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Abstract

This thesis provides the theoretical foundation for the component-by-component (CBC)
construction of randomly shifted lattice rules that are tailored to integrals over R* aris-
ing from Darcy-flow PDE problems where the permeability coefficient is given by a log-
normal random field. We focus on the problem of computing the expected value of
linear functionals of the solution of the PDE, which gives rise to integrals of the form
Jzs f(y) szl ¢(y;) dy with a univariate probability density ¢. Our general strategy is
to first map the integral into the unit cube [0, 1]° using the inverse of the cumulative
distribution function of ¢, and then apply quasi-Monte Carlo (QMC) methods. How-
ever, the transformed integrand in the unit cube does not fall within the standard QMC
settings from the literature. Therefore, a non-standard function space setting for inte-
grands over R? is required for the analysis. Such spaces were previously considered in
[39], however due to the needs of the PDE problem, we must extend the theory of the
aforementioned paper in several nontrivial directions, including a new error analysis for
the CBC construction of lattice rules with general non-product weights, the introduction
of an unanchored weighted space for the setting, the use of coordinate-dependent weight
functions in the norm, and the strategy for fast CBC construction with POD (“product
and order dependent”) weights.

Our method of numerical approximation of this problem includes piecewise linear finite
element approximation in physical space, the truncation of the parameterised expansion of
the random field, and QMC quadrature rules for computing integrals over parameterised
probability space which define the expected values. We give a rigorous error analysis for
the effect of all three of these types of approximation. We show, using the non-standard
function space setting developed in the thesis, that the quadrature error decays with
O(n~1%) with respect to the number of quadrature points n, where § > 0 is arbitrarily
small and where the implied constant in the asymptotic error bound is independent of

the dimension of the domain of integration.
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CHAPTER 1

Introduction and motivation

1.1 The subject of this thesis
Quasi-Monte Carlo (QMC) methods have proven to be very effective at tackling high

dimensional integration and approximation problems. QMC methods involve n-point
quadrature to approximate an integral over the unit cube [0,1]®, where the quadrature
points are chosen deterministically from the [0,1]°. There are countless examples of
problems to which QMC provides an invaluable tool, including, but not limited to, math-
ematical finance, ray-tracing in computer graphics, agent-based modelling and statistical
maximume-likelihood problems. In this thesis we explore the application of QMC methods
of PDEs with random coefficients.

We are concerned with a particular problem of single phase fluid flow in a saturated
porous medium. We call this the porous-flow problem. Such a model can be used to simu-
late the flow of fluids through ground-rock or soils, for the purpose of aquifer management
or the study of pollutant spread. To model this we consider the following second-order
elliptic PDE

—V - (a(z)Vu(z)) = f(z),

which we solve in some bounded domain D C R? for d = 1, 2 or 3. We wish to solve
for u, the residual pressure field. The coefficient a is provided as the permeability of the
underlying medium. We are interested in generalising this to let the coefficient a be a
random field. This step reflects the roughness of the permeability field for rock formations,
as well as the fact that, to some degree, it is impossible to have complete knowledge of
the permeability of a given region in the earth’s crust, especially at small scales. Thus
we write a(z,y), for y € RY, where RY is a (parameterised) probability space equipped
with a probability measure p. The solution u(x,y) must now also depend on y.

We are thus interested in finding statistical answers to our questions, for example
“what is the expected time for a pollutant particle to cross the domain?”. In asking
for an expected value of a quantity, the answer must involve an integration over the
probability space RY. More specifically, if for example the functional G(u) provides us
with the crossing time for a particle, where u is a solution of the PDE with a particular
realisation of the field a, then we seek the expectation E¥[G(u)] = [rn G(u) dp(y).

There are many techniques in the literature to solve this problem, including variants
of stochastic collocation and stochastic Galerkin methods. Here however, we take the

following approach of three approximations. The first approximation is to be able to solve



the PDE for a given field realisation. This we do with piecewise continuous finite element
methods (FEM). The second is to truncate y, that is, reduce out parameterised probability
space to a finite dimensional space R®, making the integral above finite (but possibly
quite high) dimensional. And finally we apply QMC methods to perform the numerical
integration on the truncated probability space. Here we analyse the contribution towards
the approximation error of all three elements.

We pay particular attention to the analysis of the QMC error. We apply shifted lattice
rules, a type of QMC point sets. Shifted lattice rules may be constructed for integrands
belonging to certain weighted high-dimensional functions spaces, using the component-
by-component (CBC) algorithm, a greedy algorithm. We can prove that the error of
the lattice rule converges fast in these function spaces. Unfortunately however, because
of the unbounded nature of the domain of integration R*, the integrand for the PDE
problem does not belong to to the usual Sobolev type function spaces used throughout
the literature of lattice rules. Thus we open up a new problem in the realm of shifted
lattice rules, where we must consider a function space suitable for our PDE problem, then
prove that lattice rules obtain good convergence in these spaces.

The success of this technique relies on the ability of the QMC method to perform
better than the alternatives, particularly Monte Carlo (MC) methods, while being easy
to use, and readily accessible to practitioners. Throughout the paper we tackle many
technical results, eventually proving the results we desired, which is certainly beyond the
scope of a practitioner. However the outcome is beautiful in its simplicity — the generating
vector is no more than a vector of integers, and use of lattice rules is simple. We conclude
the thesis with numerical experiments whereby we construct these lattice rules for our
custom weighted function space that is tailored fit to the PDE, and demonstrate that

they perform well over a wide variety of parameters.

1.2 The main achievements of this thesis
Some key achievements in this thesis can be summarised as follows.

1. A novel weighted, unanchored, and unbounded space has been derived, and the
corresponding reproducing kernel derived.

2. A proof that lattice rules built using the CBC construction, for the unanchored
space with general weights and coordinate dependent weight functions, can achieve

good or even optimal O(n~119)

theoretical convergence.

3. We have described the details of implementing the fast CBC algorithm for the unan-
chored space with POD weights, including the necessary procedures to use matrix
storage and FFT methods to speed up calculation, and have outlined techniques to
avoid numerical issues to do with POD weights with factorial order dependence.

4. We present results for the analysis of the truncation and finite element approxima-

tion error of the PDE with parameterised random coefficients has been provided.



5. It has been demonstrated that the linear functionals of the solution u of the PDE,
under the right conditions, exists in the weighted unanchored space derived earlier,
thus the QMC results of good lattice rules apply to this problem.

6. The CBC algorithm for these novel weight unbounded spaces as well as a QMC-
finite element solver have been implemented, and tested, and have been shown to

perform very well against MC approximation.

Many of these achievements arose from work with Ian Sloan, Frances Kuo, Ivan Gra-
ham, Rob Scheichl, and Christoph Schwab, with the results of our collaborations in [46]
and [24] submitted for publication.

1.3 The outline of this thesis
In Chapter 2 we begin with a survey of QMC methods and lattice rules. We review the

notions of discrepancy and worst-case error and other measurements of “good” lattice
rules. Following this is a survey of reproducing kernel Hilbert spaces, with their appli-
cations to QMC. We then review weighted spaces, including the weighted Korobov and
weighted Sobolev spaces. We describe the CBC algorithm, and provide results from the
literature that demonstrates that the algorithm provides good lattice rules.

In Chapter 3 we make the necessary generalisations of the theory from the preceding
chapter to be able to apply our QMC methods to the porous-flow problem. This includes
the derivation of the weighted unanchored and unbounded function space. We also review
the anchored space that is covered in earlier publications. We prove here that lattice rules
constructed with the CBC algorithm in the weighted unanchored space, with general
weights, can show optimal convergence.

In Chapter 4 we take a turn towards the Darcy-flow PDE problem. We carefully
specify the PDE and the random field, and make our assumptions on the smoothness of
the random field and hence the regularity of the problem. Then we specify the integral
problem that we wish to approximate as the expectation of the functional of the pressure
field over the underlying probability space. We then start by providing results for the
finite element as well as truncation errors. Following this we analyse the behaviour of the
partial derivatives of the integrand with respect to the stochastic variables (rather than
the spatial variables), bounding the partial derivatives, such that we can show that the
integrand belongs to our unanchored weighted space. Finally we state our convergence
results for this QMC-FE method.

In Chapter 5 we examine the implementation and numerical results of our theoretical
work in this thesis. We outline the details of the fast CBC algorithm for the unanchored
space, including a method to cope with POD weights with strong order-dependent growth.
We also propose a method to use the CBC algorithm on the anchored space, which is
otherwise difficult for technical reasons. Also involved in the CBC algorithm is the ability
to calculate the shift-average kernel, this must be done with one-dimensional numerical
integration, which we discuss. Then present some worst-case error results for a few model

problems. Finally we tackle the PDE problem, defining a model problem to apply our



QMC quadrature. We define a range of parameters and perform the CBC algorithm,
tailored to the PDE. We present the worst-case error results, as well as the quadrature
error results. Included in this is a discussion of unstable parameters, and difficulties we
had in setting various parameters of the weighted unanchored space parameters to fit the
PDE problem.



CHAPTER 2

QMC methods and shifted lattice rules

We are concerned here with the standard problem of numerical integration on the s-

dimensional hypercube [0, 1]°,

= [ sway

using an n-point approximation, or quadrature rule,

> "),

k=1

S

n
Qn(P; f) =
where the quadrature points P = {t(*)}7_, are a set of well-distributed points in [0, 1]°.
While many practical settings for numerical integration may be on domains other than
[0,1]%, our theory here easily applies to any compact domain in R® that can readily be
mapped back to [0, 1]° with no singularities in the mapping.

There are many techniques of choosing quadrature points () available to us. Perhaps
the most commonly used technique is Monte Carlo quadrature, where the points are
chosen randomly within [0, 1]*, usually with a uniform distribution. In addition to this
there are quasi-Monte Carlo (QMC) methods, where the quadrature points are chosen
deterministically but to perform better than their random counterparts. Some QMC
point sets include Sobol’, Halton and Faure sequences, and lattice points. A review of
these QMC methods and more can be found in [49].

An essential part of estimating I;(f) with numerical quadrature is the ability to esti-
mate the error of our approximation, that is to be able to estimate the difference between
the our target integral and the approximation, |I5(f) —Qn(P; f)|. Ideally we would like to
find bound of the error with respect to the number of quadrature points n, for example a
bound of the form C'n™? for some p > 0, where the constant C' may or may not depend on
s. For example, we know that for Monte Carlo point sets, the root-mean-square error is
O(n~1/2), while for certain shifted lattice rules, optimal bounds are of the form O(n~1%9)
for some small § > 0.

In particular we are interested in the worst-case error for a given rule P for a given

function space F which we take to be a Banach space, but often will be a Hilbert space.



We define the worst-case error as follows.

es,n(Pa‘F) = sup |Is(f) - Qn(P7 f)| (2'1)

Clearly we have that for any f € F

1Ls(f) = Qn(P; f)] < esn(F,P) I fll7, (2.2)

meaning we can take the worst-case error to be a measure of the “quality” of point sets
that is independent of any specific function. Choosing the function space F of integrands
allows us to specify what properties we wish the integrands f € F have, for example we
may wish them to have square integrable first-order derivatives or Fourier series with a
certain polynomial decay. This choice, and in particular what functions it then includes
in the unit ball, affects the size of the worst-case error. Later in this chapter we shall
encounter settings in which it is possible to derive closed-form expressions of this quantity.

Another notion of “quality” of the point set P is the discrepancy. For y € [0, 1]°, we

define the local discrepancy function as

()
discrp(y) = #HED - ¢ H Yk

where # A is the counting-measure, or the number of points in a discrete set, and as a
shorthand we have used the notation [0,y), where [0,y) = [0,y1) X ... X [0,ys). The local
discrepancy function discrp represents the difference between the proportion of quadrature
points in the hypercube [0,4y) and the volume of [0, y), which intuitively is an indicator
of the quality of the spread of P. In absolute value it is smaller (closer to 0) when the
points ¥ are evenly spread, such that the proportion of points in any given hypercube
is reasonably close to its volume, and larger in absolute value in areas where there are
holes or clusters in P.

