for the z-ordinate plus one, we get:

‘Az (#z+1) |0 1 2 3 %
02 3 45

With more syntactic sugar, from the next subsection, the definition of A could be

rewritten as the function next, described in more detail in Chapter 4.

fun next.d X = X @ [d < #.d+ 1]

3.6 The where clause

Some of the examples presented in §2.1 defined functions using the fun keyword, and used
where clauses in which both dimension and variable identifiers were defined. It turns out
that the where clause, along with the dim, var and fun keywords, are syntactic sugar for
constructs in the abstract syntax defined in Figure 2.1.

For example, the following expression computes the factorial of 5:

fact.b
where
fun fact.m = F
where
dimd <+ n
var F'=if #.d =0 then 1 else #.d x (F @[d + #.d — 1]) fi
end
end

and that expression is syntactic sugar for the following expression:

fact.5 wherevar
fact = \Pn — F wherevar
F=if#d=0thenlelse#.dx (FQ[d+ #d—1]) fi
end
wheredim
d<n
end

end



CHAPTER 3. TRANSLUCID 37

3.7 Translations

Definition 14. A TransLucid Lite expression E is a TransLucid expression with no where
clauses or \* expressions. Translation W (Figure 3.2) translates TransLucid to TransLu-
cid Lite.

Definition 15. Translation T (Figure 3.3) translates TransLucid Lite to Core TransLu-
cid.

Proposition 3. Let E be a TransLucid expression, v be an interpretation, ( an environ-

ment, and k a context. Then

[TOV(E))] ik = [E]k.

Proof. See §3.8.2, p.40. u
W(zx) =
W("c) =
W(#) =
W([Elo < Ell]l 1. rn) = [EX)V — E ]
Wz — Ey) = Az — E0
W(Eo - (Es)imr.m) = B . ()

W(if Ey then E else Ey fi) = if Eo then E}Y else E)Y fi
W(Ey@E;) = E}Y e E}Y

Eo wherevar z; = EY end

W(Ey wherevar z; = E; end ;=1 ;

)
( {E }l 1.m 0) {EW} EO
W Ep) = iEo
WP {Ei}ict.m @ = Eo) = A’ {E)V} 2 — E}Y
WA {E;}ic1.m @ — Eo) = X {E} 2 — E}Y
W(Ey ! Ey) = EYV ' E)Y
WA {E;}ici.m © — Eo) = XV {E)Y} x — E}V[z/]a]
( 1) W'(TEI)
)=
) =

W(Ey wheredim z; < E; end ;=1 EO wheredim x; < EW nd

E&/V wherevar

EO T = W(E/)
where :c?’ Flors) T — - —
dim x; (—E“Z: 1.4 k— 1
F(prms) Thm,, — W(E”)

4% var 7 = Ef, j = 1.m =

fun ”Zzzplf;fkl ©Phm Ty, = B wher:‘ﬁm
end zi < Ei
end
F(o)y=Av
F(1)=A
Fey=ar

Figure 3.2: Translation W from TransLucid to TransLucid Lite (EW = W(E))
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[EZG « Bl
Az — EJ
7 - (E])
if EO then E1 else E2 fi
E] @E]

(/\1‘1 — -
— E0

= Al = AT — AT

[l‘l — TpZilim1..m © ZEN/).EY—. BT #

= E] #

(/\IE1 S S AT — AT, — AT
— E] @[z; + n.xiliz1.m).BE] .-+ .E] #
(Azy = -+ = Az, = Az — AT — Az

— Eg— Q@ [.Ti — xn.xi}izlum Q Z‘N/).Eir. s EZT;#

= E] .E] #

T(z)

T("e) =

T(#)

T([EzO — Ell]l 1. m)

T(EO ( Z) m)

T(if Ey then F; else F, fi)

T(Ep@E)

T(1{Er, ... En} Eo) =

T(4 £)
T(A{E,...,En}z — Ey) =
T(AV{El, ceey Em} T — Eo) =

T(Bo ! )

T(Ey wherevar z; = F; end ;—1._,)

T(E() wheredim T; < Ez endizl_m)

Figure 3.3: Translation 7 from TransLucid Lite to Core TransLucid (ET
, Tm, Tw, T, are not free in Fy, ...

Assume that zq,...

= Eg— wherevar z; = EZ— end

= EJ wheredim z; < E] end

s B

38

= T(E)).
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3.8 Proofs of validity of syntactic translations

3.8.1 Basic equivalences

Proposition 4. The following equivalences hold.

[Az — E ez]u(r = [E]C [z free in E]
[Eo.E1.E3]Ck = ([EoleC(or)) ([E1]C(15)) ([E2]e¢(25))
[(Axy — - Axy, = Ep).Ey. -+ Ep]uCk =let d; = [E;]u((ik)
in [Eo]e(¢ 1 {zi = di}) (or < {p})

Proof.

[[)\z — Fe :c]] (K
= Ma[Eea](C T {z > da}) (or < {p})
= Mo [E](C {2 da}) ((00r < {p}) T [2]e(C 1 {z = du}) (1o < {p}))
= Mo [E](¢ 1 {z = da}) ((o0r < {p}) tda)
= Mo [EJ(C t {z — da)) (da)
= M. [E]iC(dy)
— [B]i

[Eo.E1.Es]iCk
= ([[EO.El]]LC(O/i)) ([[Egﬂag(m))
= ([EoleC(oor)) ([E1]eC(10k)) ([E2]eC (1))
= ([Eole¢(0m) ([EA]C (17)) ([E2] € (oK) )

[[(AIl — Eo)El]] LCIi
= ([[)\IEl — EOHLC(OH)) (HEl]]LC(lKZ))
= (AMda-[Eo]e(¢ T {21 = da]) ook < {p})) (IEL]C(15))

—let d = [E1]iC(1k)

in [Eo]e(¢ {1 = da]) (oor < {p})
=let dy = [E1]eC(1k)

in [Eo]e(¢ 1 {a1 = di}) (or < {p})
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[Az1 = -+ Az — Ep).Er. -+ .Ep ]k [m > 1]

let d1 = [[ElﬂLC(lli)

in [[()\xg — ATy — Eo).Ea. - .Em]]L(C T{r1— dAl}) (0/1 < {p})
= let d; = [E;]eC(;K)

in [Eole(¢ 1 {zi > di}) (or < {p})

3.8.2 Proof of Proposition 3

Proof. We first prove that if F is a TransLucid Lite expression, that [E7 |«(k = [E]Cr,
which we do by induction over the structure of E. There are three base cases, where F is
of the form z, ™c or #. In each of these three cases, E7 = E, so [E7 [u(k = [E]ik.

There are twelve inductive cases. We let n = 2M, where M is the maximum m
occurring in an instance of “[---]7, «.”, “!1” ‘“yherevar” or “wheredim”. The inductive
hypothesis is that for any j € 0..n, [E;]«((jr) = [E;]e¢’ (j').

For seven of these cases, the structure of E7 is the same as that of E, and it follows
directly from the induction hypothesis that [E7[u(x = [E]eCk. These cases are ‘[---]’,
‘A0, ‘if—then—else’, ‘@, “wherevar” and “wheredim”.

The remaining five cases are more difficult, since the transformation 7 is non-trivial.

[T(t{Ex,....,En} Eo)]r
= [[(/\xl — s D AT, = AT — AT
— EJ Q[z; + wp.] @y ).Ef .-+ ET #] 1k
=let d; = [E] ] ((ir)
in [[)\IK/ — E(T Q[x; + xp.a4] @ x,{/]]L(( t{z; — c/l;,x,{ — E}) (Oli < {p})
=let d; = [E] ] (ik)
in \kg. [[Eg_ Qx; + x,.;.a:i]]]b(( T{z; — (/ji,l‘ﬁ — ’/-5})%,1
=let d; = [E] ]((ik)
in Akg. [EOT]}L(C t{z; — c/l\l-, Ty > E}) (Oﬁa T [[xz — x,{.wi]]]L(C 1 {z; — c/l\i,x,{ — E})ma)
=let d; = [E] ] (ir)
in Mg [EJ (¢ 1 {xi v diy i = 7)) (0ka T (5 < {di}))
=let d; = [E] ]C(ik)
in Akq. [EJ | (0ka T (k < {ds}))
let d; = [F;]eC(ik)
in Aiq. [Eo] ¢ (oka T (5 < {di}))
iR
(

(
= let d; = [E;]C(;k)
in M. [Eo] ¢ (ka1 (k< {ds}))

= [[T{El,,Em} EO]]LCK/
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[T(LEo)] ¢k

= [EJ #]«x

(IET 1e¢(0r)) ([#1e¢ (1))
(IEolc(or)) (1)

= [ Eo]uCr

[[T()\b{El, ey Em} Tr — Eo):l]LCﬁ

_ [[()\;gl—>~-—>)\frm—>)\$n—>>\ff

= EJ @la;  zpay)).BY .- E] #]u(k

=let d; = [E] (k)

in [[)\x — EOT Q[x; + xn.xi]ﬂL(C T{z; — 0@-7:&{ > E}) (On < {p})

=letd; = [[Eﬂ] 1C(ik)

in Ay [E] @ as ¢ wnail[o(C T {zi o diyaw > Row s da}) o < {0})

=let d; = [E] ]«C(ik)

in Ada.ﬂEg]]L(CT{xiHCE,xNHE,xH@}) -
((oor < {p}) 1 [lzi ¢ zwzil] (T {ai = diy x> Rz = da}) (1or < {p}))

=letd;, = [[Eﬂ] 1C(ik)

in )\da[[Eg—]]L(C T {xz — C/l\i"rli =R, T 3;}) (OOH < {d“p})

=let d; = [E] ]uC(ix)

in Ady.[ET (¢ 1 {x = da}) (00r < {di, p})

=let d; = [E;] (i)

in Adg. [Eo]e(¢ 1 {x— ga\})(oolﬁ < {di, p})

= let d; = [E;]C(;k)

in Ady-[Eo]e(C 1 {z = do}) (0 < {di, p})

= [[)\b{El, .. ,Em} T — EOHLCH

41
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[T(AAEL, ..., En} z — Eo)]k
= [[()\xl = S ATy, = AT, = AT — AT
— EJ @z + xpxy)).ET .- - E,Z#ﬂ (K
=let d; = [E] ] (ik)
in [[/\x = A — EJ @z ¢ z.2;] @ xﬁ/ﬂb(g‘ T{z; — (@733,{ — E}) (on < {p})
=let d; = [E] ] (ik)
in Adg.Akq. [[E(T Q[x; + xﬂxz]]]L(C t{z; — c/l\i, T R, T 8:})%@
=let d; = [E] ]C(ik)
in Adg. A\kg. [[EOT]L(( T{z; — (Z»wﬁ =R, T~ 8;})
(oﬁa T [[[:EZ — xﬁ.xi]]]L(C T{x; — c@,ac,.C R, T a;}) (ma))
=let d; = [E] ] (ik)
in Adg.A\kg. [[EOT]L(C T{z; — (fi,x,.i R, T 8;}) (olia T (k< {dz}))
=let d; = [E] ]C(ik)
in AdgAeq. [EJ Je(¢ 1 {z— 3;}) (0ka T (k < {d:}))
=let d; = [E;]eC(ik)
in Adq.Akq.[Eo]e(C T {z—d }) (0ra T (k< {d;}))
= let d; = [E;]C(;k)
in Adq.Akq.[Eo]e(C 1 {2 — dy })( T (k< {d;}))
= [[)\V{El, o BEntr— Eoﬂ e

[T(Eo! Ev)] ek

[[EO ET #] ik

([ETT¢(om)) ([ET ] ¢ (15)) ([#1e¢ (25))
([Eo]eC(0m) ([E11eC (1)) (215)

= [Eo ! Ex]u(k

Hence, by the inductive hypothesis, if £ is a TransLucid Lite expression, [[ET]] Wk =
[E]e(k. Since W is a purely syntactic manipulation, it follows that for a general TransLu-
cid expression E, that [T(W(E))]«(k = [E] (k. O



Chapter 4

The Geometrical View

This chapter presents a selection of programming examples in TransLucid, starting from
a set of functions dating back to the original Lucid of the 1970s, followed by a presenta-
tion of the TransLucid solution to several standard programming problems. The problems
presented here are viewed from a geometric perspective, which allows the visualisation of
the arrays defined by a TransLucid program. Visualising these arrays has three benefits:
1) the general principles of programming in TransLucid can be better understood, 2) solv-
ing a specific problem in TransLucid can be made easier by visualising the arrays that
are built, and 3) standard programming problems can be understood in a new geometric
manner, which may provide fresh insight into these problems.

Several of the examples presented in this chapter come from previous publications on
Lucid, and we present both the original Lucid version and the TransLucid version. By
comparing the different ways of solving these problems, it can be seen that the use of
higher-order functions and explicit dimensionality, both provided by TransLucid, make
the solutions much cleaner, and easier to both read and specify.

The examples presented here are in some sense a TransLucid 101, giving a glimpse
of what is possible with multidimensional programming. The programming methodology
presented here is a result of solving these problems, but will evolve as new problems are

also considered from a geometric point of view.

4.1 Intensional functions from Indexical Lucid

Before presenting complete programming examples, we first present several functions that
come from Indexical Lucid. Each of these functions takes a dimension as parameter, and
the original Lucid had corresponding functions that manipulated an implicit dimension,
which was called time (not to be confused with the time dimension to be presented
in §8.11).

43
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We begin with the following five functions:

fun index ! d = #.d+ 1

fun at.dv X = X @ [d < v]

fun first.d X = at.d.0 X

fun next.d X = X @ [d < #.d + 1]

fun fby.d X Y = if #.d =0 then X else Y @ [d + #.d — 1] fi

The function index takes a call-by-value parameter d, so it evaluates its body in the
context in which the function is applied, and so returns the d-ordinate, plus one, at the
point of call. The reason for defining index is that it is common to use the index of the
entry in the second argument to fby (“followed by”), which decreases the ordinate by one,
hence the plus-one to get back to its original value.

The function at evaluates its call-by-name argument X, changing the current context
so that the d-ordinate becomes v. In Indexical Lucid, this function was written using the
@ symbol, which we use in TransLucid to change the ordinates of multiple dimensions at
a time. We retain the single-dimension context-change function for brevity of code.

The next three functions, first, next and fby, are analogous to the functions hd, tail
and cons for lists. The function first takes the zeroth entry of its parameter X in the d
direction. If the rank (dimensionality) of X contains the dimension d, then the rank of
the result does not.

The function next shifts its argument along by one. It can be viewed in two ways: in
the extensional view, it produces an array that is its parameter shifted one to the left in
the d direction; in the intensional view, in a given context in which the d-ordinate is n,
expression next.d X will access the (n 4 1)-st entry of X, in the d direction.

The function fby takes two intensions, and a direction. It defines an intension whose
zeroth entry in the d direction is that of X, then the remaining entries are taken from Y
starting at zero.

If A = (ap,ai,as,...) and B = (by, by, ba, . ..) are two intensions varying in dimension d,

then
#.d
=

index'd| 1 2 3

at.dvAla, a, a, a, ay a

firstd A|lay ay a9 ag ag ag

next.d Al a1 ay a3 as as ag
foydAB|ay by b1 by by by

4.2 Filters

Lucid had several standard functions which operated as filters, taking elements from a

stream under certain conditions. These have been adapted to TransLucid and filter ele-
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ments from intensions. The first filter is wor (“whenever”), and is defined as follows:

fun wor.d X Y = if first.dY
then fby.d X (wvr.d (next.d X) (next.dY))
else wor.d (next.d X) (next.dY) fi

It defines an intension, varying in the d dimension, that retains elements of the X input
whenever the corresponding Y element is true. If B = (T, F,T,T,F,T,T,F,T,...), then

the result of wvr.d A B is as follows
0 1 2 3 4 5 Y

wm“.dAB‘ao as a3 as Gg as

The function asa (“as soon as”) takes two intensions X and Y as arguments, and
gives the first element from X for which the corresponding element from Y is true. It is

defined, simply using first and wuvr, as follows:
fun asa.d X Y = first.d (wor.d X Y)

The last filter is the function upon, which takes as argument intensions X and Y, and
produces an intension whose elements are copies of elements from X whenever Y is false.
It is named after its behaviour of advancing upon X only when Y is true. Its definition is
as follows:

fun upon.d X Y =X @[d « Z]
where
var Z = fby.d 0 (if Y then Z 4 1 else Z fi)

end

For example, for variable A defined above, and if B = (F, T, F, F, T, ...) defined above,

the expression upon.d A B produces the following:

0 1 2 3 4 5 Y

upon.dAB‘ao ap a1 ai a] ao

4.3 Embedding finite data structures into infinite ones

In TransLucid, all intensions are infinite, but it is often necessary to deal with finite data.
The standard way to carry out a computation with finite data is to embed the finite
region into an infinite sea of 0’s, 1’s, oo’s, or possibly some other value, depending on
the problem; usually, the value chosen is the neutral element for the computation being
carried out. To achieve this, we define a one-dimensional function, default;.d.m.n.v X,
and a two-dimensional function, default,.di.de.mj.ni.ma.ng.v X. The function default;
takes as input a dimension d and two integers m and n, and defines an intension whose
values are X between m and n, and v everywhere else. The function default, defines a

two-dimensional equivalent, which defines a similar region in two-dimensional space.
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The function default; is defined as follows:
default;.d.mmn.v X = if m < #.d && #.d < n then X else v fi

For example, the variables C' = default,.d.1.5.1 (#.d), and D = default;.d.1.5.1 A, can

be visualised as follows:

\01234567’25
clt 1 2 3 4 511
1

D|1 a1 ay a3 a4 as 1

The function defaulty is defined as follows:

defaulty.dy.my.ny.da.mang.v X = 1if my < #.d; && #.d; < nj &
mo < #.do && #.do < no
then X
elsewv
fi

(In Chapter 8, a construct reminiscent of pattern matching is introduced, making the
above two definitions simpler.)
For example, the expression defaulty.a.1.3.6.1.3.0 (#.a + #.b) defines the following

intension:

012345 %
0/0 00000
110 2 3400
2|0 3 4500
310 4 56 00
410 000 0 0
50 00000
#4b¢

4.4 Sieve of Eratosthenes

The sieve of Eratosthenes creates an intension varying in dimension d of the prime numbers.
It is built using a local dimension d’, and presented below as a two-dimensional table. The
zeroth row is the naturals > 2, and each subsequent row is the previous row without the
multiples of the zeroth element of the previous row. The sequence of primes is formed by

the zeroth column.
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S0 1 2 3 4 5 6 7
of[2] 3 [4] 5 [6] 7 [8] 9
1([3] 5 7 [9] 11 13 [15] 17
2([6] 7 11 13 17 19 23 [25]
31[7] 11 13 17 19 23 29 31
#.di'

fun sieve.d = S

where

dimd < 0

var S = fby.d (#.d' + 2)
(wor.d’ S (S mod (first.d' S) #0))

end

4.5 Transposing and rotating

In Multidimensional Programming, the following expression was presented to define the

transpose of a matrix A that varies in dimensions x and y:

realign.t,x (realign.z.y (realign.y,t (A)))
where

dimension ¢

realign.a,b (C) = C Q.a #.b

end

If X is an intension that varies in dimension a, then realign.a,b(X) produces an intension
that varies in dimension b, with the same entries that X has in direction a. To carry out a
transposition, since the @ operator only allowed the changing of one dimension at a time,
it was necessary to declare a third dimension, then use realign to rotate the array A three
times to swap the appropriate dimensions.

In TransLucid, we call the realign function rotate, and it is defined similarly as follows:
fun rotate.d.d X = X @ [d + #.d']

However, since TransLucid can change the ordinates of multiple dimensions at the

same time, we can do transposition in one go:

fun transpose.dy.dy X = X @[dy < #.da, do + #.d]

4.6 Folding left +# folding right

In functional programming, a fold operation takes as input a list, a function and a neutral

element, and produces as output an object that is produced by iteratively applying the
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function to every element, starting with the neutral element.

In TransLucid, rather than lists, we have intensions, so we will define a fold over the
elements of an intension, in a particular direction. Furthermore, we can make the fold
infinite, leaving it up to the user to choose at which point in the resulting intension the
desired value should be pulled out, thereby giving them the choice as to how many elements
to fold.

The left-fold function is defined as follows:

fun foldl.d.f.z X = F
where
var ' = foy.d z (f F! X)

end

Here, we define a variable F', whose entries are the result of folding the previous entries of
the input X. The zeroth entry is the initial element z, then every subsequent entry is the
result of applying the function f to the previous entry of the fold and the previous entry
of the input X. The result is F', allowing zero elements of X to be folded, the result of
which is z.

The foldl function can be visualised by the following table

Flo 1 2 3
[z f(zm0) f(F(zm0),21) F(F(F(zm0),21),2)

Like the left fold, the right fold takes an array X, and defines an array which is the
result of folding elements up to the corresponding element of X; however, the right fold
starts at the last element and works its way back. We define a function foldr.d.f.z X,
which makes use of a two-dimensional array, and the result is the zeroth column of that
array. The zeroth row is made up of the neutral element z, the first row is z, except for
its zeroth entry, which is the result of applying f to xzg and z. The second row is all z,
except for the first and zeroth entries, which are the result of applying f to x1 and z, and
applying f to xzg and the first entry, respectively.

The right-fold operation can be visualised by the following table, which defines the two

dimension array F'. The result is the zeroth column.

F 0 1 2 3 4 4
0 z z z =z

1 f(xo, 2) z z z z

2 f(zo, f(21,2)) f(z1,2) z z z

3 \f@?o’f(th(x%z))) f(@1, f(z2,2)) f(22,2) 2 =2
#d|
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The function foldr is defined as follows:

fun foldr.d.f.z X = F
where
dimd <0
var X' = rotate.d.d X
var F' = if #.d’ > #.d then 2
else f! X' (next.d F)
fi

end

We can also define a “left-fold-whenever” function, which carries out a left fold, but
only includes the elements for which a specified condition is true. Therefore, we define
foldl_wvr.d.fov X Y, that folds array X in direction d with function f, whenever Y is

true. When Y is false, the previous value is used. Its definition is as follows:

fun foldl_wvrd.f XY =F
where
var F' = fby.d X if Y then f! F' ! (next.d X) else F fi

end

4.7 Matrix multiplication

This section presents the multiplication of two matrices, X x Y, in TransLucid. If the
matrix X has m rows and k columns, and Y has k rows and n columns, then their
multiplication is defined. To multiply the two matrices, we consider how each element of
the resulting matrix is computed. The resulting matrix will have m rows and n columns,
and the entry in row 7 and column j is computed by summing the multiple of each pair
of entries from row i of X, and column j of Y. Figure 4.1 shows that cell (0,1) of the
multiplication of a 2 x 3 and a 3 x 3 matrix is computed by summing the products of the

zeroth row of the former and the first column of the latter.

a X d= d
Jr
bxe = e
+

ch f

4

LS
al|l b | c

Figure 4.1: Cell (0,1) of a matrix multiplication

Matrix multiplication can of course be viewed geometrically, which aids in under-
standing how it is implemented in TransLucid. One can imagine that the columns of the

matrices are a horizontal dimension in space, and the rows of the matrices are a vertical
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dimension in space. The two matrices can then be rotated into a third dimension, where
the columns of matrix X and the rows of matrix Y are moved to the third dimension. The
matrix multiplication is computed in an m x n X k parallelepiped, every element of which
is the product of the corresponding elements from the rotated X and Y. The final result
is then the sum of k elements along the third dimension.

Figure 4.2 shows the geometrical view of matrix multiplication. The original row and
column dimensions go down the page and to the right respectively, and the third dimension
comes out of the page. The rotated X matrix is on the left, and the rotated Y matrix
is on the bottom. The result lies in the plane described by the original row and column

dimensions. The cells used to compute one entry of the result are shown.

L
LT
LT
L7
yad

L7

Figure 4.2: Geometric view of matrix multiplication

To define matrix multiplication in TransLucid, we define the function matriz_multiply,
which takes as argument the row and column dimensions (d, and d.) of the matrices,
the length k& which is the width of the first and the height of the second, and the two

matrices X and Y. Its definition is as follows:

fun matric_multiply.d,.d..k XY =W
where

dimd <+ 0

var X' = rotate.d..d X

var Y/ = rotate.d,.d Y

var Z = X' x Y’

var W = (foldl.d.plus.0.k Z) @ [d « k]

end
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We allocate a new dimension d, in which to rotate both arrays X and Y, then arrays X’
and Y’ are the result of rotating the d. (resp. d,) dimension of X (resp. Y) into the d
direction. Then, the array Z is simply the three-dimensional cube that results from
multiplying every corresponding element from X’ and Y”’, and W is the result of summing
back along the d direction, for k elements, which collapses the result back down to a

two-dimensional array which is the result of multiplying the two input matrices.

4.8 Root mean square

The original Lucid book presented a program to compute the root mean square of a stream
using Newton’s method of approximation [43, p.1]. We present the original program below,
and then the TransLucid solution to the same problem.

In the original Lucid solution, the program was given as a single expression which com-
puted the root mean square of an input stream a, where each of the subsidiary functions
were defined in the where clause as part of that expression. The program is defined as
follows:

sqroot(avg(square(a)))
where
square(x) = x * x;
avg(y) = mean
where
n=1fbyn+1;
mean = first y fby mean + d;
d = (next y — mean)/(n + 1);
end
sqroot(z) = approzx asa err < 0.0001
where
Z is current z;
approx = Z/2 foy (approx + Z/approx)/2;
err = abs(square(approz) — Z);
end

end

We start with the definition of the function avg. It takes as argument a stream y, and
returns a stream whose elements are the average of all of the elements of y up to that point.
Since Lucid had no means to access the current element being defined, it was necessary to
define the variable n, which is just a stream of natural numbers. In TransLucid, we can
simply write index ! d to define the equivalent array varying in the d dimension.

The variable mean is computed incrementally. The mean of one number is just that
number, hence first y for the first entry of mean. Then every subsequent value is
computed by updating mean with the appropriate value, which is given by the stream d.
To compute the value with which to update the mean, we subtract the old mean from

the next value of the stream y, then divide it by its position in the stream. Since fby
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computes its right-hand side at the previous index, it is necessary to use next y and n+ 1.

For the definition of sqroot, we use Newton’s method of approximation. Each entry
in the stream approx is the next approximation to the square root. However, for approx,
we want a stream of approximations for every element of a. In TransLucid, we would
simply allocate a new dimension, but Lucid did not have explicit access to dimensions,
so the keyword is current was used to “freeze” the stream z at its current position, and
that element would be referred to as Z. The remainder of the definition of approz is the
standard definition using Newton’s method. Finally, the variable err computes how far
from the real value the approximation is, and in this definition, we take the value as soon
as the error is less than 0.0001.

In the TransLucid solution below, we present the subsidiary functions as they would
be given to the interpreter. Expression rms.d A defines an array whose entries are the
root mean square of the entries of A up to the entry being defined, where A and the result

vary in dimension d.

fun sqroot.x = asa.d approx (err < £loatmp"0.0001")

where
dimd <+ 0
var approz = fby.d (z/floatmp"2") ((approz + z/approz)/floatmp"2")
var err = abs ! (approx X appror — x)

end

fun avg.d X = mean
where
var n = index ! d
var mean = fby.d X (mean + a)
var a = (next.d X — mean)/(convert.floatmp.(n + 1))

end

fun rms.d X = sqroot.(avg.d (X x X))

The differences between the TransLucid solution and the Lucid solution seem small,
however, they are important. A design decision of TransLucid is to not have implicit
numeric conversion. Also, there are no floating-point literals, so floating-point numbers
must be input explicitly using the syntax for type literals (the floatmp type is presented
in detail in Chapter 9).

In TransLucid, as mentioned earlier, the variable n can be defined by directly accessing
the index in which it varies. In addition, since we can declare new dimensions as required,
the is current operator becomes unnecessary; we simply allocate a new dimension d in
the function sqroot, and then approx simply varies in that dimension. We also do not
define sqroot over an array, since we can pass individual elements, and the behaviour of
the Lucid program can still be duplicated, by simply writing sqroot.X, where X is some
intension. The result is then an intension which varies in the same dimensions as X, since

base functions are applied pointwise to all elements.
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4.9 Divide and conquer

A divide-and-conquer solution to a problem consists of breaking up the problem into a
number of (approximately) equal-size subproblems, solving these subproblems, and com-
bining the results thereof to produce the final result. This section presents a general
framework for binary divide-and-conquer solutions in TransLucid.

In binary divide-and-conquer problems, since the problem is being divided in half each
time, the solution to the problem will be found after [logs(n + 1)] division iterations.
Therefore, we need a function to compute the ceiling of the logarithm of a number. We
observe that the powers of 2, starting from zero, are 1,2,4,8,16 and so on, and the
logarithm of any power of two is its position in the list of powers of two. Therefore, the
logarithm of any number between two powers of two is a number between the respective
position of the powers. Since we want the ceiling, the logarithm of a number n is the
position of the first power of two that is greater than or equal to n. To encode that
calculation in TransLucid, we say that we want the index of the power of two as soon as
the power of two is greater than or equal to n. The function #log.n is therefore defined as
follows:

fun ilog.n = asa.d (#.d) (double > n)
where

dimd <+ 0

var double = fby.d 1 (double x 2)

end

Here we define an array double in direction d, which is the powers of 2, and we use the
asa function. We are specifying that we want the index (#.d), at the first position that
the array double is greater than or equal to n.

The calculation of a factorial can be solved in a divide-and-conquer manner, and this
solution is more suitable for large numbers. To compute the factorial of n, what is needed
is to multiply every number from 1 to n together—the order is irrelevant. So, to compute
factorial in a divide-and-conquer manner, we multiply pairs of numbers from the sequence 1
to n, then multiply pairs of the results, and so on until there is one number left, which
will be after [log,n] iterations.

To carry out the above process in TransLucid, we can use fby to create an infinite array
of rows, where each row of entries is the multiple of the appropriate pairs of elements from
the previous row. The difficulty then is how to make the first row. If the number of
elements in the first row is not a power of 2, then if we choose the first row incorrectly,
we could be computing the wrong thing. The solution is that every other element in the

first row should be the number 1, since 1 is the neutral element for multiplication. As a
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result, the table for the computation of the factorial of 8 looks as follows:

Fos 0 1 2 3456789 ™
0 1 1 2 3456781
1 1 62 4 8 1 1 1 1 1
2 6 80 8 1 1 1 1 1 11
3 5040 8 1 1111111
410403200 1 1 1111 1 11
#d'| : R

We use two local dimensions, d and d’, where each row in direction d’ is an array of

multiplications which varies in d. The following list shows the relevant calculations.
e 1x1=1 2x3=6, 4x5=20, 6x7=42, §x1=8§, ...
e 1 x6=6, 20x42=2840, 8x1=8, ...
e 6x840=5040, 8 x1=8, ...
e 5040 x 8 = 40320, ...

For the purposes of divide-and-conquer, we also define the functions [Pair.d X and
rPair.d X, which retrieve the left and right entries (from a pair) and combine them
to make each subsequent row. For example, entry zero is created by combining entries
zero and one, so for entry zero, [Pair gives 0 and rPair gives 1. They are defined as

follows:

fun [Pair.d X = X @[d + #.d x 2]
fun rPair.d X = X Q[d + #.d x 2+ 1]

The function fact.n below defines the factorial of the input n using divide-and-conquer,

using default; to generate the initial row:

fun fact.n = F
where
dimd + 0
dim d’' < ilog.(n + 1)
var F = fby.d (default;.d.1.n.1 (#.d)) (IPair.d F x rPair.d F)

end

4.10 Powers

In the 1995 book Multidimensional Programming, a program was presented to compute
the N-th powers of any natural number N. After presenting how the problem is solved

geometrically, we will present their solution here, and then the TransLucid solution.
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First we start with the observation that the running sum of the odd positive integers
(1,3,5,...) produces the squares (1,4,9,16,...). We make a generalisation of this proce-
dure to produce any power. If we start with a number N, then drop every N-th number,
and make a running sum of the result, then repeat that procedure for N — 1 until we get
to 1, we will get the N-th powers. We use two variables, varying in two dimensions: n,
signifying that we are dropping every n-th value, which varies in dimension a; and seq,
varying in dimensions a and b, which is the sequence of numbers in direction b that are
the result of dropping every n-th and summing the result.

