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Abstract

Let G be a compact Lie group and let m be an irreducible representation of
G of highest weight A\. We study the operator-valued Fourier transform of the
product of the j-function and the pull-back of 7 by the exponential mapping.
We show that the set of extremal points of the convex hull of the support of
this distribution is the coadjoint orbit through A 4+ 6. The singular support
is furthermore the union of the coadjoint orbits through A + wd, as w runs
through the Weyl group.

Our methods involve the Weyl functional calculus for noncommuting op-
erators, the Nelson algebra of operants and the geometry of the moment set
for a Lie group representation. In particular, we re-obtain the Kirillov-Duflo
correspondence for compact Lie groups, independently of character formulae.
We also develop a “noncommutative” version of the Kirillov character formula,
valid for noncentral trigonometric polynomials. This generalises work of Caz-

zaniga, 1992.
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Chapter 1

Introduction

Let GG be a semisimple compact connected Lie group and let g be its Lie algebra.
We fix a Cartan subalgebra t and we write g* and t* for the vector space duals
of g and t respectively. We denote by § half-the-sum of the positive roots.

The inverse Fourier transform of Liouville measure on a coadjoint orbit of
G in g* is an invariant eigendistribution with respect the universal enveloping
algebra of g acting as differential operators and thus defines an analytic function
on G - t., where t,. denotes the set of regular elements of t, which is given
explicitly by a well-known formula of Harish-Chandra [20, Theorem 2].

If A € t" is such that A — ¢ is a dominant integral weight then the Kirillov
character formula [27] asserts that the inverse Fourier transform of Liouville
measure on the coadjoint orbit through A equals the product of the pull-back
to the Lie algebra by the exponential mapping of the character of the unitary
irreducible representation of G' of highest weight A — ¢ and the so-called “j-
function”, which is the analytic square-root of the Jacobian of the exponential
map (chosen so that j(0) = 1). This relates the formula of Harish-Chandra
[20, Theorem 2] above to the Weyl character formula.

Extending the work of Cazzaniga [12] for SU(2), we develop in the sequel a
“non-commutative” generalisation of this fact: we show that the distributional
Fourier transform of the product of the j-function and the pull-back of an arbi-

trary matrix coefficient of a unitary irreducible representation of G of highest



weight A is a finite linear combination of derivatives in the root, toral and radial
directions applied to a measure supported on the convex hull of the coadjoint
orbit through A+ ¢ and invariant under the coadjoint action of G; furthermore,
the singular support of this distribution is a finite union of coadjoint orbits,
namely of those through the orbits of A + w - § as w runs through the Weyl
group, and every point in this set is a singularity of this distribution for some
choice of matrix coefficient. This result can be seen as a new demonstration of
the orbit correspondence for compact Lie groups, insofar as the “outermost”
member of this union is the orbit through X\ + §, independently of the Kirillov
formula. We also show that each point in the convex hull of the coadjoint orbit
through A 4 6 there is a matrix coefficient for which the above distribution is
supported at that point. An earlier version of these results was published in
[15].

Our proofs make fundamental use of an explicit formula of Edward Nelson
[35] for the Weyl functional calculus of a d-tuple of self-adjoint operators on a
finite dimensional Hilbert space as well as his construction of a certain com-
mutative Banach algebra of “operants” the spectrum of which describes the
support of the Weyl calculus distribution. It will be shown that the support
of the Weyl calculus of the infinitesimal generators of a unitary representation
of a compact Lie group is contained in the image of the moment map of the
representation [4, 44]. This is the starting point of our investigations. Our
results then follow from structural and analytic properties of Nelson’s formula
and as consequences of spectral properties of the Weyl calculus and numerical
range techniques. The two streams will be developed independently in the
exposition.

In Chapter 2 we collect the necessary background from the theory of numer-
ical ranges and spectra in Banach algebras from various sources in the literature
8, 2, 10]. We introduce the concept of an operating algebra [2] which will be
used later to motivate and describe Nelson’s algebra of operants (Section 3.2).

In Chapter 3 is a unified exposition of the theory of the Weyl functional cal-



culus for noncommutative self-adjoint operators following the original sources
[3, 35, 41], but expressed in the generality of hermitian elements of Banach
algebras.

Chapter 4 contains our version of Nelson’s proof of an explicit formula
for the Weyl calculus for hermitian matrices. While Nelson’s statement was
concerned only with the calculus of a basis of the Lie algebra u(n), the same
expression is valid for arbitrary d-tuples of hermitian matrices. We also include
a generalisation to arbitrary d-tuples of complex matrices due to B. Jefferies
[23].

Chapter 6 and Chapter 7 bring together the techniques of the previous
chapters to derive the new results discussed above.

As techniques from numerical ranges and the Weyl functional calculus [3]
are not commonly used in the orbit method, we include for the sake of complete-
ness proofs of some known results in these areas, when indicated formulating
results and their proofs in greater generality than the versions found in the

literature.



Chapter 2

The Numerical Range

In this chapter we review some elementary notions from the theory of numerical
ranges and some of its consequences [2], collecting those results which will be
used in the sequel. We assume some familiarity with the rudiments of C*-
algebra theory, which can be found in [14].

In Section 2.1 we derive a criterion (Theorem 2.1.5) for an element of a
Banach algebra to be hermitian in terms of the reality of its numerical range.
This will be used in Chapter 6 in the case of the infinitesimal generators of a
unitary representation of a compact Lie group. The main result of Section 2.2 is
the coincidence between numerical range and the convex hull of the spectrum,
in the setting of C*-algebras (Corollary 2.2.8).

In Section 2.3 an introduction Albrecht’s theory [2] of operating algebras
is given, generalising ideas of Nelson [35] to wider families of functional calculi
and facilitating a strengthening of some of the results of Section 2.2. This

theory will be used in the next chapter to describe the algebra of operants.

2.1 Numerical Range and Hermitian Elements

Let R be a complex unital Banach algebra with unit 1 and let PR* be the dual

space of continuous linear functionals on fR.



By the Hahn-Banach theorem the following set is not void,

DR, 1) :={feR" : f(ln) =1=|f]}
This enables us to make the next

Definition 2.1.1 Let z = (x1,...,74) € R%. The numerical range of = with
respect to R is the set Vip(x) :== {(f(x1),..., f(zq)) | f € D(R,1)}.

We note that if 2 is a C*-algebra then D(fR, 1) is exactly the set of states of
R.

Let ‘H be a Hilbert space and denote by L(H) the algebra of bounded linear
operators on H. It is well-known that the defining representation is the only
irreducible representation of L(H); hence, by the GNS construction, the pure
states of L(H) are exactly the set of functionals ¢: L(H) — C of the form
o(z) == (xu, u) (x € L(H)) for some fixed unit vector u € H.

Let A C C". We write co A for the convex hull of A. By the preceeding

discussion and the Krein-Milman theorem, we immediately have the following
Theorem 2.1.2 Let R = L(H) and let x = (x4, ...,74) € R%. Then
Vi (2) == co{({(z1u, u), ..., (xqu, u)) : ueH, |u]| =1} (2.1)

We see below that some of the obvious properties of Vi3 () have a more

general validity.
Lemma 2.1.3 Let T:C% — C? be a linear mapping. Let x = (x1,...,24) €
R Then Vp(Tz) = TVx(x).

Proof: For each z = (z1,...,74) € RY, define a mapping ®(z): D(R,1) —C?
given by ®(z)f := (f(z1),..., f(za)). Then Vi(z) = ®(z)D(R,1). On

representing 7' as a matrix with complex entries, it is easily verified that



®(Tx) = T®(x). Then
Va(Tz) = ®(Tx)D(R, 1)
= Td(z)D(R, 1)
= TVx(x)

as required. o

Theorem 2.1.4 ([8], Theorem 1.2.3) Let x = (z1,...,74) € KL The nu-

merical range Vir(z) is a compact, convex subset of C2.

Proof: See [8], Theorem 3, Chapter 1, Section 2. o

An element z = (z1,...,124) € R satisfying the following equivalence will

be called hermitian.

Theorem 2.1.5 Let x = (xq,...,24) € R Then Vir(z) C R if and only if
|e®|| =1 for all £ € R,

A statement and proof of Theorem 2.1.5 in the case d = 1 can be found
in [8], Lemma 2, Chapter 2, Section 5. We observe that if Viz(x) C R? then
Vr(zj) € R for each 1 < j < d, from which it follows that Viy(Axy + -+ +
Aazqg) € R for all Ay, ..., Ay € R. Hence, it suffices to prove Theorem 2.1.5 in
the case d = 1 case. We do this after a sequence of lemmas, which are proved
in [8]. We include proofs of these for completeness.

Fix z € R and let p := max{Re f(z) : f € DR, 1)}. We note that

p= [z
Lemma 2.1.6 For all £ > 0 and y € ‘R,

(1= &)yl = (1 = &)lyll.

Proof: By the properties of the norm || - ||, it suffices to consider y € R with
lyl| = 1. Let f € R* such that f(y) =1 =|/f|. Then,

Re f((1 = &x)y) < LA = &x)yll = I(1 = Ex)y.

6



Setting ¢(y') := f(y'y) for all ¥ € R, we have g € D(R, 1) and hence,

Re f((1 —&x)y) = Re(f(y)) — ERe f(zy)
= 1 —¢Reg(z)

> 1-&u

from which the lemma follows. o
Lemma 2.1.7 ([8], Lemma 1.2.5) u = lim§4,0+%{||1 +&x|| — 1}
Proof: For f € D(R, 1),

f@>=§{ﬂ1+aw—1}

Hence,

Re f(x)

M =M = = =

Z{Re f(1+¢&x) — 1}

IN

{1+ &)l = 13

IN

{IANT + af| = 13

{11+ &xf| = 13

from which it follows that

Re f(x) < inf£>0%{\|1 + e — 1.
Therefore,
p < infesag {1+ 6ol = 1) (2.2
as the left-hand-side does not depend on &.

By Lemma 2.1.6, for ¢ sufficiently small,

11+ &)l < (1—&gu) "1 — &7

< (L—&p) 7 (L +&7)l=)1%)



and after some manipulation,

1 pt &l
S ] - 1) < AT 2.3
At I=1t==—¢, (2:3)
By (2.3), on taking limits,
) 1
i g1+ €~ 1) < (2.4)
The lemma now follows by (2.2) and (2.4). o

Lemma 2.1.8 ([8], Lemma 1.3.4) For every x € ‘R,
1
max{Re f(z) : [ € DI, 1)} = supf{ g log | exp(€a)] = € > 0}
Proof: Fix z € R and set A\(§) := ||lexp(§x)|| — ||1 + &z||. When € € [0, 1],

I =11+ &xll]

(1+ &)

IAE)] = |llexp(&x)
< || exp(éx) —

[e.e]
E: h
[e.9]

Z IISEII”

Hfb‘llg2

IN

For t > 0 we have the inequality logt > 1 which implies

%{nl Téal — 1)+ 1A
IT+ell+ A6

sup{%log |exp(&x)|| : € > 0} >

the right-hand-side of which converges to p as & — 07.

An induction based on Lemma 2.1.6 shows that

11 = &p)"yll = (1 = &) |y

for all y € R and n € N, whenever 1 — £ > 0. On replacing  with £/n and
taking limits,

| exp(—&z)y| > exp(—Ew)y]-

8



Setting y := exp(&x), we have
| exp(€x)|| < exp(§p)

from which it follows that

sup(g log [ exp(€a)] + € >0} < .

We are now ready to prove Theorem 2.1.5.

Proof of Theorem 2.1.5: We have Viz(z) C R if and only if

max{Re f(iz) : f € D(R,1)} = max{Re f(—iz) : f € D(R,1)}
= 0.

Hence, by Lemma 2.1.8,
log || exp(i€z)|| =0 for all £ € R

and the theorem follows. o

2.2 Spectra and Numerical Ranges

Let © = (11,...,74) € R% In this section, following [8], we investigate the
relationship between Viz(z) and the spectrum o () of x in MR, as defined below.
In particular, we show (Corollary 2.2.8) that when R is a unital C*-algebra

the convex hull of og(x) coincides with Vig(z) .

Definition 2.2.1 Let x = (x1,...,24) € R%. The two sets

ok(z):={\eC?: Zm- (MNilg — 2;) # R}



and

of(x) ={AeC’ Y (Nl — ;) - R # R}
are called respectively the left spectrum and the right spectrum of x with respect

to R. The set ow(x) = oli(x) Nok(x) is called the spectrum of x with respect

to R.

The following lemma is easily verified.

Lemma 2.2.2 Let T:C" — C" be a bijective linear mapping and let x =
(z1,...,2q4) € R Then
on(Tx) = Ton(z).

The following result can be found in [8], Theorem 12, Chapter 1, Section

2. We include the proof for completeness.

Theorem 2.2.3 ([8], Theorem 1.2.12) Let x = (x1,...,24) € R Then

coon(x) C Vig(z).

Proof: Let A\ € ok(z) and J = Y, % - (Milw — @;). Then J & R. We
show that also J & R. Let n € J and suppose that |1z — 7| < 1. Then
{s, :== > 1_,(1 = n)*} is a Cauchy sequence in R. Let s := lims, € R. Now,

s—sn=(1n—1n)s=5—1x

and hence sn = 1x. Therefore, 1z € J which is false; hence |1z — || > 1 for
all n € J. In particular, 1 is not in J. Hence, by the Hahn-Banach theorem,
there exists f € D(R, 1) such that f(J) = 0, and we have f(\jlg — ;) = 0
from which it follows that f(z;) = A; for all i. Therefore A € Vig(z). The
argument for A € ofi(z) is analogous. The result now follows from Theorem

2.1.4. o

Following [8], we will denote the set of all algebra norms p equivalent to the
given norm by N. We write Vggp ) (x) for the numerical range of x with respect

to p.