It is instructive to derive the following results in one dimension, i.e., the unit-interval,

[0,1]. In one dimension we see that

1 n n

. 1
discrp(y) = - Z 0y (") —y= " Z L 1y

k=1



where 1,4(y) is the indicator function of a set A. We can now demonstrate the following,

1 1 1 n
| roasarma = [ 1w <n;1<t<k>,1)<y>—y) dy

n 1 , 1 ,
3 f(y)dy—/o uf (y) dy

1
n N
=1 /"

1y _ oy - [
=2 (0= 7)) (s~ [ )
1 n
= [ =237 r0%) = 1) - Qu(Pi .
k=1
which gives us the simplified 1-dimensional Zaremba identity,

1
L(f) — Qu(P; f) = /0 £(y) diserp(y) dy. (2.3)

Now take the absolute value of (2.3) and apply Hélder’s innequality to obtain

1
IL(f) - Qu(P; )] < /0 £/ (y) diserp (4)] dy

<(/ 1w r) " (/ 1 disern (o)) " (2.0

where 1/p + 1/q = 1. There are two special cases, (p,q) = (1,00) and (2,2), from which
we obtain

Ls(f) = @u(P; f)l < [f1Doo(P), (2.5)

and
[s(f) = Qu(P; )| < [f12D2(P),
where the semi-norms |-|; and [-|, are |f|; = fol |f(z)| dz and |f|, = (fol |f/(2)|? da)/2,

and we have labelled the two notions of discrepancy, the star discrepancy

Do (P) = sup |discrp(y)|,
yE[O,l]

and the Lo-discrepancy

1/2
Ds(P) = ( /[0 ; !discrp(y)lzdy> - (2.6)

Evidently both these quantities are small when the points are evenly distributed over the
unit cube. The inequality in (2.5) is a simplified form of the original Koksma-Hlawka

inequality (see e.g. [32]), which, similar to (2.2), neatly bounds the error by a property of



the integrand (the semi-norm, |-|1) and the quality of the point set P (the star discrepancy,
Do (P)).
Before proceeding further, we look briefly at the extension to higher dimensions s > 1,

i.e. [0,1]°. The Zaremba identity then becomes

[u]
L= QP H= ¥ (e O (i 1) discrp(yy 1) dyy,  (27)

0#uC{1:s) 0,11 Oy

where u C {1,2,..., s} is a sub-collection of the indices of the dimensions, evidently there
are 2° such collections (note that we use the Fraktur font for u, which is reserved for
this set notation), % denotes the mixed partial derivative of f in the coordinates x;
provided i € u (note that it is a mixed partial first derivative), and (y,;1) € [0, 1]® is the
vector whose i-th components are z; if i € u, and 1 if ¢ ¢ u. Also note that u can contain
any dimension coordinate at most once (this will be important when we later examine
multi-index notation). A corresponding generalisation of (2.4), where once again we use

the Holder’s inequality, is

p \ /P 1/q

Y Ildiserp(y,; 1)1,
Lp P#AuC{1:s}

oluly

u

L -eEn<| 3
0#uC{1:s}

(Y3 1)

2.1 Tractibility

As well as providing useful upper bounds for quadrature error for a given n, it is natural
to ask a related question - given some € > 0 and s > 1, what is the minimum number of
quadrature points n that is required to achieve an error less than €7 The result ideally
is some function n(s,e), a direct relationship between the number of dimensions and
desired error and the number of points needed, for a given class of integrands. This
concept applies to the much wider class of approximation problems, which includes the n
point quadrature that we investigate in this thesis. The books [51, 52] contain a detailed
account of the field of tractability.

There are settings for which we may want to consider integration on an infinite di-
mensional domain, e.g. [0, 1]N. In practice we consider finite dimensional integrals that
are approximations, by virtue of being truncated, of infinite dimensional integrals. To be

precise

lim f(y;0)dy = /[0 o fly)dy

§—00 [071]5

where we have written (y;0) to indicate the sequence (yi,...,¥s,0,0,...). Such is the
case in the porous-flow problem that we shall discuss later. In this setting we need to
know how our error bounds behave as we let s — oo, and whether it will be necessary to
consider more quadrature points as we increase the number of dimensions.

Hence we say that a problem is tractable if the function n(s,€) of a given class of

integrands can be, roughly speaking, bounded by polynomial expressions of € and s. If



Figure 2.1: Two examples of lattice rules, to the left, 127 points in [0, 1] with generator
(1,27) and shift (0.15,0.67), to the right, 257 points in [0, 1]* with generator (1,76,113).

we can drop the dependence on s, that is we get a function n(s, €) that is independent of

the dimensionality, then we say that the problem is strongly tractable.

2.2 Lattice rules and classical theory

In much of the theory that follows shortly, we shall be considering QMC algorithms that
are shifted rank-1 lattice rules. We start by defining the following set

Z, = {1 <z<n:gcd(z,n) =1}. (2.9)

Then for any z € Z,, we can see that, for k = 1,...,n, we can generate the entire set of
integers 1...n with kz(modn). Also note that if n is prime, then Z, = {1,...,n — 1}.

Now, we can define the shifted rank-1 lattice rule,

Qn(z, A; f) :iéf({szth}), (2.10)

where z € Z7 is said to be the generating vector, and A € [0, 1] is the shift, and we have
written {-} to represent taking only the fractional part of the components of a number
or vector, i.e. {z} = x — |z]. The shift is usually taken to be a random vector in [0, 1]°,
and as we shall see, our error bounds will be in terms of an expectation over this shift.
If there is no shift, i.e., if A = 0, then we write Q,(2; f) = Qn(2,0; f) for the regular
rank-1 lattice rule. As each z; € Z,, we have that each 1-dimensional projection of the
lattice rule covers [0, 1] at n equally spaced points. Higher dimensional projections are
not guaranteed to cover their respective subspaces though.

The theory of “good lattice points” originates from the works of Korobov, see [31], as
well as Hlawka, see [30]. A good summary of the field can be found in [64]. Throughout
the rest of this chapter and the next, we present results on the existence and methods of

construction of z that produce “good” lattice rules. That is, lattice rules that provide



fast-converging upper bounds on the quadrature error |Is(f) — Qn(z, A; f)|, which we
demonstrate via bounding worst-case errors, (2.1).
Classical theory centres around measurement of goodness of lattice rules for functions

from the Korobov class, E,(c). A periodic function f is in E,(c) if

C

(iLJLQ"'iLs)O‘, (2.11)

fim)| <

where f(h) is the h-th Fourier-series component, and h = max(1, |h|). This is essentially
a requirement of the smoothness of functions f in E,(c), and indeed the larger « is the
faster the Fourier components must decay, and hence the smoother the function is.

Let us write a =, b if a = b(modn). If £ is our set of rank-1 lattice points t(*) =
{%z}, then we define the dual lattice

Lr={heZ:z-h=,0}
The dual lattice has the following important property.

Identity 1

" 1 ifheLlt
Qn(z;exp(2mih - x)) = 1 Zexp(Qm’kh cz/n) = ¥ (2.12)
n
k=1

0 otherwise.

This result is trivial, however we note that it also applies to general lattices, a full dis-
cussion of which can be found in [64]. This property allows us to represent the error for

functions in the class E,(c).

Theorem 2 If f has an absolutely convergent Fourier series, then

Qn(z; f) - Is(f) = Z f(h’) (2'13)

heLt
h-£0

Proof. Applying to the Fourier series representation

Qn(z f) = Qn (z; > f(h)) = > Qul(z; f(h)),

hezs hezs

noting that I,(f) = f(0), and using Identity 1 gives us the result. O

Hence by combining (2.13) and the definition of E,(c), (2.11), we get the following bound
that applies to all f € E,(c),

() = Qu(z: Nl <>

helt
= cP,(z,n) (2.14)

1
(hihg - - - hg)™

10



Where we have re-labelled the sum in the second half of the above equation as P,(z,n).
This quantity P,(z,n) is independent of the function f which we are trying to integrate,
and entirely dependent on the choice of generating vector z and smoothness « of the
Korobov class. Hence we have another way of bounding our quadrature with a quantity
that is independent of f, in similar vein to (2.8). In some of the classic literature of
lattice rules, such as [21, 47, 48, 50|, work is undertaken to find good bounds on P,(z,n)
and other related quantities. However, from here we will base our work on Hilbert space
techniques rather than these classes, though we note that they rely on similar notions

such as dual lattices, and measurements of goodness that are akin to P,(z,n).

2.3 Reproducing kernel Hilbert spaces

We consider here a Hilbert space H of functions defined on a domain D (which typically
will be [0,1]%) that is equipped with a reproducing kernel, which we define shortly. The
use of these spaces has been important in the theory of QMC, as it facilitates analysis of
worst-case error. In fact, as we shall see shortly, there are useful Hilbert space settings
where closed-form expressions exist for the worst-case error.

In the following subsections we look at some examples of spaces that are useful to
study, and corresponding kernels for those spaces. Typically spaces that are used are of
Korobov type, where successive Fourier components are bounded, or Sobolev type, where
the integral of mixed derivatives are bounded. Later we shall continue on to consider the
weighted spaces, and examine the challenges the weighted setting allow us to overcome.

Here we present a brief introduction to the topic in the abstract setting, presenting
necessary results for the work that follows in later chapters, and in some cases presenting
a sketch of the relevant proof. For a survey of the topic of reproducing kernel Hilbert

spaces in an abstract setting, we refer the reader to [3].

Definition 3 (Reproducing kernel Hilbert space) We say that a Hilbert space H of
functions f : D — R, with inner product (-,-),;, is a reproducing kernel Hilbert space if
it is equipped with a function K : D x D — R such that
1. for any fired y € D, K(-,y) € H, and
2. K(x,y) obeys the reproducing property, (f, K(-,y))y = f(y), for all f € H and
yeD.

Some important properties of reproducing kernels follow.

Proposition 4 A reproducing kernel K in a Hilbert space H that satisfies the properties
in Definition 3 is
1. Symmetric: K(x,y) = K(y,x) for all x, y € D.
2. Positive semi-definite: > ., a;a; K (y;,y;) > 0 for all finite collections {a;}7_; C R
and {y;}i—y C D.
3. Unique: For any other function IN((m,y), IN((a:,y) = K(z,y)
4. And in particular K(x,2x) > 0 for all x € D.
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Proof. Details of the proofs can be found in [3]. 0

The following result outlines the conditions for which a Hilbert space can be equipped

with such kernels

Proposition 5 For a reproducing kernel K(x,y) to exist in a Hilbert space H of real-
valued functions on D, it is a necessary and sufficient condition that function evaluations
be a continuous linear functional in H. That is for any y € D, the functional Ey(f) =

f(y) is continuous in f.

Proof. The proof follows as a consequence of the Riesz representation theorem. See [3]
for details. O

We note that the conditions in Proposition 5, for the existence of a reproducing kernel,
are reasonably straightforward, and that for some of these Hilbert spaces a corresponding
reproducing kernel can notionally be found. In [67] the reproducing kernel is derived
for various examples of Hilbert spaces for which Proposition 5 applies. In the following
sections we shall present well known spaces and provide their kernels as a given, however
in Chapter 3 we shall be considering a new space for which we must derive the kernel.

Conversely, any given function K (x,y) that is symmetric and positive semi-definite
defines a unique Hilbert space, equipped with an inner product (-, -) ,-, where K (z, y) has
the reproducing property. We state this in the following.