For example, we will visualise here the tables produced for N = 4, where the boxes

enclose the elements that are dropped to produce the next row.

n seg/0 1 2 3 4 5 6 7 8 9 10 11 *
0|4 ot 2 3 [4 5 6 7 [8) 9 10 11 [12]...
13 1 3 [6] 11 17 33 43 67 81 [96] ...
22 1 15 65 [108] 175 [256| 369 [500] 671 |864
31 1 16 81 256 625 1296 2401 4096 6561

#al | #a

The variable n holds the n-th element to drop each time around. The variable seq is the
sequence of numbers at each iteration, with the row when n is 1 being the N-th powers.
The table visualising drop.b.n seq is the result of dropping every n-th element of seq, and

each row of seq is produced by summing the previous row of drop.b.n seq.

dropbmseg|1 2 3 4 5 6 78 9 10 11 12 *
olt 2 3 5 6 7 9 10 11 13 14 15
1/1 3 11 17 33 43 67 81 113 131 171 193
211 15 65 175 369 671 1105 1695 2465 3439 4641 6095
val S . . . . . .

The program, as presented in Multidimensional Programming, is presented in Fig-
ure 4.3. This program is presented as a single expression defining the N-th powers for
some number N. Here, the variable seq varies in a dimension b, and dimension a is declared
as a local dimension in the where clause. The function drop simply uses wvr to choose
only the elements that are needed. Then seq is defined as the first row in direction b being
the positive integers in direction a, and every subsequent row being the result of the sum
of dropping the n-th element of the previous row.

In previous versions of Lucid, some of the standard functions were built in, and in fact,
before Multidimensional Lucid, the functions could not be defined in the language, because
dimensions could not be manipulated. Therefore, those functions could be recognised
by the parser, and written using infix notation. So where the above program writes
y fby.d next.d y + s, we write in TransLucid, fby.d y (next.d y + s).

It is important to realise that in the version of Lucid used here, Indexical Lucid, there

is no partial application of functions, and that functions take two kinds of parameters.
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seq @.a (N —1)
where
dimension a;
seq = posint £by.a runm’ngSum.b(drop.b(seq, n))
posint = next.b #.b;
runningSum.d(y) = s

where
s =y fby.d next.d y + s;
end
drop.c(U,m) = U wvr.c wanted
where
wanted = (#.c + 1) mod m ne 0;
end
n =N fby.an —1;
end

Figure 4.3: Powers program in Indexical Lucid

The parameters that appear after the period can only be dimensions, and if they are more
than one, they are separated by commas. The parameters that appear in parentheses are
streams.

The TransLucid version is as follows:

fun drop.d.n X = wur.d X ((indez ! d) %n # 0)

fun powers.b! N = seq
where
dima < N —1
var seq = fby.a posint (foldl.b.plus.o (drop.b.n seq))
var posint = index ! b
varn =N — #.a

end

Thus, we define the two functions drop and powers. Using powers, an array varying in
dimension d defining the powers of a number N is given by the expression powers.b! N.
We use a call-by-value function for the parameter N because the result of powers is an
array, so a base function would not suffice.

Since TransLucid supports higher-order functions, we can define the running-sum part
of the computation as a fold using the plus function. We can also initialise dimensions
when they are declared in a where clause, so rather than writing seq @.a (N — 1), we can
initialise the dimension when it is declared with dim a <~ N — 1. Alternatively, we could

have written seq @ [a <~ N — 1].
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4.11 Dynamic programming

Dynamic programming is similar to divide and conquer, except that the division into
smaller subproblems is rarely equal. As a result, only a small piece of the problem is solved
from each division. Then, the solution to that smaller problem is remembered, so that
any of the bigger problems can be solved by recalling the results of smaller subproblems.

The knapsack problem is a good example of a dynamic programming problem. There
are several versions of the knapsack problem, here we will look at the unbounded knapsack
problem, with integer weights and values. The problem is to determine, from a list of
objects with weights w; and values v;, the greatest value that can be achieved by choosing
any number of each object, where the sum of the weights of each object does not exceed
some specified weight W.

To solve the knapsack problem, we define an array K, where entry K[w] is the maxi-
mum value that we can make out of objects that weigh no more than w. K[0] is obviously 0,
as having nothing in the knapsack has zero value. To compute every other entry, we notice
that the optimum value of objects weighing less than some weight w is the value of some
optimum object v,, with weight w,, whatever that object may be, plus the optimum value
for a smaller knapsack that cannot fit that object, K[w — w,]. So the goal then is to find
that optimum value object. As we are trying to maximise the weight, the optimum value
object will clearly be the one for which v, + K[w — w,| is the greatest. So therefore, we

have the following recurrence relation:

K[0] =0
Klw] = g}%ﬁ(vl + Kw — wl])

The solution to the problem, the maximum value that can be stored in the knapsack
weighing no more than W, is the entry K[W].

We define the function knapsack_unbounded.d.n W V', which defines an array whose
entries are the maximum value that can be obtained by making a knapsack with maximum
weight that is the index of the entry. There are n items, and the arrays W and V are the
item weights and item values respectively, both varying in dimension d. The definition is
fairly straightforward, the only difficulty being that we need to compute the maximum of
an array, but only include entries whenever the condition w; < w is met.

For that, we use the left-fold-whenever function defined previously, and folding using
the max function, to achieve what we want. We define the function knapsack_unbounded

as follows:
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fun knapsack_unbounded.dn W'V = K
where
dima < n+1
var K = fby.d 0 (fold_wvr.a.maz.0 (Va + (K @ [d + #.d — Wa]))
(Wa < #.d))
var Va = rotate.d.a V
var Wa = rotate.d.a W

end

To solve the knapsack problem, we define a variable K, varying in the d direction, whose
entries are the maximum value that can be achieved for the weight which is the index of
the entry. Since direction d is already being used, we define a new dimension a for the
direction in which the fold_wuvr filter will be carried out. Therefore, we rotate both the
weights W and the values V into direction a, and define these as Wa and Va. Then, each

entry of K is simply the maximum of the expression passed as argument to fold_wvr.

4.12 Sorting

The next few sections will examine the four best known sorting algorithms, and present
their implementation in TransLucid, along with a geometric view of the structures created

whilst carrying out the respective sorts.

4.12.1 Swapping

A common operation in sorting is to swap two elements. In TransLucid, since every ex-
pression defines a new intension, what is required is to define a function whose result is the
input, but with the two requested elements swapped. We define a function swap.d.m.n X,
which takes as input the array X, for which we would like to swap the elements m and n
in direction d, and returns an array where those two elements are swapped. (Note that

swap continues to work, even if m = n.)

fun swap.d.m.n X = if #.d = m then X @ [d < n)
elsif #.d = n then X @ [d < m)]
else X
fi

For example, the result of the function application swap.0.0.1 (10 — #.0) is summarised in
the following table:

o 12
10—#0(10 9 8

swap.0.0.1 (10—#.0)| 9 10 8
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4.12.2 Bubble sort

Next we will explore the bubble-sort algorithm. The input to a bubble sort is an array
of n objects, and the output is that array of objects in increasing order.

Let us first take a procedural view of bubble sort: it runs through the array n times,
each time iterating through the array, swapping every pair of successive objects that is
out of order. The bubble sort is named because it has the effect of bubbling each element
up to its sorted position. After the first pass, the greatest element will be in its sorted
position, after the second pass, the second greatest element, and so on. Therefore, after n
passes, the entire array will be sorted. A small optimisation is to recognise that after ¢
passes, the last ¢ elements will be sorted, so pass ¢ can be stopped at n — i elements.

Let us now consider an indexical solution to bubble sort. When designing an indexical
solution to a problem, the general idea is that every computational step is indexable.
In other words, every transformation of data is accessible in some array by as many
dimensions as necessary.

For bubble sort, we will build up the solution piece by piece, looking at each of the
transformations carried out on the input array. The first step is to define a function that
swaps two elements of an array if they are not in sorted order. Since, in TransLucid, every
function defines a new intension based on its inputs rather than producing a side effect,
the intension that we need to define has every element the same as the input, except for
the two that we are concerned about. Then if the lower element is greater than the higher
element, they are swapped.

The next step is to define the array that is the result of doing one pass of swaps. For
that we define the function bubble_one.d.n X, that will only do one pass of the input

array X, for n elements, in direction d.

bubble_one.dn X = A
where
dima < n—1
var A = fby.a X
if at.d.(#.a) A > at.d.(index!a) A
then (swap.d.(#.a).(indezx ! a) A)
else A
fi

end

We define a local dimension a for the direction in which to carry out the swaps. Then
the variable A is a two-dimensional array, where the a-th row is the result of swapping
elements a and a + 1 if necessary. Suppose that the input array has 4 elements, and is

the sequence of numbers 13, 5, 23, 19, then the intension A is defined as in the diagram
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below, with arrows indicating the direction of the data flow.

A LN
al 13 5 23 19
DO
5 13 23 19
I
5 13 23 19
Dl X
5 13 19 23

The last step is to modify the array A so that it carries out n sequences of swaps. To
achieve that, we declare another dimension b, so that each layer in direction b is one set of
swaps in direction a. The neatest way is to define the whole top row as the input array X,
and the first row of each layer is the last row of the previous layer. The new code is as

follows:

bubble_sort.dn X = A
where
dima<4n-—1
dimb<+n—-1
var A = foy.b X
(fby.a (at.a.(n — 1) A)
(next.b if at.d.(#.a) A > at.d.(index!a) A
then swap.d.(#.a).(index ! a) A
else A
1)

end

In Figure 4.4, observe that the whole top layer in direction b is the input intension X,
and every other layer below that is the second argument to fby. Within each layer, the
zeroth entry in direction a is the same as the last entry in the previous row. Then the
second argument to the second fby produces the remainder of each layer.

Using this geometric view of bubble sort, we can analyse its computational complexity.
To do that, we look at how much work is done in each dimension of the cube.

The only place where actual work is done is in stepping from one row to the next
in the a direction, which corresponds to the second argument to fby.a, where there is a
conditional to determine whether the appropriate two elements should be swapped or not.
One step carries out a constant amount of work, or (1) work.

From there, it is simply a matter of counting up how many steps are carried out in

each direction. As it is clear that there are n steps in the a direction, and n steps in the b
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Figure 4.4: Bubble sort array A (version 1)

direction, the complexity of this algorithm is €(n?), which agrees with the procedural
implementation of bubble sort.

There is a small improvement that we can make to bubble sort. We observe that after ¢
passes, the last i elements will be in sorted order. So therefore, it is unnecessary to continue
the swaps after we have been through n — ¢ elements. In the TransLucid implementation,
this corresponds to taking the result at row #.b = i at position #.a = n — i. The faster

bubble sort is defined below, and Figure 4.5 shows the three-dimensional structure created:

bubble_sort_faster.d.n X = A
where
dima <0
dimb+n—1
var A = foy.b X
(foy.a (at.a.(n — #.b) A)
(next.b if at.d.(#.a) A > at.d.(index!a) A
then (swap.d.(#.a).(index | a) A)
else A fi))

end

4.12.3 Insertion sort

In an insertion sort, the array to be sorted is split into two arrays: the still-unsorted part,
and the already-sorted part. Initially, the already-sorted part is empty, and then each
item from the still-unsorted part is inserted into the already-sorted part. We can use a

binary search to look for the position to insert the next item, and then every item past it
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Figure 4.5: Bubble sort array A (version 2)

in the sorted array must be shifted along by one.

First, we define a binary-search function. To determine where to insert the next
element v into the already-sorted array X, we want to find the first position in X that
does not compare less than v. So we define the function lower_bound, which takes as input
the direction to search in, the bounds of the area to search, the value to search for, and
the array to search in.

The function lower_bound is defined as follows:

fun lower_bound.d.l.r.v X = asa.a left (left = right)

where
dima <0
var left = foy.a l (if (X @[d < middle]) < v then middle + 1 else left £i)
var right = fby.ar (1f (X @ [d <+ middle]) < v then right else middle £i)
var middle = (left + right)/2

end

Here we use three variables and a dimension a. The variables each vary in dimension a,
and represent the search area at each step of the search. Initially, we search the full bounds
of the area to search, then, if the value to search for is in the left half, we move the right
end of the search area, and if it is in the right half, we move the left end of the search
area. We stop the search when the search area is one item, and the position of that one
item is the result.

The function insertion_sort is defined below, and sorts the array X in direction d from

positions 0 to n.
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fun insertion_sort.d.n X = if 0 < #.d && #.d < n then sorted else X fi
where
dima < n
var sorted = fby.a infty (insert.d.v.insertPos sorted)
var v = X @ [d < #.a]
var insertPos = lower_bound.d.0.(#.a + 1).v sorted
fun insert.dv.p X = if #.d < p then X elsif #.d = p then v else prev.d X fi

end

We define a dimension a, which is used for each step of the sort—one step in direction a
results in the next element from X being inserted into the sorted array. We initialise the
sorted part of the array with the value infty—every integer compares less than infty—
hence all insertions will be before the infty values. Then it is simply a matter of finding
the position to insert with lower_bound, and inserting the next item in the appropriate
position. The insert function inserts a value v at position p into array X. Everything
before position p is unchanged, the value at position p becomes v, and every subsequent

value is just the previous value from X.

4.12.4 Merge sort

Next we examine the TransLucid implementation of merge sort. Merge sort works by
merging pairs of already sorted parts of the input array to make new sorted parts, then
repeats the process until the array is completely sorted. Initially, none of the array is
sorted, so it is considered that each item by itself is a sorted array of size one, and each
pair of these one-element arrays is merged together, creating sorted arrays of size two.
Then the pairs of arrays of size two are merged to create sorted arrays of size four, and
so on. There are two parts to the solution, the first is to define the merge operation, the
second is to decide how many times to perform the merge, and on which parts of the array,
so that the whole array is sorted.

First, we consider the merge operation in sequential programming. We keep one pointer
into each of the two arrays, initially both pointing to the first element of their respective
array. The element that is chosen as the first element of the sorted array is the smaller
of the two. Then, only the pointer for the array from which the element was chosen
is advanced. This process, choosing the smaller and then advancing only its respective
pointer, is repeated until the end of both arrays is reached.

Below, we present the definition of the merge function, an explanation will follow.

fun merge.d X Y = if X’ <Y’ then X' else Y’ fi
where

var X' = upon.d X (X' <Y’)

var Y/ = upon.dY (Y < X')

end
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Here we have a strange double recursion going on. A simple example will make sense of
the situation. Consider the function application merge.0 A B, where arguments A and B

both vary in dimension 0, and are defined as follows:

#.0
| *9

B3 6 7 10

Then the first eight entries of the variables X’ and Y’ are:

012345 6 7 *
X2 557709 9 X,
V'3 366 7 7 10 10

First, consider the zeroth entry of both X’ and Y’. The zeroth entry of the array defined
by the upon function is the zeroth entry of its second argument. So the zeroth entries
of X' and Y’ are simply the zeroth entries of A and B.

The upon function defines an array whose values are the result of advancing upon the
second argument whenever the third argument is true; the third argument is evaluated at
the previous index. So to see what the first entry of X’ is, we compare the values from
the zeroth entries of X’ and Y’, 2 and 3, and since 2 is less than 3, A is advanced upon,
and the first entry is 5. For Y’, a similar process is carried out, but with the direction
of the comparison swapped. As 3 is not less than 2, B is not advanced upon, so the first
entry of Y’ is 3, the same as the zeroth entry. The same process is carried out for every
subsequent pair of entries from X’ and Y.

The result of the merge function is then simply comparing each corresponding pair of

entries from X’ and Y’, giving the result below:

\0 123456 7"

merge0AB |2 3 5 6 7 7 9 10

Once the merge function has been defined, it then remains to merge the appropriate
parts of the input array. There are two problems to solve: 1) the merge function merges
two arrays from position zero—we cannot specify an arbitrary starting point; and 2) the
merge function is an infinite merge, it merges array elements until there are no more
elements to merge. To solve this, we need to merge all subarrays from zero, and provide
a way to terminate the merging.

We will describe the solution to both of these problems by way of an example. Suppose
that the input array X, varying in dimension d is as in the following table, and we want
to sort the first ten elements.

001 23 4 56789 %
X |43 48 43 8 25 46 3 2 5 4

To solve the above two problems, we use, as for the insertion sort, the value infty. By
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surrounding the parts of the array that we want to sort with infty values, we effectively
terminate the sorting at the infty. To start the merge of each subarray at zero, we rotate
the input array into a new direction a, and surround the rotated array by infty in both
directions a and d. To surround the array by infty in two dimensions, we use the function
default,, which takes six arguments defining a rectangle, a default value for the values
outside of the rectangle, and an intension whose values will be used inside the rectangle.
The rectangle is defined using the dimension of relevance, and the start and end positions,

in both directions.

defaulty.d.0.0.a.0.9.infty (rotate.d.a X) 0 1 *e
ta 43 infty
48 infty
43 infty
8 infty
25 infty
46  infty
3 infty
2 infty
5 infty
4 infty
infty infty

Then, we only need to merge in direction d, every pair of arrays in direction a. This
process of merging each pair of arrays is repeated until the array is completely sorted. We
carry out each set of merges in a new direction b. If we define a variable Y to hold the
result of the merges in the b direction, then the table presented above is Y @ [b < 0], and
the following two tables are Y @ [b <— 1] and Y @ [b «— 2], respectively.

Vel 1] 0 1 2
#al 43 48 infty
8 43 infty
25 46 infty
2 3 infty
4 5 infty
infty infty infty
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Yelb+ 2 0 1 2 3 %
#al | 8 43 43 48
2 3 25 46

4 5 infty infty
nfty infty  infty  infty

What is going on here is that each row m in the a direction is the result of merging
rows 2m and 2m + 1 from the previous set of entries in the b direction. To specify this in
TransLucid, we want to use the function fby, in the b direction, where the first entry is
the rotation and nesting in the sea of infty as above, and every subsequent entry merges

as just described. The full merge sort definition is below:

fun merge_sort.dn X =Y
where
dima <0
dim b < ilog.n
var Y = fby.b (defaulty.d.0.0.a.0.(n — 1).infty (rotate.d.a X))
(merge.d (LofPair.aY) (RofPair.a Y))

end

4.12.5 Quick sort

Quick sort is an interesting case in TransLucid, because the structure of the recursion is
based on the data, rather than being fixed, as for merge sort. For merge sort, we can write
down statically the intensions that will be built, which is regardless of the data being
sorted; we know that we need a two-dimensional intension to sort any sequence of values
using merge sort. In contrast, for quick sort, we cannot know how the computation will
proceed until given some input data. We therefore set up quick sort to make two recursive
calls to itself, each call allocating a new dimension for itself.

For quick sort, most of the work is in partitioning the array; it is trivial to join the
sorted portions back together. To partition the array, we choose a pivot element p, and
then we want all the elements that are smaller than p to be on its left, and all the elements
that are greater than p on its right. To carry out the partition, we make one pass through
the array, keeping a pointer to the end of the smaller portion, smallend, as computed so
far. Then, when an element that is smaller than p is encountered, it is added to the end
of the smaller portion, and smallend is incremented by one. Then, once we are at the end
of the array, the partition is done.

Finally, there is some housekeeping necessary with the pivot value. Before partitioning,
the pivot is placed at the end of the array, to keep it out of the way; after partitioning, it
is placed in its final position in between the two partitioned parts, which will be at index
smallend.

After partitioning, we then simply sort the left half and the right half separately, using

the ranges [m, smallend) and [smallend+1, n), since we do not need to sort the pivot value.
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We define the function quick_sort.d.m.n X, which takes the dimension in which to

sort, and the range [m,n) in which to sort X. Every other value of X is left the same.

fun quick_sort.d.m.n X = if #.d < m || #.d > n then X else result fi
where
dima+n—m-—2
var result = if n —m < 2 then X else glued fi
var glued = if #.d < smallend
then quick_sort.d.m.smallend partition
else quick_sort.d.(smallend + 1).n partition
fi
var partition = swap.d.(n — 1).smallend P
var P = fby.a (swap.d.pivoti.(n — 1) X)
(if doswap then swap.d.current.smallend P else P £i)
var current = #.a +m
var smallend = upon.a (#.a +m) doswap
var doswap = (P @ [d < current]) < pivot
var pwoti =m + (n —m)/2
var piwot = X @ [d < pivoti]

end

There are several parts of this program that need explaining. For the choice of the pivot,
here we have simply chosen the middle value, but this can be chosen in any way desired.

The variable P is the result of partitioning X. For the first entry, we swap the pivot
to the end of the array, then every subsequent entry is simply the result of swapping
the appropriate element if necessary. The index of the current element to look at is
current = #.a+m, since we are starting from position m. The variable doswap is an array
of Booleans that indicates whether the current element needs swapping or not. Then, the
end of the smaller part of the array, smallend, is only advanced upon whenever we have
to swap an element.

Finally, the fully partitioned array is given by partitioned, which requires us to swap
the pivot back to its final position in the array. Then the actual result of the quick
sort is given by the variable glued, which just carries out a quick sort on the lower half
for elements smaller than the pivot, and in the upper half for elements greater than the
pivot. We also do not want to try to sort anything if we have fewer than two elements
to sort, since arrays of size zero and one are already sorted. Therefore result defines the
fully sorted array. Then, finally, the expression defining the function ensures that only

elements between m and n are actually sorted.

4.13 Arrays of functions

The final example, which motivated much of the work in Chapters 2 and 3, comes from

the end of the book, Lucid, the Dataflow Programming Language [43], in which a hypo-
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thetical language, called Lambda Lucid, allowing streams of functions, is presented. The
function exp.n, defined below, returns a function, namely the n-th—power function, or n-th

exponent, such that exp.n.m calculates the value m”.

fun expn =P

where

dimd <+ n

var P = fby.d (A\> m — 1) (AP {d} m — m x P.m)
end

The explicit {d} in the second A ensures that the d-ordinate needed to evaluate P within
the abstraction is frozen at the time of creation of the abstraction. Here is the table for P:

Pl 0 1 2 M
0 1

‘)\m%m Am — mbt Am — m?2

A divide-and-conquer version of P could also be defined.

4.14 Conclusion

This chapter has presented a selection of programming examples, using TransLucid, along
with a guide to understanding these problems geometrically, which is applicable not only
to TransLucid, but to understanding these problems in general.

The final example presenting arrays of functions solves the problem of the hypothetical
language Lambda Lucid. In fact, the problem as it was originally presented could not have
worked, as is, in Lucid, and it is only with the binding of dimensions that the problem
was solved.

The examples presented in this chapter barely touch the surface of programming in
general, and what is possible with multidimensional programming in TransLucid. It is only
through further development of programming methodology, and attempts to solve more
problems in TransLucid, that progress will be made in understanding multidimensional
programming.

Nevertheless, these examples demonstrate that a geometric interpretation of problems
is useful, both in understanding the problem, and in specifying the solution in TransLucid.
If this geometric view is extended to implementations, then we will be better able to
understand the physical movement of data through caches, pipelines and memories, also

in a geometric manner.



Chapter 5
Operational TransLucid

This chapter presents Operational TransLucid, which is the language used in Chapter 6 for
producing an operational semantics with memoization (caching) and in Chapter 7 for type
inference. All TransLucid Lite expressions can be translated to Operational TransLucid,
using a syntactic transformation given in this chapter. In Operational TransLucid, func-
tion parameters and local dimension identifiers become dimensions, to be manipulated in
the context rather than in the environment. As a result, implementing TransLucid be-

comes simpler, since the only manipulation of the environment is in the wherevar clause.

5.1 Abstract syntax

The syntax of Operational TransLucid is given in Figure 5.1. Apart from identifiers (z),
for every syntactic element in the semantics of TransLucid Lite, there is a corresponding
syntactic element in Operational TransLucid: #, AP, \Y, 1 and wheredim become, respec-
tively, #., AP, AV, 1, and wheredim,. Identifiers  become either x (if x is defined in the
initial environment or in a wherevar clause), or ¢, (if = is defined as a function parameter

or a local dimension identifier), where ¢, is a hidden dimension. The symbol ® stands for

a set of hidden dimensions of the form {¢4,,..., ¢z, }
E .= ¢, constant dimension
| = identifier
| ™c m-ary constant symbol, m € N
| % context
| [E+ E, ..] tuple builder
| X{E,..}®¢, - FE base abstraction
| E.(E,...) base application
| if E then F else E fi conditional
| EeFE context perturbation
| T.{E,...} PF intension abstraction
| JE intension application
| XWA{E,..} ®¢, > F call-by-value abstraction
| E!'E call-by-value application
| FE wherevarx =FE, ... end local variables
| E wheredim, ¢, < E, ... end local dimensions

Figure 5.1: Syntax of Operational TransLucid expressions

69
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The idea for a parameter wx is that it will be replaced by the entry ¢,, which will
evaluate to k(¢;), i.e., the ¢,-ordinate in the current context.

A TransLucid expression F, in which no identifier is masked by a wherevar or wheredim
clause, will be transformed into an equivalent Operational TransLucid expression using
transformations W (Figure 3.2, p.37) and U (Figure 5.2, p.71).

5.2 Using the context

The key concept of Operational TransLucid is that, other than the wherevar clause, uses of
the environment are replaced with uses of the context. To achieve this, every identifier z in
function abstractions and wheredim clauses is replaced with a unique hidden dimension ¢,..
Then, where the semantics for TransLucid perturbs the environment with a new intension
for x, the semantics of Operational TransLucid perturbs the context with a new value for
the ordinate of ¢,, and every occurrence of x in the syntax is replaced with a context
lookup for dimension ¢,.

This however, is not quite enough. We observe that in the original semantics, the
body of an abstraction is evaluated in the environment in which it was created, not the
one in which it is evaluated. Therefore, the setting of any function parameters and local
dimension identifiers enclosing the relevant abstraction must be retained as part of the
closure for that abstraction. Since we have just moved those parameters to the context,
it is necessary to retain a set of dimensions containing the ¢ dimensions of the enclosing

abstractions and wheredim clauses.

5.3 Transformation

Definition 16. Let E be a TransLucid Lite expression in which no identifier is masked
by a wheredim or wherevar clause, ® = {¢5,} be a set of hidden dimensions, where
each ¢, corresponds to an identifier x; defined in a \P-abstraction, a A\Y-abstraction or
a wheredim clause for which E is a subexpression, and X = {x;} be a set of identifiers,
where expression x; is to be replaced by expression ¢ ;. Then expression UE,®,X) is
the transformation of E into Operational TmnsLucE where U is given by Figure 5.2.
When E is a standalone expression, ® = () and X = (), since there are no surrounding

\P_abstractions, \-abstractions or wheredim clauses.

Definition 17. Let E be a standalone TransLucid expression in which no identifier is
masked by a wheredim or wherevar clause. Ezpression UW(E),D,0) transforms E into

an Operational TransLucid expression.

The transformation U/ takes three parameters: the expression to transform, a set of
¢ dimensions for the abstractions above the current expression, and a set of identifiers
for the abstractions above the current expression. For the four abstractions, the transfor-
mation replaces them with their corresponding circle abstraction which retains the set ®

for the hidden dimensions to retain when the abstraction is created. Additionally, for the
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Uz, ®, X) = {%’ rex
r, otherwise
UMe,®, X) =
UH, P, X) =
U([Eio < Eirlim1..m, ®, X) = [E% « EY]
UMz — Ey, ®,X) = )\bQ) D ¢, — U(Eg, @ U {¢s, p}, X U{z})
U(Ey . (Bi)iz1..m,®,X) = EY . EY
U(if Ey then E; else Fy i, ®, X) = if E0 then EY else EY fi
U(EyeE,® X)=EYeFEY
UMH{Ei}i=1.m Eo, ®,X) =15 {E“} o By
UL Eo, ®, X) = | Eff
UN {E}im1.m © — Eo, @, X) = A2 {EY} @ ¢, — U(Eo, ® U {¢s, p}, X U {z})
UN {E;}ict.m © — Eo, ®,X) = Xy {EY} @ ¢ — U(Ep, @ U {os,p}, X U{z})
U(Ey Ey,®,X)=EYEY
U(Ey wherevar ©; = E; end j—1_, ?, X) = EO wherevar z; = Efl end
U(Ey wheredim z; < E; end;—1.p,, ®, X) =U(Ep, ® U {¢s, }, X U{x;}) wheredim, ¢, < FY end

Figure 5.2: Transformation & from TransLucid Lite to Operational TransLucid

(B =U(E,®,X)).

abstractions that take a parameter, and the wheredim clause, their bodies are transformed
with their hidden dimension added to ®, and their parameter added to X.

The set X in the transformation is the set of identifiers which have been mapped to
hidden dimensions. So when an identifier x is the parameter of an abstraction, or a local
dimension identifier, and appears in the body of that abstraction or wheredim clause,
it is replaced with a dimension lookup for the appropriate ¢ dimension. Otherwise, the

transformation of an identifier is itself.

5.4 Semantic rules

Definition 18. Let E be an Operational TransLucid expression over ¥ and X, v be an
interpretation, ¢ be an environment, k be a context, and ®x C Ap be a set of ¢ dimensions.
Then the semantics of E is given by [E]((k T {p — €}), where the rules for -] are given
i Figure 5.3.

The operational semantic rules make use of a set ®x of ¢ dimensions. These dimensions
are added to the semantic domain D by specifying that they are a part of the set Ap of
other dimensions (cf. Preamble 1, p.23), which allows any number of new dimensions to be
added to the system for the purposes of implementation. When the syntactic constructs
for Operational TransLucid and TransLucid Lite differ, we explain the corresponding rules

in the itemised paragraph below.
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[¢<]eCr = k(o) (5.1)
[z]eCr = ¢(2) () (5.2)
[™e]Ck = (Me) (5.3)
[#o]utr =K< ®x (5.4)
[[Eio < Eitli=1..m] ¢k = {[Eio]C(i5) — [Ealel(ism)r)} (5.5)
[if Eo then F; else Ey fi]iCk =let dg = [Fo]eC(ok) (5.6)
[E1]iC(1k), do = true
[E2]el(2k), do = false
[Eo @ Er] ¢k = [Eo]i(ok T [E1]C(1K)) (5.7)
[N AE}iz1.m @ ¢0 — Eo]iCk = let d; = [E;]e((ik) (5.8)
in Adg.[Fo]tC
((or < ({pdi} U®)) t {dz > da})
[Eo-(E)iz1.m] 1Sk = ([Eo]e¢ (or)) (LE:]eC (k) (5.9)
[to{Ei}iz1.m ® Eo] ik = let d; = [E;]u((ik) (5.10)
in Aiq.[Eo]iC (ka T (k < {di} U D))
[ Eo]Cr = ([EoleCor) 1k (5.11)

[N {EiYic1.m ® 60 — EolJulr = let d; = [E;]((ik)
in Ady.Akq . [Eo]eC
(Fa T (5 < ({di}U®) T {¢s > da})

(5.12)
[Eo ! Er]e¢r = ([EoleCor) ([Er]eC1k) 2k (5.13)
[Eo wheredim, ¢, < F; end ;=1 _m[iCk =let 0; = Xi(p) (5.14)
d; = [E;]€(;k)
in [Eo]eC((0k) T {@a, = i, 6 > di})
[Eo wherevar x; = F; end;—1 ik =1let (g =T {z; — 0} (5.15)
Cat1 = Ca T {zi = [Ei]ela}
G =1lpda

in [Eo]e(u)k
Figure 5.3: Semantics of Operational TransLucid

(5.1) The ordinate of dimension ¢, is looked up in the current context .