10



Lemma 2.2.4 ([8], Lemma 1.2.7) Let S be a bounded multiplicative semi-
group in R containing the unit 1ox. Then there exists p € N such that p(s) <1
forall s € S.

Proof: For arbitrary « € R let ¢(x) := sup{||sz|| : s € S} and define

p(x) :==sup{q(zy) : y € R,q(y) < 1}.

It is straightforward to verify that p € N and satisfies the required condition.

o

We recall the spectral radius p(z) of an element x € R, given by the

following well-known equivalence [13],
plx) = lim [l2"]|* = max{|\| : A € om(x)}.

The following two results appear in [8], but we include proofs for the sake

of completeness.

Lemma 2.2.5 ([8], Lemma 1.2.8) Let z1,...,x, € R be pairwise commut-

ing elements. For each € > 0 there exists p € N such that
plag) < play) +e

fork=1,...,n.

Proof: Choose ¢ > 0. Define y;, = p(xi’“)+e for k=1,...,n. We have
. ik
plye) = lim [y~
1 1
= — lim ||z}]|»
p(ﬂﬁk) —|—€n—>oo|| k:”
p(xy)
plxy) + €
<1

for each k. Hence, in particular, there exists M, ..., M, > 0 such that ||y} | <
M for k = 1,...,n and all [ > 0, and it follows that the multiplicative

11



semigroup S generated by the y is bounded. Therefore, by Lemma 2.2.4 there
is a p € N for which p(yx) <1 for all k. The required result follows. o

For the next result, we will need the following theorem about convex sets.
Theorem 2.2.6 ([26], Theorem 1.2.10) Let X, Y C C" be disjoint, non-

empty, closed convex sets at least one of which is compact. Then there exists

a,b € R and a continuous linear functional p on C" such that
Rep(w) < a < b< Rep(z)
forallw e X and z € Y.

Theorem 2.2.7 ([8], Theorem 1.2.13) Let z = (z1,...,74) € R? be a d-

tuple of commuting elements. Then

coon(r) = ﬂ VP ().

peEN

Proof: By Theorem 2.2.3,

coom(r) C ﬂ Vi ().

pEN
Suppose a € C4\ coow(x). By Theorem 2.2.6 we can find r € R and a non-zero

linear functional ¢ on C¢ such that
Re¢p(() <r < Regp(a)

for all { € coon(x). Let T be an invertible dx d matrix with first row (¢1,...,%4)
determined by the requirement ¢(¢) = t1(1+- - +tq(y for all { = ((1, ..., ) €
Cd. If ¢ € o(T'x) then

Re(; <r < Ref

where 8 = (B1,...,84) := T 'a. Hence, by the compactness of ox(x), there
is an open polydisc D C C¢ with ox(T *z) € D but T-'a € C4\ D. More

precisely, we can find ¢;,...,¢cq € C and Ry,..., Ry > 0 such that
|)\Z — Ci| <7

12



for all A = (A\y,...,\g) € on(T 'z) and i = 1,...,d. Let y = (y1,...,yq) :=
T~1(x). We have,
plyi — ;) = max{|A| : A € on(y; — i)}
= max{|A—¢| : A € on(y)}
< T;.
Employing Lemma 2.2.5 we have p € N satisfying p(y; — ¢;) < R; from which

it follows that Vo (T~'z) C D. Hence T~'av € C*\ V(T ') and by Lemma
2.1.3 a € C*\ Vggp) (x). This completes the proof. o

As the norm on C*-algebras is unique, we have the following

Corollary 2.2.8 Suppose that R is a unital C*-algebra and let v = (x4, ..., xq)

MR be a d-tuple of pairwise commuting elements. Then
Vaa(z) = coom(x).
Let 7;: C?— C be the coordinate projection m;(2) = z; (i =1 ...,d).

Definition 2.2.9 Let x = (x1,...,24) € R? and let y € K. The local resol-
vent po(y; ) of y with respect to x and R is the set of points z € C for which
there exists an open neighbourhood U of z and functions uy, . . ., uq holomorphic

on U such that .
Z (il — x;)u
=1

on U. The local spectrum on(y;x) of y with respect to x and R is the set
CI\ p(y; ).

For each z € C4, let O,(fR) denote the algebra of R-valued functions holo-
morphic in an open neighbourhood of z [13]. The following alternative char-

acterization of left and right spectra is well-known.
Theorem 2.2.10 Let x = (x1,...,24) € R Then

ho)i= (€ € O (mln = 1) # O.(0))

13



and

of(x) ={z€C*: Y (mln—z;) O.(R) # O.(R)}.

%

Proof: See Lemme 1 in Chapter 1, Section 4 of [10]. o

Lemma 2.2.11 Suppose that R is a commutative unital complex Banach al-

gebra with unit 1x. Let v = (x1,...,34) € RY. Then
on(z) = on(lx; x).

Proof: Immediate from Theorem 2.2.10 and definitions. o

Proposition 2.2.12 Let x = (11,...,34) € R? be a d-tuple of pairwise com-

muting elements and let B be a commutative subalgebra of R containing 1, 1, . . .

Then
on(x) = om(x).
Proof: Clearly, on(z) C og(z). For the reverse inclusion, we note that

os(1m; z) C om(x) and apply Lemma 2.2.11. o

Let © be a unital complex Banach algebra with unit 15. For the remainder
of this section we fix z = (z1,...,74) € ®RL Let E denote the linear span of
1z and @4,...,24. Let ¢: E—® be a linear mapping satisifying ||¢|| = 1 and
d(1n) = 1o. We write ¢(x) for the d-tuple (¢(x1),...,¢(xq)). The following

lemma will prove important in the sequel.
Lemma 2.2.13 ([2], Lemma 5.3) The inclusion,

Vo(o(x)) S Vin(z)
holds with equality if ¢ is an isometry.

Proof: Let f € D(D,1). We have ||f o ¢|| < || f]|][¢]] = 1 and equality follows
from the fact (f o ¢)(1x) = 1. Hence, the Hahn-Banach theorem applies and
there exists a functional in D(®R, 1) that agrees with fo¢ on E. If g € D(®R, 1)
and ¢ is an isometry then go ¢~ € D(D, 1). o

14



Corollary 2.2.14 Let x = (11,...,24) € R and suppose that D is a subalge-

bra of R endowed with the norm of R and containing 1, x1,...,x4. Then
Corollary 2.2.15 Suppose that R is a C*-algebra. Then

coon(d(x)) € V() (2.1)
with equality if ¢ is an isometry.

Proof: By Theorem 2.2.8

coop(p(z)) = ﬂ Vgép)(¢<x))

peEN

and by Lemma 2.2.13, Vz()p)(qb(x)) C Vagp) (z) with equality if ¢ is an isometry.

Since Vgg‘p ) (x) C Vig(z), the result follows. o

peEN

The next theorem shows that when R is a C*-algebra and = = (21, ..., 24)
is a d-tuple of commuting elements, Viz(z) coincides with the numerical range
of x with respect to the closed commutative C*-subalgebra of R generated by

19%3717-“71'(1-

Theorem 2.2.16 ([2], Corollary 5.5) Suppose that R is a unital C*-algebra.

Let x = (xq,...,14) € R? be a d-tuple of pairwise commuting elements. Then

coon(¢(x)) € Va(o(z)) € Via(z) = coon(z) = coon(z)
where ¢(x) := (¢(x1),...,0(xq)) and B is any commutative C*-subalgebra of
R containing 1w, x1,...,24.

Proof: By Theorem 2.2.3 and Theorem 2.1.4 we have the first inclusion;
the second inclusion follows from Lemma 2.2.13; by Corollary 2.2.14 we have
Vaa(z) = Vig(z) and by Corollary 2.2.8 it follows that Viz(x) = cooxn(z). By

Proposition 2.2.12; o(z) = ox(z). This completes the proof. o

15



2.3 Operating Algebras

In the following, let E be any vector subspace of R and let © be a commutative
complex unital Banach algebra with unit 1. Let ¢: E — ® be a one-to-one
linear mapping and denote by (¢(F)) the subalgebra of © generated by ¢(FE).

Let S,, be the symmetric group of order n.

Definition 2.3.1 ([2]) A commutative complex unital Banach ® is called an
operating algebra with respect to E and R if there exists a one-to-one linear
mapping ¢ : E—9 such that (¢(F)) is dense in® and a continuous linear map-
ping Symg?’ 9D R determined uniquely by the conditions Symg?’ ¢)(1@) =
1y and

1 - _
Sym? (.- yn) = - Z O Yoy O Wom) (2.1)

’ O‘ESn

for allyy, ...,y € (¢p(E)), n € N.

Let S(E) be the symmetric algebra of £ and let ": E— S(E) be the canon-
ical inclusion mapping. It is well-known that any o € S(F) can be written in

the form,

a=a+y @l.al (2.2)
i=1

where a € C, n, j1,...,Jn € Nand x,(f) S
It can be checked [35] that the formula

lollsce) = inf {Jal + > |25 lor - |2 ]|ox} (2.3)
=1

where the infimum is taken over all representations of a of the form (2.2)
defines an algebra norm on S(E). The completion of S(E) with respect to this
norm is a commutative Banach algebra which we denote S(E). For simplicity
of notation, we write Syméf) for Symgf(E)’A).

Lemma 2.3.2 The complete symmetric algebra S(E) is an operating algebra

with respect to E and $R.

16



Proof: As the right-hand-side of (2.1) is symmetric and multilinear, the
map Sym;f) is defined on S(F) with Symgf)a = a for all @ € C. Since

)

HSymgf)aHm < |lalls, Symgf has a unique continuous extension to S(V).

o

Proposition 2.3.3 ([2], Proposition 3.3) Every operating algebra © with
respect to E and R is isometrically isomorphic to the completion of a quotient

of S(E) endowed with some algebra norm.

Proof: Suppose that ® admits a mapping Symg? %) as above. By the uni-

versal property of the symmetric algebra, there exists an algebra homomor-
phism hg:S(E) — D such that hg(Z) = ¢(z). Setting po(«) := ||hp]| for all
a € S(E), we have a submultiplicative seminorm on S(F) and an induced al-
gebra norm on the quotient S(F)/p~!(0), which is isomorphic to (¢(E)) since
p~1(0) = ker h, and it follows that the completion of S(F)/p~*(0) is isometri-
cally isomorphic to ®.

Conversely, since T' := Symgf E)) g symmetric and multilinear it is well-
defined on S(E). If p is a submultiplicative seminorm on S(E) with respect

to which T is continuous, then we have a unique continuous mapping on the

completion of S(E)/p~'(0) with respect to p. o

Lemma 2.3.4 ([2], Lemma 5.1) Suppose that v = (x1,...,24) € R? is a d-

tuple of pairwise commuting elements and let ® be an operating algebra. Then

on(r) C oo(¢()).

Proof: Suppose that A € R —o5(¢(z)). Then there exist uy, ..., uq € D such
that,

(d(z1) = Mlo)ur + - + (¢(24) — Aalo)ug = 1o (2.4)

As Symg?’ %) is a unital homomorphism, applying it to both sides of (2.4) gives
A € RE\ on(z). o
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In the setting of operating algebras we obtain the following strengthening

of Theorem 2.2.16:

Theorem 2.3.5 ([2], Theorem 5.7) Suppose that R is a C*-algebra. Let
= (1,...,7q) € R is a d-tuple of pairwise commuting elements. Let D be

an operating algebra. Then

coop(P(x)) = Va(o(z)) = Va(z) = om(x) = coon(z)
where B is an arbitrary C*-subalgebra of R containing 1w, x1,. .., 24.

Proof: This follows immediately from Lemma 2.3.4, Theorem 2.2.16 and the

fact that og(x) C om(x). o
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Chapter 3

The Algebra of Operants

The Nelson algebra of operants [35] is a generalisation of the symmetric algebra
of a vector space to the context of commutative Banach algebras that incor-
porates spectral theory in a canonical fashion. It was originally introduced
as part of framework facilitating a rigorous interpretation of Feynman’s oper-
ational calculus [19]. We give a mathematical motivation of its construction
with the observations below.

In Section 3.1 we describe the theory of the Weyl functional calculus for a
d-tuple of hermitian elements of a Banach algebra. This formulation is more
general than the original expositions [41, 3, 35] which concern self-adjoint op-
erators on a Hilbert space. We make use here of some results of the previous
chapter. In Chapter 4 we will give an explicit formula for the Weyl calculus
for hermitian matrices which will used in a fundamental way in the sequel.

In Section 3.2, Nelson’s algebra of operants is introduced. We construct it
with the view that its spectrum should coincide with the support of the Weyl
calculus of its generators, and that it must, in a sense to be made more pre-
cise, be canonical among all operating algebras having this property (Theorem
3.2.4). This feature will be used in Chapter 6 to derive the orbit correspon-
dence for compact Lie groups in a manner which is independent of Kirillov’s
character formula.

For a more general approach, using Clifford analysis, to the Weyl calculus
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for a d-tuple A = (Ay,..., Aq) of possibly unbounded operators on a Hilbert
space subject to the condition that & A, + --- ;A4 is real for all £ € R?, there

is the seminal paper of Jefferies et. al. [25] and the monograph of Jefferies [23].

3.1 The Weyl Functional Calculus

Let R and ® be Banach algebras with units 1lg; and 1gp respectively. Let
r = (z1,...,74) € R? be a hermitian element and let E be the vector subspace
of R spanned by 1g, 21, ..., x4. Let ¢: E— D be a linear mapping with ||¢|| = 1
and ¢(1y) = lp. By Lemma 2.2.13, ¢(x) is a hermitian element of ©. Hence,
for any function f:R?— C with integrable Fourier transform f , the following

®-valued Bochner integral converges:
D, £ iXp(x
09 () .= df()\)e”’( VdA.
R

Here the Fourier transform f and the normalisation of Lebesgue measure dx
are chosen exactly so that when R = = C and ¢ is the identity mapping id
then f(x):= (gc’id) (x) has the usual meaning.