Proposition 6 Suppose K : D x D — R is a symmetric, positive semi-definite func-
tion, then there is a unique Hilbert space of real-valued functions on D such that K is a

reproducing kernel.

Proof. Consider functions of the form Y, ar K (z, -) where {ax}}_; C Rand {z;}}_, C
D. The inner product defined by

n m

<Z oK (i), Y arK (i, - > > abiK (yy, x),
k=1 k=1

Jj=1k=1

can be shown to satisfy the criteria in Definition 3. The proof then involves defining a
Hilbert space in terms of the completion this subspace of functions. A detailed proof can
be found in [3]. O

We note from the uniqueness property of Proposition 4, as well as Proposition 5,
that most useful Hilbert spaces will have a reproducing kernel that is unique for that
space. Thus there is a “one-to-one” correspondence between the norm of the space and
the reproducing kernel. This means that characteristics of the norm must be reflected in
the kernel, if any parameter appears in the norm, for example weights, must necessarily
appear in the reproducing kernel.

The following lemma shows us in fact that we can express any bounded linear func-

tional in an alternative form in terms of the reproducing kernel. This is an important

12



aspect of the theory, as this means both integration and numerical quadrature can be
expressed in this form, leading to a representation of quadrature error in terms of the

kernel.

Lemma 7 For any bounded linear functional on a reproducing kernel Hilbert space T :
H — R, we have for every f € H

T(f) = {f9),

where g(x) =T(K(-,x)). We call T(K(-,x)) the representer of T

Proof. From the Riesz representation theorem we know that there exists a unique t € ‘H
such that T'(f) = (f,t) for all f € H. Using this and the reproducing property we also

have
ty) =t K(,y) = (K(,y),t) = T(K(.y)) = T(K(y,")).

So we see that we have

2.3.1 QMC in reproducing kernel Hilbert spaces
We now investigate the integration and n-point quadrature operators and apply Lemma 7
to find a representer for them in terms of the reproducing kernel in our Hilbert space H.
We shall see that this enables us to express e (P, H), defined (2.1), in closed form in
terms of the kernel K.

First we investigate integration, which we assume to be a bounded linear operator,

that is, we assume H to be embedded in L;. From the reproducing property and Lemma 7,

Is(f) = fly)dy = <f, K(,y) dy> :
[0,1] [0,1]5 z

Furthermore, we can define the initial error of integration and use the above to derive

we have that

the following,

es0(0,H) = [[I|lx = sup <f, K(.,y) dy> -
TESRNICRIE .

We can derive a similar expression for the n-point quadrature,

QP = L3 s = 1 (), = ()
=1 =1 H

1=1

13



Finally we can use these representations to derive the following for the quadrature error,

'<f,/DK<-,y> dy>H - <f,;gK<-,t@>>

1o :
- '<f7/DK<7y>dy_n;K(vt(Z))>H

|Is(f) - Qn(Pa f)|

H

where we have introduced the representer of the quadrature error

D i

We can also write g(y) := [, K(y,x)dx for the representer of integration. From the

Cauchy-Schwarz mequahty we get a bound on the error

1Ls(f) = Qu(P; 1) = [(Fs Mgl < 11l (12131 (2.17)

We can now revisit the worst-case error, (2.1). From (2.17) we have

esn(P,H) == sup [L(f) = Qn(P; fl =  sup  [{f,h)y| = [|ll3,

FEM, [IflIn<1 FeM, [Ifln<1

as clearly the supremum is obtained when f = h/||h|% (ensuring ||f| = 1). If we take
the square of e, ,,(P,H) and then expand using the definition of A,

(P H) = <hhH_</K dx——ZK )a/DK('ay)dinK(wt(j))>
= H

2
:/D/DK(m,y)dwdy—n;/DK(m,t daH——ZZK

i=1 j=1
(2.18)

The last line of the above equation is derived from the linearity of the inner product,
along with Lemma 7 and the reproducing property. Similar steps can be used to show

that we have the following expression for the initial error,

200.1) = 1 = { [ KC.a)da, [ K(-,y>dy>H
:/D/DK(:E,y)d:cdy (2.19)

Note that the results in this section, particularly (2.18), are independent of the type of
quadrature points used in the QMC quadrature, and applies to any deterministic point set.

For some cases of point sets P, most notably lattice rules, and for particular kernels, (2.18)
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simplifies considerably and can be dealt with in closed form, whereas notions from previous
sections such as discrepancy D, (P), for evaluating Koksma-Hlawka style inequalities, have

no simple closed form simplifications.

2.8.2 Korobov spaces

Our first example of a useful Hilbert space is the Korobov space K, of functions on the
unit interval with absolutely convergent Fourier series. Here we present the details of
the space, but we will not examine the reproducing kernel, which we save later for the

discussion of weighted spaces. For o > 0 we define the inner product

(fr 9k, = FO30) + Y f(h)g(h)n

heZ\{0}

where again f(h (h) represents the h-th Fourier component of f. As usual the norm is given
by I/l = (£ £

Heuristically speaking, this norm measures the smoothness of f as functions with
small Fourier components for high h will tend to be smoother. Furthermore, for the norm
of f to remain finite, we evidently require greater than O(h~%) convergence of f (h). Also
note that for some o < 3, if we have f € Kg, then [/ f[lx, < [|fllx,-

Now for the higher dimensional generalisation. We define the Korobov space of s-

dimensional functions with the inner product

~

(f k.. = [(0g0) + > > f(h0)g(hy;0) [T 105" (2:20)

PAuC{1:s} hyc(Z\{0})I JEu

where we have used notation similar to (2.7), that is, (y,;0) € [0, 1]° is the vector whose

i-th components are x; if i € u, and 0 if ¢ ¢ u.

2.8.8 Sobolev spaces

We explore Sobolev space of functions on [0, 1] with square-integrable mixed first deriva-
tives. In the literature of QMC we consider two main flavours of Sobolev space, anchored
and unanchored, which are well known to be Hilbert spaces. Consider first the anchored
Sobolev space H,. of absolutely continuous functions with square-integrable first deriva-

tives, with inner product

(r0)m, = / @) ¢ ) dy,

where ¢ € [0,1] is our anchor. We require the evaluation at the anchor to make the
quantity (f, f >%C2 a norm, rather than a mere semi-norm. For the unanchored space H of

absolutely continuous functions, we define the inner product as follows.

1 1 1
<f,g>H—/0 f(y)dy/o g(y)dy+/0 fw)g'(y)d

15



We can generalise the anchored space to s-dimensions as follows.

a\ulf olulg
W C—u W C—y) dy,, 2.21
G, = X [ G wie G ey 221

uC{1:s}

where the vector ¢ € [0, 1]° is again called the anchor, and similarly to the Korobov space
we have written (y,;c_,) to represent the vector in [0, 1]° with components equal to y; if
J € u and the remaining components set to ¢; if j ¢ u, that is, we write —u to represent
the complement of u, i.e. —u = {1 : s} \ u. Common choices for ¢ include (0,...,0),
(1/2,...,1/2) and (1,...,1). We do not present the s-dimensional generalisation of the
unanchored space as for the rest of this chapter we only present results in the anchored

space.

2.4  Weighted spaces

It can be observed in many practical high-dimensional problems that some coordinates
make the more important contribution towards a function in some way. In terms of
the integration problem, we may say that these coordinates are more “important” or
“difficult” than others. Weights were introduced in [62] to address exactly this.

We make this more precise. Consider the s-dimensional generalisations of the Korobov

and Sobolev spaces, (2.20) and (2.21) respectively. We found their norms both to be of

= IfI

uC{l:s}

the form

where, as an example, in the Sobolev space we have

2
olul ¢
L2l: 5, Yy C—u d u-
171 /[0 ]< = >> y

Some sets u may make most of the contribution to this sum. In practical applications this
is often observed to be the case for u that include earlier rather than later coordinates,
as well as the u with smaller rather than larger cardinalities.

Now we consider a collection positive numbers v = {75, : u € {1 : s}} which we call

the weights. Now we can make a weighted norm

15 = > e IFIE,

uC{l:s}

We observe that the weighted norm modifies the unit ball in the sense that if -, , is small,
then || f|l. is forced to be small if f is to remain in the unit ball. Thus the weights are in
proportion to the measurement of “difficulty” that we allow in each coordinate collection.
In this setting we adopt the following convention: if 75, = 0, then also if || f||y = 0 we
say that v5!||f[l« = 0. That is, we adopt the convention that 0/0 = 0 in the case of

the weighted norm. For the Sobolev space example, in the extreme case where 5, = 0,
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quadrature in the u coordinates requires at most one point as f will have to be constant
in these coordinates.
These weights may come in many different flavours. We present a few examples here.
e Weights were originally introduced in product form, that is for a sequence v1, ya, - . - , Vs

of positive numbers, then for u C {1 : s} the weights can be written as

You == ][ (2.22)
JEU
In writing sy = Yu, we have emphasised that there is no inherent dependence on
the dimension of the problem s.

e The weights are said to be order-dependent if we have

F)/S’u = FS,‘IL‘

whereI's 0,5 1,...,I's s are a set of non-negative numbers, i.e. there is a dependency
on cardinality of u, but not to what u may contain.

e We say the weights are finite-order if for some integer ¢ we have
You =0 for all s and u with |u| > q.

We say the finite-order weights are of order ¢*, if ¢* is the smallest possible integer
that satisfies the property above.
o If we have two sets of non-negative v1,...,vs and I'y, ..., I's, then we say the weights

are of product and order dependent (POD) type if we can write

You = =T [ [ (2.23)
JEU
This “hybrid” weight, relatively new in the literature, will be important in chapters

to follow.

When the weights are assumed to have no specific form, we say that they are general
weights, a term that is usually used to distance ourselves from the product weights set-
ting, which is the most common setting in the literature. While weights were originally
introduced in product form, general weights were introduced in [70].

Weighted spaces were originally introduced in [62] to demonstrate the conditions un-
der which multivariate integration is strongly tractable. That is, to demonstrate the
conditions under which there exists a QMC rule for which the error bound can be found
to be independent of the dimensionality s of the integrand. These results were consid-
ered in the setting of tensor product Hilbert spaces, that is spaces where the weights will

necessarily have to take the product form (2.22). In this setting it was shown in [62] that
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the multivariate integration is strongly tractable in weighted Korobov or Sobolev spaces

if and only if
Z’yj < 00.
j=1

Weights will prove to be useful not just in infinite dimensional integration or tractabil-
ity results. As the weights are in the norm, they must also make an appearance in the
reproducing kernel. Thus we find that the weights appear in the worst-case error, as a con-
sequence of (2.18). Hence we find that the weights to be a useful parameter in minimising
the upper bound on quadrature error as expressed in (2.17), as both the worst-case error
and the norm depend on the weights. We note that this is a relatively new approach to the
use of weighted spaces, it was first discussed in [41] and [19]. Classical literature tended
to take the point of view that the weights were given, rather than being parameters that

can be chosen to best fit a specific problem.

2.5 Weighted Korobov spaces

Here we consider the weighted Korobov spaces, that is we make a weighted generalisation
of (2.20). We shall present formulae for the kernel K in this space, and with lattice
rules as our points sets, we will be able to develop (2.18) and (2.17) further to present
convergence results. In this approach we skip the usual tensor-product construction of
the space K5 o ~, as is often done in the literature (e.g. [63]), and define our s-dimensional
function spaces directly. This approach follows the presentation in [20] and [18].

First we introduce the following useful identity.

Identity 8 For a sequence of numbers a;,

s

[Ha+a) = > J[ai=1+ > ]

7=1 uC{l:s} j€u PFAuC{1:s} jEU
noting the implicit assumption that we take the summand for u =0 to be Hje(l) aj = 1.

