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Abstract

The results of this thesis are motivated by the investigation of abstract Cauchy
problems. Our primary contribution is encapsulated in two new theorems.

The first main theorem is a generalisation of a result of E. M. Stein [65].
In particular, we show that every symmetric diffusion semigroup acting on
a complex-valued Lebesgue space has a tensor product extension to a UMD-
valued Lebesgue space that can be continued analytically to sectors of the
complex plane. Moreover, this analytic continuation exhibits pointwise con-
vergence almost everywhere. Both conclusions hold provided that the UMD
space satisfies a geometric condition that is weak enough to include many clas-
sical spaces. The theorem is proved by showing that every symmetric diffusion
semigroup is dominated by a positive symmetric diffusion semigoup. This al-
lows us to obtain (a) the existence of the semigroup’s tensor extension, (b) a
vector-valued version of the Hopf-Dunford-Schwartz ergodic theorem and (c)
an holomorphic functional calculus for the extension’s generator. The ergodic
theorem is used to prove a vector-valued version of a maximal theorem by Stein
[65], which, when combined with the functional calculus, proves the pointwise
convergence theorem.

The second part of the thesis proves the existence of abstract Strichartz
estimates for any evolution family of operators that satisfies an abstract en-
ergy and dispersive estimate. Some of these Strichartz estimates were already
announced, without proof, by M. Keel and T. Tao [42]. Those estimates which
are not included in their result are new, and are an abstract extension of in-

homogeneous estimates recently obtained by D. Foschi [24]. When applied to
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physical problems, our abstract estimates give new inhomogeneous Strichartz
estimates for the wave equation, extend the range of inhomogeneous estimates
obtained by M. Nakamura and T. Ozawa [53] for a class of Klein—Gordon equa-
tions, and recover the inhomogeneous estimates for the Schrodinger equation
obtained independently by Foschi [23] and M. Vilela [75]. These abstract es-
timates are applicable to a range of other problems, such as the Schrédinger

equation with a certain class of potentials.
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Chapter 1

Introduction

Many initial value problems (such as the inhomogeneous Schrédinger, wave,

heat and Klein-Gordon equations) can be written in abstract form as
u'(t) + Lu(t) = F(t) vVt >0

u(0) =

(1.1)

where L is a closed linear operator on a Banach space B, u and F are B-valued
functions on [0,00) and f € Dom(L). A function u which satisfies (1.1) is
called a solution to the problem, the point f in B is called the initial data, and
F' is called the forcing (or source) term of the equation. If F' =0 then (1.1) is
called an homogeneous or abstract Cauchy problem; otherwise, it is referred to
as an inhomogeneous Cauchy problem.

In this thesis we explore what can be said about solutions to such problems
using techniques of functional analysis. Our journey takes us in two direc-
tions. First, we consider how the system has evolved locally, pointwise. More
specifically, suppose that for each nonnegative time ¢, the solution u(t) to the
homogeneous problem lies in a Lebesgue function space. If we write u as a
function (¢, x) — wu(t,x) of time and spatial variables, then when can we say
that

lim u(t + 7,2) = u(t, x)

T—0t

for almost every point x? This question may be translated to asking which



one-parameter semigroups acting on the Lebesgue space LP exhibit pointwise
convergence almost everywhere. E. M. Stein [65] showed that this question
may be answered in the affirmative in the case of symmetric diffusion semi-
groups which act on scalar-valued LP spaces. In this thesis we generalise Stein’s
result to show that this is also true of tensor extensions of symmetric diffusion
semigroups which act on an important class of vector-valued LP spaces. This
generalisation is stated in Theorem 1.3.5.

Second, given a particular inhomogeneous Cauchy problem (1.1), it is nat-
ural to ask the following question: Does (1.1) have a solution, and if so, is
this solution unique and continuously dependent on the initial data f? The
Cauchy problem is said to be well-posed if all parts of the above question have
an affirmative answer. While there are various tools designed to answer this
question, we focus on Strichartz estimates in particular. A Strichartz estimate
for (1.1) is an a priori spacetime estimate to the solution of (1.1) depending

on the norm of f and F'. Classically, such estimates have the form

el oo gy < € (Il ooy + 1P | prgiasany )

where n is the spatial dimension, p and p are the time exponents, and s and
s are the spatial exponents. The challenge is to find a wide range of norms
for which the spacetime estimate holds. In this thesis we prove the existence
of certain Strichartz estimates in a very general abstract setting. The two
main results are Theorem 4.2.2 (due to M. Keel and T. Tao [42, Theorem
10.1]) and Theorem 5.1.2 (which is a new result). The abstract Strichartz
estimates of these theorems will then be applied to concrete problems, including
inhomogeneous wave, Klein-Gordon and Schrodinger equations.

The structure of the thesis is as follows. Chapter 1 is devoted to elucidat-
ing these results within a broader mathematical and historical context. The
goal of Chapter 2 is to prove our extension of Stein’s pointwise convergence
theorem for symmetric diffusion semigroups. In Chapter 3 we give a collection

of mathematical tools which will be used to prove the results of the last two



chapters. We thereby hope that the thesis, and in particular our exposition of
the theory related to Strichartz estimates, will be mostly self-contained. Chap-
ter 4 gives a proof of the abstract Strichartz estimates given by Keel and Tao
[42, Theorem 10.1]. While Keel and Tao prove this theorem for a specific case,
they omit the proof of the general case. We hope that that our detailed proof
will be a welcome addition to the literature. Using techniques from Chapter
4, we prove some new abstract inhomogeneous Strichartz estimates in Chapter
5, before ending with a smattering of applications.

Throughout the thesis, there is one unifying example whose prominence is
deserved: the Gaussian semigroup {e~** : ¢+ > 0} on L?. On the one hand, this
semigroup is the prototypical example of a symmetric diffusion semigroup. On
the other hand, its boundary group {e®2 : ¢t € R} is the prototypical example

of an evolution group to which we apply the abstract Strichartz estimates.

1.1 Semigroups and Cauchy problems

The class of one-parameter semigroups of operators is one of the fundamental
mathematical objects that arise in the study of abstract Cauchy problems. The
aim of this section is to sketch out some key ideas behind this connection and

indicate some basic strategies for solving inhomogeneous Cauchy problems.

Definition 1.1.1. Suppose that B is a Banach space and that, for each non-
negative t, there is a bounded linear operator T; acting on B. We say that the

family {7} : t > 0} is a one-parameter semigroup on B if
(i) To = I, where I is the identity operator on B, and
(ii) Tsy¢ =TT, whenever s and ¢ are nonnegative.

If, in addition to the above two axioms, the B-valued map ¢t — T} f is continuous
on [0, 00) for each f € B, then we say that {7} : ¢t > 0} is a strongly continuous

(one-parameter) semigroup on B.



For illustrative purposes, we give two explicit examples of strongly contin-
uous semigroups. Our first is the (right) translation semigroup {7} : ¢ > 0},

which acts on the space C'(R) of continuous functions, and is given by
(L)) = fla—1) W>0 VfeC(R).

For the second example, consider an n X n matrix L with real entries. If T}
is defined by Ty = e~ £ then {7} : t > 0} is a strongly continuous semigroup
on R". Among other, more important, examples are the Gaussian semigroup,
given formally by

{e7™2 .t >0},

and the Poisson semigroup

If {T; : t > 0} is a strongly continuous semigroup on a Banach space B

then we define the generator —L of the semigroup by the formula

—Lf = lim tht_f

t—0t+

Vf € Dom(L),

where the domain of L consists of all f in B for which the above limit exists.
It is obvious that L is a linear operator. While L may be unbounded, one can

show that L is closed and has dense domain in B. Moreover,
Ti;(Dom(L)) € Dom(L) vt > 0,

the map ¢ — T} f is continuously differentiable on [0, c0) and

%th:_Lth Vf € Dom(L)

(see, for example, [18, Chapter 1]). Hence if —L is the generator of a strongly
continuous semigroup {7} : t € R}, f € Dom(L) and F' = 0, then the homoge-

neous Cauchy problem



(that is, (1.1) without the forcing term) has a solution u given by
u(t)=T,f  Vt>0. (1.2)

Moreover, since there is a one-to-one correspondence between strongly contin-
uous semigroups and their generators, we deduce that the solution w given by
(1.2) is unique.

With these considerations in mind, and taking inspiration from the case

when L is a square matrix, we often write
_ —tL
Ty=e,

where the right-hand side may not be more than a formal expression.

It is natural to ask, then, when a closed and densely defined operator is the
generator of a one parameter semigroup. This problem has received much at-
tention over the years. The following celebrated theorem, proved by K. Yosida
[80] and independently by E. Hille and R. Phillips [33], gives a characterisation
of generators in terms of spectral theory (see [58], [59] and [18]).

Theorem 1.1.2 (Hille-Phillips—Yosida theorem). Suppose that w € R,
M >0 and L is a closed densely defined operator on a Banach space B. Then

the following statements are equivalent.

(i) The operator —L is the generator of a strongly continuous semigroup

{T} : t > 0} satisfying

T3 < Me** vt >0.

(i) Every A greater than w lies in the resolvent set of —L and
|A+L)™™|| < M(A —w)™™
whenever m is a positive integer and A > w.

It can be shown that many operators (such as —A) associated with im-

portant Cauchy problems generate strongly continuous semigroups. In fact,



although the theory for solving homogeneous Cauchy problems extends far
beyond what we have alluded to here, these problems are relatively well un-
derstood compared to those that are inhomogeneous (see, for example, the
well-posedness results in [1]).

One way to approach the inhomogeneous Cauchy problem is to decompose

(1.1) into the homogeneous part with nonzero initial data
V'(t) + Lo(t) =0, v(0) = f, t>0,
and the inhomogeneous part with zero initial data
w'(t) + Lw(t) = F(t), w(0) =0, t>0.

By linearity it is easy to see that the solution u to (1.1) is equal to v + w.

Formally, the solution to the homogeneous and inhomogeneous parts are

v(t) = e tEf

and
¢
w(t) = / e~ E(s) ds
0

respectively. Hence the formal solution u of (1.1) is given by

t
u(t) = e L f + / e L P () ds.
0

The heuristics sketched here are known as Duhamel’s principle.

One can give a rigorous treatment of the above ideas by imposing suitable
conditions on L, f, F' and the solution space (see, for example, [8, Chapter 4]).
In this thesis, most of the generators we work with are selfadjoint on L? and
spectral theory will, in some appropriate sense, justify the formalism above.

From here, various approaches are possible. For example, suppose that

1 < p < oo and that L satisfies the a priori estimate

/0 I ()11 dt + / |Lu(t)]l dt < C, / P dt

VF € LP([0,00); B),



where w is a solution to (1.1) with f = 0. Such an operator L is said to
have mazimal LP-regularity on [0, 00). In this case, solving the inhomogeneous
abstract Cauchy problem (1.1) with nonzero initial data f may be reduced to
solving the corresponding homogeneous problem. In particular, this reduction
enables one to determine whether an inhomogeneous problem is well-posed.
Even though we do not pursue maximal LP-regularity in the thesis, much of
the mathematics that we explore in Chapter 2 has strong connections to the
development of this method. Readers who wish to explore these ideas further
are encouraged to read the excellent exposition [47] of P. Kunstmann and L.
Weis.

A different approach to the same kind of problem involves finding an a
priori spacetime estimate, known as a Strichartz estimate, to the solution of
(1.1). Strichartz estimates facilitate the use of fixed point theorems and ap-
proximation methods, so that solutions to the inhomogeneous Cauchy problem
can essentially be found from solutions to the homogeneous problem. The ap-
plication of these estimates to inhomogeneous problems will be illustrated in
Sections 4.1 and 5.9, justifying the search for Strichartz estimates, which forms
a major component of the thesis.

Before giving a proper introduction to Strichartz estimates, we attend to
some notation. Suppose that (X, i) is a positive o-finite measure space. If 1 <
p < 0o, denote by LP(X;B) the Bochner space of all B-measurable functions

F on X satisfying

171, = ([ 1F@1g dn@) ™ < oo

Denote by L*(X;B) the Bochner space of all B-valued measurable functions
which are p-essentially bounded. (As is customary, we will not distinguish be-
tween equivalence classes of functions and members of each equivalence class.)
The space of functions in L*(X; B) with compact support will be denoted by
L3°(X; B). In the case when B is the set C of complex numbers, LP(X; ) corre-

sponds to the space of complex-valued pth power Lebesgue integrable functions

7



on X, and we denote LP(X; C) simply by LP(X). If p is any Lebesgue-Bochner

exponent in [1,00], then denote by p’ its conjugate exponent, given by

+ —=1.

1 1

bV
For f € LP(X), we write f > 0 if f(z) > 0 for almost every z € X.
Whenever this is the case, the function f is said to be nonnegative. The subset
of all nonnegative functions of LP(X) is a Banach lattice and shall be denoted
by L% (X).

Throughout the thesis, we shall also use the notation

1Flle S K@) llglls

to mean

Iflle < CK@) llglls

where C' is a constant, possibly changing from line to line, depending only on
the Banach spaces B and C. In particular, C' does not depend on the functions
f or g or on the variable j. If we write A &~ B then we mean that A < B and
B < A.

1.2 Strichartz estimates

Consider the inhomogeneous Schrodinger initial value problem

Wl (t) + Au(t) = F(t) V>0

u(0) = f,

(1.3)

whose formal solution w is given by
via Duhamel’s principle. In the seminal paper [67] published in 1977, R.
Strichartz showed that if u is a solution to (1.3) in n spatial dimensions and

q=2(n+2)/n, then

||u||Lq(]R;L¢I(Rn)) S ||f||L2(]R") + ||F||Lq’(R;Lq’(Rn)) (1-4)

8



whenever f € L*(R") and F € LY (R; L7 (R")).

The above spacetime estimate was a corollary obtained from an investiga-
tion of Fourier transform restriction theorems, going back to the work of P.
Tomas [71] and E. M. Stein [64]. In particular, Strichartz [67] posed the fol-
lowing question: If S is a subset of R" and p is a positive measure supported
on S with temperate growth at infinity, then for which values of ¢ is it true that

the tempered distribution fdu has a Fourier transform in L?(R™) satisfying

i, o fLear)

whenever f € L*(R™, u)? Strichartz gave a complete solution when S is a
quadratic surface in R™. With the correct choice of quadratic surface S, the
above estimate is equivalent to a spacetime estimate for the homogeneous part
v of the solution u to (1.3), namely

itA

||U||Lq(R;Lq(Rn)) = He fHLq(R;Lq(Rn)) N ||fHL2(R")‘ (1.5)

Strichartz obtained the spacetime estimate

S ”F”LQ’(R;LQ’(R")) (1-6)

t
||w||LfI(R;Lq(Rn)) = H/ €Z(t_S)AF(8> ds
0 La(R;Le(R™))

for the inhomogeneous part w by interpolating between

HeitAhHLQ(Rn) = ||hHL2(R") (]'7>

and

€™ oy < CH™2 Nl g, )

and then applying fractional integration to the result. Since u = v + w, the
estimate (1.4) is obtained. The key estimates (1.7) and (1.8) were easily de-
duced from Plancherel’s theorem and an explicit integral representation of the
Schrodinger operator 4.

Similar estimates were obtained for the inhomogeneous Klein—Gordon equa-

9



tion, of which the inhomogeneous acoustic wave equation

(

() + Au(t) = F(t) V>0

u(0) = f (1.9)

\

is a particular example. Whenever p € R, let Hr (R™) denote the homogeneous

Sobolev space (—A)~*/2L2(R™), with norm given by

||fHHP = ||(_A)p/2fHL2(Rn)‘

Strichartz showed that if u is a solution to (1.9) then

HuHLq(R;Lq(Rn)) S ||f||Hp(Rn) + ||g||Hp*1(]R") + ||F||Lq’(R;Lq’(Rn)) (1.10)

whenever ¢ = 2(n + 1)/(n +1—2p), 1 < p < (n+1)/2, f € H/(R"),
g € H"YR") and F € L7 (R;LY(R")). His proof of the spacetime esti-
mate was similar to that for the inhomogeneous Schrodinger equation. The
restriction theorem was used to obtain the homogeneous estimate, while the
inhomogeneous estimate was obtained via an interpolation argument. In fact,
the spacetime estimate for the solution w to the inhomogeneous wave equation
with zero initial data was already contained in Strichartz’ earlier paper [66].
In view of related work [62] by I. Segal, who was another early pioneer, inho-
mogeneous spacetime estimates have a longer history than their homogeneous
counterparts.

The spacetime estimates (1.4) and (1.10), and variations of these, are now
universally known as Strichartz estimates. Strichartz estimates, such as (1.5),
for the homogeneous Cauchy problem with initial data are known as homoge-
neous Strichartz estimates, while those, such as (1.6), for the inhomogeneous
problem with zero initial data are known as inhomogeneous Strichartz esti-
mates. The estimates (1.7) and (1.8) are examples of what is respectively
known as an energy and dispersive estimate. For the wave equation, fun-
damental dispersive estimates are the result of work by P. Brenner [5] and

H. Pecher [55].

10



Following the early developments of Strichartz, work by B. Marshall [49] on
the Klein—Gordon equation suggested that the space and time exponents in the
Strichartz estimate (1.10) need not be equal. While this possibility had been
noted in an early paper [66] of Strichartz, it was H. Pecher [56] who obtained

almost all possible Strichartz estimates of the form

HUHLq(R;U(Rn)) S HfHHP(]R") + Hg”Hp—l(R”)

for the homogeneous wave equation with nonzero initial data. Around this
time, it became evident that the restriction theorems were unnecessary for
obtaining Strichartz estimates for the homogeneous equations. In fact, it was
shown by J. Ginibre and G. Velo [27] that the duality arguments used to
establish such estimates were more efficiently applied in an abstract operator
setting where the Fourier transform did not play an essential role. This point
of view was fully exploited by K. Yajima [78] who provided a large set of
Strichartz inequalities for the homogeneous Schrodinger equation.

Strichartz estimates for the wave equation were later generalised by replac-
ing the Lebesgue space norms (for the functions of the spatial variables) with
norms of more general spaces. After contributions by various authors (includ-
ing [38], [25] and [48]), Ginibre and Velo [28] gave a unified presentation of the
known generalised Strichartz estimates for the inhomogeneous wave equation.

By this stage, the picture was almost complete for Strichartz-type estimates
of the homogeneous parts of the wave and Schrodinger equations. Necessary
and sufficient conditions for exponent pairs (g, r), such that the homogeneous

Strichartz estimates
HUHLq@R;LT(Rn)) S ||f||L2(R”)
(for the Schrédinger equation) and
HUHLQ(R;LT(R”)) S e + gl gro—s

(for the wave equation) are valid, coincided at all but the ‘endpoint’ (see () and

()’ in Figure 1.1 and the commentary below; see also Section 4.7). Moreover,

11



1 1
q q
/
1] 1 Q
2 2 .
S/
0 1 0 n=3_ 1 1
r 2(n—1) 2 r
(a) Schrodinger equation (b) Wave equation

Figure 1.1: The range of exponents that give valid Strichartz estimates.

if the exponent pair (g,7) also satisfied these sufficient conditions, then the

inhomogeneous Strichartz estimate

lwll pogrr@nyy < NE | L2 L @) (1.11)

(for both wave and Schrédinger equations) was also valid.

In a major contribution, M. Keel and T. Tao [42] showed that both the ho-
mogeneous and inhomogeneous Strichartz estimates at the endpoint are valid,
except in a special case (depending on the dimension n) where the Strichartz
estimates were already known to be false (see [44] and [51]). This completely
settled the problem of determining all homogeneous Strichartz estimates for
all dimensions n.

Figure 1.1 represents the range of exponents that give valid Strichartz es-
timates in higher spatial dimensions. If n > 2 and w is a (weak) solution to
the inhomogeneous Schrodinger equation (1.3), then the closed line segment
QR of Figure 1.1 (a) represents exponent pairs (¢,7) and (q,7) for which the

Strichartz estimate

[l o gyzrrmyy S 1N 2 @ny + 1Nl L s ey (1.12)
is valid. The point ) corresponds to the endpoint determined by Keel and

12



Tao [42], while the point S corresponds to the original estimate (1.4) of R.
Strichartz [67].

Similarly, suppose that n > 3 and w is a (weak) solution to the inhomo-
geneous wave equation (1.9). If the pairs (1/¢,1/r) and (1/q,1/7) lie in the
closed shaded region of Figure 1.1 (b) and satisfy the ‘gap condition’

1 n n._n B 1 L n 9
q 9 p= qg ’
then the Strichartz estimate
HUHLq(R;LT(R")) S ||f||Hﬂ(R") + ||g||HP*1(]R") + ||F||La’(R;LF’(Rn)) (1.13)

holds. The point @)’ corresponds to the endpoint determined by Keel and Tao
[42], while the line segment OS’ corresponds to the original estimate (1.10) of
R. Strichartz [67]. It must also be noted that, when r = oo, the L" norm in
(1.13) must be replaced with a Besov norm, and similarly when 7 = oc.
While earlier authors had determined Strichartz estimates by proving op-
erator estimates, Keel and Tao [42] instead proved equivalent bilinear form
estimates. This allowed them to employ techniques that are difficult to re-
produce in the operator setting. They also stripped assumptions to the bare
essentials, assuming only that the family of evolution operators {U(t) : t € R}

associated to the Cauchy problem satisfied an abstract energy estimate
[UAg, S Bl VheH (1.14)
and an abstract dispersive estimate

IU®)U(s)"h|

B: St =177 ||Rllg, Vh € B, (1.15)

where o > 0, H is a Hilbert space and By and B; are compatible (in the sense of
real interpolation) Banach spaces. This allowed a unified treatment of both the
wave and Schrodinger equations, as well as, for example, the kinetic transport
equation.

In Chapter 4, we present a proof of the abstract generalised Strichartz

estimates [42, Theorem 10.1] of Keel and Tao. We do so for two reasons. First,

13



[42] does not prove this result in its most general form, choosing instead to prove
the special case when (By, By) = (L?(X), L' (X)), where X is a measure space.
While this special case is sufficient for obtaining all Strichartz estimates (in
classical norms) for the homogeneous wave and Schrodinger equations, it does
not yield generalised Strichartz estimates. Second, the techniques presented in
our proof of [42, Theorem 10.1] will be used again in Chapter 5, where original
results are proved. A statement of [42, Theorem 10.1] may be found in Section
4.2. At the end of Chapter 4, we illustrate how this abstract result recovers
all Strichartz estimates for the Schrédinger equation (illustrated in Figure 1.1

(a)) and the generalised Strichartz estimates of [28] for the wave equation.

While all homogeneous Strichartz estimates for the wave and Schrodinger
equations were determined by the late 1990s, there remained exponent pairs
(g,r) for which the inhomogeneous Strichartz estimate holds but the homo-
geneous estimate fails. Prior to [42], this phenomenom was observed by D.
Oberlin [54] and J. Harmse [31] for the wave equation, and by T. Cazenave
and F. Weissler [10] and T. Kato [39] for Schrodinger’s equation. Using the
techniques of [42], D. Foschi [24] and M. Vilela [75] independently obtained
what is currently the largest known range of exponent pairs (g, r) and (g, 7) for
which the inhomogeneous Strichartz estimate (1.11) for the Schrédinger equa-
tion is valid. While this was a significant advance, the gap between necessary
and sufficient conditions on these exponent pairs is still substantial (see the
discussion in Section 5.7) and the problem of determining all inhomogeneous
Strichartz estimates remains open. It was remarked by Keel and Tao [42] that
identifying all inhomogeneous Strichartz estimates is likely to be a very difficult
problem. In the case of the wave equation, it is related to unsolved conjectures
such as the local smoothing conjecture of C. Sogge [63] and the Bochner—Riesz

problem for cone multipliers of J. Bourgain [4].

The result of D. Foschi [24, Theorem 1.4] is of particular interest because it
is more general than the result of [75] and can be used to find inhomogeneous

Strichartz estimates for both the wave and Schrodinger equations. Even so,
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the hypothesis of Foschi’s theorem is unnecessarily restrictive, requiring that
(1.14) and (1.15) both hold when (B, By) = (L*(X),L'(X)). In Chapter 5
we generalise Foschi’s results by removing the restriction on (By, By), thereby
obtaining one of the two main results of this thesis (see Theorem 5.1.2). When
this new theorem is applied, we recover all inhomogeneous Strichartz estimates
contained in [24] and [75] for Schrodinger equation, as well as extending the
list of inhomogeneous Strichartz estimates determined by M. Nakamura and T.
Ozawa [53] for a class of inhomogeneous Klein-Gordon equations (see Section
5.8). The abstract result also allows us to give a new set of generalised in-
homogeneous Strichartz estimates for the wave equation (see Corollaries 5.8.2
and 5.8.3), in the same spirit as the generalised Strichartz estimates presented
by Ginibre and Velo [28]. Finally, it is shown in Section 5.9 that our abstract
theorem allows one to obtain Strichartz estimates for important nonstandard
problems, such as inhomogeneous Schrodinger equations with potential. For
potentials of a certain class, the crucial ingredient needed to apply the abstract

result is a dispersive estimate provided by K. Yajima [79)].

The body of literature examining Strichartz estimates is now very large
and the above historical overview only summarises one strand of developments,
starting from Strichartz [67], maturing in Keel and Tao [42] and branching off
to the inhomogeneous estimates of Foschi [24], Vilela [75] and the present work.
Other authors have studied weighted Strichartz estimates, Strichartz estimates
on manifolds, Strichartz estimates for inhomogeneous problems with variable
coefficients and Strichartz estimates derived from dispersive estimates other

than those considered here. Such topics are beyond the scope of the thesis.

While the thesis is not about applications of Strichartz estimates, we are
aware that the quest to find Strichartz estimates is driven by the need to solve
problems in inhomogeneous partial differential equations and scattering the-
ory. We therefore frame our treatment of Strichartz estimates with two simple

examples (see Sections 4.1 and 5.9) highlighting their power as a technical tool.

15



1.3 The pointwise convergence of symmetric
diffusion semigroups

We move now to introduce a special class of semigroups, focusing in partic-
ular on two classical results which go back to E. M. Stein’s monograph [65].
Connected with these ideas, we give a statement of an original result (Theo-
rem 1.3.5) which extends these classical results to the setting of vector-valued
Lebesgue spaces and constitutes the second major result of the thesis. Follow-
ing this we shall indicate the method of proof of this new theorem, reserving

the proof itself for Chapter 2.

Definition 1.3.1. Suppose that {T; : ¢ > 0} is a semigroup of operators on
L*(X). We say that

(a) the semigroup {7} : t > 0} satisfies the contraction property if
IT A, < NfIl,  YfeL*(X)n LX) (1.16)
whenever ¢t > 0 and ¢ € [1, o0]; and

(b) the semigroup {7} : t > 0} is a symmetric diffusion semigroup if it satis-
fies the contraction property and if T} is selfadjoint on L?*(X) whenever

t>0.

It is well known that if 1 < p < oo and 1 < ¢ < oo then L9(X) N LP(X) is
dense in LP(X). Hence, if a semigroup {7} : ¢t > 0} acting on L?(X) has the
contraction property then each T; extends uniquely to a contraction of LP(X)
whenever p € [1,00). By abuse of notation, we shall also denote by {7} : ¢t > 0}
the unique semigroup extension which acts on LP(X).

The class of symmetric diffusion semigroups is widely used in applications
and includes the Gaussian and Poisson semigroups on L?(R"), where n € Z7.
Despite the simplicity of Definition 1.3.1, symmetric diffusion semigroups have

a rich theory. For example, if {7} : ¢ > 0} is a symmetric diffusion semigroup
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on L?(X) then the semigroup can also be continued analytically to sectors of
the complex plane. To be precise, given a positive angle v, let I'y, denote the
cone {z € C: |argz| < ¥} and T, its closure. We shall denote the interval
[0,00) by Ty. Using spectral theory and complex interpolation, Stein proved

the following result.

Theorem 1.3.2 (Stein [65]). Suppose that 1 < p < oo,

Y/m=1/2—-[1/p-1/2| >0,

and {T; : t > 0} is a symmetric diffusion semigroup on acting L*(X). Then
{T; : t > 0} eatends uniquely to a semigroup {T, : z € Ty} of contractions on
LP(X) such that the operator-valued function z — T, is holomorphic in Ty, and

weak operator topology continuous in Ty.