Let S(R?) be the Schwartz space [22] of rapidly decreasing functions on R?.
The mapping Wi ¥ (z) given by (W (2), f) := f29(z) for all f € S(RY)
is continuous and linear on S(R?), and hence defines a ®-valued tempered

distribution.

Definition 3.1.1 The ©-valued tempered distribution Wg(?’ w(m) is called the

Weyl calculus of x with respect to ® and ¢.

Let id be the identity mapping on R. We write Wx(z) for Wéqm’ i) (x).

The following lemma is proved in [41] using the Trotter product formula,
for bounded self-adjoint operators on a Hilbert space. As every C*-algebra is
isometrically isomorphic to a closed subalgebra of bounded operators on some

Hilbert space, we are able to state this lemma in slightly more generality.
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Lemma 3.1.2 ([41], p.92) Suppose that © is a unital C*-algebra and let

x1, Ty be hermitian elements of ®. Then
| exp(z1 + izo)|| < || exp z1]].

For z = (z1,...,2q) € C4 let Sz := (Sz1, ..., Szg) and Rz := Nz, ..., Nzyg).
The Hahn-Banach theorem ensures that there are sufficiently many linear
functionals to obtain the following vector-valued extension of the usual Paley-

Wiener theorem [22].

Theorem 3.1.3 (Paley-Wiener) An R-valued tempered distribution u on
R? has compact support if and only if u is the Fourier transform of an an-
alytic function e:C%— R for which there exists constants C > 0, s > 0 such
that ||e(¢)||m < C(1 + |¢|)%e"S¢ for all ¢ € C2.

Proof: See [22]. o

Theorem 3.1.4 Suppose that ® is a unital C*-algebra. Then the distribution
Wé?’ ¢) (x) has compact support.

Proof: We verify that the entire function e(z) := exp(i(z, #())), for z € C?

satisfies the estimate required by Theorem 3.1.3. We have,

({32, ¢(2)) — iRz, o(2)))|
< [l exp(Sz, o(x)) |
exp [[(32, o(x))]l
exp |3z || o(«) |

exp |32z

lexp i(z, ¢(x))[| = [l exp ({32,

IN A

IN

o

Let C*(R%) be the space of infinitely differentiable C-valued functions on
R,
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Corollary 3.1.5 Suppose that ®© is a unital C*-algebra. Then Wg(f’ ¢) (x) ex-

tends uniquely to a distribution on C*°(R?).

3.1.1 A Characterisation

The following theorem gives a characterisation of the Weyl calculus distribution

by its values on polynomials.

Theorem 3.1.6 ([3], Theorem 2.8) Suppose that R is a unital C*-algebra
and let the monomial p:R? — R be given by p(A, ..., Ag) = At )\Zd for
ki,...,kq € N. Then Wxn(z) is the unique R-valued distribution such that

kgl kgl
(Wa(x), p) = 1T Z Tr(1) " Tr(k)

where k = k1 + -+ + kg and 7 runs over the set of all maps from {1,... k}
into {1,...,d} that assume the value j exactly k; times for j =1,....,d.

We prove Theorem 3.1.6 after recalling some well-known facts from distri-

bution theory, which we prove in the vector-valued setting.

Lemma 3.1.7 ([3], Lemma 2.6) Suppose that f =1 on R? and let u be a
compactly supported ®-valued distribution on RY. Then (u, f) = 4(0) where i

denotes the Fourier transform of u.

Proof: Let 0 € C>°(R?) be identically equal to 1 in a neighbourhood of zero.

For € > 0 define 6.(z) := 0(ex). Since u is an analytic function,

(u, 0y = (u, 0,)
_ / (©)6.(—
= a(s)é(—%ﬁza
As
= LS =00



for all € > 0, it follows that

(u, f) = lim(u, 6,)

e—0

= 4(0).

o

Let p be a polynomial in d variables over C. Define the differential operators

o ._ (0 9 19 = p(i2 52
== (8_61’ . '76_@) and p(la_g) = p(Za—gl7...,Za—&i).

Theorem 3.1.8 ([3], Lemma 2.7) Letu be a ®-valued distribution with com-

pact support on R. Then

(v, ) = pli)i(0)
Proof: Let f =1 on supp u.Then
. 0.
(u, p) = (u, pf) = (pu, f) = (pu)(0) = p(la—g)u(o)-
o
We are now ready to prove Theorem 3.1.6.
Proof of Theorem 3.1.6: By Theorem 3.1.8,
.0 .
(Wan(z), p) = p(za—g) exp(—i¢ - z) | (0)
1 itk
=7 (W(&wl + - 'fdxd)k>
! Mgk
kylee- kgl
=7 Z Tr(1) " Trh)
as required. o

The symmetry properties of operating algebras (Section 2.3) come into play

in the next definition.
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Corollary 3.1.9 Suppose that © is a commutative unital C*-algebra which is
also an operating algebra with respect to E and R, ¢ is one-to-one, and that

(¢(E)) is dense in ®. Then
(Wan(x), f) = Symsg® Wy (), )
for all f € C>=(RY).

Proof: By Theorem 3.1.6, if p(\, ..., \q) := A¥ .- A\*@ then

D, B .0 .
W (2, py = (pma—g)exp(—zg - ¢><x>) (0)

1 gktka

_ Hm(glgb(m) + - Lagp(xq))"

= p(z1)" - $wa)™

Hence

Sym&> W (), p) = SymS> P p() - plag)

= <W§R(x)> p>‘

The last equality follows from Theorem 3.1.6. Hence, by linearity, the distri-

D

butions Wx(z) and Symg% 2 Wéf‘)’ ?) (x) agree for all polynomials and hence

for all f € C*°(R%). This completes the proof. o
Corollary 3.1.10 Suppose that f € C*(R?) and for some g € C®(R%), d' <
d, f(&,...,&) =9g(&, ..., ) forall &, ..., & € R. Then

(Wa(z), f) = (Wa(2'), g)

where ' = (z1,...,Tq).

3.1.2 Spectral Properties

Recall that the Gelfand spectrum o(®) of the commutative Banach algebra

® is the set of continuous non-zero multiplicative linear functionals on 2,
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endowed with the weak™ topology. By Theorem 2.2.3 these functionals are
necessarily real-valued on hermitian elements.
The argument for the following proposition comes from the proof of [35,

Theorem §].

Proposition 3.1.11 (“Spectral Mapping”) Let ® be a commutative Ba-
nach algebra. Let 1 € o(D). Then for any f € S(RY),

YW (), f)) = (f oo d)(2).

Proof: By Fourier inversion and the properties of the Bochner integral, since

Y €o(D),
(fotpog)(x) = f()” (o)) g\
FO)(e*)dx

_ ( f(A)eiW(w)dA)
= (W (@), ).

Lemma 3.1.12 Let fi, fo € S(RY). Then

Wy (@), fifa) = (Wa P (), LYVS P (@), fa).

Proof: Since ® is commutative,

(Wa (@) fr, fo) = / Fila) (V)o@ gy

/fl*f2 M(;S(x
//fl _t Z()\ t)-¢(x) Zt¢( )d)\dt
/f z)\qS d)\/f z)\qﬁ

Wa (@), f1) (W, ”@<»ﬁ>
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which completes the proof. o

Let © C R? be an open set and write Wéf‘)’ ¢)(x)|g for the restriction of the
distribution Wg(q@’ 2 (x) to the space C*°(Q) of test functions supported on ().
The proof of the next theorem is based on an argument in the proof of [35,

Theorem §].

Theorem 3.1.13 Suppose that ® s a unital commutative C*-algebra. Let §2
be an open subset of R?. Then

supp W (z)]o = o5(6(x)) N Q)

where § is any closed subalgebra of ® containing 1o, p(x1),. .., d(zq).

Proof: We identify the spectrum og(¢(z)) of ¢(x) in § with the set {(¢) o
®)(z)| v € o(F)} and recall that oz(4()) is a compact subset of RY.
Hence if A € oz(¢(z)) then (¢ o ¢)(é(z)) = A for some ¥ € o(F). If
A ¢ supp Wéf’ ?) (z) then there exists f € S(R?) with (ng ?) (x), f) = 0 such
that,
0# f(N) = (fowod)(x) = (W “(2). 1)) = ¥(0) =0,

which is a contradiction. Therefore oz(¢(z)) C supp Wéf’ ¢) (x) and it follows
that og(o(z)) N Q C supp Wéf’ ?) (2)]q-

For the reverse inclusion, suppose that A € supp ng’ ¢)(x) but A ¢ oz(p(x)).
Then since o3(¢(z)) is compact we can find f € S(R?) such that f(\) # 0,
(Wg’ ?) (x), f) # 0 and f vanishes on oz(¢(x)). Then for all ¥ € o(5F),

YW (@), f)) = (Fovo0)() =0
from which it follows that (Wf ?) (x), f) is in the radical of § and that
Tim [[(Wed? (), /)" = 0.

We show that (Wg(f"z)) (z), f) = 0. Choose g € S(R?Y) such that g(oz(p(z))) =
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{0} and g(supp f) = {1}. Then for all m > 0,

WS (@), HIl = [(WaF? (), g™ )]
< (W (@), ™I (@), £

and repeating the argument above with g in place of f we have that (Wéf 2 (), g)
is in the radical of § and hence that H(I/VS(Qg ¢)(x), g™ < 1 for some m. This
implies that <W§§ 2 (x), f) = 0 which is a contradiction. Hence supp Wg(f’ ¢)(:c) lo C
oz(¢d(x)) N Q and the result follows. o

Lemma 3.1.14 Let x = (x1,...,24) be a d-tuple of hermitian elements of ‘R.
All derivatives of the entire function exp i€ - x are bounded as functions of &,

for € € R,

Proof: See Lemma on p.94 of [41]. o

Corollary 3.1.15 Let p:R?—C be a polynomial. Then
D, D, D,
(Wor (@), fp) = (We™ (@), FY(We (@), )
for all f € S(RY).
Proof: By Lemma 3.1.14 we can apply integration by parts to obtain,

WO f) = [ (@ de

(i) ] g
= (W (@), HOVE (@), p)

where the last equality follows by the same argument as in the proof of Corol-

lary 3.1.9 ©
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Alternatively, Corollary 3.1.15 can be seen as a consequence of Lemma
3.1.12 and the continuity of ngg’ ¢)(a:).

Let [ :=1(D, ¢) ={y1 € D Symé?’d’)(ylyz) =0 for all yo € ©}. Then [
is a closed ideal of ©. Set ®" := ©/I and let ¢’ : E —® be the map induced

by ¢.

Lemma 3.1.16 If® is an operating algebra with respect to E and R then D’

18 also an operating algebra with respect to E and *R.

Proof: Clearly ¢/(1) = lo and (¢/(E)) is dense in ®’. Since Symg?"ﬁ)

o', )

vanishes on [, the map Symgf{ is well-defined and has all the properties

required by Definition 2.3.1. o

The following theorem is a consequence of general facts about non-analytic
functional calculi of operators [2, Theorem 5.10]; our proof is based on an
argument of Nelson [35, Theorem 8], from which the restriction property (3.1)

can be more easily observed.

Theorem 3.1.17 ([2], Theorem 5.10; [35], Theorem 8) Suppose that D
1s an unital commutative C*-algebra and an operating algebra with respect to

E and R. Let Q be an open subset of R%. Then
supp Wi (@) = supp Wan(w)] = 05(¢/(2)) N 2 (3.1)

Proof: Since ||¢'|| = 1, the distribution Wé?/"z)) (x) is well-defined. The equal-
ity supp W;g/’¢/)($)‘g = oo(¢'(z)) N Q follows from Theorem 3.1.13. Let
A € supp Wn(x)|q. Then for every neighbourhood U of A with U C Q there
exists f € S(2) such that supp f C U and (Wxn(x), f) # 0. Since Wy =
Symg‘)l’d)/) o W&@/,qs’) by Corollary 3.1.9, it follows that <W§§f‘)/’¢/)(x), f) # 0.
Hence supp Wx(z)|q C supp Wg(?/’qy)(xﬂg.

Suppose that A € og/(¢'(x)) N Q2 but A ¢ supp Wx(z)|a. Then there ex-
ists f € S(Q) such that f(\) # 0 and (Wn(x), fp) = 0 for all d-variable

28



polynomials p: R?— C. By Corollary 3.1.15,

/ (fPY (Ve dx = Symy” / (fp)(N)e™ ) dA
Rd iy
= Symg?ﬁ)«wigba(ﬁ)(x)? f><W£%®7¢)<x)7 »)

=0

and it follows that Symg?’d))((Wf’d))(x), fly) = 0 for all y € ©. Thus
(Wg(?/’d)/)(x), f) =0. Since A € og(¢'(x)) we can find ¢ € o(D’) such that

(oW V@) f = (forvod)(z)
= )
£ 0

which implies that <WE§Q®,’¢,)($), f) # 0, a contradiction. Therefore, oo (¢'(x))N

Q) C supp Wx(x)|q. This completes the proof. o

3.2 A Canonical Quotient Operating Algebra

Suppose that V' is a normed vector subspace of R containing 1. As in Section
(2.3), denote by S(V) the symmetric algebra of V and by S(V) be the com-
pletion of S(V) with respect to norm (2.3). Let ": V — S(V) be the canonical

inclusion mapping.

Definition 3.2.1 Let T = Z(V) := {a € S(V)| Symg{)(aﬁ) =0 forall § €
S(V)}. The quotient A = A(V) := S(V)/T is called the Nelson algebra of

operants over V.