Now for the higher dimensional generalisation we consider a set of weights 5, > 0.
We define the weighted Korobov space of functions on [0, 1]* with absolutely convergent

Fourier series, with the inner product

Kony = 10)30) + > vd DY f(h;0)§(hy; 0) [T IRy,

PFuC{1:s} hyc(z\{0})ul Jeu

(f.9)

where we have written (hy;0) to express the vector in Z* for which the components are
hj if j € u and the remaining components are set to 0.

In this setting the kernel is given by

soc,'y = Z 7511 u,a wuayu) (2'24)
uC{l:s}
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where

exp(2mih(z; — y;))
Kuoc iBu;yu H Z ‘h|aj J .
JjEu heZ\{0}

Note that, in line with conventions taken thus far, the summand for u = () is equal to 1,
that is we take vy sKp o =1
Now we can proceed with directly applying our formula for the worst-case error in a

reproducing kernel Hilbert space for a rule P, (2.18), to this example,

exp( 2mh(t(-k) - t;é)))
||

AP o) = 530 Y ] ¥

k=1 £=1 0£uC{1:s} JEUheZ\{0}

If we take our point set to be a lattice rule, as defined in (2.10), we note that the shift

makes no difference in the expression above, and that this expression simplifies to

ein(z s = Z Z W’suH Z exp 27|rz?akzj/n). (2.25)

k 10#£uC{1:s} JEu heZ\{0}

We would like to find convenient bounds of e (2, Ky a,y) the form O(n™") for some 7 > 0
for a “good” lattice rule, which we can then substitute in to (2.2).

We will show the existence of a good lattice rule using an averaging argument. Assume
for the rest of this section that n is a prime number. We write the mean of the squared

worst-case error for all possible generating vectors z € Z7,

1 2
My n(a) == =15 Z €sn(2)- (2.26)
z€ZS
Now, let ((z) := Y 52 h™* for z > 1 denote the Riemann zeta function. Note that if n
is prime, the set Z,, contains all numbers from 1 to n — 1 inclusive, thus contains n — 1
elements. As it turns out, it is possible to obtain an explicit formula for this quantity.

We present this in the following.

Theorem 9 If n is prime and o > 1, with M () defined as in (2.26), we have

Do a2, (2.27)
P#uC{1:s}
thus there exists a generating vector z. € Z; such that

1/2
es,n(z*,/cs,w,)g\/lﬁ S @@ (2.98)

P#AuC{1:s}

Proof. The proof of (2.27) follows similarly to [63, Theorem 3] upon setting 5; = 1 and
using Identity 8. Also we refer the reader to the proof of [20, Theorem 1], which takes
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in to consideration the same proof for general weights. For the second part we use the
principle that there is always at least one choice that is as good as or better than average.
Thus there must be a generating vector z that beats the mean, and thus also beat the
estimate (2.27). O

Theorem 9 presents an upper bound for the worst-case error of a lattice rule only in
terms of the number of points n and the weights 7, ,. As it turns out we can demonstrate
much better convergence, but first we recall a variant of Jensen’s inequality. If we have

some non-negative sequence a; then

1/r
Zaj < Za;- for any 0 < r < 1. (2.29)

Theorem 10 Ifn is prime and o > 1 then there exists a generating vector z, € Z,, such
that for all X € (1/c, 1] we have

1/(2))
1
es,n(z*JCs,oc,’Y) < a2 Z ’Y?,u (QC(O‘/\))M (2.30)
0AuC{1:s}
Proof. We refer the reader to [33] for the proof. O

Thus we have a result that bounds the error for arbitrarily large s. It is not surprising
that the rate of convergence of e; ,, with respect to n, is directly linked to the parameter
«, the larger «, the smaller we can take A\, and hence the faster our convergence rate.
Recall that « characterises the “smoothness” of the integrands f that are allowable in
the space K o, it seems to makes sense that quadrature error might converge faster for
a smooth function.

One problem of this result is that we have not provided a proof that is constructive.
There is no insight in how to find the generating vector, we have merely stated that there
is some vector, out of all the possibilities in Z;, that satisfies the bound. Shortly we shall
be investigating a method of construction of good generating vectors z,, and then prove

that vectors constructed this way satisfy similar bounds.

2.6  Weighted Sobolev spaces

Now we turn our attention to weighted Sobolev spaces. We define the weighted anchored
Sobolev space Hsc~ to be the s-dimensional tensor product space of the 1-dimensional

spaces H., but we define the inner product as

olul ol
o, = / e S Ayge )y, (231
uC{l s} 0,1]s OYy Yu

where we have used the same notation in §2.3.3. These weighted Sobolev spaces have
been considered in [28], [29] and [59].
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In this setting the reproducing kernel is

K77$y Z ’YsuHMC] :L‘],yj

uC{1:s} JjEu

where

min(|lz —¢|,ly —¢|) ifzx,y>corz,y<c
pe(T,y) =
0 otherwise.

A quantity that will come up shortly in this setting is the initial error, es (0, Henx ),
which from (2.19) is given by

0 Heen) = 2 L [ o)y

uC{1:s} J€u
= > v [[(@ - +1/3). (2.32)
uC{l:s} jEu

From here we could proceed as in §2.5, and derive an expression for the worst-case error
from (2.18) for this setting, however this does not prove to be fruitful. As it turns out,
the way to proceed lies in the random shift, A. First let us define the shift invariant

kernel K, associated with any kernel K by

Kz, y) = K({z+ A}, {y+A})dA. (2.33)

[0,1]°
Now let us express, for a moment, the worst case error as a function of associated kernel,
that is we write e, (z, K) for the quantity given in (2.18). We consider mean-square over
all possible random shifts of the worst-case error for a shifted lattice rule, given that the
A is uniformly distributed on [0, 1]*. It is shown in [29] that the shift averaged worst-case

error is equal to the worst-case error with the shift invariant kernel, that is,

[ei{ln(z,K)]2 = IEA[ein(z,A,K)] = /[01]5 ein(z,A,K) dA = ein(z,KSh),

For the Sobolev space we also write e (z Hoer) =€ n(z K¢ ), where K is assumed to
be the appropriate kernel. We con81der the shift invariant kernel for the weighted Sobolev

space, which we can compute to be

I(Sh jg: VSu:[I ng‘QU _'yy) +'Tnj)

uC{1:s} JEu

where By(z) = 2 —2+1/6 is the Bernoulli polynomial of degree 2 and m; = c? —c;j+1/3.

We can also compute an expression for the shift averaged worst-case error,

€ (2, Hoe)P = D Ysu ZH(B2 ({szD +mj> ~“IImi |- @39

0#AuC{1:s} k=0jecu J€u
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Now, for simplicity of further exposition, we assume that our weights are of product
type, that is vs, =[] jew Vi Under this assumption, and using Identity 8, we can re-write

the shift invariant kernel as

S

K2 (wy) = [T+ v (Ballzy — y5l) + my))
j=1

s

R exp(2mi(x; — vy
=200 Haer) [T |1 +% D ( }(L; 1))
Jj=1 heZ\{0}

= o0 Hen) Y [ Y PO

uC{l:s}jeu  heZ\{0}

where we have used the well known Fourier series expansion of Bs,

1 exp(2miz)
Bo(z) = —— cxp(2miz)
2(1‘) ) heZZ\{O} h2

as well as (2.32) and the substitution

= g ——
J 27T2(1 + ')/jmj)'

Thus we see that K gh7 is same (ignoring the ||]|%, ., factor in front) as the kernel K, ~ from
the Korobov space in (2.24) with a = 2, thus we can apply Theorem 10 to esn(z, K5% ).

Thus in the weighted anchored Sobolev space we obtain the following,
Theorem 11 Let n be prime and assume the weights s, are of product form, then there
exists a generating vector zg € Z5 such that for any 1/2 > 6 > 0 we have

1-6
s

Tlae 12— 1
& (20, Hery) < ”Jﬁf I1 <1+2’V}/(2 20), (1_5>> _ (2.35)

Jj=1

Proof. We apply Theorem 10, noting that as a = 2, we can take X to be arbitrarily close

to 1/2, hence the result follows from the choice A = ﬁ for some small § > 0. O

Once again the result is not constructive, it is merely an existence result. Also note
that the result applies to the shift averaged worst-case error, not the original worst-case
error of (2.1). This means two things: Firstly this implies the existence of some shift A*
for which the bound holds, again using the principle that there is always a choice that
is at least as good as the average. Secondly, in using shifted lattice rules on integrands
in H¢~, we need to average the quadrature we obtain over a number of shifts (usually
a reasonably small number can be used, of the order of 10) to be able to confidently
apply this result. Often random shifts are employed with QMC rules anyhow, as the
random shifts make @, (P; f) an unbiased estimator of I(f), and furthermore allows us

to calculate the standard error of our estimator. Hence, the fact that the theory depends
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on the random shifts is not an inconvenience. We refer the reader to [58, Theorem 2.2]
for a proof that the shifted lattice rule is an unbiased estimator.

‘We mention briefly that it is possible to allow the weights to be of general non-product
type and still yield a result akin to that of Theorem 11, however we have not done so here
for two reasons. Firstly, to do so is non-trivial and not particularly instructive. Secondly,
we shall be presenting the results that allow for general weights in the unbounded setting,
which involves use of these auxiliary weights, in Chapter 3. The general weights case in
this Sobolev setting is examined in [37].

Finally we consider the implications of allowing the number of coordinates to grow,
that is, letting s — co. We see that, for A € (1/2,1], if we have

[o@)

A
E%’ < 09,
j=1

then, as shown in [63], we can deduce that [[;Z; (1 + 2@}g(2A)) < 00, and hence we can
bound eilfn(zo, He~) independently of s. This implies strong tractability.

A variant of the Sobolev setting introduced in this section is the weighted unanchored
Sobolev space, which is an s-dimensional generalisation of the unanchored space intro-
duced in §2.3.3. For simplicity, and also as we will be introducing unanchored spaces in
the unbounded setting in great detail for the next chapter, we opt not to consider the

unanchored space here.

2.6.1 Relationships with discrepancy

We have seen in these last few sections a common thread with the material introduced
at the start of the chapter, of discrepancies, and the associated Koksma-Hlawka type
inequalities. Here we show a direct relationship in the Sobolev space with anchor 1. For
simplicity we look only at the one-dimensional unweighted space, H1 1. In this setting we

can write the kernel as
Kii(z,y) =1+min(l —z,1—y) =1+ (1 —2)1,(y) + (1 —y)1y(z). (2.36)
Now, recalling (2.17), we have that

1(f) = Qu(Pi ) = (s By,
1
— FR(1) + /0 £ ()M () dy. (2.37)
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From (2.36) we can show that 0K1 1(w,y)/0y = 1|9 )(z), hence we can derive the follow-

ing,

) ayK1,1($7y)d$ n;ayl{l,l(t . Y)

1 1 n )
. /0 oy (2)dz + = 3" 10, (1)
i=1

s #0100y
n

= discrp(y).

Evidently we can also have that K i(x,1) = K1,1(1,2) = 1, hence h(1) = 0. Thus from
(2.37) we find that

1
L(f) - Qu(Ps f) = /0 £'(y) discrp(y) dy

which is precisely the Zaremba identity of (2.3). Furthermore we see that the worst-case

error is in fact equal to the Lo-discrepancy of (2.6), which we can show as follows.

1
&, (P.H) = (h )y, = /0 discrp(y)? dy = [Da(P)2,

In fact this generalises to s dimensions, that is, es (P, Hs1) = D2(P).

2.7  Component-by-component construction

Sections 2.5 and 2.6 explore optimal bounds on worst-case errors for (shifted) lattice
rules. As discussed, however, these results are not constructive, they present no scheme
for finding good generating vectors that satisfy our bounds. A method of construction
known as the component-by-component algorithm that dates back to the work of Korobov,
see e.g. [31], was also further developed in [35, 58, 59, 60]. This method proposes a
simple “greedy” approach where the values for each component of the generating vector

are chosen separately to minimise the worst-case error.