(5.8) An abstraction is created that evaluates its body in a context in which the frozen ®

dimensions are retained, and the context at the point of application is ignored.

(5.10) An abstraction is created that evaluates its body in the context passed in at the
point of application, retaining the frozen ® dimensions from the point of creation of

the abstraction.

(5.12) An abstraction is created that evaluates its body in the context passed in at the
point of application, putting its parameter in the context, along with the retained ®

dimensions.
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(5.14) A new dimension §; is allocated for each local dimension, and the body of the
wheredim, clause is evaluated, perturbing the context such that the hidden dimen-
sion ¢,, maps to the allocated dimension d;, and d; maps to the initial value, d;, for

each dimension.

5.5 Validity of semantics

Proposition 5. Let ® be a set of ¢ dimensions, X be a set of identifiers, E be a TransLu-

cid Lite expression, v be an interpretation, ¢, be environments, k, k' be contexts such that

k=r < dom(k) (5.16)

¢ = ¢ < dom((") (5.17)

dom(x) — dom(x) = {¢ | 2 € dom(C) — dom(¢')} (5.18)
dom(¢) — dom(¢’) = { | ¢» € dom(x) — dom(x) } (5.19)
Vo, € dom(r'), K'(¢2) = ((2) (k). (5.20)

Then
[UE, @, X)] ' = [E]E.

Proof. By induction over the structure of E. There are four base cases, since there are

two cases for x. In the first, x € X:

HZ/I(:U, <I>,X)]] ('K
= [@a]eC'w’
= K'(¢z)
= ((z)(k)
=[]k

In the second, =z ¢ X:

[tU(z, @, X)] '
= [=]e¢'s’
(z)(x)
(@) (k)
= ((2)(k)
=[]k

=(
=(
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[t(me, @, X)] ('
="'
=1(™c)
= [l

[, @, X)]ul's
= [#o]u('s’
=Kk 9y
=K

= [#]«Ck

The transformation ¢ (Definition 16) and semantics (Definition 18) maintain the in-
variant defined by properties (5.16)—(5.20). If this invariant holds, then the induction
hypothesis is that [U(E,®, X)]«(’x’ = [E]«(k. The first seven inductive cases, ‘[---]’,

‘if-then—else’, ‘@, ‘.°, ‘|’, ‘I’ and ‘wherevar’, are straightforward.

[U([Eio < Eitli=1..m, ®, X)] o'
—[[ 0<—E21]]L "k
= {[E0]C' () = [BA]C (rmyn) }
= {[Eio]C(ix) = [EinleC((irmys) }
= [[ 0 < Fi1 ]]LCIQ

HU(if Ey then E4 else Ey fi, @,X)]] ('K
= [if E(Zj{ then EY else EY fi]] 'K
=let dy = [E§] (oK)
[[Ezl”]] l{'(1K), do = true
[EY] ¢ (2K), do = false
=let dy = [[Eoﬂ t(or)
[Er]Cik), do = true
[E2]i¢(2k), do = false
= [if Ep then E; else Es fi]u(k

in
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[U(Ey @ Ey, @, X)]('w
= [[EOM Q Ezf{]] 'K
= [E§ ] (o' 1 [EV] ¢’ 1R))
= [Eo] (x5t [E1] € (1k))
= [Eo @ Eq]ulk

[U(Eo . (Ei)iz1.m, ®, X)] ('K
= [E - (BN
= ([E6] ¢ (0m) ([E] ¢ (161)
= ([Eo]¢(or)) ([E:]eC (1K)
= [Ey . (E)]Ck

[ Eo, @, X)] (s
= [V Ef]uc'w
= ([E¥]e¢ (0r))) (1K)
= ([E5T¢(0r)) (1)
= [ Eo]eCr

[U(Ey! Er, @, X)] ('K
=[B! EY] W

= ([E§] ¢ (or)) ([EX] ¢’ (16)) (2)
= ([E¥Tcor)) ([EH] ¢ (15)) (2k)
= [Ep ! E1]lk

75
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[[Z/{(Eo wherevar r; = F; end;—1.m, @, X)]]LC’K;’
= [[EOM wherevar z; = FY end] ('’
=let (¢ = t{z;— 0}
b1 = Go T {mi o [EV]GY
¢, =1Upd,
in [[Ef)”]] ()R
=let (o =C(f{z— 0}
Cat1 = Ca T {zi = [Ei]ula}
(L =1lpla
in [Eo]e(Cu)r

= [Ep wherevar x; = F; end]i«(k

The remaining four cases are the interesting ones, as the semantics for Operational

TransLucid must ensure that the invariant holds.

[UH{Ei}iz1.m Eo, @, X)] ('K
= [ro{ B} @ EfTuc
= lot d; = [E¢]oC' ()
in Mg [EX] ¢ (Ko t (K < {d;i} U ®))
= let d; = [Ei]C(ir)
in Aia-[EoliC(ra T (5 <1 {di}))
= [t {Ei} Eo]Cr

The invariant states that for ¢, € @, ¢, € dom(x'), z & dom(¢’), and {(z)(k) = K/ (Pz)-
Since we can make no such assumption about kg, it is necessary to add those dimensions
from &’ into x, before evaluating EY. Therefore, the invariant is maintained from step 2
to 3, and the induction hypothesis holds. Similar manipulations are required for the other

three cases.

[UNP {E}iz1.m @ — Eo, @, X)] ('K
= 2 {ES} @ ¢ = U(Eo, @ U {¢:}, X U {z})] (s’
=letd; = [[Eﬂ] oC'(ik)

in Mo [EF ] ¢ ((0r" < ({p,di} U @)t {ds v da})
=let d; = [E;]iC(;k) -

in Mdq.[Eo]e(¢ 1 {z — da})(0r < {p.ds})
= [\ {Ei} © — EoJir
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[UN A{E}izct.m @ — Eo, ®, X)] ('K
= [N A{EY} @ ¢ = U(Eo, ® U {0}, X U{z})] (s
=let d; = [[Ei’{]] o' (K")

in Ao Mg [EG ] ¢ (ka t (K < ({di} U @)t {ds = da})
= let d; = [Ei]C(ik) ~

in Adq-Aeq.[Eo]e(¢ T {z — di} (ko T (8 < {di}))
=[A\V{E;} v — Eo]ulk

[[Z/{(Eo wheredim, ¢y, < E; end =1 m, (I),X)]]LC/HI
= [U(Ey, ® U{¢s,}, X U{z;}) wheredim, ¢, + EX end]:('s’
=let §; = Xf{(p)
di = [EX] ' (iv)
in [U(Eo, ® U {s,}, X U{zi})]e¢' ((0k) T {dz; > i, 0; — di})
=let §; = Xi(p)
d; = [Ei]C(;k) ~
in [Eolle (¢t {zi = 6i}) (ks T {0 — di})

= [Eo wheredim z; « E; end]i(k

Hence, by the inductive hypothesis, [U(E, ®, X)]u(r = [E]('w'.



Chapter 6

Cached Evaluation

This chapter presents an operational semantics for TransLucid using a form of demand-
driven computation called eduction. This semantics uses a cache storing the results of
previously computed (variable, context) pairs. The key technical contribution is to pro-
vide a mechanism for this cache to work with arbitrary-dimensional spaces. We argue
how this operational semantics is compatible with the denotational semantics of Chap-
ter 5. This chapter is an extension of the technical part of a paper to be published in
Mathematical Structures in Computer Science [11], and is inspired by the author’s current

implementation, and subsumes previous work by Rahilly and Plaice [37].

6.1 Eduction

In the previous chapters, the discussion focused on denotational semantics—the meaning
of an expression—rather than on how to actually compute the value of an expression. The
problem for evaluating TransLucid is that in general, once the values of its free variables
are defined, an expression’s value is an intension, and that intension has infinite extent.
The only possible solution is, rather than computing the value of an expression, to compute
the value of an expression in a particular context.

In fact, the semantics almost does this already. The semantic function [-] gives the
meaning of an expression in a particular context, and in fact all but two of the rules ma-
nipulate the context, and evaluate their subexpressions in the appropriate context. So, in
fact, most of the denotational semantics rules already lead naturally to an implementation.

For example, for expression #.E, when E evaluates to dimension J, the d-ordinate is
simply looked up in the current context. Similarly for Ey@ F1, expression Fj is evaluated
in the current context, producing a tuple, and Ej is evaluated in the context produced by
perturbing the current context with that tuple.

The one problematic rule is for Ey wherevar z; = E; end, which creates a sequence
of environments produced by mapping each identifier x; to the intension produced by
the result of evaluating the corresponding expression F; in the previous environment;
then FEjy is evaluated in the environment which is the least fixed point of the sequence of
environments. The problem here is that each identifier is mapping to an infinite intension,

which cannot be computed.

78
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The solution to evaluating a wherevar clause is called eduction; the use of the term
first appeared in [43], and was derived from the word educe, which means to draw out. In
evaluating using eduction, the value of an intension is computed in a particular context,
which may result in other intensions, and possibly itself again, being evaluated in different
contexts. Conceptually, a demand is made for a pair (g, ko) of an identifier and a context,
which results in demands for further pairs (z;, ;). When all of these demands have been
satisfied, the final result can be computed.

As an example, we reproduce below the factorial function presented in Chapter 2.

fun factm =F

where

dimd < n

var F'=if #.d =0 then 1 else #.d x (F @ [d <+ #.d —1]) fi
end

To compute the value of expression fact.a, for some positive integer a € N — {0}, the
value of the variable F' at the context {d + a} must be computed. Since #.d # 0, the else

branch is evaluated, which results in a request for F' at {d — a — 1}. This is repeated a
times, until the then branch returns 1, and then every other value can be computed.

There are only two changes to the semantics required to implement eduction: 1) rather
than passing around an environment (, it is necessary to pass a mapping £ from identifiers
to expressions; 2) the rule for the wherevar clause is modified to perturb £ with a mapping
from z; to E;, rather than to compute a least fixed point. In addition, the rule for z must
be changed to evaluate the expression £(x) in the current context.

Unfortunately, however, evaluation using naive eduction is typically an inefficient way
to evaluate an expression, due to repeated requests for the same (z,k) pair. Take as

example the Fibonacci program below:

fibn=F
where
dimd <+ n
var F =if #.d <1 then#.delse (FQ[#.d <« #.d—1]) + (Fe[#.d <+ #.d—2]) fi

end

Even demands for low numbers produce an enormous number of repeated requests. A
demand for F' in the context {d — 5} requests F' at {d — 4} and {d — 3}. Those two

demands produce another demand for F' at {d — 3}, and additionally two demands at
{d + 2} and one at {d — 1}. The second demand at 3 then produces demands at 2 and
1 again. This only gets worse as the Fibonacci number requested grows.

The solution is to remember the results of particular entries the first time they are
computed, so that they are not recomputed when later requested. Then they can simply
be looked up for future requests. This technique is called memoisation, and is commonly
used for caching intermediate results in calls of recursively-defined pure functions. The
key technical contribution of this chapter is to extend this idea to memoisation in an

arbitrary-dimensional space, what we call multidimensional memoisation.
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6.2 Multidimensional memoisation

The difficulty in implementing a multidimensional cache scheme is that the dimensions
of relevance in looking up a cache entry cannot be known a priori, and therefore must
be discovered by the interpreter during evaluation. This chapter presents a solution that
involves a completely new method of evaluation, in which there is a back-and-forth in-
teraction between the cache and the evaluator, with the evaluator returning demands for
dimensions as they are required, whilst the cache builds a hierarchy of those dimensions
as they are requested.

The basic idea of caching results of computation is that for each entry in an intension
that has been computed, we store the dimensions that were used to compute it, and the

value computed. As an example, consider a simple multiplication table:
var M = #.a x #.b

It is easy to see how a cache might work in this situation. When a request for the value
of M at the context k = {a +— 5,b +— 6} is made, the cache is looked up at s, and if an
entry exists, it is returned, otherwise, the value 30 is computed and, the following fact is

entered into the cache:
value of M at {a +— 5,b— 6} is 30

This works fine for simple expressions, although, even this case raises some questions. The
question that must be solved in order to implement a cache is, which dimensions are being
used to define an intension? In this case, we can see that it is dimensions a and b, but
especially in more complex expressions, it is not so trivial to arrive at that answer, and it
is not so simple for the evaluator to determine that itself.

There are three possibilities: 1) static analysis is used, in order to determine which
dimensions are used by any expression, 2) the cache simply uses the dimensions that are
present in a computation, or 3) the computer uses some more complex method of deter-
mining which dimensions are relevant to a computation. The solution is (3), because we
can eliminate the other two quite easily. Option (1) is not possible, because dimensions can
be passed as parameters, and can be computed, and so the dimensions used to compute
the value of an expression are not in general known statically. Option (2) does not work,
because as will be explained shortly, there may be many other dimensions present that
are not relevant for a particular cache request. Therefore, we present a solution for im-
plementing the cache that involves the evaluator discovering, at run time, the dimensions
relevant for a computation, and entering the appropriate information into a cache.

Finally, without some sort of garbage collection, the cache would quickly grow to an
unmanageable size, so we also implement what was called the “retirement-plan” garbage-
collection system by Faustini and Wadge [18], which is essentially a system for retaining
the most recently used entries, and throwing out entries that have not been used for a
while. In their implementation, almost nothing used later was thrown away, and the cache

was kept to a reasonable size. The retirement-plan scheme is not unlike that used by an
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operating system in managing a CPU’s cache of memory, or the cache of a disk in RAM.

6.3 Accessing the cache

The difficulty with the cache becomes apparent with a simple example. When there are
more dimensions in the context than necessary to define a particular expression, it is not
immediately clear to the evaluator that not all of those dimensions should be used in
defining the cache entry. The variable IV, defined below, only uses the s-ordinate when it

is greater than zero, otherwise, it uses both the s-ordinate and the t-ordinate:
N = if #.s > 0 then neg.s else #.s + #.t fi

In any evaluation, it is likely that both dimensions ¢ and s will be present in the context.

For example, if a request like the following were made:
requesting the value of N at {t — —5,s — —6}

then the value is —11, and uses both dimensions s and ¢. But we may eventually see

demands of the form:
requesting the value of N at {t — 4,s — 2}

The calculation of this value will ignore the t-ordinate and produce the value —2. Ignoring

the t-ordinate is not the problem; the problem is that the cache entry:
value of N at {t — 4,s — 2} is —2

will have ¢t — 4 as part of its “tag”. This information is irrelevant and should not be

included in the tag. Otherwise, the cache will fill with duplicated entries:

value of N at {t — 0,s — 2} is —2
value of N at {t — 1,5 — 2} is —2
value of N at {t — 2,5 — 2} is —2

which should all be replaced by the generic entry:
value of N at {s+> 2} is 2

The problem is not in producing suitably generic entries; as a computation proceeds,
the interpreter could keep a running tally of those dimensions whose values are actually
required, and tag the cache entry with the coordinates of just those dimensions.

The problem finally appears when we have to search the cache. Suppose the current

request is for N at {t — 4,s — 2}. When we search the cache for the requested value,
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what tag do we look for? We need to know which dimensions are actually required in the
computation, and since we are trying to avoid performing the computation in the first
place, there is no a priori reason that we should have this information.

If there are only two dimensions to begin with, the problem is not very serious. We
could search first with the tag {t — 4,s — 2}, then try {t — 4}, then (successfully) try
{s — 2}. But suppose there are dozens of dimensions to begin with, or that users can
declare their own dimensions, or that there are in fact infinitely many. The cache scheme
breaks down.

The pLucid interpreter [43] never solved this problem, which is one of the reasons that
the multidimensionality was undocumented. Fortunately, many of the programs people
wrote in practice did not cause severe duplication of cache entries. But this was not always
the case, and would have been too much to hope for in the presence of, say, dimensions as

function parameters.

6.4 Lazy tags

Wadge and Faustini proposed a possible solution in the late 1980s [18]. The idea is that
during eduction and caching, even the tags are generated using a demand-driven scheme.
It is this solution which we will retain in our implementation.

As indicated above, when the value of a variable is computed, a tally is kept, and only
referenced dimensions are included in the tag. The key idea is that searching a value in
the cache proceeds as a sort of dialogue, in which the searcher gradually assembles the tag
associated with the value sought.

Suppose that we want the value of a variable X in the presence of a large number of
dimensions, most of which will turn out to be irrelevant.

The first step is to ask (optimistically) for the value of X with an empty tag. The

hope here is that X is a constant. There are three possibilities:

1. The cache provides a value—say, 42—then X is indeed the constant 42 and the

search concludes successfully.

2. The cache finds no entry at all with the empty tag, then we conclude that nothing

about X has yet been stored in the cache and we must proceed with the calculation.

3. The cache returns a dimension (i.e., a name, not an ordinate). Suppose that the
name returned is “z”. This means that we must provide the z-ordinate before we
can retrieve any more information about X from the cache. In this case, the process

is repeated, after providing the z-ordinate.

Suppose that the third option occurred, and that the current z-ordinate is 8. We ask
for the cache for information about X tagged with {z — 8}. Once again, we have the

same three possibilities. This time, we could have:

1. The cache returns a value, say, 64. This means that X has the value 64 whenever

the z-ordinate has the value 8, and our search is successful.
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2. There is no entry for X with tag {z — 8}. This means the value we need is yet to be
computed, and we must proceed with the computation (adding appropriate entries

to the cache as we do so).

3. The cache returns another dimension—say, u. This means that for {z — 8} we also

need the u-ordinate to get a value of X.

This time, suppose that we have the second option, which means that we must proceed

with the computation. In doing so, there are two possibilities:

1. A value is returned, say, 42. The cache now records the fact that X has the value
42 at the tag {z — 8}.

2. Another dimension, or set of dimensions, say, {u}, is returned by the evaluator. The
cache records that the u-ordinate is required for the value of X at {z — 8}, and we

continue with the computation until case (1) occurs.

In this way we eventually either (1) build up the tag that retrieves the required value
or (2) learn that we will have to compute it.

At the same time, the cache is building up that same hierarchy of dimensions needed
to compute the value of X. Then, whenever a value from the cache is requested, the
cache goes through each level of the hierarchy, either returning the dimensions needed to
go further, or if those dimensions are available, moving to the next level until either a

dimension is required or a value is present.

6.5 Caching TransLucid

The next section (§6.6) presents the complete cached semantics for TransLucid. The
semantic rules describe a maximally parallel interpreter with a centralized cache. To
achieve this, we define threads, each with an associated clock, and their interaction with
the cache. The clock is necessary to synchronise the result of a computation when several
threads attempt to compute the same thing at the same time. Rather than all threads
computing the same value, all but one of the threads wait for that one thread, then their
clocks are synchronised.

The semantic rules are for the syntax of Operational TransLucid, but with a modifi-
cation to the wheredim clause, explained below, along with some assumptions about the

structure of a program.

6.5.1 Assumptions

The cache-based implementation does not fully implement Operational TransLucid (Chap-
ter 5). Rather, it is assumed that a static semantics is applied to TransLucid programs,
and only those passing are implementable using a cache.

The denotational semantics for TransLucid allows the context to be passed around
explicitly, simply by writing #. In the cache-based implementation, the context must

always appear in an expression of the form #.F, i.e., the context may only appear in a
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context-query situation; an arbitrary context may not be passed from one part of the
program to another. In addition to simplifying the implementation, this choice can also
be defended from a security point of view: the context can only reveal the ordinates of
dimensions computed explicitly within the program.

The denotational semantics generates different dimensions for a given local dimension
identifier each time that the local wheredim clause in which it is declared is entered, by
using a list to encode the path through evaluation. This does not work for the cached
semantics; for a variable defined inside a wheredim clause, the dimensions in which it varies
will change every time the wheredim clause is evaluated, almost completely negating the
point of the cache. For example, in any one evaluation of Fibonacci numbers, the cache
would be useful, since the local dimension is allocated once. But if another Fibonacci
number is requested, a new dimension will be allocated, making the previous memoisation
useless. For a computation of a factorial, the cache would be completely useless.

To solve this, we allocate dimensions in a different way to the denotational semantics.
Rather than allocate a different dimension for every path through the evaluation tree, we
only allocate a different dimension when the evaluation of a wheredim clause re-enters
itself; we guarantee that each dimension allocation at the same depth will always be the
same. Most programs presented so far in this dissertation do not use recursion, and
therefore do not enter the same wheredim clause multiple times. The only program that
does is quick sort (§4.12.5), which when run in the cached implementation is orders of
magnitude faster than in the naive implementation.

However, this allocation of dimensions is no longer correct for all programs. Fortu-
nately, it turns out that the programs for which this allocation is a problem are either
error cases, or are so bizarre that comprehending them, let alone writing them, is difficult,
and they do not solve any meaningful problem. For the case that is already an error,
we can make a clear statement. An abstraction defined inside a wheredim, and returned
from that clause, must not have a local dimension identifier in its rank. This is obviously
an error, because the dimension does not exist outside the wheredim, and therefore the
array defined by the abstraction cannot be indexed. However, using the cache-based im-
plementation, a valid result might be produced, rather than an error. This is analogous to
returning the address of an automatic variable in C, which is undefined according to the C
language standards.

As far as determining the boundary between meaningful and bizarre programs, the
ideas about what constitutes a valid program for the cache are less clear. If an abstraction
is created which freezes a local dimension, and is returned from the wheredim defining
that dimension, then is later passed back into another instance of the same wheredim
clause, cached evaluation may not give the correct results. However, we have yet to find
any useful program that makes use of this: in fact, we have yet to find any comprehensible

program that makes use of this.
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6.5.2 Syntax

The cache semantics is for tagged Operational TransLucid expressions, written E<. The
only difference between the Operational TransLucid syntax and the tagged Operational

TransLucid syntax is for the wheredim clause:

EQ S E—T
| EOQ wheredimy g ¥g ¢g; EZQ end

In the tagged wheredim clause, ¢ € N is the clause’s label, and v, is an other dimension,
whose ordinate will always be a natural number. The transformation Q takes an Oper-
ational TransLucid expression F to produce E€. For a given expression E<, we write
Q(E9) for the set of all the wheredimyy labels inside E<.

Tagging the wheredim clauses allows us to allocate dimensions by keeping track of
the depth of evaluation through each wheredimy clause. For each ¢ € Q(F), the initial
14 ordinate is zero, and each entry into a wheredimy clause tagged ¢ will increment its
pg-ordinate. This way, dimensions are allocated deterministically based on the depth of
evaluation through each wheredimyy clause. We can reuse the y dimension allocation from
Chapter 2. By making a two-element list (g, £(¢4)), and by using the index ¢ of the dimen-

sion being allocated, we allocate dimensions Xéq K1) B8 will be seen in Rule (6.17), p.93.

6.5.3 Definitions

For evaluation by eduction to work, it is necessary to pass a mapping from identifiers to
expressions through the semantic rules, rather than a mapping to intensions, as for the

denotational semantics.

Definition 19. Let X be a signature, X a set of identifiers, then Env*(X, Expr(%, X))

is the set of expression environments over ¥ and X, i.e., mappings £ : X — Expr(3, X).

Given the increasing availability of parallelism in the computing infrastructure, at
both the fine-grain and the coarse-grain levels, the rules provided below are designed to

encourage maximal parallelism.

Definition 20. A thread is a list of natural numbers, w € N*. If i € N, then we write
w; = w || to denote the appending of i to the list w. We write w' < w to mean that
thread w' is an ancestor to thread w, i.e., that w' is a prefix of w. The initial thread is

written €.

In the cached rules, the evaluation of an expression E will require the evaluation
of subexpressions F;, i = 1..n. The evaluation of expression F will take place using a
thread w, and the calculation of each of the subexpressions F; will take place using a

thread w;.

Definition 21. A clock s a natural number t € N.
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Each thread and the cache will have its own clock. Each time that a thread uses the
cache, the clocks of both are set to the fastest clock. Each time that a thread uses the
results from other threads, its clock is advanced to the fastest clock. All clocks start from

Zero.

6.5.4 The cache

A cache (8 is a synchronous, reactive machine with four internal variables:
e [B.ck € Nis a clock (a counter), initially 0;
e (.age € N is the global retirement age, initially 2, for the garbage collector;
e (.data contains the nodes of the cache;
e (.limit contains the mazrimum number of nodes in the cache.

The variable §.data contains a number of nodes v;, j € N. Each «; is either a leaf
node or an internal node. If 7; is a leaf node, it either stores an ordinary value d; or a
value calc(w), meaning that thread w is currently responsible for computing this entry.
If 4; is an internal node, it will hold a pair consisting of 1) a set A; of dimensions whose
ordinates must be provided, and 2) a set of pairs (ordinatesj;, nextNode;;), meaning that
when the dimensions in A; take on the ordinatesj;, then the next node is nextNode;.

As a result, B.data acts a decision tree for each variable x, keeping track of the di-
mensions that are needed to access a value. Suppose that thread w is seeking the value
for variable z and context s in §.data. The root of the tree for x gives the stored value
for evaluating variable x with the empty context (). Should 3.data(x,?) be an ordinary
value d, then whatever the context r, the value of z in £ will be d. Should S.data(z, ()
be a set of dimensions A1, then the cache is asking that the ordinates for the dimensions
in Ay be provided. So the process is started over with 5.data(x,x < Ay), and is repeated
until ultimately an ordinary value d is returned or else the cache inserts a calc(w) value,
meaning that thread w is responsible for calculating this entry.

In summary, should the value for variable x and context s actually be in 8.data, then

there would be n mutually exclusive sets of dimensions Ay,...,A,, n € N, such that:
B.data(z,0) = A4
B.data(x,k <A1) = Ao
B.data(z, k< (A1 UA)) = Ag
B.data(z, k< (AU---UA_1)) = A,
B.data(z, k< (A U---UAy)) = d

We can then write that f.data*(z, k) = d.
The cache uses the retirement plan mentioned in Section 6. Each node 7; has an age,

~vj-age, initialized to zero when the node is created. Every time that a node is retrieved,



CHAPTER 6. CACHED EVALUATION 87

its age is reset to zero. The garbage collector keeps a global retirement age, and every
garbage collection run, the global retirement age is decreased by one. On the other hand,
if at any point, a node whose age is greater than the global retirement age is retrieved,
the global retirement age is increased to the age of the node before that node is set back
to zero. Every garbage collection run, the age of every node is increased by one. Only leaf
nodes can be collected. Should, during any one garbage collection run, an internal node
have all of its children collected, then it can be collected immediately if its age is greater
than the retirement age.

In the semantic rules, rather than passing an immutable cache object around, which
is modified by certain rules, we pass a global cache object that has operations with side
effects. The cache responds to two different instructions generated by threads, and one

instruction generated internally:
o (V,t') = p.Afind(z, k,w,t)

— If t > B.ck, advance S.ck to t.
— If B.data(x, k) = calc(w’) and w’ < w, hang (do not return).

— If B.data(x, k) is not defined, let S.data(z, k) be calc(w) and advance [.ck
by 1. Should g receive more than one f.find(z, , w;, t;) instruction at the same

instant 3.ck, the w is nondeterministically chosen from among the w;.

— For all the nodes +; in the chain which stores g.data®(x, k), if vj.age > (.age,
then set 5.age = v;.age + 1, then set v;.age = 0.

— If the number of nodes is greater than S.limit, then run S.collect().

— Return (5.data(x, k), 5.ck).

o (V1) = p.add(x, k,w,t,v)

If t > 5.ck, advance (5.ck to t.

If 5.data(z, k) # calc(w), hang (do not return).
— Let f.data(x, k) be v and advance S.ck by 1.
Return (B.data(z, k), B.ck).

e [.collect()

— p.age = B.age — 1.
— For each node «; in the cache, in a post-order traversal of the tree:

* If j.age > B.age then remove the node if it has no children, and if it is not

holding the value calc(w).

* If v; has not been collected, increment -;.age by one.
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6.5.5 Validity of the cache

In showing that the semantics are valid, we will not attempt to prove that the cache
semantics produces the same result as the operational semantics, since we know that
it does not, in general, due to the allocation of dimensions, but that for all reasonable
programs it gives the same result. Therefore, there are two separate issues that need to
be considered for these semantics to be valid, and therefore useful for evaluation: 1) The
cache must correctly discover all dimensions of relevance for the value of an intension,
with the correct hierarchy, for sane programs; 2) we must be able to put some definition
on what a sane program is.

For the first point, it is necessary to show that the rules correctly pass all appropriate
dimensions back to the cache, and in the correct order, so that the cache does not end
up broken, with an invalid hierarchy of dimensions being stored. Therefore, we argue that
the cache maintains an invariant, and that each cache function has preconditions for its
use, which the semantics must respect. For the second, the definition of a sane program
will be much less rigorous, and no attempt is made to detect whether a program is valid
for the cache or not; this is left as future work.

The following invariant must be maintained in the cache. If S.data(x, k) exists, then

there exists a chain of entries S.data(z, k;), i = 0..n, where

Ri=kK < (AgU---UA))
Ng=10

Vikst.j#k AjNAp=10
Kn = K.

Should S.data(z, k) = d, where d is not a set A, then there cannot exist a ' such that

dom x C dom K/, Kk = k' < dom &, and (.data(z, k') exists.

6.6 Semantics

The cached semantic rules presented below are of the form
[E]Y¢xABwt,

meaning an expression F is evaluated in a given environment £, at a particular context x,
using a cache (3, a set A of dimensions, a thread w and a clock t. The interaction between
each of these components is explained in the following paragraphs.

We begin by supposing that we are evaluating a demand for a variable z = FE, in some
context k, where the variable x is being cached. There are no cache entries, so the job of
the evaluator is to help the cache discover the dimensions of relevance in computing the
value of F in the current context. Suppose that at some point inside E the ordinate of
some dimension, say d, is required. The evaluator needs to know at this point that the

cache does not know about dimension §, so that it can inform the cache that dimension §
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is required in computing the value of E. This is achieved by the cache setting A to (;
when a lookup for dimension § is reached, and ¢ is not in A, the evaluator returns to the
cache, saying that it needs dimension J.

The cache records this fact, along with the ordinate of §, then attempts evaluation
again, this time setting A = {J}. Now suppose that some dimension 7 is now required,
this process is repeated, and the cache records this as a child node under §, and evaluates
again, setting A = {7, d}. This process is repeated until no more dimensions are required,
and the evaluator returns a value instead of a set of dimensions.

However, should evaluation go through another cache node, this whole process is re-
peated from the start, for that cache node. As a result, each cache node builds its entries
correctly. This back-and-forth process might seem to be overkill, but it correctly builds
the hierarchy of dimensions required to compute a value, and experiments have shown
that the time required for the initial discovery phase is quickly made up for in the time
saved repeating computations.

The threads w and clocks t passed through the semantics play an important part in
this computation. Suppose that while thread w is computing the value of an expression,
thread w’ wants that value in the same context. Rather than recompute that value,
thread w’ waits for the answer to come back from w. As a side effect of this, loops in the
definitions can be detected, rather than a program running forever. If w’ < w, then the
thread w’ is a descendant of w, meaning that the computation being done on thread w’
was spawned by w. Therefore, the computation for E at k requires E at x, and there is
a loop. In the semantics given below, the result is left undefined, but our implementation

handles this case with error values.

Definition 22. Let E be an Operational TransLucid expression, satisfying the conditions
0f §6.5.1, ¢ be an interpretation, ¢ be an environment, and k be a context such that [E]iu(k

is defined. Then, the cached semantics for E are given by

[E9] W igoro o Bowoto

such that

§o=10
wo =t {ug = 0] g€ Q(E?)}
Ao = dom(k) U {¢g | q € Q(EQ)}
wy =€
to=0
and By is the least 5 such that Vx,k,if ((x)(k) is defined, By.data*(x, k) = ((x)(k), and

where the rules for [-]V are given in §6.6.1. Where the rules refer to v, this can either be

d €D or a set A of dimensions requested.

Here, it is necessary for 5y to be preinitialised with every entry of the inputs to FE.