We now recall two results of M. Cowling [15], developing the fundamental
work of Stein [65]. The first is a useful technical tool. For f in LP(X), define
the maximal function MY f by

MY f =sup{|T.f|: z € Ty}

The maximal theorem, stated below, says that the maximal function operator

MY is bounded on LP(X).
Theorem 1.3.3 (Stein—Cowling [15]). Suppose that 1 < p < co and that
0<w¢/m<1/2—|1/p—1/2|.

If{T, : 2 € Ty} is the semigroup on LP(X) given by Theorem 1.5.2, then there

is a positive constant Cy, ., depending only on p and 1, such that
IMPf| < Coullfll,  VF e LP(X).

The maximal theorem allows one to deduce a pointwise convergence result

for the semigroup {7} : z € Ty }.
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Corollary 1.3.4 (Stein—Cowling [15]). Assume the hypotheses of Theorem
1.3.8. If f € LP(X) then (T, f)(x) — f(x) for almost every x in X as z tends
to 0 in fw.

The earliest form of the maximal theorem appeared in Stein [65, p. 73] for
the case when ¢ = 0. From this Stein deduced the pointwise convergence of
Tif to f ast — 0%. Using a simpler approach, Cowling [15] extended Stein’s
result to semigroups {7, : z € fw}, holomorphic in the sector I'y, without
additional hypotheses. Given z € Ty, Cowling’s strategy was to decompose

the operator 7, into two parts:

1 [ L[
Tzf:—/ el fds + [e—sz——/ e_SLfds], (1.17)
tJo tJo
where t = |z| and —L is the generator of the semigroup. The LP norm of

the first term on the right-hand side can be controlled by the Hopf-Dunford—
Schwartz ergodic theorem. A clever use of the Mellin transform allows the
terms in brackets to be controlled by bounds on the imaginary powers of L.
One of the main contributions of this thesis is to observe that, under certain
assumptions, the argument in [15] may be adapted to the setting of L” spaces
of Banach-space-valued functions. Several other results contained in Stein’s
monograph [65] have already been pushed in this direction (see, for example,
[77], [50] and [36]). In a broader context, there has been much recent interest in
operators which act on such spaces, particularly since tools for solving abstract
Cauchy problems, such as vector-valued Laplace transforms and maximal LP-
regularity (see the expositions [1] and [47] and the references therein), require
this setting. It is unsurprising that developments related to these methods are
pertinent to techniques and results we use in this thesis. For example, several
decades ago it was shown in the ground breaking work of J. Bourgain [3] and
D. Burkholder [7] that Banach spaces possessing the so-called UMD property
(see Section 2.5) were the spaces where classical singular integral and Fourier
multiplier theory could be generalised to a vector-valued setting. Following

this, extensions of the classical Littlewood—-Paley, Marcinkiewicz and Mikhlin
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multiplier theorems were obtained in the UMD setting by F. Zimmermann
[81]. Earlier, Cowling [15] had shown how to construct an H*-functional
calculus for generators of symmetric diffusion semigroups using the transference
methods popularised by R. Coifman and G. Weiss [12]. M. Hieber and J. Priiss
[32] combined transference with the vector-valued Mikhlin multiplier theorem
to construct an H*-functional calculus for generators of positive contraction
semigroups which act on L” spaces of UMD-valued functions. It is noteworthy
that we use their method to show that the generator of a UMD-valued extension
of a symmetric diffusion semigroups also possesses such a functional calculus.
Other advances in this area that are of interest include studies on bounded
imaginary powers of operators (of which the article [20] of G. Dore and A. Venni
is now a classic), H*-functional calculi for sectorial operators (see especially
the fundamental paper [16] of A. McIntosh and his collaborators) and maximal
LP-regularity (see L. Weis [76] and the references therein). The article [47] of P.
Kunstmann and L. Weis gives an excellent exposition of the interplay between
these motifs in the vector-valued setting as well as an extensive bibliography
detailing the key contributions made to the field over the last two decades.
Suppose that B is a (complex) Banach space and let LP(X; B) denote the
Bochner space of B-valued p-integrable functions on X. Given a symmetric
diffusion semigroup {7 : t > 0} on L?(X), its tensor product extension {7} :
t >0} to LP(X, B) exists by the contraction property (see Section 2.1). If {7} :
t > 0} can be continued analytically to some sector I'y., where 0 < ¢ < /2
and € is a (sufficiently) small positive number, then denote this continuation
by {T. : z € [yie}. If such a continuation does not exist, we take 1 to be 0.

Given any function F' in L?(X; B), one defines the maximal function MZF by
MGF = sup{|T.F |z : z € T} (1.18)
The theorem below is one of the main results of the thesis.

Theorem 1.3.5. Suppose that (X, p) is a o-finite measure space and that
{T; : t > 0} is a symmetric diffusion semigroup on L*(X). Suppose also that B
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1s a Banach space isomorphic to a closed subquotient of a complex interpolation
space (H,U) g, where H is a Hilbert space, U is a UMD space and 0 < 6 < 1.
Ifl<p<oo, |2/p—1] <0 and

ogw<ga—m
then

(a) {ﬁ : t > 0} has a bounded analytic continuation to the sector I'y in
Lr(X;B),

(b) there is a positive constant C' such that
[MEE,, o <ClIFls, VP € (3B,
and

(c¢) if F € LP(X;B) then T.F(z) converges to F(x) for almost every x in X

as z tends to 0 in the sector fw.

It is noteworthy that the class of Banach spaces B satisfying the interpola-
tion hypothesis of Theorem 1.3.5 is a subset of those Banach spaces possessing
the UMD property. It includes those classical Lebesgue spaces, Sobolev spaces
and Schatten—von Neumann ideals that are reflexive. The reader is directed to
Section 2.5 for further remarks on these spaces.

While Theorem 1.3.5 will be proved in Chapter 2, we now indicate the
structure of the proof and the main techniques involved. We begin, in Section
2.1, by considering tensor product extensions of operators to vector-valued LP
spaces. It is well known that every positive (that is, positivity-preserving)
operator on LP(X) has such an extension, but less known is the fact that
every subpositive operator on LP(X) also has a tensor extension. As its name
suggests, subpositivity is a weaker condition than positivity but surprisingly
is not exploited in the literature as often as it could be. In Section 2.2, we

demonstrate that every measurable semigroup {7} : t > 0} on L?(X) satisfying
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the contraction property is subpositive on LP(X) when 1 < p < oo, and that it
is dominated by a measurable positive semigroup on LP(X') which also satisfies
the contraction property. This is an extension of a similar result obtained
independently by Y. Kubokawa [46] and C. Kipnis [43] for semigroups acting
on L'(X). Our extension, while not difficult to prove, allows us to deduce
that {7} : t > 0} has a tensor product extension to L?(X;B). (We note here
that there are other well known methods for achieving the same ends; see
Remark 2.2.3.) More importantly however, the our semigroup subpositivity
result also allows us to easily deduce a vector-valued version of the Hopf-
Dunford-Schwartz ergodic theorem in Section 2.3.

Parts (a) and (b) of Theorem 1.3.5 are proved in Sections 2.4 and 2.5.
Following techniques used in [15], we begin by proving a maximal theorem for
the tensor product extension {7} : t > 0} to LP(X; B) of a strongly continuous
semigroup {7T; : ¢ > 0} satisfying the contraction property. Here we assume
that 1 < p < oo and B is any Banach space, provided that the generator
—L of the B-valued extension has bounded imaginary powers on LP(X;B)
with a power angle less than 7/2 — 1. Section 2.5 discusses circumstances
under which this condition holds. In general, it is necessary that B has the
UMD property. Moreover, by exploiting the subpositivity of {7} : ¢ > 0} and
adapting arguments of M. Hieber and J. Priiss [32], we show that if B has
the UMD property then L has an H*-functional calculus. This, along with
spectral theory (where the self-adjointness of each operator T; is imposed) and
interpolation, allows us to remove the bounded imaginary powers hypothesis
at the cost of restricting the class of Banach spaces B for which the maximal
theorem is valid.

In Section 2.6 we show that that the pointwise convergence of {T. : z € Ty}
is easily deduced from the pointwise convergence of {T, : z € T';} and the

maximal theorem. This completes the proof of Theorem 1.3.5.
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Chapter 2

Symmetric diffusion semigroups

in vector-valued L? spaces

The main goal of this chapter is to give a proof of Theorem 1.3.5. The broad
outline of the proof, which also determines the structure of the chapter, was
given at the end of Section 1.3 and we will not repeat it here. There are several
results presented in the chapter which are of interest independent to the proof
of the main theorem. These are the subpositivity theorem for semigroups pos-
sessing the contraction property (see Theorem 2.2.1), the vector-valued Hopf-
Dunford-Schwartz ergodic theorem (see Corollary 2.3.2) and the fact that the
generator of a UMD-valued extension of a symmetric diffusion semigroup has
an H>-functional calculus (see Theorem 2.5.1).

Throughout this chapter, we will suppose that (X, i) is a o-finite measure

space.

2.1 Tensor product extensions of subpositive

operators

Suppose that B is a Banach space with norm |- |z and that (X, u) is a o-

finite measure space. We assume throughout this section that p € [1,00). Let
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LP(X)® B denote the set of all finite linear combinations of B-valued functions
of the form uf, where u € B and f € LP(X). It is well known that this set is
dense in LP(X;B) (see, for example, [29]). Many operators acting on scalar-
valued function spaces can be extended to act on B-valued function spaces in

the following canonical way.

Definition 2.1.1. Suppose that 7' is a bounded operator on LP(X). If Iz
denotes the identity operator on B then define the tensor product T'® Iz on
LP(X) ® B by

oy (z f) S uTh
k=1 k=1
whenever n € ZT, u, € B, fi € LP(X) and k = 1,...,n. We say that a
bounded operator T : LP(X;:B) — LP(X;B) is a B-valued extension of T if
T =T ®Ig on LP(X)® B. In this case, T is also called a tensor product

extension of T to LP(X; B).

If it exists, a B-valued extension T of T is necessarily unique, by the density
of LP(X)®@ B in LP(X;B). We now consider a class of operators for which such

extensions are possible.
Definition 2.1.2. Suppose that 7" is a linear operator on LP(X) and that

{T}; : t > 0} is a semigroup of operators on LP(X). We say that

(a) the operator T is positive if T f > 0 whenever f >0 for f in LP(X);

(b) the operator T on LP(X) is subpositive if there is a bounded positive
operator S on LP(X) such that |Tf| < S|f| whenever f € LP(X), in

which case we also say that T'is dominated by S; and

(c) the semigroup {7} : t > 0} is subpositive if there is a family {S; : ¢t > 0}
of bounded positive operators on LP(X) such that |7} f| < S| f| whenever
t>0and f e LP(X).

It is well known that every bounded positive operator 7' on LP(X) has a
B-valued extension T on LP(X; B) (see, for example, [29, Section 4.5]). We will

deduce the same for subpositive operators.
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Lemma 2.1.3. Suppose that T is a subpositive operator on LP(X) dominated

by a bounded positive operator S. Then
(i) T has a B-valued extension T on LP(X:B),
(i) |TF|s < S|F|s whenever F € LP(X;B), and

(i) | T||Lex;m)—rexi8) < 1SN 1oy — 1o () -

Although the above lemma is undoubtedly known by the experts, we are
not aware of any proof in the literature. We shall therefore give one here. In
what follows, we write B* for the dual of B and write (u, v) for v(u) when

u € B and v € B*.

Proof. Suppose that T is a subpositive operator dominated by a bounded pos-
itive operator S. We begin by noting that for any countable set K,

sup [T'gx| < sup S|gi| < S(sup |gk|)
keK keK keK

whenever {g}rex C LP(X) and sup,ck |gx| € LP(X), by the positivity of S.
Let Iz denote the identity operator on B. We will show that T'® Iz is bounded
on LP(X) ® B and can therefore be extended to a bounded operator 7' on
LP(X; B).

Given F'in LP(X)® B, write I as 7 u; f; where u; € Band f; € LP(X).
Since F' and T' ® IgF both take values in a finite dimensional (and hence
separable) subspace of B, there exists a countable subset V' of the unit ball of

B* such that

sup |(TF(x),0)| = |TF(x)|s

veV

and

sup [(F(x), v)| = |F|s(x)

veV
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for almost every z in X. Therefore

T ® IgF(z)|5 = sup |(TF(x),v)]

veV
()
<S (15)161‘;/) ‘ i (uj, v) fj ) (z)
= S(|F|s)(z).

for almost every z in X. Taking the LP(X) norm of both sides gives

||T®IBF||LP(X;B) < ||S||Lp(x)—>Lp(X) HFHLp(X;B)
as required. O

Given a strongly continuous semigroup of subpositive operators, we would
like to know when its B-valued extension is also strongly continuous. We
remind readers that a family of operators {R, : z € A} on LP(X; B) indexed
by z on some subset A of the complex plane is said to be locally uniformly
bounded in norm on A if, for each positive  and each z in A, there exists a

positive number M such that
IR, F, < MI[F|, VF € LP(X;B)
whenever |w — z| < r and w € A.

Lemma 2.1.4. Suppose that 1 > 0 and that {T, : = € T} is a semigroup of
subpositive operators on LP(X) such that the mapping z — T, is strongly con-
tinuous for z in Ty. If its B-valued extension {TZ i 2 € Ty} is locally uniformly
bounded in norm on Ty, then the mapping z fz 1s strongly continuous for

z€f¢.

Proof. Suppose that z € Ty, that F € LP(X;B) and that e > 0. By the

hypothesis there exists a positive number M such that
HTwGH <M|F|, VGelLX;B)
P
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whenever |w — z| < 1 and w € T'y. Choose nonzero G in LP(X) ® B such that

€
F— —.
IF = Gll, < 50

The function G has the representation ), _, uxgx, where u;, € B and g, €
LP(X) for some finite integer n. Write a for > _, |ug|g. Since the map z — T,
is strongly continuous, for each k in {1,...,n} there is a positive J; such that

€
T,q. — Ty < —
1T 95 9k||p 300
whenever |z — w| < 8 and w € Ty. Denote by ¢ the minimum of the set

{1,61,09,...,6,}. Ifw € Ty and |z — w| < & then

|2F-Tup| <||TF-TG| +|T6-T.6| +|TuG-TuF
p p p p
<2M||F =G, + > lwls | Tegx — Tugrll,
k=1
L
3 3

=e

Hence {7, : z € [y} is strongly continuous on LP(X; B). 0

Remark 2.1.5. If a strongly continuous semigroup {7, : z € I';} on LP(X)
is dominated by a positive family {S, : z € 'y} that is locally uniformly
bounded in LP(X) norm, then the B-valued extension {T, : z € I';} is strongly

continuous.

Suppose that a strongly continuous semigroup {7} : ¢t > 0} of subpositive
operators on LP(X) has a B-valued extension {7} : t > 0} that is also a strongly

continuous semigroup. As usual, the generator B of {ﬁ :t >0} is given by

BF = lim M

t—0+
for all F'in LP(X; B) for which the limit exists. The collection of such F is the
domain of B. Let —L be the generator of {7} : t > 0}. It is easy to show that
Dom(L) ® B C Dom(B) and that B = —L ® Iz on Dom(L) ® B. Therefore we
denote B by —L.
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We close this section by demonstrating that our definition of subpositivity
coincides with that implied by R. Coifman, R. Rochberg and G. Weiss [11,
p. 54| (strictly speaking, [11] only introduces the notion of a subpositive con-
traction). We later use the equivalence of these definitions to prove Theorem
2.5.1.

If R is an operator on LP(X) then define R by the formula Rf = —f
whenever f € LP(X), and define Re(R) by (R+ R)/2.

Proposition 2.1.6. If 1 < p < oo and T is a linear operator on LP(X) then

the following statements are equivalent.
(i) The operator T is a subpositive operator.

(ii) There exists a bounded positive operator S on LP(X) such that S +

Re(eT) is positive whenever 6 € R.

Proof. Suppose that (i) holds. Then there is a bounded positive operator S
such that Sf > |Tf| for all nonnegative f in L?(X). Choose f in LP(X) such
that f > 0. Then for all real 0,

(S + Re(eieT))f = Sf + Re(e?Tf)
> Sf—|Tf]

> 0.

Thus (ii) holds.
Conversely, suppose that (ii) holds. We deduce that (i) holds in three steps.
Step 1. Assume that f > 0. Then

Sf+Re(e”T)f >0 Vo € R.

That is,
S|f| + Re(e®Tf) >0 VO eR.

Therefore

S|f| + inf Re(e®Tf) > 0.
0cQ
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But it is clear that

—|Tf| = inf o
ITf| = inf Re(e"Tf)

and hence (i) holds for f > 0.
Step 2. Suppose that o > 0 and that f € LP(X), such that f only takes

values in the sector A®, where A® is defined by the formula
AN*={ze€C:0<argz < a}U{0}.

Then Re(f) > 0 and
0 <Im(f) < tan(a)Re(f).

So using Step 1,

ITf] < [T(Re(f))| + [¢T (Im(f))|
< S(Re(f)) + S(tan(e)Re(f))

< (1+tana)S|f].

Step 3. Let F be any function in LP(X). Suppose that € > 0 and choose n
in N such that n > 27/ tan"'(e). Whenever j = 0,...,n —1, denote by A; the

sector

{€i27rj/nz = A27r/n}
and define f; by

flx) if fz) € A,

0 otherwise.

fi(z) =

Then f = Y"") f;, Ifl = 307 | ;] and

n—1 n—1
T <D ITHI =D 1T ). (2.1)
=0 =0
But for each j in {0,...,n — 1}, the function e~™/" f; takes values only in

A%/ Continuing from (2.1) with an application of the result of Step 2, we
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have

[y

ITf| < (1+tan(27r/n)) S|e_i2”j/”fj|

<
Il
o

(1 + tan(2m/n)) S(i ‘fj‘)
< (1+¢€) S|f|.

Since € is arbitrary, |T'f| < S|f| as required. O

2.2 Subpositivity for contraction semigroups

The goal of this section is to prove that every semigroup on L?(X) with the
contraction property is, when extended to a semigroup on LP(X) for pin [1, 00),
dominated by a positive contraction semigroup on LP(X).

We begin with a few preliminaries. Suppose that 1 < p < oo and T is a
bounded linear operator on LP(X). If 1 < ¢ < oo and [[Tf[|, < C||f], for
all fin L9(X) N LP(X) then, by a density argument, 7" has a unique bounded
linear extension acting on L?(X) and by abuse of notation we will also denote
this extension by T

We say that a family of operators {71} : t > 0} is (strongly) measurable on
LP(X) if, for every f in LP(X), the LP(X)-valued map t +— T;f is measurable
with respect to Lebesgue measure on [0,00). The family is said to be weakly
measurable if the complex-valued map ¢ — (T} f, g) is measurable with respect
to Lebesgue measure on [0, 00) whenever f € LP(X) and g € LV (X). If 1 <
p < oo then LP(X) is a separable Banach space and hence strong measurability
and weak measurability coincide, by the Pettis measurability theorem (see [21,
Theorem II1.6.11]).

The main result of this section is the following theorem.

Theorem 2.2.1. Suppose that {T; : t > 0} is a semigroup on L*(X) satisfying

the contraction property. Then there exists a positive semigroup {S; : t > 0}
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on L*(X), satisfying the contraction property, such that
T fI < SfI Vf e LX(X)

whenever 1 <p < oo andt > 0. If {T; : t > 0} is a measurable semigroup on
L*(X) then {S; : t > 0} extends to a measurable semigroup on LP(X) whenever

1 <p<oo.

If {T; : t > 0} is a strongly continuous semigroup, it is natural to ask
whether the positive semigroup {S; : t > 0} of Theorem 2.2.1 is also continuous.
Under certain circumstances one can answer in the affirmative (see Corollary
2.2.9). However, such a result is unnecessary for our applications. What we do
use is the following corollary, which is immediately deduced from the theorem

and Lemma 2.1.4.

Corollary 2.2.2. Suppose that B is a Banach space, that 1 < p < oo and
that {Ty : t > 0} is a strongly continuous semigroup on L*(X) satisfying the
contraction property. Then T, has a B-valued extension to LP(X;B) and the
famaly {YN} :t > 0} is a strongly continuous semigroup of contractions on

LP(X; B).

Remark 2.2.3. Tt is well known that any operator T" that acts as a contraction
on LI(X) for all ¢ € [1,00] has a contractive tensor extension to LP(X;B)
whenever 1 < p < oo. This is not hard to show if p = 1; for other values of p the
result is obtained by duality and interpolation. This provides an alternate proof
of Corollary 2.2.2. We point out that Theorem 2.2.1 is still needed to prove

our vector-valued version of the Hopf-Dunford—Schwartz ergodic theorem.

We turn now to the proof of Theorem 2.2.1, which shall be achieved via a
sequence of lemmata. The final stage of the proof draws heavily on the work
of Y. Kubokawa [46] and C. Kipnis [43], who independently proved a similar

result for L! contraction semigroups.

Lemma 2.2.4. If 1 <p < oo then L% (X) is a closed subset of LP(X).
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Proof. Suppose that {f,}nen C L5 (X) and that f, — f in LP(X) as n — oo.
We will first show that Imf = 0. Suppose that this is not the case. Then
there exists a subset E of X with positive measure such that [Imf| > 0 on E.
If
E,={re€ E:1/n<|Imf(x)| <n}

whenever n > 1, then E,, C E, 1 whenever n > 1 and

D E,=FE.
n=1

Since

0 < p(E) = lim p(E,),

n—~o0

there exists a positive integer j such that p(E£;) > 0. But then

[ = fll, = Mo (fo = A = Tm fl} = p(Ej)/

for every n in N, contradicting the hypothesis that f, — f in LP(X). Hence
Imf =0.
It is also easy to show, using an argument similar to that above, that the

negative part of f is 0. Hence f > 0. O

Lemma 2.2.5. Suppose that 1 < p < oo. Assume also that T and S are
bounded operators on L*(X) such that ITfIl, < [IfIl, and [|Sf, < | f]l, when-
ever f € LY(X) N LP(X). If S is positive and dominates T on L'(X) then

T <SIfl Yfe LX),

Proof. Assume the hypotheses of the lemma and suppose that f € LP(X).
Since L'(X)NLP(X) is dense in LP(X), there is a sequence { f,, }nen of functions
in L'(X) N LP(X) such that f, — f in LP(X). By continuity, |7'f,| — |Tf] in
LP(X) and similarly S|f,| — S|f] in LP(X). Moreover, |Tf,| < S|f.| for all
n. If g, = S|ful —|Tfn] and g = S|f| — |T f| then each g, is nonnegative and
gn — g in LP(X). By the previous lemma, this implies that g > 0, completing
the proof. O
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Lemma 2.2.6. Suppose that p and q both lie in the interval [1,00) and that
{Ty : t > 0} is a family of operators on L?(X) satisfying the contraction
property. If{T; : t > 0} is measurable on LP(X) then {T; : t > 0} is measurable
on LI(X).

Proof. Assume the hypotheses and suppose that f € L9(X) and g € L9 (X).
It suffices to show that the map ¢ : [0, 00) — C, defined by

o(t) = (L:f, 9)

is measurable. We will construct a sequence {¢,},en of measurable functions
converging pointwise to ¢. By [21, Corollary II1.6.14], this will complete the
proof.

Since (X, u) is a o-finite measure space, there is a sequence {X,},en of

measurable sets such that

UXn:X

neN
and X,, C X,,1 whenever n € N. When ¢ # 1, there is a sequence {g, }nen in
LY (X) N [P (X) such that

1

— gnll ., < —
lg = gully 151, <

for all n in N. When ¢ = 1, set g, equal to g whenever n € N. Now find a

sequence { fntnen C LP(X) N LY(X) such that

1
_ L <=
1f = fallg llgnlly <

for all n in N. For n in N, define ¢,, : [0,00) — C by ¢,(t) = (Tifn, 1x,9n),
where 1y, denotes the characteristic function of the set X,,. Now f € LP(X),
the semigroup {7} : t > 0} is measurable on L?(X) and 1x, g, € L (X), so ¢,

is measurable. Given positive € and nonnegative ¢, choose N > 3/e such that

Lo Tt lglly < 5

33



whenever n > N. Then

+ [(Tf = Tifu 1x,90) |
<[t T, Nglly + 11 lg = gally + 1LF = Fall, llgal,
< €

whenever n > N. This completes the proof. O

Lemma 2.2.7. Suppose that T is a linear contraction on L*(X) and that

171, < 111,

whenever f € LY X)NLY(X) and 1 < g < co. Then there is a unique bounded

linear positive operator T on L*(X) such that

(i) the operator norms of T and T on L'(X) are equal,

(i) |Tf, < Ifll, whenever f € LY(X)NLY(X) and 1 < q < oo,
(iii) |Tf| < T|f| whenever f € LP(X) and 1 < p < oo, and

(i) Tf =sup{|Tyg|: g € LY(X),|g] < f} whenever f € L} (X).

Proof. For the existence of a unique operator T satisfying properties (i), (iii)
(in the case when p = 1) and (iv), see, for example, [45, Theorem 4.1.1].
Property (ii) holds by [21, Lemma VIIL.6.4]. We can now deduce property

(iii), in the case when 1 < p < oo, from Lemma 2.2.5. O

The operator T introduced in the lemma is called the linear modulus of
T. If {T; : t > 0} is a bounded semigroup on L'(X) then T,,; < T,T;
for all nonnegative s and t. However, equality may not hold so the family
{T; : t > 0} of bounded positive operators will not, in general, be a semigroup.
However Kubokawa [46] and Kipnis [43] (see [45, Theorems 4.1.1 and 7.2.7] for
a more recent exposition) showed that the linear modulus T, could be used to
construct a positive semigroup {S; : t > 0}, known as the modulus semigroup,

which dominates {7} : ¢ > 0}. The following proof uses this construction.
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Proof of Theorem 2.2.1. Assume the hypothesis of Theorem 2.2.1 and suppose
that ¢ > 0. Let D; denote the family of all finite subdivisions (s;) of [0, ]
satisfying

O=s0<s81 <8< ...<5,=t.

If s = (s;) and 8’ = (s}) are two elements of D; then we write s < s’ whenever

s’ is a refinement of s. With this partial order, D; is an increasingly filtered

set. For f in L (X) put

O(s, f) =T, T, 5, ... T fs

‘ Sn—S8n—1

where T, is the linear modulus of 7}, whenever o > 0. It follows from T, 5 <
T, Tj that ®(s, f) < &(s’, f) when s < s'. Since the operator T, is contraction
whenever a > 0, we have || ®(s, f)|; < || f|l;- We now define S; on L} (X) by

Sif =sup{®(s, f) : s € D;}.

Note that
sup{®(s, f) : s € D;} = lim P(s, f),

seDy
so S; is well-defined by the monotone convergence theorem for increasing fil-
tered families.

It is easy to check that Si(f +g) = Sif + Sig and Sy(Af) = AS,f whenever
f and g belong to L! (X) and A > 0. Moreover, ||S;f|l, < ||f]l, if f € LL(X).
Therefore S; can now be defined for all f in L'(X) as a linear contraction of
L'(X). We define Sy as the identity operator on L'(X).

We now show that {S; : ¢ > 0} is a semigroup. Suppose that ¢ and ¢’ are
both positive. If

O=s90<s51<89<...<s, =t

and

O=sy<s)<sh<...<s, =t
form subdivisions of [0,¢] and [0,#] then
0=150<81 <8< ...< 8, ==58,1+5)<8p+8] < Sptsy<...<s8,+s, =t+t
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forms a subdivision of [0,t+¢']. Conversely every subdivision of [0, ¢ +¢'] which
is fine enough to contain ¢ is of this form. This yields S,y = S;Sy.

By Lemma 2.2.7 (ii), it is easy to check that {S; : ¢ > 0} extends to a
contraction semigroup on L?(X) which satisfies the contraction property. We
now show that |T;f| < Si|f| whenever f € LP(X) and t > 0. For the case

when p = 1, consider any finite subdivision (s;) of [0, ¢] satistying
D=5 <s51<859<...<8,=1.
Then

’th| - |T81T82—81 .- 'Tsn_5n71f|
< T81T82—S1 oo Tsn—an |f|

Hence |T;f| < S¢|f|. For the case when 1 < p < co, apply Lemma 2.2.5.