Algorithm 12 (CBC Algorithm) For any prime n and s € N
1. Set z1 =1
2. Foreachd=2,3,...,s8 with z1,...,24_1 fixed, choose zq € Z, such that eifjd({zl, ceZd ) Heny)

18 minimised.

The advantage of using the CBC algorithm is that it reduces the search space for
a good vector quite considerably. A brute force approach to finding z that minimises
(2.34) might consider all (n — 1)° possibilities and evaluate the worst-case error at each.
Evidently this is exponentially expensive to compute, even when considering a few possible

reductions that different symmetries might afford us. However, the CBC method enables
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us to consider n possibilities for each component, thus we only have to evaluate the
worst-case error sn times.

It is not immegiately obvious that the vector z constructed in the CBC algorithm
would satisfy the sorts of bounds in Theorems 10 or 11. However it was shown in [60]
that lattice rules constructed this way have worst-case errors that converge as O(n~1/2)
for the Korobov class of functions, and a similar result was subsequently shown in [59, 58|
for weighted Sobolev spaces. In [59] the principle of the CBC algorithm is also applied to
A, that is, Ay is chosen after zg4, with Aq, ..., Ay_1 and 21, ..., z4 fixed. It can be shown
that this construction for A and z leads to a good shifted lattice rule with O(n~1/2) error
convergence.

However, these results do not match the optimal rates of convergence we have in
Theorems 10 and 11, where, under the right conditions, (’)(n*H‘S) convergence can be
observed. While numerical experiments in [58] suggest that generating vectors do exhibit
these improved orders of convergence, it was not until [33] and [16] that optimal conver-
gence was proven for generating vectors produced by the CBC algorithm. We state the

result here.

Theorem 13 Let n be prime and assume the weights vs. are of product form, and let
z. be constructed using the component-by-component algorithm, then for any 1/2 > § > 0

we have

1-9
s

I _ 1
621?”(2*,7'[@7) < ”nHI’}'_[;‘r H <1+2,3/]1/(2 25)( (1_5>> . (238)

Jj=1

Proof. The proof uses an inductive argument, assuming that (2.38) holds for some z €
Z5, then it can be shown that the natural extension of (2.38) holds for (z, zs+1) as well,
where z is fixed and zsy1 is chosen by the minimisation criteria in step 2 of the algorithm.
For details we refer to [33, Theorem 5 and 8], noting that the proof technique again makes
use of the connection between Korobov and Sobolev spaces. We do not present the details
here as a full proof of a similar result will be shown in the next chapter, where we will

allow for further generality including unbounded integrands. O
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CHAPTER 3

Unbounded functions with general weights

In this chapter we now consider integrals of functions that are defined on unbounded

regions, for example R?, that is, integrals of the form
S
F@) [ év;) dy,
Rs j=1

where ¢ is a univariate probability density function on R, frequently a Gaussian density.
These integrals arise, most prominently, in Darcy-flow fluid modeling in porous media
problems, which is our main motivation for the extensions of theory in this chapter,
and the main focus of Chapter 4. Other examples of problems for which unbounded
integration arises include, but by no means are limited to, integrals arising from option
pricing problems in finance, see for example [6, 1, 42, 23, 26, 27], and maximum likelihood
problems in statistics, see for example [14, 15, 72, 34, 57]. The aim of this chapter is to
provide the theoretical foundation for the fast CBC construction of randomly shifted
lattice rules that are tailored to these practical integrals, and demonstrate that these
lattice rules obtain “good” error convergence rates.

The natural first step in applying QMC methods to an integral formulated over R? is
to transform the integral into the unit cube [0,1]%, such that we may use the point sets
explored in the previous chapter. After some appropriate manipulations, an integral over

R? can be rewritten in the form
fo [ow)dy = [ f@ w)du. (3.1)
Rs e [0,1]s

where ®~! denotes the inverse of the cumulative distribution function, corresponding to
¢, which, when applied to vectors, is done component-wise. A QMC method with points
tM) ... ¢t € [0,1]° then approximates the last integral in (3.1) by

LS paieo). (52)
k=1

However, the transformation in (3.1) often results in an integrand f(®~!(-)) that is either
unbounded at the boundary of the unit cube, or has unbounded derivatives near the

boundary. In those cases, the standard QMC theory that we have seen thus far cannot be
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applied, as the transformed integrand will not have a finite norm in any of the appropriate
functions spaces examined thus far.

Various methods have been proposed in the literature of tackling this issue. To this
end an anchored function space over R® was considered in [39], see also [68, 69, 40].
It was proposed that, in the norm or inner product, the integrand be multiplied by a
weight function 1 that decays quickly at infinity, as a way of controlling the behaviour
of the integrand at the edges. It was shown that randomly shifted lattice rules can be
obtained using a CBC construction to achieve close to the optimal convergence rate in
this non-standard setting.

Here we make use of this weight function in a space reminiscent of the weighted
Sobolev spaces of Chapter 2. To understand the setting it is instructive to examine the

details of the norm of the space of functions in one dimension, 7, which we define as

1£1Z, = [FO)2 + ,1y /R ()b ()2 dy. (3.3)

The weight function v allows us to control the limiting behaviour of functions in F7, and
either make it very “small” or very “big”. For example, if we took 1 (y) = exp(—alyl),
then we can see that /7 would contain any polynomial, as the norm would be finite.
Even the function exp(/|y|) would have a finite norm, provided § < «. Clearly in this
example the weight v does little to the space except scale the norm, however we include
it here as we shall be considering weighted spaces later in the chapter, in the spirit of
the weighted Sobolev and Korobov spaces from the last chapter. Although ¢ does not
make an explicit difference to the space Fi, as it is not present in the inner product, our
integration operator I, 4 is defined in terms of it, hence ¢ is central to the results that
follow.

This chapter provides a number of important extensions to the theory in [39], all mo-
tivated by the needs of the application to porous flow problems. This work is original
research, and has been submitted for publication in [46]. Firstly, we remove the assump-
tion that the weight parameters 7, take the product form v, = [] jeuYj- In the previous
chapter we allowed weights to be of general form in the standard setting on the unit cube,
except in some results relevant to the weighted Sobolev spaces. Similarly, in the literature
general weights were introduced in [70] and have been considered in [20, 61]. However,
allowing for general weights is novel territory for the this unbounded setting.

This generalisation was prompted by, and is essential to, the porous-flow problem
that this thesis is concerned with. In the following chapter, as well as [36, 38|, it is
demonstrated that the overall error bound of our QMC method is minimised when the
weight parameters take the form of POD weights of (2.23), which we recall to be of the

form
Yu = Ly H%

JEu
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The weight parameters are determined by the choice of two sequences I'o =11 = 1,17, ...
and 71,7, .... Allowing for these weights, or any other general forms of weights, means
that the theoretical basis for the CBC construction of randomly shifted lattice rules in
this non-standard setting needs to be proved anew, and this non-trivial result is the main
theorem of this chapter.

As highlighted in [17] for the standard setting, the CBC construction with general
non-product weights in the anchored setting has an issue with the computational cost
due to the need to work with some “auxiliary weights”. The same issue holds for the non-
standard setting considered here. Our second major advance in this chapter is to introduce
an “unanchored” version of the function space over R®. We provide the complete theory
for the CBC construction in this unanchored variant, and discuss the computational
strategies for implementing fast CBC construction with POD weights.

In addition to the two major extensions, we also make other generalisations. We allow
the weight parameters 7, to depend on the dimension s: later we write, more explicitly,
Vsu- This is natural for the maximum likelihood problems [57] since all model parameters
depend on the dimension s. This is also useful from the point of view of linking the
theory between anchored and unanchored settings. We allow the weight function ¢ to be
coordinate dependent, that is, we have a weight function ; for each coordinate. This
turns out to be a crucial step in modelling the PDE applications in the next chapter. In
our analysis we also allow the integration domain to be more general, to cater for other
potential future applications.

The outline of this chapter is as follows. In §3.1 we discuss two additional practical
applications that motivate the theoretical developments of this chapter, and outline how
the theory can be applied in each case. In §3.2 we introduce the function space settings of
this chapter, briefly discussing relevant extensions to reproducing kernel Hilbert spaces,
and introduce the expression for the shift-averaged worst-case errors for randomly lattice
rules in this setting. In §3.2.2 we review known results in the anchored setting, and then
in §3.2.3 we derive various results in the new unanchored setting. In §3.3 we present
the CBC algorithm for constructing a good generating vector of randomly shifted lattice
rules, and then prove the main convergence results of the shift-averaged worst-case error
for both the anchored and unanchored spaces with general non-product weights. We save

the discussion of implementation and numerical results for Chapter 5.

3.1 Motivating applications

Integrals over R® often arise from practical applications in the form of multivariate ex-

pected values

Byld = [ aw)w)dv. (34)

where ¢ is some quantity of interest which depends on a vector y = (y1, ..., ys) of param-
eters or variables in s dimensions, and p is some multivariate probability density function,

not necessarily a product of univariate functions, describing the distribution of y. We
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have discussed briefly our major application, explored further in Chapter 4, of the porous

flow problem. Below we discuss two additional motivating applications.

3.1.1 Application to option pricing problems

Following the Black-Scholes model, integrals arising from option pricing problems take
the general form of (3.4), with

_exp(—3y™Sy)

q(y) = max(u(y),0) and p(y) = CREh

where the variables y = (y1,...,ys)? correspond to a discretization of the underlying

Brownian motion over a time interval [0, 7], and the covariance matrix has entries ¥;; =
(T'/s) min(i, j). Here g(-) is called the payoff function, and typically is of the form ¢(y) =
max(u(y),0), where p(y) is a smooth function of the asset price S¢(y).

Typically one takes a factorization ¥ = AAT and applies a change of variables y = Ay’,
leading us to an integral of the form (3.1), with f(y’) = ¢(Ay’), and ¢ being the standard
normal density. The choice of factorization therefore determines the function f. If A
is obtained via the Cholesky factorization, then it is called the “standard construction”.
The “Brownian bridge construction” [1] yields a different matrix A, while the matrix A
obtained from the eigenvalue decomposition of ¥ is known by the QMC community as
the “principal components construction” [6].

The success of QMC for option pricing cannot be explained by the standard theory,
however analysis of the integrand, as seen in [27], suggests that all ANOVA terms of f are
smooth, with the exception of the highest order term, f;.;3. This suggests, noting that
ANOVA terms are orthogonal in the new unanchored function space setting of this paper,
that the analysis on [26] can potentially be adapted to show that the function f — fi;.5)
belongs to the unanchored setting of this chapter.

3.1.2  Application to mazximum likelihood problems

Another source of inspiration towards the non-standard setting in this paper is a class of
generalized response models in statistics, as examined in [34, 39, 57]. A specific example
of the time series Poisson likelihood model considered in these papers involves an integral
of the form (3.4), with

u _exp(—3y"S1y)

17 (7B +y) — 1)
q(y) = H 7! and p(y) = (2m)* det(X) .

J=1

Here 8 € R is a model parameter, 11,...,7s € {0,1,...} are the count data, and ¥ is
a Toeplitz covariance matrix with ¥;; = o?k"=7!/(1 — x2), where 2 is the variance and
k € (—1,1) is the autoregression coefficient. An obvious way to rewrite this integral in
the form (3.1) is to factorize ¥ as discussed above for the option pricing applications, but
this yields unacceptable integrands f. Instead the strategy developed in [34] recentres
and rescales the exponent of the integrand ¢(y)p(y) = exp(F(y)). Using the results from
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this current paper and following the strategy for choosing weight parameters in [36, 38],
the recent paper [57] provides careful estimates of the norm of the resulting integrand f
corresponding to three different choices of density ¢, with the weight function taken as
1 = 1, and gives the formula for the weight parameters =, that minimise the overall error
bound.