Let 7: V — A be the canonical projection.

Lemma 3.2.2 1y = 14.
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Proof: The unit in A is clearly the image of 1 € C. However, for any o € S(V'),

Symg)(l —Iln)a = Symg/)(a — Iga)

V)

= Symgﬁ o — Symg{)imoz

= 0.

By continuity, Symg{)(l — Ig)a =0 for all & € S(V). The result follows. o

Lemma 3.2.3 The maps ": E— S(E) and ~: E— A(E) are isometries. Fur-

thermore, ||| = ||"|| = 1.

Proof: By equation (2.3), ||]lsqr) < |||/ However, since ¢ is a homogeneous
element of degree one in S(V), { must have the form ¢ = \it; + -+ + A\t
for some choice of A\j,..., A\, € C, not necessarily unique. By the triangle

inequality, [|t[ls < |Mllltills + -+ 4 [Anllltalls. Hence ||f]lsary > [|t]w and
it follows that ||t[|sq) = [[t|lm. Now ||| = infiez ||t + illsry < IElsevy +

infiez il 50y = [t Also, [t = [|Sym% Tl < [[E]|la. Therefore, [|f]ls =
1E]].4-

We hayve,

17 = sup{|[Ela : t €V, [[t)ox = 1} = sup{|[Ellx - t €V, [[t]|lox = 1} = 1.
Similarly, ||*|| = 1. This completes the proof. o

We thus have the following

Theorem 3.2.4 ([35], Theorem 8) Suppose that R is a unital C*-algebra.
Let © be an open subset of RY. Then A(FE) is the freest quotient operating
algebra with respect to E and R such that

supp W;S(E);) (x)|q = supp Wn(x)|q = oa(z) N Q. (3.1)

Proof: By Lemma 2.3.2, S(F) is an operating algebra with respect to E and
R, hence by Lemma 3.1.16 A is an operating algebra with respect to F and
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M. Since ||7|| = 1, the distribution W&A(E):)(a:) is defined and equality (3.1)
follows from Theorem 3.1.17. As by Proposition 2.3.3 all operating algebras
with respect to E and R are completions of quotients of S(FE) for some norm,
it follows that A is the freest (F, R)-operating algebra for which (3.1) holds.

o

10
Example 3.2.5 Let A = . Set E := Spanc{I,A}. Then S(E) =
0—1
C[A]. Since A2 — 1 =0 and Sym := Sym(L?%Q) is a homomorphism we have
(A2 — \S(E) C Z(E). On the other hand, if col + A+ -+ + ¢, A" € I(E)

then

col +cA+---+c, A" = Sym(cof + e A+ -cnfl”)
=0

and it follows that T(E) = (1 — 1)S(E) + (A2 — I)S(E) by continuity.
Suppose that ¢ € o(S(E)). Then in particular ¢(Z(E)) = {0}, or equiva-
lently p(1 — I) = ¢(A%2 —I) = 0; hence ¢(I) = 1 and ¢(A) = {—1,1}, and it

follows that o(A) = {—1, 1}.
However, for f € S(R) we have

Waen(A), 1) = [ Fleetag
R
SO
0 f(=1)
and it follows that supp Wyc2)(A) = {—1, 1}. Hence we have shown that

o(A) = supp Wrcz)(4).

Let V be a finite dimensional complex normed vector space.

Lemma 3.2.6 ([35], Theorem 1) The spectrum o(S(V')) of the complete sym-
metric algebra S(V') of V' is homeomorphic to a subset of the unit ball in V*.
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Proof: Observing that the compact set o(S(V)) and the unit ball in V* are
Hausdorff spaces, it suffices to exhibit a continuous bijection between them.
Define ¢ : 0 (S(V)) = V* by 1(¢)(v) := ¢(v) for all v € V. Since ||v|| = ||9]|| for
all v € V and ||¢|| < 1 we have that ||10(¢)|| < 1 for all ¢ € o(S(V)) and hence
that ¢ maps into the unit ball in V*. Now suppose that ¢ (¢) = ¥(¢1). Then
#(A) = ¢1(A) for all A € V. Therefore, ¢ and ¢, agree on So(V). However,
since ||@]|, ||¢1]] < 1, it follows that ¢ = ¢;. Thus ¢ is a bijection. Suppose
that ¢, — ¢ in ¢(S(V)). Then,

[1pn — Vol = ”ilﬁgl | (WVdn — o) (A)]|

= sup Hqﬁn(;l) - ¢</~1)H

All=1

S ||¢n - gb”

and it follows that ¢, — 1¢. Therefore ¢/ is continuous; this completes the

proof. o

Corollary 3.2.7 The spectrum o(A) of the algebra A of operants over V is

homeomorphic to a closed subset of the unit ball in V*.

In the remainder of this chapter we determine the spectrum o4(Z) in the
case R = V = L(H) is the algebra of bounded linear operators on a Hilbert

space ‘H. The following “lower bound” is due to E. Nelson.

Theorem 3.2.8 ([35], Theorem 5) Let A = (A;...,Aq) be a d-tuple of
bounded linear operators on a Hilbert space H and define for each u € H

such that ||u|| =1, E, € L(H) given by E,(v) := (u, v)u for allv € H. Then
{(Auw) « lull =1, By € Spanc{Ar, .., A} Coa(d)  (3.2)
where (Au, u) = ((Aju,u), ..., (Aqu,u)).

Proof: Fix u € H with [Ju]| = 1. We note that E? = E and by the Cauchy-
Schwartz inequality || E|| = supy, =1 [[Ev|| = supj,=1 [(u,v)| < 1 from which it
follows that ||E|| = 1, since || E|| = |(u,v)| = 1.
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We show that the map ¢ : S(L(H)) — C given by

Y(a) = lim (u, T(E™a)u) (3.3)

m—0o0

for all « € S(L(H)) is well-defined, vanishes on Z and consequently induces a
unique functional in o(A) sending A to (Au,u) for all A € L(H).

Let Ay,..., A, € L(H). Of the (m + n)! terms in the expansion of
TE™A, --- A, exactly mIn!C"™" have at least one E before and after each
A;; therefore, the proportion of terms not of this form can be made arbitrarily
small for m sufficiently large and we have,

lim TE™A,--- A, = T(EAE)--- (EA,E)

n—oo

= (u, Alu) .. (u, Anu)E.

Since the linear span of terms of the form A; --- A, is dense in S(L(H)) and
ITE™a| < ||E™al < ||a| for each m > 0 and a € S(L(H)), it follows that 1
is well-defined. Clearly if o € Z then TE™a = 0, so ¢ factors through to A. o
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Chapter 4

A Formula for the Weyl

Calculus

Let H be an n-dimensional Hilbert space and let A := (Ay,..., Aq) be a d-tuple
of bounded operators on H. In this chapter we determine the Weyl calculus
Wi (A) of A, under special circumstances.

In Section 4.1 we verify Nelson’s explicit formula (Theorem 4.1.1) for W (A)
when the d-tuple A consists of hermitian matrices, by-passing the intricate ar-
gument involving recurrence relations and induction that appears in [35]. This
will be used in fundamental way in the sequel. We show in Section 4.2 that this
formula is a special case of a more general expression due to B. Jefferies [23],
valid for any d-tuple A of arbitrary complex matrices. It would be interesting
to see how the results of Chapter 6 concerning unitary representations of com-
pact Lie groups may generalise to non-unitary representations using Jefferies’

formula.

4.1 Nelson’s Formula for Hermitian Matrices

Define ¥, := {u € H : |ju|| = 1} and let v denote the unitarily invariant

probability measure on >,,. Define the joint numerical range map,
Wi, =R u— (A, u), ..., (Aqu,u))
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and set pa := v o W', Choose a basis of H so that the A; are represented

9 9

3.0+ 5, be the operators of partial differentiation on R,
1 Td

by matrices. Let
Define A - % = Ala%l + -+ Adaixd' For any matrix differential operator M
acting on the space of distributions on C2°(R?) we denote by ¢;(M) the sum

of the principal minors of M of order j.

Theorem 4.1.1 ([35], Theorem 9) Let A := (Ay,..., Aq) be a d-tuple of
bounded self-adjoint operators on a n-dimensional Hilbert space H. The Weyl

calculus for A is given by

n—1n—-k—-1 J ] (TL . 1)'
W A) = -1 Jj+k+m+1 : :
L(H)< ) —~ 7;]( ) m (n_ 1 —j+m)'
o\" o 0
(A - 8—) bucsir(A - Ny

(4.1)

Corollary 4.1.2 Suppose that A := (A, ..., Aq) is a basis of the vector space
of bounded self-adjoint operators on H. Then,

supp Wi (4) = {({(Arw, u), ..., (Aqu,u)) © v e ™, ||lul| =1}
Proof: By Theorem 4.1.1,
supp Wi (A4) € {((Aru, ), ..., (Aqu,w)) : vweH, ||luf] =1}

The reverse inclusion follows from Theorems 3.2.8 and Theorem 3.2.4. o

We present below our version of E. Nelson’s proof of Theorem 4.1.1.

As a preliminary step, we derive a closed form for the exponential map of

U(n), exp : u(n) — U(n). Let,

Cn—1(M) ::/ exp(Mu, u) dv(u)

n

and
n—k—1 ]

(M) = 3 (P a (M) S e s (MDecr (42

J:
We have the following
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Lemma 4.1.3 Let D = diag(A1,...,\,), where the A\; € R. Then

i
L

e =N ¢.(iD)(iD)".

i

Corollary 4.1.4 Let M be an n X n hermitian matrixz. Then

n—1

™M =" (iM)(iM)".

=0

o

Proof: Let M = U*DU be the unitary decomposition of M. Then,

ezM — U*ezDU

= U* (i ck(z’D)(iD)’“> U

k=0
n—1

= " c(iM)(iM)F

k=0

where the last equality is an immediate consequence of our definitions and the

unitary invariance of the inner product (). o

We now devote the remainder of this section to the proof of the Lemma 4.1.3.

Lemma 4.1.5 Let \y,...,\, € R. Then

1 1—wn_1 1—wn_1_..._w2 n—1
et / / . / eXp(Z (Aj — A)w;) dwy - - - dwy,—y
o Jo 0

—1

)

Proof: Observe that,

1
— €
6)\2/ e(Al )\2)’11)1 dw]_ —
0
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Hence (4.3) is true when n = 2. Assume that the identity holds for n > 2.
Then

n

1 1—wn 1—wp—wp_g——w2
6)‘n+1 / / .. / eXp(Z ()\J — )\n+1)wj> dw1 s dwn
0 0 0

=1

Ant1 - — W3 n
N / / / P <Z = An1)w j) o T dwy - - dwy,
n+1

Jj=1

n

- _ / / / T e 0= 2w)

Jj=
n

- exp(z (Aj — Ant1)wj) dws - - - dwy,

=2
1 - eNi 1 an e
DN ; Hj;ék<n+1()‘j = A) - Ant1 ]Z:; H#k‘>1(>‘j = A
eM eAnt1
T ILAC ) T s =2

e 1 ( 1 1 )
AL — )‘n+1 Hj;ék,l<k<n+1 ()‘j - )‘k) >‘j — M /\j - )‘n+1

Jj=2

n+1 6)\].

N ; [T (A = )

and hence the identity (4.3) follows by induction. o

Lemma 4.1.6 Let D be diagonal matriz with distinct entries Ay, ..., \, € R.
Then

1 Hj;ék()‘k - Aj).
Proof: Let A, = {(wy,...,w,) € R"w; > 0,> w; = 1}.

Cno1(D) = / exp (Z )\j|uj]2) dv(u)

j=1

:/ Xs, (u)exp (Z)\ ;] ) duy -

= / / XSn71(‘u|)eXp (Z )\j|Uj|2) \u1]d|u1|d91 e Iunld|un|d9n
pJI j=1

cn1(D) =
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2m)" 2
o R = (Z Aj|uj|2> A dlu

+ j=1

= / Xa, (w)exp (Z )\jwj> dwy - - - dwy,
Rn

J=1

+
1 1—wpn—1 l—wp—1——wo n
= eA”/ / / exp Z()\j — M)w; | dwy - dw,_y
o Jo 0 =
e

n

; Hj;ék(/\k - /\j)

For a proof of the last equality, see the appendix. o

We are now ready to prove Lemma 4.1.3.
Proof of Lemma 4.1.3: First assume that the \; are distinct. Then by

Cramer’s rule the system of linear equations,

6)\1 = 4o -+ g1>\1 + 4 gn,l)\?*l

M = go+ G+ A G AT

for (go,...,9n—1) € R", has a unique solution given by
1 )\1 . )\k*l )\kJrl . )\nfl ez\l
(—1)rk1 1 1 1
gk()\b ey An) =
Hj;ék()\k - Aj)
LA, oo+ AL AR 0 An=l ghn

for k=0,...,n— 1. It follows that

P = i:gk(zD)(zD)k
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However

JIL A NN

gn—l(D) = ’ 1 >\z . /\?—2 6)\i

_ Z(_l)n—l-k—QeAk H (/\j — >\z’> H(/\j — )\Z')_l

i<y i, 7k i<j
n n k—1
=Y (=0 TT v = 2 [TOw =A™
k=1 j=k+1 j=1
n n k—1
=> e JT =2 JJw =)™
k=1 j=k+1 J=1
= > M=)
k=1 j#k
= Cn,1<D).