In the denotational semantics, the inputs are in {, which is a mapping from identifiers



CHAPTER 6. CACHED EVALUATION

90

to intensions. For the cached rules, we use £, a mapping from identifiers to expressions,

and the inputs to E are not necessarily specified as expressions. Therefore, we place the

contents of ( for the inputs into the initial cache f.

Proposition 6. Let E, 1, (, k be as in Definition 22. If [E]i(k is defined, then

[E]e¢k = [E9] W&ok oBowoto.

We will not prove the proposition, as it would parallel exactly the explanation of the

rules that follow, and would take up too much space.

6.6.1 The cached semantics rules

2] ExABwt
:{({%},t), b ¢ A

(k(¢g),t), otherwise

[Mc]¥ & Bwt
= (¢("c),t)

[[Eio + Enlizt.m] " 1€6ABwt
in { (U” Agj, max(tij))7 vy is of form Ay

({'UiO — vil},max(tij)), otherwise

N AE izt m @ 60 — Fo]ViérApuwt
= let (v;,t;) = [E:]V A PBw;t

(Ui Ai, max(ti)),

(U;{vi}, max(t,)),

in  (AdABAwAL.

[Eol* ({90 = d} 1 (5 < ({0} U D)) ({vi} U{ds, })But,
max(t,-))7

[Eo . (Ei)iz1.m] " érABwt
= let (v;,t;) = [Ei]iérApw;t

. { (UZ Ay, maX(ti)), v; 1s of form A;
in

vo(v;) Bw(max(t;)), otherwise

v; is of form A;

v; € K

otherwise

(6.1)
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[if Eo then F; else Ep fi]ViéxApwt (6.6)
= let (vg, to) = [Fo]" t&xAPwt
(Ao, to), vg is of form Ag
in ¢ [E1]YcABwty, vy = true
[E2]YekAPwty, wvo = false

[#.Eo]™ &k ABwt (6.7)
= let (vo,t0) = [Eo]"t{sAPwt
(Ao, to), vp is of form Ag
in ¢ ({vo},t0), wo €A

(k(vo),t0), otherwise

[Eo @ Eq]YExABwt (6.8)
= let (v1,t1) = [E1]VExAPwt

) (Ag,t), vy is of form A,
in
[Eol™ (kT v1)(A Udom(vy))Bwty, otherwise

[To{Ei}iz=1..m @ Eo]™{rApwt (6.9)
= let (v;,t;) = [Ei]YViErAPw;t
(U A, max(ti)), v; is of form A;
(Ui{vi}, max(ty)), vi & K
in § (Aea-AAqABq Awg Aty
[Eo]¥ié(ka T (k< ({vi} U®)))(Aq U{vi} UP)wata,

max(t;)), otherwise

L1 Bo]iénput (6.10)
= let (vo,to) = [Eo]tékAPwt

. {(Ao, to) Vg is of form Ag
in

veAPwty otherwise
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A A{Eitiz=1.m © ¢ = Eo]™VibrAPwt
= let (v;,t;) = [E:]V A Bw;t
(U; Ay, max(t;)), v; is of form A;
(U, fui}, max(t:)), v
(/\da./\/Qa./\Aa.)\ﬂa.)\wa./\ta.
[Eo]™C
(ka T{ge = da} T (k< ({vi} U ®)))
(AgUfvi}U{gs}U Q)
Bawala,

max(t;)), otherwise

in

[Eo! Er]Y ékABwt

= let (v;,t;) = [Ei]iérApw;t
. { (Uz JAVE maX(tz‘)), v; is of form A,
in

vV KA Pw (max(ti)) , otherwise

[x]V € ABwt
= let (vg, to) = [z €xDABwt
) (vo, to) vg is of form Ay
in
Bfind(x,x < At,w), otherwise

[z] ek AN Bwt
= let (vg,to) = [z]*éxAPwt

[x] eér(A U Ag)A'Bwt, vy is of form Ag and Ay C dom(k) and Ag C A’

in § (Ag— A tg) vg is of form Ag and Ay € A’
(vo, to), otherwise
[z]*erABwt

= let (vo,to) = B.find(x,k < A, t,w)

let (v1,t1) = [§(2)]LrABwto
in B.add(z, k < A t1,w,v1), g is of form cale(w’) and w' = w
o [2]2e€rABw(ty + 1), vg is of form cale{w’) and w’ € w

(vo, to), v is not of form calc(- - -)
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(6.11)

(6.12)

(6.13)

(6.14)

(6.15)
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[Eo wherevar z; = E; end ;=1 ]V t&xApwt (6.16)
= [[EO]]WL(f T{ai = Ei})ﬂAﬂwt

[Eo wheredimy Q g Vs, < E; end]i{xABwt (6.17)

= et 0i = Xl ()
(’Ui,ti) = [[EZHWLgﬁAﬁwlt

(UZ A;, max(ti)), v; 1s of form A;

[[Eo]]wbﬁ(/i T{g = k(WYq) + 1, 0y, — vi})ABw(maX(ti)) otherwise

6.6.2 Comments on the rules

All of the evaluation rules that involve some computation of subexpressions take into
account the fact that any of those subexpressions might evaluate to a demand for one
or more dimensions. Should this occur, computation does not continue, and all of these
demands are aggregated into a larger demand, which becomes the result. This behaviour
is consistent with the cache invariant, due to the behaviour of rule [z]" (explained below),
which only evaluates its defining expression with respect to the dimensions already known
by the cache. Then, if any further dimensions are required, these rules pass them back to

the nearest [2]" node.

Rule (6.2) corresponds to the evaluation of constants. They evaluate to the same value

in all contexts and do not interact with the cache in any manner.

Rules (6.3)—(6.6), (6.9)—(6.12) and (6.16) are trivial modifications of their equiva-
lent rules from the denotational semantics. They simply pass on demands for dimensions

resulting from the evaluation of subexpressions.

Rules (6.1) and (6.7), for context queries, is where demands for dimensions are gener-
ated. Any time the context is looked up, the requested dimension must be available in A.

If it is not in A, then a demand is returned for that dimension.

Rule (6.8), for context perturbations, adds to A any dimensions whose ordinates have
been changed. This is done because any dimension that is changed cannot possibly affect
the value of an identifier being cached further up the tree. The dimension is then added

to A so that if its value is later requested, a demand for it is not generated.

Rules (6.13)—(6.15) are where the interaction with the cache takes place. We will use
a simple example to illustrate how these three rules interact with the cache. Suppose that

we have a variable A with the following definition:

var A =#.d
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Clearly A depends on dimension d. Now, suppose that we request value of A at the context
{d + 4}, then the cache should record that A at {d + 4} is 4. If the evaluator just started
evaluating the body of A in the current context, it would return the value 4 and the cache
would not learn anything. Therefore, it is necessary for the cache to start from scratch to
learn the dimensions relevant to computing A. This is why rule [z]% calls [2]' with () as
the fourth argument, corresponding to the dimensions known about by the current cache
node. Then, initially, rule [z]' hands evaluation to [z]?, which tries to find an entry in the
cache. The context here is ), and there is no cache entry. So the cache returns calc(w),
indicating that this thread should calculate the value with no context.

It goes ahead and does that, and in this case, will come back with the result that it
needs dimension d. Therefore, the fact that at context (), dimension d is required, will
be entered into the cache. Control then returns back to [z]!, and since dimension d is
present in «, the same process will repeat, but this time with the fourth argument of [z]*
set to {d}, since the cache now knows about d. This time, an answer will be returned,
and the fact that A at {d + 4} is 4 can be entered into the cache.

Control then returns back to [x]". At this point, we could just return the value, but
then no information about the dimensions used to compute z would be passed back up
to any cache nodes above the current point of evaluation. Instead, we find the value in
the cache, using the original A, which holds the dimensions known about by the previous
cache node. If there are not enough dimensions to compute the value, then the cache will
simply return the dimensions required, and the higher-up cache node will have discovered
the relevant dimensions. This back-and-forth between cache nodes allows them to discover
the relevant dimensions for a computation.

The cache invariant is maintained here by rule [2]?, because every time it finds a value
in the cache, and receives back a calc value, it computes that value and enters it into the
cache, ensuring that the find and add operations are paired. If another thread w’ were
to get back a calc value, it would be for the original thread w, and the cache guarantees

that w’ £ w, so w’ would simply wait until the answer comes back from w.

Rule (6.17): The wheredimy clause is similar to the one from Operational TransLucid.
The difference is in how dimensions are allocated. The rule allocates dimensions using
the x dimensions from Chapter 2, by making a two-element list (g, £(1)4)) and the index
of the dimension being allocated, 7. Since ¢ is unique, (1)) is the depth of entry into
the current wheredimyy clause, and 7 is a unique index for the dimension being allocated,
Xéq,,.g( wa)) will be a unique dimension for that wheredimy, clause, and for the current depth
of recursion. Then, the v,-ordinate is incremented to evaluate the body Ey. When the
current wheredimy, clause has not previously been entered into, the 14-ordinate will be
zero. This has the result that if a wheredimyy clause does not recursively use itself,
then the local dimensions allocated will always be the same. Then, evaluating Ej at
{g — k(¥q) + 1} ensures that if a wheredimy, clause does recursively use itself, the

dimensions allocated will be the same at each depth.
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6.7 Conclusion

This chapter has presented an effective semantics for the memoisation of TransLucid ex-
pressions, which solves a problem that first appeared in 1985 when the pLucid interpreter
introduced multidimensionality, which was undocumented, due to the lack of a solution to
that problem [43]. Furthermore, experiments have shown that cached evaluation is several
orders of magnitude faster than naive eduction, and despite the change in the allocation
of dimensions, works for all problems presented in this dissertation.

The evaluator presented in this chapter is significant, because it provides an upper
bound on the execution time of programs, given a naive cached evaluator that does not
know anything statically about the program it is running. In addition, it provides a
starting point from which any future models of evaluation can be measured against, both
for correctness and speed, without resorting to the completely naive interpreter, for which
one might wait an incredibly long time for an answer to be returned.

Viewing all computation as storing values in a cache is incredibly useful, because
improved methods of evaluation become a matter of putting bounds on the rank of a
variable, and on the regions that might be demanded. For example, if it is possible to
determine the rank of a variable precisely, which could be only one or two dimensions,
then a fixed array in memory could be used rather than the tree built by the cache. This
array could be a dynamic size if bounds could not be put on the possible regions to be
demanded, but with techniques such as Abstract Interpretation [13], even these bounds
could be determined, and a static array could be used.

Even with simple static analysis, which is not necessarily guaranteed to be complete,
the cache could be used by an implementation that guesses which entries are the most
useful to precompute. Then if those values were never used, no harm would be done, if
they were used, then the implementation might have just saved some time.

Essentially, all static analysis comes down to determining the appropriate structure
with which to cache a variable, and if insufficient information can be decided at compile
time, the current cache model is always there as a fallback.

Despite the significance of the results in producing a cached evaluator, there is still one
problem left unresolved. The allocation of dimensions presented in §6.5.1 is not correct
for all programs, and there is currently no known way to check this whether it is. It would
be advantageous if it were possible to check whether a program could be run by the cache

and produce the correct result. If not, the cached implementation should refuse to run it.



Chapter 7
Type Inference

This chapter presents a type inference algorithm for TransLucid expressions. The key idea
for any static analysis of a TransLucid program, is that the principal type of an object
is itself, which is an idea from a 1977 paper by William W. (Bill) Wadge, “Data Types
as Objects” [40]. The type inference system that is used in this chapter is a subtyping
system with constraints, adapted from the system presented by Francois Pottier in his
1998 PhD thesis, Type inference in the presence of subtyping: from theory to practice [34].
Additionally, in [35], Pottier adds conditional constraints to the system, which allows
a constraint to be activated based on the type of another object, used for conditional
expressions, which we also adapt to TransLucid, and call guarded constraints.

In our type system, typing requirements are expressed as a system of constraints, where
the constraints are subtyping requirements between the appropriate types. For example,
for a function f, with type 79 — 71, and expression x, which has type 72, the function
application f !z requires that the constraint 79 — 71 < 7o — « be true, which implies the
two constraints 7o < 79 and 7 < «a, where « is the type of the result returned from the
function application. What that set of constraints means is that the input to f, the type
of , must be a smaller type than the types allowed as inputs to f. Similarly, the type of
the result is allowed to be a greater type than the specified output of f.

In general, to determine if an expression is well-typed, all the constraints implied by
the subexpressions of an expression are gathered together into a constraint graph (§7.3.4),
and if the graph is closed (Definition 46), then the expression is well-typed.

The theory underlying the type system presented in this chapter comes completely
from Pottier’s thesis, along with the addition of conditional constraints. The difference is
in the exact types used and the way in which they are manipulated. Additionally, since
the concept of running context is particular to the TransLucid programming language,
we present a means to infer types for the ordinates of dimensions used in a TransLucid
program (§7.5).

After determining if an expression is well-typed, a constraint graph can have a large
number of constraints, most of which are not useful, as they only contributed to the type
at intermediate stages. So §7.8 onwards presents ways to simplify a constraint graph.

First, we present our ground types (§7.1), which are types with no type variables.

These are the monomorphic types such as intmp for GNU MP integers, ustring for

96
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the Unicode strings, and every atomic object, since the principal type of an object is
itself. Then, we introduce type variables to produce polymorphic types (§7.2). Once the
types are defined, we can build a type scheme (§7.3), which holds all of the information
necessary to describe the type of an expression. Once the type scheme has been described,
we present how to build a type scheme, with the type inference rules, and then describe
the simplifications that can be carried out on a type scheme.

This chapter closes with a presentation of how simplified type schemes are displayed,

and with the complete working-through of several examples.

7.1 Ground types

The ground types are types with no occurrences of type variables. They are built up from
a set of disjoint atomic types. The ground types are atomic objects, atomic types, function
types and bottom and top elements. The whole system takes as input a set T of disjoint
atomic types, meaning that the actual set of atomic types and objects used can change,
and the system will still work. The only requirement is that 1" contain the type bool,
containing exactly the values bool(true) and bool(false); from now on we write true

and false.

Definition 23. An atomic type is a name t, to which is associated a set D; of atomic

objects. An element a of Dy is written t{a), meaning atomic value a of type t.

Definition 24. Let T be a set of atomic types {t1,...,t,} such thatVi,j € 1.n, i # j =
Dy, N Dy; =0 and Ai,j € 1..n, t; € Dy;. Then we define Dy = J Dy,.

i€l.n

In the current interpreter, the atomic types are:
e bool, containing the values true and false;
e uchar, for Unicode characters, where value uchar(‘c’) will be written as ‘c’.

e ustring, for Unicode strings, where value ustring(“string”) will be written as

“string”; and

e intmp, for the GNU mp (arbitrary precision) integers, where values intmp(1),

intmp(2),... will be written as 1,2,. ...

In our system, we consider an atomic object to itself be a type. We also consider an
explicitly named union of atomic objects and atomic types to be a type. So, the basic

types are the atomic objects, the atomic types, and these unions.

Definition 25. A basic type t is an atomic object, an atomic type, or an arbitrary union
of those:
tu= ¢
| Ha)
| union(t(a),...,t{(a),t,... 1)
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Definition 26. The denotation of a basic type is the set of objects making it up, i.c., a
subset of T = 2TVPr — [()}:

denot(t) = Dy
denot(t(a)) = {t(a)}

denot(union(ti(ar), ... tmlam),th, .., 1)) = {ti{a1), ..., tm{am)} U Uj:l..nDt;»

The set D of the denotational semantics (Chapter 2) corresponds to the union of the
denotations of the basic types.

We are now ready to define the ground types. These are the basic types, the minimal
bottom (L) element, the maximal top (T) element, and the function types, of which there

are three kinds.

Definition 27. The set of ground types, denoted by G (3 g), is defined by the following

grammar:

gu=t (the basic types)
| L (the bottom element)
| T (the top element)
Y (call-by-value function type)
| (g,-..) LA g (base function types, of variable arity)
| 19 (the intension type)

As we are interested in subtyping, it is necessary to define a subtyping order C over the
ground types. This order includes obvious ones, such as 42 C intmp, but also describes
the way in which functions can be decomposed to make subtypes. The definition is entirely

structural for functions, and is defined in the standard way.
Definition 28. We define a partial order, T, over G, as follows:

Vge G, L Cg

YVge G, gC T

tla) T i t=+¢

t(a) TH'{d) iff t=t'Na=d

t(a) C union(ti{ay), ... tm{am),t) ... t) iff

Ji € 1.m,t(a) = ti{a;) V3j € Lun,t =1

t Cunion(ty(ai),...tm{am),ty ... t,) Uf Jiel.nt=t

(91 = g6) iff (90 C ) A (d) E 0n)

(91 = 90) g
m 90) C (Fmym) Smgb) 1 (0T ah) A N (6 Cap).

C
((gj—1.m)

(tg) E (t¢") iff (9Cg")
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7.2 Types

The ground types do not suffice. The process of type inference relies on the ability to
label the type of an expression, so that the type can be constrained by how it is used. For
example, if we have the expression

f1E

then type inference is effectively saying, “Whatever the type of E is, it should be smaller
than the required input type of f, whatever that is.” There are two potential unknowns
here: the type of f, and the type of E. To link the information about the input of f and
the type of E, the type inference process draws from an infinite supply of type variables.
A type variable can be used to represent any type, and is often constrained either from
below, above, or both.

Due to the fact that we are working with subtyping, and that the ground types have a
partial order, it makes sense to talk about the least upper bound and greatest lower bound
of sets of elements using that order. These are used when an expression can have multiple
types, due to a conditional expression, or when an input parameter is used in multiple
functions. They can be seen as an approximation of a union of types and an intersection
of types, respectively.

Consider the expression

if ¢, then 1 else 5 fi

In traditional type inference, its type would be something like intmp, as both 1 and 5
are integers. However, we know that the only two possible values that can come from the
expression are 1 and 5, so the most precise type is in fact the set {1,5}, i.e., the union of
the type 1 and the type 5.

In fact, it is appropriate to say that the output type should include every object that
could be returned, but that more objects could also be included. Ideally, the type would
include the smallest number of extra objects possible. Therefore, we use the least upper
bound to combine two output types, which is an approximation of a union.

The case for function inputs is similar. Consider that a function parameter, ¢, is
used as the input to two functions inside the body of the function defining it. If the two
functions work with input types of 1..10 and 5..20 respectively, then the only set of values
that is allowed for both is 5..10. In this case, the allowed set of values that works for
the functions is the biggest set of values that only includes values from both, which is the
greatest lower bound, and an approximation of an intersection.

As a type variable represents any type, it is not possible to compute an actual least
upper bound or greatest lower bound of two type variables. In the case of two ground
types, those should be immediately computable, but when type variables are involved,
it is necessary to hold onto the information that a least upper bound or greatest lower
bound of two type variables, whatever their value may end up as later, is being computed.
Therefore, to the ground types, we add type variables, as well as U for least upper bound
and M for greatest lower bound, to make types.

As the least upper bound can only appear in output types, and the greatest lower
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bound can only appear in input types, it is necessary to split the types into two sets of
types, defined mutual-recursively. The function types are decomposed appropriately—
when a function type is an output, the function’s input is an input type, and its output
is an output type. However, when a function is used as an input, the case is reversed,
and the function’s input is an output type, and its output is an input type. Therefore a
type is either an output type, which we call a pos-type, or an input type, which we call a
neg-type.

This terminology is reused in §7.10, when it will be seen that a type variable can be
marked as negative or positive (or both), meaning that it is used as an input or an output

respectively.

Definition 29. The set V = {«, 8,7,...,v,0',v9,v1,v2,...} is an infinite enumerable set

of type variables, which is the set of entities that may be used as variables.

Below, we use characters from the beginning of the Greek alphabet (a, 3, v, etc.) in

specific examples, and the v; form whenever we need a large number of variables.

Definition 30. The grammar for pos-types 7+, neg-types 7~ , and types T is:

TS‘ N T

b
(Tf) — 7o
tr+

rrurt

The set of pos-types (resp. neg-types, types), is written TV (resp. T+, T).

It is possible to construct types using LI and M which are syntactically different, but
which obviously denote the same type. To remove the ambiguity, we define a set of

equivalences between types so that we can define a canonical form for writing a type.

Definition 31. The equivalences between types are defined in Figure 7.1, where T is

written instead of T, and T instead of T .

Note that the equivalences defined in Figure 7.1 are purely structural, and are com-

pletely independent of the set V of variables and the set T' of atomic types. Both LI and 1
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u
A

N Sl
N S

T1UTeo =72 UTy
T1 M1y =191,
TIU (T2 UT3) = (T1 UT2) UT3

Ty M (T M13) = (11 MTe) M1y

lur=7
1lnr=_1
TUT=T
TNrt=1
(11 5 To) U (1) > 7o) = (1, N 7h) = (Fo UTY)
(T1 = 10) (7L = 10) = (T1 UT)) = (10 M1 70)
(Zyjmtm) 2 T0) U (Therm) > T0) = (z; 715 75) > (To U Th)
((Ti=tom) = 7o) N (Fhmrm) = 70) = (75 U; 7)) > (2 M h)
ATutT) =17 uUT)
(tr) (1) =z )

Figure 7.1: Type equivalences with respect to U and .

are idempotent, commutative and associative. For LI (resp. 1), L is the 0 (resp. 1) element
and T is the 1 (resp. 0) element. Both LI and M distribute over the function types, with
inversion of polarity for the inputs. These equivalences are adapted from those defined by
Pottier in Definition 2.2 of [34, p.27]. The identities are either standard or structural, and
we have simply adapted the structural ones to the TransLucid types.

By interpreting the equivalencies involving T, 1 and the functional types, as rewrite
rules towards the right, we can rewrite all types to be trees where the M and LI appear
on the leaves, in which variables and atomic types appear as arguments. For the types
that we build in this paper, if a variable is an argument of a ' or LJ, then so are the other
arguments. Furthermore, since LI and M are both commutative and associative, we can
write U{c, 3,7} instead of o Ll § LIy (similarly for M). For a set of variables V' C V, we
can write LIV or MV.

The U and 1M operators are not defined above for arguments of the form t. Suppose

we have t LI 7, for some t. There are three possibilities:

1. 7 is a variable. Because of the aforementioned construction restriction, this is not

possible and so we do not define it.

2. 7 is a function type. An example would be 5 LI (intmp > ustring). We could
imagine producing a union type combining the two, but we do not consider this
to be the right decision. In all such cases, the result is T, and the corresponding
definition for Mis L.
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3. 7 is itself of the form t. Then the rules are in Figure 7.2.

Note that the rules in Figure 7.2 can be added to, depending on the intermediate types
that we wish to consider important. For example, we could add rules for ranges so that,
for example, 5 U 10 would be the range 5..10. This flexibility is the second input to the
type inference system, alongside the choice of set T' of atomic types. It is important to
note here that Pottier’s system did not include basic types, but, rather, left them as a
parameterisation of the system, described in §14.1 and §14.2 of [34, pp.143-5]. Here we

have simply made these choices explicit.

T otherwise

ap t1=taNap =as

t1<a1> tl = tQ VAN a] = ag
t1 <a1> L t2<a2> =41 t1 =t
{J_ otherwise
t
t

t t=t

T otherwise

t t=t

1 otherwise
t Uunion(t;{(a;), ..., ;...
(fi{a) ! union(t;(a;),...,t,tj,...) otherwise
t djst.t= t;
union({t;(a;) | t; = t})

0 otherwise

t Munion(t;(a;),...,tj,...) =

union(t;(as;),...,tj,...) i s.t. t;{a;) = t{a)

t(a) Uunion(t;(a;),...,t;,...) = § union(t;{a;),...,t;,...) Jjst.t;=t

(
) = {union(ti<ai>,...,tj,...> djst.t; =t

union(t(a),ti(ai),...,tj,...) otherwise

t(a) Munion(t;(a;),...,tj,...) =

{t(a) i s.t. ti{a;) = t{a)

0 otherwise
Figure 7.2: U and M equivalences for basic types

Definition 32. The canonical form of a type is defined by pushing the I and U terms as
deep as possible in the syntax tree defining that type, modulo associativity and commuta-
tivity. This corresponds with always replacing the left-hand sides of Figures 7.1 and 7.2

with the corresponding form on the right-hand side.

We extend the order C to the types, by taking advantage of the properties of LI and
M. By observing that o U (a U ) is equal to U 3, we see that the type « is “already
included” in the type alU 3, and therefore conclude that the type ol 5 contains a superset
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of the information which type « contains. Therefore, we can state that « is a subtype of
alpg.

Definition 33. We define the order C,, an extension over types of the order C.
eV, TCT — 7L, 7
° TS— E*T foTO |_|7'1 _7'1+
o 7y Lum iffg Ny =7,

We simply use E from now on.

When we later define guarded constraints, a constraint is added to the system only
after the lower bound of another type variable is in the type class specified by the guarded
constraint. The types are split into sets of type classes, where each basic type defines its
own type class and each functional type has a type class. Then we define a type class

selector, which will later be used as the guard of a guarded constraint.
Definition 34. We define the type classes S as S = {[t] |t € t} U{[>],[1]} U Um[—b>m]

Definition 35. A type class selector is a pair of a variable T and a type class s € S,
written T € s. Note that the symbol € is in bold face, to differentiate the relation for being

in a type class, and is defined as follows:

Vi et,t € [t]

Vt(a), t(a) € [t]
t € union(ti(a;),... ,tj,...),if Ij s.t. t =t;
t{a) € un10n<tZ i)y osty,y .. >, if 3i s.t. t{a) = ti(a;) VIj st t =t

v,

vr, 7 (1 3 1) € [2]
vr, (17) € [1]

V70, Tm=1..j» ((Tm) L 70) € [“m]

The type inference algorithm supposes a certain structure on types, which is that their

height is at most one.

Definition 36. The function height(7) defines the height of a type, and is defined as

follows:

height (v

height(t

/

height (1 % 7

max (height(7), height(7')) + 1

mau((height(T)7 height(7')) + 1
height(7) +

max(height(T), height(')) + 1
max (height(7), height(7")) + 1

height (7

)

)

)

height (7 LN )
)

height (7 L 7)
) =

height (7 M7’
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Definition 37. Let 7 be a type, then T is a minimal-height type iff height(7) < 1.

7.3 The type scheme

This section describes a type scheme, which is made up of a type context, specifying the
required types of the free parameters to an expression; the type of the expression; and a
constraint graph, which links the two together, through a set of constraints defined below.

Consider the function plusone = A\¢, — ¢4 + 1, whose type we wish to determine.
Doing so consists of determining two things: 1) the largest possible set of values that can
be used as an input, i.e., the parameter ¢,, so that the function “works”; and 2) the set of
values that could be output from this function. Both will generally be an approximation,
but what is important is that for the inputs, we only include values that work, and for the
outputs, we include at least the values that will be output. For example, for the absolute
value function, it can take as input real numbers, and outputs real numbers. A better type
would be that it takes as input real numbers and outputs positive real numbers. Another
valid type is that it takes as input integers and outputs the natural numbers.

In order to determine the type of the function plusone, we traverse its parse tree, and
generate type information from each subexpression. The first relevant subexpression that
we reach is ¢g, i.e., an access of a function parameter. At this point, we do not know its
type, so we allocate a new type variable for it, say «, and record in the type context that
its type is a.

As an aside, it is necessary now to state that type variables are allowed to represent
an input or an output, but not both. This is in order for simplifications presented later to
work.

Returning to the example, the type « of ¢, is its input type. We need another type
variable for its output type, say 5. We then link the two type variables together with
a constraint, (o < (), and the type of expression ¢, is therefore 3, along with the type
context {¢q — a} and the constraint (a < ).

Here, we will state without justification that the type of the function “+” is intmp —»
intmp — intmp. In other words, it is a call-by-value function that takes as input two
objects of at most type intmp, and outputs only an object of type intmp.

The next subexpression that we reach is the application of “+” to ¢,. What we require
is that the type of the actual input to “+7, i.e., the type of ¢4, is a smaller type than
the required input, which is intmp. The way we do that is by generating the constraint
(intmp > intmp 5 intmp < 8 = 7). This constraint is then decomposed into two
constraints, (8 < intmp) and (intmp — intmp < 7). Because we have the constraint
(a < ), the existing constraint on f is transferred to «, so we also get the constraint
(o < intmp).

This process is then repeated for the application to the value 1. The result is another
constraint (intmp S intmp < 1 5 9), which is decomposed into the two constraints
(intmp < 0) and (1 < intmp). The latter is trivially true. The type of the result of the

final application is therefore 4.
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This leaves us with the function abstraction. The type of its body is §, along with
all of the previously mentioned constraints and type context. The type of ¢, is pulled
out of the type context, which is «, and therefore the type of the abstraction is a@ — 6,
along with all of the above constraints, and an empty type context, since the parameter
is removed.

To recap, the type is o — 8, along with an empty type context and the constraints

below, which together make up the type scheme.

a < intmp
a < B

6 < intmp
intmp > intmp < ~
intmp < 4§

1 < intmp

At this point we can also give an intuition into garbage collection, presented in §7.10.
It can be seen quite trivially that the only type variables that are reachable in the above
constraint set are « and J, therefore we can remove the others. The resulting type is

simply o — ¢ with the constraints:

Q intmp

<
< 9

intmp

Lastly, this type can be displayed to the user in a much more friendly way. As « is

an input, and it only has one upper bound, it can be replaced with that upper bound.
Likewise for ¢ and its lower bound, since it is an output. Therefore, we can display to the

user that the type of plusone is intmp — intmp.

7.3.1 Type contexts

A type context represents the types that are required by the usage of an identifier or a
function parameter, alternatively, the type of any inputs as required by their usage in the
expression. In addition, the TransLucid context information is stored in a type context.

There are four parts to a type context:
1. a mapping from identifiers to the type required by their usage;

2. a mapping from ¢ dimensions (function parameters) to the type required by their

usage;

3. a mapping from constants, which are known dimensions, to both their lower and
upper bounds, as set by context changes, and as required by their respective usage;

and

4. a mapping from ¢ dimensions, whose values are used as dimensions, to a triple of a
type variable representing their actual type, the lower and upper bounds, which are

the same as for the previous item.
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Definition 38. Let X be a set of identifiers and Dy be a set of hidden dimensions, then
a type context is a 4-tuple of functions K = (K,, Ky, K., KQ), defined as follows:

K,: X —T"
Ky:Dy— T
Kq:D— (TT,T7)
Kg: Dy — (TT, T+, T7)

We define a join operator to join together type contexts. This is used in the type
inference algorithm when an expression has multiple subexpressions, and the resulting
type contexts must be joined to make one type context. When the domains of the two
type contexts do not overlap, then this is simply function perturbation. When they do
overlap, any pos-types must be combined with L, and any neg-types must be combined
with 1.

Definition 39. Let K and K’ be type contexts, then the generalised meet, K 1K', of the

two type contexts is defined as below:

(KM K')(v) = (Kz N Kg, Ky N K), K MK K NEKG)

K;(v) vedomK; Av ¢ dom K]

(Kicgz e MK} (v) =
B K!(v) v¢dom K; Av € dom K]

(Km M K;)(x) = K,(z) N K.(z)
(AT KY) (¢2) = Ko(62) MK (62)
(Kd M K&) (d) = (o Uy, 7 M 71), Kq(v) = (10, m1) A Kjj(v) = (15, 71)
1)(2)

K?(Cbx) = (TOaleTQ) A Ké((bm) = (T(le{vTé)

Here our type context is adapted from the one presented by Pottier in Definition 4.1
of [34, p.42]. Pottier’s type context has two components, which correspond to our K,

and K. We have adapted ours to have four components, as appropriate for TransLucid.

7.3.2 Constraints

A constraint is a pair 7 < 7’ of two types, which specifies that the left-hand type must be
a subset of or equal to the right-hand type. A constraint expresses the desire that 7 C 7/
be true. If a constraint appears in the system for which this is not true, then the relevant
expression has a type error; this situation occurs when the function subc (Definition 42)

is not defined for its input.