3.2 Function space setting

3.2.1 General framework of reproducing kernel Hilbert spaces

The previous chapter surveyed the literature of numerical integration on [0, 1]°. We wish
to extend this theory to unbounded domains. First we define our problem somewhat more
precisely.

Suppose that our domain is D := m, allowing unbounded intervals such as R. Let
¢ be a univariate probability density function on D, that is, ¢(y) > 0 for all y € D and
fab ¢(y)dy = 1. For s > 1, we define the cumulative distribution function ® : D — [0, 1]

as

o) = [ "ot ar,

and denote its inverse by ®~! : [0,1] — D. Given a vector v € [0,1]® we apply ®*
component-wise, that is we write ®~1(v) = (®~(v1),..., P 1(vs)). We are interested in
the integral of a function f : D® — R with respect to the product probability density,
that is

Lolf) = [t [Lotw)dv.
j=1

Ultimately, our approximation of this integral amounts to using the n-point randomly

shifted rank-1 lattice rule on the transformed integrand f o ®~!, that is

Qun(Ai f) = ;;f (o ({Z+a}))- (35)

We assume that the integrand f belongs to a weighted reproducing kernel Hilbert space
(RKHS) F of real valued functions on D? | which are (at least) integrable with respect
to the s-fold tensor product of the density ¢. In this setting we can continue to use the
machinery of §2.3, except that here we are concerned with the unbounded integration
operator I, 4, and that to use QMC methods, we need to transform the integrand to the
unit cube. We derive results similar to those found in §2.3.1 for this specific setting.

To be able to apply QMC methods, we must map the integrand from the Hilbert
space F of functions on D* to a Hilbert space G of functions on [0, 1]*, where we use the

isometry

feF = g=f@'()eg, with |fllr=gls
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It is important to note that the integral remains the same under this isometry,

Conveniently, it can be shown that the space G is also a RKHS, where the kernel is
Kg(u,v) = Kr(®'(u),® ' (v)), u,vel01]". (3.6)
Once again we will make use of the shift-invariant kernel, as defined in (2.33),

K (u,v) = Kg({u+ A}, {v+A})dA
[0,1)¢

= [, Kr@u+ A, 27 ({0 + AD) dA, (3.7)
0,1]s

Note that the shift-invariant kernel is only dependent on the difference of the two points

u and v. With a slight abuse of notation we write
K3 (u,v) = K& (fu —v},0) = K$({u—v}).

Hence we approximate the integral I;(g) = I54(f) by a QMC rule
1 n
Qsn(Pig) = ;g(t(’“)),

with points t&), ... ¢t e [0,1]%, and it is in this space G that we can study the worst-case

error, defined as

es,n(Pag) = Ssup ’Is(g)_Qs,n(P;g)"

llgllg<1

Then it is straightforward to relate this to the original integration problem for f € F,

Ls6(f) = Qsn(P; fo @] = |L(9) — Qs n(P; 9)|
esn(P,9) gl = esn(P,G) | flF- (3.8)

IN

The last expression illustrates the fact that while we study the worst-case error in G,
for which we have explicit expressions, we can keep the analysis of the norm of f in the
original space J, which is more convenient.

Once again both integration and QMC quadrature are linear functionals on both F

and G, so we can write

[1s(9) — Qu(P; g)| = |<gah>g‘ )
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and we see that our representer of quadrature error, h € G, should be defined here as

hw) = [ Kg(uv)dv— % ZKg(u,t(i))
[071]8 )

= Kr(® H(ﬁy] dy——ZKgut’)

Ds

which can be derived using the same steps as in (2.15).

The initial error of integration in G is the same as in the original space F,

es(0,G) = sup |[Li(g)] = sup ‘Is7¢(f)| = es(0,F).
lgllg<1 I fll7<1

which we require to be finite, and can be calculated to be

s

@OPF = [ [ K [[@@)ow) dedy <. @9)

j=1

To ensure the embedding of F in Ly 4(D?®), which is required in our later analysis, we

further assume that

| Krw TLotay < . (3.10)
=1

Once again we are interested in evaluating the worst-case errors for shifted lattice
rules. Since the set of points that make up the shifted lattice rule @), are dependent
only on the vectors z and A, for short hand notation we write the worst-case error as
esn(P;G) = esn(z, A).

As we consider randomly shifted lattice rules, we are interested in the shift-average
worst-case error, which now only depends on z and is well-known (see e.g., [58]) to reduce

to

et (2)]2 = / ean(PiOPdA = [ [ean(z A)PdA
[0,1]¢

[0,1]°

1 & kz
= — Kg(u,v)dudv + — K ({})
/[0,115 [0,1]* ot v) n Z g n

k=1
(3.11)

3.2.2  Anchored spaces

Here we review the weighted anchored spaces as studied in [40, 39], but with some new
developments. Given an anchor ¢ € D, a set of weight parameters 75, > 0 (or “weights”
for short) and a set of weight functions v; : D — R, the space F is the Hilbert space of
functions from D?® to R, for which I, 4(f) is bounded, with the inner product

olul olul
Z f u7 —U) ayg(yLUc— ij y] dyu’ (312)

uC{1: }’Ysu Dl 8yu j€Eu
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where the same notation is used as in (2.31). We take v,y = 1. As usual the corresponding
norm is || f||F = (f, f)lf/Q. The generalisations in (3.12), as compared to similar work in
[39, 40, 68, 69], include the allowance for general (non-product) weights 7, which may
depend on the dimension s, as well as for coordinate-dependent weight functions ;. This
function space setting has three key ingredients:

e The univariate probability density ¢ : R — R\ R~ in (3.1) controls the mapping
from R® to the unit cube [0,1]°. Although ¢ does not affect the norm (3.3), it
determines the transformed integrand f(®~!(-)) over the unit cube. Hence it will
affect the integration, and in particular the worst-case and initial errors.

e The weight function ¢ : R — R™ in the norm (3.3) controls the boundary behaviour
of the functions f that are included in the space. If 9 (y;) decays very quickly to
0 for large |y;| then the space can contain functions with very fast diverging mixed
derivatives.

e The collection of weight parameters -, associated with subsets u C N with finite
cardinality |u| < oo controls the relative importance of various groups of variables,

as discussed previously.

The reproducing kernel corresponding to the inner product (3.12) is given by

Kr(z,y) = Y veu [ [l u)), (3.13)

uC{1:s} J€EuU

where for z, y € D,

min(z,y)
/ ——dt ifz,y >c,
C

V(L)
nj(z,y) = /c L at ifa
b y < C7
max(z,y) ¢]2(t)
0 otherwise.

For this to be well-defined we must assume that for all j, 1; satisfies

|
———dt < oo for all finite z and y, 3.14
/ 720 (314

which is satisfied if ¢; is strictly positive and continuous on (—o0, 00).
The kernel must satisfy the two conditions (3.9) and (3.10). Substituting (3.13) into
(3.9), we find that

|| sren @) dwiy= 3 sl <o @1
j=1

uC{l:s} Jjeu
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where we define

b b
Co,; 3—/ / ni(x5,y;5) ¢(x;5) ¢(y;) dzjdy; (3.16)

C@2t) [ (1—B(1)
. 20 d”/c 2w

with the last equality demonstrated in [39]. Similarly, we see that (3.10) reduces to

/ Kr(y,y) Hqﬁy; dy= > vu[[Crs < (3.17)

uC{1:s} J€EuU

where we define

b
Chj '=/ 15 (Y5> y5) (y5) dy; (3.18)

b1 - o)
/w? W) e @

with the last equality again shown in [39]. Evidently, to satisfy (3.9) and (3.10) we require
that Cp; < oo and C1; < oo for all j.

Now we turn to the corresponding function space G. The kernel Kg(u,v) can be

calculated as in (3.6), while the associated shift-invariant kernel is

({u —v}) = Z Vsu H 0;({u; — v;}), (3.19)

uC{1:s} Jjeu

where

1
05 = [ (@7 (u+ Ap, 97 (2)) aA (3.20)

’ e(t) ‘ O(t)—1+u
- =d — 55— d 0,1
A‘l(u) TPQ( ) bt A_l(lu) 02(2) 2 u € [0,1],

which was derived in [40]. It is important to note that
1
Co’j = / Qj(u) du and CLj = 9]'(0),
0

which applies regardless of the choice of kernel and 7;, hence this applies in the unanchored
space, examined in the next section.
Now we are in a position to express the shift-averaged worst-case error for lattice rules

in the anchored space. Substituting (3.15) and (3.19) into (3.11), we obtain the expression

> vsu| IG5+ ZHG <{kzj}> . (3.21)

uC{l:s} JEU k 1j€u
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3.2.8 Unanchored spaces

Here we introduce the weighted unanchored spaces. We commence by deriving the repro-
ducing kernel in one dimension, in a fashion inspired by the derivation in [67], and then
proceed to higher dimensions where we also derive results for the shift-averaged worst-case

errors for lattice rules.

Lemma 14 (Unanchored space — reproducing kernel) We take F to be the space

of functions from D to R, where we define the inner product of f, g € F as

_ ( / ’ Flw) o) dy> ( / ’9(4)6(0) dy> = " P ) o () 2(0) .

with v > 0 and a weight function v; : D — R satisfying (3.14). Then the reproducing
kernel in F is given by Kr(x,y) =1+ yn;(z,y), where

o en e P 1-a@) [P 8()
wiew) = | 200) d”/mam,w IO / g 0 B2

Proof. Since this reproducing kernel does not appear to exist in the literature, rather
than simply verifying the reproducing property, we provide a derivation.

Suppose that Kr(z,y) =1+ yn;j(z,y), with

L.(y) fory<uw,
ni(z,y) =
R:c(y) for y > .

The reproducing property in Definition 3 yields

-(/ " 1) o) a) (149 | [ Lwomay+ [ " Raw) o) ] )

T b
+/ﬂ@%@ﬁ@@+/ﬂ@%@ﬁ@w

which means that the following two properties must hold:

/jm(yW(y)dy+/bRx(y)¢(y)dy207
/f ) Lia(y) 43 (1) dy+/f ) B (y) 3(y)d /f

As an initial guess, we assume that

(3.23)
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Since L;(z) = Ry(x) =: M(z), we can write
)

Laty) = M)~ [0

Yorg(t)
HG

dt and Ri(y) = M(x)+

dt.  (3.24)

Then the two required properties in (3.23) simplify to (assuming that all integrals are finite

and therefore, by Fubini’s theorem, interchanging the order of integration is allowed)
t
1) I()dt = M(x)

" a(1) £, (1) (1 a(t
A 20 4 L 5200)

(/f )dy+éj"ymyﬂy=f@%:[fwwwmy

If we take

(3.25)

l(y) = ®(y) and  7.(y) = P(y) — 1, (3.26)

and use integration by parts, we can verify that the second equation in (3.25) holds,

T b
/f@&@@+/f@m@@
T b
::/lmw@@nm+/"fwmww—1dy
b b
/’f D+ 1) @) -] - [ 1w o) dy
/ 1) 6(y) dy,

which is as required. Substituting (3.26) into the first equation in (3.25) determines M (z).
Finally we show that n;(x,y) is as in (3.22). Consider first the case y < z. Then from
(3.24), (3.25), and (3.26) we have for y < z that

nj(@,y) = La(y) = q>2§g dt + /:Wdt - /yx ;j}% dt

v ag) IR O e 10)
‘Aw%ﬂ“‘xw%>“ l 2o

We easily obtain a similar expression for < y, hence obtaining (3.22). O
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We can now generalize the unanchored setting to s dimensions. The unanchored inner

product is

= >

uC{1:s}

oluly
(/Ds 0y, By, Yui ) H¢ (45) dy—u) (3.27)

J¢u

ol
X </Ds ul ayg Y,y HQS yj dy >H¢]2(yj)dyua

J€u

YVs,u J Dlul

where the notation is as in (2.31). The reproducing kernel takes the same form as (3.13),
but now with the function 7; defined by (3.22). As before we require the two conditions
(3.15) and (3.17), but now with different constants Cy ; and C ;.