It remains to show that if {7} : ¢ > 0} is measurable on L*(X) then
{S; : t > 0} is measurable on LP(X) whenever 1 < p < oco. In view of
Lemma 2.2.6, we may assume that {7} : ¢ > 0} is measurable on L'(X) and
it suffices to show that {S; : ¢ > 0} is measurable on L'(X). Fix f in L'(X)
and define ¢ : [0,00) — L'(X) by ¢(t) = S;f. We will construct a sequence
{¢n}nen of measurable functions converging pointwise to ¢, completing the
proof.

Since f can be decomposed as a linear combination of four nonnegative
functions (the positive and negative parts of Re(f) and Im(f)) and each S; is
linear, we may assume, without loss of generality, that f > 0.

When ¢ > 0 and n € N, let m be the smallest integer such that m > 2"t
and s(n,t) denote the subdivision (sg(n,t))ir, of [0,] given by

k27 ifk=01,....m—1
sk(n,t) =

t it k=m.

Now define ¢, : [0,00) — L'(X) by



when t > 0 and ¢,(0) = f. By the definition of Sy, |¢(t) — ¢,(t)] — 0 as
n — oo for each ¢t > 0.
Our task is to demonstrate that ¢, is measurable for each n in N. Note

that ¢,(t), when t is restricted to the interval k27", (k+1)27"), is of the form

Bk,nthkQ_"f

where By, is a contraction on L'(X). It follows that if £ is an open set of
L'(X) then
¢, (B) = J{t e k2™ (k+1)27") : BynTyjonf € E}.
k=1

Hence if the map ¢ : [0,27") — L'(X), defined by

p(t) = Tuf,

is measurable then ¢ '(F) can be written as a countable union of measurable
sets and consequently ¢,, is measurable. But by Lemma 2.2.7 (iv) there is a
sequence {f;}jen in L (X) such that |T,f — T,f;| — 0 as j — co. In other
words, ¢ is the pointwise limit of a sequence {y;} ey of measurable functions,

defined by ¢;(t) = Tif;, and hence ¢ is measurable. ]

The following lemma, which is needed later, fits into the theme of this

section.

Lemma 2.2.8. Suppose that {T; : t > 0} is a semigroup on L*(X) with the
contraction property. If {T; : t > 0} is strongly continuous on LP(X) for some
p in [1,00) then {T; : t > 0} is strongly continuous on L1(X) for all q in
(1, 00).

Proof. Suppose that 1 < p < 00, 1 < ¢ < o0 and {T; : t > 0} is strongly
continuous on LP(X). It suffices to show that {7} : ¢ > 0} is weakly continuous
on L1(X) (see, for example, [18, Chapter 1, Section 2]).
Suppose that f € LY(X) and g € L? (X). We aim to show that
lim | (1, — Tif. g) | = 0
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whenever ¢ > 0. The proof is trivial if f = 0, so suppose otherwise. Fix

positive e. Choose positive nonzero ¢; in LY (X) N L (X) such that

€
19 = ally < =7
“ 61l

and choose f1 in L9(X) N LP(X) such that

€

- <
Hf leq 6”91

!

I

Since {7 : t > 0} is weakly continuous on LP(X), there exists a positive ¢ such

that
[(Tofi = Tifr, 1) | <€/3

whenever |s —t| < 0. Hence

<2|fll,llg = g1lly + [{Tsf = Tsf1s 1) |
+ | (Tofr = Tofr, gu) | + | (Tefr = Tof, g1) |
< s +2llf = fl ol +

<€
whenever |s —t| < 0. N

Corollary 2.2.9. If {T; : t > 0} is a semigroup on L*(X) satisfying the
contraction property whose extension to L'(X) is strongly continuous, then
the positive semigroup {S; : t > 0} on L*(X) of Theorem 2.2.1 extends to a
strongly continuous semigroup on LP(X) for all p in [1,00).

Proof. 1f {T, : t > 0} is strongly continuous on L'(X) then {S; : t > 0} is
strongly continuous on L'(X) (see, for example, the proof of this fact in [45,

pp. 246-247]). Now apply Lemma 2.2.8. O

2.3 A vector-valued ergodic theorem

We now obtain a vector-valued version of the Hopf-Dunford—Schwartz ergodic

theorem for use in Section 2.4. If 7 is a bounded strongly measurable semi-
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group {75 : s > 0} on LP(X) then define the operator A(7,t), for positive t,
by the formula

AT, t)f = %/Othfds Vf e LP(X).

For f in L?(X), we may then define a maximal ergodic function A7 f by
AT f = sup | AT, 1) (2.2)
>0

A simplified version of the classical Hopf-Dunford—Schwartz ergodic theorem

may be stated as follows.

Theorem 2.3.1. [21, Theorem VIII.7.7] Suppose that T is a measurable semi-
group on L*(X) satisfying the contraction property and assume that p € (1,00).

Then the mazimal ergodic function operator A7 satisfies the inequality

1/p
la7sl, <2 (SE5) s, e o,

We will now develop a vector-valued version of this theorem. Fix p in the
interval (1, 00). Suppose that 7 is a strongly continuous semigroup {7} : ¢ > 0}
on L*(X) satisfying the contraction property. By Lemma 2.2.8, the semigroup
T is a strongly continuous semigroup of contractions when viewed as acting
on LP(X). We first show that the bounded linear operator A(7,t) on LP(X)
has an extension to LP(X;B) for all positive t. By Theorem 2.2.1 there is a
measurable semigroup {S; : ¢ > 0} of positive contractions on LP(X'), which
we denote by S, dominating 7 on LP(X). Hence A(S,t) is also a positive

contraction on LP(X) for each positive t. Moreover,

AT <y [ nsds< [ sirds=asol

whenever f € LP(X). It follows that A(7,t) has a tensor product extension
to LP(X; B) for all positive ¢ by Lemma 2.1.3. We can now define a maximal

ergodic function operator A% by the formula
ALF = sup |A(T t)F|s ~ VF € LP(X;B). (2.3)
>0
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Moreover, if F' € LP(X;B) then ALF is measurable. To see this, observe
that since the mapping ¢t — A(7,t)f is continuous from (0,00) to LP(X)
and the operator norm of /T(T, t) is locally uniformly bounded in ¢, the vector-
valued mapping ¢ — A(7,t)F is continuous from (0, 00) to LP(X; B) by Lemma
2.1.4. This implies that t — |A(T,¢)F|z is continuous from (0, 00) to LP(X).
Therefore the measurable function sup;cq+ |A(T,t)F |5, where QT denotes the

set of positive rationals, coincides with sup,. |A(T ,t)F|p.

Corollary 2.3.2. Suppose that B is a Banach space and that T is a symmetric
diffusion semigroup on L*(X). If1 < p < oo then the mazimal ergodic function

operator A%, defined by (2.3), satisfies the inequality

1/p
p
[4EF iy <2 (527) Wl W0 € (X3
Proof. Fix p in (1,00) and let S denote the semigroup dominating 7 which
was introduced in the discussion preceding the statement of the corollary. Now

for F'in LP(X;B),

ALF = sup |A(T, ) Fls

t>0

< sup A(S> t)‘F|B

t>0

= AS|F|p.

The result follows upon taking the LP(X) norm of both sides and applying
Theorem 2.3.1. O

2.4 A vector-valued maximal theorem

The main result of this section is a vector-valued version of Theorem 1.3.3. It
gives an L? estimate for the maximum function M4F (defined by (1.18)) under
the assumption that the generator —L of {ﬁ :t > 0} has bounded imaginary

powers.
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Theorem 2.4.1. Suppose that (X, ) is a o-finite measure space, B is a Ba-
nach space, 1 < p < oo and {T; : t > 0} is a strongly continuous semigroup on
L3(X) with the contraction property. If there exists w less than w/2 — ) and a
positive constant K such that L has bounded imaginary powers satisfying the

norm estimate
ILFllzrxs) < Ke | Fllpxs  YF€LP(X;B) Vu€eR,  (24)

then {T, : t > 0} has a bounded analytic continuation in LP(X;B) to the sector
I'y and there is a constant C such that the mazimal function operator Mg

satisfies the inequality
(U .
HMBFHLP(X) <C ||F||LP(X;B) VF € LP(X; B). (2.5)

Proof. Assume the hypotheses of the theorem. Since L has bounded imagi-
nary powers satisfying (2.4), —L generates a uniformly bounded semigroup on

L?(X; B) with analytic continuation to any sector I'y,, where

¢0<g_w7

by a result of J. Priiss and H. Sohr [57, Theorem 2]. Hence the operator M
is well-defined. It remains to show (2.5).

Take F in LP(X;B) and z in T'y,\{0}. Write z as e?t, where || < ¢ and
t > 0. The key idea of the proof is to decompose iF into two parts:

~ 1 [t ~ ~ 1 [t -
T.F =~ / el Fds + [e_ZLF - / el F ds] (2.6)
t Jo t Jo
Define the function mg on (0, 00) by
1
mg()\) = exp(—e\) —/ e M ds YA > 0. (2.7)
0
Then (2.6) can be rewritten formally as
~ 1t - ~
T.F = t/ e "L Fds +my(tL)F,
0
whence
~ 1 [t = ~
sup |T.F|g < sup —/ et Fds| +sup sup |mg(tL)F|p.
=€T,\{0} >0 |1 Jo B >0 |o|<y
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If we take the LP(X) norm of both sides then we have, formally at least,

HMIBZ’FHP < ||.AgF||p + ||sup sup |me(tL)F|s

t>0 |0]<y

: (2.8)

p
where 7 denotes the semigroup {7} : t > 0} and A% is the operator defined by
(2.3). By Corollary 2.3.2, the first term on the right-hand side is majorised by
2[p/(1 — p)]V/P [ Fl| 1o (x.5)- We need to control the second term.
Write ng for my o exp and observe that
me(N\) = L / h g (u)A™ du, (2.9)
2 J_
where ng denotes the Fourier transform of ng. Calculation using complex anal-

ysis shows that
fg(u) = (e — (14 iu) ")T(iu)  Vu€eR,

and the theory of the I'-function (see, for example, [70, p. 151]) gives the
estimate

179 (uw)] < Coexp ((|0] — 7/2)ul) Yu € R,

where Cj is a constant independent of u and 6. Thus, the existence of bounded

imaginary powers of L gives

(o)

- 1 ~
sup sup [mg(tL)F|s <sup sup —— [ |fg(u)| |(tL)"F|s du
>0 |0]<y >0 Jo|<y 27 J oo

1 [ o
<sup sup — Coelfl=m/2luljgw | | D R g du
t>0 19|<y 4T J—oo

C o
< 0

21 J_o

Taking the LP(X) norm of both sides of the above inequality and applying
(2.4) gives

sup sup |my(tL)F|s
>0 9]<¢

< G / = w2l | Toup|| qy
- 27

o P

P
< Col e(
- 27

P=m/2)[uf pwlul HFHp du

—0o0

< CUFl x5 -
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since 1) — /2 4+ w < 0, and where C] is a positive constant independent of F'.
Now (2.8) and Corollary 2.3.2 yields (2.5) for some positive constant C'.

The opening formal calculations can be justified by working backwards,
provided that the function

sup sup |me(tL)F|z (2.10)
>0 |6|<y

is measurable. Since the map z — T, F is continuous from T, to LP(X; B), the

map (t,0) — |me(tL)F|z is continuous from (0, 00) X [—1, 1] to LP(X). Hence

sup sup |m9(tz)F|5 = sup |mg(tZ)F|B,
>0 |9|<e (t.0)eR

where R is the denumerable set ((0,00) x [—,1]) N Q2. Since each me(tL)F
is measurable in LP(X; B) it follows that (2.10) is measurable in LP(X). O

2.5 Bounded imaginary powers of the genera-

tor

In this section we examine circumstances under which the bounded imaginary
power estimate (2.4), one of the hypotheses of the preceding theorem and
corollary, is satisfied. A fruitful (and in our context, necessary) setting is when
the Banach space B has the UMD property. A Banach space B is said to be a
UMD space if one of the following equivalent statements hold:

(a) The Hilbert transform is bounded on LP(X; B) for one (and hence all) p

in (1, 00).

(b) If 1 < p < oo then B-valued martingale difference sequences on L?(X; B)

converge unconditionally.

(c) If1 < p < oo then (—A)™®I5 extends to a bounded operator on LP(R, B)

for every u in R (a result due to S. Guerre-Delabriere [30]).

43



Several other characterisations of UMD spaces exist (see, for example, [6] and
the survey in [60]) but those cited here are, for different reasons, the most
relevant to our discussion. If the Hilbert transform, which corresponds to
the multiplier function u +— isgn(u), is bounded on LP(X;B) then one can
establish vector-valued versions of some Fourier multiplier theorems (such as
Mikhlin’s multiplier theorem [81]). This fact is used below to establish Theorem
2.5.1. The second characterisation gave rise to the name UMD. The third
characterisation shows that, in general, B must be a UMD space if L is to
have bounded imaginary powers, since —A generates the Gaussian semigroup.
Examples of UMD spaces include, when 1 < p < oo, the classical LP(X) spaces
and the Schatten—von Neumann ideals C?. Moreover, if B is a UMD space then
its dual B*, closed subspaces of B, quotient spaces of B and L”(X; ) when
1 < p < oo also inherit the UMD property.

It was shown by Hieber and Priiss [32] that when 1 < ¢ < oo the generator
of a UMD-valued extension of a bounded strongly continuous positive semi-
group on L?(X) has a bounded H*-functional calculus. The next result says
that the same is true if the positivity condition is relaxed to subpositivity (as-
suming that the UMD-valued extension of the semigroup is bounded), though
it is convenient in the present context to state it for semigroups possessing the
contraction property. First we introduce some notation. If o € (0, 7| then let
H>(T',) denote the Banach space of all bounded analytic functions defined on

I', with norm

11l sroe ) = P [£(2)].

2€T,

Theorem 2.5.1. Suppose that 1 < q < oo and B is a UMD space. If
{T; : t > 0} is a strongly continuous semigroup on L?(X) satisfying the con-
traction property and —L is the generator of its tensor extension {Tt :t >0}
to LI(X: B), then L has a bounded H*(T',)-calculus for all o in (7/2,7]. Con-

sequently, for every o € (m/2, | there exists a positive constant C,, such that
1L Flpacxis) < Cooe™™ | Fll oy~ YF € LYX;B) YueR.  (2.11)

44



Proof. Since the semigroup {7; : ¢ > 0} can be extended to a subpositive
strongly continuous semigroup of contractions on L(X), it has a dilation to
a bounded c¢g-group on L?(X’) for some measure space (X', u'). In other
words, there exists a measure space (X', u'), a strongly continuous group
{U; : t € R} of subpositive contractions on L?(X’), a positive isometric
embedding D : L%(X) — L% X’) and a subpositive contractive projection
P:L1(X'") — Li(X’) such that

DT, = PU,D vVt >0

(see the result of G. Fendler [22, pp. 737-738] which extends the work of Coif-
man, Rochberg, and Weiss [11]). Lifting this identity to its B-valued extension,
we see that the semigroup {7} : t > 0} on L2(X; B) has a dilation to a bounded
co-group {U, : t € R} on LI(X’, B).

Let —L denote the generator of {Tt :t > 0}. Then the dilation implies
that L has a bounded H>(T',)-calculus for all o in (/2,7 (see [32] or the
exposition in [47, pp. 212-214], where the H®-calculus is first constructed
for the generator of the group {ﬁt : t € R} using the vector-valued Mikhlin
multiplier theorem in conjunction with the transference principle, and then
projected back to the generator —L of {7} : t > 0} via the dilation).

The bounded H*(I',)-calculus gives a positive constant C,, such that

If(Deaxisy < Coo e,y V€ HZ(T).
If f(z) = 2" for u in R then (2.11) follows. 0

The theorem above suggests that the problem of finding bounded imaginary
powers of L is critical to L2(X; B). That is, if

1L F | r2x, < Ce™ 1 2, VF € L*(X;B) Vu € R

for some w less than 7/2 — 1 then one could interpolate between the L? es-
timate and (2.11) to obtain (2.4). Unfortunately, suitable L?(X;B) bounded

imaginary power estimates, where B is a nontrivial UMD space, appear to be
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absent in the literature, even when L is the Laplacian. However, if B is a

Hilbert space, such estimates are available via spectral theory.

Lemma 2.5.2. Suppose that H is a Hilbert space. If {T; : t > 0} is a sym-
metric diffusion semigroup on L*(X) then the generator —L of the H-valued
extension {T, : t > 0} to L2(X,H) satisfies

1L Fllaxag < IFlpaxsy — VF € LA(X,H) VueR. (2.12)

Proof. Tt is not hard to check that the tensor product extension to L*(X,H)
of the semigroup {T; : t > 0} is a semigroup of selfadjoint contractions on
L*(X,’H). Its generator —L is therefore selfadjoint on L2(X,H) and hence L

has nonnegative spectrum. Spectral theory now gives estimate (2.12). O

To obtain (2.4) we shall interpolate between (2.11) and (2.12). Hence we
consider the class of UMD spaces whose members B are isomorphic to closed
subquotients of a complex interpolation space (H,U ), where H is a Hilbert
space, U is a UMD space and 0 < # < 1. Members of this class include
the UMD function lattices on a o-finite measure space (such as the reflexive
LP(X) spaces) by a result of Rubio de Francia (see [60, Corollary, p. 216]), the
reflexive Sobolev spaces (which are subspaces of products of L” spaces) and the
reflexive Schatten—von Neumann ideals. This class can be further extended to
include many operator ideals by combining Rubio de Francia’s theorem with
results due to P. Dodds, T. Dodds and B. de Pagter [19] which show that
the interpolation properties of noncommutative spaces coincide with those of
their commutative counterparts under fairly general conditions. It was asked
in [60] whether the described class of UMD spaces includes all UMD spaces.

It appears that this is still an open question.

Corollary 2.5.3. Suppose that B is a UMD space isomorphic to a closed sub-
quotient of a complex interpolation space (H,U)g, where H is a Hilbert space,
U is a UMD space and 0 < 6 < 1. Suppose also that {T; : t > 0} is a symmel-

ric diffusion semigroup on L*(X) and denote by —L the generator of its tensor
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extension to LP(X; B), where 1 < p < oo. If
12/p—1| <6 (2.13)

and
0<<S(1-0)
then there exists w less than w/2—1) such that L has bounded 1maginary powers

on LP(X; B) satisfying estimate (2.4).

Proof. Assume the hypotheses of the corollary. Note that

T 1ym
:<5(:Y)
so that if o is the arithmetic mean of 7/2 and (7/2 — 1)/ then ¢ > 7/2 and

0 < /2 — 1. Now choose ¢ such that
1 1-6 0
+ -

Inequality (2.13) guarantees that 1 < ¢ < oco. Interpolating between (2.12)
and (2.11) (for the space LI(X,U)) gives

HZWHLP(X;B) < 03,5609‘“' ||F||LP(X;B) VE € LM(X;B) Vu€R.

If w = o0 then (2.4) follows, completing the proof. O

2.6 Proof of Theorem 1.3.5

In this final section of Chapter 2, we complete the proof of Theorem 1.3.5.
Suppose the hypotheses of the theorem. Parts (a) and (b) follow immediately
from Theorem 2.4.1 and Corollary 2.5.3. Part (c) will be deduced from the
vector-valued maximal theorem and the pointwise convergence of {T; : t > 0}
(see Corollary 1.3.4).

For ease of notation, write z — 0 as shorthand for z — 0 with z in f¢.

Suppose that F' € LP(X;B) and ¢ > 0. There exists a function G in
LP(X) @ B such that ||G' = F|,x.5 <€ Write G as > re Uk fr, where n is a
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positive integer, {uy}}_, is contained in B and { fx}}_; is contained in LP(X).
Hence, for almost every x in X,

limsup |T.F(z) — F(z)|s < limsup |T.F(z) — T.G(z)|s + |G(z) — F(z)|s

z—0 z—0

+ lim sup |1~;G($) —G(z)|8

z—0

< sup |To(F = G)(x)|5 +|G(x) — F(x)]s

zéfw
+ Z ]uk]B lim s(;lp }Tsz(x) - fk(x)‘
k=1 =

< 2M(G = F)(z),
since Corollary 1.3.4 implies that
lim [T, fi.(z) = fx(2)] = 0

for each k and for almost every x in X. By taking the LP(X') norm and applying

Theorem 2.4.1 we obtain

limsup |T.F — F|z

z—0

<2 |Mi@ - F)

p

< 2Ck,
p

where the positive constant C'is independent of F' and G. Since € is an arbitrary

positive number,

limsup |T,F(z) — F(z)|g =0

z—0

for almost every x in X, proving the theorem.
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Chapter 3

Miscellany

The results contained in this chapter serve as a reference point for tools used
later chapters. It is thereby hoped that our treatment of Strichartz estimates
is self-contained. If the reader is unfamiliar with basic LP inequalities and
Banach space interpolation, then they may want to peruse Sections 3.1, 3.2
and 3.3 before starting Chapter 4. Otherwise, readers may wish to skip this

chapter, returning to it only when knowledge of its contents is required.

3.1 Inequalities in L? spaces

The following LP inequalities will be used in the proof of Strichartz estimates
in Chapters 4 and 5. We only state the inequalities here, referring readers to
[59] or other standard texts for proofs. For us, by far the most used of these

inequalities is Holder’s inequality.

Theorem 3.1.1 (Hélder’s inequality). Suppose that X is a measure space
and p,q,r € [l,00|. If 1/r = 1/p+1/q, f € LP(X) and g € LI(X) then
fge L' (X) and

Ifgll, < 11, Mlgllg -

If (X, p) is a measure space, then the convolution f * g of two measurable
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complex-valued functions f and g is formally given by

frglz) = /X f@— ey duly)  Voe X

The following theorem gives integrability conditions on f and ¢ so that their

convolution is well-defined.

Theorem 3.1.2 (Young’s inequality). Suppose that X is a measure space
and p,q,r € [L,00|. If 1+ 1/r =1/p+1/q, f € LP(X) and g € LX) then
f * g is defined and

1+ gll, < 1F1, gl -

By specialising the above theorem to the /P sequence spaces, one may obtain

the following result.

Lemma 3.1.3 (Young’s inequality for convolution of sequences). Sup-
pose that a, b and ¢ are sequences {an nez, {bn}tnez and {c, }nez of nonnegative

numbers. If p,q,r € [1,00]| and

11 1
S+-+-22
poq T

then
S bt < lally 15l Nl

mneZ
The following theorem may be proved using an extended version of Young’s

inequality (see [58, pp. 31-32]).

Theorem 3.1.4 (The Hardy—Littlewood—Sobolev inequality). Suppose
that 0 < A <mn and q,r € (1,00), where 1/q+ 1/r + X\/n=2. Then

Iy TLWd”sd"tsnfnqngnr € LR Vg € LR,

3.2 Interpolation spaces

Interpolation of Banach spaces is a subject of immense importance to mathe-

matical analysis in general, and its importance to this thesis is no exception.
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Of the many mathematicians who have made contributions to this theory, A.
Calderén, J. Lions and J. Peetre deserve to be mentioned. In this section we
give a brief outline of the philosophy behind Banach space interpolation and
introduce the complex and real methods of interpolation. Our treatment is
rudimentary so readers who wish to pursue the subject in greater depth are
directed to [72] or [2].

Suppose that B and C are Hausdorff topological vector spaces and that
S: B — Cis a linear operator. In general S will not be bounded, but it may
be possible to find Banach spaces By and B; contained in B and Banach spaces
Co and C; contained in C such that the restriction maps S : By — Cy and
S : By — C; are bounded. In this case, we ask if there are other Banach spaces
B Cc B and C C C such that the restriction map S : B — C is also bounded.
To develop these ideas further, we introduce the notions of Banach couples,
intermediate spaces and interpolation spaces.

A Banach couple (By,By) is a pair of Banach spaces By and B; such that
both By and B; can be algebraically and topologically embedded in a Hausdorff
topological vector space B.

If BynNB, C B C By+ By with continuous inclusions, then B is said to be
an intermediate space for the Banach couple (B, By).

Suppose that B and C are intermediate spaces for (By,B;) and (Co,C)
respectively and that the restriction maps S : By — Cy and S : By — C; are
both bounded. If this implies that the restriction map S : B — C is bounded
then we say that B and C are interpolation spaces with respect to (Bg, B;) and
(Co, C1).

We remark here that if the Banach spaces By and B; are known but B has

not been specified, we can always take B to be the Banach space By+ By, where
80+Bl = {CLQ‘FUQ ag € Bo,a1 € Bl}
with norm

lallgy 45, = nf{llaolls, +llaills, : @ = ao +ai, a0 € Bo,ar € B}
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(see [72, 1.2.1] for more details).
There are two main methods of Banach space interpolation: real and com-
plex. The complex method usually finds intermediate spaces by considering

vector-valued functions which are continuous and bounded on the strip
A={z€C:0<Re(z) <1}

and analytic on the open strip Ag = {z € C : 0 < Re(z) < 1}. Construc-
tions are based on various complex analytic theorems, of which Hadamard’s
celebrated three-lines lemma is a prototype.

Given a Banach couple (By, B;), one way of constructing an interpolation
space B using the complex interpolation method is as follows. Let F denote
the space of all functions f with values in By + B; which are bounded and
continuous on A, analytic on Ay and satisfy the following property: for each j
in {0, 1} the functions t — f(j + it) are continuous functions from R into B;

and tend to zero as |t| — co. We equip F with the norm

£l = max (sup || f(it)lls, , sup [[f(1 +it)]]5, )-
teR teR

It turns out that F is a Banach space. We now define, for 6 in (0,1), the
interpolation space B to be the space of all a € By + B such that a = f(6) for
some f € F. We denote this space B by (B, Bi)g and give it the norm

lallg = inf { Ifll: f(0) = a, f € F}.

Basic inclusion and density properties associated to the interpolation space
(Bo, Bi)jg are given by the following lemma. All inclusions below are continu-

ous.

Theorem 3.2.1. [2, Theorems 4.2.1 and 4.2.2][72, Theorem 1.9.3] Suppose
that (Bo, By) is a Banach interpolation couple. Then

(i) (Bo, Bi)g) = (B1, Bo)p—e (with equal norms) whenever 0 <60 <1,
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(ii) By C By implies that
By C (Bo, Bi)pgs) C (Bo, Bi)je) C Ba
whenever 0 < 0y < 01 < 1,
(iii) (Bo,Bo)g = Bo if 0 <0 < 1, and
(iv) By N By is dense in (B, Bi)g.

Moreover, suppose that 0 < 6 <1, B = (By,Bi)jg and C = (Co,C1)jg- If S is a

linear operator such that

HSbOHCO < My HboHBO Vb € By

and

1Sbille, < Myl[balls, Vb1 € By,

then S is a bounded linear operator from B to C satisfying
1Sblle < Mg~ M7 ||blls Vb€ B.

The last part of the above theorem has a generalisation to multilinear forms.

In this thesis we shall often use the bilinear version below.

Theorem 3.2.2. [2, Theorem 4.4.1] Suppose that the pairs (Ao, A1), (Bo, B1)
and (Co,C1) are Banach interpolation couples. Assume that S : AgN Ay x By N
By — Co N Cy is bilinear and that for every (a,b) in Ay N Ay X By N By the
mequalities

15(a, 0)lle, < Mo lall 4, [19]]5,

and

15(a, 0)lle, < M [all 4, [18]]5,

hold. If 0 < 8 <1 and 0 < q < oo then S extends uniquely to a bilinear
mapping from (Ao, A1) g % (Bo, B1)pg) to (Co, C1)je) with norm at most Mg~ MY.
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Applications of complex interpolation to LP spaces are given in the next
section. Now, however, we introduce real interpolation. One way of construct-
ing a real interpolation space B from an interpolation couple (By, B;) is known
as the K-method [72, 1.3]. When 0 < ¢ < oo and b € By + By, define K by the
formula

K(5,B0,B1) = inf  (bollg, + ¢ I, (3.1)

by
If6 € (0,1) and ¢ € [1, 00), then we construct the interpolation space (B, Bi)s 4
by
(Bo. B1)og = {b € Bo+ By : bl 5,8, < >}

where .
_ * e ade ?
HbH(BO,Bl)e,q - </0 <t K(t> b, 80781)) 7) . (32)

One can also define the interpolation space (By, B1)g,«, but we shall not do so
here.
Some basic properties of real interpolation spaces are given in the next

theorem.