Hence, to prove that gix(D) = cx(D) for 1 < k < mn — 1 it suffices to show that
the gy satisfy the same recurrence (4.2) as the ¢;. To this end, observe that
on expanding the numerator of " 'g, 1(t\(,...,t\,) along the last column
we get that the coefficient of (—1)keXV =1 where V,, is the Vandermonde

determinant in A; ..., \,, in the right hand side of (4.2) is given by,

1A - )\?—2
n—k—1
( Z (_1)l¢n—k—l—1(D))\§*) T - A2
1=0
1A\, - )\2—2
1A - )\111—2
= Z Ayt 1 /):j . X}"‘_Z
< <lp_g—1s
l#j
1A, -+ A2
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JEDVERERED L) LR IS ot
= |71 Xj X;?*l X?H coo L (4.4)

1 )\n RS Lt B Laan SN \ Ot

The last equality is a well known identity (see [36, p.93]).

Now (4.4) is the coefficient of (—1)*"7e* V=1 in the expansion of gy (A1, ..., A\,)
along the last column and it follows that ¢, (D) = gx(D) for all £ when D has
distinct eigenvalues.

Now assume that D has possibly repeated eigenvalues. Since Y \;|u;|?
remains bounded as u ranges over ¥, it follows from the dominated convergence

theorem that the integral,

s (M) = / exp(S" Al ) (),

is continuous in A = (Aq,..., A,). Similarly, since
o7
pre /2n exp(z tA;]u;]?) dv(u)
_ [ 2 tAjluy?) d
= . %exp(z jlusl”) dv(u)
n J
- / (Z )\j|uj|2> exp(z tAj]u;]?) dv ()
=0 \ 50
<M / exp( "t us]?) ()
Z”L

it follows that the ¢; (1 < k <n — 1) are continuous in D. Hence, the lemma
follows upon approximating D by diagonal matrices with distinct eigenvalues

and taking limits of the identity that we have already established. o
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We now prove Theorem 4.1.1.

Proof of Theorem 4.1.1: Observe that,

CWJ@'A>— /'e%”wwdwu>

n

:/ e dpia ()
Rd
= f1a(§).

Applying the Leibniz rule for the derivative of a product, when k < n — 1,

c(§-A) =

= Y (1 k(€

= 3 (1€
j=0

= 3 ()G (€
=0

= (=1 bnjor1(€ -

(=1 bnjor(€ -

Ayt

3
Il
)

.

<.

o9
— 1" e 1 (- A)im

(n—1)! am

(n—j+m—1)otm

N .
(n—1) )

(n—j+m-—1)""

(TL — 1)' v(m)

(n—j+m—1)!'u’4

(n—1)!
(n—l—j+mﬂ@'

Since (§;f(§)) (z) =1 8%(1‘) for all f € S(R?) it follows that,

0

(P (i€ - A)ra(§))” = —u(A - - )ua.

Furthermore,

0

(- a_f)ﬂA(é)]A

By Corollary 4.1.4

ox

N = i€+ A) + ea(i - AYE - A) + o e (i€ AY(iE - A

41

9

Cnfl<t£ : A) ’t:l

(€ A)E-A)™

(&)™

af)mﬂA(f)



for all ¢ € RY. Therefore,

(e4) = nz_l (A-

n—1n—k-1 J . . | k
— Z Z(_l)j+k+m+1 J (711 1) ' (A§> O jk1
k=0 j=0 m=0 m (n—1-—7+m)! T
. 0 m
(A ) )"

Example 4.1.7 Let d = 3 and set

10 01 0 ¢
Alz 7A2: 7A3:
0 -1 10 —1 0

These are called the “Pauli spin matrices” and iA;,iAs, A3 define a basis for
the Lie algebra su(2) (see Chapter 5). We verify Theroem 4.1.1 in this case.
For all £ € R3, let |§] := /& + & +&3. Since 3(AjA, + ARA;) = ;1 for
J,k =1,2,3 where d;; is the Kronecker delta and I is the 2 x 2 identity matrix,

we have (£ A)? = |£[* T for all £ € R? and by power-series expansion,

exp(i€ - A) = cos €| I+ SIEF A
Now,
( 2) sin |§] g-L (sin|§|)
o¢) gl Tdlgl\ ]
 elcos l¢] — sinl¢
g
= cos || — 51|n§||§|

Taking Fourier transforms of both sides we obtain

0
@mmrzu—(%~)u
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where v is the unitarily invariant probability measure on the unit sphere S? C

R3. Thus,

Wico)(A) = (exp(i€ - A)) = v T — (aﬁ : x) vl — (0 : a%) v

X

On the other hand, for u = (u1, uy) € C* we have
<A1u, U> = 2%('&1U2),

(Agu, u) = 25 (uquz),

and

(Agu,u) = |uy|* = Jus .

When |u|? + |ug|? = 1,

3
|Wa(u Z (Apu, u)?
k=1

(Jua]* + [uz])”
1.

Therefore W4(33) C 5% and by rotation invariance we have Wy4(3,) = S2.

Hence, supp s = S? and by the definition of p4 and its invariance under

rotations, it follows that pa agrees with v, the uniform density probability

measure on S2.

4.2 The Jefferies Formula for Arbitrary Ma-

trices

Let M be an n x n matrix over C. Denote by p,; the characteristic polynomial

of M, defined by ps(z) := det(M — zI) for all z € C.

By the Riesz functional calculus [13], we have the representation

) 1 .
eM = 5 Ce“(a— M)~td¢ (4.1)
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where C'is any simple closed curve in C which surrounds the set of eigenvalues
of M, which we denote by o(M). Following [24] (see also [23]), we determine

an expression for the resolvent ((I — M)~! of the form
(= M) = ag(M, €) + (M, QM + -+ + a1 (M, ()M

for all { € C\ o(M), to thereby obtain a more general version of Theorem
4.1.1, valid for d-tuples of arbitrary complex matrices.

Let 'H be an n-dimensional Hilbert space and A = (A;,...,A4) be a d-
tuple of bounded operators on H. We choose a basis of H so that the A; are
represented by matrices. Define a tempered, complex-valued distribution 74

given by the Fourier transform of the uniformly bounded function

i"(n —1)! / e’ J
dz, EeR (4.2)
(2m)H Joe) Prae(2)

where for every £ € R4, C(€) is a simple closed curve containing o({A, £)) in

its interior.

Theorem 4.2.1 ([23], Theorem 5.10) Let A = (A;,..., Ay) be a d-tuple of
bounded operators on an n-dimensional Hilbert space H satisfying the spectral

condition

o({A, &) CR (4.3)

for all € € R, Then there exist numbers C > 0 and r > 0 such that
9] < €1+l ternd

for all ¢ € C™.

We have the following

Corollary 4.2.2 ([23], Corollary 5.11) Let A = (Aq,...,Aq) be a d-tuple
of bounded operators on an n-dimensional Hilbert space H and satisfying spec-

tral condition (4.3). Then Weyl calculus for A is defined, has compact support
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and is given by the expression

n—1 n—

k-1 j .
Z J+k+m+1 J 1 %
(n—1—j+m)!

0]:0m0 m

(A f) brsir(A- N2y,
(4.4)

Wi (A

=
I

Proof: If f € S(R?) then we have also f € S(R%) [22] and hence by Theorem
4.2.1 and the bound (4.2.1), |48 Ly |f] < C(1+]E)™"". As

/ (1+1¢) ™" de < oo,
R

it follows that the tempered distribution Wy (A) is defined. By the Paley-
Wiener theorem, since Wiy ) (A) is the Fourier transform of the analytic func-
tion e(¢) := 48 (¢ € C?), it is compactly supported.

For each & € R?, let ag((A, &)),...,a,((A, £)) be the coefficients of the
characteristic polynomial of (A, £). The following identity is easily verified by
the Cayley-Hamilton theorem,

n—1 n—
pa,e (I = (¢ — M) (

By (4.1) it follows that

1« ("&! e’ k
o_ L (Z w14, [ € <> (4, )

c Piag)

where C' is any simple closed curve in C containing o ({4, &)) in its interior. If

t € R is chosen so that C also contains to((A4, &)),

ee (i) o’ et
eUs) e = Y 4
Limet® = o o Paa©

oI 1/ el
_ S [y
oty o Pra,e Q) ¢
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and using Leibniz’s formula for the differentiation of products we obtain

. 1 n—1 n—k—1 »
49 = LSA O Y (4, ©)
paars =0
J : - | m (%1
5[ (n—1) [a/e dz}.
=\ ) (n=1—=j+m)! [0t Jopuae(z) |,

(4.5)

The formula (4.4) now follows on taking Fourier transforms of both sides of

(4.5), noting that GT4(t)|i—1 = (& F¢)Ta(€), and as((A, €)) = (—1)*bu—s({4, €))

fors=0,1,...,n—1. o

In [23], Corollary. 5.11, it is also shown that if the d-tuple A = (A, ..., Aq)
satisfies

o({A, §) CR (4.6)

for all £ € R?, then the distribution W4 has compact support contained in the
rectangle [—[[ A ], [[As]l] > - x [=[|Aqll, [|Adll]-
Observe that if M is a diagonal matrix with distinct entries \1,..., A, and

C' is a simple closed curve in C surrounding o (M),

/cz%o“:/c<&—c>-€-ic-@n—c>dé

n

1 elc
= d
; [Lia Ak = A)) /c ¢— i ¢

n 6i>\k

B ; Hj;ﬁk()‘k o Aj)

and hence by Lemma 4.1.6 the two formulas (4.1) and (4.4) agree in the case
of hermitian matrices.
Let v be the unitarily invariant probability measure on the unit sphere X

in C". More generally we have

Proposition 4.2.3 ([24]) Let M be a normal nxn matriz. Let U be a simply

connected open subset of C containing coo(M). Let f:U — C be an analytic
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function. Then for any simple closed curve C in U containing o(M) in its
mnterior,

1 £
2mi Jo pam(€)

_ (= n-1
d¢ = (n—1)!/2f( J((Mu, u)) dv(u). (4.7)
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Chapter 5

Lie Groups and Lie Algebras

In this chapter, we present a streamlined exposition of basic Lie theory, con-
centrating only upon those results which will be used in the sequel. All of these

facts and their proofs can found in the standard references [39] or [42].

5.1 Basic Structures

Definition 5.1.1 A topological group G is called a (real) Lie group if it is
endowed with the structure of a real analytic manifold for which the group

operations are morphisms of analytic manifolds.

It was shown in 1952 by Gleason, Montgomery and Zippen that every locally
Euclidean topological group admits a unique Lie group structure compatible

with its topological structure [32].

Example 5.1.2 The group GL(n,R) of invertible n X n matrices real matrices
inherits the Fuclidean topology from its canonical embedding in R™; the deter-
minant defines a continuous function from GL(n, R) into R; hence, GL(n, R)
1s an open set and in particular an analytic manifold. Since the group opera-
tions are given component-wise by rational functions of the matrix entries, it
follows that GL(n, R) is a Lie group. In a similar fashion, it can be shown that

for any finite dimensional real or complex vector space V', the group GL(V') of
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automorphisms of V' can be endowed with a Lie group structiure.

Many more examples of Lie groups are furnished by the following classical

Theorem 5.1.3 (Cartan) FEwvery closed subgroup of a Lie group is a Lie group

M a4 UNIQUE Way.

In what follows, we assume that G is a Lie group with identity element
e. For each g € G we define the conjugation mapping c¢,: G — G given by
cg(h) := ghg™ for all h € G. Since ¢, is analytic and fixes e, the tangent map
dcgy of ¢4 at the identity e is an automorphism of the tangent space T.G of G

at e. Since T,G is a finite-dimensional vector space, we can make the following

Definition 5.1.4 The mapping Ad: G — GL(T.G) given by Ad(g) = dc, for
all g € G is called the adjoint representation of G on T.G.

Definition 5.1.5 A complex-valued function f on T.G is G-invariant or Ad-
invariant if it is stable under the the adjoint representation Ad, i.e. f(Ad(g)X) =
f(X) forall g € G and all X € T.G.

Since GL(T.G) is open, the tangent map dAd of Ad at the identity e is a
linear mapping from 7.G into the space EndT.G of endomorphisms of T,.G
and we denote it by ad.

Definition 5.1.6 The mapping ad:T.G — EndT.G defined by ad = dAd is
called the adjoint representation of T.G' on EndT.G.

Equipped with the Lie bracket [-, -] given by
X, Y] = ad(X)Y

for all X, Y € T.G, the vector space T,G inherits the structure of a non-

associative algebra over R.

Definition 5.1.7 The pair (T.G, |-, -]) is called the Lie algebra of G.
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In the sequel, we denote the Lie algebra of G by g. The proposition below

shows that the association of a Lie algebra g to a given Lie group G is functorial.

Proposition 5.1.8 Let G and H be Lie groups with Lie algebras g and b
respectively. Suppose that ¢:G — H is a morphism of Lie groups. Then the
tangent map d¢: g—b of ¢ at the identity e € G is a morphism of Lie algebras.

It follows by Proposition 5.1.8 that when H is a Lie subgroup of G then § is a
Lie subalgebra of g.

Let F denote either R or C. We write gl(n, F) for the Lie algebra of
GL(n, F) and we denote by Mat,,(IF) the vector space of n x n matrices with

entries in F.

Example 5.1.9 Suppose that G is a Lie subgroup of GL(n, F). Let X € g
and let a:R — G be any curve in G corresponding to X, i.e. «(0) = I and

a/(0) = X. Then for each g € G, by the Leibniz rule,

d B o B
Ad(9)X = —ga(t)g im0 = g/ (0)g™" = gX g7,

dt
independently of o, and for all X, Y € Mat, T,
d
(X, Y] = ad(X)Y = aAd(oé(t)Yoé(t)*lyt:O
d
=d0)Y +Y—at) = XY - YX. (5.1)

dt
If X € Mat,F, we write X for the matrix transpose of X. We denote by

XT the conjugate transpose X* of X.