Lemma 15 (Unanchored space — constants) For the function n; given by (3.22), the
quantities Cy j and C1; defined in (3.16) and (3.18), respectively, are

b a()(1-2)

2w

CO,]' =0 and Cl,j = /

Proof. Substituting (3.22) into (3.16), we have that

b rb  pmin(z,y)
aoy = [ [ [ S dtet@ot) dedy
b - b a(t)(1— (1))
o /m( §-<t> oot dray - O

L3l Lo

() (1 - (1))
y)dxdydt — /a ¢]2(t) dt

) b@(f)(l <1><t (1-0())@(t) [P - D(t))
‘/a IO / i G ORI

a

which equals 0. Similarly, substituting (3.22) into (3.18), we obtain

Ch,j

// 20 dt¢> ) dz +// dtd) /bq) () 4
:/a w?(t)/t ¢(x)dxdt+/a 1;]2.(75) /a z) dz dt—/bq) )dt,

e - o)
-/ TG

which is the required expression. |
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Now we consider the space G of functions on the unit cube. The kernel Kg(u,v) is
given by (3.6), and the associated shift invariant kernel Kéh({u —v}) is of the same form
as (3.19), but the function 6; takes a different form.

Lemma 16 (Unanchored space — shift-invariant kernel) For the function n; given
by (3.22), the function 0; defined in (3.20) is

= [ 2w R 1 e PV A ()
QJ(U) N / 1(u) w ( ) dt+/{;—1(lu) 1/)]2@) a a 1/}]2(1;) 4 (328)

Alternatively, given any arbitrary point ¢ € D, we can express 0; as

¢ D(t) —u ¢ O(t)—14+u
i) /—1(u) V3 (t) t+ Ap—l(l—u) P2 (t) !

O 10k
. 2 ¢ / IO

(3.29)

Note that the alternative expression (3.29) enables us to directly compare the unan-
chored space to the anchored space. If we use the superscripts ‘anch’ and ‘unanch’ to

distinguish relevant quantities from the anchored and unanchored spaces, then
h h h
Gyt = 07 — G (3.30)

Proof. Substituting (3.22) into (3.20), we have

min(® ! ((ur AD.S Q) g(p)
/ / drdA
j(t)
Q)1 — 2(¢))
+ d dA — dt
max(<1> ({u+A})<I> 1(A)) w

/1“/ /m/a %dtdA
/lu/ ) Wt dtdA+/1u/ N t L= 4yan

B —®(1))
/a %2( ) dt. (3.31)

For the expression labelled A, we substitute w = ®~!(A) to obtain

J
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Applying a similar procedure to the rest of (3.31), we obtain

O (1—u) 1 (u)
0,(u) = / ‘I) D (1= u) — () dt+/ ) 10— sty at
a J

03(0) . U0
WO TR
. /ab q)(t)(wlz()@(t)) 0

:/ W (1 — u) Q/)Q B(t)] dt

P(t) —u O —(-u) [P — ()
Jr[1>—1(u) P2 (t) dt+[1>—1(1u) V3 (t) a /a P2 (t) &

P e —u, [P e -(-u) [P
_/ L(u) dt+/ (1) P2 (t) & a w?(t)dt

which gives us (3.28). Now, given some ¢ € D, we can rewrite (3.28) as
¢ D(t) — ¢ o(t) -1

/ 2 ~u g,y / o) ~1+u,,
o-1(w) Vit p-1(1-w)  ¥j(t)

)
bd(t) —u Po(t)—14u [ RMH) [P Rt
v/ 20 as | 2o ) e / 20 *

_ [ e - ‘ O(t) — (1 —u)
_/( . dt+/ dt

P
—
<
I

A o1 (1—u) V3 (t)
¢ d2(t) bP2(t) —20(t) + 1

. 3()0“ / ORI
(t) -

I ¢ O(t) — (1 —u)
B A’_l(u) %2(0 b L—l(l—u) V3 (t) &

22(1) b (1 (1))’
20 e ¢

which yields (3.29).

Now we can express the shift-averaged worst-case error for lattice rules in the unan-

chored setting. It is also important to note that, as Cp; = 0 in this space, we have

es,0 = 1. Substituting (3.15), (3.19), and Cp; = 0 into (3.11), we obtain

R = 3 ”kzne ({’“}) (3.32)

PAuC{1:s}

where 6; is given by (3.28).
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3.3 Main results

3.8.1 Reformulating the shift-averaged worst-case error for lattice rules

In Sections 3.2.2 and 3.2.3 we derived expressions for the shift-averaged worst-case error
for lattice rules in the anchored and unanchored spaces. Here we reformulate the worst-
case error in terms of the Fourier series coefficients of 6;. As §; is continuous on the

unit interval, the Fourier series converges uniformly. We denote the Fourier coefficients

~

by gj(h), where h € Z. We also write 0y(h) = [],., 0 (h;) for h € Zl. Note that for

jeo Vi
both the anchored and unanchored spaces we have Cp; = 0;(0), while C7; = 6;(0). In
the following we use the notation i =, j to mean i = j (mod n). First we consider the

anchored case.

Lemma 17 If we define a set of auxiliary weights

Foo = > Yo |] Cojr  vC{l:s}, (3.33)

oCuC{1:s} JEU\p
then we can rewrite the worst-case error (3.21) for the anchored space as
[eifln(z)ﬁ = Z ?s,v Z é\U(h’)v

0#0C{l:s}  he(z\{o})"l
h-zy=,0

where z, € Z7|f| denotes the vector containing the components of the lattice generating

vector z € Z; whose indices are in v.

Proof. We rearrange the following sum over u using the auxiliary weights such that the

h = 0 term is removed from the Fourier representation:

S v [T = > v [T (@56 — 60) + 85(0)

uC{1:s} JEU uC{1:s} JEuU
= Y X (11 00) T (560 - 0)
uC{1:s} bCu N jeu\o Jjeb
= ¥ % e IT Cos) I (0360 - 85000
vC{l:s} bCuC{1:s} jeu\v jeb
= 3 Ao [T (B362)) - 5,00)).
vC{1:s} JEL

41



where x; = {kzj/n}. Thus (3.21) becomes

e (22 = = 3 veu [[Cos+ - Z > w10 <{kz]}>

uC{1:s} JEU k: 1 uC{1:s} JEU
= Fsp+ = Z > %UH[ <{kzj}>—§j(0)] (3.34)
"= vC{1:s} jeo
= > we X T e({5) -20) (335
P#vC{1:s} n k=1 j€v n
= Z ;7;“ i H Z @}(h) 2mikhz; /n

B#vC{1:s} k=1 jev heZ\{0}

_ Z %n Z Z gb(h) e2mikhozo /0

0FoC{1:s} k=1 ne(z\{0})l®l

D ST S ) (3.30

0#0C{1:s} he(z\{o})!®!

h-zy,=,0

Here, in the last step, we applied the following special case of Identity 1,

]. ifh'ZUEnO7

1 n
- Z 2mikhezo/n _
n

k=1

0 otherwise.

We then obtain the formula (3.36). O

In the unanchored case, the use of the auxiliary weights 7,, is unnecessary due to

53(0) = Cp,j = 0 and s = 7s,0- Hence we have the following lemma.

Lemma 18 The worst-case error (3.32) for the unanchored space can be written as

2P = Y v Y. Gulh).

0#AuC{lis}  he(z\{o})ll
h-zy=,0

3.3.2  FError bound for the CBC construction

In the previous subsection we showed that the worst-case errors for the anchored and
unanchored spaces can be written in the same form in terms of the Fourier coefficients
of 0;. In this subsection we provide the error analysis for randomly-shifted lattice rules
constructed using the CBC algorithm. For each d = 1,2,...,s and z € ZZ, we consider
the quantity

EdQ,s(Z) = Z %s,n Z é\n(hf), (3.37)

0#vC{l:d}  he(z\{o})l!
h-zy,=,0

noting that the weights 75, depend on s and not on d. Evidently Eg (z)= [ei{ln(z)]Q, but

in general Eis(z) # [efjhn( )]? for d < s. A notable exception occurs in the unanchored
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space: if the weights are independent of s, then Y5, = 750 = ¥ and hence Eg’ (2) =
[eSh (2)]2 for all d < s.

Algorithm 19 (CBC Algorithm for unbounded spaces) For anyn € N and s € N
1. Set -1 = 1.
2. Foreachd =2,3,...,s5 with z1,...,2q_1 fized, choose zq € Z,, such that Eg’s(zl, ey Zd—1y2d)
s minimised.
We note briefly that the CBC algorithm presented here differs from Algorithm 12 in
the search criteria. Here we must minimise Eq4(z), which allows for unbounded spaces
as well as general weights. We have also generalised for lattices with any n € N, that is,
we no longer restrict ourselves to only prime n, as we did in Chapter 2.
Let ¢(n) denote Euler’s totient function, the size of the set Z,,. We have the following

result.

Theorem 20 (CBC error bound) Consider either the anchored or unanchored space.
Let r9 > 1/2 be such that for each j € {1 : s} we have some Ca; > 0 and ro; > 19 such
that

0,(h) < ’h‘%"j for all h#0. (3.38)

Then a generating vector z* € Z5 can be constructed by Algorithm 19 so that for any
A€ (1/(2r2),1] and for every d € {1 : s} we have

1/
* * 1 o~
Eita = | o 2 Al (2¢3,¢msM) | - (339)
P g soct1:ay jcv
Proof. First we demonstrate the bound in (3.39) for d = 1. We have
2 _ =~ o ~ o
B =Ty 20 B0 <Tm| X poh
heZ\{0} heZ\{0}
h=,0 h=,0
1/A 1/A
. 202)‘714(27’271)\) / . 2C§"1C(2T271)\) /
= Vs | T ey < Vs {1} o) ;

where we used (3.38) and Jensen’s inequality >, ax < (3", a})'/* for all nonnegative a
and A € (1/(2r2), 1], as well as 2rg A > 219\ > 1 and ¢(n) < n.
Suppose now that (3.39) holds for some d < s, and we proceed to prove that the

choice of 2, | obtained from Algorithm 19 satisfies the same error bound (3.39), but with
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d replaced by d+1. We split the worst-case error in d+1 dimensions according to whether
d+ 1 € v or not,

E(%—‘rl,s('zl’ AR 7Zd7 Zd+1) - Z :7370 Z eu(h)

P#oC{1:d+1} he(z\{o})!®!