Theorem 3.2.3. [2, Theorems 3.1.2 and 3.4.1] Suppose that (Bo,By) is a
Banach interpolation couple, 0 < 6 <1 and 1 < g < oo. Then the following

properties hold:
(i) (Bo,B1)o.q = (B1,Bo)1-6,, with equal norms,
(11) if 1 < q <r < oo then

(Bo, B1)o,1 € (Bo, B1)o,q € (Bo, B1)or C (Bo, Bi)o,cos

(111) (Bo,Bo)g.q = By with equivalent norms, and
(iv) if By and By are complete then so is (Bo, B1)g.q-

Moreover, suppose that 0 < 0 < 1, B = (By, B1)g,q and C = (Co,C1)oq. If S is

a linear operator such that
15bolle, < Mo [|bollz, — Vbo € Bo
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and

Sbille, < My lIbills,  Vor € By

then S is a bounded linear operator from B to C satisfying
1Sblle < My~ *MY|jbll; Vb eB.
Some bilinear results for real interpolation spaces are now given.

Theorem 3.2.4. [2, pp. 76-77] Suppose that (Ao, A1), (Bo,B1) and (Co,Cy)

are interpolation couples.
(i) Suppose that for every (a,b) in Ao N By x Ay N By the inequalities
15(a, b)ll¢, < Mo llall 4, l[blls,

and

15(a, 0)lle, < M [[all 4, [10]]5,

hold. If0 < @ <1 and 1/r+1=1/p+1/q with1 < r < oo, then S
extends uniquely to a bilinear mapping from (Ao, A1)gp X (Bo, Bi)a,g to

(Co,C1)or with norm at most My~ MY

(i) Suppose that the bilinear operator S acts as a bounded transformation as

indicated below:

SIAOXBO—>C0
SIAOX81—>C1
SIA1XBO—>01.

If 6y,6, € (0,1) and p,q,r € [1,00] such that 1 < 1/p+1/q and 6+ 6, <

1, then S also acts as a bounded transformation in the following way:

S : (AOaAl)GQ,pT X (BOaBl)Gl,qr - (00761)90-1-91,7"
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3.3 Interpolation of L” spaces

In this section, we compile a list of results that are used in later chapters.
We begin by noting the elegance of complex interpolation when applied to the

vector-valued LP spaces.

Theorem 3.3.1. [2, Theorem 5.1.2] Suppose that (X, ) is a measure space,
(Bo, By) is a Banach interpolation couple, po,p1 € [1,00] and 0 < 6 < 1. If
1/p=(1—-0)/po+0/p1 and By = (Bo, B1)jg) then

(L7 (X Bo), L' (X B)) = LP (X, Byg))-

If p; = oo for some i in {1,2}, then LP* must be replaced with the space L3® of

bounded functions with compact support.
Proof. This is a simple application of [2, Theorems 5.1.1 and 5.1.2]. O

The situation with real interpolation of L? spaces is more complicated. This
is partly due to the extra interpolation parameter and also to the fact that,
in general, real interpolation of L” spaces gives Lorentz spaces rather than LP

spaces.

Definition 3.3.2. Suppose that (X, ) is a measure space, B is a Banach space
and 1 < p <oo. If 1 < ¢ < oo then the Lorentz space LP4(X) is given by

LPY(X;B) = {F € L'(X;B) + L*(X; B) : 1E | oo (x5 < 00}

> RN AN
Pl = ([ (277 0)"Y)

and F* is the measure-preserving rearrangement function of F' (see [72, 1.18.6]

where

for further details).

Theorem 3.3.3. [2, Theorem 5.2.1] Suppose that X is a measure space, B

1s a Banach space, 1 < pg < p1 < 00, pp < q < ooand 0 < 6§ < 1. If
1/p=(1—-0)/po+ 6/p1 then

(L7 (X;B), L (X B)), , = LP(X; B) (3.3)
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with equivalent norms.

The right-hand side of the interpolation formula (3.3) can be replaced with
an LP space in certain circumstances by applying the following embedding

results.

Lemma 3.3.4. [2, p. 8] Suppose that X is a measure space and B is a Banach

space.
(i) If 1 <ry <ry < oo and 1l <p< oo then LP"(X;B) C LP"2(X;B).
(i1) If 1 < p < oo then LPP(X;B) = LP(X;B) with equal norms.
A consequence of the lemma is that
LP(X;B) C (L™ (X;B), L™ (X B)), , = L™(X; B)

whenever 0 < 6 <1, 1/p=(1-6)/po+0/p1 and p < g. One would hope that
if we consider mixed Banach spaces By and B; then the above formula would

generalise to
(L7 (X3 Bo), LM (X B1)),, = 1(X; (Bo, Buo)-

Unfortunately, M. Cwikel [17] showed that this is not the case if p is different

from ¢, even when py = p;. However, there is a positive result.

Theorem 3.3.5. [2, p. 130][72, p. 128] Suppose that X is a measure space,
Po,p1 € [1,00), 0 € (0,1) and 1/p= (1—6)/po+6/p1. If (By,By) is a Banach

interpolation couple then
(LPO (X, Bo), LA (X, Bl))@,p =LP (X, (Bo, Bl)g,p) . (34)

A little more flexibility is gained by mixing up real and complex interpola-

tion.

Lemma 3.3.6. Suppose that po,p1 € [1,00], 1 < by, < 0; < 1, n € [0,1],
Go,q1 € [1,00], X is a measure space and (By,B1) is a Banach interpolation

couple. Denote (By, B1)e,.q; by By, 4 whenever i =1,2. Then

(Lpo (X; BGo,qo)a LP(X; 6617q1)) = LP(X; Be,q)

(7]
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11— 11—
- n_|_1 - = 77—|—E, 9:(1—77)90—|—77(91 (35>
4 Do P1 q qo 1

If p; = 0o for some i in {1,2}, then LP* must be replaced with Lg°.

Proof. The lemma is a simple consequence of Theorem 3.3.1 and the formula

(89071107 8917%)[77] = BG,Q’

valid whenever (3.5) holds, which connects the real and complex methods of

interpolation (see [2, Theorem 4.7.2]). O

We shall also use interpolation results for weighted Lebesgue sequence
spaces. Whenever s € R and 1 < ¢ < oo, let ¢¢ denote the space of all

scalar-valued sequences {a;} ez such that

. 1/q
0= (3 2l7) " < oc. (3.6)

JEZ

[{a;}jez

If ¢ = oo then the norm is defined by
{a;}jezll e = sup 2%[ay.
JEL
We have the following interpolation theorem.

Theorem 3.3.7. [2, Theorem 5.6.1] Assume that 0 < gy < 00, 0 < ¢1 < o0,
0<6<1andsy#s. If 0 <q< oo then

(¢ gm)e’q —

S0 7S1 S
where s = (1 — 6)so + 0s;.
In Chapters 4 and 5 we will use the special case

(62,05, = (.. (3.7)

Sp0? US1
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3.4 Besov spaces

When finding Strichartz estimates for the wave equation, Littlewood-Paley
dyadic decompositions of functions seem unavoidable. Besov spaces consist
of functions whose Littlewood—Paley decomposition is bounded in the Besov
norm. From another perspective, Besov spaces arise naturally as the real inter-
polants of Sobolev spaces. There are also embedding relations between Sobolev,
Besov and classical Lebesgue spaces. We mainly consider the so-called homo-
geneous Besov spaces rather than Besov spaces. Both share similar properties
but the symmetry of the former’s norm will be helpful in our context. For a
treatment of these spaces in greater depth, we refer the reader to [2] and [72].

We begin with a brief introduction to Littlewood—Paley dyadic decompo-
sitions. Suppose that ¢ € C5°(R") and that its Fourier transform 1 satisfies
the properties 0 < ¢) < 1, 9(¢) = 1 whenever €| < 1 and ¥(¢) = 0 whenever
€| > 2. If j € Z then define p; by

and $;(§) = ¢o(277€). This means that
SuPP(@j) C{¢eR": 21—l < €] < 2j+1}
and

D> i) =1

jeZ
for any ¢ in R"\{0}, with at most two nonvanishing terms in the sum. When

J € Z, define ¢; by the formula
©j = i1+ ¢+ jn (3.8)
This implies that ¢; = féjgbj, thereby allowing for the use of the standard trick
pj U= Pj % Pk u (3.9)

for any tempered distribution wu.
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IfpeR 1<r<oo, 1<s<oo0anduisa tempered distribution then

define ||ul[z, by

1/s
lullge, = (ZW HSO*UHSLr(Rn)) : (3.10)

JEL
We note that if u is a polynomial then supp(a) = {0} and hence |[ul|z, = 0.
Conversely if [lul|g, = 0 then u is a polynomial. We therefore define the
homogeneous Besov space Bﬁ:s to be the completion in [|-[|zo of the set of
equivalence classes of tempered distributions u, modulo polynomials, such that
il g, < oo.

The Besov norm of u corresponds to taking the L"(R") norm of each ¢; *u
and then the weighted ¢° norm in the j variable. Therefore the following inter-
polation result should come as no surprise. In what follows, §'(R™) denotes the
set of tempered distributions on R™ and P(R™) denotes the set of polynomials

on R".

Lemma 3.4.1. [72, Section 2.4] Suppose that po,p1 € R, po # p1, 10,71 €
[1,00), 79 # 711, So,51 € (1,00) and § € (0,1). Then

200 200 _ D
(BTO,SO’ BT0,80> 0s BT,S,(S)

where

p=0=0po+0p1, = +—,

and

o)

If s = 2 then we can use the above lemma together with the continuous

B, = {ue S®NPRY) : |[{27 o % ullogeny e

embedding
LP =[PP C [P? (p<2)

to obtain the continuous inclusion

Bf@ C B£2,(2) = <Bf§,2, Bf§,2>9 (3.11)

S
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whenever r < 2.
A few other continuous embedding results will be needed. The first one is
an easy consequence of Young’s inequality and the definition of homogeneous

Besov spaces. The proof is short so we present it here.

Lemma 3.4.2. [2, Section 6.5] Suppose that 1 < ry < r; < oo, 1 < s < o0,

P1; P2 € R and P1 _n/rl :pz—n/rg. Then Bpg CBpl and

72,8 — 71,8
[ull ger, < Cllullpez, (3.12)
for some positive constant C'.

Proof. By (3.9) and Young’s inequality,

i+ ull,, < M@l llps * ull,,

where n/p' =n/ri —n/ry = ps — p1. But by scaling, [|&;]|, = 2n/p |poll,, and
hence

oy * ull,, < 22220 Boll, Il * ull,,

T —

Substituting this into (3.10) gives (3.12) with C' = |||, O

The homogeneous Sobolev spaces H{f may be defined in terms of Riesz
potentials. Briefly, whenever 1 < r < 0o and p € R, the space H,ﬁ’ coincides

with the space (—A)~?/2L?(R") with norm

lall o 2 [[(=2)77u]| 2 gy

(see [2] or [73] for further details). The homogeneous Besov spaces and homo-
geneous Sobolev spaces are related by interpolation and in particular by the

continuous embeddings
BﬁZQHf when 2 < r < o0; BZ22H5 when 1 <r <2, (3.13)

whenever p € R. When r = 2 it is customary to write H? instead of Hzp . In

this case (3.13) reduces to H? = 3572.
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We shall use Besov spaces to prove one corollary in Section 5.8. For the
definition of the Besov space Bf , see [2] or [72]. We need only mention here
that Lemmas 3.4.1 and 3.4.2 have exact analogies for the ‘non-dotted” Besov

spaces BY .

3.5 Translation invariant operators

We use a translation invariance argument in Chapters 4 and 5 to demonstrate
some necessary conditions for the validity of various Strichartz estimates. The

basis of this argument is found below.

Definition 3.5.1. Suppose that X is a measure space, that B and C are
Banach spaces and that p and ¢ are Lebesgue exponents in [1, 00]. We say that
an operator A : LP(X;B) — LI(X;C) is translation invariant if

T, Af = At f Vye X VfelP(X;B),
where the translation operator 7, is given by 7, f(z) = f(z — y).

The following lemma is a simple vector-valued extension of a result due
to L. Hérmander [34, Theorem 1.1]. It asserts that no nontrivial translation
invariant operator can map from a higher Lebesgue exponent space to a lower

Lebesgue exponent space.

Lemma 3.5.2. Suppose that B and C are Banach spaces and that the linear
operator A : LP(R;B) — LY(R;C) is bounded and translation invariant. If
g<p<oothen A=0 and if ¢ <p= o0 then A=0 on LF(R;B).

Proof. Suppose first that ¢ < p < co. We begin by showing that
T (1f 47 fll o) = 277 1l sy VF € LR B). (3.14)

To see this, suppose that € > 0 and write f as g + h where ¢ has compact
support and ||A|| g < € For ly| sufficiently large, the supports of g and 7,¢

do not meet and hence

lg + TngLp(R;g) =277 Hg”LP(R;B) :

62



Now since ‘ HfHLp(R;B) - Hg”LP(R;B) ’ <6
’ |f+ TnyLP(R;B) —llg + Tyg”LP(R;B) ‘ < 2

and e is arbitrary, we obtain (3.14).

Assume now that

||Af||LQ(]R;C) < Cfll o s Vf € L’(R; B)

where the nonnegative constant C'is chosen to be as small as possible. By the

linearity and translation invariance of A,

|Af+ TyAfHLq(R;B) = [JA(f + Tyf)HLq(R;c)
<CIf+7fl s YW ER VfeLP(R;B).

If we let y approach infinity and apply (3.14) to both sides then
1Af ooy < C2Y2 VN fll sy VS € LP(R; B).

Since p > ¢ we must have C' = 0, otherwise C' 2'/P~%/¢ < C and a contradiction
results. Hence A = 0.

If ¢ < p = oo then the same arguments apply provided that we replace L*>°
with Lg°. ]
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Chapter 4

Strichartz estimates

In this chapter we prove and apply the abstract Strichartz theorem of M.
Keel and T. Tao [42, Theorem 10.1]. The theorem is stated in Section 4.2
and proved over the four sections following. In Section 4.7, we show how
the theorem completely solves the problem of determining all homogeneous
Strichartz estimates for the Schrodinger equation. The following section then
puts the theorem to work on the wave equation. Though there are no new
results in this chapter, its content serves as fundamental background to new
material contained in Chapter 5. Before attending to the theorem and its
proof, we shall illustrate why Strichartz estimates are sought after by those

working with inhomogeneous Cauchy problems.

4.1 A motivating example

In this section, we illustrate the power of Strichartz estimates for answering
questions concerning nonlinear dispersive partial differential equations. The
theorem given below is a variant on results that go back as far as the 1980s
(see, for example, [26], [40], [9] and the references therein) but the proof is
essentially the same. A particularly readable account may be obtained from
lecture notes [68] of T. Tao. For ease of notation, write L for the space LP(R?)

and LY, for the space LP(R; LP(R?)).
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Theorem 4.1.1. [9] Consider the initial value problem

i (t) + Au(t) = Mu(t)|?u(t) YVt >0

u(0) = f ,

(4.1)

where A is the Laplacian on L2, X is a complex constant and || f|| ;o = 1. If || is
sufficiently small then there is a global solution u to (4.1) such that |[u(t)|| 2 <

1 for every time t. Furthermore the solution u satisfies the spacetime estimate
lullgs, S 1, (4.2)

18 unique subject to the above conditions, and depends continuously in Lf’w on
the initial data f in L2. Finally we have scattering in the sense that there
exists some initial data fy in L? such that

lim ||u(t) — eitAerHL% = 0. (4.3)

t—o0

Equation (4.1), known as the meson equation, is a perturbation of the free
(or homogeneous) Schrodinger equation iu'+ Au = 0. With two spatial dimen-
sions, it is an L? critical perturbation in the sense that, unlike other powers
of u, the cubic forcing term cannot vanish under a rescaling of dimensions if
one requires that u(t) is dimensionless with constant L? norm (as happens in
physical applications where wu(t) is interpreted probabilistically).

Our principal reason for considering the above theorem and its proof is to
illustrate the use of Strichartz estimates. A sketch of the argument will be in
given certain places to avoid obscuring the main ideas. For convenience, we
state the contraction mapping principle which is used in the proof of Theorem

4.1.1.

Theorem 4.1.2 (The contraction mapping principle). Suppose that X
18 a complete metric space with metric d and that N : X — X s a contraction

mapping satisfying

d(N(u),N(v)) < cd(u,v)  Vu,v € X,
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where the contractivity coefficient ¢ lies in [0,1). Suppose that ug € X and
inductively define the sequence {ur}s>, by ugt1 = N(ug) whenever k > 0.

Then N has a unique fized point u, the sequence {uy}3>, converges to u and
d(u, ug) < cd(u, up) Vk > 0.

Sketch proof of Theorem 4.1.1. It is well known that if we want to solve an

equation of the form
i (t) + Au(t) = F(t), u(0) = f,
then the only solution is

t
u(t) =™ f — z/ ei(t_S)AF(s) ds

0
by Duhamel’s principle and spectral theory. Therefore we rewrite the inhomo-

geneous equation (4.1) in its integral form

u(t) = ™ f — i)\/o e =8 (|u(s)|?u(s)) ds. (4.4)

To find a solution to (4.4) we shall construct a sequence {uy}72,, of approximate
solutions which converges to the solution. First approximate u by the solution
up, given by

u(t) = ",
of the free Schrodinger initial value problem. Now make a better approximation

uy, given by

ul(t) = e f — i tei(t_s)A uo(8)[Puo(s)) ds.
() = e f =ia [ 9 (o) Puals) d

More generally, define the inhomogeneous map u — Ny(u) by

Ny(u)(t) = e f — i)\/o ellt=s)a (Ju(s)[*u(s)) ds

and define {u}72, by the iteration uyy1 = Ny(uy) whenever k > 0.
To prove that (4.1) has a unique global solution, it suffices to show that

the sequence {uy}7, has a limit u satisfying u = Ny(u) and that w is the
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only fixed point of Ny. This will be achieved by applying the contraction
mapping principle to Ny for a suitable contraction space X. Our choice of X

is determined by the existence of the estimates

le 2y, <17y VS L2 (45)
’/’eiﬂpwwm Sl VFeLll? (46)
0 L3 "
and
t
’/ ISF(s)ds| S Fllys  VF €LY (4.7)
B Liz t,x

These three estimates are Strichartz estimates associated to the initial value
problem (4.1). Theorem 4.2.2, which is given in the next section, will imply
these estimates (see Remark 4.7.3); for the moment, we simply assume that
they are true and use them to complete the proof of Theorem 4.1.1.

Define the metric space X by
X ={u:flul, <€}

where C' is an absolute constant (sufficiently large for the argument below to
hold) and with metric induced from the L;{x norm. To apply the contraction

mapping principle, it suffices to show that uy € X,
1
IN; () = Np(o)llyy < 5 llu—vllyy,  VuveX (4.8)

and N(u) € X whenever u € X.
First, (4.5) implies that vy € X since || f||, = 1. To show (4.8), we first
note that

Ny(u) = Ny(v) = —iA /Ot 2 (fu(s)Pus) — Ju(s)|v(s)) ds
and hence (4.7) gives
N7 ) = Np(o)l0 S M el = ol s
By a pointwise estimate
[ul*u — Jv[*v = O(Jul*|u — v]) + O(|v[*|u — v])
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which gives

INp() = Np()lgy, S N ([l = ol + [lofla = olf40 )
2 2
S AL (Il = vllgg, + ol = vl )

by Holder’s inequality. Since u and v both belong to X, their L;{x norms are
bounded and it follows that (4.8) holds if A is sufficiently close to zero. Finally,
if w € X then it may be easily deduced that Ng(u) € X by (4.8) (see, for
example, the argument at (5.69)).

So far we have shown the existence and uniqueness of the solution u to
(4.1). Since u € X we also have (4.2). We turn now to show the continuous
dependence of the solution on the initial data. Suppose that v is a solution to

(4.1) with initial data g satisfying ||g||;. = 1. Then

= vllys = INp(u) = Ny(o)l

< e f = €]l + INs(w) = Ny(o)l
1

< Cillf = gllpe + 5w —vlip,

by (4.5) and (4.8). Rearranging the estimate gives
lw = vlls, <2CIf = glle

as required.

To show that [|u(t)||;. <1 for all ¢, observe from (4.4) that

e’m/o e 2 (Ju(s)Pu(s)) ds

||U(t)HLi~; S HeimeLg +

L3
provided that both terms on the right-hand side are bounded. It is a stan-
dard fact of Fourier analysis (and in particular a consequence of Plancherel’s

theorem) that
HeitAfHLg = I fll Lz - (4.9)

Looking now at the second term, (4.6) gives

/0 e_iSA(|u(s)|2u(s)) ds ,

3
< ] s = Nl < C:
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By combining this with (4.9) we obtain the uniform L2 boundedness of u(t).

It remains to show scattering. Define f, by

fe=[f—iA /000 e "2 (Ju(s)|Pu(s)) ds.

From (4.6) and the argument just given, we see that f, € L. By (4.4),

u(t) — e f = i)\eim/ e "2 (Ju(s)[*u(s)) ds
t
and hence
() = €2 el S [ Ltooy el o
by (4.6) and (4.9), where 1(; ) denotes the characteristic function of the in-

terval (¢,00). The limit (4.3) now follows from the monotone convergence

theorem. ]

The above proof illustrates how impressively Strichartz estimates perform
as a technical tool for solving inhomogeneous Cauchy problems. However,
we have yet to give a proof of the Strichartz estimates (4.5), (4.6) and (4.7)
themselves. These estimates will be a consequence of some abstract Strichartz
estimates proved in the ensuing sections. In anticipation of later developments,
we highlight that, if we define a family {U(t) : t € R} of operators on L2 by

U(t) = €2, then we have conservation of probability
U@ e =1fllz  VfELL VEeR
and a dispersive estimate
IUSHU® gl STt —sI"llgll, Vg€ LynLy Vreals#t.

The dispersive estimate may be easily derived from the integral representation
of U(t) (see Section 4.7) while conservation of probability, an example of what

we later term an energy estimate, is simply a restatement of (4.9).

Remark 4.1.3. Theorem 4.1.1 states that the solution u to (4.1) is unique

subject to the conditions
lulps, ST and  Ju(®)],, $1 VEER.
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In fact, one can strengthen uniqueness by showing that v is a unique solution
subject only to the condition |ju(t)||;» < 1 for all ¢. This type of ‘unconditional

uniqueness’ result goes back to [40] and [41]. See [13, Section 16] for a recent

discussion .

4.2 Abstract Strichartz estimates

In this section we develop a framework which will enable us to write down
Strichartz estimates in a very general form. This leads to the statement of
Theorem 4.2.2 which gives a range of spacetime exponents for which abstract
Strichartz estimates hold under some very simple hypotheses. The section
concludes with a broad outline of how the theorem will be proved while the
proof itself begins in Section 4.3.

Suppose that H is a Hilbert space, (By, B;) is a Banach interpolation couple
and ¢ > 0. Suppose also that for each time ¢ in R we have an operator
U(t) : H — B§. Its adjoint U(t)* is an operator from By to H. We will assume
that the family {U(t) : t € R} satisfies the energy estimate

IU() /]

g SIflly  VfEH VEER, (4.10)
and either the untruncated decay estimate

[U()U ()" 9]

B S [t — 5|77 lglls, Vg e BiNByVreal s #t (4.11)
or the truncated decay estimate

1U(s)U(t)"g]

g S L+t —=s)"glls, VgeBiNBy Vs,teR (4.12)

The two decay estimates are sometimes referred to as dispersive estimates.
The energy estimate allows us to consider the operator 7' : H — L*(R; Bf)

defined by the formula

Tf(t)=Ut)f VfeM VteR
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Its formal adjoint is the operator T* : L'(R; By) — H given by the H-valued

integral
T"F = /RU(S)*F(S) ds.
The composition TT* : L'(R; By) — L>(R; B;) is the operator given by
TT*F(t) = /RU(t)U(s)*F(s) ds, (4.13)
which can be decomposed as the sum of retarded and advanced parts
(TR F(t) = / U)U(s)*F(s) ds

s<t

and

(TT)AF(t) = / U(H)U(s)*F(s) ds.

s>t

In many applications (see Sections 4.1, 4.7, 4.8 and 5.9 for examples)
{U(t) : t € R} is the evolution group associated to a homogeneous differential
equation. The operator T solves the initial value problem of the homogeneous
equation while (TT*)g is used, by Duhamel’s principle, to solve the corre-
sponding inhomogeneous problem with zero initial data. Spacetime estimates
for the functions T'f and (TT*)gF therefore correspond to homogeneous and
inhomogeneous Strichartz estimates.

When 6 € [0,1], let By denote the real interpolation space (By, Bi)gz. In
this chapter we will show that, for certain exponent pairs (¢, 6) and (q, 5), the
family {U(¢) : t € R} has Strichartz estimates of the following form:

(i) the homogeneous Strichartz estimate
HTfHLq(R;B;) SNl Viemnr, (4.14)

(ii) its dual estimate

I Flly SIFll s,y VF € L7 (R;By) ML (R:By)  (4.15)

)
and
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(iii) the inhomogeneous (or retarded) Strichartz estimate

||(TT*)RF||L¢1(R;35) S HFHL&’(R;Bg) VE € LEF(RQ Bé) N Ll(R§ By).
(4.16)

These estimates will be obtained by first interpolating between a bilinear ver-
sion of the energy estimate (4.10) and one of the dispersive estimates (4.11)
or (4.12). This, and further manipulation, impose certain conditions on the

exponents ¢, ¢, # and 5, giving rise to the following definition.

Definition 4.2.1. Suppose that o > 0. We say that a pair of exponents (g, 6)
is o-admissible if (q,0,0) #(2,1,1),2<¢q<00,0<60 <1 and

ol
< 4.1
<7 (1.17)

=

We say that a pair of exponents (q,0) is sharp o-admissible if equality holds

in (4.17) and nonsharp o-admissible otherwise.

It is natural to interpret o-admissible pairs (g, ) as those corresponding to
the points (1/¢,0) in [0, 1] x [0, 1]. Figure 4.1 illustrates regions which contain
these points for different values of o. The closed line segments O and OR
correspond to the sharp admissible pairs in each case. The point @ = (1/2,1/0)

corresponds to the sharp endpoint P, which is given by the formula
P=1(2,1/0) (4.18)

when o > 1. This endpoint will be of notable interest later in the chapter.

The main theorem is this chapter is the following result.

Theorem 4.2.2 (Keel-Tao [42]). Suppose that ¢ > 0. If U(t) satisfies
the energy estimate (4.10) and the untruncated decay estimate (4.11) then
the abstract Strichartz estimates (4.14), (4.15) and (4.16) hold for all sharp
o-admissible pairs (q,0) and (q, 5) Furthermore, if the decay hypothesis is
strengthened to (4.12), then the Strichartz estimates (4.14), (4.15) and (4.16)

hold for all o-admissible pairs (q,0) and (g, 0).
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Figure 4.1: o-admissible pairs (g, ) for different values of o.

The theorem above, when announced in the late 1990s, was a breakthrough
in several respects. First, the abstract setting allowed both the wave and Schro-
dinger equations to be treated in a unified manner. Second, when applied to
the wave and Schrodinger equations in higher spatial dimensions, the theo-
rem gave previously unknown Strichartz estimates. These new estimates occur
precisely when o > 1 and (¢, 0) or (q, 5) are the endpoint P. Consequently
this completely solved the problem of determining all possible homogeneous
Strichartz estimates for the wave and Schrodinger equations in higher dimen-
sions. Third, while previous publications in the field largely followed techniques
used by R. Strichartz [67], Keel and Tao [42] provided new techniques for ob-

taining Strichartz estimates. These have been adopted in recent papers (see,

for example, [24] and [75]) and will also be exploited in this thesis.