Example 5.1.10 Let U(n) denote the group of unitary matrices of order n.
Since each column of a unitary matriz has unit norm, it follows that U(n) is
homeomorphic to a subset of the product of n copies of S*~1. In particular,
the group U(n) is closed in GL(n, C) and hence by Theorem 5.1.3 inherits a
Lie group structure. We denote by u(n) the Lie algebra of U(n). If a is a
curve in G corresponding to the matriz X € u(n), we differentiate the equation

a(t)a(t)* =1 at t =0 to obtain,
X"+ X =0. (5.2)
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Hence, the Lie algebra u(n) contains all skew-hermitian matrices. Conversely,
suppose that X satisfies equation (5.2). Define a(t) := e for allt € R. Then
a(0) =1 and o/(0) = z. By (5.2) we have,

(LX) = (~tX)"

for allt € R and n € N. Hence,

and since e = (e!X)*, it follows that (e!X)*e!* = I. Thus, the Lie alge-
bra u(n) is the vector space of skew-hermitian matrices equipped with the Lie

bracket (5.1).

Example 5.1.11 Let SU(n) denote the subgroup of U(n) consisting of those
matrices with determinant unity; this is an open connected component of U(n)

and hence a Lie group. In view of Example 5.1.10, using the identity
det e = T4,

we determine that the Lie algebra su(n) of SU(n) is the vector space of traceless

skew-hermitian matrices equipped with the Lie bracket (5.1).

Definition 5.1.12 A one-parameter subgroup of G is a morphism of analytic

manifolds from the additive Lie group R into G.

The following theorem is proved using the theory of differential equations.

Theorem 5.1.13 Suppose that X € g. Then there is a unique one-parameter
subgroup a: R— G with a(0) = e and o/(0) = X.

We denote by ax the one-parameter subgroup corresponding to X.
Definition 5.1.14 The mapping exp : g— G defined by
exp X = ax(1)
for all X € g is called the exponential map of G.
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Example 5.1.15 Suppose that G is a Lie subgroup of GL(n, C). Then for
any X € g, ax(1) := e (t € R) is a one-parameter subgroup of G. Hence, by

uniqueness, it follows that the map exp is just the ordinary matriz exponential.

The following proposition plays an important role in the next chapter.

Theorem 5.1.16 Let G and H be Lie groups with Lie algebras g and b re-

spectively. The following diagram is commutative,

GLH

exp T T exp

d¢

g —— b

where d¢ denotes the tangent map of ¢ at the identity e € G.

Theorem 5.1.17 The exponential map exp : g— G is a local diffeomorphism

at 0 € g.

Theorem 5.1.18 Suppose that G is a connected compact Lie group. Then the

exponential map exp is a surjection.

Definition 5.1.19 The j-function of G is given by

S i detts? (sinhad(X/2))

ad(X/2)

We next develop a theory of integration on the Lie group G.

Definition 5.1.20 The left-translation of G by the element g € G is the map
L,:G—G given by Ly(h) := gh for all h € G.

A right-translation of G is defined similarly.

Theorem 5.1.21 There exists a positive measure dg on G which is invariant
under left-translations. Moreover, the measure dg is unique up to multiplication

by a complex number.

The measure dg is called Haar measure on G.
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Theorem 5.1.22 The total of mass of Haar measure dg is finite if and only
if G 1s compact.

If G is compact, we assume that Haar measure dg is normalised to have

total mass unity.

Theorem 5.1.23 Suppose that G is compact. Then the Haar measure dg is

wmvariant under left-translations, right-translations and inversion, i.e.,

/Gf(hg)dg=Lf(gh)dg=/Gf(g‘l)dg=/Gf(g)dg

for all h € G and any Borel measurable function f on G.

Let dX be Lebesgue measure on g and let U C g be a neighbourhood of
0 € g on which the exponential map exp : g— G is a diffeomorphism. For any
complex-valued, Borel measurable function f on G with compact support in

exp U we have
[ r9rdg= | fexpx)30x) ax
el U

where J is the Jacobian determinant of exp.

Theorem 5.1.24 For all X € g,

1) = P = aen (L5

The quantity 5 will play an important role in the sequel.

5.2 Representations

Let ‘H be a Hilbert space and let B(H) denote the group of bounded linear

operators on ‘H with bounded inverse, endowed with the norm topology.

Definition 5.2.1 A representation (mw, H) of G is a pair consisting of a Hilbert
space H and a homomorphism m: G — B(H) with the property that the mapping
of G X 'H into H given by (g, v) — m(g)v is continuous.
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The representation (7, H) of G is called irreducible if there are no proper
non-zero closed subspaces of ‘H which are invariant under the action of the set
7(QG) of operators; it is unitary if 7(g) is a unitary operator for each g € G.

We will often denote the representation (m, H) simply by 7. The dimen-
sion dim 7 of 7 is the dimension of H. If for all g € G, w(g) is the identity

mapping on H then 7 is called the defining representation on H.

Lemma 5.2.2 Let (w, H) be a finite dimensional representation of G. Then
the mapping m: G— GL(H) is a morphism of Lie groups.

Theorem 5.2.3 Suppose that G is compact and 7 is an irreducible represen-

tation of G. Then 7 is finite dimensional.

Definition 5.2.4 An intertwining operator for two finite dimensional repre-
sentations (m, H) and (7', H') of G is a linear mapping T : H — H' such that
Tor=mn'oT.

Two representations are equivalent if there is a bijective intertwining op-
erator between them. If the representation (7, H) is finite-dimensional then it
is equivalent to the representation (7, H') if for each g € G there exist bases
of H and H" with respect to which the operators 7(g) and 7’(g) have identical

matrix representations.

Lemma 5.2.5 (Schur) Let (7, H) and (7', H) be two irreducible represen-
tations of G. Then they are equivalent if their set of intertwining operators
coincides with the set of scalar multiples of the identity; otherwise, they have

no non-zero intertwining operators.

Let (-, -) denote the inner product on H. Then whenever G is compact we

can define a new inner product on H by,

(v, ') = /G<gv, gv') dg

for all u,v € H. Since dg is invariant under right-translations, (gu, gv) = (u, v)

for every g € G.
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In essence we have proved the following

Theorem 5.2.6 Suppose that G is compact and that (7, H) is a representation
of G. Then there exists an inner product on H with respect to which 7 is

unitary.

Theorem 5.2.7 Let (7, H) be a finite dimensional unitary representation of

G. Then there is a finite direct sum decomposition of Hilbert spaces,

H=EH,

so that for each i, the representation (m|y,, H;) is irreducible.

Corollary 5.2.8 Suppose that G is compact. Then every finite dimensional
representation of G admits a decomposition as a finite direct sum of irreducible

representations of G.

Definition 5.2.9 The character x of a finite dimensional representation (m, H)

of G is a complex-valued function on G given by x(g) := Trm(g) forallg € G.

The next theorem shows that the character separates non-equivalent rep-

resentation.

Theorem 5.2.10 Suppose that G is compact. Then two finite-dimensional
representations (m, H) and (7', H') of G are equivalent if and only if Xx = X -

Definition 5.2.11 A matrix coefficient f = fT, of a finite-dimensional uni-
tary representation (m, H) of G is a complex-valued function on G of the form

f(g) = (w(g)u, w) for some u, v € H.

We denote by C(G), the linear span of the matrix coefficients of .

Theorem 5.2.12 Suppose that G is compact and let w and 7 be equivalent
irreducible representations of G. Then C(G), = C(G).
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Theorem 5.2.13 (Schur Orthogonality) Suppose that G is compact. Let
(m,H) and (7',H') be a unitary irreducible representation of G. Then for any
u,v € H and u',v' € H,

(dim )~ {u, v) (v, V), m ~ 7’

0, w7

/ 17 () (9) dg =
G

Denote by G the set of equivalence classes of finite-dimensional irreducible

representations of G.

Theorem 5.2.14 Suppose that G is compact. The space L*(G, dg) decom-

poses as the Hilbert sum,

—

L*(G) = @WG@C(G)W.

5.3 Compact Lie Groups

Unless indicated otherwise, in this section we assume that G is compact and

connected.

5.3.1 Tori

Let T denote the torus R/Z.

Theorem 5.3.1 Suppose that G is commutative. Then G is Lie group iso-

morphic to T".

Remark: When G is commutative but not necessarily connected it can be
shown that there is a Lie group isomorphism between G' and T* x F' for some

finite abelian group F' and some k € N.

The Lie algebra g is commutative if [g, g] = 0.

Definition 5.3.2 A maximal torus T in G is a mazimal connected commuta-

tive Lie subgroup of G.
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Maximal tori in compact Lie groups exist by virtue of the following

Theorem 5.3.3 Suppose that T is a connected subgroup of G with Lie algebra

t. Then T is a maximal torus if and only if t a maximal commutative subalgebra

of g.

Theorem 5.3.4 Suppose that T and T are mazximal tori in G with Cartan
subalgebras t and t' respectively. Then for some g € G, gT'g~t = T' and
Ad(g)t = t. Furthermore, for every element g € G there exists a mazimal

torus T in G with g € T.

It follows from Theorem 5.3.4 that G' = J,c 979" and g = Ad(G)t, where

T is a maximal torus of G with Lie algebra t.

Example 5.3.5 Suppose that G = U(n). We can choose a mazimal torus
T := {diag(e™, ..., e"") : 0, € R}

with corresponding Cartan subalgebra
t:= {diag(i0y,...,10,) : 0; € R}.

Then Theorem 5.3.4 is the familiar fact that every hermitian matrix is unitarily

equivalent to a diagonal matriz.

5.3.2 Roots and Weights

We denote by gc the complexification of the Lie algebra g, i.e. the vector space
g ®r C equipped with the C-linear extension of the Lie bracket [, ]. For any
representation 7 of GG, we identify the map dn with its C-linear extension to
gc. Let V be a vector space. We write V* for the vector space dual of V. In

the following, t is a fixed Cartan subalgebra of g.

Definition 5.3.6 A weight of a finite dimensional representation (w, H) of G

15 a functional A € ti. for which there is a non-zero vector v € ‘H such that

dr(H)v = A(H)v (5.1)



for all H € t. The subspace of H consisting of all vectors v for which equation
(5.1) holds is the weight space Hy of A.

We denote the set of weights of © by A(mw) = A(m, t).

Theorem 5.3.7 Let (w, H) be a finite dimensional representation of G. Then

A(7) is a finite subset of it* and there is the weight space decomposition,

Furthermore, Hy and H,, are orthogonal whenever A # .

The multiplicity of the weight A in H is the dimension of H,.

Definition 5.3.8 The Killing form of g is the bilinear form B:gxg—R given
by B(X,Y):=Tr(adX oadY) for all X, Y € g.

It can be shown that the Killing form B is the unique bilinear form on g,

up to multiplication by a scalar.

Definition 5.3.9 The Lie algebra g is called simple if it is not commutative
and it contains no proper non-zero ideals; it is semisimple if it is the direct
sum of simple ideals. The Lie group G is simple (resp. semisimple) if its Lie

algebra g is simple (resp. semisimple).

Theorem 5.3.10 The Killing form B is negative definite if and only if the

Lie algebra g is compact and semisimple.

The conjugation map 7 : gc — gc is given by 7(X ® 2) := X ® z. The form,
(X,Y) = —B(X, rY)

defines a positive definite inner product on gc. We also use the notation (, )
for the dual inner product on gg.
For the remainder of this section, we assume that G is compact, connected

and semisimple.
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Definition 5.3.11 A root (resp. root space) of g with respect to t is a non-

zero weight (resp. weight space) of the adjoint representation.

We denote the set of roots of g by R = R(g, t) and we write g,, for the root

space corresponding to o € R.

Corollary 5.3.12 The root space decomposition
gc = tce P ga
a€ER

is orthogonal with respect to the inner product (, ).

Lemma 5.3.13 If « € R then —a € R. Furthermore, gy = tc and for all

non-zero roots o € R, dimg, = 1.

For a € R, we define a reflection s, € End(it*) given by

(A a)

Sa(A) = A — 2(04, o)

«

for all \ € it*.

Definition 5.3.14 The Weyl group of (g, t) is the subgroup W of GL(it")

generated by the reflections s, for all o € R.
Theorem 5.3.15 The Weyl group W is finite.

Theorem 5.3.16 Let (7, H) be an irreducible representation of G. Then the
Weyl group W permutes the set A(m) of weights and moreover, dimH, =
dim Hyn) for all X € A(m) and all w € W.

Since every root @ € R is non-zero, the set it\ |, . ker a is a complement

a€R
of hyperplanes and consists of finitely many connected components, the Weyl
chambers all of them convex. We chose one of them, the positive Weyl
chamber, and denote it by C. The hyperplanes ker , are the walls of the
Weyl chambers.

We say a root a € R is positive if a(H) > 0 for all H € C. We denote the

set of positive roots by R*.
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Definition 5.3.17 Let (w, H) be a finite dimensional representation of G. A
highest weight vector for m is a non-zero vector v € H such that dr(tc) € Cv
and dn(X)v =0 for all X € g, and all « € R*.

Theorem 5.3.18 Let (m, H) be an irreducible representation of G. Then there
exists a unique weight X € A(m) such that Hy = Cv where v is a highest weight

vector for .

Definition 5.3.19 The highest weight A\ € A(7) of a representation © of G is
the weight A of the highest vector v of m.

Lemma 5.3.20 Two irreducible representations of G have identical highest

weights if and only if they are equivalent.

Theorem 5.3.21 The set weights A() is contained in the convex hull co (W-X)
of the Weyl orbit W - X of the highest-weight .

Definition 5.3.22 The weight lattice of g with respect to t is the set

(A a)

P:={\eit" : 20— € Z, for all « € R}.

(@, @)

A weight A € P is dominant if it belongs to the closure of the positive
Weyl chamber C. We denote the set of dominant weights by A™.