Definition 40. A constraint is a pair of a pos-type 77 € T and a neg-type 7~ € T,

written 7H < 77

As will be described shortly, constraints are stored in a constraint graph, which is

maintained as a closed graph at all times. A consequence of keeping the graph closed is that
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subc(US < 7') = U sube(T < 1)
TES

{

0

0

0
subc(t < union(t,...)) =0
0
subc(t(a) < union(t(a),... 0
0

0

)
)
)
)
subc(t(a) < union(t,...)) =
)
)
)
)
)

Figure 7.3: The function subc.

if any constraint implies any other constraint, then those other constraints are also stored
in the graph. For that reason, it is necessary to define how constraints are decomposed
into what we call elementary constraints. For example, the constraint 7o — 71 < 74 = 7

implies the set of elementary constraints {7} < 79,71 < 71 }.

Definition 41. A constraint 7 < 7’ is elementary iff the following conditions are met:
e neither 7 nor 7 are of the form MV or UV;
e at least one of {7,7'} is a type variable.

Note that there is a special case for M and LJ; they are special objects used to en-
code greatest-lower-bounds and least-upper-bounds of type variables. So the constraint
LH{a, B} < v is not elementary—it can be broken into the set of elementary constraints
{a < v, < ~}. Both Definitions 40 and 41 correspond exactly to those presented in
Definitions 3.1 and 3.4 of [34, pp.36-7].

Definition 42. The rules given in Figure 7.3, whose order is important, define the func-
tion subc, which decomposes any solvable constraint into a set of elementary constraints.
As subc is used in the constraint closure algorithm, if the input is not in its domain, then

that indicates a type error.

The function subc is presented by Pottier as Proposition 3.1 in [34, p.37]. We have
simply adapted the definition to the types of TransLucid.
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7.3.3 Guarded constraints

Here we extend Pottier’s presentation of conditional constraints presented in [35] to
TransLucid, and rename it to guarded constraints. Guarded constraints are an exten-
sion to type inference with subtyping, which allow a constraint to be dependent on some
other type.

More specifically, guarded constraints allow a more refined type for conditional expres-
sions. One way to handle conditional expressions would be to require that the condition
have a type smaller than Boolean, and for the type of the conditional to be the common
lower bound of the branches. With guarded constraints, if we know that the condition is
always true, then the conditional only has the type of the true branch, the case is similar
if the condition is always false. If the best that we can infer is Boolean for the type of the
condition, then we would still use the common lower bound as before.

It is important to notice here that the principal type of an object being itself is nec-
essary for guarded constraints to be useful. The implication is that an expression can
have type true or false, rather than bool. If the type of the condition in a conditional
expression could only ever be bool, then guarded constraints would be a complete waste

of time.
Definition 43. A guarded constraint is a pair of a type class selector (1 € s), and a
TES

constraint (11 < 1), written (7’1 < 7'2>.

The guarded constraint encodes that if 7 is in the type class s, then the constraint
71 < 79 is also implied.

The reason for using type classes, rather than a complete type, is that a complete type
may have type variables in it. As a result, it is impossible to decide whether one type
is smaller than another. The solution is to use the type class instead, as it provides an

obvious means to determine the condition of the constraint.

As an example of the use of the guarded constraint, consider the following expression:
Aa — if a then 42 else “hello world” fi

Then the type of the expression would be vy — v1, with the following constraints:

42 < vy
“hello world” < w3
v9 < bool

along with the two guarded constraints:

voEtrue
vy < V1
voEfalse
vz < vp

Here, vy is for the type of the input parameter a, v; is for the type of the whole conditional

expression, vy is for the type 42, and w3 is for the type “hello world”. The effect is that if
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the input type is known to be true, then the type of the function will be 42; and if the
input type is known to be false, then the type will be “hello world”. If the input type is
not known that precisely, i.e., it is bool, then both guarded constraints will be valid, and
the type will be 42 LI “hello world”.

7.3.4 Constraint graph

Definition 44. A constraint graph G = (Vig, <g), of domain V. C V), is a vertex- and
edge-labelled directed graph. FEach vertex label is a type interval, which consists of a lower
bound, which is a pos-type, written G¥(v), and an upper bound, which is a neg-type, written

GT(v), whose free variables are in V. The edges, <, are labelled with type class selectors,
s€Ea
labelled edges are written as v <g v’, and unlabelled edges are written as v <gv'.

Here we have defined our constraint graph slightly differently to Pottier. His paper
on conditional constraints does not even define a graph, rather, it talks about a set of
constraints. The criteria we have defined for closure below is still consistent with Pottier’s,
whether a graph or a set of constraints is used. Our graph differs cosmetically in that we
have labelled both vertices and edges, but nevertheless, the two are equivalent.

The following two definitions are about the closure of a graph. If a constraint graph is
closed, then it has a solution, otherwise it does not. If the constraint graph generated by
the type inference rules for a program is closed, then the program is well typed. The first

definition is for the closure of a graph, the second an algorithm for computing the closure.

Definition 45. Let G be a constraint graph of domain V. Then G is closed iff

Va,B,veV (a<aB) AN (B<ay) = (a<g)
Vo, B €V s.t. (a <g B),GH(B) C* GHa) A GT(a) C* GT(B)
Vo € V,subc(GH(a) < GT(a)) is defined

BEs a€s
(<@ B) A <’Y <a 5) = (’Y <G 5)
YESs
<a % B) AGHy) €5 = (a<af)

The first three points of this definition correspond to Pottier’s definition of closure
presented in Definition 3.10 of [34, p.40], the addition of the last two points corresponds
to Definition 14 of [35, p. 4].

Definition 46. Let G = (Vig, <g) be a constraint graph, C be a set of constraints of the
forma < B, a <71 ort <, where a and B are type variables, and T is a minimal-height
type. The closure algorithm described below maintains the transitive closure of G, after
adding all of the constraints in C. If the set of constraints in G and C has no solution,
then the function subc will fail because at least one input from the closure computation
will not be in its domain.

The algorithm produces a stream of pairs of constraint graphs and sets of constraints
(Gi, Cy), where Gg = G, Cy = C, and cases for i > 1 are described below. The algorithm
terminates with the result being G; for the first C; that is empty.
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Pick some constraint ¢; in C;, then C! = C; \ {¢;}. The set C’Z is a set of constraints
generated by conditional constraints at each step, and Bj is a set of variables that each
received a new lower bound at each step.

There are three cases, depending on the structure of the constraint c;:

e ¢; is of the form o < B. If a<g, B, then (Git1,Cit1) = (G;, Cl), as there is nothing
further to do. Otherwise, G;+1 and Cyi41 are defined as follows:

B ={p"|B<¢ B}
a€s BEs
<6 =<6,V <8 o' s anp e B} u{(+'E5) | (1 <a9)}

Gi(B)UGi(a), B €D

GHo(B) =
+1( ) Gzﬁl(ﬁ/):G%(B/)’ otherwise
Glia() = Gl)NGlB), o €lv|vse, a)

GI(O/), otherwise

? pes ! ! J /
Ci=37<d|(v<a 8| nB eBIAGL(8) €5
Civ1 = O} UG} Usube(Gf(a) < GL(B))

o cis of the forma <7t. If T C GZT(a), then (Git1, Cit1) = (Gy, Cl). Otherwise Giqq

and Ciy1 are defined as follows:

SGH_l — SGZ'
L
G =G
Gl)nr, o <g, o
GIH(O/) = :

1 .
G; (o), otherwise

Cit1=ClU Subc(Gii(a) <)

e cis of the formT < . If T C G%(ﬂ), then (Git1, Ciy1) = (Gy, Cl). Otherwise, Gij1
and Ciy1 are defined as follows:

Bi={8|B8<c B}

<Gi1 = <a;

e gy | GO B e B
Gﬁ(ﬁ’), otherwise

GZ—H = GzT

B'Es
¢ ={r=5|(v=c, 0) AB € BinGL.(8) € 5}
Cip1 = ClUC! Usube(r < Gj(vl))
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In understanding the above algorithm, it is useful to remember that the less-than
relation in a constraint graph is reflexive, meaning that for all constraint graphs G =
(V,<a), VaeV, a<ga.

This algorithm is presented in Definition 7.1 of [34, p.74], without conditional con-
straints. Here we have presented the algorithm in an iterative manner, and taken into
account guarded constraints.

Finally, we present two operators over constraint graphs, the union and the closure.

Definition 47. The union of two constraint graphs Go = (Va,, <a,) and G1 = (Vg,, <a,)
can be taken when Vg, NV, =0, and is defined as follows:

GoUGt = (Vg, U Ve, <a, U <a,)

Definition 48. The closure of a constraint graph is written using the + operator, where
G + ¢ denotes adding the constraint set {c} to the graph G wusing the incremental closure

computation in Definition 46.

Notation

Here we introduce the notation we use to write down a constraint graph in some of the

examples presented later in this chapter. Here is an example constraint graph:

v1 < Vg
intmp v; < w9
vg < w3 < vs,U (v1£>1)2)
vy < ws3,vs,06 (V1 — v2)
vy < s
vy < v

Here we have six variables, each with some constraints. Each variable appears once in the
center column, with its lower bounds to the left and its upper bounds to the right. We
separate visually the bounds which are not simply variables. Here the variable v; only
has the constraint vy < wve, whilst vy also has a lower bound intmp. The variable v3 has
v4 less than it, and vs and vg greater than, along with the upper bound (v; 5 v2). The
variable v4 must have the same upper bound as vz for the graph to be closed, along with
the same variables that are greater than it. Then vy and vg are also written down with vy
as less than both.

7.3.5 Building a type scheme

The type of an expression is not a simple type, but a type scheme, which is a tuple of a

type context, a type and a constraint graph.

Definition 49. A type scheme is a triple 0 = (K,, 7,5, Gy), normally written as

K, = 7';|GU
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and read as the pos-type 7,5 such that the constraints G, hold given the inputs required by
the type context K, .

Note that a type scheme is implicitly universally quantified over all type variables—
there is no explicit for-all quantifier in our type grammar. A consequence of this is that
the so called let-polymorphism is handled by renaming all of the type variables in the type

scheme for a particular identifier.

Definition 50. The function (o', V') = rename(o, V') takes as input a type scheme and a
set of variables (0,V), and returns a type scheme and a set of variables (o', V') such that

VICVAFV(e)NFV(e))=0AFV(e') NV’ = 0.

7.4 Constraint generation

The process of type inference consists of traversing an expression tree and generating
constraints, whilst simultaneously keeping the constraint graph of all those constraints
closed. If this succeeds, then the result is the most general type of the expression whose
type is being inferred. The rules presented below can be used in a syntax directed way to

infer the type of an expression.

Definition 51. A type environment is a mapping ", from TransLucid identifiers X to
type schemes (7 :
(":X»—o
Definition 52. Given an expression E, an interpretation v, and a type environment (7,
where FV(E) C dom (7, such that o; = (7 (x;) is the most general type of the expression
defining variable x;, then the most general type of E is determined by evaluating the
following:
L,(TIzE:K:>T|G

meaning that E has the type T such that the constraints in G are satisfied, under the type

context K.

When composing constraints, the rules make use of two distinct operations. One is the
union of two constraint graphs (U), and the other is adding to the closure of a constraint
graph (+). When the union of two constraint graphs can be taken, it is because those
constraint graphs have come from two separate syntax trees, which by definition share no
type variables, so the union is already a closed graph. When we use the + symbol with
a constraint graph G and a constraint ¢, we are running the closure algorithm with the
input (G, {c}). Even in constructing a graph with a single constraint, it is necessary to

write () +a < 3, because the closure computation must construct a graph G, with an edge
a<gp.

7.5 The TransLucid context

The computation of the general type of an expression F, as defined in Definition 52,

assumes a type context K. According to Definition 38 (§5.1), K is a four-tuple of the form
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(Ky, Ky, K4, Ky), where Kq : D — (T*,T~) maps a constant c—used as dimension—to
the range of ordinates that ¢ can take on as dimension.

However, the rank of an expression F, i.e., the set of dimensions relevant to the evalua-
tion of £, cannot in general be computed statically. When the general type of an expression
is of the form #.FEy, the problem is that, in theory, Ey can evaluate to any value to be used
as dimension. A similar case applies to E{ in an expression of the form Ej @ [E < E].
As a result, the K; component of K cannot in general be properly determined.

To resolve this problem correctly would require having an abstract interpreter built
in to the type inference algorithm to determine the possible values of Ey and Ej in the
above expressions. We do not exclude this possibility in future work, but for now, we will
only type expressions in which such expressions lead to a constant or an input parameter
as dimension.

The rules therefore use a function, “unique_bound_pos”, in order to determine that the
type of an expression is a constant type. The rules use “unique_bound_pos” where a type
variable is positive; we will define the polarity, both positive and negative, of a variable
in §7.10.

Definition 53. Given a constraint graph G, the unique bound of a positive type variable

v is given by the function unique_bound_pos(v, G)

v, GHv) = L and v’ is the unique v’ s.t. v/ <g v

unique_bound_pos(v, G) =
7,  G¥(v) =7 and there is no v’ s.t. v/ <gwv

When unique_bound_pos is not defined, the positive type variable v does not have a unique

bound.

To determine which dimension is being used in a context change or query, we consider
three specific cases: 1) a dimension in a context change or context query is an atomic
value, which corresponds to the type of Ey or E|, above having a unique bound, 2) a
dimension in a context change or context query is passed as a parameter to a function,
and 3) a dimension is a local dimension declared in a wheredim clause.

As well as inferring the actual dimensions used in a program, it is necessary to deter-
mine a type for the ordinate of each dimension. Type information for the ordinate of a
dimension d can come from two places: 1) the way in which an ordinate is used after a
context lookup, #.d, which provides an upper bound for the ordinate of d, and 2) a context
change, Fy @[d < E'], which provides a lower bound for the ordinate of dimension d. For
a TransLucid context to be well-typed, it is necessary that the lower bounds provided by
context changes be consistent with the upper bounds required by the usage of an ordinate.

Inferring the type of an ordinate of a dimension in the TransLucid context is made
difficult by the fact that dimensions are dynamically bound, which means that the ordinate
of a dimension could come from any context change in a program.

To see the solution to determining the type of each ordinate, we can look at the scope
in which an ordinate can be used, so that we can see what the appropriate lower and upper

bounds for that ordinate are.
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First we will consider the type of a function parameter, since an ordinate is like a
function parameter, but used in a slightly different way. Inside a function, an input
parameter will potentially be used in a number of ways, each providing an upper bound
on the type allowed for the parameter. The final type for the input parameter is the
greatest lower bound of all those upper bounds. The scope for a function parameter is
inside the function, which is why we take the greatest lower bound of all the upper bounds
of the parameter as used inside the function, which is anywhere that it can be used in its
scope.

We do the same thing for ordinates of dimensions. The difference is that the scope of a
dimension is the entire program, so we need to take the greatest lower bound 7, of all the
upper bounds of a dimension as required by the entire program. The lower bound of the
ordinate of a dimension is set in a similar way to the lower bound of a function parameter,
except that rather than being set by a function application, the ordinate of a dimension is
set by every context change in the whole program that modifies that dimension. So for a
dimension d, we take the least upper bound, 77, of the lower bound of all the expressions
that set the ordinate of d. Finally, we add the set of constraints “subc(r; < 7,)” to our

constraint graph.

7.5.1 Atomic values

Firstly, we will consider an atomic value ¢ being used as a dimension. There are two
places in which ¢ can be used, a context lookup and a context change, each providing,
respectively, an upper bound and a lower bound for the ordinate of that dimension.

Let us consider a program in which the following three expressions appear:

#0x5
EQ@[O(*:[]
El@[0<—#.0+1]

The two # subexpressions are used in such a way that the ordinate of dimension 0
has an upper bound of intmp—both the addition and multiplication functions require
their inputs to be a smaller type than intmp. As a result, we have an upper bound for
the ordinate of dimension 0: intmp M intmp, which is intmp. For the @ expressions,
the ordinate of dimension 0 is initialised with an expression whose type is 1 and intmp
respectively. Therefore, the lower bound for the ordinate of dimension 0 is 1 L intmp,
which is intmp.

For a program in which the above three expressions are the only occurences of dimen-
sion 0 being accessed, we can therefore infer that both the lower and upper bounds for
the ordinate of dimension 0 are intmp.

All of the above is trivial, as it is the same as the way in which function parameters
are handled. The difficulty is in determining, in general, what the dimension is—since it
can be computed dynamically, it is undecidable by the type checker—we require here that

the dimension be computable in the rules. For the above example, consider the expression
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‘#.0°. The type of expression ‘0’ is a type variable a, with the constraint graph (0 < «).
As the type variable « has the lower bound 0, with no type variables smaller than it, we
say that the unique bound of « is 0. It is because the unique bound is defined that we
can say that we are looking up dimension 0 in the context. The case for a context change

expression is identical.

7.5.2 Dimensions as parameters

Second, we will consider the case when a dimension is passed as a function parameter.
As described above, a dimension must be an atomic value. However, when the body of a
function is being analysed, we do not know what its actual parameters are, so we cannot
assign the use of a dimension to a specific atomic value. As a result, we must also keep
track of dimensions that are passed as function parameters, and then assign them to the
actual dimension once it is known.

Consider a function A¢q — Ep, whose body Ep contains the expression ‘#.¢4’, i.e.
an expression looking up in the context the dimension passed as parameter ¢;. When
checking the type of this expression, we do not know which dimension is being accessed,
because it will be passed as a parameter when the function is applied. This expression
violates the previous condition that the type of a dimension be known, but we cannot
exclude it, since one of the core concepts of TransLucid is that dimensions can be passed
around.

The solution then is to look for expressions that are consistent with looking up a
dimension passed as a parameter. A parameter is the expression ¢, and a context lookup
is #.F/, so we need a rule for #.¢,. The rule is similar to the one for context lookup with an
atomic value as dimension. The main difference is that we must also keep around the type
variable that will eventually have as its lower bound the type of the actual dimension.

Then, whenever the function whose parameter is used as a dimension is applied, the
lower bound of that parameter will be set by the application, and as long as that lower
bound is an atomic value, then this case degenerates into the case when a dimension is an

atomic value.

7.5.3 The wheredim clause

Third, we consider a dimension declared in a wheredim clause. A dimension declared in
a wheredim clause is treated almost the same as in the first case, for an atomic value; in
fact, the value used for a local dimension is an atomic value, it is just a special hidden
value that can only be accessed through a local dimension identifier. The solution then is
quite similar to the first case. The differences are that a wheredim clause can initialise its
dimension, which acts like a context change, and since the scope of a local dimension is
inside its defining wheredim clause, that wheredim clause combines the lower and upper
bounds for its dimensions in the same way as is done for atomic values at the whole

program scope.
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7.6 Abstract syntax

The abstract syntax that we use for type inference is the syntax used by the operational

semantics, presented in Chapter 5, with some restrictions. These restrictions are as follows:

1. As for Chapter 6, all uses of the context must be an immediate lookup of a dimen-
sion, or the lookup of a dimension passed as parameter, i.e., that # only appear in

expressions of the form #.F, or #.¢,.

2. All context changes must have as their right-hand side an explicit tuple builder

expression, i.e., that @ only appear in expressions of the form E @ [E «+ E,...].

The actual structure of wherevar clauses manipulated by the implementation is more
complicated than what is presented here. The implementation carries out substantial
syntactic-level manipulation to reorganise systems of equations into strongly connected
components. This is done so that groups of mutually recursive variables have their most
general types correctly inferred. Nevertheless, the rules presented below apply regardless
of the structure of wherevar clauses, and are what is relevant to this chapter. But it is

noted that for the best types to be inferred, this restructuring should be carried out.

7.7 The rules

The rules presented below are in the form of structural operational semantics. They
provide a syntax-directed mechanism by which to infer the type of an expression. The

rules are of the form:
D

=
LTHFE K =Tl

The symbol p above the line stands for all of the predicates and a set of variable bindings.
When the set of predicates in p are true, and the expression whose type is being inferred
matches the form of E, then that rule is applicable. When the rule is applicable, we
can say that E has the type K = 7|g. By convention, for each rule, we explicitly
define K, 7, and G. To avoid the rules becoming too messy, we do not write down
an implicit V' component, which is used to allocate type variables. Whenever any of «, S,
v, 6 or € appears free in a rule, a new type variable is being taken from the set V. When
subexpressions Eg, E1, ... are being typed, the set V needs to be split into Vp, V1, ... in

such a way that the V; are always infinite.

G=0+ («(") < )

K =(0,0,0,0)

_
LT me DK = 7g

(7.1)
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G=0+(a<p)
T=p
K = (0,{¢s — a},0,0)

LTE ¢ K =Tlg

G=0+(a<pB)+(0<e
K = (0,{¢: — a},0,{¢s — (8,7,0)})

=
LT #dy K =Tlg

t, (" lz Ey: Ko = 10la,
unique_bound_pos(7y, Go) : ¢
G=Go+(B<a)

T=a«

K =Ko (0,0, {c— (a,B)},0)

—
L,(TH #.Ey :K=rT|g

L,CT F E() : Ko = T0|G0

L,CT 'z El : KZ = Ti|Gi

KUA(¢wj):Tj

G = (GoUlU,;Gi) + ((15) =" 10 < a)
T=«

K = (Ko,, Ko, < U;{¢4,}, Ko., Ko,) N[, Ki

L, CT - )\Ig {Ei}izlnm ) (253[; — Ey K = T‘G

L,CT IZ Eo : Ko = TQ|GO
L,CT Iz Ez : Kl :>Ti|Gi
G = (GOUUGi) + (7’0 < (1) =P a) + (a Sﬁ)

=48
K = (K [ K)

—
t,¢(TF  Ey. (Ei)i=t.m :K=7|g

117

(7.5)

(7.6)
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-
L, CT = EO : KU = TO’GO

T
L,CT = E1 : Kl = 7’1’@1

T
L,CT = Eg : K2 = TQ’GQ

ToEtrue ToEfalse

G = (GOUG1UG2)+(7'Q §a) + (OéSbOOl) + <7'1 §6> + <’7’2 §ﬁ>
T=p
K=KonNKiMNKs

T

t,{TF if Ey then Fj else Fr fi : K = 7l|¢g

(7.7)

t, ¢ lZ Ey : Ko = 10la,

t,C7 i Ef + Ky = lay
LCTE B K] =
unique_bound_pos(7), Gp) : ¢
G=GyUG,UG]

T=1

K =Ko K{nK;n(0,0,{c (r{,a)},0)

1, (T Ey@[E|«+ Ei] K=r1lg

t,C7 lZ Ey : Ko = 10la,

LCTE B K] =

G=(GoUG)) + (11 <)+ (a<P)

T =10

K =Ko K1 (0,{¢s— a},0,{¢z — (8,7,0)})
LR BoQ[by — Bl K = 1lg

L,CTIZEO:K’:TMGO
L,(TIZEi:Ki:>Ti|Gi
Kx(¢e) : 7
G=Gy+(r—=1m<a)
T=a«

K = (K}, K} < {¢.}, Ki, Ky) N[; K

_ (7.10)
LCTE XNAE}=1m @ o = By K =T|g
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L,CT }—EQ : KO:>7'0’G0
L,CT}—EliKl :>7_1’G1
G=(GoUG1)+(a<pB)+ (o<1 =" a)

T=p
K=Kynk
_ (7.11)
L,¢(TH EyEy K =Tlg
LT E By s Ko = mola,
LT B K = e,
G = (GoUUGi) + (t70 < )
T=a«
KT: ForTh K (7.12)
L,¢(TF ME}i=im By K =rT|g
L CTE By Ko = Tola,
G=Go+ (10 <ta) + (a < B)
T=p
K=Ky
_ (7.13)
LT LEy K=rT|g
t, (" Iz E;:o0; = K; = 7ig,
K' =[], K;
G'=(U; Gi) ++4(1i < i) + (o < Bi) + (B < 77)
¢= ¢t {i = (K < Udad, K5 KL K) = Tiler) |
t,¢ IZ Ey : Ko = 10la,
G =Gy
T =10
K =K
- (7.14)
t,(TF  Egwherevar x; = E; end;—1.,m, :K=1T|g
x ¢ dom (7
G=0+(a<p)
T=p
K= ({z+ a},0,0,0}) (7.15)

LCF oz K=Tlg



CHAPTER 7. TYPE INFERENCE 120

x € dom (7 o = rename(("(x))

=
L(TF x o

(7.16)

L,CT |—Ei : Ki :>7'Z"Gi
(= 1{¢s, = 7}
L,CFE0:K0:>T0’GO
G =GyUUG:

T =T

K:Kgl_lﬂiKi

. (7.17)
t,(T+  Epwheredim, ¢y, < E;endi=1. ., K =T|g

We explain each of the cases below.
e For an m-ary constant ™c, we look up its interpretation
d = 1("c). If d is a constant of arity zero, then it is the same as for the type of d, otherwise,

it is a base function.

o To type the contextual lookup of constant dimension ¢,
which will always be the lookup of a function parameter or a local dimension declared in a
wheredim clause, we allocate a fresh variable « for the upper bound of the parameter ¢,
and the type is the lower bound . The two are linked with the constraint (« < ).

#.0, For the type of a lookup of a dimension passed as a pa-
rameter to a function with argument ¢,., we place the same information in the type context
and constraint graph as in ¢,. Additionally, we have the variable § for the eventual actual
parameter ¢ of the function defining ¢,., the variable ~ for the lower bound of the ordinate

of ¢, and ¢ for the upper bound of the ordinate of c.

B For a context lookup to be well-typed, the expression
defining the dimension to lookup must have a unique bound. When the unique bound
is a constant ¢, we place type variable « (resp. ) in the type context, which represents
the lower (resp. upper) bound of the ordinate of ¢. The type of the lookup is the lower

bound «.

N AEYicim © — Ep
AN AEi}i=1.m © — Ep
TEi}ti=1.m Eo For the type of a base function abstraction, we determine
that the type of the body Ej is 79, and look up the types, 7;, of the parameters, x;, required
by the type context Ky. The type of the abstraction is a new type variable «, where its
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lower bound is a base function type construct from the inferred 7; types, ((Tj) LN 7'0).
The type of a call-by-value (resp. intension) abstraction is the same as for base function

abstraction, except that there is one (resp. zero) parameter.

Ey . (Ei)i=1.m

Ey! By

+Ey For the type of a base function application, the subex-
pressions Fy and F; have type 79 and 7;, respectively. We generate constraints that
require that 79 be a smaller type than ((Tl) LA a), which is some function mapping the

types of the arguments to a new type variable a.

if Fy then Fq else Fy fi The type of a conditional expression is specified using
conditional constraints. The condition Fy has type 79, the upper bound of which must
be bool. Then the type of the conditional includes the true (resp. false) branch if 7
includes the type true (resp. false.)

Ey @ [Ej) + Ef] An unbounded context change expression must have a
unique bound for the dimension that is being changed, which is the context change pair
of (7.4). If the unique bound is a constant ¢, then we return in the type context that the
type of expression F] is a lower bound for the ordinate of c.

When Ej is of the form ¢, the dimension being changed is a dimension passed as
a function parameter ¢,. The function whose parameter is ¢, will later be applied to a

constant ¢, and the type of expression E] provides a lower bound for the ordinate of c.

FEy wherevar x; = F; end;—1. ,, For the type of a wherevar clause, it is assumed that the
variables defined are a group of mutually recursive variables. Expressions F; define each
variable z;, and have types 7;. In the type context, K; for each expression will be an
upper bound for each identifier. We combine all the K; to produce K’, then link the
upper bounds to the lower bounds of each identifier with the constraints {r; < K. (x;)}.
The type environment is then perturbed with the resulting type schemes, and the body
FEy has its type inferred.

x There are two rules for z, rule (7.15) is for when x is not
in the domain of the type environment (7, and rule (7.16) is for when it is in the domain.
The former will be matched when inferring the type of an identifier that is defined in the
same mutually recursive group that is currently having the types of its variables inferred.
In this case, there is no type information for the identifier, so we treat the identifier in the
same way as a function parameter. Its type is constrained from above by its use inside
the mutually recursive group, and constrained from below by the type of the expression
defining it.

In the case of the latter rule we do have type information for the identifier, so we
simply look up the type scheme in the type environment, and rename each of the type

variables that appear in the type scheme.
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FEy wheredim x; < FE; end;—1. ., For the type of a wheredim clause, the expression initial-
ising each dimension x; provides a lower bound for the ordinate of z;, and the use of x;

inside the body Ey provides an upper bound.

7.8 Simplifying constraints

Even for fairly simple expressions, a large number of constraints is generated. For example,
type inference of the TransLucid standard header generates several thousand constraints
before simplification! Nevertheless, most of these constraints are unnecessary for the final
result, as they only play an intermediate role in computing the final type of an expression.
Furthermore, it is next to impossible for the user to decipher the meaning of more than
a few constraints. Fortunately, it is often possible to reduce the number of constraints to
just a few, and from there it is often possible to display the type to the user as a single
type term, not subject to the minimal-height types invariant, but more useful to the user.

The process of simplifying constraints always takes as input a type scheme, and pro-
duces as output a type scheme that denotes the same type, but is written down in a

different manner. The simplification of a type scheme is a four-stage process:

1. Canonisation (§7.9), in which all occurrences of the form UV or MV are replaced by
new type variables, and appropriate constraints are added so that the denoted type

scheme is the same.

2. Garbage collection (§7.10), in which all superfluous constraints are removed from a
type scheme. When computing the type of an expression, many of the constraints
generated are generated in computing the type of subexpressions, and only play an
intermediate role in computing the final type, playing no role in denoting the final

type, hence can be removed.

3. Minimisation (§7.11), in which a type scheme is minimised in a process similar
to deterministic finite automata minimisation, which identifies sets of equivalent
type variables, and for each of these sets, replaces all members by a single variable

throughout the type scheme.

4. Displaying (§7.12), in which a type scheme is displayed in a manner readable to the

user.

There is a question as to when to apply these simplifications. In his thesis, Pottier
suggests that a type scheme be simplified before it is placed in the environment. For
him, that means simplifying the type of an identifier in a let expression; in our case, we
simplify a type scheme before placing it in the environment during the typing of a whole
program. The simplifications can be applied at any point and in almost any order. The
only restriction is that the input to garbage collection is a type scheme with no occurrences
of Mor L. To achieve the best results, a type scheme should be canonised, then garbage

collected, finally minimised.
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We will use the Y-combinator, as defined in TransLucid, as an example for simplifying

a type scheme. In concrete syntax, it is defined as
Nf—= (Nz— f(z2) (A2 — f(zz))
which is translated to the following abstract syntax

Nép = (NWoa = Loy ! (L6a ! 1da) L (X oy — Loy | (L ! 1dy))

The full example for the Y-combinator is presented in Appendix 7.15. Nevertheless, here
we present a summary. Initially, the expression generates 49 constrained type variables,
which grow to 66 with canonisation. However, this is not a problem, since garbage col-
lection removes most of those constraints, after which only 7 constrained type variables
remain. Two of those are equivalent according to the minimisation algorithm, so after the
full simplification process, only 6 constrained type variables remain. Even a constraint
graph with only 6 type variables is not particularly easy for the user to understand, but
with the mechanism to display types in a sane way, the Y-combinator in TransLucid has
the type T(ta = a) 2 a. (All types are implicitly universally quantified over all type

variables, so we do not need Va at the beginning of the type.)

7.9 Canonisation

In this section, we present the canonisation algorithm. It takes a type scheme, and returns
a type scheme in which all occurrences of the form UV or MV are replaced by new type
variables, and new constraints are added for said variables; the resulting type scheme
denotes the same type.