In Section 4.7, we apply Theorem 4.2.2 to obtain Strichartz estimates for
the Schrodinger equation. As a by-product, this application gives the estimates
(4.5), (4.6) and (4.7) used in Section 4.1 to solve the meson equation (see
Remark 4.7.3). An application of the theorem to the wave equation is explored

in Section 4.8, by a route alluded to in [42, Section 10].

The rest of the chapter is dedicated to the proof of Theorem 4.2.2. This is
novel in the sense that the article [42] of Keel and Tao only gives a proof of
this theorem when By and B; are respectively specialised to L?*(X) and L'(X),

where X is a measure space. Moreover, details familiar to the experts are
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sometimes omitted in the presentation of [42]. It is therefore hoped that our
proof of Theorem 4.2.2 will be welcomed at least by the uninitiated.

The structure of the proof is as follows. Section 4.3 explores the symmetry
inherent in the Strichartz estimates and their bilinear equivalents. The results
stated there are used repeatedly in proofs throughout this chapter and the
next. In Section 4.4, we prove homogeneous Strichartz estimates for all o-
admissible exponent pairs excluding the endpoint P. The basic strategy will be
to interpolate between bilinear versions of the energy and dispersive estimates
and then to estimate further via a classical L? inequality. The task of obtaining
homogeneous Strichartz estimates for the endpoint P is more delicate because
the classical L? inequality breaks down in this case. Section 4.5 addresses this
difficulty by decomposing a bilinear version of the Strichartz estimate into a
dyadic sum. While this sum diverges if each term is estimated individually,
some summability is obtained by slightly perturbing the spatial exponents.
We then interpolate between the perturbed estimates to prove the endpoint
estimate. Finally, in Section 4.6 we prove inhomogeneous Strichartz estimates
for o-admissible pairs. This is achieved by proving inhomogeneous estimates
for some extreme exponents and then interpolating between these and the
sharp o-admissible exponents. The proofs for these extreme cases utilise the
homogeneous Strichartz estimates proved in earlier sections.

Taken together, Theorems 4.4.1, 4.4.2, 4.5.1, 4.6.1 and 4.6.3 give Theorem
4.2.2. For the retarded Strichartz estimate (4.16), the conclusion of Theorem
4.2.2 also holds for a wider class of exponent pairs. We will devote our attention

to this in Chapter 5.

4.3 Equivalence, symmetry and invariance

The results of this section constitute a tool kit for simplifying the proof of
Theorem 4.2.2. We show that there is a bilinear form B such that each of
the Strichartz estimates (4.14), (4.15) and (4.16) is implied by a corresponding
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estimate on B. Not only will this give a more unified approach to proving
the estimates, but, as we shall see later sections, the bilinear form estimates
yield a manipulative flexibility that is harder to extract from their operator
estimate counterparts. Critically, the proof of the homogeneous Strichartz
estimates at the endpoint P relies on a result of real bilinear interpolation. In
this section we also prove that certain key estimates are invariant under the
exponent symmetry (q,6) < (q, 5) It ends by demonstrating the invariance of
the theorem’s hypothesis (in the sharp o-admissible case) under a particular
set of scaling transformations.

We set the tone with a formal calculation of the dual of (TT*)g. For clarity,
denote by (f, g), the action of a linear functional g on an element f of B. (Note
that (-, -) with no subscript denotes the inner product on H.) Suppose that
F and G are in L'(R; By). Then

t
(T, Ghymiayy = [ (V0) [ 007 F0)as,60))

R —00 By

- ] werre. vercwy asa @)
_ /R <F(s), U(s) / R dt>80 ds
= (F, (TT")AG) 11 (g.3,)

So formally, ((TT*)g)* = (T'T*) 4. Inspired by (4.19), define the bilinear form
B on L'(R; By) x LY(R; By) by

B(F.G) = / / (UG F(), U0 G) dsdt (4.20)

Lemma 4.3.1. Suppose that ¢, € [1,00] and 8,6 € [0,1]. Then the retarded

Strichartz estimate (4.16) is equivalent to the bilinear estimate

|BUE, G S F N Lo ) |G Lo i)

VF € L7(R; By) N LY(R; By) VG € LY (R; B;) N L' (R; By), (4.21)
where the bilinear form B is given by (4.20).
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Proof. By (4.19),
B(F,G) = ((TT")rF, G).

Hence if (4.21) holds then, by taking the supremum over all functions G in
L9 (R; By) N LY(R; By) such that |G| Lo .,y < 1, we obtain

H(TT*)RFHLQ(R;B*) =sup [B(F,G)| 5 ”F”L‘T(R%B”)
0 G 0

whenever I € L7 (R; B;) N LY(R; By).
On the other hand, suppose that (4.16) holds. Then

|B(F, Q)| < [(TT")&F || pagys;)

|Gl 5
5 HFHL‘Y'(R;Ba) HG”LQI(R;BQ)7

by duality. ]

The next lemma explains why the conditions on the exponents of the
Strichartz estimate (4.16) appearing in Theorem 4.2.2 must be invariant under
the symmetry (q,0) < (¢,8). We exploit the facts that (TT*)g)* = (TT*)a

and that (T'T*)4 becomes (TT*)g when we invert the direction of time.

Lemma 4.3.2. Suppose that (q,0) and (g, 5) are two exponent pairs. If the
energy estimate (4.10) and one of the dispersive estimates (4.11) or (4.12)
imply the retarded Strichartz estimate (4.16), then

I TT)RF gy S 1P liv sy VF € L7 (R Ba) N L' (Rs By). - (4.22)

Proof. Suppose that {U(t) : t € R} satisfies the energy estimate and one
of the dispersive estimates. If V(t) = U(—t) whenever ¢t € R then the family
{V(t) : t € R} also satisfies the energy estimate and dispersive estimate. Hence

if the operator S is given by Sf(t) = V(t)f then
||(SS*)RFHLQ(R;B§) S HFHLE’(R;B§) VE € L7 (R; By) N L'(R; By),
or equivalently
1587 aF ll oy S WFll o,y VF € L7 (R; Bo) N L'(R; Bo)  (4.23)
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by duality. But

where Fy(s) = F(—s). Therefore (4.23) implies (4.22). O

Later we decompose B(F, &) dyadically as ., B;(F, G), where

B;(F,G) = // (U(s)"F(s), Ut)*G(t)) dsdt. (4.24)
t—20t1 <s<t—27
Using the same techniques as above, one can prove the following lemma.

Lemma 4.3.3. Suppose that (q,0) and (q, 5) are two exponent pairs and that
C(j) is a positive constant for every j in Z. If the energy estimate (4.10) and
one of the dispersive estimates (4.11) or (4.12) imply the bilinear estimate

‘Bj(Fa G)| < O(j) ||FHL§’(]R;B§) ||GHLq’(R;Bg)
VEF € L7(R; B;) N L'(R; By) VG € LY (R; By) N L' (R; By)
then
|B;(F, @) < CO) 1FI o gy 1G 1l 1 i3,
VE € L7 (R; By) N LY(R; By) VG € LT (R; B;) N L'(R; By).

Proof. We adopt the notation of the proof of Lemma (4.3.2) and follow the

same strategy. The key observation is that

’//t%quy_ (V(s)"F(s), V(£)*G(t)) dsdt| = | B;(Go, Fy)|

where Fy(s) = F(—s) and Go(t) = G(—t). The details are left to the reader.
U
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So far we have shown that an appropriate estimate on the bilinear form B
implies the inhomogeneous Strichartz estimate (4.16). The same can be said

for the homogeneous Strichartz estimates.

Lemma 4.3.4. Suppose that q € [1,00] and 0 € [0,1]. If

BEO| S 1P s sy |Gl sy VPG € L7 (B By) 1 L (s By)
(4.25)
then the homogeneous Strichartz estimates (4.14) and (4.15) hold.

Proof. We first show that the bilinear estimate

[, w6 F ), ver6n) dsdt] £ 11y e 1G] vies,

VF,G e L7 (R; By) N LY(R; By) (4.26)

is equivalent to (4.15) (and by duality to (4.14) also). If (4.26) holds then
estimate (4.15) is easily derived by taking F' equal to G. Conversely, if (4.15)
holds then the Cauchy—Schwarz inequality gives (4.26).

Now observe that

\ [ Wy Fe), vy Gw) dsd] < |BR.G)| + |BG. F).
R2

Hence (4.25) implies (4.26) and the proof is complete. ]
The next lemma will help with the transparency of future proofs.

Lemma 4.3.5. Suppose that I is an interval of the real line. If (4.15) holds
then

[P

1

S F Lo z:8) VF € LY (R; Bp). (4.27)
H

Proof. Let 1; denote the characteristic function of I on R. Replacing F' by
1;F in (4.15) yields the result. ]

The following lemma will later be used in conjunction with Lemma 3.5.2

to demonstrate the necessity of some exponent conditions.

79



Lemma 4.3.6. If {U(t) : t € R} has the group property
Ut)U(s)* =U(t — s) Vs, t € R (4.28)
then (TT*)g is translation invariant.

Proof. If (4.28) holds then

t—y
T, (TT*) g F (1) :/ Ut —y—s)F(s)ds
.
:/ Ut —v)F(v—y)dv
= (TT")r7, F(t)
for any translation 7, where y € R. O

In later sections, scaling arguments will be used to simplify the proof of
Theorem 4.2.2 for the sharp o-admissible case. The hypotheses for this case
(that is, estimates (4.10) and (4.11)) are invariant under many rescalings; we

regard the one introduced below to be the simplest.

Proposition 4.3.7. If A > 0 then the estimates (4.10) and (4.11) are invariant
under the scaling

Ut) — Ut/\)
(fr9) < {f 9
1fllz, = Iflls,

A1l = A2 (1 F s, -

Before attending to the proof, we give a two helpful lemmata related to the

(4.29)

rescaling of Banach space norms.

Lemma 4.3.8. Suppose that B is a Banach space and X\ > 0. Then the scaling
Iflls = Alflls  VfeB (4.30)

induces the scaling

e

g — A o

o VoeB
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Proof. Let B’ denote the Banach space induced from B under scaling (4.30).

Then
16ll - = sup {[(f, &) : 1 fllg = 1}
=sup {|{f, &) | : [Mllz =1}
=sup {| (\'g, &) | : llglls = 1}
= A" 0l
as required. -

Lemma 4.3.9. If 0 € [0, 1] then scaling (4.29) implies that

1 lls, = X2 11f N1, -

Proof. Whenever 9 € [0, 1], let Bl, denote the Banach space induced from By
under scaling (4.29). Suppose that f € By. Recalling (3.1), we have

K(t, f, By, B)) = inf { || follg, + A2 || fills, : fo+ fr =}
= K()\U/2ta f7 60,81)

whenever ¢ > 0. Hence, by (3.2),

* (- ) 4
I = ([~ (roxer.8.80)" )
0

_ (/OOO (t—eK()\ff/%, f, 80,81))2 %)1/2
(/OOO ((or2s) K (s. 130,81))2 %)1/2
=22 fll5,

and the lemma follows. O

Proof of Proposition 4.3.7. It is obvious that (4.10) is invariant with respect
to the rescaling (4.29). For the second estimate (4.11), there is a constant C'
such that

IU)U(s)"g

B: < Clt—s]77lgllg, Vge ByNBy Vreal s#t.
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When scaling (4.29) is applied,

AR NU/NU(s/A) gl

B < Clt—s| 77\ lgllz, Vg€ BiNBy V real s #t.
The substitutions s +— s/\ and ¢ — ¢/ yield
[U)U(s)"gllg: < CIAE = As| 77X [|g]l s, Vge BiNBy Vreals#t,

from which we recover (4.11). O

4.4 Proof of the homogeneous estimates

We now begin the proof of Theorem 4.2.2. In this section, we derive homoge-
neous Strichartz estimates under the assumption that the family {U(¢) : t € R}
satisfies the energy estimate (4.10) and one of the decay estimates (4.11) or
(4.12). The basic strategy is as follows. We need to find conditions under
which the bilinear estimate (4.25) holds. We begin by interpolating between
the energy estimate and one of the decay estimates. This yields a new esti-
mate, which we further manipulate via a classical LP inequality, to establish
(4.26). This last step imposes conditions on the spacetime exponent pair (g, 0);
these are precisely the o-admissibility criteria defined in Section 4.2. The clas-
sical inequalities used are the Young, Holder and Hardy—Littlewood—Sobolev

inequalities; these are stated in Section 3.1.

Recall that the exponent endpoint P is (2,1/0) whenever o > 1.

Theorem 4.4.1. Suppose that o > 0 and that {U(t) : t € R} satisfies the
energy estimate (4.10) and the untruncated decay estimate (4.11). If (q,0) is

sharp o-admissible and (q,0) # P then the homogeneous Strichartz estimates

(4.14) and (4.15) and the bilinear estimate (4.25) hold.

Proof. In view of Lemma 4.3.4, it suffices to establish (4.25). Suppose that F’
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and G belong to L (R; B;) N L' (R; By). On the one hand, (4.11) implies that

[(U(s)" F(s), UR)"G()) | = [(F(s), U(s)U(1)"G(1)) |
< [1FG) s, 1USU @) G (@)l g;
St =77 IIE)llg, 1G5, » (4.31)

while on the other hand, the dual
U@ gl S llglls,  VE€ER Vge By (4.32)
of the energy estimate (4.10) implies that
[ (U(s)" F(s), U)'GE) | S 1F(s)llg, 1G]], - (4.33)

Integrating (4.33) with respect to s and ¢ gives (4.25) when (¢,0) = (00, 0).
Suppose now that (g,6) # (00,0). Real interpolation (see Theorem 3.2.4)
between (4.31) and (4.33) gives

[(U(s)"F(s), UL GO) | S [t = s [|[F ()5, IG5, (4.34)

where 6 € (0,1]. By an application of the triangle inequality,

’//Kt(U(s)*F(s), U G(1) ds dt‘ // I7(s ,‘JB_"!; U

(4.35)
To deduce (4.26), we need only estimate the right hand side of (4.35) by the

Hardy-Littlewood—Sobolev inequality. We require that 0 < ¢f < 1 and that
2/q' 4+ 06 = 2; this is guaranteed by one of the hypotheses. Hence

1E(s)ll, 1G(0)l5
// |t —9 ‘ a9 Fdsdt S HFHLQ’(R;BG)) HGHLQ,(R;BQ)

which, together with (4.35), establishes (4.25) as required. N

Note that the method of the proof above covers sharp admissible pairs
(q,0) when 2 < ¢ < oo. However, the Hardy-Littlewood—Young inequality
cannot handle the case when ¢ = 2 (that is, when (¢, 0) is the endpoint P).
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Establishing homogeneous Strichartz estimates for this case is a more delicate
problem and we defer this task to Section 4.5.
By strengthening the decay hypothesis, homogeneous Strichartz estimates

are obtained for a larger set of exponent pairs (g, 6).

Theorem 4.4.2. Suppose that o > 0 and that {U(t) : t € R} satisfies the
energy estimate (4.10) and the truncated decay estimate (4.12). If (q,0) is
nonsharp o-admissible, then the homogeneous Strichartz estimates (4.14) and

(4.15) and the bilinear estimate (4.25) hold.

Proof. Suppose that F' and G are functions in LY (R; B;) N L*(R; By). To begin
we follow the method of the first half of the proof of Theorem 4.4.1. However,

since we are using the truncated estimate, we obtain
[(U(s) F(s), UW'GW) | S L+ [t =)™ [IF ()], IG(O)Ilg,  (4.36)

rather than (4.34) when 6 € [0,1]. Suppose now that f(t) = [[F(?)g,,
g(t) = IG5, and h(t) = (1 + [t])~7?. Successive applications of the tri-
angle inequality, estimate (4.36), Holder’s inequality and Young’s inequality
give
] wierr. vtrGin) asat] < il
s<t

< [ £l llglly

< 1Pl 1F1 Mlglly

S ||F||Lq/(R;Bg) ||G||L‘1/(]R;B@)’

provided that A € L%2(R). This occurs precisely when go/2 > 1, which is

guaranteed by one of the hypotheses. Hence (4.25) is satisfied. O

4.5 Proof of the endpoint estimate

The methods of the previous section were not able to prove the homogeneous

Strichartz estimate for the endpoint P. We now deal with this special case.
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Throughout this section, suppose that o > 1,
P =(q.0) = (2,1/0) (4.37)

and {U(t) : t € R} satisfies both the energy estimate (4.10) and the untrun-

cated decay estimate (4.11). Our goal is to prove the following.

Theorem 4.5.1. Under the assumptions above, the homogeneous Strichartz

estimates (4.14) and (4.15) and the bilinear estimate (4.25) hold.

In view of Lemma 4.3.4, it suffices to show (4.25), where B(F,G) is defined
by (4.20). To do this, we decompose B(F,G) dyadically as ZjeZ B;(F,G),
where each B; is defined by (4.24). Note that if scaling (4.29) is applied to the

estimate

|B(F7 G)‘ < C HFHLQ(]R;BG) HGHLQ(R;BIJ) )

then
|B(Fy, Go)| < CAZ@H0)! 1Fol 22w, 1 Goll 2 (r.,)

where Fy(s) = F'(As) and Go(t) = G(At) (see Step 1 of the proof below where
we rehearse the necessary calculations). Inspired by this observation, define

the quantity f(a,b) by the formula
o
B(a,b) = 5(& +0)—1 (4.38)
whenever a,b € [0, 1]. For positive ¢, define the set ¥, by
U, ={(a,b) €[0,1] x [0,1]: 0<]a—1/0| <€0<|b—1/0| <€}

The following two-parameter family of estimates for the dyadic parts B; will

be proved.
Lemma 4.5.2. There is a positive € such that, for every j in 7Z,
|Bi(F.G)| S 277 F o,y 1G] 2,
VF € L*(R;B,) N LY(R; By) VG € L*(R; B,) N L'(R; By) (4.39)
whenever (a,b) € V..
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Proof. The proof will take place in three steps, the first two of which will
dramatically simplify the problem. In Step 1, we show that if (4.39) holds
when 7 = 0 then it holds for any j in Z. In Step 2, we take j equal to 0 and
show that if (4.39) holds for all F' and G which have compact support in an
interval of length 2, then (4.39) holds for all F' and G. To complete the proof
it suffices to show that there is a positive € such that, when j = 0 and every
function F' and G has support on an interval of length 2, (4.39) holds whenever
(a,b) € V.. This is achieved in Step 3.

Step 1. Suppose that the hypotheses of this section implies that (4.39)
holds when 7 = 0. By Proposition 4.3.7, the hypotheses are invariant under
the rescaling (4.29). Hence the hypotheses also imply that the rescaled version
of (4.39) (when j = 0), given by

‘// (U(s/A)"F(s), Ut/N)"G(t)) dsdt
t—2<s<t—1
< ON PN F | sy X2 NGl 2 sy

VEF € I*(R; B,) N L'(R; By) VG € L*(R; By) N L' (R; By),

holds. If Fy(s) = F(As) and Gy(t) = G(At), then a change of variables on the

left-hand side gives

)\2

/ / (U(s) Fols), U#)"Go(t)) ds dt
t—22"1<s<t—A—1
< CXNCHPE R 2,y 1Goll 2z,
VE, € L*(R; B,) N LY(R; By) VG € L*(R; By) N LY(R; By).
Now cancel A\? from both sides and set A equal to 277. This gives
| B;(Fo, Go)| < C 27970 ||F0||L2(]R;Ba) ||G0||L2(]R;Bj)
VE, € L*(R; B,) N LY(R; By) VG, € L*(R; By) N LY(R; By),

completing Step 1.
Step 2. Suppose that j = 0 and that (4.39) holds with the modification

that every F' and G has support on an interval of length 2. Now take any F
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in L*(R; B,) N L'(R; By) and any G in L*(R; By) N L'(R; By) (not necessarily
with compact support). We will show that

|Bo(F, G)| S 1F 2@ 1G] 2 wsm,) -

Decompose F' and G each as a sum

F(t) = ¢nF({),  Gt)=) on()G(),

meZ meZ

where ¢g € CP(R), 0 < ¢g < 1, ¢9 = 0 outside the interval [—1, 1], ¢,,(¢) =
¢o(t —m) whenever m € Z and t € R, and >, _, ¢, = 1. (Such a sequence

{®m }mez of functions exists by the usual construction of a partition of unity.)

Then

BO(F, G) = //tQ< o <U(S>*F(S), U(t>*G(t>> ds dt
ps / /tg<s<t1 (U(s)"dm(s)F(s), U(t)"¢u(t)G(t)) dsdt

mneZ

- Z //t—2<s<t—1 (U(s) om(s)F(s), Ut) on(t)G(1)) dsdt

|m—n|<3

P> //t_km_l V() 0m(s)F(s), UE) dms(NG(1)) ds dt

j=—3meZ

3
- Z Z BO(¢mF7 Qbm—i-jG)‘

j=—3mcZ

Since ¢, F' and ¢,,1;G both have support on an interval of length 2, there

exists a positive constant C' such that

3
Bo(F, G < C S S 6m Pl oy 1ém i Gl o,

Jj=—3meZ

3 1/2 1/2
s (z nquFuiQ(m) (z nasmﬂc||;(w)

j=—3 \m€eZ meEZ

1/2 1/2
<o (z ||¢mpuig(&8a>) (z uqsmcnzgm)) |

MEZ meZ
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where the second estimate is justified by Holder’s inequality. By further esti-

mation,

Y N19nF s, = Z/Rﬂﬁm(tf IE® 5, dt < IFI2@s,) -

MEZL meZ

since

0<> ¢2,<1.

meZ
Therefore

| Bo(F, Q)| < C" (|| 2y, Gl L2, »

as required.
Step 3. If B is a Banach space, let L2(IR; B) denote the subset of functions
of LP(R; B) whose supports are contained in intervals of length 2. In light of

previous steps, our task is to find a positive € such that

[Bo(E, G S NE 1| 2 sy 1G] 2 g,

VE € L2(R; B,) N L'(R; By) VG € LA(R; By) N L' (R; By)  (4.40)

whenever (a,b) € ¥.. Our approach is to prove (4.40) for the pair (a,b) in the

following cases:

(i) 0 <a<1/o, b=0;
(iii) 0 <b< 1/0, a = 0; and
(iv) a=b=0.

Since (1/0,1/0) lies in the interior of the convex hull of cases (i) to (iv) (see
Figure 4.2), Step 3 will follow from real interpolation (Theorem 3.3.5).
To prove (i), observe that (4.31) gives

By(F.C)| < / / OGP, UGl s
<

< / / it — 5|~ ()]s, IG(D)ll, ds dt
t—2<s<t—1

< N wsny 1G oy -
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Figure 4.2: Interpolation region for Step 3.

We now move to the proof of (ii). By the triangle and Cauchy—Schwarz

inequalities,
mrons ([ verreas veen)) @
< (| [ werrea H) [ 107Gl ar. @y

The first term of the above product can be estimated using Lemma 4.3.5 and
Theorem 4.4.1 applied to the sharp o-admissible pair (¢(a),a), where ¢(a) =
2(ca)~t. The dual (4.32) of the energy estimate gives a bound for the second

term. Thus
|Bo(F, G)| S 1F |l patr sy |Gl 1 re50) -
Since F' has compact support we can write F' as F' = 1;F, where 1; is the

characteristic function of some interval I of length 2. By Holder’s inequality,
“FHLq(a)’(R;Ba) < HlIHLP(R) HF”L?(R;BQ) <2 ||FHL2(R;BG)7 (4‘42)
where 1/¢(a)’ = 1/p+ 1/2. We estimate |G|/, g.g,) similarly to obtain
|B0(F7 G)| S ||F||L2(R;Ba) ||G||L2(]R;Bo) :

By symmetry (see Lemma 4.3.3), (iii) follows from (ii). To prove (iv),
successive applications of the triangle inequality, Cauchy-Schwarz inequality

and the dual (4.32) of the energy estimate give
| Bo(F, G S M o sy Gl o)
The technique used in (4.42) yields the result. This completes Step 3. U
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To prove Theorem 4.5.1 it suffices to show (4.25). One would hope that
this could be achieved, via (4.39), by

JEZ.

S D27V s, ) G 2, )
jez

5 HFHLQ(R;BUG) HGHL2(R;81/G) :

However, 3(1/0,1/0) = 0 so the sum diverges. Instead, we slightly perturb
the exponent pair (1/0,1/0), obtaining three estimates of the form (4.39). An
abstract real interpolation argument, applied to the three estimates, then gives

the homogeneous Strichartz estimate for the endpoint.

Proof of Theorem 4.5.1. In light of Lemma 4.3.4 and the triangle inequality, it

suffices to show that

D IBIE D S IF Nz, ) 1G] 2@5,,.)

j€z
whenever F and G belong to L*(R; By /,) N L'(R; By). Define a function B on
L'(R; By) x L'(R; By) by B(F,G) = {B;(F,G)}jez. Recall the definition of ¢
given by (3.6). If we can show that the map

B: L*(R; Byjy) x L*(R; By/y) — £ (4.43)

is bounded then the proof will be complete.
By Lemma 4.5.2 there is a positive € such that the map

B : LX(R; B,) x L*(R; By) — (5, (4.44)

is bounded for all (a,b) in the set W.. We carefully choose three points (a, b)
in U, so that interpolating between (4.44) for these three points gives (4.43).
Suppose that ag = by = 1/0 +¢/3 and a; = by = 1/0 — 2¢/3. Then
B(ag, b1) = Blar, bo) # Blao, bo)
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and the maps
B :L*(R; Byy) X L*(R; By,) — é%?aovbO)
B :L*(R; Bay) X L*(R; By,) — €300 1)

B :L2(R; Bal) X LQ(R§ Bbo) - g?ic()m,bo)

are bounded by (4.44). From Theorem 3.2.4 we deduce that the map

B: (L*(R; By,), L*(R; B,,)) 5 X (L*(R; By,), L*(R; By,))

10, m,2
- (g,%?ao,bo)7€%?ao,b1)>n71 (445)

is bounded, where 1y =, = % and n =1y + n;. It is easy to check that

(1 —n)B(ao, bo) + nB(ag,b1) = f(1/0,1/0) = 0.

If we combine this with (3.7) then (4.45) simplifies to

B: L*(R; Bi/y) x L*(R; By/y) — €.

Hence (4.43) is bounded, as desired. 0

4.6 Proof of the inhomogeneous estimates

In this section, we prove the inhomogeneous Strichartz estimate (4.16) for o-
admissible pairs. The problem of finding other exponent pairs for which (4.16)

is valid will be examined in Chapter 5.

Theorem 4.6.1. Suppose that o > 0 and that {U(t) : t € R} satisfies the
energy estimate (4.10) and the untruncated decay estimate (4.11). If the pairs

(q,0) and (q, 5) are sharp o-admissible then the retarded Strichartz estimate
(4.16) and the bilinear estimate (4.21) hold.

Proof. Suppose that (¢, 0) and (g, 5) are sharp o-admissible. By Lemma 4.3.1
it suffices to show (4.21). Observe that (oo, 0) is sharp o-admissible and that
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the three points (1/¢',0), (1/¢,0) and (1/<’,0) are therefore collinear. We
break the proof into three cases.

Case 1. If (q,0) = (¢, 0) then Theorem 4.4.1 implies that
]B(F, G)‘ 5 HFHLCY’(R;Bg) HG”Li’(R;Bg) (4-46)

and the proof is complete.
Case 2. Suppose that (1/¢,6) lies closer to (1/00’,0) than does (1/7,6).
If F e L7(R; By) N LY(R; By) and G € L(R; By) then the same argument used

to derive (4.41) gives

|B(F,G)| < <sup

teR

/Kt U(s)*F(s)ds H)/R||U(t>*G(t)”H a (da7)

We use Lemma 4.3.5 to estimate the first term of the product and use the dual

(4.32) of the energy estimate to estimate the second term. This gives
|B(F,G)| < HF||LL7’(R;B§) ||G||L°°’(R;BO)' (4.48)

Complex interpolation (see Lemma 3.3.6) between (4.46) and (4.48) yields
(4.21).