Theorem 5.3.23 The assignment of the highest weight of an equivalence class

of irreducible representations of G is a bijection ofa onto AT.

Theorem 5.3.24 There exists a subset IT of R which is a basis for it* and is
such that every root in R™ can be expressed as a positive integral combination

of the roots in I1

The set IT = II(g, t) is called the set of simple roots of (g, t).

Theorem 5.3.25 Let m be an irreducible representation of G with highest
weight A\o. For every A € A(m) we have

a,; €11
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for some choice of positive integers n;.

By Theorem 5.3.25, we can define a partial order on the set P by A = X if

and only if A — )" is a positive integral combination of simple roots.

5.3.3 Weyl’s Formulas

The sign function sgn on W is defined so that sgn(w) equals 1 for every w € W
which is a product of an even number of reflections and —1 otherwise.

We define the functional § € it* by,

for all X € t.

Define & := {a € t* : i € R"}. The function A can be expressed in the

following alternative form,

Theorem 5.3.27 For all H € t,

Definition 5.3.28 An element X € g is regular if A(X) # 0.

We denote by g™ the set of regular elements of g.

Theorem 5.3.29 The set g"*? is open and dense in g. Furthermore, g™ =

Ugeq Ad(g)t™.

The following decomposition of Lebesgue measure dX on g will be useful

in the next chapter.

61



Theorem 5.3.30 (Weyl integration formula) Let f be a complex-valued
Borel measurable function on g. Then
1 2
F)ax = o [ cadtg)a) TT aty? dndg,
g | | GJt acd+

where |W| denotes the order of the Weyl group W.

Theorem 5.3.31 (Weyl character formula) Let 7w be an irreducible repre-

sentation of G with highest weight A\. The character x, is given by

> wew sgu(w)e XU
A(H)

Xr(exp H) =
for all H € t79.

Corollary 5.3.32 (Weyl dimension formula) Let 7 be an irreducible rep-
resentation of G with highest weight A\. Then the dimension of m is given by

. (A+9, a)
dlm?T = H W
aERT ’

5.3.4 Kirillov Character Formula

Definition 5.3.33 The coadjoint representation Ad*:G — GL(g*) of a Lie
group G is given for each g € G by (Ad*(g)(\), X) = (), Ad(¢g~")X) for all
Xegandall ) €g*.

We define the mapping ad* : g— gl(g*) by ad* := dAd*, i.e. (ad*(X)E, ) =
—(&,ad(-)X) for all X € g and all £ € g*. We denote by O, the orbit of
the functional A € g* under the coadjoint representation Ad*, ie. O, :=
{Ad*(g)\ | g € G}. We call O, the coadjoint orbit of \.

By Theorem 5.3.4, every coadjoint orbit of GG is the orbit of some functional
A et

A proof of the following theorem is in [9].

Theorem 5.3.34 The intersection of Oy with the dual of the Cartan subalge-
bra t* is the Weyl group orbit W - X of A.
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Definition 5.3.35 A symplectic manifold is a pair (M, w) consisting of a

smooth manifold M and a closed, non-degenerate 2-form w.

Symplectic manifolds are necessarily even-dimensional.

Definition 5.3.36 Let G be a Lie group and let O be a coadjoint orbit of G.
The Kirillov-Kostant-Souriau form we on O is given by we (&) (ad*(X)E, ad*(Y)E) :=
&, [X,Y]) forall X, Y € g and all £ € g*.

Theorem 5.3.37 Let G be a Lie group and let O be a coadjoint orbit of G.

The form we induces a symplectic structure on O.

Definition 5.3.38 Let G be a Lie group and let the dimension of the orbit O

be 2d. The Liouville measure pp is given by e = % wo A Awo (d times).

For X € g define,

F\(X) ::/O X due (f).

An element A € t* is regular if i\ does not lie on a wall of a Weyl chamber
in it*. By G-invariance, the function F) is clearly determined by its values on

t.

Theorem 5.3.39 (Harish-Chandra) Let A € t* be a regular element. Then
_ 1 TwA(H)
F(H)= ][ o) > sgn(w)e (5.3)
acRy weW

for all reqular H € t*.

Proof: See [7], Corollary 7.25. o

The volume vol(O,) of the symplectic manifold (O,, we,) is the limit of

F\(H) as H tends 0 and can be computed when A is regular.

Theorem 5.3.40 Let A € t* be a reqular element. Then

(1A, a)

vol (0y) = [] G

a€ERT
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Proof: See [7], Proposition 7.26. o
Hence, for a representation of G of highest weight ¢\ we have dim7 =

vol O)\+5'

Theorem 5.3.41 The j-function is a G-invariant function and is given by,

J(H) = H 25111((1()(4;[]-5)/2)

for all H € t.

Proof: See (|21}, Chap 5, Theorem 1.10). o

The following corollary follows immediately from Theroem 5.3.27 and The-
orem 5.3.39,

Corollary 5.3.42 Fs; = j.

By the Weyl character formula, we have the following remarkable general-

isation,

Theorem 5.3.43 (Kirillov, [28]) Let m be a unitary irreducible representa-
tion of G with highest weight iA. Then

J(X)xn(exp X) = / ¢y 5(5) (5.4)

Oxts

for all X € g.

In the next chapter, will shall prove (5.4) independently of the Weyl char-

acter formula.
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Chapter 6

Convexity and Irreducible

Representations

Let G be a real, semisimple, compact and connected Lie group with Lie algebra
g. Let X := (Xj,...,X,) be any basis of g which is orthogonal with respect
to the Killing form and such that for some 0 <1 < d, X' := (X1,...,X)) is a
basis of a Cartan subalgebra of g which we fix and denote by t. Let W be the
Weyl group. Let (7, H) be a unitary irreducible representation of G of highest
weight A. We write dr for the Lie derivative of 7. In this chapter we study the
support of the Weyl calculus of 2dr(X) := (3dr (X)), ..., rdr(Xy4)).

The main result of Section 6.1 (Theorem 6.1.16) is that the convex hull of
the support of the Weyl calculus of %d’/T(X ) is the convex hull of the coadjoint
orbit through A and characterises the representation .

The results of Section 6.2 interpret the d-shift in the representation theory of
compact Lie groups in terms of convex geometry. We also show that the convex
hull of the support of the Fourier transform of the product of the j-function
and the pull-back of an arbitrary matrix coefficient of the 7 equals the convex
hull of the coadjoint orbit through A + ¢, and that the singular support is a
finite union of orbits, also characterising the representation. This in particular
gives a new demonstration of the orbit correspondence for compact Lie groups

28, 17].
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An earlier version of these results appears in [15].

6.1 Spectra and Matrix Coeflicients

Let g* be the dual of g. Let Ay,..., A\, € t* be the weights of m. Denote by

p:g"—t* the canonical projection of g* onto t*, i.e. p(§) := | for all £ € g*.
We write W, (X) for Wi (3dm(X)). Let I, := {3(dr (- )u, u) |u € H, ||Ju]| = 1}.
The set I, is known as the moment set of 7 in the literature and has been

studied for a variety of classes of Lie groups [43, 44, 4, 34, 38, 31, 6, 1].

Theorem 6.1.1 ([4, 44]) Let 7 be an irreducible representation of G of high-
est weight \. If the set {A\ —w\ : w € W} does not contain a root then

I = coOy; otherwise, I; is not conver and I, C O,.

When G = SU(n) and (7, H) is the defining representation, the moment set
I, is a single coadjoint orbit by the invariance properties of the inner product
of H.

By Theorem 4.1.1 we have

Theorem 6.1.2 supp W, (X) C I,.

We have as a consequence of Corollary 4.1.2,
Theorem 6.1.3 Suppose that 7w is the defining representation. Then
supp Wr(X) = L.

Lemma 6.1.4 p(I;) = co{A1,..., \,}.

Proof: For all H € t and v € H with ||u]| =1,

n

(dr(H)v, v) = 3" (X (H)vy, vy),

j=1
where vy, ..., v, are the components of v in the orthogonal decomposition of

H into weight spaces. Since > (v;, v;) = 1 we have p(I;) C co{Ai,..., \,}.
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Let t4 A + -+ 4+ t, A\, be a convex combination of the weights \;. For j =
1,...,n let v; be a weight vector corresponding to A; with ||v,|| = 1 and set
v = tiv1 + - + Vv, Then ||v]| =1 and (dn(-)v, v) = 1A + -+t A\
This shows that co{A1,...,\,} € p(I;). Hence p(I;) = co{A,...,\,} as

required. o

Corollary 6.1.5 cosupp Wy, (X') = co (W - A).

Proof: Clearly I, = p(I;). In view of Lemma 6.1.4, the result now fol-
lows from Theorem 2.3.5 and Theorem 2.1.2, and the fact that \;,..., \, €
co (W - ). o
Lemma 6.1.6 O, C I,.

Proof: Since I, is invariant under Ad* and O, Nt* = W - A, the statement

follows from the containment W -\ C I.. o

For any £ € g* and g € G we write g - £ for Ad*(g)¢.

Lemma 6.1.7 G -co{\,..., \,} = coO,

Proof: Define D :=co{\,..., A\, }. We have

G- D=G-coW - -AXCcoG-A=co0O,.

Conversely, let e be a highest weight vector with ||e)|| = 1. Then (dn(-)ey, ex) =
A(+) and
p(coOy) = cop(O,) Ccop(l;) =coD = D.

Since t* Nco (O,) = p(co O,), we have co Oy C G - D and the result follows. ¢

By Lemma 2.1.3, the numerical range V4 (+dm(X)) does not depend on
the choice of orthogonal basis X; we write V; for Vi (3dm(X)).

Theorem 6.1.8 V, = co O,.
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Proof: We have I, = G- (I, Nt*) C G - p(I;) = co O, where the last equality
follows from Lemma 6.1.4 and Lemma 6.1.7. By Lemma 6.1.6 we have co O, C

col,. Hence col, = co O, and the result follows from Theorem 2.1.2. o

For all Y € g and g € G we write g - Y for Ad(g)Y.

Lemma 6.1.9 supp W, (X) = G - supp W (X).

Proof: Suppose that £ € g* \ supp W, (X). Then there exists ¢ € S(g*) such
that ¢ is nonvanishing in a neighbourhood of ¢ and (W.(X), ¢) = 0. Let
g€ G. Set ¢ :=¢oAd*(g"). Then ¢ € S(g*) and ¢ is nonzero near g - £.

Now,

Hence g-¢ € g*\supp W, (X) and it follows that G-supp W, (X) C supp W, (X).

The reverse inclusion is clear. This completes the proof. o

Similarly we have
Lemma 6.1.10 singsupp W, (X) = G - sing supp Wr(X).

Theorem 6.1.11 supp Wr(X) = G - supp Wr,.(X').

Proof: Let ¢ > 0. Define g. := t & (—¢,¢)Xg1 @ (—¢,€) Xy where (—¢,€)

denotes the open interval {z € R : —e <z < €¢}. By Theorem 3.2.4

g; N supp Wr(X) = supp Wr(X)

o (6.1)
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Taking limits of both sides of (6.1) as € approaches 0 and applying and Lemma
3.1.10 we have

t" N supp Wr(X) = supp Wr(X)

¢ = supp Wy, (X")

and the result follows. o

Let A be a subset of R%. The set of extremal points of A, denoted Ext A,
is the collection of points in A that are not contained in any open interval the

end-points of which lie in A.
Lemma 6.1.12 ([4], Lemme 15) Extco{A;..., \,} =W -\

Corollary 6.1.13 Extco O, = O,.

Proof: We have

t"NcoOy C p(coO,)
= cop(Oy)
C cop(ly)

= co{A1...., \n}

and the result follows from Lemma 6.1.12 on observing that Extco O, is in-

variant under the coadjoint action. o

Let p be a nonzero polynomial in d variables with complex coefficients and

i-2). We will

define the associated differential operator p(ia%) = p(i %6

0
9E

need the following well-known theorem from distribution theory.

Theorem 6.1.14 ([22], Theorem 7.3.9) Let u be a scalar-valued distribu-

tion on R* with compact support. Then

co singsupp u = co singsupp p(i (6.2)

Corollary 6.1.15 O, C singsupp W,(X).
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Proof: Clear from Lemma 6.1.12 and Theorem 4.1.1. o

We give three proofs of the next result, utilising the various techniques of

the previous chapters.

Theorem 6.1.16 cosupp W,(X) = coO,.

Proof: By Corollary 6.1.11

cosupp Wr(X) = co G - supp Wy, (X)
D G - cosupp Wy, (X')

=GV,

where the last equality follows from Theorem 2.3.5. By Theorem 6.1.8, V. =
co{Ai,...,\,} and we have cosupp W, (X) O coO, by Lemma 6.1.7. By
Theorem 2.2.3, cosupp W, (X) C V; and the reverse inclusion follows. This
completes the proof.

Second proof. Let E := Spanc{I,+dr(X1),...,1dr(X4)}. By Lemma
3.2.3, the map™: F— A(F) is an isometry and hence

1
cogam)(zdn(X)) = Vx

by Corollary 2.2.15. By Theorem 3.2.4 and Theorem 6.1.8 we have the required
result.

Third proof. By Theorem 4.1.1 and Theorem 6.1.8, cosupp W (X) C co O,.
By Corollary 6.1.15, co Oy C cosupp W, (X). Hence cosupp W,(X) = co O,.

o

6.2 Convexity and the o-shift

As in Section 5.3.2, let A(7m) denote the set of weights Aq,..., A, of the repre-
sentation 7 and let A be the set of roots of G. The following proposition is a

special case of Lemma 7.1 of [40].
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Proposition 6.2.1 ([40], Lemma 7.1) Let S C A(m). If \iy—\i, & A when-
ever \i;, \i, € S then
SCI.Nnt.