To remove the U (resp. M), for each set V' of type variables, each occurrence of LIV
(resp. MV) is replaced with the variable Ay (resp. 7v), and the set of constraints {a <
Av |a eV} (resp. {7v < a|a € V})is added. This is not sufficient, as the closure of the
constraint graph must be maintained, and only adding the necessary constraints with the
closure algorithm could reintroduce LI or M. Therefore, it is necessary to define a set of
rewriting rules that add the necessary constraints and maintain closure of the constraint

graph while guaranteeing that neither LI nor ' are re-added to the graph.

Definition 54. The canonisation of a type scheme K = 7|q is
canonise(K = 7|g) = (K' = 7'|¢)

where K', 7 and G’ are defined below, and the functions r™ and v~ are defined in Fig-
ure 7.4.
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If K is as follows:

{z; = 7},

{be; = 75}

{dr = (10K, T1k )}
{@2, = (101, 11, T21) }

then

{zi =7 (m)},

{bz; = r~(15)}

{di, — (r* (o), 7~ (7)) }»

{bz = (r(7o0), 7 (1), 77 (121)) }

K =

We define 7/ = r*(7), and G’ is defined in Figures 7.5 and 7.6.

rt(t) =t r(t)=t
rt(a) = a r(a) =«
rt LIV) =A\v Tﬁ([—lv) =
rf(Ll)=1 ro(L)=1
r (T)=T r (T)=T
r (1) 2 70) =1 (1) 2 vt (70) r((15) 2 70) =17 (1) 2 v (70)
(2 7)) =1 (11) = 77 (70) (1 = 1) =11 (1) > (10)
() = 1 () () =1 (7)
Figure 7.4: Rules for canonisation rewriting function
G a) =rT (Gi(a)) G o) =1~ (GT(a))
GHyy) =1L G (yw) =r" (l_l GT(a)>
acV
G (w) =t <|_| G%a)) ) =T
acV

Figure 7.5: New bounds for canonisation

This definition of canonisation corresponds to Definition 11.5 of [34, p. 118], except for
the extra variables that appear in the type context K. The only difference with the type
context is that where Pottier applies 7~ to the members of the two components of his type
context, we apply r~ and rT to the appropriate members of the four components of our

type context. Pottier’s proof of correctness is given as Theorem 11.1 and Proposition 11.11
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a<g B whena<gp

Ww<ga whendpeV|f<ga

a<g Ay when3deV | |a<gp

v <q Ay whendaeV d6eT a<gp

Figure 7.6: New less than relation for canonisation

of [34, pp.113,119]. The addition of guarded constraints, corresponds to Definition 20, with
the proof of its correctness given as Theorem 3 in [35, pp.7,9]. The change in K does not
affect the proof, all we are doing is ensuring that every type can be rewritten. The system
presented in [35] only adds to the system presented in [34], and in fact refers to the proof
from the latter for part of its result. Since our system is consistent with the one presented
in the former, we can state that the definition of garbage collection here is correct.

To return to the Y-combinator example, there are several occurrences of LI and M in
its type, all of which are removed, and extra constraints generated by canonisation. This

results in the type having 66 constrained type variables.

7.10 Garbage collection

In this section, we present the garbage-collection algorithm, which removes constraints
from a type scheme that are not relevant to the type denoted by that type scheme. During
type inference, many constraints are generated which play a part in generating the final
type, but whose information has been incorporated into other constraints, and no longer
convey any information about the type. All these constraints do is clutter the type scheme,
make it slower to process by the computer, and make it harder for the user to read.
Therefore, it is desirable to remove them.

To determine which type variables are superfluous, we compute which variables play a
part in the type denoted by the type scheme. To do that, we present the idea of polarity,
which is that we say that a variable can be positive, negative, bipolar, or neutral.

Polarity is a specific form of reachability, which is to determine which type variables
in a type scheme actually contribute to denoting the type. A coarse notion of reachability
is simply that a type variable v in G is reachable if v appears in K or 7, or if it appears in
the upper or lower bounds or the less than relation in G of any other reachable variable. If
a variable cannot be reached, then it can be discarded from the constraint graph, because
it plays no part in the denotation of the type.

We will consider an example to demonstrate the coarse idea of reachability, and then
use the same example to demonstrate the refinement that polarity makes to reachability,

which is used to define, garbage collection. Consider the type scheme () = (a 5 'y) la,
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where G is defined by the constraints graph:

a < By d—e
a < B < v §5e
a,f < vy < S5
aSy < A
T < €

From the point of view of our coarse notion of reachability, we look at the type o —
and see that a and v are reachable; then looking at the constraints on « and 7, we see
that 8, § and € are also reachable. The only variable that is not reachable is A, so it can
clearly be removed, as it plays no part in the type.

The idea of polarity is finer than what we just mentioned, by taking into account the
direction of data flow. In a type scheme, 7 is a pos-type, which represents an output, so it
is marked as positive, and K is made up of both pos-types and neg-types, which represent
outputs and inputs respectively. So each neg-type in K is marked as negative, and each
pos-type is marked as positive. This idea of marking type variables we call polarity, and we
say that a type variable in a type scheme can be positive, negative, bipolar or neutral. The
rules for propagation of polarity are finer than for reachability. If a variable is positive,
its lower bound is marked as positive; if the variable is negative, then its upper bound is
marked as negative.

To revisit the previous example and mark the polarity of each variable, we notice
that since o — ~ is an output, « represents an input and is marked as negative, and
represents an output and so is marked as positive. So now we mark the upper bound of «
as negative, and the lower bound of « as positive, which results in § being positive, and
¢ being negative. There is nothing further to do, so the positive type variables are {~,d}
and the negative type variables are {«, €}; the remaining variables are neutral.

Our definition of polarity corresponds to Definition 10.3 in [34, p.104]. The only
difference being that our type context K contains more information, and polarity takes

into account all of the type variables mentioned in K.

Definition 55. The polarity of a type variable in a type scheme o = (K, 1,G) is a subset
of {+,—}, and we say that a variable is either positive, negative, bipolar or neutral. We
define the function polarity, which takes as input a type scheme o, and a type variable v,

and returns a subset of {4+, —}:
€ € polarity(o,v) <= v e V®

where VT and V™~ are defined below.

Computing polarity makes use of two auziliary functions,

mark™ : T — ({P,N} = V)
mark™ : T — ({P,N} = V)
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where each returns a set of positive and negative type variables in T based on their structure.
Both functions are defined in Figure 7.7.

The computation of polarity is an iterative process, where in iteration i we compute
the sets VZ-+ and V.~. The results V't and V'~ are the least fized points of Vf and V.

let P, = mark™ (Kj)
Py = mark™ (Ky)
(do,d1) = Kq
Py = mark™ (do) U mark~(d;)
(890 015 0,) = Ky
Py = mark™ (¢,) Umark™ (¢ ) Umark™(¢,)

in  Vi" =markt(7)(P) U Uyedoma(Pe(P)UP\(P)UPy(P)U Py(P))
Vo =mark (K) U Uycgoma(Pe(N) UPA(N) U Py(N) U Py(N))
Vi = U mark " (Gi(v))(P) U U mark™ (GT(U))(P)

vev;h veV;”

Vii= U mark ™ (Gi(v))(N) U U mark™ (GT(?}))(N)
veV;t VeV,

Vt=lfp V"

Vo =1lpV,~

After marking all variables, the garbage collection process is quite simple. We only

keep each component from the constraint graph under one of the following four conditions:
l.a<gpBifaceV and B VT,
2. GHa)ifaec VT,
3. GTa)ifac V™.
aEs
4. B<gryifaec V™.

Otherwise, the constraint can be removed from the graph.

This definition of garbage collection corresponds to Pottier’s Definition 10.5, with the
proof of its correctness given in Theorem 10.1 of [34, p.106]. The addition of guarded
constraints corresponds to Definition 18, with the proof of correctness given in Theorem 2
of [35, p.6]. The addition of guarded constraints is correct for the same reason given
in §7.9.

To finish our example, as the variables {v,d} are positive and {«a, €} are negative, the
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mark ™ (o) = {P — {a}, N — 0}
mark ™ (o) = {P — 0, N — {a}}
mark+((Tj) LN 10) = let [; = mark™ (7;)
r = mark+(rg)

in {P~ (U;5(P) Ur(P),N — (U; ;(N)) Ur(N)}
mark™ ((Tj) LN 7'()) =let [ = mark+(Tj)
r = mark™ (1)

in {Pw (U;1;(P) Ur(P),N — (U; i(N)) Ur(N)}

mark ™ (7‘0 N 71) =let Ilhs = mark™ (1)

rhs = mark™ (7y)
in  {P+ lhs(P)Urhs(P), N + lhs(N) U rhs(N)}

mark™ (19 — 71) = let lhs = mark™ ()
rhs = mark™ (1)
in  {P+ lhs(P)Urhs(P), N — lhs(N) U rhs(N)}
mark™t (17) = mark ™ (1)
mark™ (17) = mark™ (1)

Figure 7.7: Rules for polarity decomposition

constraint graph can be reduced to the two constraints:

To continue with the Y-combinator example, it is now useful to present the type scheme
after garbage collection, as it has been reduced to just 7 constrained type variables. Its

type is ) = va|g, where G equals (instead of Greek letters, we have here used v; for type

variables):
vg < U1
(vglM/l) S ()
v < Ty
V4 § (’U51>U6)
tor < wp
ve < Ui, U7
v < vy

7.11 Minimisation

In this section we present minimisation, which takes as input a type scheme K = 7|g,
and produces as output an equivalent type scheme in which sets of variables that are
equivalent have been merged together. This is an adaptation of DFA minimisation, with

the definition of what makes two variables equivalent being specific to this problem.
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At this point in the simplification process, we will have a type scheme that has no
occurrences of L or I, and no superfluous constraints. However, we might still not have an
optimal representation for the type scheme. Especially due to the nature of canonisation,
it is possible that there will be groups of type variables that are all equivalent, and each
group can be replaced with one type variable.

Broadly speaking, two variables are equivalent if nothing distinguishes them: if they
are less than and greater than the same variables, if they have the same polarity and if
their lower bounds and upper bounds are equivalent. The lower and upper bounds do not
have to be equal, rather, if the respective variables that make up one of the bounds are
equivalent, then the bounds are equivalent. For example, for the types o — 3 and v = 6,
if & and y are equivalent, and 8 and ¢ are equivalent, then those two types are equivalent.

It is necessary to define two functions:

Definition 56. Let G be a constraint graph, and o € dom G, then

predg(a) = {8 | B <¢ o}
succg(a) = {8 | a <g B}

Definition 57. Two variables a and 5 € dom G are said to be equivalent if the following

conditions hold, then we write a = j3:

predg () = predg(5)
succg(a) =

heand(Gi (a
head(GT (a

succg(B)

)= head(Gw (3))
)= head(GT (8))
polarity(a) = polarity(6)
if GT(a) = (vj) L v and Gt (B) = (v5) LN vy and vg = v A /\vj =¢ v}

~—  ~—

if GH(a) = (v;) 2 vy and GH(B) = (v5) LN vh and vy =€ v A /\vj =C v;

if GT(a) = v 2 v and GT(B) = v} 5 v} and vg = v Avy = 0]
if GHa) = vy 2 vo and G¥(B) = v] > vh and vg =G vh Ay =G o
if GT(a) = 1v and G(8) = 10 and v = o'
ifG\L(O‘) = 1Tv and Gi(ﬁ) =1 andv =G

aEs BEs
V<V NE<gd = v=C Ay =C¢

The equivalence classes described in the above definition can be computed using stan-
dard algorithms for DFA minimisation, such as Hopcroft’s algorithm [22].

The definition of equivalence given here is the same as the one given by Pottier in
Chapter 13 of [34, p.135] and [35], except that it has been adapted to the TransLucid
types. The proofs of correctness are given in Lemma 13.3 and Theorem 13.2 of the former,

and Theorem 4 of the latter. Our system is correct for the same reason given in §7.9.
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Let us return to our Y-combinator example, after canonisation and garbage collection,
its type is as given at the end of the previous section. The type variables v; and v7 are
equivalent, as the only constraint on the two is that each is greater than vg. Since they
are equivalent, we can substitute all instances of vy with v;, which removes v7 from the

constraint graph, and replaces one occurrence of Tv7 with tv1. The resulting constraint

graph is:
ve < U1
(v3 > v1) < vy
v3 < Ty
vy < (vs = vg)
T < ws
ve < U1

The Y-combinator does not have any constructed bounds, so it is trivial to see where

the equivalent variables are. As a better illustration, consider the following constraint

graph:
vy < U5, U6
vy < s, 06
Vs 1> V1 S (OR}
V6 1> V2 S V4
vy, v2 < U5
vy, v2 < vg

The variables v; and vy are equivalent, as they both have vs and vg as their successors,
similarly, vs and vg are equivalent. The purpose of this example is to demonstrate that vs
and w4 are equivalent. For the lower bounds of v3 and vy, the left-hand sides are vs and
vg respectively. Since vs and vg are equivalent, the left-hand side does not differentiate vg
and vg. Similarly, the right-hand sides are equivalent. Therefore, v3 and vy are equivalent,

and the whole constraint graph can be collapsed to just three type variables:

v < g
V.
v3 — U1 S V2
v < g

7.12 External display

In this section we present a means for types to be presented in a readable manner to the
user: i.e., typically as one-type terms. The fact that no type can have depth more than
one means that a large number of type variables are used in the constraint graph of the
type; this can be very difficult for the user to read. At this point, the only purpose of this
simplification is to display the type in a more readable manner to the user; it is not so
useful for the computer for any further analysis.

For example, whilst the displayed type of the Y-combinator is 1(ta - a) = a, its
inferred type is more complex. We reproduce its type here for reference, although it is

the same as the type given in the previous section. Its type is ) = vs|g, where G is the
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constraint graph (instead of Greek letters, we have here used v; for type variables):

vg < U1
(v3 > v1) < v
vy < Ty
V4 S (’051)?}6)
tor < s
vg < U1

which is difficult to interpret. More complex functions only get worse.

Fortunately, it is quite simple to produce a readable type: if a type variable has a unique
bound, then it can be replaced by that bound as long as the variable does not appear free
in the said bound. There is an extra condition required by guarded constraints: if a type
variable appears in a guarded constraint, then it cannot be simplified.

We previously presented the definition of the unique bound for positive variables in

Definition 53, here we present the symmetric definition for negative variables.

Definition 58. Given a constraint graph G, the unique bound of a negative type variable

v is given by the function unique_bound neg(v, Q).

. v, GT(v) =T and v' is the unique v’ s.t. v <g v’
unique_bound_neg(v, G) =
7, GT'(v) =7 and there is no v’ s.t. v <g v’

Definition 59. Let A = 7|g be a type scheme. Let a be a type variable in the domain

of G. Then a can be replaced with its unique bound under the following two conditions:

1. unique_bound_pos(a, G) is defined if v is a positive variable, or

unique_bound neg(«, G) is defined if o is a negative variable.
acs
2. Vs,a, B, s.t. <b§c> eG,aZaNaZbANaZc

Then, it is simply a matter of repeatedly replacing variables with their unique bound
until this process is no longer possible.

Finally, we will go through the above process with the Y-combinator, so that it can
be seen how to get from the above type scheme to its display type. The type of the
Y -combinator is v9, which is positive, so we start by replacing that with its lower bound,
(v3 5 v1). The variables v; and vs are positive and negative respectively, so we replace
them with their lower and upper bounds and get (tvy — vg). Here, we must make an
arbitrary decision; replacing vg with its upper bound, vy, would result in going in circles,
continually replacing vg with v; and vy with vg. So when a variable has one predecessor
or successor, we stick with the smaller variable, in this case vg. Next we replace vy
with its upper bound, so the type is now (1(vs — vg) — vg). We now replace vs with
tv1, which gives us (1(tv1 — vg) — vg). Then finally, replacing v; with vg gives us
(1(1vs — vg) — vg). We can then arbitrarily replace the v, type variables with alphabetic
type variables, and state that the type of the Y-combinator is (1(Ta = ) - «).
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The usefulness of minimisation can now be seen. Without it, displaying the Y-
combinator type scheme in a readable manner would be impossible because the variable vg

did not have a unique bound before minimisation.

7.13 Examples

This section presents examples of the types that are inferred for some of the standard

TransLucid functions.

7.13.1 fby

The fby function is defined as
fun foy.d X Y =if #.d <0 then X else Y @ [d < #.d — 1] fi

which is translated to abstract syntax as

var fby = Aoy, — \Vox — \Voy —
if #.¢4, < 0 then |¢x else [Py @ [pq4, < #.¢q, — 1] £i

Here we use ¢4, for the ¢ dimension allocated for the first parameter, because our next
example, upon, also has a parameter d, which we will allocate ¢g, .
Its display type is
foya 51851858

However, the type shown above is not its full type. Although the display type is useful for
seeing an overall picture of the type, it is missing the context information, which is the

following:
intmp < #.(¢4, = o) < intmp

The context information here contains solely dimensions that are passed as parameters,
as the fby function only uses the one dimension passed as a parameter. The line above
describes the dimension passed as a ¢ parameter, whose type is «, which is the type of
the first parameter to fby, and whose ordinate has lower bound intmp, and upper bound
intmp. Or in other words, its ordinate is set to an integer in the function, and its usage
inside the function requires it to be at most an integer.

Now to see the use of the above type, we see that if we apply fby to the value 0, the

type of the resulting function is
f5y.0 = (ta 2 ta > a)

with context

intmp < #.0 < intmp

Now the context has moved from being dependent on a function parameter to knowing
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the exact dimension of relevance. From the above we can see that the use of dimension 0
requires it to be no more than an intmp, and that it is set to something in the set intmp,

which is consistent, and therefore the use of dimension 0 is well-typed.

7.13.2 upon

The standard function upon is defined as

fun upon.d XY = X @[d «+ T
where
var T'= fby.d 0 (if Y then T + 1 else T fi)

end

which is translated to the following abstract syntax

upon = APog, = N ox — Ny — Lox @ [dg, + T

wherevar
T = fby.%! (T ()) ! (T if igbl thenT + 1 elseT fi)
end

Its display type is:
upon::a—b>TBl>'yl>B
with the constraints:
v < bool
0 ¢ 1)

<
intmp <

M

with the guarded constraints:
false <~ 7n<(
true <y ?7e<(

and with the context:

J

intmp

T

intmp

#.(¢d2 = Oé)
#'(¢d1 - Oé)

< <
< <

Each type variable plays a role in the type of upon, which will be described below.
The first parameter to upon has type «, which has no constraints, and is mentioned in the
type context. The two lines which describe the type context indicate that both function
parameters, ¢q4, and ¢g4,, which are the parameters of upon and fby respectively, have the
type «. The first line indicates that the ordinate is bounded by the type d from below,
and unbounded from above. The second line indicates that the ordinate is bounded by
intmp from below, and intmp from above.

The type variable d only has partial information: the value 0 is in its type, along with

whatever type information is later supplied by the type variable ¢, which comes from the
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guarded constraint when wupon is later used. The type v is for the parameter B of upon,
so the guarded constraints indicate that if B is false, then type ¢ should have n as a
lower bound, and if B is true, that ¢ should have € as a lower bound. The type 7 has no
constraints, so adds nothing to the type of (. Since € has intmp as its lower bound, the
type intmp is propagated to the lower bound of ( if B has true in its type. The only
purpose of ( is to propagate a type to §, which is used in determining the type of the
ordinate of the first parameter to upon.

The type [ is also unconstrained, as upon does nothing with the second parameter,
other than to evaluate it in the current context. Therefore, the return type of upon is
simply the type of the second parameter.

It is impossible to come up with a completely simplified meaningful display type, since
the type variable § does not have a unique bound. Despite that, an expression that
fully applies upon is still well-typed, and also has a nice display type. For example the
expression:

(upon.0 (#.0) (2mod 0 =0)) @ [0+ 5];;

has the type:

intmp

with TransLucid context information:
intmp < #.0 < intmp

which simply means that the ordinate of dimension zero is set to an integer in the program,

and is constrained to be at most an integer in the program.

7.14 Conclusions

This chapter has demonstrated a type inference algorithm for TransLucid expressions. The
type inference algorithm supports parametric polymorphism, and the use of constraints
with type variables allows recursive types. It is this ability to infer recursive types that
allows the Y-combinator presented above to be typed with the definition given, which is
not possible in Haskell.

It is important that some type be inferred for the ordinate of each dimension in the
TransLucid runtime context. This is done quite effectively, with this type inference system
being able to determine an upper and a lower bound for each dimension that was used in
a whole program. Although the limitation that each dimension in the context be required
to have the same type throughout a program seems restrictive, it does not in practice
limit the programs that can be written. If dimensions with different types are required,
it suffices to introduce more dimensions; it is then trivial to write functions that take a
dimension as a parameter.

This system, at the moment, is not particularly more powerful than any other type
inference system in current use. However, by combining the ideas of the principal type

of an object being itself, and subtyping with constraints, it seems reasonable that this
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system can be extended to something much more powerful. With other kinds of static
analysis, it might be possible to infer better types (for example, finer ranges for integers)
for certain expressions, and then the subtyping system presented here would infer a more
precise, not necessarily atomic, type for a given expression.

The system is parameterised in three places:
1. the ground types (§7.1);
2. the choice of U and I for the non-structural types (§7.2); and

3. the freedom in the values of the dimensions for expressions of the form #.E and
EQ[E «+ EI.

Any of the above three items can be changed, and the system will still work, although often
points (1) and (2) will go together for the system to make sense. In particular, it seems
entirely reasonable that point (3) will be where there is the most room for improvement.
With other static analyses, such as Abstract Interpretation [13], it should be possible to
improve the approximations of which dimensions are used in a program.

It is envisioned that there are many possible static analyses for a TransLucid program;
type inference, and in particular this type inference algorithm, is not the only way to
analyse a program. Rather, it can be seen that it is useful to analyse a TransLucid program
using any appropriate static analysis, which provides another piece of information about
the properties of a program. The interplay between type inference and other static analysis
will most likely be a back and forth process, with each analysis providing a little more
information to each of the others. Then, that process can stop at either a least fixed point,
or some point chosen by the programmer or configurable by the user.

We have not considered the tuple expression in isolation; the only place that the tuple
can appear is to the right-hand side of an @ expression. It seems reasonable that a tree-like
data structure would be represented by a tuple, although the same could be achieved with
intensions, so the utility of a tuple as a data object in TransLucid is questionable. The
difficulty in typing the tuple is the possibility of the aliasing of dimensions. Even in what
was presented, aliasing had to be taken account of, and is solved with the restriction that

dimensions be atomic values, or function parameters.

7.15 Y-combinator type

In this appendix, we present the full simplification of the type of the Y-combinator, as

defined in TransLucid. The Y-combinator is defined in concrete syntax as:
M= Wz = f (w2) (N2 — f(za))
which is translated to the following abstract syntax:

Nop— (Nha = 1or L (1a ! 1da)) | (N — Lop L (Low ! i)
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The type of the Y-combinator, before any simplification, is () = v1|g, where G is given
in Figure 7.8. In the following figures, where the constraints are too wide for the page,
the line is split to the previous line for the lower bounds and to the next line for the upper
bounds.

First, we will canonisation the type scheme. Canonisation is the replacement of every
occurrence of LIV and MV with another type variable, along with the appropriate additional
cosntraints. The type is as before, with only the constraint graph changing, which is
presented in Figures 7.9 and 7.10. We will examine a few of the type variables so that we
can see what is going on.

First look at v; before canonisation, it has as its lower bound the type (M{ve, var} —
v41). The M is replaced with vy44, and its corresponding variable for U is vys, they both

require some extra constraints. In Figure 7.6, the appropriate constraints are given by
Yw < a when FeV|p<ga

so we look for every variable greater than vo and v91, and set each of them as greater than
v44. We have vy < v3, and v91 < v99. Therefore, we have vgy < v3, V97.

The variables vs and v9; have the upper bounds Tvs and Tweg, respectively. So the
upper bound of vy is set to (Tvg) M (Tves), which is 1M {vg, ve3}. Rather than introducing
another M, the type v4 M vo3 is replaced with new variables in the same way, along with
the appropriate constraints. So the upper bound of v44 becomes Tvsg, and the constraints
on variable vsg are constructed in the same manner.

The same occurs for every other instance of UV and MV in the graph. For example,
by looking at the lower bounds of vgs and veg, we can see that every case of LI{vis,vsa}
is replaced by vsg. Similarly, the lower bounds of vs; and wvso indicate that M{vas, vag} is
replaced with vys.

Next we look at garbage collecting the type scheme. Here we will run through the
complete polarity computation. Initially, variable v; is marked as positive. So we have
the sets V}f and Vj;~ as follows:

Voh = {v1}
Vi =0

. oy . v oy . .
Because v is positive, we mark its lower bound, (v44 — v41) as positive, which results in

v44 being negative and v41 being positive. So we now have:

Vit = {v1,va}
Vim = {vaa}
The variable vq; has no lower bound, so there is nothing left to mark as positive. However,

as vy4 is negative, we mark its upper bound as negative, which is Tvsg. Which results in

vs9 being negative. So we now have:
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Vot = {v1, v}
Vo = {vas,vs59}

So we now mark the upper bound of vs9, which is (vgg 5 v61), as negative. The result is

that vgg is positive, and vg; is negative. So we now have:

Vit = {v1,v41,v60}
Vg~ = {44, 59, ve61}

Variable vgy has the lower bound twvge, which we mark as positive, making vge positive.

Variable vg; has no upper bound, so nothing further is done. Therefore we now have:

+ _
ViT = {v1,v41, V60, V62 }
Vi = {va4, v59, v61}
The variable vge has no lower bound, so no further work is needed, and V4+ and V,  are
our sets of positive and negative variables.

We can now remove most of the constraints from the graph. The conditions for keeping

constraints are reproduced below:
l.a<gpfifaceV - and BeVT.

2. G¥a)ifaec VT,

w

Gla)ifac V™,
aEs
4 B<grifacV-.

By condition (1), we only need to keep vg1 < vg1 and vg; < vg2. By condition (2), we
keep the lower bounds of v; and vgyg. By condition (3) we only keep the upper bounds
of vyy and vs9. Condition (4) does not apply because there are no guarded constraints.

Therefore, the resulting constraint graph is:

v
(vag = va1) < vy
ve1 < 41
vae < Tusg
v
vsg < (veo — V1)
tvea < veo
Vo1 < 041, V62

ve1 < Vg2

The next step is to minimise the constraint graph. The variables vy; and vge are
equivalent, because they are both positive, and both have the set {vg;} as their less than

variables. Their lower (resp. upper) bound is the same, which is L (resp. T). Therefore, we
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merge them by arbitrarily choosing to keep v41, and replacing vgo with v41. The resulting

graph is:
(vag = va1) < vy
ve1 < v41
vae < Tusg
vs9 < (veo — ve1)
togr < weo
ve1 < v41

This concludes the type simplification process for the type manipulated by the com-
puter. Refer to §7.12 for the details of presenting the type in a manner readable to

the user.
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-
vg  Tug

oA

vs  (v17 = v1g)
(v17 = v1g)

vr  Tus

T

vy (V14 = vig)
(via = v16)

vt vz

12

V13, V27, V28, V31, V32 (33 — v35)
(v33 = v35)

11 {var, v31}

V27, V28, V31, V32
V25, V26, V29, U30

=
V15 T

T

v41,v42 T

V18, V41, V42 |
v
(vag = v42)

vo2  Tv23
T2z
v
vas  (v36 — U3g)
v
(U36 — USS)
vog  Twor
Tvar
v
V28 (1133 — U35)

(v33 = v35)

vzo Tzl

Tua1

Vo7, Va8, V32 (V33 —> VU35)
Vor,Vag, 31 (V33 —> VU35)

Va5, V26, U29,v30 T 11 {v27,v31}
-

v34 1

T

V15,016, V34, V35 |

V15, V16, U34, U35, V37 |

U8, U9, V12, V13, V27, V28, U31, U32
(W{v14,v33} = M{vig, v35})

v, U7, 010, V11 T {vs, v12}
=

v41 T

V1 T

Figure 7.8: Y-combinator constraint graph before simplification
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(vag S vg1) vz < v < T
1L < vy < vy Ty
L v,ve < w3 < Ty
L < v < vy (vi7 = o)
L owvgvsg < w5 < (viz = vig)
tvzg vy < vg < vy Tug
Tvsg w6, V10,029 < w7 < Tug
(vas > v37) w39 < wvs < wg (via > vig)
v v
(v45 — v37) w8, U39,057 < w9 < (vig — Vi)
Tvzg vy < v < v i
Tvzg  v10,v40,v29 < v1i1 < Tvie
(vas > vs7) w39 < V2 < V13,V27, V28, V31, V32, Vig, U2
(v33 > v35)
(vas = v37) v12,V30,U57 < vz < vg7,Uas, V31, V32, V48, Vs2 (V33 — U35)
tvis < vy < vos5,v26, V29, V30, Va6 TVa7
L w16, v37,V38, V55,061 < V15 <1
1 wvsr,uss,v61 < vie < vis, V62 |
tvis < vir <0T
L wvig,ver < wvig < va1,v42 T
L < vy < wvig, V41,042 T
(Vg9 > v1s) < wvap < (Vg0 — Va2)
1L < w1 < wap Tugg
L wvo,vgq < wap < Twgg
L < vy < wvar (v3e — vss)
L vgvs9 < v < (vsg > vss)
Tuse V14,033,053 < vos < v Tway
tus2 V14,025,033, V45,53 < v < Twor
(va5 = v37)
V12, V13, V31, U32, U39, Va7, Us1, V57 < Vo7 < Uag (V33 — Uss)
(va5 = v37)
V12, V13, Va7, V31, V32, U39, V4T, U1, V57 < Vag < (33 — U3s)
Tuse V14,033,053 < w29 < w3p Twsg
Tus2  v14,V29,033, V45,53 < w30 < Tuzg
(vas —> v37) V12,013, V32, U39, Va7, Us1, V7 < V31 < Uo7, Vag,U32,Uas, Usz  (Usg —> Usp)
(vas > V37) V12,013, V31, V39, V47, V51, V57 < U3z < U27,U28, V31, Va8, Us2 (V33— U3s)
Tz < w3z < s, V26, V29, V30, Va6 V4T
1L vss,v37,U38, V55,061 < wz4 < T
L wsr,vusg,ver < wvgs < v3g, V62 T
gy < wge ST
L wvss,ve1 < w3zr < v15,V16, V34, U35, Us6, V2 |
L < wsg < wis,016, V34, U35, V37, Use, V62 |
(vas = v37) < w39 < g, Vg, V12, V13, V27, V28, V31, U32
Vag, V52, Vs (Usa —> Us5)
tuzg < v < v6,v7,V10,V11,V50 TUsT
L wvig,vig,va2,061 < vy < T
L wvig,vig,ve1 < wae < ovgp T
(vaa > va1) < w3 < v T

Figure 7.9: Y-combinator constraint graph after canonisation (1)
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Chapter 8

The TransLucid /C++ System,

or Concrete TransLucid

This chapter shows how we move from TransLucid, with its abstract syntax and deno-
tational semantics, to a full, concrete language, with concrete syntax and concrete data
types of another (host) language. To undertake this task, we have two choices: 1) to fix
the set of atomic values, or 2) to provide the means to access the atomic values (which
is not a fixed set) of another language. We choose the second path, and use as the host
language C++11, along with the GNU mp integer and floating-point libraries, and IBM’s
icu for Unicode support.

The denotational semantic rules—presented in Chapter 2—are of the form [E]«(k,
where F is an expression, ¢ is the interpretation of the constants, { is an environment, and
k is a context. Implicit in all of this is the set D of atomic objects, which is the basis for
the semantic domains, with +(%) € D and «(™c) € (D™ — D), m > 0.

When we move from TransLucid to Concrete TransLucid, we need, of course, to define
a concrete syntax (§8.1) for expressions E. But, more importantly, the host environment
provided by C++11 and the core libraries in the concrete language, corresponds to the pair
(D, 1) of Core TransLucid. In this chapter, we make everything concrete: concrete atomic
types to define D, user-defined constructible types, concrete syntax for E, including the
means to add new unary or binary operators, and the full use of Unicode characters,
amongst other things.