Case 3. Finally, if (1/¢,6) lies closer to (1/00’,0) than does (1/¢,6) then
(4.21) follows from Case 2 and symmetry (see Lemma 4.3.2). 0

The proof of Theorem 4.2.2 is almost complete. We only need to show that
(4.16) holds for o-admissible pairs under the truncated decay hypothesis (4.12).
The strategy will be to prove the bilinear estimate (4.21) for o-admissible expo-
nents which lie on the boundary of the admissibility region and then interpolate
between them. We already have estimates for the boundary corresponding to
sharp o-admissible pairs. The other necessary boundary estimates are deduced

in the following technical lemma, which is a crude variant of Lemma 4.5.2.

Lemma 4.6.2. Suppose that o > 0, (q,0) is nonsharp o-admissible and (g, 1)

1s o-admissible. Then there exists a positive 0 such that, for every j in 7Z,

’Bj(Fa G)| 5 2% ||F||L¢7’(]R;Bl) HGHLQ’(R;Bg)

VF e LT7(R; B) N L'(R; By) VG € L (R; By) N L' (R; By)  (4.49)
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whenever a € (=9, 6).

Proof. We prove the lemma in three steps.

Step 1. Suppose that @ € R and j € Z. We observe that if (4.49) holds
with the modification that every F' and G is supported on an interval of length
27 then (4.49) holds for any F' and G. To establish this we adapt the approach
of Step 2 in the proof of Lemma 4.5.2. In this case, ¢y = 0 outside the interval
[—2972 2971 + 2772] and ¢,,(t) = ¢o(t — m2/~1) whenever m € Z and t € R.

Step 2. Suppose that j € Z and consider the inequality
|Bj(F= G)| 5 2% ||F||L§’(R;Bl) ||G||Lq’(R;Ba)
VF e L7(R; B) N L'(R; By) VG € LY (R; B,) N LY(R; By)  (4.50)
We aim to show that (4.50) holds in the following cases:
(i) a=0and a = 1/q,
(ii) a=1and a = -0+ 1/¢+ 1/q, and
(i) a=1and a =1/g+ 1/q.

In light of Step 1, we may assume in the following calculations that F' and G
are supported on an interval of length 27.

We establish (i) using the same argument employed to derive (4.41), fol-
lowed by an application of the dual (4.32) of the energy estimate. This yields

/ U(s)"F(s)ds
t—2itl<s<t—27

Since (g, 1) is o-admissible, Theorem 4.4.2 gives

BEGIS (s

teR

I
H

|Bj(F’ G)| 5 ||F||L¢7/(]R;Bl) ||G||L1(]R;Bo) :
Now G is supported on an interval I of length 27, so

< 2|Gll o i)

(4.51)

HGHLl(R;BO) = HllGHLl(R;BO) < HlIHLQ(R) ||GHL¢1’(R;BO)

93



where the first inequality is justified by Holder’s inequality. This proves (i).
To prove (ii), we integrate (4.31) to get

|Bj<F7 G)‘ S/ 27j0 HFHLl(R;Bl) HGHLl(R;Bﬂ )

Using Holder’s inequality as in (4.51) gives (ii).
Case (iii) may be proved by integrating (4.36) when 6 = 1 to get

1B (F G S NN g sy 1G 2 sy

Once again, Holder’s inequality is applied to yield the result.

Step 3. Interpolating between (i) and (iii) gives (4.50) when a = 6 and
a=1/q+60/q > 0. On the other hand, interpolating between (i) and (ii) gives
(4.50) when a = 0 and

@:(1_9);+9(—a+£+1) (4.52)

From the hypothesis, 1/¢—060/2 < 0 and 1/g—0/2 < 0. Hence the « in (4.52)
is negative. The lemma now follows by interpolating between the case when

a > 0 and the case when o < 0. OJ

Theorem 4.6.3. Suppose that o > 0 and that {U(t) : t € R} satisfies the en-
ergy estimate (4.10) and the truncated decay estimate (4.12). Then the retarded

Strichartz estimate (4.16) holds for all o-admissible pairs (q,0) and (q,0).

Proof. We will establish (4.21) for o-admissible pairs (¢,0) and (¢, ). Every
o-admissible pair is an interpolant between a sharp o-admissible pair and a

o-admissible pair (¢, 1). Hence it suffices to show (4.21) when
(i) (¢,60) and (¢, 6) are sharp o-admissible,
(ii) (q,0) and (q, 5) are o-admissible and 6 = 1 and

(i) (g,6) and (g, 6) are o-admissible and 6 = 1.
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Case (i) is immediate from Theorem 4.6.1. For case (ii) there is, by Lemma

4.6.2, a negative o and a positive a; such that

|B(F,G)| < Z |B;(F.G)| + Y |B;(F.G)

Jj=1

0
S D 2 1Pl oy 1G o iy
j:—OO

+ D 2N F | i) 1G] o s

j=1

5 HFHL&/(R;&) ||G||Lq'(R;Bg) :

By symmetry (Lemma 4.3.2), case (iii) may be deduced from case (ii). O

4.7 Application to the Schrodinger equation

To illustrate how Theorem 4.2.2 is applied to a concrete setting, we first exam-
ine the inhomogeneous Schrodinger equation in the Euclidean space R™ with
initial data. The results stated in this section are relatively well known (see,
for example, [42]).

Our strategy is to show that the evolution group {U(¢) : ¢ > 0} on L?(R")
associated to the Schrodinger equation satisfies the energy estimate and un-
truncated decay estimate when o = n/2, By = H = L*(R") and B, = L'(R").
In these circumstances, the sharp o-admissibility criteria correspond to the

following conditions on the time exponent ¢ and the spatial exponent 7.

Definition 4.7.1. Suppose that n > 1. We say that a pair (¢, r) of Lebesgue

exponents are Schrodinger n-admissible if ¢ € [2, 00],
l,n_n (4.53)
and (g,7,7) # (2,00,2).

Corollary 4.7.2. Suppose thatn > 1 and that (q,r) and (q,7) are Schrédinger
n-admissible pairs. If f € L*(R"), F € LY (R; L"(R")) and u is a (weak)
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solution to the problem
(4.54)

then

HUHLq(R;LT(Rn)) S Hf”L?(Rn) + HF”LT(R;L?’(R'I)) : (4.55)
Conversely, if u is a weak solution to (4.54) and the estimate (4.55) holds for
all fin L*(R") and F in L7 (R; L™ (R™)), then (q,r) and (q,7) are necessarily

Schrodinger n-admissible pairs.

Proof. Fix the spatial dimension n and suppose that f € L?(R"). Define the
family {U(t) : t € R} by U(t)f = ¢ f and note that if u(t) = U(t)f, then u
is the solution to the homogeneous initial value problem

' (t) +Au(t)=0 VteR

u(0) = f.

(4.56)

If F e L7([0,T); L (R")) for some exponents ¢ and 7, then by Duhamel’s
principle the solution u to the inhomogeneous initial value problem (4.54) may

be formally written as

¢
u(t) = e f — ’L/ =M F(s) ds

= TF(t) —i(TT")RF(t) VteR,

where T is the operator introduced in Section 4.2. The right-hand side will be
estimated by Theorem 4.2.2 once we demonstrate that the hypotheses of the
theorem are satisfied.

First, the Fourier transform F gives the identity
F(U(B)g)(€) = " Fg(¢)
whenever g € L?(R") and ¢ > 0, and Plancherel’s theorem now gives

||U(t)g||L2(R”) = ||~7:(U(t)9>“L2(Rn) = ||~7:9||L2(Rn) = ||g||L2(R")'
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Hence {U(t) : t € R} satisfies the energy estimate. Second, Plancherel’s theo-
rem and the above identity also shows that {U(t) : t € R} satisfies the group
property

Ut)U(s)" =U(t —s) Vs,t € R. (4.57)

If we combine this with the explicit representation

_lz—y?

gla) = (2mit) " [T gy dy

n

of the Schrodinger evolution operator, then
HU(t)U(S)*gHLOO(Rn) = Hei(tis)AgHLoo(Rn) S ’t - S’in/2 HgHLl(Rn) V real s 7é t.

Hence {U(t) : t € R} satisfies the dispersive estimate (4.11). We may now
apply Theorem 4.2.2 when o = n/2, H = L*(R"), By = L*(R") and B, =
LY(R™) so that

||UHLq(R;B;) < ||Tf||Lq(R;B;) + ||(TT*)RF||Lq’(R;B;)

S Il 2@y + 1l 27 @:5,)
whenever (¢,6) and (g, 6) are sharp (n/2)-admissible. Now
By = (L*(R"), L'(R")),, = L"*(R") > L (R"),

where 1/r" = (1 —6)/2+60/1 and the inclusion is continuous (see Section 3.3).
It is not hard to show that (g, r) is Schrodinger n-admissible if and only if (¢, #)
is sharp (n/2)-admissible and 1/r" = (1 —6)/2+6/1. This completes the proof
of the first half of the corollary.

To prove the converse, suppose that u is a solution to the initial valuable
problem (4.54) satisfying (4.55) for all forcing terms F in L7 (R; L (R")) and

all initial data f in L?*(R™). Since the solution u can be written in the form
u(t) = TF() — i(TT*)RF (),
the Strichartz estimate (4.55) implies that

TN o @nyy S 1N 22 en) (4.58)
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and
||(TT*)RF||L¢1(R;LT(R")) 5 HF”LG’(R;LF/(R")) (4-59)

by taking F' equal to 0 and f equal to 0 respectively.
We first show that (g, r) is Schrodinger n-admissible. By interpreting u as
a function (¢,z) — u(t, x) of time ¢ and spatial position z in R", we see that

the initial value problem

ig—?(zﬁ,x)—l—Au(t,x) =0 VteR VzreR"
u(0, ) = f(x)

is invariant under the rescaling t «+— A?t and x « A\z. If this rescaling is applied

to (4.58) then
NIV T || pgspr oy < CXT2 11l 2 -

Hence n/r +2/q = n/2, which is equivalent to (4.53). The negative result of
[51] shows that the estimate ||T'f| o.r@ny) S [[fIp2@n) cannot hold when
(g,m,n) = (2,00,2). Finally, since the operator (T7T*)g is translation invariant
(see Lemma 4.3.6) and satisfies (4.59), it follows from Lemma 3.5.2 that ¢ > ¢'.
This shows that ¢ > 2. Hence (¢, ) is Schrodinger n-admissible.

To show that (g, 7) is Schrodinger n-admissible, we use the duality and time
reversing arguments of Section 4.3 (see especially Lemma 4.3.2 and its proof).

Explicitly, the solution v to the initial value problem

W'(t) — Av(t) = F(t) VteR
v(0) = f

is given by v(t) = Sf(t)+(5S*)gF(t) where V (t) = U(—t) and Sf(t) =V (t)f.
The operator norms of S and 7" are equal while the operator norms of (SS5*)4

and (T'T*)g are equal. The estimate (4.58) gives

ISFll oz @ey = 1Tl o @oy S Mfllpa@ey  VF € LA(RT),
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while (4.59) yields

”(SS*)AFHLq(]R;LT(R”)) = H(TT*)RFOHLQ(R;LT(R")) 5 ”FHLa’(R;L?’(Rn))
VF € L7 (R; L™ (R")),

where Fy(t) = F(—t). By duality,
||(SS*)RFHM’(R;LF’(R”)) 5 HFHLQ(R;LT(R")) VE € LQ(R§ LT(Rn))‘

Hence

1ol o rrnyy S N p2ny + 1] o gonr ey
Vf e LAR") VF € LY(R; L'(R"))

and we may repeat the arguments in the preceding paragraph to show that

(q,7) is Schrédinger n-admissible. 0

Remark 4.7.3. The Strichartz estimates (4.5), (4.6) and (4.7) for the meson
equation in R? are obtained from Corollary 4.7.2 by noticing that the exponent

pair (4,4) is Schrodinger 2-admissible.

4.8 Application to the wave equation

Strichartz estimates for the wave equation may be found using the truncated
decay hypothesis (see the approach of Keel and Tao in [42, Section 8]). Instead,
we show that they can be found using the untruncated decay hypothesis and
Besov spaces. The results obtained are exactly those stated in [28], with the
exception that we now also have the Strichartz estimate corresponding to the
endpoint P. The material of this section will also lay the groundwork for
Section 5.8, where new Strichartz estimates are obtained for the inhomogeneous
wave equation with zero initial data. Before reading this section, it is vital that

the reader is familiar with Besov spaces (see Section 3.4).
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N= Q=

0 nlf3

2(n—1)

N [—=

1
Figure 4.3: Wave admissible pairs (¢, ) when n > 3.

Corollary 4.8.1. Suppose that n > 1, that p, p,p € R, that q,q € [2,00] and

that the following conditions are satisfied:
q=2,

1 n—-1/1 1
< -,

qg 2 2 r

(¢;r,m) #(2,00,3),  (¢,7,n) # (2,00,3),

+ b1 L 1 P+ L1 ! (4.60)

n{-———»]1——=u=1-— n\z—=|)—=1-. .

P 2 r q K P 2 r q

Suppose also that f € H*, g € H*' and F € LY(R; B32). If u is a (weak)

7.2

solution to the wnitial value problem

;

() + Au(t) = F(t)

y u(0)=f (4.61)
| 0=y
then
Jelonzy S 1 i+ N9l us + N - (4,62

The closed region in Figure 4.3 represents the range of exponent pairs (g, )

and (g, 7) such that the Strichartz estimate (4.62) is valid.

Remark 4.8.2. Corollary 4.8.1 implies Strichartz estimates for spaces more fa-
miliar than the Besov spaces. By Besov—Sobolev embedding, estimate (4.62)
still holds when Bﬁ , 1s replaced everywhere by Hﬁ under the additional as-

sumption that r < oo and 7 < co. In fact, using Sobolev embedding, one can
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deduce that

||u||Lq(R;LT(]Rn)) 5 HfHHu + ||9||Hu71 + ||F||La’(R;LF’(Rn))

under the additional assumption that » < co and 7 < oco. One may also replace
the infinite interval R by any finite time interval [0, 7] where 7 > 0. See [42,

Corollary 1.3] and [28] for these variations.

We begin with a heuristic argument to indicate how Theorem 4.2.2 will be
applied in this setting. For convenience, write w for the operator (—A)'/2. The

homogeneous problem may be written as
V" (t) + w?o(t) = 0, v(0) = f, v'(0) = g,
with solution v is given by
v(t) = cos(wt)hy + sin(wt)hy
for some functions h; and hy determined by imposing initial conditions. Hence
v(t) = cos(wt) f + w™ ' sin(wt)g.
The inhomogeneous problem
—w"(t) + Aw(t) = F(t), w(0) =0, w'(0) =0
may be solved by Duhamel’s principle to give
w(t) = / wsin (w(t — s)) F(s)ds.
s<t

Define {U(t) : t € R} by U(t) = ¢**. Then the solution u to problem (4.61)

can be written as

u(t) = v(t) + w(t)
= (U0 + U(0) f + w0 (U(0) ~ U(-1)g
4 / <tw_1%(U(t)U(s)* CU(—)U(—s)*)F(s) ds (4.63)



and it is clear that if we have appropriate Strichartz estimates for the group
{U(t) : t € R} then (4.62) will follow.

In what follows, let ¢; and ¢; denote the Littlewood-Paley functions of
Section 3.4. We define the operator 7" by T f(t) = U(t)f, whenever f belongs
to the Hilbert space BSQ.

Lemma 4.8.3. Suppose that n > 1 and that the triples (q,r,v) and (q,7,7)

satisfy the conditions

1 ~1/1 1 1 ~1/1 1
1_n e -2, (4.65)
q 2 2 r q 2 2 r

n+1/1 1 _ on+1/1 1

— - = -z 4.66
7T (2 r)’ T (2 ?) (466)
(¢.r,n) #(2,00,3),  (q,7,n) # (2,00,3). (4.67)

Then the operator T' satisfies the Strichartz estimates
T oy S flgg, — VF € Bay (4.68)
and
[T Pl S 1P v, YFE€LTRBL).  (469)
Proof. We begin with the stationary phase estimate

sup
z€R™

[ el + e, ©)n(e) | < i
€R™

where C'is a positive constant (see, for example, [35, Section 7.7]). For j in Z,

apply the scaling £ « 277¢, x « 27z, t « 27t to obtain

sup 277"
zeR?

/ exp(it|¢] + i (z, §))$;(¢) dé‘ < Olt|~(=1/29=i(n=D/2,
£ER™

The above estimate may be rewritten as

||U(t)90j||Loo(Rn) < |t|‘("—1)/22j(n+1)/2.
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If f is a sufficiently regular function (or distribution) in the spatial variable

then

15 % U ) fll ooy = llpi % U@)25 * fll poo eny
< HU(t)SDjHLoo R™) |95 * f”Ll(Rn
< It|~ (n=1)/29j(n+1)/2 135 * f||L1(Rn (4.70)
by (3.9) and Young’s inequality. Multiplying by 2/+1)/4 gives

1277205 x U@ ey S 17721272855 F

where the left- and right-hand sides define the jth term of two sequences. If we
take the ¢? norm of each sequence and apply (3.8), then the above inequality
yields

HU(t)fHB;(Z*”/‘* < |t]” (n—1)/2 ||f||B(n+1)/4 Vf e BY;I)M. (4.71)

This corresponds to the abstract untruncated decay estimate (4.11).
On the other hand, each U(t) is an isometry on the homogeneous Sobolev

space H° and hence we have the energy estimate
HUMHE%SHHE% vf € B,
by (3.13). If H = By = BY, and B, = B{%""/* then
BZ’Q CBy= (BO, 81)9,2

by (3.11), where 1/r" = (1 —0)/2+ 60 and v = (n+ 1)8/4. It is not hard to

show from here that the sharp case of Theorem 4.2.2 proves the lemma. 0]

Proof of Corollary 4.8.1. 1t is well known that if 4 € R, then w* is an isomor-

phism from B 1o to BZ >/, Hence replacing f with w# f in (4.68) gives

IT g < I, VF € Bl

The same trick applied to (4.69) yields
7,2

||(TT*)RFHL‘1(]R;B;;+‘u) g HF”L‘T(R;B;_;H) VF € Lq (R ny‘f’l‘)
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If p = —y + p then these estimates combine with (4.63) to give
-1 —1 *
||U’||L<1(R;Bff’2) 5 HTfHLq(R;Bf’Q) + ”w TgHLq(R;BfJ) + Hw (TT )RFHLQ(R;Bf,Q)
-1 -1
g, + ol Do Pl
S 1 lg, + Dol +1F s
If p=—(3+ p— 1) then the estimate above becomes
lull ooy < Wl + 19l s +IFl @7 - (4.72)
So far we have imposed the conditions p € R, (4.64), (4.65), (4.67) and
LnEl LN mdl (1]
P e )T TP e T F)

This last condition may be rewritten as

Now if r; > r and p — n/r = p; — n/ry, then

H“HLq(R;Bfl{Q) <C ”u”Lq(R;Bfg)
by Lemma 3.4.2. Similarly, if 73 > 7 and p — n/7 = p; — n/r, then

1Pl o) < C NPl s -
3 Gy

Applying these estimates to (4.72) gives
ez ) S 1 e+ ol +1F N o 2o (4.73)
7'1,
whenever the conditions

q=>2, q =2,

1 n-1/1 1 1 n-1/1 1
“< e S-= )
q_ 2 2 & q 2 2 T1

(Q>T1an) 7£ (270073)7 <677 /7\:1,71) 7& (270073)7

1 1 1 - 1 1 1
p1+mn 2 ——=pu=1l=—pr—n|;—=)+=
! q 2 n q

are satisfied. These conditions and the Strichartz estimate (4.73) coincide with

those in the statement of Corollary 4.8.1. U
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Remark 4.8.4. One can see from (4.63) that the derivative u’ can also be ex-

pressed in terms of T', (TT*)r and w. Thus we have the Strichartz estimate

14 goqespy < 1 e + 1 lecs + 1F s, -

whenever the exponents satisfy the conditions of Corollary 4.8.1.
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Chapter 5

Inhomogeneous Strichartz

estimates

It was remarked by Keel and Tao in [42] that, assuming the energy and one of
the dispersive estimates, the inhomogeneous Strichartz estimate (4.16) holds
for exponent pairs (g, ) and (q, 5) other than those satisfying the admissibility
criteria of Theorem 4.2.2. Suppose, in the notation of Section 4.2, that By =
L*(X) and B; = LY(X) for some measure space X. It was the aim of D.
Foschi to find the largest range of pairs (¢, ) and (g, 5) which guarantees the
validity of the inhomogeneous Strichartz estimate (4.16), assuming only the
energy estimate (4.10) and the untruncated decay estimate (4.11). He made
substantial progress in this direction in [24] by using techniques introduced
by Keel and Tao [42]. Independently of but simultaneously to Foschi, M.
Vilela [75] also obtained similar results for solutions to the inhomogeneous
Schrodinger equation.

In this chapter we show that much of the argument of [24] can be adapted
to a more general setting where (By, B;) is a Banach couple. Where Foschi’s
argument cannot be generalised, we instead use abstract methods introduced
in [42]. As a result, we are able to obtain new Strichartz estimates for the wave
equation and a range of other equations.

The structure of the chapter is as follows. In Section 5.1, we announce
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Figure 5.1: g-acceptable pairs (g, 6) for different values of o.

the main result. This will be proved in Sections 5.2, 5.3 and 5.4. We present
an alternate proof of part of the main theorem in Section 5.6 using p-atomic
decompositions. The sharpness of the main theorem will be discussed in Section
5.7. Finally, in the last two sections we apply the result to the Schrodinger
equation, wave equation, Klein—Gordon equation and Schrodinger equation

with potential.

5.1 Global and local inhomogeneous Strichartz
estimates

Our aim is to find exponent pairs (q,0) and (g, 0) other than those which are
o-admissible such that the inhomogeneous Strichartz estimate (4.16) holds.

With this is mind we give the following definition.

Definition 5.1.1. Suppose that o > 0. We say that a pair (¢, ) of exponents

is o-acceptable if either

1
1<g<oo, 0<0<1, -—-<oab
q

or (q,0) = (00,0).

The shaded regions of Figure 5.1 represent the set of g-acceptable pairs
(g, 0) for different values of o. The closed line segments OQ and O R correspond

to the sharp o-admissible pairs in each case.
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If (By, B1) is a Banach interpolation couple then we write By , for (B, B1)g.q-
As was the case in Chapter 4, we shall continue to denote (By, Bi)s2 by By.
The main result of this chapter, given by the following theorem, extends the

work of D. Foschi [24, Theorem 1.4].

Theorem 5.1.2. Suppose that o > 0 and that {U(t) : t € R} satisfies the
energy estimate (4.10) and the untruncated decay estimate (4.11). Suppose
also that the exponents pairs (q,0) and (q, 5) are o-acceptable and satisfy the

scaling condition

1 1 o ~
5+§—§(«9+0). (5.1)
(i) If
il (5.2)
qg q '

(c—1)(1-0)<o(l-0), (c—=1)(1-0)<o(l-0), (5.3)

and, in the case when o = 1, we have 8 < 1 and 0 < 1, then the

inhomogeneous Strichartz estimate (4.16) holds.
(1) If ¢,q € (1,00),
=1 (5.4)
and

(c—1)(1—-0)<o(l-20), (c—1)(1-0)<o(l—0) (5.5)
then the inhomogeneous Strichartz estimate

ITT)RE N o, ) S 1E v sy ) VE € L7 (R; B, )NL' (R; By)
(5.6)
holds.

Remark 5.1.3. Suppose that the scaling condition (5.1) holds. Then the expo-
nent conditions appearing in (i) and (ii) above are always satisfied if o < 1 or

ifo=10<1andf < 1.
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Remark 5.1.4. Condition (5.1) is a consequence of the invariance of (4.16) with
respect to the rescaling (4.29). In fact, (5.1) and (5.4) are necessary conditions
(see Section 5.7). The combination of these two conditions have the following

geometric interpretation: if the points (1/q,60) and (1/q,6) satisfy (5.1) and
(5.4), then their midpoint is a sharp o-admissible pair.

Remark 5.1.5. By specialising Theorem 5.1.2 to the case when (B, B;) =
(L*(X), L*(X)), where X is a measure space X, we recover the results [24,
Theorem 1.4] of Foschi.

As in [24], our proof that global inhomogeneous Strichartz estimates of
Theorem 5.1.2 exist is based on the existence of localised inhomogeneous es-
timates given by the theorem below. In Chapter 5, these localised estimates
will play the same role as did those Strichartz estimates obtained in Chapter 4
for functions having compact support (see, for example, the proofs of Lemma

4.5.2 and Lemma 4.6.2).

Theorem 5.1.6. Suppose that ¢ > 0 and that {U(t) : t € R} satisfies the
energy estimate (4.10) and the untruncated decay estimate (4.11). Assume also
that I and J are two time intervals of unit length separated by a distance of scale
1 (that is, |I| = |J| = 1 and dist(I,J) ~ 1). Then the local inhomogeneous

Strichartz estimate
ITT"Fllpairsy) S 1 Fllpr s,y VF € LT (1:B5) 0 LY(T; By) (5.7)

holds whenever the pairs (q,0) and (§,0) satisfy the conditions

q,q € [1, 0], 0,0 € [0,1], (5.8)

(c—1)(1-60)<c(1-6), (c—1)1-6)<c(1-0), (5.9)
1_ o ~ 1_ o,~

2300, Z=5(-0 (5.10)

If 0 =1 then 6 and 0 must be strictly less than 1.

The range of possible values of 6 and 0 that give local and global inhomo-

geneous estimates is compared in Figure 5.2. Region AOEC represents sharp
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Figure 5.2: The range for exponents 6 and 0 when o > 1.

o-admissible exponents, region AOFED B represents exponents for the global
estimates of Theorem 5.1.2 and region AOFF represents exponents for the
local estimates of Theorem 5.1.6. The boundaries of each region are included

except at the points B and D for the global estimates.

Remark 5.1.7. The requirement in the hypothesis that dist(/, J) ~ 1 is due to
the lack of integrability of the dispersion estimate (4.11) when s is close to ¢

(see (5.13)). This condition can be removed if o < 1.

Remark 5.1.8. If one assumes the scaling condition (5.1) then strict inequalities
in conditions (5.8) and (5.10) are equivalent to saying that the pairs (¢, ) and

(q,0) are o-acceptable.

We prove Theorem 5.1.2 over the next three sections. Section 5.2 gives
a proof of Theorem 5.1.6 by interpolating between the local inhomogeneous
estimate (5.7) when the exponents are o-admissible and when (g, 0; ¢, 5) =
(00, 1;00,1). In Section 5.3 we show how the global inhomogeneous estimate
(4.16) can be decomposed as a sum of local estimates via a dyadic Whitney
decomposition. These sections closely follow the approach of Foschi [24, Sec-
tions 2 and 3|. Section 5.4 marks a departure from Foschi’s method. Here we
show, using abstract real interpolation, how the local estimates and Whitney

decomposition combine to prove Theorem 5.1.2. While we could stop there,

we choose to present an alternate proof of some of the global estimates to illus-
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trate other available techniques. The main technique, first introduced to the
Strichartz community by Keel and Tao [42] and known as p-atomic decomposi-
tion of functions in LP, is given in Section 5.5. This alternate proof of Theorem

5.1.2 (i) is presented in Section 5.6.

5.2 Proof of the local Strichartz estimates

Given two intervals I and J of R, write ) = I x J and define B¢ by the formula

Bo(F,G) = B(1,F,1,G) = / /( UG, D) st ()

whenever F and G belong to L' (R; By). One can easily show (using calculations
similar to those of Section 4.3) that the local inhomogeneous estimate (5.7) is

equivalent to the bilinear estimate

’BQ(R G)| S ”FHLE/(I;B(;) HGHLq’(J;Bg)

VF € L7(I; B) N L*(I;By) VG € LY (J;Bs) N L' (J; By). (5.12)
We use this equivalence to prove results in this and subsequent sections.

Proof of Theorem 5.1.6. Suppose that [ and J are two intervals satisfying the
hypothesis of the theorem and write () = I x J. Let ¥ denote the set of points
(1/q,0;1/q, 5) in [0,1]* corresponding to the pairs (¢, ) and (q, 5) for which
estimate (5.7), or its bilinear equivalent (5.12), is valid.