For n € g*, let u,, denote Liouville measure on O,. We write fir for pi1 4.y,

the canonical measure on I, as defined in Section 4.1.

Corollary 6.2.2 Let m be a unitary irreducible representation of G of highest
weight X. Then supp s * pr s not convex if and only if Oy € coQOs, and ps
15 the unique G-invariant measure up to normalisation which convolved with
I yields a measure with convex support for all but minimal finite number of

A in the highest weight lattice. Furthermore, if supp s * pix s convexr then

supp ps * pbr = 0o Oxys.

Proof: Since ps and p, are positive measures, we have that supp us * pr, =

SUpp fis + SUPP L. Since

Ext (Os + I;) C Ext (ExtcoOs + Extco I)
= Ext (05 + O)\)

= Oxgs

it follows by Ad*(G)-invariance that whenever Os+I; is convex then necessarily
Os + I; = coO, 5.
Suppose that Oy € coOs. Then since Extco I, = O,, it follows that for

anyn € I, and g € G

Hence, 0 ¢ Os + I, and in particular O + I is not convex.

On the other hand, suppose that coOs = Oy or Oy ¢ coQs. If w € W
denotes the reflection through the hyperplane orthogonal to the root o € R
then 6 — wd = . In view of Proposition 6.2.1, implies that Os + I, must be

convex.
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By Corollary 6.2.2, the notorious §-shift in representation theory can be
interpreted as a geometric procedure that “minimises” the non-convexity of
the support of the measure fi,.

Recall that the singular support sing supp u of a distribution u is the com-

plement of the largest open set on which u corresponds to a smooth function.

Corollary 6.2.3 singsupp s * fir = e Orsws-

Proof: Clearly, for all w € W, the points W - (A + wd) are singularities of

Ws * . By Proposition 6.2.1, the convolution g ¢ 1s smooth at all

e % U

other points. Hence, the result follows by Ad*(G)-invariance and the fact that

t %

(16 * por) e = phs]e= * fin

Identifying the Lie algebra g with RY™¢ let ; denote the distributional
Fourier transform of the j-function. By Theorem 4.1.1 and commutation rela-

tions, the following is immediate,

Theorem 6.2.4 The entries of ] * W(X) are polynomials in derivatives in

the root, toral and radial directions applied to the measure i * fir.

Theorem 6.2.4 and some of its consequences will be discussed in more detail

in the following chapter.

Theorem 6.2.5 singsupp J * Wi (X) = Upew Orguws-

Proof: By Theorem 4.1.1 and Proposition 6.2.1, sing suppj*Wﬂ(X) C Uuwew Oxtws-
By Corollary 6.1.15, Oy C supp W, (X) C coO,. Since Ext (co O,) = O,, the

reverse inclusion follows. o

Theorem 6.2.6 ([22], Theorem 4.3.3) Let uy, us be compactly supported

distributions on R%. Then

COSUPP Uy * Uy = COSUPP U1 + CO SUPP Us. (6.1)
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Lemma 6.2.7 coOy,5 = co O, + co Os.

Proof: We have,

Ext (co Oy + coOs) C Ext (Ext co Oy + Ext co Oy)
= Ext (O)\ + 05)

= Oxys-

Therefore, by the Krein-Milman theorem, co Oy,5 = co O, = co Os. Since the
coadjoint orbits of G are compact and the convex hull of a closed set is closed,

the result follows. o

Theorem 6.2.8 cosupp; * W, (X) = co Oxys.

Proof: This is immediate from Theorem 6.2.6 and Theorem 6.1.16.
Second proof. Since supp s * ptr C coOxys we have supp 7 * W.(X) C
co Oy45 by Theorem 4.1.1. By Corollary 6.1.15, Oy C supp W,(X) and it

follows that O, s C suppj « W (X) which establishes the reverse inclusion. ©

Insofar as Ext co Oyis = Oxys, Theorem 6.2.8 yields what can be thought
of as a procedure inverse to geometric quantisation, but which is independent

of the Kirillov formula.
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Chapter 7

A Non-Commutative

Kirillov-type Formula

According to the Kirillov character formula, the Fourier transform of the prod-
uct of the j-function character of an irreducible representation 7 of a compact
Lie group G coincides with the Liouville measure of the coadjoint orbit through
A+ 6§, where A is the highest weight of 7.

In this chapter, we show that this formula admits a noncommutative ex-
tension in the sense that the Fourier transform of the product of j and an
arbitrary matrix coefficient of 7 is a distribution having the form of a linear
combination of derivatives in root, toral and radial directions of the Lie alge-
bra g applied to a measure supported inside the convex hull the coadjoint orbit
through A\ + p, with singularities lying inside a finite union of coadjoint orbits
(Theorem 7.3.1). These results strengthen and generalise work of Cazzaniga

[12] concerning SU(2).

7.1 The SU(2) Case

o
The group SU(2) consists of all matrices g of the form g = . where

_B a
o, € C and satisfy the condition |a|?> + |8]> = 1. The Lie algebra su(2)
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consists of all traceless skew-hermitian matrices of order 2 and we fix for it a

basis ic = (i0y,i09,103) given by,

10 0 i 01
01 = , 02 = y 03 =
0—1 —i 0 10
In particular, the C-span of ; determines a Cartan subalgebra of su(2) which
we fix and denote by t. The roots are given by «;(io1) := 2(—1)71¢ for all
¢ € Rand j =1,2. The Weyl group is the symmetric group S of order 2.

By means of the basis o, we identify su(2) with R® and t with R. The direc-
tional derivatives Bi:m’ aim? 8%3 in the coordinate directions of R? correspond to
operators of differentiation in the root directions and the single toral direction
respectively of the Lie algebra su(2). We denote the derivative in the radial

0 ol

direction of R® by 2, i.e. r& =22

= where r = (22+22+22)2. For X € su(2),

let || X|| denote the euclidean norm of X as a vector in R3.
We identify su(2) with the dual su(2)* by means of the form —Tr(X -).
Observing that
1|2 = —%Tr(X2) —det X, (7.1)

it follows from the invariance of det that the coadjoint orbits of SU(2) are
spheres.

For a non-negative integer A € N, denote by H) the vector space of single-
variable complex polynomials f of degree at most A, i.e. f(z) = Z;\ o @j2 for

ai,...,ay € C and define the mapping 7™ : SU(2) — End(H,) given by

rapy (20
NG = 0+ ar (G0 )

We have the following

Theorem 7.1.1 The set of mappings {t™ : X\ € N} is a complete set of
representatives for the equivalence classes of unitary irreducible representations

of SU(2). Furthermore, the representation 7™ has highest weight .

By Theorem 5.3.41, the j-function of SU(2) is given by
: sin || X||
IX) ==~
X

1)



and the Fourier transform j coincides with the unitarily invariant probability
measure v on the unit sphere S* C R3. Let B denote the convolution algebra
generated by the measure v. We denote by B, the ball in R3 of radius A
centred at the origin, i.e. By := {X € R : ||X]|| < A}, and we write 9B, for

its boundary.

Theorem 7.1.2 (Cazzaniga) For each \ € N, the matriz-entries of the dis-

0 0 0

tribution j * W_o (o) are polynomial in the differential operators o1’ Bug’ D3

and % applied to members of the algebra B. Moreover,

supp j * Wy (o) € By

and
|24
singsupp J * W, (o) C U OB j1-2j).-
=0
Proof: See [12]. o

By the results of the previous chapter, we have the following strengthening

of Theorem 7.1.2.

Theorem 7.1.3 For each A\ € N, the matriz entries of the distribution j x

W_o (o) are polynomial in the differential operators 8%1, %, 8%3 and % applied
to the measure s * p.ny. Moreover,
cosupp j * Wron () = B (7.2)
and
sing supp J * W_oy (o) = 0Bx_1 UJB)1. (7.3)

Proof: The first statement follows directly from Theorem 4.1.1 and the easily
verified fact that
0 0

Y r=rZ 43I
(’hx T8r+3

Choosing a normalisation of of the metric on su(2)* so that the length of ¢ is
unity, we can replace r2 s with 2 pus. The equalities (7.2) and (7.3) follow

from Theorem 6.2.8 and Theorem 6.2.5 respectively. o
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7.2 The SU(n) Case

The Lie algebra su(n) consists of traceless skew-hermitian matrices of order n.
Let E;; denote the n x n matrix with 1 in the (¢, j)-th position. We fix a basis
ioc = (ioy,...,i0,2_1) of su(n) given by 0; = E;; — Ep, for 1 < j < n—1,
Ontjih—2 = 1By —iE; for 1 < j # k < n—1 and O(Z41)(n—1)+j+h—1 =
Ej, + Eyj for 1 < j # k <n—1. The C-span of 0y,...,0,-1 determines a
Cartan subalgebra which we denote by t. By means of this basis, we identify
t with R"~!. Then the roots are given by a;,(§) = & — & for £ € R* and
j # k. We also identify su(n) with R"°~! and denote by || X|| the euclidean
norm of the coordinates of X € su(n). The choice of positive Weyl chamber
C:={¢et: & —¢E4,1 <j<n} corresponds to the choice of positive roots
{aji : j < k}. The sum of the positive roots is given by 26 = Z?:l(”—2j+1)§j
and the set of dominant weights P consists of (n — 1)-tuples (&1,...,&—-1)
satisfying ;11 > §; for all 1 < j < n. The Weyl group is S,.

The derivatives =2- . .. 9
oz’ ) 81',”271

in coordinate directions of R"*~1 correspond
to operators of differentiation in the root and toral directions of su(n). We
denote the radial derivative by %.

As in the SU(2) case above, the dual su(n)* can be identified with su(n)
by the trace form —T7Tr(X-). We write O, for the coadjoint orbit through

A € su(n)*. We have

Theorem 7.2.1 Let m be a unitary irreducible representation of SU(n) of
highest weight \. The matriz entries of the distribution ] * W,(X) lie in

the vector space spanned by the measure us * p. and the differential operators

d 3 3
Doy Baa and r-. Moreover,
cosupp J * We(o) = Oxgs (7.1)
and
sing supp; * W, (o) = U O tws- (7.2)
weS,
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Proof: The first statement follows directly from Theorem 4.1.1 and the fact
that

The equalities (7.1) and (7.2) follow from Theorem 6.2.8 and Theorem 6.2.5

respectively. o

7.3 A Formula for Compact Lie Groups

Let G be a semisimple connected compact Lie group and let X be any basis
of the Lie algebra g of G which is orthogonal with respect to the Killing form.
We can thereby identify g with a Euclidean space and consider the coordinate
derivatives in that space as derivatives in the directions of the roots and toral
directions.

If dim g = d then commutation relations imply that

0 0

where % denotes the radial derivative in R™ and for the right choice of metric

we have the following generalisation of the above result,

Theorem 7.3.1 Letw be a unitary irreducible representation of compact semisim-

ple connected Lie group G with highest weight X. The matriz entries of the

distribution j * W,(X) are polynomial in the differential operators 6%1, Cee Bizd
and r% applied to the measure s * .. Moreover,
cosupp j * Wir(X) = co Oxys (7.2)
and
singsupp j « Wo(X) = |J Orsus. (7.3)

Proof: The first statement follows directly from Theorem 4.1.1 and 7.1.

0 0
a'x:ra—l—dl.
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The equalities (7.2) and (7.3) follow from Theorem 6.2.8 and Theorem 6.2.5
respectively. o

Since the measure i, is uniform, the entries of j% W, (X) are also expressible
in form D;; - ps * pun where D;; is a polynomial in the derivatives 8%1, e qu
and %, of order at most that determined by Nelson’s formula as in the theorem
above, and p) is the Liouville measure on the orbit O,. It is an intersting open
problem to determine D as well as supp D - 5 * fiy.

For A € t*, denote by e, the point-mass at A and let u represent the
orthogonal projection of uy onto t*. We write t for the image of the positive

Weyl chamber. We have the following theorem,
Theorem 7.3.2 ([16], Theorem 3.4) Let A\, \' € t* be reqular elements. Then
ik iy = [ dA NN ) pand X'

¢

where

SN, X)) = sgnew i, (V)
weWw

for all N € t..

Corollary 7.3.3 ([16], Corollary 3.5) Let \, N € t* be reqular elements and
suppose that X +coWX C €. Then ¢(A, XN, \") = ey x uh,(X") for all N € .

Corollary 7.3.3 can give upper bounds for supp D - s * py when A is large.
This is the subject of a future work.

The expression of Theorem 4.1.1 is non-unique; in another direction, we
have two alternatives expressions discussed below. Let M be an nxn hermitian
matrix and denote by P;(M) the homogoneous component of degree j in the
expansion of det(/ — A). Let 3,, denote the unit sphere in C" and write v for

the unitary invariant probability measure on 33,.

Theorem 7.3.4 ([18]) Let A be an nxn hermitian matriz. For1 < j k <mn,

r

1 dnij n — _S{Au,u
(eM)jn = —ZPj(A)W (S / ujige* >dV(U)>

() 4=

s=1
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Let o be a basis of the vector space of n X n hermitian matrices as above.

Then if A is such a matrix we write e write A = %f - 0. We also have,

Theorem 7.3.5 ([30]) Let A be an n x n hermitian matriz. Then

ia_ 1 9 wey.
o = KT~ i K(E) )

where K(§) := Tre.

Let C;(§) := Tr A7. The following formula also appears in [30]:
Al =4 E—Ojﬂ(g) A (7.4)

fory=1,...,n—1.

Substituting equation (7.4) into the proof of formula (4.1) facilitates the
extraction of explicit forms for the matrix coefficients of the Weyl calculus
without having to calculuate high-powers of hermitian matrices. Expressions
for the C; are computed in [30] for n = 2,3,4, but it is not clear how the

methods involved in these computations can be generalised.
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