The host environment provides a set of atomic types, whose union forms the set
D (§8.2). We assume at the very least that Booleans, integers, and Unicode charac-
ters and strings are provided. As for the ¢, it corresponds to the union of the parsers
for each of the atomic types. Since we are dealing with an interpreter, we also need to
define what is effectively +~!, which corresponds to the union of the printers for each of
the atomic types.

We start with the syntax for Concrete TransLucid (§8.1), without explaining how cer-
tain constructs are recognised by the parser, then present the infrastructure for interacting
with the host environment. Then we can focus on the concrete syntax for variable decla-
rations (§8.5), for function declarations (§8.6) and the user-defined data types (§8.7), all

of which require the use of a new type of conditional expression, called bestfitting (§8.4),

142
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in which the branch to be chosen is the best choice depending on the current context. We
then present operator declarations (§8.8), which, using the host environment, enable pre-
fix, postfix and infix notation, and inform the parser how to recognise symbols presented
in §8.1. In addition, all of this infrastructure can be extended with libraries (§8.9), which
add new objects to D, and functions to manipulate them.

Finally, we present the TransLucid system (§8.10), which takes all of the declarations
and infrastructure presented in this chapter, and produces a programming environment
that allows the user to add declarations and evaluates expressions. Then we extend that
system to evaluate expressions through time (§8.11), taking new declarations and expres-
sions to evaluate at each instant, taking real data as input, and producing real data as
output at each instant (§8.12).

8.1 Concrete TransLucid

Concrete TransLucid is a set of declarations, and a set of concrete expressions to be
evaluated. The remainder of this chapter presents the recognised declarations, with their

syntax, and the syntax of expressions. In this section, we focus on the syntax.

8.1.1 Expressions

Concrete TransLucid expressions can appear standalone or within declarations. Each
expression is a sequence of lexemes, which is transformed by a Concrete TransLucid parser

to a TransLucid expression. There are four kinds of lexemes:

e punctuation symbols, which define TransLucid constructs, and correspond closely to

the symbols from the abstract syntax;
e [iterals, which are the lexemes that are translated by ¢ to elements of D;
e identifiers, which are unaltered in the abstract syntax; and
e operator symbols, which are translated to function applications.

Each of these lexemes is transformed by the lexical analyser into a tuple which describes

the meaning of the token so that it can be used by the parser to build an expression.

8.1.2 Punctuation

The TransLucid punctuation is as follows:
e declaration punctuation:

I = =

e tuple manipulation:

[ : <- ]
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context manipulation:

# C]

intension manipulation:

T 3 { ¥

functional abstraction:

\ \\ ->

functional application:

general grouping:
( , )

Each punctuation symbol s is transformed into a tuple of the form:

[kind « punctuation, symbol < s]

8.1.3 Literals

The syntax of the literals recognised by the lexical analyser is presented in the following

sections.

Boolean literals

The Boolean literals are of type bool, and consist of the two constants true and false.

A Boolean symbol b is transformed by the lexical analyser to the following tuple:

[kind < literal, type < bool, value < b]

Integer literals

The integer literals are of type intmp, implemented using GNU mp integers. An integer

symbol n is transformed by the lexical analyser to the following tuple:
[kind < literal, type < intmp, value < n]

Their syntax is outlined below.

e Negative integers are an integer literal preceded by character ~.

Any integer starting with characters 1 through 9 is interpreted as base 10.

The character 0 by itself corresponds to the value 0.

An integer beginning with 01 followed by n more 1s is base-1 notation for the num-

ber n.
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e An integer beginning 0 followed by a character in the range [2-9A-Za-z] uses that

second character as base-designator as follows:

— 2 through 9 mean bases 2 through 9, respectively;
— A through Z mean bases 10 through 35, respectively;
— a through z mean bases 36 through 61, respectively.

The subsequent characters are interpreted as digits in that base.

base n, only ‘digits’ from 0 to n — 1 may be used.

For a number in

o 1 2 3 4 5 6 7T 8 9 A B C D E F

7T 8 9 10 11 12 13 14 15

H I J K L M N 0 P Q R S T U V

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

W X Y Z a b ¢ d e f g h i j k 1

32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47
m n o p g r s t uwu Vv w X Yy z
48 49 50 51 52 53 54 55 56 57 58 59 60 61

For example, the number 39912 becomes

021001101111101000 in binary (base 2);
08115750 in octal (base 8);

0A39912 in decimal (base 10);

OGY9BES in hexadecimal (base 16);

OK4JFC in vigesimal (base 20), as used by the Mayans:

O 000
Q000

0yB5C in sexagesimal (base 60), as used by the Babylonians:

{TW AT

Character literals

A character literal is implemented using a Unicode 32-bit character literal (UCS-4, http:

//www.unicode.org), and is written as a single cooked character surrounded by single

quotes (’¢?). A character literal ¢ is transformed by the lexical analyser to the following

tuple:

The cooked character c is either a single character, or an escape sequence.

[kind < literal, type < uchar, value < c]

escape sequences are:

The valid


021001101111101000
08115750
0A39912
0G9BE8
0K4JFC
0yB5C
http://www.unicode.org
http://www.unicode.org
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\n for a newline (0004);
\r for a carriage return (000D);
\t for a horizontal tab (0009);

\’ for a single quote (0027);

\" for a double quote (0022);

\\ for a backslash (005C);

\uXXXX where XXXX are four hex digits, for a Unicode character in the Basic Multilingual
Plane, range 0000—FFFF;

\UXXXXXXXX where XXXXXXXX are eight hex digits, for a Unicode character not in the Basic
Multilingual Plane, range 10000—10FFFF;

\xXX for a valid one-byte UTF-8 sequence, designating a Unicode character in the range
0000-007F;

\xXX\xXX for a valid two-byte UTF-8 sequence, designating a Unicode character in the
range 0080-07FF;

\xXX\xXX\xXX for a valid three-byte UTF-8 sequence, designating a Unicode character in
the range 0800—FFFF;

\xXX\xXX\xXX\xXX for a valid four-byte UTF-8 sequence, designating a Unicode character
in the range 10000-10FFFF.

String literals

String literals are a sequence of n cooked characters, described in the previous paragraph,
surrounded by double quotes ("cg - - c,—1"), or a raw string literal, which is a sequence of
bytes interpreted as UTF-8 placed between back quotes (‘co---c¢p—1). A string literal s

is transformed by the lexical analyser to the following tuple:

[kind < literal, type <+ ustring, value < s

Generic literals

A generic literal is a single lexeme made up of an identifier T" followed by a string literal,
either cooked or raw. Therefore, its syntax is either T"s" or T'“s¢. It is translated by the

lexical analyser to the tuple

[kind < literal, type < generic, typeid < T, value < s|
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8.1.4 Special values

In the concrete language, we have chosen that there be no undefined computations. The
semantics leaves certain things undefined, such as the meaning of x(0) when § ¢ dom(k),
for some context k and some dimension 0. For these “error” cases, we return an object
from the special type, rather than the other option of crashing (gracefully or otherwise),
or worse, continuing in some erroneous state. The special values are all written spwvalue
for some special value describing the error value. The special values and their uses are

summarised in the following table:

Special value Description

sptypeerror Function application error
spundef Undefined identifier (x ¢ dom(())
spdim Undefined dimension (d ¢ dom(k))
spmultidef  Multiple definitions (§8.4)
spaccess Access error (§8.11)

sploop Loop in cache (§6.6)

8.1.5 Identifiers

An identifier (z) in TransLucid is of the following form:
x = ( Letter| _) ( Letter | Number | _)*

where Letter stands for the entire Unicode class Letter, which is any kind of “letter”
from any script (including most Chinese characters), and Number stands for the Unicode
class Number, which is any kind of numeric character in any script. Examples of uses of
unusual characters in identifiers are Hy0 (water) and _3,He (helium-3).

The following TransLucid keywords are reserved.

e declaration introductions:
data dim fun hd
op var assign host

conditional expressions:
if then elsif else fi

local declarations:

where end

e Boolean values:

true false

bestfitting keywords (§8.4):

is imp bestof
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The declaration-introduction symbols x are transformed to the following tuple:
[kind < declaration, value < x|
The other keywords = are transformed to the following tuple:

[kind < keyword, value + x]

8.1.6 Operator symbols

An operator (op) in TransLucid has the following form:
op = ( Symbol | ! |%|*|-|.|&|/]:)F

where Symbol stands for the Unicode character class Symbol. The six exceptions are the
symbols that are TransLucid punctuation:
= : | ! . //

Operator symbols can be used to improve the clarity of programs, rather than using
verbose prefix function-call notation for every expression. An operator can be declared by
the user to be unary postfix, unary prefix, or binary infix, and using those declarations
the resulting expression is transformed by the parser to the appropriate function-call
expression. The mechanism for declaring these and their transformation by the lexical
analyser to a tuple is explained in §8.8. Nevertheless, we can present the way in which
the symbols will be used without presenting how they get there. Each of the operators
is mapped to a function name, and can stand for a call-by-name or call-by-value function
application. The binary infix operators also have an associativity and precedence. A unary

postfix operator is translated to the following tuple:

[kind <« operator, type < postfiz, function < id, call_type < cbn | cbv]
A unary prefix operator is translated to the following tuple:

[kind < operator, type < prefix, function < id, call_type < cbn | cbv]
A binary infix operator is translated to the tuple:

[kind < operator,

type < infix,
function + id,
call_type < cbn | cbv,
precedence < intmp,

assoc < AssocNon | AssocRight | AssocLeft]

The precedence of unary postfix operators is highest, then unary prefix, then binary infix.
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8.2 Types and the host system

In any programming language, there is a notion of the type of an object, i.e., it is an
integer, a string, and so on. Then, the operations over objects are restricted by the type
of those objects, since some operations do not make sense for certain types of objects.
For example, usually, it makes no sense to add a string and an integer, or at least if it
does make sense, it is still only by converting the integer to a string and concatenating the
result. For the types in TransLucid, we take a slightly different approach to the norm. The
intuition behind data types in TransLucid comes from Shamir and Wadge’s 1977 ICALP
paper, “Data Types as Objects” [40], in which types are both sets of values and objects
themselves, as are all of the subsets of these types perceived as desirable, interesting or
relevant by the users of a system.

Despite considering any object or set of objects as a type, there is still a practical
consideration here. Every object manipulated by the system is a set of bits that are
understood to represent that object, and are interpreted in a manner suitable for that
type of object. Therefore, regardless of how we view types, it must still be consistent with
each object having a physical type.

As presented in §7.1, we suppose that the atomic objects manipulated by the system
are made up of distinct sets of object, such as strings, integers and so on, each of which is
given a name. Each of those sets we call a type. In addition, so that we can have data types
as objects, we require that each type itself also be an object manipulable by the system.
The type objects are then members of the type type, including type itself. In addition,
the concrete Translucid system manipulates ranges over integers, so we require objects
representing negative infinity and positive infinity, for the ends of unbounded ranges of
integers, along with a type for ranges of integers.

In fact, when mapping the concrete system to the semantics presented in the chapters
up to now, the set of objects just mentioned is actually the set D used by the semantics,
from §2.2.2, Chapter 2 on. As a result, the set D of atomic objects is formed as the

union of

1. the set {type,range} U {t1,to,...,t,}, where t1,to,...,t, are the concrete types in

the system; this list must include bool, intmp, uchar, ustring and special,;
2. Dy, U Dy, U...U Dy, , where each Dy is the set of elements corresponding to type t;

3. {—00,00}, special elements used for designating the ends of unbounded ranges of

integers; and

4. {0} U{(—o0,n]}U{[m,n] | m < n}U{[m,oc0)}U{(—00,00)}, where m,n € Z, which

are the possible ranges of integers.

Because we are working with an interpreter, it is necessary for there to be a mechanism
to both read values as input, and write values as output. Therefore, each concrete type in
the system must have both a constructor and a printer. The constructors are functions of
the form:

construct_t : ustring — ¢
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where t € {type,range, special,t; ... t,}. As for the printers, they are functions of the
form:

print_t:t — ustring

The mechanism for adding these functions is presented in §8.6.

8.3 Host functions

A Concrete TransLucid system provides a declaration for informing the system about a
function that is accessed through a C-style function pointer, with the purpose of carrying
out low-level operations on data types provided in the system. A declaration informs the
system of the existence of a function z, its arity m, and its address in memory. The
function residing at that address should take as argument m TransLucid atomic objects,
and return an atomic object. Functions are declared using the hostfun declaration, whose
syntax is as follows:

hostfun & m address ; ;

where m and address are non-negative integers. In the case m = 0, this means a constant
function, in the case address = 0, this is usually a runtime error, typically a segmentation
fault. Note that normally the user will not use this declaration, since the address of a
function is not usually known, and might change depending on the dynamic linker. Rather,
it is used internally to declare the built-in functions, and can be used by libraries (§8.9)
which can add to the set of types and functions in the system.

These functions are in fact defining the concrete C/C++ implementation of the inter-
pretation ¢ of constant symbols (§2.2.3). These functions, along with the black-box lexical
analyser and parser, are the basis for the C/C++ interface to the TransLucid system.

Although there is only a small number of functions that are required by the system,
to produce a complete system, it is necessary to provide all of the standard functionality
for each of the types. The functions presented in the following sections map one or more

atomic objects to atomic objects.

8.3.1 Integer functions

The integer functions all operate over the GNU mp integers, which have the type intmp,

and include the standard arithmetic and comparison functions.

intmp_plus : (intmp, intmp) — intmp
intmp_minus : (intmp, intmp) — intmp
intmp_times : (intmp, intmp) — intmp
intmp_divide : (intmp, intmp) — intmp
intmp_modulus : (intmp, intmp) — intmp
intmp_lte : (intmp, intmp) — bool
intmp_lt : (intmp, intmp) — bool
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mitmp_gte :
mitmp_gt :
mtmp_eq :
mtmp_ne :

mtmp_uminus :

8.3.2 Floating-point functions

The integer functions all operate over the GNU mp floating-point numbers, which have the

type floatmp, and include the standard arithmetic and comparison functions.

floatmp_plus :
floatmp_minus :
floatmp _times :
floatmp_divide :
floatmp_modulus :
floatmp_lte :
floatmp_lt -
floatmp _gte :
floatmp_gt -
floatmp _eq :
floatmp_ne :
floatmp _sqrt
floatmp_abs
floatmp_uminus

floatmp _convert _intmp

8.3.3 Boolean functions

intmp, intmp) — bool
intmp, intmp) — bool

intmp, intmp) — bool

( )
( )
( )
(intmp, intmp) — bool

intmp — intmp

floatmp, floatmp) — floatmp
floatmp, floatmp) — floatmp
floatmp, loatmp) — floatmp
floatmp, loatmp) — floatmp
floatmp, floatmp) — floatmp
— bool
floatmp, floatmp) — bool
floatmp, floatmp) — bool
floatmp, floatmp) — bool
floatmp, floatmp) — bool

( )
( )
( )
( )
( )
(loatmp, floatmp)
( )
( )
( )
( )
( )

floatmp, loatmp) — bool

: floatmp — floatmp
: floatmp — floatmp
: floatmp — floatmp

: floatmp — intmp

The only Boolean function required is equality.

bool_eq : (bool, bool) — bool

8.3.4 Character functions

For the Unicode character type, we provide a number of functions implemented by IBM’s

icu library.

is_printable : uchar — bool

code_point : uchar — intmp
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code_point_j : uchar — ustring

code_point_8 : uchar — ustring

8.3.5 String functions

For the moment, we provide a restricted set of functions for strings:

ustring_concatenate : (ustring, ustring) — ustring

ustring_substr : (ustring, intmp, intmp) — ustring

8.3.6 Range functions

The range functions allow the user to create a range that is either bounded or unbounded
in either direction. The range unbounded in both directions, make_range_infinite, which

is equivalent to the type intmp, is in fact a constant.

make_range : (intmp, intmp) — range
make_range_infty : intmp — range
make_range_neginfty : intmp — range

make_range_infinite : range

8.3.7 Concluding remarks

The functions above provide the standard operations for each data type. However, they
would not normally be used directly by the user, as the syntax becomes unwieldy. For
convenience, §8.8 describes how the user can declare unary postfix, unary prefix and binary
infix operator symbols, so that these can be translated to function calls using the above

functions.

8.4 Bestfitting

This section presents a new type of conditional expression called bestfitting, never previ-
ously added to any Lucid-like language. Bestfitting allows an expression E to be defined as
a choice from among a set of subexpressions, where each of these subexpressions is guarded
by a context region, which is a set of contexts. When expression F is to be evaluated in a
particular context x, the subexpression to be evaluated depends on which context region
the current context x happens to be inside. Should s turn out to be more inside more
than one of these context regions, then the most specific, or bestfit, region is chosen.

The ideas behind bestfitting were first presented in the seminal 1993 IEEE TOSE
article “A New Approach to Version Control” [30] by Plaice and Wadge, which presented
bestfitting as a means to select a different version of a piece of software, or the components
of a piece of software, based on some context. Their ideas were developed over the following
fifteen years, the results of which are summarised in the 2008 Mathematics in Computer

Science paper “Possible Worlds Versioning” [25] by Mancilla and Plaice. Uses of bestfitting
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included intensional HTML [45], a context-aware sequential programming language [41],
and an intensional mapping server [24].

Bestfitting was used to guard a definition with a context, so that only the definitions
applicable to the current context would be chosen. Then, out of those applicable, the
bestfit definition would be chosen. Previously (in previous work), the definitions of an
object were restricted to being guarded by a single context. Then, the bestfit definition
was the one whose context was more refined than those of the other definitions. Context s
refined context x' if x defined at least the dimensions of k', and the ordinates of their
corresponding dimensions were the same.

Here, we extend the idea of bestfitting so that definitions can be guarded by sets of
contexts, rather than just a single context. A definition is considered valid if the current
context is inside the guard for that definition. The bestfit definition out of several is
still the one whose guard is more refined than the others, but we extend the definition of
refinement so that a region k is more refined than another region &’ if k defines at least
the dimensions of k’, and each ordinate of k for a corresponding dimension is a subset of
the corresponding ordinate of &'.

Determining both which region a context is inside and which region out of several
is the most refined is, in general, undecidable. Therefore, we must restrict the way in
which regions can be specified so that bestfitting is still decidable. As a result, we present
bestfitting in two parts: the first is the semantics, which is in general, undecidable, and
the second is some practical restrictions to the sets allowed so that bestfitting can be
decidable.

We begin by adding to the abstract syntax for the denotational semantics (Figure 2.1):

bestof F;g | E;1 — Fjs end

For example, consider the following possible definition of the factorial function (the

@,

new syntax and is are explained below):

A'n — F
where
dimd <+ n
var F' = bestof
[dis 0] — 1
[d:1.infty] — #.d x (FQ[d <+ #.d —1])
end

end

First we allocate a new dimension d, and initialise its ordinate to the parameter n. We
can then create an array F' that varies in dimension d, and whose entries are the factorial
of the index of the entry. The first choice in the bestof says that when the ordinate of
dimension d is the value 0, the value of the expression is 1. The second choice states that

when the ordinate is an integer in the range 1..infty, the value of the expression is the
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index of the ordinate multiplied by the array F' at the previous entry.

The denotational semantics for bestfitting would then be as follows:

[[bestof Eio | B = Ey endi:l.lm]]L(/i =

let k; = [Eio]eC(ik)
bi = [Ei]eC((i4m)K)
di = [Ei2]C((ir2m)k)
valid={i € 1.n | k € k; AN b; = true}
best = {i € valid | Aj € valids.t. kj C k;}
in @{d; | i € best}

It is important to realise that this semantics is not syntactic sugar on top of existing
infrastructure, like the constructs presented in Chapter 3. The bestof construct is, in
fact, a new primitive.

What is going on here is that for each guarded expression FEjs, the expression FEjg
evaluates to a region k;, F;; evaluates to a Boolean value b;, and F;o evaluates to some
value d;. Then, if b; is true, and the current context x is in the region k;, definition
is considered valid. Then, from all the valid definitions, the one whose region is not a
superset of any other region is chosen. If multiple regions fit that criterion, then they are
combined with the operator €.

Currently, the definition of € is that it returns the special value spmultidef to indicate
that there were multiple definitions for the best region. However, it is feasible that this
could be changed in another system. Depending on what the user wants, the system could
behave in several ways, so long as €p is associative and commutative: unicity (the current
solution), identity, sum, product, maximum, minimum, union, intersection, . ...

There are two parts to the semantics that are undecidable if we do not make restrictions
to the allowable sets: 1) the test x € k;, which specifies that a context k£ must be inside the
region k;; 2) the test k; C k;, which tests whether a region k; is a subset of the region k;.
For these two operations, their decidability is determined by the possible regions that can
be defined. These choices are fairly arbitrary, and as long as they are decidable, different
decisions can be made for any particular implementation. The choices made for the current
interpreter are to be pragmatic whilst still being useful.

A region is defined as a set of contexts. We define each set of contexts by defining a
set of values for the ordinate of each dimension in that region. Therefore, a region can be

understood as a mapping from dimensions to sets
k= {(51 — Si}.

Let us look at how x € k and k C k' are specified, and see how their definitions lead

naturally to an implementation. They are as follows:

k €k < dom k C dom k AV; € dom k, k(d;) € s;
kCk' < domk' CdomkAVs e domk', k(§) CK'(5) A3S; € dom k' s.t. k(d;) C K'(8;).
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There are two components in the above two cases that must be restricted to make best-
fitting decidable, x(d;) € s; and k(d) C k'(d): in other words, is an atomic value in some
set, and is one set a subset of another. Therefore, to make bestfitting decidable, it is the
definition of the set of values for an ordinate in a region that must be restricted.

Our solution is to restrict an ordinate to being one of the following three cases:
1. a single atomic value,

2. a type, or

3. a set whose containment procedure is decidable.

The concrete syntax for regions is similar to that for tuples, except that the left-arrow
symbol is replaced with the type of containment being specified. There is a different

symbol for each of the three cases above. The syntax is as follows:

region := [E;y containment E;1]
containment ::= is
| imp

The three cases for containment correspond to the three cases above. For the third case,

there are only two sets that can be specified
1. a range over integers, with the addition of the values infty and negintfy; and
2. another region.

One can imagine more types of sets for the third case, and more cases of containment,
as long as they are decidable. For example, a regular expression type of containment could
be implemented, so that strings matching a particular pattern could be bestfit against.
One could also imagine implementing pattern matching with data types in a manner
similar to Haskell. However, in such cases, one would need to be careful about checking

k; C k; should there be multiple valid regions.

8.5 Variable declarations

Here we extend the variable-declaration component of the where clause (§3.6) by adding
bestfitting syntax. Several declarations can be made for the same identifier, each with a
guard, and when the system is evaluated (§8.10), all of the definitions for each identifier
are combined into one declaration whose expression is a bestof clause.

The syntax for variable declarations is:
vardecl ::= var x guard = E ;;

where guard is the syntax Ey | £y from §8.4.
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For example, variable F' from the factorial function example in §8.4 could be written

as the following two variable declarations:

var F'[0is0] =1
var F' [0:1.infty] =#.0x (F@[0 <+ #.0—1])

which are transformed, of course, into the form below:

var ' = bestof
[0is0] =1
[0:1.infty] — #.0 x (F @ [0« #.0 —1])

end

In general, a set of declarations
var T E@'O | Eil = E@
is transformed into the following declaration:

var x = bestof E;y | E;1 — E;3 end

8.6 Function declarations

We extend function declarations in a manner similar to variable declarations, by allowing

bestfitting to be built-in to the declaration. The syntax for a function declaration is:
fundecl ::= fun x p; x; guard=F ;;

where each p; is one of *.”, ‘I’ or ‘', as in §3.7. As for variable declarations, which can have
multiple declarations for each identifier, function declarations are rewritten to a single
declaration with an appropriate expression, which defines a function, and additionally,
we require that the parameters used in each declaration for the same identifier be consis-
tent. We make use of the infrastructure provided by Operational TransLucid (Chapter 5),
which replaces function parameters with ¢ dimensions, and allow function parameters to
appear on the left-hand sides of the regions guarding each expression. Then, a series of n

declarations gives (i = 1..m,j = 1..n):
funx p; x; Ejol Ej1 = Ej
is rewritten to the single variable declaration:
var = bestof Ejolzi/¢s,] | Ej1 — (F(p1) 21 — -+ = F(Pm) Tm — Ej2) end

where F is defined in Figure 3.2, p.37.
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8.7 Data types

The user can declare data constructors, which are a shorthand notation for a function
that builds a tuple with specific fields present. There are two declarations used to define
a data type with constructors: data for the type, and constructor to declare each data
constructor.

The syntax of the data and constructor declarations is

datadecl ::= data x ;;

constructordecl ::= constructor x z* guard = x ;;
To define a data type T with constructors, the data type should be declared as
data T

then the constructors should be declared with the z to the right of the equals sign being T'.
Each constructor can be declared with as many arguments as desired, and can also be
guarded, so that only certain types or sets of values can be used to construct a value.

A data object is just a tuple, and the data and constructor declarations use a number of
dimensions in the resulting tuple to describe a data object. Every data object will always
have the type and cons dimensions present, and they will be the name of the data type
and the name of the constructor respectively. Then, if a constructor has m arguments,
those arguments will be stored in the fields arg0 through to arg(m — 1).

The data type itself can then be used as an identifier, because a data declaration for

type T results in a declaration
var T = [type is “T7]

Then, that type can be used with bestfitting, to match any argument that is a list whose
type dimension is set to “T7.

For example, a list type could be declared as follows

data list
constructor Nil = list

constructor Cons a b [b: list] = list
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Those three declarations would result in the following three variable declarations:

var list = [type is “list”]
var Nil = [type « “list”, cons < “Nil”]
var Cons = AYa — A\"b —
bestof
[b: list] — [type < “list”, cons <— “Cons”, arg0 < a, argl < b]

end

We can then define the standard list functions head and tail as follows, with a guard to

check that the list is not empty:

fun head.l [l : [type is “list”, cons is “Cons”]| = l.arg0

fun tail.l [I: [type is “list”, cons is “Cons”]| = l.argl

With the list type, we can then write a length function that uses bestfitting to check that

its argument is a list:

fun list_length.l [l is Nil] =0
fun list_length.l [l : list] = 1 4 list_length.(tail.l)

Below is an example of a function that flattens a list of lists, of arbitrary depth, to a single
list:

fun flatten.l [l is Nil] =1
fun flatten.l [l : list] = concat.(flatten.(head.l)).(flatten.(tail.l))
fun flatten.l = Cons.l.Nil

8.8 Operator declarations

For convenience, postfix, prefix, and binary infix operators can be defined by the user, along

with their precedence and associativity. An operator is declared using the op declaration.
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The syntax for an op declaration is:

opdecl ::= op op = oparg ; ;
oparg ::= OpPostfix.string.call_type
| OpPrefix.string.call_type
| OpInfix.string.call_type.assoc.intmp
assoc ::= AssocNon
| AssocLeft
| AssocRight
call_type ::= cbv
| cbn

op = (Symbol |V |%|*|-|.|&|/|:)F

The symbols OpPostfix, OpPrefix and OpInfix are constructors whose data type is
OpType; the symbols AssocNon, AssocLeft and AssocRight are nullary constructors
whose data type is Assoc; and the symbols cbv and cbn are nullary constructors whose
data type is CallType. Their full definition is in §9.1.

The parser uses the information provided by the operator declarations to build a parse
tree using the precedence and associativity declared by the user. Take as example the
following expression. We write op,, to mean an operator symbol of precedence n, and

assume that the operators are left-associative. If the input is of the form:
Ey op, Ey opy B

then after recognising the operator symbols and looking up their precedence, the parser
would parse this as:
Eq op; (E1 op, Es)

Supposing that the operators are both for call-by-value functions f and g respectively,

then that expression would be subsequently rewritten to:
J1Ey! (9! B! Es)
which is the final TransLucid abstract syntax.

8.8.1 Postfix and prefix operators

The postfix and prefix operators are defined similarly, using the OpPostfix and OpPrefix
functions. They both take two arguments: the first being the function to map the operator
to, and the second being true to map to call-by-name, and false to map to call-by-value,
allowing the user to choose whether the arguments to an operator are evaluated lazily or

eagerly.
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If we have defined an operator like so
op s = OpPrefix.f.true

then any occurrences of
s kB

will be translated to
fE

and the following function declaration is expected
fun f X = F'
The case is similar for call-by-value and postfix operators.

8.8.2 Binary infix operators

In addition to the first two parameters, which are the same as for postfix and prefix
operators, the associativity and precedence of binary operators are defined by the user.

For associativity, there are three cases:

AssocNon the operator is parsed as non-associative, meaning that it is an error for more

than two non-associative operators to appear next to each other;

AssocLeft the operator is parsed as left-associative, meaning that more than one operator

of the same precedence next to each other will be grouped from the left;

AssocRight the operator is parsed as right-associative, meaning that more than one op-

erator of the same precedence next to each other will be grouped from the right.

The precedence of operators is specified as an intmp value, meaning that any integer
representable on the host system is available as a precedence. The parser groups operators
based on their precedence if multiple operators of the same associativity appear next to
each other, then, as by the standard rules, operators are grouped based on which has
higher precedence.

The ability to define operators as either call-by-value or call-by-name has an interesting
implication, in that certain operations, such as conditionals, can be lazy or eager as the
user desires. For example, the TransLucid standard library has the following declarations

for the || and && operators:

op || = 0pInfix."bool or".true.AssocLeft.15
op && = OpInfix."bool_and".true.AssocLeft.20
fun bool_or XY = if X then true else Y fi
fun bool_and X Y = if X then Y else false fi



CHAPTER 8. THE TRANSLUCID/C++ SYSTEM 161

Since both of these are call-by-name, the second argument to both will not be evaluated
unless the first is true in the case of ||, and false in the case of &&.

In addition to operators like || and && that can be implemented completely within
the language, there are a number of operators that are mapped to host functions §8.3
through the call-by-value functions that they are mapped to by the op declaration. For
each operator that is mapped to a call-by-value function, that function can have multiple
definitions, guarded by the appropriate types. This allows multiple data types to use the
same operator symbol for an operation. For example, the TransLucid standard library has

the following declaration for addition:
op + = OpInfix."plus".false.AssocLeft.100
For intmp addition, there is the following definition of the function plus:

fun plus!a!b [a imp intmp, b imp intmp| = intmp_plus.(a,b)

8.9 External libraries

The TransLucid programming environment can be extended through the use of external
libraries loaded at runtime. An external library can add to the system in two ways: 1) by
adding new data types and functions, which extends the language by adding to the set D
and the function ¢; and, 2) by adding any of the declarations described in this chapter.

For an external library to work, there must be a programming API for each of the
declarations, and the host environment (the programming language, the operating system
and the compilation model) must have the ability to load dynamic libraries at runtime.
In the current implementation, which is written in C++4, and runs in a Unix environment,
libraries are opened using the 1ibtool library, and if the library’s name is t11ib, then
it must provide a function 1lib_tllib_init, which initialises the library and adds its
declarations to the system.

A library is declared using the library declaration, which has the following syntax
libdecl ::= 1ibrary id ;;

The declaration

library! ;;

opens the library whose name is [, and whose executable can be referred to as 1ibl, and
is found in the operating system’s standard search path. The function 1ib_[_init is then

run, which should add the libraries declaration to the system.

8.10 The TransLucid system

A TransLucid system is a set of declarations, which are provided with the purpose of

giving the definitions of variables, functions, data types, and operators so that a set of
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expressions can be evaluated. To illustrate this point, we present a small session in the

tltext command line interface to the TransLucid interpreter [5]:

op ** = OpInfix."exponent".cbv.AssocRight.400 ;;
fun exponent!al!b [a imp intmp, b imp intmp] = exp.b.a ;;

fun exp.n = P
where
dim d <- n ;;
foy.d (\_s —> 1) (\_ {d} s -> s * P.s) ;;

var P

end ;;
Toth

2%x10 ;;

Here, we define an operator **, which stands for the function exponent, which is provided
as a suitable interface to the exp function presented in §4.13. This is defined so that the
expression 2**10 is equivalent to the function call exp.10.2, and computes 2 raised to
the 10th power. The symbol %% separates the declarations from the expressions to be
computed.