If we apply the bilinear version (4.31) of the dispersive estimate then
BolP.OI S [ 1= 1P, 1G], dsat

S prmy Gl i,y - (5.13)
Hence (0,1;0,1) € W. On the other hand, if the homogeneous Strichartz
estimate (4.15) of Theorem 4.2.2 is applied then

/ U(s)*F(s) ds

Bo(F.G)| < \ 1

/ Ut)*G(t)ds
J

SN a8y 1Gl o (.5, (5.14)

H H
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whenever (g, 6) and (g, §) are sharp o-admissible. Complex interpolation (see
Lemma 3.3.6) between (5.13) and (5.14) shows that ¥ contains the convex hull
of the set

(0,1;0, 1)U {(1/q, 0;1/q,6) : (q,0) and (q, 5) are o-admissible pairs} . (5.15)
Since G is restricted to a unit time interval, Holder’s inequality gives

G Lo sy = WGl L () < Wil iy WG Lo (520 S NG o (1:85)

whenever 1/¢' = 1/r"+1/p’. We can always perform this calculation provided

that p < ¢. Similarly, if p < ¢ then

IE o ) S W o 1:5) -

Hence if (1/q,0;1/q,0) € ¥ then (1/p,0;1/p,0) € ¥ whenever p < ¢ and
p < q. If we apply this property to the points of the convex hull of (5.15)
then we obtain a set W,, contained in W, that is described precisely by the
conditions appearing in Theorem 5.1.6. Details of this computation are given

in the following lemma. ]

Lemma 5.2.1. The set V., defined in the proof above, is precisely the set of
all (q,0;q,0) in [0,1)* which satisfy the conditions on q, §, 0 and 0 given in
statement of Theorem 5.1.6.

Proof. We will construct the set ¥, in three steps.

First, W, contains the point (1/p, ¢;1/p, ¢) when the pairs (p, ¢) and (p, ¢)

are sharp o-admissible. The collection of such points is a square in [0, 1]*
defined by

1 o9 1 o9 11 [ 1] ~

p 2 Y ﬁ 2 ) p7 ~ O? 2 ) ¢7 (b E [07 ] (5 6)

and if o = 1 then we require that (p, ¢) # (2,1) and (p, ¢) # (2,1).
Second, W, contains the convex hull of the above square with the point

(0,1;0,1). These are points of the form

(a/p,l—l—oz(gb— 1);04/@1%-01(5— 1))
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where (p, ¢) and (7, ¢) satisfy (5.16) and 0 < a < 1.

Third, W, contains points of the form (1/q,0;1/q,0) where
1 1 ~
S>2 b=l4alp-1), =>2, O=1+ad-1)
qa p q P
Hence W, is the set of points (1/q,0;1/q, 5) in [0,1]* for which there exist

P, p, 0, 0 and o such that

1_o¢ 1_o¢
p 2 p 2
11 1 ~

_726 [07 :|7 ¢7¢704 € [07 1]7
P D 2

1 « 1 o
_2_7 ~ Z =
q p q p
0=1+a(p—1), 0=1+a(¢p—1),

and if 0 = 1 then we require that ¢ # 1 and 5 # 1. We will show that this
description is identical to the one given by the conditions of Theorem 5.1.6.

The last two equalities can be used to eliminate ¢ and qg:

(8 g (8} g ~
—=—(0 —1 —=—(0 -1
11 1 ~
~—eo,2], 0,6 €1-a,1],
pp 2

1 a 1 a
727a 2217
q p q p
a € [0,1].

Eliminate p and p using the first two inequalities:

o a o~ !
< Z 1< = < Z 1< =
0_2(9+a 1)_2, 0_2(9—1—04 1)_2,
a € [0,1], 9,56[1—04,1],
1_ o 1 _ o,~
> -1 > = -1
If we rearrange the inequalities we get
a € 0,1],
l—-a<6<a(l/fo—1)+1, l—a<f<a(l/o—1)+1,
1 o ox 1 o ~ o«
-+=(1-0)> — —+—=(1-0)> —.
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The quantity « is isolated:

0<a<l,
1— ~ 1-6
| p<a< 079 | f<a<?79
o—1 o—1
2 9 -
a< = +1-0, a<-—+1-96.
oq oq

Now there exists some « which satisfies the above system of inequalities if and
only if any expression which appears on the left of « in these inequalities is

less than or equal to any expression which appears on the right. This means

that
0<a(1—«9)’ O<U(1—9)
- o—1 - -1
1_9§a(1—6’)’ 1_5§U(1—9)7
o—1 oc—1
~ 9 2 ~
1—-0<—+1-9, 1-0< —+1-6.
oq aq
We rearrange these inequalities into their final form:
<1, 0<1,
(0—1)(1—0) <o(1-0), (0 —1)(1—0) <o(1-0),
1_ o ~ 1 o0~
0 .
L2500, == 000

We recall that if o = 1 then § # 1 and 6 # 1. It is now clear that these

conditions coincide with those given in the statement of Theorem 5.1.6. O

Recall (see Proposition 4.3.7) that the energy estimate (4.10) and untrun-
cated decay estimate (4.11) are invariant with respect to the rescaling (4.29).
We shall apply this scaling to the local inhomogeneous estimate (5.7) to obtain

a version of Theorem 5.1.6 for intervals I and J that don’t have unit length.
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When scaling (4.29) is applied, (5.7) becomes

)\—09/2 /
J

The substitution s — As gives

q 1/q -
dt) < ONP ||F||L§’(I;Bg) :
5;

/R U(t/NU(s/\)*F(s) ds

1/q _
o0 q
‘IB; dt) < CN\2H HFOHLEJ“’(A—U;Bg)

e ([T Ry
J
where Fy(s) = F(As). A further substitution ¢ — At yields

AT Foll o y1gmp) < CNP VT Foll a1 -

Hence
ITT* Foll on15) < CAPOT | Byl 31
where
ﬁ(q70;5,5)23+%—%(9+5). (5.17)

If we replace A\ with A=! in the last inequality then we obtain the following

proposition.

Proposition 5.2.2. Suppose that o > 0, A > 0 and {U(t) : t € R} satisfies the
energy estimate (4.10) and the untruncated decay estimate (4.11). Assume also
that I and J are two time intervals of length A separated by a distance of scale
A (that is, |I| = |J| = X and dist(I,J) =~ X). Then the local inhomogeneous

Strichartz estimate

| 7T Fll o) S NO85 | Fl| 19 VF € L7 (I;B;)N L' (I; By) (5.18)

)

holds whenever the pairs (q,0) and (g, 5) satisfy the conditions appearing in
Theorem 5.1.6.

5.3 Dyadic decompositions

Recall from Lemma 4.3.1 that the bilinear estimate (4.21) is equivalent to the

operator estimate (4.16). In Sections 4.5 and 4.6, we decomposed the bilinear
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form B dyadically as a sum ) ._, B; to prove Strichartz estimates. Theorem

JEL
5.1.2 will be similarly proved by decomposing B into a sum of localised opera-
tors to which Proposition 5.2.2 is applied. What was achieved in Chapter 4 by
taking a simple dyadic decomposition of B combined with the localisation of
the functions F' and G can also be achieved by taking a Whitney decomposition
of the domain of integration {(s,t) € R? : s < t} in (4.21). We adopt the latter
approach in Chapter 5.

We begin with a few preliminaries. We say that A is a dyadic number if
A\ = 2 for some integer k. The set 2% of all dyadic numbers is a multiplicative
Abelian group. In this and the following three sections, A always denotes a
dyadic number.

We say that a square in R? is a dyadic square if its side length ) is a dyadic
number and if the all the coordinates if its vertices are integer multiples of
A. Any open set in R? can be decomposed as the union of essentially disjoint
cubes whose lengths are proportional to their distance from the boundary of
the open set. In fact, this is true of R™ in general. If @) is a cube in R™ then

let £(Q) denote its length.

Lemma 5.3.1 (Dyadic Whitney decomposition). /29, Appendiz J] If 2
s a proper open subset of R™ then there exists a countable family Q of closed

dyadic cubes such that
(a) Ugeo @ = Q and the interiors of the cubes in Q are pairwise disjoint,
(b) V/nl(Q) < dist(Q, Q) < 4y/nl(Q) for every cube Q in Q,

(c) if the boundaries of two cubes Q and Q" in Q touch then

“Q)
wQ) ="

1

- <

1S
and

(d) for any given cube @ in Q there are at most 12" other cubes in Q that

touch 1t.
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2

Figure 5.3: Whitney’s decomposition for the region s < t.

From now on, let @ denote a Dyadic Whitney decomposition, given by

Lemma 5.3.1 and illustrated in Figure 5.3, for the domain €2, where
Q={(s,t) eR*: 5 <t}

For each dyadic number A, let @, denote the family contained in Q consisting
of squares with side length A. Each square @) in Q, is the Cartesian product
I x J of two intervals of R and has the property that

A= |I| = |J| ~ dist(Q, Q) ~ dist (I, .J). (5.19)

Since

0=y Yo

A€2Z QEQ)
and the squares () in the decomposition are essentially disjoint, we have the

decomposition

B=> Y By, (5.20)

A€2Z QEQ)
where By is given by (5.11) whenever () = I x .J. The scaled version

|Bo(F,G)| < AP (@ 8:a0) ||FHL5’(1;85) HG”L‘I'(J;BQ)

VE € L7(I;B;) N LY(I;By) VG € L7 (J; By) N L'(J;By) (5.21)
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of (5.12) is equivalent to the scaled local inhomogeneous Strichartz estimate
(5.18). The next proposition will enable us to replace the spaces LY (I; By)
and L7 (J; By) with L7 (R; B;) and L7 (R; By) at the cost of imposing another

condition on ¢ and q.

Proposition 5.3.2. Suppose that o >0, 1/q+1/q < 1, X is a dyadic number
and {U(t) : t € R} satisfies the energy estimate (4.10) and untruncated decay
(4.11). If the pairs (q,0) and (q, 5) satisfy the conditions appearing in Theorem
5.1.6 then

Z |Bo(F,G)| < A2 020) ||FHL6’(R;B§) ||G||Lq’(]R;Bg)
QEQN

VF € L7(R;B) N L'(R; By) VG € LY (R; By) N L (R; By).  (5.22)

The proposition is an immediate consequence of Proposition 5.2.2, the

equivalence of (5.18) and (5.21), and the following lemma.

Lemma 5.3.3. Suppose that 1/p+1/p > 1. If X is a dyadic number then
Z ||f||L5(I) ||g||Lp(J) <4 ||fHL5(R) ||g||LP(R)
IXJEQ)

whenever f € LP(R) and g € LP(R).

Proof. Suppose that f € LP(R) and g € LP(R). The inequality
1/p
D lanba] < (Zlanlp) (X ml)
nez neL
valid whenever 1/p+ 1/p > 1, gives

= 1/p 1/p
S Wlww lolow < (X W) (D ol )

IxXJEQ) IxXJEQy IxJeQy

Note that for each dyadic interval J there are at most two dyadic intervals I

such that I x J € Q, (see (5.19) and Figure 5.3). Also each such interval J
has the form [mA, (m + 1)/\] where m € Z. Hence

(m+1)A
S lolion) < (X [ o0 at) " < 2l

IXJEQ)

A similar argument applied to the sum involving f completes the proof. [
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5.4 Proof of Theorem 5.1.2

In this section we shall prove Theorem 5.1.2. Our proof marks a total departure
from the approach of Foschi [24, Sections 4 and 5], whose chief technical tool
is p-atomic decomposition of LP functions. In our abstract setting, the luxury
of such decompositions for elements of the Banach space By is not present
(but see Remark 5.5.3). Instead we prefer to use an abstract argument that
appeals to real interpolation theory in much the same way as [42, Section 6]
(see Section 4.5). The advantage of this approach is twofold. First, the proofs
are shorter than Foschi’s proofs. Second, it admits function spaces other than
the Lebesgue spaces. It must be conceded that some transparency may lost by
using the abstract interpolation argument; as such we present in Section 5.6

an alternate proof of Theorem 5.4.1 imitating Foschi’s approach.

Theorem 5.4.1. Suppose that o > 0 and that {U(t) : t € R} satisfies the
energy estimate (4.10) and the untruncated decay estimate (4.11). Then the
inhomogeneous Strichartz estimate (4.16) holds whenever the exponent pairs

(q,0) and (g, 5) satisfy the conditions

g,€(1,00),  0,6€][0,1],

c-1D)1-0)<o(1—0), (0—1)1—-0) <ao(l—0),

1 o ~ 1 o~
; 5(9—9), §>§(9—9),
1 1
-+ =<1
q q
and
1 1 o ~
—+=—=—(0+0). 5.23
= 50+0) (5.23)

If 0 =1 then we also require that 6 < 1 and < 1.

Proof. Suppose that the exponent pairs (g, ) and (q, 5) satisfy the conditions

appearing in the statement of the theorem. Then there is a positive e such
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that the pairs (qo,6) and (go, 0) and the pairs (¢1,0) and (¢, 6), defined by

1 1 1 1

— = - —k, — == —§,
qo0 q 40 q

1 1 1 1
—:—+2€, r::+2€,
q1 q q1 q

also satisfy all the conditions appearing in the statement of the theorem except
for (5.23).
Define a function B on L'(R: By) x L*(R; By) by

B(F,G)={ Y Bo(F,G)
Q€L jez

Recall once again the definition of /£ given by (3.6). Proposition 5.3.2 implies

that the maps

B: L%(R; Bj) x L9 (R; By) — ﬁ;o(qoﬂﬁo’g)

B : L%(R; Bj) x L4 (R; By) — g;ﬂo(ql,e;ao,é)

B : LT (R; By) x LI(R; By) — O 07

q070;§l’0)

are bounded. Note that 3(q1, 6; qo,0) = 5(q0,0; G1,60). So we may apply Lemma
3.2.4 to obtain the bounded map

B : (L%(R; B), LT (R; By)) o % (L%(R; By), L (R; By))

70, n1,q’
— (e ~ 0 ~)n71 (5.24)

8(q0,0;q0,0)” " B(q1,0;90,9)

where 19 =, = % and 1 = ny + n1. It is easy to check that

If we combine this with (3.7) then (5.24) simplifies to
B: L7 (R; B;) x LY (R; By) — (3.

By (5.20) this is equivalent to the bilinear estimate (4.21) and hence the the-

orem is proved. O
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The above theorem perturbed the time exponents g and ¢ in estimate (5.22)
and then interpolated. For the perturbation to work we required strict inequal-
ities in most of the conditions appearing in Theorem (5.1.6) that involved ¢
and ¢. To prove the next theorem, we instead perturb the spatial exponents
0 and 0. This allows us to recover some boundary cases that the previous

theorem excludes.

Theorem 5.4.2. Suppose that o > 0 and that {U(t) : t € R} satisfies the
energy estimate (4.10) and the untruncated decay estimate (4.11). Then the
inhomogeneous Strichartz estimate (5.6) holds whenever the exponent pairs

(¢,0) and (¢, 0) satisfy the conditions

q,q € (1,00, 0,0 € (0,1),
(c—1)(1-0)<c(1-0), (c—1)(1-6)<c(1-0), (5.25)
3 > 7(0-0) %> 2@-0) (5.26)
1 1
§+§§ 1 (5.27)
and
1 1 o ~
== (0 +0). (5.28)

Proof. Suppose that the exponent pairs (g, ) and (q, 5) satisfy the conditions
appearing in the statement of the theorem. Then there is a positive € such

that the pairs (g, 60y) and (q, 50) and the pairs (¢, 6;) and (g, 51), defined by

90:0—6, 50:5—6,

91:9+26, 51:54—26,

also satisfy all the conditions appearing in the statement of the theorem except
(5.28).
Define a function B on L*(R; By) x L(R; By) by

B(F,G)={ Y Bq(F,G)
@9y JEL
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Proposition 5.3.2 implies that the maps

B: L7 (R; B,) x LY (R; By,) — e

4,00;3,60)

B: L7 (R; B;,) x LY (R; By,) — 0

4,01:3,00)

B L7(R; By ) x L7 (R; Bg,) — 0

2,00;3,01)
are bounded. Note that 3(q, 61;q, 50) = 06(q, bo; q, 51) So we may apply Theo-
rem 3.2.4 to obtain the bounded map

B: (L7 (R;By), L7 (R; By,)), - x (LY (R; By,), L” (R; Byy))

1,9

- ( ﬁ(q790;q~7§o)’gﬂ(q,el;qﬁo))ng (529)

where 1y =, = % and n =1y + ny. It is easy to check that

(1= 1)B(g, 60:. 6o) + 1B(q,61; 7.60) = B(g,6:7.6) = 0.
If we combine this with (3.7) then (5.29) simplifies to
B: L7 (R; ng/) x LY (R; Bpy) — 1.
By (5.20) this is equivalent to the bilinear estimate

BEO) S 1Pl s, 1L s,
which in turn implies (5.6). 0

The two theorems of this section combine to give Theorem 5.1.2. For exam-
ple, suppose that (g, ) and (q, 5) satisfy the conditions appearing in Theorem
5.1.2 case (ii). If > 0 and 6 > 0 then o-acceptability is equivalent to (5.26) by
the scaling condition (5.1). In this case Theorem 5.4.2 shows that the retarded
Strichartz estimate (5.6) holds. On the other hand, if either # = 0 or § = 0
then o-acceptability, (5.1) and (5.5) imply that both (¢, 8) and (g, 8) are sharp
o-admissible. Hence the Strichartz estimate (4.16) holds by Theorem 4.2.2.
But since ¢ > 2 and ¢ > 2, Theorem 3.2.3 gives the continuous embeddings
By C By and By, C By and (4.16) implies (5.6).
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5.5 Atomic decompositions of functions in L?
spaces

As mentioned in the previous section, we shall present an alternate proof of
Theorem 5.4.1 by adapting the approach of Foschi [24, Section 4]. The main
technical tool of employed, which is of interest in its own right, is a special
decomposition of functions belonging to Lebesgue spaces. We remind readers

that for this section and the next, A is always a dyadic number.

Definition 5.5.1. Suppose that 1 < p < 0o, X is a measure space and B
is a Banach space. A p-atom in LP(X;B) of size A is a measurable function

¢ : X — B such that

(i) = — p(x) is supported on a set of measure less than 2\ and

(i) [0l poo () < AP

It follows from the definition that, for any p-atom of size A and any exponent
q in [1, 00,

Il xS AT (5.30)

~Y

The following lemma says that any function in L” can be decomposed into
a dyadic sum of p-atoms. A sketch proof was indicated by Keel and Tao [42,
Section 5] in the scalar-valued case, but these kinds of results appear to have a
longer history. In [24] it was observed, without proof, that the natural vector-

valued analogue presented below is also true.

Lemma 5.5.2. If 1 < p < oo, (X,p) is a o-finite measure space, B is a
Banach space and F € LP(X;B) then F can be decomposed as

F =Y axp

Ae2Z

where
(1) each @y is a p-atom in LP(X; B) of size A,
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(ii) the atoms @y have disjoint supports, and
(i) each ay is a nonnegative constant and if a = {ax}repz then ||F|| (x5 ~
lalle-

Proof. Suppose that F' € LP(X; B) and define the distribution function F, by
Fi(a) = p({z € X : [|F(2)]|5 > a})

whenever a > 0. We note for future reference that the function a — Fi(«) is
nonincreasing and right-continuous (see, for example, [61, p. 166]). For each

A € 2% define avy, ay and @, by the formulae

ay =inf{a > 0: F.(a) < A},
ay = APay,

1
©x = — Liagy,an]([[F]lg)F for almost every z € X.
ax

(Note that the last equality is interpreted pointwise as

or(2) = o L) (P @) PL2)

for almost every = in X.) Now the function A\ — «, is nonincreasing, so the
set {(aan, a] © A € 22} consists of pairwise disjoint intervals whose union is

(0,00). Hence we have property (ii) and the pointwise identities

1= Z 1((1%@( ||F||B)

Ae2Z

and

We will now show that each ¢, is a p-atom of length A. First, if

1(042)\,(1)\]( HF(I‘)HB) =1
then "F(x)|‘3 < a) and hence
S iOé)\ = Al/p.
ax

HSOHLOO(X;B)

125



Second, by the right-continuity of F), and the definition of «,
Fo(ay) <A (5.31)
for any dyadic number A. Hence

p{z € Xt oa(z) #0}) < p({e € Xt aoy < ||[F(2)]l5 < ax})
= n({z € X |[F(2)llg > czn})
—p{r e X [|[F(z)]5 > ax})
= Fi(az) — Fi(an)
< Fi(an)

<2\

and each ), is a p-atom of length \.

It remains to show property (iii). Formally,

ZaizZ)\af\

A2z A2z

_ /OO o (32 26(0r — ) da

= /OOO o (= G'()) da (5.32)

where ¢ is the Dirac delta function,

G(a) =) MH(ar - a)

Ae2Z

whenever a > 0 and H is the Heaviside step function. By the definition of H,

Gla)= ) _ A

a)>a

whenever « is positive and does not belong to the discrete set A given by
A= {ay: )€ 25

Our ultimate goal will be to integrate (5.32) by parts and show that the

resulting expression is no bigger than 2 || F ||ip( x.5)- The formal manipulation
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above can then be justified by working backwards. To fulfil these aims we shall
establish the bound
F.(a) < G(a) < 2F.(«) (5.33)

whenever a > 0 and o ¢ A.
Suppose that @ > 0 and a ¢ A. If {\ € 22 : a, > a} is empty then
F.(o) = 0 = G(«) and we are done. So suppose otherwise. Since ay — 0 as

A — 00, we can define the dyadic number v by
v =max{\ € 27 : a) > a}.

Hence

= Z/\ZV+V/2+V/22+"':2V-

) >

By the definition of v we have the ordering as, < a < «,,. Hence
v < F.(a) < Fiay) <2v=_G(a) < 2F(a),

where the first inequality is justified by the definition of «,,, the second by the
fact that Fl is nonincreasing, the third by (5.31) and the fourth by the first
inequality. This proves (5.33).
Now
J1F@IE duta) =p [0 Ffe)da (5.34)
0

(see [61, p. 163]) and since F' € LP(X;B) we consequently have a?Fi(a) — 0
as a — 0 and as @ — oo (see [61, p. 162]). We use these limits in conjunction

with (5.33) to integrate (5.32) by parts. Hence

If we apply the two-sided estimate (5.33) followed by the identity (5.34) then

IE N oy < D a5 < 2 F I nxs)

€L

and (iii) is proved. O
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Remark 5.5.3. Similar atomic compositions exist for functions belonging to
spaces other than the Lebesgue spaces LP. See, for example, the atomic de-
compositions of the Besov spaces BY,, in [74, Section 1.5]. It is likely that the

arguments of the next section can be adapted to these spaces.

5.6 Alternate proof of Theorem 5.1.2

Before presenting an alternate proof of Theorem 5.4.1, we begin with an expo-
sition of the basic strategy. This will point out a technical difficulty which is
resolved with a lemma. The proof of the theorem will follow after we establish
the lemma. Throughout this section A, i and v denote dyadic numbers.

To establish the global inhomogeneous Strichartz estimate (4.16), we prove
the equivalent bilinear estimate (4.21). Suppose that F' € L7 (R; By)NL!(R; B;)
and G € LY (R; By)NL'(R; B;). By Lemma 5.5.2, we obtain the decompositions

F)= Y auput), G = 3 bk ),

where ¢, is a ¢’-atom in L7 (R; Bj) of size p, v, is a ¢’-atom in LI(R; By) of

size v and

||F||L‘7'(]R;Be~) ~ [[{a}peoz] e Gl Lo 5,) = {00 Fveoz g - (5.35)

If we substitute these function decompositions into the Whitney decomposition

(5.20) of B, then
B(F,G)= > aub, > Boleuw ). (5.36)
A p,vE€27 QeQ,
By assuming the hypothesis of Proposition 5.3.2 we have
Z |Bo (6, )| S A 2.0) HSO/LHL&’(R;Bg) II%HM(R;BG) :
Qe

However, if we sum the above over all X in 2% then the right-hand side will

diverge and we make no progress towards estimating the right-hand side of
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(5.36). A similar situation was encountered in Section 4.5. There we perturbed
the exponents ¢ and ] slightly to gain some summability; here instead we will
perturb ¢ and gq.

In what follows it will simplify notation if we introduce the function [] :

Rt — R* defined by
[A] = max{\, 1/A}.

This function plays a role in the multiplicative group R* similar to the role

played by the absolute values function in the additive group R. In particular,

2] = 2l¥l,

Lemma 5.6.1. Suppose that o > 0, that {U(t) : t € R} satisfies the esti-

mates (4.10) and (4.11) and that the exponent pairs (q,0) and (g, 0) satisfy the

conditions

q,q € (1,00), 0,0 € [0,1],

0-1D)1-0)<o(1—0), (0—1)1—-0) <ao(l—0),

p %(9—9), q~>‘2’(9—9), (5.37)

and

1/¢g+1/g< 1.

Then there exists a positive € such that for all dyadic numbers \, u and v,

%Q:A [Balpu )| § A70030 (2] 2] (5.38)

whenever g, is a ¢ -atom in L7 (R; Bj) of size p and 1, is a ¢'-atom in LI(R; By)

of size v.

Proof. Since the conditions imposed on ¢ and ¢ in the hypothesis are given by
strict inequalities (in contrast to the conditions of Theorem 5.1.6), there is a full
neighbourhood N of points (go, go) about (g, q) such that the exponent pairs
(qo,0) and (%,5) also satisfy the hypothesis of the lemma. Hence the pairs
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(qo,0) and (qo, 5) also satisfy the hypothesis of Proposition 5.3.2. Therefore,
by the proposition and property (5.30) of dyadic atoms,

> [Bo(u, )| S Ao biat) loull ot g, 190 oo 50
QEQ)

< )\ﬂ(qoﬁﬁoﬁ)ul/a—l/&o pt/a=1/a0

< )\/3((1,6’(75) (,u)l/fil/'qvo <I/)1/q1/q0

whenever (qo,qo) € N'. Now choose (qo, ¢o) in N such that

1 1 +e ifpu <A
—e ifpu>A\
and

1 1 +e fr <A

—e fv>A

where € is a small positive number depending only on the neighbourhood N

With this choice of (qo, o) we have

G

and

completing the proof. O

Alternate proof of Theorem 5.4.1. Suppose that the exponent pairs (g, 6) and

(g, 0) satisfy the conditions appearing in Theorem 5.4.1. The decomposition
(5.36) of B combines with Lemma 5.6.1 to give

BF,G) S S ab, Y Aatad [g]_ [ﬂ_ (5.39)
w,ve2Z A2z

for some positive € independent of the dyadic numbers A, g and v. The scaling

condition 1/q+1/q = o(0+0)/2 implies that 5(q,0;q,6) = 0. (We remark that

if this were not the case then the sum in A would diverge). We now compute
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an upper bound for the sum in \. If A =2, p=2" v=2"and j =m —n

then

SETR-2 5 5

Ae2Z 1€z
— Z 9—€elm=llg—eln—|
lEZ
- Z g—elitilg—elll
leZ

If we consider the case when j > 0, then

Z |:§:| —e [§i| —€ _ Z (i) gel n Z 2—e(j+l)2d + Z 2—6(j+l)2—el

Ae2Z I<—j —j<I<0 >0

=293 (27%) 29 4279y (27

>3 >0

< C(1+j)277,

where C'is a positive constant independent of j. We combine this with a similar

calculation for the case when j < 0 and obtain

>[4 oo

Ae2Z
where ¢; = (1 + [j])27V! for all integers j. Note that if ¢ = {c;};ez then

¢l < oco. Continuing from (5.39),

BEG)S S asmbyncu s

mneZ

< llallgz 1o/l llell
5 ||F||L¢7'(R;B§) ||G||L¢I'(]R;Bg)>

where the final two estimates are justified by Young’s inequality for sequences
(see Corollary 3.1.3) and the norm approximation (5.35). We remark that our

use of Young’s inequality is valid because
1/¢+1/¢d+1=3-1/g+1/q>2

by the hypothesis that 1/¢+ 1/g < 1. Since we have proved (4.21), the proof

of the theorem is complete. O
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Remark 5.6.2. This method of proof may be adapted to prove Theorem 5.4.2
in the case when Bj and By are the Lebesgue spaces L™ and L". Instead of
decomposing F and G atomically in L7 (R; L™ ) and L¢ (R; L"), one decomposes
F(s) and G(t) atomically in L™ and L' at each point s and ¢ in R. One then
perturb the space exponents 7 and r to obtain an estimate similar to (5.38).

However, when the decomposition is reassembled, the technical condition
q<7r, gq<r (5.40)

is needed to recover sequence estimates in the desired norms (see [24, Section
5]). If instead one applies the abstract result of Theorem 5.4.2 in this setting
then condition (5.40) is precisely that needed to extract the L and L™ norms
from the By, and Bj norms in (5.6). Thus both methods yield the same

result in this context.

5.7 The sharpness of Theorem 5.1.2

In this section we discuss the sharpness of the exponent conditions appearing

in Theorem 5.1.2.

Proposition 5.7.1. Suppose that o > 0 and that the global inhomogeneous
Strichartz estimate (4.16) holds for any {U(t) : t > 0} satisfying the energy
estimate (4.10) and the untruncated decay estimate (4.11). Then (q,6) and

(q,0) must be o-admissible pairs which satisfy the following conditions:

L) (5.41)
¢ q 2
LI 1, (5.42)
qa q
~ 1
_0l < = 4
0 0] < — (5.43)

and

@-1)(1-9)-29(1—9), (0—_1>(1_9)_§g0—(1_9). (5.44)

Moreover, if 0 = 1 then the inhomogeneous estimate is false when 0 = 6=1.
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Figure 5.4: Necessary and sufficient conditions on the exponents 6 and g for

global inhomogeneous Strichartz estimates.

Before proving the proposition, we note that the difference in the neces-
sary and sufficient conditions for the validity of the inhomogeneous Strichartz
estimate (4.16) lies in three places. First there is the gap between (5.44) and
(5.3). Second, there is the gap between (5.43) and the range of values for 0
and 6 shown in Figure 5.2. This difference is shown by the triangles ABB’
and EDD’ in Figure 5.4. (More precisely, the region AOEDB in Figure 5.4
corresponds to sufficient conditions for # and 0 while the region AOED'B’ cor-
responds to necessary conditions. The boundaries of each region are included
except at the points B and D for the sufficient conditions.) Third, there is the
difference between (5.42) and the strict inequality of (5.2). This discrepancy

is muted somewhat by the validity of the inhomogeneous estimate (5.6) when

1/g+1/qg=1.

Proof. Suppose that ¢ > 0 and that the global inhomogeneous Strichartz esti-
mate (4.16) holds for any {U(t) : t > 0} satisfying the energy estimate (4.10)
and the untruncated decay estimate (4.11). We we systemically establish the

necessity of each of the conditions above.

Recall that (4.10) and (4.11) are invariant with respect to scaling (4.29).
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When the same scaling is applied to (4.16), we obtain

\o0/2+1+1/q ||(TT*)RF||Lq(R;B;) < N0/ ||F||L6’(R;B§)

VF € L7 (R; By) N L'(R; By)

(see the discussion prior to Proposition 5.2.2 for a similar calculation). Invari-

ance with respect to scaling requires that

which is equivalent to (5.41).

To show the necessity of condition (5.42), consider any family {U(¢) : t € R}
which possesses the group property U(t)U(s)* = U(t —s) whenever s and t are
real numbers (the Schrodinger group given by U(t) = e~ will suffice). Under
such circumstances, (T7*)g is translation invariant by Lemma 4.3.6 and hence
Lemma 3.5.2 implies that ¢ < ¢. This last inequality is equivalent to (5.42).

The necessity of (5.43) and (5.44) is the result of two particular forcing
terms F' constructed for the Schrodinger group (see [24, Examples 6.9 and
6.10] for details).

Finally, the exclusion of the case (6, 5, o) = (1,1,1) follows from the neg-
ative result of T. Tao [69] for the Schrodinger equation in two spatial dimen-

sions. ]

5.8 Applications to the wave, Schrodinger and
Klein—Gordon equations

We illustrate how the abstract results of Theorem 5.1.2 give Strichartz esti-
mates for inhomogeneous Schrodinger, wave and Klein—-Gordon equations. For
the first equation, the results aren’t new (see Foschi [24, Section 6] and similar
results by Vilela [75]). However, in the case of the wave equation, many of

the Strichartz estimates are new. The estimates we give for the Klein—-Gordon
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equation improves slightly the results of M. Nakamura and T. Ozawa [53] by
admitting some boundary exponents.
Suppose that n is a positive integer. We say that a pair (¢, ) of Lebesgue

exponents are Schrodinger n-acceptable if either
1 1 1
or (¢q,7) = (00, 2).

Corollary 5.8.1 (Foschi—Vilela). Suppose that n is a positive integer and
that the exponent pairs (q,r) and (q,7) are Schrédinger n-acceptable, satisfy

the scaling condition

and either the conditions

1 1 n—2 n n—2 n
*+:<1, S:, ~ S*
qg q T T T T
or the conditions
1 1 n—2 n n—2 n 1 1 1 1
*‘i‘::l, =, —-— < —, - < - = < =
qg q r T T r r T q r T q

When n = 2 we also require that r < oo and 7 < co. If F' € LT (R; L” (R"))

and u is a weak solution of the inhomogeneous Schrodinger equation
i (t) + Au(t) = F(t), u(0) =0

then

||u||L¢I(]R;LT(]R”)) S ||F||LE’(R;LF’(Rn))' (5.45)
Proof. In light of the work done in Section 4.7, this is a simple application of
Theorem 5.1.2 when (By, B;) = (L*(R"), L*(R")), 0 = n/2. To obtain (5.45)

from (5.6), we use the embedding L™ (R™) C L™ (R") whenever 1’ < ¢’ (see
Section 3.3). O
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Suppose that n is a positive integer. We say that a pair (¢, ) of Lebesgue
exponents are wave n-acceptable if either
1 1 1
1 <q < o0, 2 <r < oo, —<(n—1)(———>
q 2 r
or (q,r) = (00,2).

Corollary 5.8.2. Suppose that n is a positive integer and that the exponent

pairs (q,r1) and (q,71) are wave n-acceptable, satisfy the scaling condition

1 1_n—1<1 1 1)
q q 2 T 1
and the conditions
1 1 n—3 n—1 n—3 n-—1
_+:<17 S ~ ) ~ S
q q ™ T (&1 1

When n = 3 we also require that v < oo andry < oco. Ifr >r, r>7r, p € R,

1 1 1 _ 1 1 1
p+rn|lz—=)——-=1—-(p+n|z—=|—=],
2 r q 2 7 q
Fel? (R; B;,’Z) and u is a weak solution of the inhomogeneous wave equation
—u"(t) + Au(t) = F(t), u(0) =0, u'(0) =0,

then
Jelongezy S 1P s - (5.46)
Figure 5.5 shows the range for various exponents appearing in Corollary
5.8.2. In the first diagram, the dark region represents the range for the homo-
geneous Strichartz estimate while the union of light and dark regions represents

the range for the inhomogeneous Strichartz estimate. In the second diagram,

the coordinates of C' and D are given by
(n — 3)? n—3
2(n —2)(n—1)"2(n —2)

C

and

respectively.
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Figure 5.5: Range of exponents for Corollary 5.8.2 when n > 3.

Proof. In light of the work done in Section 4.8, the case when r = r; and 7 = 7}
is a simple application of Theorem 5.1.2 when (By, By) = (3872, B&;DM) and
0 = (n—1)/2. The case when r > r and 7 > 7 is obtained using the Besov

embedding result of Lemma 3.4.2. O

The case when 1/q + 1/¢ = 1 cannot be simply integrated into the above
result via Besov embedding, except when ¢ = ¢ = 2 (which corresponds to a
sharp admissible estimate). We therefore state this case separately, using the

notation a V b and a A b for max{a, b} and min{a, b} respectively.

Corollary 5.8.3. Suppose that n is a positive integer not equal to 3 and that
the exponent pairs (q,r1) and (q,71) are wave n-acceptable, satisfy the scaling

condition

and the conditions

>Q2.| =

1
q q 1 T T T ™ q ™

[frzrl;?z?l;/)eR;

1 1 1 - 1 1 1
pt+n|l=-——)|——=1—-(p+nl=-—=]—=]),
2 r q 2 r q



FelL? (R; B;g) and u 1s a weak solution of the inhomogeneous wave equation
—u"(t) + Au(t) = F(t), u(0) =0, u'(0) =0,

then

gty S 1Fogszs, (5.47)

Proof. We apply Theorem 5.1.2 (ii) when 0 = (n — 1)/2 and (By,B;) =
(B2, B ™M),

First suppose that 7 = r; and 7 = 7. To obtain (5.47) from the abstract
Strichartz estimate (5.6), we apply the embeddings

5 ~(n+1)6/4 5 (n+1)8/4
Ba,a/ 2 B?/,Qva/,(a/) 2 B?/,waf

and

(Bog)" = (BYy, BLG™ ) € B0t C By

00,2 7,21q,(q)
(see [72, p. 183], [2, Theorem 3.7.1] and Lemma 3.3.4) and follow the general
approach of the proofs in Section 4.8. Here we have taken 1/7 = (1—6)/2+6/1,
1/r =(1—-0)/2+ 60/o0, imposed the restrictions 7" < ¢ and ¢ < r and used
the fact that ¢ = q.
Suppose now that r > r; and 7 > 7. To obtain (5.47), simply apply Besov
embedding (Lemma 3.4.2) to the result obtained for the case when r = r; and

F=T7. 0

Remark 5.8.4. The generalised Strichartz estimates given by the two corollaries
above appear to be new except when the conditions coincide with those in
Corollary 4.8.1. The results of Foschi [24] may be applied to the wave equation

to obtain the inhomogeneous Strichartz estimate

||u||L¢1(R;L’"1(]Rn)) /S ||F||L§,(R;LF/1(RR))’

provided that r; and 7 are strictly finite, and that (¢,r;) and (q,7;) satisfy
either the conditions of Corollary 5.8.2 or the conditions of Corollary 5.8.3

with the additional assumption that r; > ¢ and 7; > ¢. These results of Foschi
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extend previous results by D. Oberlin [54] and J. Harmse [31], who proved

similar results in the case when ¢ = r; and ¢ = 77.

Finally, we show that Theorem 5.1.2 (i), when applied to the inhomogeneous

Klein-Gordon equation
—u"(t) + Au(t) — u = F(t), u(0) =u"(0) =0, t>0, (5.48)

slightly improves the range of inhomogeneous Strichartz estimates given by
Nakamura and Ozawa [53, Proposition 2.1]. In a manner analogous to the

wave equation, one can show that the weak solution u of (5.48) is given by

ul(t) = % /0 U ()" — U(—)U(—s)") F(s) ds,

where w = (1 — A)"/2 and the evolution group {U(t) : t € R} is given by
U(t) = e"™. The resulting Strichartz inequalities are naturally expressed in
Besov space norms, rather than homogeneous Besov space norms. We use the

fact that the operator w* is an isomorphism from By, to BJ.," whenever 1 € R.

Corollary 5.8.5 (Nakamura—Qzawa). Suppose that n is a positive integer,

0 <n <1 and the real numbers X\ and o satisfy
2X=n+1+n, n—1-n<20<n—-1+n, o> 0.

Suppose also that the exponent pairs (q,m1) and (q,71) satisfy the acceptability

condition

1 ( 1 1)
- +=—=0|1l——— = s
q q (&1 T
and the conditions
-+ = <1,
q
o-l_o ozl_o (5.49)
1 1 1 T



When o = 1 we also require that r1 < oo and 1 < 0o. Ifr > ri, 7 >7r1, p €R,

1 1 A—n - 1 1 A—n
ptn|s——|— =l—-(pt+tnls;—=)—— ),
2 r oq 2 7 oq

Fel? (R; B;g) and u 1s a weak solution of the inhomogeneous Klein—Gordon

equation (5.48) then

HUHLq(R;Bf,Q) N HF”L‘?’(R;B;Z . (5‘50)
Before proving the corollary, we note that our application of Theorem 5.1.2

improves [53, Proposition 2.1] by removing strict inequalities in (5.49).

Proof. As with the wave equation (see Section 4.8), we begin with a stationary

phase estimate to derive the dispersive estimate
_ A
10O g SNl 7 € BY

(see [53, pp. 261-262] for details). The corresponding energy estimate follows
from the unitarity of U(t) on BY,. Hence we may apply Theorem 5.1.2 (i)
when H = By = BY,, Bi = By, 1/ = (1-6)/2—6/1, 17 = (1-6)/2—6/1
and the pairs (g, 8) and (g, 8) satisfy the hypothesis of Theorem 5.1.2 (i). This
gives

T RF o y0r21m) S NE N o eppsisz-m) -

Suppose now that p € R and

1 1 1 1

We thus obtain

||u||Lq(R;Bf}2) ~ ||W“U||Lq(R;B;2A<1/271/r>)

S Hu)“—l(TT*)RFHLQ(R;B;;(U%:{/T'))

S Hw“_lF}|L5,(R;B1;A2(1/271/F))
5 ||F||L¢7’(R;B1;l32) .

This proves the corollary in the case when r; = r and 77 = 7. The case when

r1 < r and r; <7 can be proved by Besov embedding. O
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Remark 5.8.6. In all the Strichartz estimates given in this section, one may
exchange the infinite time interval R appearing in the spacetime norms with a
finite time interval I or J. This is done by redefining each U(t) as 1,(¢)U(¢),

where 1; is the characteristic function of I on R, and by redefining F' as 1;F.

5.9 Applications to the Schrodinger equation
with potential

The goal of this section is to demonstrate that our generalisation of Foschi’s
work [24] allows one to obtain Strichartz estimates for Schrodinger equations
involving certain potentials. The potentials we consider introduce the dif-
ficulty that the dispersive estimate (4.11) does not hold when (By,By) =
(L*(X), L' (X)) (see Remark 5.9.3 for further details).

Suppose that V : R? — R is a real-valued potential on R? with decay

V()| <C@) ™" vVaeR? (5.51)

where 3 > 5/2 and (x) = (1 + |z|?)*/2. Consider the Hamiltonian operator H,
given by H = —A + V, on the Hilbert space L?(R3) with domain W*?2(R3),
where W*?(X) denotes the Sobolev space of order k in LP(X). Our goal is
to obtain spacetime estimates for the solution u of the inhomogeneous initial

value problem
(5.52)

where 7 > 0 and, for each time ¢ in R, f and F'(¢) are complex-valued functions
on R3.

Hamiltonians that satisfy the above conditions are considered by K. Yajima
in [79]. There it mentions that H is self-adjoint on L?*(R?®) with a spectrum
consisting of a finite number of nonpositive eigenvalues, each of finite multi-

plicity, and the absolutely continuous part [0, 00). Denote by P. the orthogonal
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projection from L?*(R?) onto the continuous spectral subspace for H. Under
the general assumption (5.51), it is known that P., when viewed as an operator
on LP(R?), is bounded only when 2/3 < p < 3.

We denote by H, the weighted Lebesgue space L*(R?, (z)*" dz). When
v € (1/2,8 — 1/2), define the null space N by

N—{¢€HV:¢(JL‘)+$/RS%Q§§|J)dy:O}.

As noted in [79], the space N is finite dimensional and is independent of the
choice of v in the interval (1/2,5 — 1/2). All ¢ belonging to N satisfy the

stationary Schrodinger equation
—Ap(x) + V(z)p(x) =0, (5.53)

where (5.53) is to be interpreted in the distributional sense. Conversely, any
function ¢ € H_j/, which satisfies (5.53) belongs to N. Hence, if 0 is an

eigenvalue of H, and £ denotes the associated eigenspace, then £ is a subspace

of V.

Definition 5.9.1. We say that H or V is of generic type if N' = {0} and is
of exceptional type otherwise. The Hamiltonian H is of exceptional type of the
first kind if N # {0} and 0 is not an eigenvalue of H. It is of exceptional type
of the second kind if € = N # {0}. Finally, we say that H is of exceptional
type of the third kind if {0} C € C N with strict inclusions.

While most V' are of generic type, examples that are of exceptional type are
interesting from a physical point of view. In particular, if V' is of exceptional
of the third kind then any function ¢ in N\& is called a resonance of H.

We would like to apply Theorems 4.2.2 and 5.1.2 to the case where U(t) is
the operator e~ defined by the functional calculus for self-adjoint operators.

However, if g is an eigenfunction of H with corresponding eigenvalue A, then

U(s)U(t)* g = !0 g = ¢ils=DAg (5.54)
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and therefore U(s)U(t)*g is stationary. Consequently, none of the decay hy-
potheses (4.11) or (4.12) of Theorem 4.2.2 are satisfied. Fortunately, this is

not the case if ¢ lies in the continuous spectral subspace of H.

Theorem 5.9.2 (K. Yajima [79]). There exists a positive constant C, such

that the dispersive estimate

HeitHPCg

o S C,|t| =30 /p=1/2) lgll, Vg € L*(R*) N LP(R®) VY real t # 0
(5.55)

18 satisfied in the following two cases:
(i) if H is of generic type, 5 >5/2 and 1 < p < 2; and
(i) if H is of exceptional type, 3 > 11/2 and 3/2 < p < 2.

Remark 5.9.3. If H is of exceptional type then (5.55) cannot hold when p = 1,
otherwise it would contradict the local decay estimate of Jensen—Kato [37] or

Murata [52]. Hence one cannot apply the results of Foschi [24] to this situation.

If u is a solution to (5.52), define u, by
ue(t) = Pou(t) vt € [0, 7].

Similarly, let P,, denote the orthogonal projection onto the pure-point spectral

subspace of H and define u,, by
Upp(t) = Bppu(t) vt € [0, 7].

It is clear that u = wuy, + u..

The dispersive estimate (5.55) gives rise to the admissibility conditions

1 3 3 1 3 3 ~
T4 T = 4<cg< oo 4+ ==, 4<q< 5.56
q+27’ 7 q < o0; q+27’ 1 = ( )

sketched in Figure 5.6. These correspond to the sharp o-admissibility condi-
tions in the case when o = 3(1/p — 1/2), H = By = L*(R?), By = LP(R?) and
p — 3/2 from the right. Note that they also correspond to the Schrodinger

3-admissibility conditions (see Section 4.7) with restricted range.

143



NIR Q-
'

P
,

Figure 5.6: The line segment AB and the shaded region respectively give
admissible and acceptable exponents for Strichartz estimates associated to the

inhomogeneous initial value problem (5.64).

When considering the inhomogeneous problem with zero initial data, the
exponent conditions of Theorem 5.1.2 reduce to the scaling condition
1 1 3 1 1
T -
qg q 2 r T

and the acceptability conditions

1 1 1
1<g<oo, 2<r<3, §<3(§—;), or (qg,7) = (00,2);  (5.58)
~ ~ 1 1 1 ~
1<g<oo, 2<7r<3, qN<3(2_7)7 or (q,7) = (00,2) (5.59)

This is because 0 = 3(1/p—1/2) < 1.

Corollary 5.9.4. Suppose that u is a (weak) solution to problem (5.52) for

some data f in L*(R?), some source F and for some time T in (0, 00).

(1) If (q,7) and (q,7) satisfy the admissibility condition (5.56) and F' belongs
to L7 ([0, 7]; L™ (R3)), then

[ttell Lago,m, r@sy) S Wl L2sy + 1 L o,m, 07 oy - (5.60)

(i1) If the exponent pairs (q,7) and (q,7) satisfy conditions (5.57), (5.58) and
(5.59), f =0 and F € L7 ([0, 7]; L (R%)), then

||Uc||Lq([o,r],Lr(R3)) S ||F||L¢7’([0,T],LF’(R3))'
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Proof. Fix p such that
3/2 < p < min{r',7"}.
For ¢ in R define U(t) on L*(R®) by U(t) = 1l (t)e"™ P.. If g belongs to

L*(R3?) N LP(R?), then

IU)U ) gl = [[Lo.71(5) Lo (e Pug]|

S Hei(s—t)HPCg

p/
< s — |72 g,

by Theorem 5.9.2. Therefore {U(t) : t € R} satisfies the untruncated decay
estimate (4.11) when

o =3(1/p—1/2),

By = H = L*(R3) and B; = LP(R?®). Moreover, since each operator e
on L?(R3) is unitary and P, is an orthogonal projection, {U(t) : t € R} also
satisfies the energy estimate (4.10). Now if u is a weak solution to (5.52) then

u(t) = e Hf — i/t e =91 P (5) ds. (5.61)
0

by Duhamel’s principle and the functional calculus for self-adjoint operators.

Hence

t
uc(t) = e P, f — z/ =P B (s)ds
0

= TF(t) — i(TT*)gF(2).

An application of Theorem 4.2.2 and Theorem 5.1.2 gives the required space-

time estimates for u,. once we observe that
L"(R*) ¢ L™*(R?) = By,
where 1/ = (1 —0)/2 4 6/p and the inclusion is continuous. O

To find a spacetime estimate for the solution u of (5.52), we now need only

analyse the projection of each u(t) onto the pure point spectral subspace of H.
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It is known (see [79, p. 477]) that eigenfunctions of H with negative eigenvalues
decay at least exponentially. Since such eigenfunctions belong to the domain
of A, they are necessarily continuous and consequently also belong to L"(R?)
whenever 1 < r < oo by Sobolev embedding. However, if 0 is an eigenvalue
then a corresponding eigenfunction ¢ may decay as slowly as C'(z)~2? when
|z| — oo. Hence, in general, ¢ is a member of LP(R?) only when p > 3/2.
Except in the case when the time exponent is 0o, one cannot hope for a
spacetime estimate for wu,, which is global in time due to (5.54). However, one
can still obtain spacetime estimates on finite time intervals. For illustrative
purposes, the next lemma gives a crude spacetime estimate for u,, when H is

of exceptional type. No further analysis on H is needed.

Lemma 5.9.5. Suppose that T > 0, that q,q € [1, 0] and that r,7 € (3/2,3).
Suppose also that f € L*(R3), F € LT([0,7], L" (R®)) and H is of exceptional
type. If u is a (weak) solution to problem (5.52) then

tpnll oo, sy < Cr <||P o |l + 7| By F ’|L§’([0,T],LF’(R3))>

where the positive constant C, g depends on r and H only. If ¢ = q¢ = oo then

TV s interpreted as 1.

Proof. Suppose that {¢; : j = 1,...,n} is a complete orthonormal set of
eigenfunctions for H on L*(R?) corresponding to the set {\; : j =1,...,n} of

eigenvalues (counting multiplicities). Write

Pppf = Z ;P;
i=1

and

PypF(s) = Zﬂj(s)(bja

where each a; and 3;(s) is a complex scalar. By orthogonality and the equiv-
alence of norms in finite dimensional normed spaces (see [14, p. 69]), there are

positive constants C' and C’ (both independent of f, F(s), {a;} and {5;(s)})
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such that
Slesl < C(Xlag) T = ClIPwl,
j=1 i=1

and

Zm |<C(Z|ﬁ] ) = C | PpF(s)l, < C' [P F(5)]]

Following from (5.61),

¢
Upp(t) = eitHPppf — z/ ei(t_S)HPppF(s) ds

0
n t n
= Z ae™ig; — z/ Zﬁj(s)ez(t_s)/\j ¢, ds.
j=1 0 j=1

By taking the L4([0, 7], L"(R?)) norm and applying Holder’s inequality,

/ Zm 11651, ds

HuppHLq([o,T],Lr(R?))) < Z o [| 5], +
i=

La([o,7])

<" 1r£1a<x HQSJH ( pf”z H/ | Py ”~ ds

< OT,H (HPppf”Q + Tl/q ”PPPFHLl([O,T];L?'(R%))

< Cr,H (HPppf”Q + Tl/qﬂ/a HPppFHLE’([O,T];LF’(R3)))

where
Cr = C" max |y, -

This completes the proof.

Combining the lemma with Corollary 5.9.4 and the fact that u = u

gives the following result.

q([oﬂ—]))

(]

¢ Upp

Corollary 5.9.6. Suppose that H is of exceptional type, that T > 0 and that
(q,7) and (q,7) satisfy the admissibility conditions (5.56). If f € L*(R3) and
F e L7([0,7], L7 (R%)) and u is a (weak) solution to problem (5.52) then

||u||L‘g([O,T],LT(R3)) rg ||f||L2(R3) + (1 + Tl/q+1/q) HFHL?’([OJ]’LF’(RS)) :

If ¢ = ¢ = oo then TV/9%Y9 js interpreted as 1. If f = 0 then the conditi
(g,7) and (q,7) may be relaxed to satisfying (5.57), (5.58) and (5.59).
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While the Strichartz estimate (5.62) is not of the usual form, the next

proposition shows that it can still answer questions about well-possedness.

Proposition 5.9.7. Suppose that for each real number k in the interval [1,2),

there is a transformation F} of functions satisfying

| Fy(w)] < ul*
(5.63)
Jul | F(u)| & [Fi(u)].

Suppose also that f € L*(R3), 3k/2 < r < 2k and (q,r) satisfies the admissi-
bility conditions (5.56). Then there is a positive T, depending only on f, and
a unique weak solution u to the initial value problem

(12 + H) u(t) = Fy(u)(), 0<t<r,

u(0) = f

(5.64)

such that v € L1([0,7]; L"(R?)) and u depends continuously on the initial data.

The proof of the proposition follows standard arguments which appeal to
the contraction mapping theorem (see for example Section 4.1, [42, Section 9]

and particularly [9], where (5.64) was studied in the nonpotential case when

H=A).

Proof. Suppose that 1 < k < 2 and that (g, r) satisfies the hypotheses of the

proposition. Then there exists an exponent 7 in [2,3) such that
r=7k. (5.65)

Now choose ¢ such that (g, 7) satisfies the admissibility condition (5.56). One
can easily verify that

q> 7k (5.66)

In a manner similar to the proof of Theorem 4.1.1, we will show that the
map u — Ny(u), given by
t
Ny(u)) = g i [ eI ) (s) d,
0
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is a contraction map on metric space X given by
X = {ue LU[0,7]; L"(R*)) : llull oo r:Lr@sy < M},
where M is chosen such that

(5.67)

M
[IN£(0) HLq([o,T];Lr(Rz%)) < 9

and T is a positive constant to be determined. (Note that M is well-defined
by the homogeneous part of the Strichartz estimate (5.62) and that M is inde-
pendent of 7. Also, the metric on X is that induced by the L%([0, 7]; L"(R?))
norm.)

First we will show that
1
1Ny () = Np()llx < 5 llu=vlly  Vu,veX. (5.68)
The assumptions (5.63) on Fj show that

|Fi(u) — Fi(v)| =

' d
/0 aFk()\u + (1= M) d)\’

/Ol(u C ) FL (Mt (1= M) d)\'
< Ju—1| /01 A+ (1= Aol"dr
< Ju = vl (ju] + [v])" .

By the Strichartz estimate (5.62), we obtain

INf(u) = Ny(o)ll S (1 + 77 Y9) | E(w) = Fe(0)ll o 0,097 )

< (1 +7'1/q+1/5) ’|u — v|(\u\ + |v\)k_1

LT ([0,7);L7 (R3))

Two applications of Holder’s inequality give

1w = w1l + o)

L7 ([0,7];L7 (R3))

< |ju— (Jul + o))"

UHL‘I([O,TLL’"(RS)) ’ L4/ (=) ([0,7]; L7/ (e—1) (R3))

X H 1[077'] HLP([O,T];LOO(RS)) )
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where p is chosen such that

1—1+ 1 +1
7 q q/(k=1) p

Note that the above applications of Holder’s inequality are valid by (5.65) and
(5.66) and that 1 < p < co. Hence

INf(u) = Np()|l < CTPM=1 (14 7Y/587) [lu— v
Now choose 7 such that

OTl/pMk_l(l—f-Tl/qul/a) S

N | —

to obtain (5.68).

Note that since

[Ny ()l x < IN;O)][ x + [INy(u) = Ny (0)]]

M 1
< ?‘i‘é lu—0[x (5.69)
<M

whenever u € X, we have Ny : X — X and hence Ny is a contraction on
X. Hence the contraction mapping theorem implies that there is a unique
solution u to the initial value problem (5.64). Following arguments similar to
that contained in the proof of Theorem 4.1.1, one can show that the solution u

in L9([0, 7]; L"(R?)) depends continuously on the initial data f in L*(R3). [
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