The presentation above glossed over the fact that several of the declarations require
the evaluation of other declarations for the parser to even work. For example, to parse
an operator symbol op, it is necessary to evaluate the function application operator.op.
The definition of operator in turn uses several data declarations. In addition, to compile a
variable declaration for an identifier x, it is necessary that all of the variable declarations
for x be present, so that it can be combined into one definition. So how does all of this
work so that declarations can be parsed and processed in the appropriate order and have
the system still work?

The syntax is designed so that all of the declarations can be recognised without requir-
ing them to be parsed. This way, they can all collected without being processed, and then
they are parsed in a completely lazy manner. The parser starts by parsing the expressions
to be evaluated, and then only parses declarations as they are required. Furthermore,
once evaluation starts, declarations are still only parsed as they are required. This has the
side effect that declarations that are never needed are not even parsed.

From this point it is a trivial matter to map the concrete system into Operational
TransLucid. Conceptually, the declarations presented in this chapter, along with any
dimension declarations (allowing global dimensions), are grouped together into one (po-
tentially very large) where clause, whose body is the expression to be evaluated. Should
there be more than one expression to evaluate, each expression is evaluated as though it

is the body of the aforementioned where clause.
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8.11 Time

The system presented in the previous section is still not the complete story. The complete
Translucid interpreter, in fact, is a programming environment—a synchronous reactive
system—that evaluates expressions using declarations presented in a sequence of time
instants. Everything presented up to now is for one instant, and is still valid for any
single instant, with some rules about the interaction with previous and future instants.
The extension to multiple time instants is achieved by the system simulating a sequence
of discrete time instants, and by the addition of a time dimension whose ordinate is the
current instant—a natural number, starting from 0—being simulated.

At each time instant being simulated, the system takes as input all the declarations
for that instant, and evaluates any expressions requested. Then, the clock is incremented
and the process repeats until something tells the system to stop.

To allow the user to access information about which instant the system is currently
running, we add a time dimension, whose ordinate when evaluating a demand will always
be the number denoting the current instant. Consider the following input to the tltext

program to see the use of the time dimension:

hte
#.time ;;
$$
hte

#.time ;;

the output is:

2

The current instant is terminated using the $$ token, which tells the system to process
the demands and declarations from the current instant, increments the clock and waits
for more input. The only difference between instants is the time-ordinate.

Some restrictions must be made to the use of the time dimension. To be consistent
with time in the real world, we must not be able to change the past, we can only access
the past if the information from the past still exists, and we cannot access the future.

Therefore, we make the following restrictions in how the time dimension is used:

1. Declarations only affect instants from when they were made, and no declaration can

be made that changes a past declaration.

2. A computation looking into the past can be carried out, and the system will compute
whatever it can based on the declarations that it still has. If some declarations have

been deleted, then the computation will fail.

3. The time-ordinate cannot be increased using a context change expression. Attempt-

ing to do so will produce an spaccess special value.
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At any given instant, the set of declarations used by the system is the set of the
most recent declarations for each variable. In addition, a declaration can have the time
dimension mentioned in its guard, however, this is orthogonal to whether a definition is
included in the current set of declarations. Bestfitting is about choosing the most specific
definition during evaluation, after the appropriate declarations for an instant have been
chosen.

For example, if the following declaration for variable A were made at instant 5:
var A [time is 3| = F ;;

it would never be used, because it would not be seen at instant 3.

8.12 Input and output

Finally, to conclude this chapter, we present a means for the system to take finite multi-
dimensional arrays as input, and to produce finite multidimensional arrays as output. Up
to this point, except for demand-driven evaluation, the discussion has been entirely about
the infinite, but at some point, it is necessary for finite objects to be passed around—either
by the system being required to compute some finite amount of data, or by there being
some finite amount of input to the system that the system is required to transform.

As alluded to in Chapter 6, an input is just a cache, that has the relevant entries
already filled-in. This was necessary because the cached semantics uses £, a mapping
from identifiers to expressions, instead of (, a mapping from identifiers to intensions. Any
input to the system can be assumed to be in (, because it is a mathematical object. But
this doesn’t work for &, because it specifically maps to expressions, and the inputs to the
system are most likely not presented as expressions. Therefore, it is necessary to initialise
a cache with every entry in any inputs.

In Chapter 6, using a cache for inputs was the natural choice, given that the environ-
ment mapped to expressions. In moving to the concrete system, it is, in fact, the correct
solution that all inputs be initialised as a cache. This is consistent with the intuitive point
of view—a cache is just a store of values, as is an input.

We add two declarations to the concrete system so that it can accept multidimensional
arrays as input: indim and invar. It is necessary to declare dimensions that will be in the
domain of input variables so that the system knows that it should treat these as special

cases. The syntax of the indim declaration is:
indimx ;;

The input variable declaration is similar to the variable declaration, including with best-
fitting, except that each guarded definition is a URL to a source location, which is a
multidimensional array. This allows a single input variable to have multiple sources and
to be grouped together so that a whole array of inputs can be referred to by one variable.

In addition, an input variable can be initialised with an expression so that some part of
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the input variable has a default value. The syntax for the invar declaration is:

invar x guard < source ;;

invar x guard = F ;;

For the second version of the definition, £ should either be constant or other inputs, with
no dependency loops between variables.

Output variables are declared similarly, and are also informing the system about a
finite multidimensional array. However, the semantics is entirely different. Writing to
an output variable is the only part of the whole TransLucid system that produces a side
effect. Up to this point, everything presented has been declarations, since TransLucid
is a declarative language. Other than evaluating single expressions, there has been no
means to make the system actually do anything. Despite the fact that writing to output is
an operation with a side effect, it is still done declaratively. Since the TransLucid system
evaluates with respect to a time dimension, output declarations are made per-instant, and
these have to be consistent. Only if a whole output request is defined, and is consistent
with all other declarations, is the output sent off at the end of an instant.

There are three keywords for declaring outputs: outdim, outvar and outvardest.

The reasons for needing outdim are analogous to those for indim. Its syntax is:
outdimx ;;

The outvardest declaration provides the system with the location of an output variable,
which is similar to an input variable, but it is understood that the location is a multidi-

mensional sink. The syntax for the outvardest declaration is:
outvardest = guard — dest ;;
The syntax for the outvar declaration is:
outvar x guard :=F ;;

The reason for having a guard for both outvardest and outvar is that the location being
written to could be defined over several regions, and the data being written could be

defined by several expressions over different regions.

8.13 Conclusion

This chapter has presented a complete Concrete TransLucid system, which is completely
declarative, with physical inputs and outputs, yet is reactive and responds to requests
to do work. Furthermore, none of this required another language to describe—all of
these features can be described in the same language, simply by extending the declaration

mechanism, and using the existing expression evaluation infrastructure.
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This Concrete TransLucid system is implemented as a C++ library, and the tltext
interface (§8.10) is just a textual interface to that library. In fact, as part of the source dis-
tribution, a web-based text interface is provided, which is similar to the t1text interface; a
version of this interface is running at http://translucid.web.cse.unsw.edu.au/tlweb.
This means that the inputs and outputs to tltext can come directly from C++, or from
any location that the user can write down.

Not all of the input and output mechanism presented is actually implemented, rather,
the declarations presented in §8.12 are only implemented internally. The tltext interface
uses the C++ system API to add declarations and demands for computation internally;
in addition, arguments can be passed on the command line which are added as an input
variable. However, there is currently no mechanism for the user to add input from arbitrary
sources.

What is missing from all of this is a system abstraction, which would be a TransLucid
system that can be created inside another system, and passed around just like any other
abstraction. This would require a clock dimension that can be passed as a parameter, so
that a system abstraction can exist inside another system at a single instant, but have its
own clock, accessible by the outer system. The clock of the internal system could then run
infinitely faster than the outer system, and in one outer tick, the outer system could pull
out the result of calculations after the internal system has run several ticks of its internal
clock.

Also required is a semantics for multiple systems interacting with each other, adding
input to and requesting demands from each other. But for all this the focus would be
the semantics of time, synchronisation of clocks, distribution of computation, atomicity of
communication and all of the other difficulties inherent in distributed computation.

The author, with John Plaice and Blanca Mancilla, designed a mechanism for a sys-
tem abstraction to be created internally to an outer system, along with a clock dimension,
presented in a 2013 Spatial Computing Workshop article [33]. It is necessary to pass finite
multidimensional arrays to internal systems, and to be able to accept finite multidimen-
sional arrays as the output from those systems. So part of that mechanism includes a block
demand expression, written E $ [-- -], which forces the evaluation of E over the specified
region, so that the resulting finite array can be passed around. The key idea of the article
was multiple systems sitting in a systolic array, all carrying out a small part of the over-
all computation. However, this lacked proper semantics and has not been implemented.
Nevertheless, the approach is correct, and if the issues brought up by this chapter were
resolved, systolic arrays of systems would be trivial in TransLucid.

The open problems left by this chapter are substantial, and are probably worth another
PhD in themselves. With these problems resolved, TransLucid would become suitable for
various methods of distributed programming, all within a declarative framework, and all
described by the one language, with no need for extra formalisms, languages or systems

to coordinate the processing nodes.


http://translucid.web.cse.unsw.edu.au/tlweb

Chapter 9

The TransLucid Standard Library

This chapter describes the TransLucid standard library, which is defined in the standard
header to tltext, found in the file src/tltext/header.tl in the TransLucid distribu-
tion [5].

9.1 Data types

The TransLucid standard library defines several data types, defined using the data and

constructor declarations. These are described below.

9.1.1 Associativity

The data type describing the three types of associativity of operators: left, right and

non-associative is declared as:
data Assoc
and has the following members:

constructor AssocNon = Assoc
constructorAssocLeft = Assoc

constructor AssocRight = Assoc

The associativity data objects are used in defining the TransLucid operators (§9.2).

9.1.2 Call type

The data type used to describe how a function is called is defined as follows:

data CallType
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and has the following members:

constructor cbv = CallType

constructor cbn = CallType

9.1.3 Operator types

The data type describing the operator types: prefix, postfix and infix, which are used to

define each TransLucid operator (§9.2), is declared as:
data OpType
and has the following members:

constructor OpPostfiz a b [a imp ustring, b imp bool] = OpType
constructor OpPrefiz a b [a imp ustring, b imp bool] = Op Type
constructor OplInfizx a bcd [a : ustring,b: CallType,c : Assoc,d : intmp| = OpType

9.2 Operators

The infix binary operators are defined in Table 9.1. Their definitions are in the standard

header in the form:

op Symbol = OpInfix.string.bool.Assoc.intmp

Table 9.1: TransLucid infix operators

Operator | Precedence Associativity cbn/cbv Function
+ 100 left cbv plus
- 100 left cbv minus
* 200 left cbv times
/ 200 left cbv divide
% 200 left cbv modulus
< 50 non cbv It
<= 50 non cbv lte
> 50 non cbv gt
>= 50 non cbv gte
== 25 non cbv eq
I= 25 non cbv ne
&& 20 left cbn bool_and
Il 15 left cbn bool_or
>> 100 left cbv concatenate
0 non cbv range_construct

The unary prefix operators are described in Table 9.2. They are declared in the
standard header as:

op Symbol = AssocPrefix.string.bool
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Table 9.2: TransLucid prefix operators

Operator | cbv/cbn  function
= cbv negate
Na cbv sqrt

9.3 Variables

There are several pre-defined variables in the standard library; these are described in the

following sections.

9.3.1 Ranges

There are several pre-defined ranges over integers; these are as follows:

var pos = 1..infty
var nat = 0..infty
var int = neginfty..infty

var neg = neginfty..”1

9.3.2 Types

Each of the predefined types has an associated identifier; these are as follows:

var ntmp = type"intmp"
var uchar = type"uchar"
var ustring = type"ustring"
var floatmp = type" floatmp"
var bool = type"bool"

var special = type"special"

9.3.3 Special values

None of the special values are recognised by the parser, and need to be defined using type

literal syntax. For convenience, we declare a variable for each special value as follows:

var spdim = special"dim"
var spaccess = special"access"
var sptypeerror = special'typeerror"

var spundef = special"undef"
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var spmultidef = special"multidef"

var sploop = special"loop"

9.4 Atomic functions

There are a number of functions that operate only on atomic values. These are described

in the following sections.

9.4.1 min and max

The function min.a.b (resp. maz.a.b) returns the smaller (resp. greater) of two values a
and b.
fun min.a.b = if a < bthena elseb fi

fun mazx.a.b = if a < b then b else a fi

9.4.2 ilog

The function ilog.n computes [logy(n + 1)].

fun ilog.n = asa.d (#.d) (double > n)
where

dimd <+ 0

var double = fby.d 1 (double x 2)

end

9.5 Intensional functions

There are several standard functions that manipulate intensions in particular directions.

These are presented in the subsections below.

9.5.1 at

The function at.d.n X is provided as a convenience for changing the context with a single
dimension.
fun at.dn X = X @[d < n|

9.5.2 first

The function first.d X returns element zero of the intension X, in direction d.

fun first.d X = at.d.0 X
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9.5.3 wvr

The function wvr.d X Y takes two intensions, X and Y, both varying in dimension d, and

defines an intension which has the values of X at the positions where Y is true.

fun wor.d XY = at.dT X
where
var T = fby.d U (at.d.(T + 1) U)
var U = if Y then #.d else next.d U fi

end

9.5.4 upon

The function upon.d X Y takes as input two intensions, and creates a stream that repeats

the current element of X as long as Y is false, only giving the next element of X when Y

is true.
fun upon.d X Y = at.dT X
where
var T'= fby.d 0 (if Y then T + 1 else T  fi)
end
9.5.5 merge

The function merge.d X Y merges the two sorted infinite arrays X and Y.

fun merge.d X Y = if X’ <Y’ then X' else Y’ fi
where

var X' = upon.d X (X' <Y’)

var Y = upon.dY (Y < X')

end

9.5.6 asa

The function asa.d X Y returns the first entry of X for which the corresponding entry

of Y is true.
fun asa.d X Y = first.d (wor.d X Y)

9.5.7 rotate and transpose

The function rotate.d.d’ X takes as input two dimensions and an intension, and produces

an intension having the values of X which varies in dimension d’ instead of d.

fun rotate.d.d X = at.d.(#.d) X
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The function transpose.d.d’ X takes as input two dimensions d and d’, and an inten-

sion X, and swaps dimensions d and d’ for X.

fun transpose.d.d X = X @ [d + #.d',d' <+ #.d]

9.5.8 Default values

There are one- and two-dimensional functions for surrounding values from an intension
in a sea of default values. These both take as input an intension X and the region over

which to use values from X. They are defined as follows:

fun default;.dmnv X =Y
where
var Y [d:m..n] =X
var Y [d: nat] = v
end
fun defaulty.dy.my.ny.da.monsv X =Y
where
var Y[dy : my.ny,dg : mo.ng] = X
var Y[d; : nat,ds : nat] = v

end

9.5.9 Divide-and-conquer functions

There are two functions for tournament-style computation: one for computations in one
dimension, another for computations in two dimensions. A tournament computation in
one dimension collapses elements next to each other using a user-specified function, and
in two dimensions collapses groups of four elements next to each other.

The two functions [Pair.d X and rPair.d X give the left and right elements of the

input array X in direction d.

fun [Pair.d X = X @[d + #.d x 2]
fun rPair.d X = X @[d + #.d x 2+ 1]

There are four functions for producing the elements from the appropriate corners of a
two dimensional array for a two-dimensional tournament computation. These are defined

as follows:

fun NWofQuad.di.de X = X @ [dy < #.d1 X 2,ds + #.d2 X 2]

fun SWofQuad.dy.de X = X @[dy + #.dy X 2+ 1,d + #.d2 X 2]
fun NEofQuad.dy.de X = X @ [dy + #.dy X 2,dy + #.d2 X 2+ 1]
fun SEofQuad.di.dy X = X @[dy <+ #.dy X 2+ 1,dy <+ #.dy X 2+ 1]

The two functions tournamentOp;.d.n.g X and tournamentOpg.di.de.n.g X carry out
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a tournament computation in one and two dimensions respectively. The parameter n is
for how many elements to use for the computation, and ¢ is a function that combines the

elements at each level.

fun tournamentOp,.dn.gX = first.dY
where
dim t < ilog.n
var Y = fby.t X (9! (LofPair.dY)! (RofPair.dY))

end

fun tournamentOpy.dy.do.n.gX = first.dy (first.d2 Y')
where
dim t < ilog.n
var Y = fby.t X (9! (NWofQuad.dy.d2 Y) ! (NEofQuad.dy.dy Y')
' (SWofQuad.dy.do Y') ! (SEofQuad.dy.dy Y))

end



Chapter 10

Conclusions

This thesis presented the TransLucid programming language, from its denotational seman-
tics in Chapter 2, right through to its concrete implementation in Chapter 8. In presenting
TransLucid, this thesis set out to solve several open problems left in the history of Lucid,

and added a few questions of its own. These were:

e Dimensions as first-class values, atomic values as dimensions, and contexts as first-

class values;

The semantics and implementation of higher-order functions over intensions;

The semantics and implementation of a cached evaluator;

The semantics and implementation of a concrete TransLucid system;

Static analysis with the assumption that the principal type of an object is itself.

The first solved problems are higher-order functions with first-class dimensions and
contexts; these are solved in Chapters 2 and 3. In addition, there is an underlying goal
of making the language implementable. The presentation starts with the syntax and de-
notational semantics of a basic function language, called Core TransLucid. Its syntax
(Figure 2.1, p.23) is specified by adding only four new syntactic elements to those of
standard functional programming languages: the context (#), the tuple constructor [-- -],
the context perturbator (@), and the wheredim clause. Then, the denotational semantics
of a variable is an intension, which maps contexts to the semantic domain D (Defini-
tion 1, p.20); the semantics of an expression is a mapping from environments to intensions,
where an environment maps variables to intensions. This semantic domain is based on the
set D of atomic objects, whose members, as explained in Chapter 8, can be chosen by an
implementation.

The first version of the denotational semantics, called non-deterministic (Definition 12,
p.24), gives the meaning of an expression E in an environment ¢ and a runtime context x.
Identifiers in the environment are lexically bound, whilst the entities in the context are
dynamically bound, permeating the entire program, in a manner similar to UNIX envi-
ronment variables. However, unlike for UNIX environment variables, the control of the

TransLucid context is extremely fine-grained. This runtime context is used as an index
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into the intension defined by F in the environment (. The wheredim clause allows unique
local dimensions to be allocated, so that an array used for a subcomputation can be made
orthogonal to every other array in a program. These dimensions are allocated from an
infinite set of available dimensions (Figure 2.3, p.25), which is split at each branch in the
evaluation tree, ensuring that each dimension allocation is unique. However, since this is
not implementable, the deterministic semantics (Definition 13, p.26) takes the first step
in moving TransLucid towards an implementation by making the allocation of dimensions
deterministic, by threading a list through the p ordinate of the running context x, which
represents the evaluation stack of the current expression. Then, the wheredim clause
in Figure 2.4 (p.26) allocates dimensions by taking values from a set of dimensions x!,
indexed by the list v = k(p) and a natural number i.

Whilst the Core TransLucid language can completely express higher-order intensional
programming, expressing higher-order functions and writing canonical TransLucid pro-
grams in Core TransLucid is verbose. Therefore, Chapter 3 presents TransLucid, which
is the language in which the user writes expressions. TransLucid adds several function
abstractions to the core language, and combines the wherevar and wheredim clauses into
a single where clause, all without changing the core language, but by defining syntactic
transformations from TransLucid to Core TransLucid. In some sense, TransLucid is to
Core TransLucid as C++ is to C; they are equally powerful, yet TransLucid produces clearer
and more concise programs. The example in §3.6 (p.36) demonstrates the reduction in
verbosity by using a single where clause. The abstractions of TransLucid are implemented
using Core TransLucid by passing the appropriate context around when abstractions are
created and applied. For example, the intension abstraction expression (1 E) creates
a function that takes a context as parameter, and evaluates its body in that context
(Ax — F @ k), then the intension application expression (] E) simply applies the current
context to its body (F.#). The other abstractions are defined similarly.

The choice of function abstractions in TransLucid is made by recognising the different
ways that abstractions can behave with respect to their argument and the context. There

are five options available for function abstractions, a function can:
1) take no argument (intensions, with item (4));

2) take one argument (base, call-by-value and call-by-name functions), for these there

are two more options:

(a) their argument is evaluated when the function is applied (base functions, with

item (3), and call-by-value functions, with item (4)),

(b) their argument is evaluated at the context in which it is used inside the body

of the function (call-by-name functions, with item (4));
3) have their body evaluated without respect to the runtime context; or

4) have their body evaluated with respect to the runtime context.

Combining options (1) and (3) would give a constant intension, and has little use
outside the semantics (see Figure 2.2, item (2.5), p.24). Option (2)(b) with (3) would give
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call-by-name functions that are not evaluated with respect to the current context, which
also seems to have little point. In summary, the valid options for abstractions are: i) the
intension, which takes no parameter and is evaluated with respect to the context at which
it is applied; ii) the base function, which takes one parameter which is evaluated when
applied, and whose body is evaluated with no context; iii) the call-by-value function, which
takes one parameter which is evaluated when applied, and whose body is evaluated with
respect to the context at which it is applied; and iv) the call-by-name function, which takes
one parameter that is evaluated with respect to the context at which it is used inside the
function, and whose body is evaluated with respect to the context at which it is applied.

With the semantics of higher-order functions solved, the presentation moves towards
an implementation. The key problem in implementing TransLucid is the use of the envi-
ronment for abstractions. For the semantics of base functions and call-by-value functions
(Figure 2.2 item (2.5) and equation (3.4), p.35), both pass their function parameters by
modifying the environment with a constant intension. The abstraction created needs a
closure over the entire environment to function correctly. Chapter 5 presents the way in
which uses of the environment are transformed to uses of the context, leaving the only
manipulation of the environment to the wherevar clause. This way, no closure over parts
of the environment is required, and the exact dimensions that need to be retained for the
closure to be correct are made explicit in the ® parameter that is part of each abstraction
(see §5.3, p.70).

Chapter 6 continues the goal of moving towards an implementation by presenting
eduction, which evaluates a TransLucid expression in a single context, and repeatedly
evaluates any resulting demands for (x,x) pairs until the result is reached. However,
this naive model leads to huge amounts of repeated computation, and is not effective.
To alleviate this, results are cached. The difficulty with caching is that the dimensions of
relevance are not known until one begins evaluating an expression. To solve this, §6.4 (p.82)
describes a back-and-forth interaction between the evaluator and each cache node, with
§6.6 (p.88) giving an operational semantics of that procedure. This solves a problem
existing in Lucid-like languages ever since multidimensional streams, which goes back to
the original pLucid interpreter [43]; that feature was, in fact, present, but undocumented
because of the lack of a solution. Furthermore, multidimensionality became explicit in
Indexical Lucid [9] in 1995, further compounding the problems, and since then there has
been no complete solution to the problem of caching.

Completing the goal of moving towards an implementation, Chapter 8 presents Con-
crete TransLucid, which builds a complete TransLucid system that takes real input and
produces real output. Concrete TransLucid specifies that the atomic objects provided by
the host system are the base set D for the semantic domain D, and that the operations
provided by the host system are the interpretation of constants ¢. These are provided by
the concrete system as the set of atomic objects that can exist in the host environment,
and the set of functions that can operate over them. For these to be accessible inside
the language, concrete syntax is provided for writing down atomic objects in §8.1 (p.143),

along with concrete syntax for expressions. Some of the functionality of the concrete sys-
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tem is built in TransLucid itself, so a minimum set of objects in D is required for the
system to work (§8.2, p.149); these are the Booleans, integers, Unicode characters, and
Unicode strings.

Concrete TransLucid contains a number of declarations, which are all syntactic sugar,
to enrich the programming environment with more useful notation. Many declarations can
be guarded by context regions, and then only the definition applicable will be chosen, so
first a new kind of conditional called bestfitting is defined (§8.4, p.152). Then the different
kinds of declarations are presented: the variable declaration (§8.5, p.155), the function
declaration (§8.6, p.156), the data type declarations (§8.7, p.157), and the operator dec-
larations (§8.8, p.158), which make the syntax for expressions more friendly to the user.
In addition, the system has both a library interface and a textual interface, so that it can
be used by both C++ programs and from the command line.

Finally, the concrete system was extended by adding time (§8.11, p.163), and input
and output (§8.12, p.164), to produce a synchronous reactive system. This system allows
arbitrary multidimensional input to be given to the system, and for the system to produce
multidimensional arrays as output, furthermore, this can be done as the system simulates
clock ticks. The deficiencies in input and output are that in the current implementa-
tion, the means to specify the location of an input or output is quite limited. But the
infrastructure is there for this to be extended.

It is at this point that the development of Lucid comes full circle. The original idea
for Lucid, in 1974, was that a variable was an infinite stream changing through time.
Whilst the semantics of a variable evolved to a multidimensional intension, the semantics
of a system is exactly a set of streams varying through time, which obey the prefix order.
The whole system itself with the relevant inputs and outputs all change through time,
the semantics of which is constrained by the fact that time in this universe continually
advances. The result being that one can only look into the past if it is remembered, the
past cannot be changed, and it is impossible to look into the future. The implications for
input and output are clear, because the order of operations is fixed by the progression of
time, so an input that arrives at time ¢ necessarily arrives before an input at time ¢ 4 1,
similarly for producing output.

The problems left by the development of Lucid have been completely solved, with the
implementation of a concrete TransLucid system allowing the user to evaluate TransLucid
expressions, and with the cached evaluator providing an effective and efficient mechanism
for evaluating in a completely dynamic system. This work has left several of its own
problems, and ideas for future work.

The cached semantics left an open problem: by changing the way that dimensions are
allocated to allow the cache to work, not all programs produce the same result as the
denotational semantics. However, we do not consider this to be a problem, since it is
suspected that only programs that would otherwise produce an error, or at least that are
so bizzare that no one would write them, will not be evaluated correctly. Nevertheless, it
is desirable that in the future there be some decidable procedure, i.e., a static semantics,

to determine if a program can be run correctly using the cached semantics.
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Chapter 8 leaves open the problem of a complete semantics of a system abstraction,
with input, output, synchronisation and all that distributed computing entails. Addition-
ally, the idea of a system changing through time, or other physical dimensions, leaves open

numerous possibilities. Some of these are:

e A system becomes a new kind of abstraction, and time is not a special dimension,
but rather, a clocked dimension passed as input from the system’s caller, possibly

declared therein.

e In each instant, there could be a set of environment variables, which are fixed for

that instant, but could take on different values in future instants.

e The exact parameters of numeric data types could differ from one instant to another,
or from one place to another. These parameters include the default precision of fixed-
precision integers or floating-point numbers, whether or not to use overflow-protected

integers, and how to handle floating-point exceptions.

e Multiple systems could be composed into a larger one. A particular case is that of
systolic algorithms. Ideas in this direction were presented by the author with John
Plaice and Blanca Mancilla in [33].

e Assuming advances in the semantics of timed systems, we can envisage more com-

plicated, non-synchronous, compositions of systems.

Finally, it should be stated that since the key semantic and implementation issues of
TransLucid are resolved, attention can be focused more on methodological and parallel
implementation issues. We believe that programming with multidimensional, infinite data
structures in an intensional manner allows programming to be viewed from a completely
new perspective. This intuition will only be confirmed through experimentation with
real problems, such as with multidimensional databases and simulations. With the right
analysis, it should not be long before parallel programming becomes mainstream, with the
programmer writing down the problem, and staying as far from the machine as possible,
so that efficient code can be generated no matter the architecture on which the program
happens to be running.

A glimpse of this is seen in Chapter 4, which presents a geometrical view of intensional
programming, and it is here that the implications of Cartesian Programming can be seen.
In TransLucid, a variable denotes an array, and many common programming problems can
be solved by flattening the data structures used to represent the problem, and iterating
over the resulting (non-hierarchical) arrays. By flattening out the data, and allowing every
part of a computation to be indexed, we have made the data involved in a computation
explicit. In fact this is the purpose of higher-order functions in TransLucid: to structure
data. They are rarely used in the way that a language such as Haskell uses them, which
is to describe computation. So, with the appropriate analysis, data and task parallelism
should become apparent, allowing programs to be reasonably distributed across parallel

computing networks.
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For example, merge sort (§4.12.4, p.63), which is often implemented recursively, in
TransLucid uses no functional recursion, but, instead, recurrence relations to define the
variables used in its definition. It is this explicit definition of the structure of a merge sort
that will allow an optimal implementation to be produced for it, including distribution over
a parallel computing network. Furthermore, there is a vast body of work in the analysis
of dependencies and the generation of iterative and distributed code from systems of
recurrence equations (see [44, 19, 20, 10]). With the appropriate static analysis, it should
not be difficult to implement such a scheme and produce incredibly fast code for evaluating
TransLucid expressions on a wide variety of architectures. There is also a vast body of
work in minimising the memory required to evaluate a system of recurrence equations
(see [36, 6]), so despite the fact that the TransLucid solution creates an array of size
(n?), an optimal implementation will only use £2(n) memory. The key to all of this is to
determine the rank of each variable in a program, and the dependencies between variables.

By examining the examples presented in Chapter 4, it can be seen that the infinite is
still very relevant to Cartesian programming. Rather than limiting the length of intensions,
programs can be defined much more naturally if one assumes that an intension is being
defined for an infinite number of entries. Then, it is only the demands made of the system
that limits what is computed. In fact, if the demands that will be made of a system can be
determined ahead of time, or at least constrained, then only code relevant to the demands
can be generated.

This should lead naturally to just-in-time compilation for TransLucid. The demand-
driven computation of the current interpreter becomes demand-driven over regions, and
then code specific to the computation of the requested regions can be generated on the fly.
This way, parts of programs that are never demanded, never even have their code gener-
ated. In fact, key to generating efficient code will be the interaction between a completely
static system, a dynamic system with just-in-time compilation, and the cache which ties
them both together. An efficient implementation can be seen as a cache which knows
something about the structure of a program in advance. If the hierarchy of dimensions
required and the dependencies between variables can be determined in advance, caches
with both more efficient memory layout and garbage collection schemes can be generated.
An example of this is an array whose elements are dependent on the previous element,
such as is the case when fby is used: to compute an element of such an array, only the
previous element need be retained. In this case, the cache is a single element, and garbage
collection throws out the old value immediately.

Chapter 7 presents a start on the question of static analysis, and is the most experimen-
tal chapter, by attempting to produce a type inference algorithm that is consistent with
the idea that the principal type of an object is itself. This idea is, in fact, a fundamental
idea in the design of TransLucid, and bestfitting (§8.4, p.152) is implemented with that
in mind, and any future static analysis should also operate based on that principle. The
type inference algorithm presented determines types by generating subtyping constraints,
rather than unification requirements, as is standard in type-inferring functional languages.

This allows the type of an object to be itself, rather than its atomic type, and for inferred
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types to be more precise, by allowing specific union types, such as ranges over integers.
Any static analysis will necessarily not be complete with respect to the denotational
semantics. Therefore, the goal for static analysis is to be as permissive as possible so that
most normal programs pass, but to be strict enough that enough information is gathered
to do something useful with it, such as generate faster code. The type inference chapter
has left a large volume of future work. Rather than making TransLucid a static language,
with a fixed type system, we have started with a completely dynamic system, and future
work is to determine suitable constraints on programs so that static analysis works for
reasonable cases, and can produce extremely efficient parallel code for most reasonable

programs likely to be entered by the user.
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