‘Zop=n
= Z ?s,n Z é\n(h) + Z is,n Z é\(h’)
vC{1:d} he(Z\{0})!®! d+1€vC{1l:d+1} he(z\{0})!°!
h-zy=y,0 h-z,=,0
= Eis(zl? cee 72!1) + Td+1,s(2d+1)7 (340)
where
Tay1,5(2a41) = Z Yso Z Ou(h).
d+1€vC{1l:d+1} he(z\{o})!"!
h-zy=,0

The choice of 2] 41 € 2, that minimises Eﬁ +1(Z7 z4+1) is also the choice that minimises
the Tyy1,5(2411) term, hence we have Tyy1 s(27, 1) < Tay1,s(2441) for all 2411 € Z,. It
then also holds that Tj‘H’s(z;H) < Tj‘H’s(de) for all A € (1/(2r2,1], and thus as 2},
minimises the TC;\JFL s(za+1), it also beats the average

1
Tavs(7i) < o) D Thas(zar).

Zd+1 €2Zn

1 » ~
= m Z Z Vs,o Z 0(h)

Za41€Zn \ d+1€vC{1:d+1} he(z\{o})!°!
h-zy=,0

We now apply Jensen’s inequality to obtain

TG < — S S @2, Y G

p(n) Za41€2n d+1€0C{1:d+1} he(z\{0})I"!

h-zy,=,0
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Next we split the sum over h depending on whether or not hg11 is a multiple of n, and
use (3.38),

A
Ti1.s(za41)

s X Y A feten) Y Gk

2441€2n d+1€0C{1:d+1} ha1€Z\{0} he(z\{0})lvI-1
hd+15n0 h~zu\{d+1}5n0

+ > [bari(ha)) > [0 ()]

ha11€Z\{0} he(z\{0})l°I-1
hd+1?_én0 h~zu\{d+1}5n—hd+1zd+1
o c .
~\ 2,d+1 2,7
< D | X T [P h > 11 B 2r2an
d+1evC{1:d+1} hair€Z\{o} I"T he(z\{o})lel=1 jeo\{d+1} "

hd+1En0 h-zu\{d+1}5n0

1 Cé\,dﬂ Céj
+W Z Z | R [22at1X Z H o | (3.41)
701620 haa €2\{0) 1T he@\fopli-t  jen\{a+1}
hd+1¢n0 h.zb\{d+1}5n_hd+12d+1

For the first term inside the brackets in (3.41), we have

A A
Coarr 20541,C(2r2,4012)
h 127’2,d+1>\ - n2r2,d+1A ’
hd+1€Z\{0}| dt |
hd+15n0
and we write \
Ca

B = Z H |22 A7
|hjl
he(z\{0})lPI-1 jeo\{d+1} "/
h'zn\{d+1}5n0

The second term inside the brackets in (3.41) can be rewritten as

=D D SIS SN D S | s e
c=12441€2n hgy1€Z\{0} he(z\{o})lel-1 jeo\{d+1} "
hdJrlE”*CZ;il h'zb\{d+1}5nc

Now note that for any ¢ € {1,...,n—1}, we have equality of the two sets {cz;_&l (mod n) :
ziy1 € Zn} = {cz (mod n) : z € Z,}. Furthermore if we let p = gecd(c,n), then
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ged(e/p,m/p) =1 and we have

A
Yooy Gy iy G
h 2T2,d+1)‘ - mn — cz 21”2 d+1)‘
2441€2Zn  hgy1€Z\{0} [hasi] 2€2, mGZ’ |
hd+1zn7czdj:1

A
02 ,d+1

— —2T2 Jd+1A
2 2 Tl = e/

2€EZ, mEZL

A
ety Y e
|h|27’2,d+1>\

zZ€Zn  heZ{0}
hEn/p_(c/p)Z
n/p—1
< 72’!‘2 d+1)\p Z Z 2d+1
- ‘h’ZT‘Q d+l)‘

2=l hez{0}
hEn/p

= Cé\vd+1pl_2r2‘d“’\ <2C(2T2,d+1)\) -

2¢(2rg,4417) )
(n/p)QTQ,dH)\

1
A

Note that as A € (1/(2r2),1] and r3 441 > 72, we know that ((2r2441A) < oo and

p'=2r24+1% < 1. Since the estimate (3.43) is independent of ¢, we can express the remaining
factor in (3.42) as

n—1 A A
DINED DI | Qe S SRR | G
) ’h.’27’2,]’)\ ‘ |h'|2T2’j)\
=1 he(z\{o})/*-1 jeo\{d+1} he(z\{op)? -1 jeo\{d+1} T
h-zg\{a+1}=nc h-zy\ {d+13#n0

- H (202)\,jC(2T2,j/\)>—B.

jev\{d+1}

Combining these elements back into (3.41), we obtain

203 111 (2r2,a417) B

A * ~A )
Td—l—l,s(zd—l—l) < E Vs,0 n27"27d+1>‘
d+1€evC{1l:d+1}

203 111 (2r2,a11) 1 \
T <1 o n2r27d+1)\> H <202,jC(2T2,j)‘)> - B

w(n) jev\{d+1}

<Y AT (ccenN). (3.44)

d+1€vC{1l:d+1} JED

We assume by the inductive hypothesis that there is a particular z* € Z*® for which
(3.39) holds. We know that there is a particular 2 | for which (3.44) holds, and combining
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this with (3.39) and (3.40), we obtain

Eg (2", 2041) = B2(2") + Tars(2ia)

1/
1 -
< EORE Z Yoo H 2C3 ;¢(2ra50)
v 04vC{l:d}  jev
1/
1 -
+ W Z ’Ys/\,n H 202)\,j<(2r27j)‘)
v d+1evC{1:d+1} jéEv
1/
1 -
< W Z ’Ys/\,n H 202A,jC(27“27j)‘) )

PA0C{1:d+1} jeo

for any A € (1/(2r2),1]. Again we have made use of Jensen’s inequality. Thus by induction
(3.39) holds for any d € {1 : s}. This completes the proof. O

Theorem 21 Suppose that f belongs to the anchored or unanchored space for some weight
parameters sy and weight functions v;, and suppose that (3.38) holds for constants
Cyj > 0 and ro; > 1o > 1/2. Then a generating vector z* € Z; for a randomly-shifted
lattice rule can be constructed by a CBC algorithm such that, for all X € (1/(2r2),1],

VEA [Lg(f) = Qunlf 0 ®1)2
1/(2))
1

s 2 A TI(G readcenn) | il 349)
14 P£uC{1:s} jeu

where the expectation is taken with respect to the random shift which is uniformly dis-
tributed on [0,1]%, and Cy ; is given by (3.16) for the anchored variant and Cy; = 0 for

the unanchored variant.

Proof. From (3.8) and (3.11) we see that

EA 1, 4(f) — Qun(f 0 012 < / [ean(Quns F)2If]1% dA
[0,1]¢

= [ () IF113

47



Substituting (3.33) into (3.39) and applying Jensen’s inequality, we obtain

[e2h (2*)7 = EZ(27)

1/A
1
= (n) > > 7?711( 11 C&i) 11 (20%@‘(27«27]-)\))
v 0#£vC{1:s} vCuC{1:s} jeEv\u j€v
1/A
1
~\ o) Z %A,uz ( H Cé,j) H (2031‘4(27”271')\)) ;
14 0AuC{1:s} oCu N jev\u jEv
1/A
1
= | 7= Z %\,u H (Cé\,j + 2094'((27“2,3‘)\)) ,
(,D(TL) 0AuC{1:s} Jj€u
which equals the square of the first factor in (3.45). |

The CBC construction and error bound we have presented thus far depend on the

final dimension s. If the weights are independent of s, i.e., vsy = Y, and if

> wll (C&j +2C§\,j<(2r2,j)‘)) < oo, (3.46)

Ju|<oco J€EuU

then for every s the CBC algorithm yields a generating vector z* for which ei,l?n(z*) =
O(nfl/ (2)‘)), with the implied constant independent of s. If the weights are of a product
form, i.e., 7 = [[,¢, 75, then the condition (3.46) simplifies to > 7, ’y;\ < 00, as seen in
earlier papers.

In the unanchored space with weights v, independent of s, since there is no need for
auxiliary weights (we have Cp; = 0 and 7,5, = 7v), the CBC algorithm actually works
directly with [ezlfn(z)]Q, and the resulting generating vector is extensible in dimension.
That is, if a fixed z € Z¢ minimizes [ef}}n(z)]Q, then there is some 2411 € Z, such that
(2, zg+1) will minimize [ei‘qm (z,24+1)]%. For general non-product weights -, the cost of
the CBC algorithm can be prohibitively expensive. In §5.1 we will discuss the fast CBC
implementation for POD weights (2.23).

In the anchored space, however, for Theorem 20 to be valid the CBC algorithm must
work with the auxiliary quantity Ei s(2) which involves the auxiliary weights ¥,,. Even
if the original weights v, are independent of s, the auxiliary weights 7, , needed in the
CBC construction still depend on s by definition, see (3.33). Thus the resulting generating
vector is not extensible in dimension, even though the error bound can be independent of s
when (3.46) holds. This means that unique generating vectors z € Z5 must be built from
the bottom up for each s, using the CBC construction. We stress that an implementation
based on minimizing [eZ{ln(z)]Q in each step, although intuitively sound, cannot be justified
by Theorem 20. Unfortunately, even if the original weights have some nice structure such
as POD weights, this structure is not preserved by the auxiliary weights. A method of
tackling this issue for the anchored space with POD weights will be discussed §5.1.2.
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3.3.8  Ezamples of 1; and ¢

In [39] a study is undertaken for various combinations of the weight function ¢; and
probability density ¢. In particular it is examined whether conditions (3.9) and (3.10)
are satisfied, and then rates of decay of @\](h) are calculated. For the anchored space it

was shown in [39] that

~

6i(h) = # / bwjzl(t)siHQ(th(t))dt for h 0. (3.47)

We see from (3.30) that the function 6; for the unanchored space only differs from the
anchored case by a constant. Hence the formula (3.47) also applies in the unanchored
space.

We present in Table 3.1 summary of a number useful probability densities ¢. Some
of these choices have been used in applications of the QMC theory. We leave a free

parameter v to be able to adjust the distributions.

Table 3.1: Various possible choices for ¢(y)

Distribution Formula

—y2 /20

Normal ¢nor,u(y> = e\/%

. . /V
Logistic Progit, (Y) = l,(liiy/u)z
Exponential  dexp . (y) = e_‘QyV‘/V

(vl 2\ —(r+1)/2

Student Pstuw(y) = \/,1,7 ((g)) <1 + y7>
Rational bratw(y) = %(1 + ‘y’)f(MH)

In Table 3.2 present a summary of the conditions (3.9) and (3.10) as well as estimates of
ro,; for selected combinations of ¢ from Table 3.1 and ;. Full details of these calculations
can be found in [39], with the exception that the cases with 1;(y) = 1 are given in [57].
The asterisks in 75 ; in Table 3.2 mark those cases where matching lower bounds on gj(h)
have been obtained (up to 6 > 0), indicating that those estimates on 7 ; are sharp.

Full details of the calculations of bounds of éj(h) and hence the constants Cs ;, C3 5,
12,5, and 3 ; for most of the choices in Table 3.2 can be found in [39]. These calculations
were not, however, performed for the cases where 1;(y) = 1. We present these calculations
here in the Examples 23-25.

First, we can see that due to symmetry of all our choices of ¢, we can write

- 2 1/2 sin? (mhu)

i = | i (@71 (w)p(2~1(u))

du.

In the examples below we make use of the following lemma

49



Table 3.2: Selected combinations of the probability density ¢ and weight function ¢;. Do
conditions (3.9) and (3.10) hold? What are the estimates for r, ;7 The asterisk in r; ; below
indicates a sharp estimate of r, ;.

Plo it,u(y) Pstu,v (y)
¢nor,1/(y) &
or Qﬁcxp,u(?}) or ¢rat,u(y)
Pi(y) = ev?/22)  Yes if a > 20 - _
T2 =1-3
Yi(y) = e~ lul/ Yes Yes if a > 2v -
ro;=1-6,v5€(0,3) ry;=1-%
¥i(y) = 1+ Jy))~~ Yes Yes Yes if 2a+1 < v
e = 1-—29, r;,j =1-29, r;’j =1 2‘;1’1

Vo € (0, min(%, %oa/)) Vo € (0, min(%,oa/))

Yi(y) =1 Yes Yes Yes if v >1
ra;=1-6,Y5€(0,3) 3, =1-6VY5€(0,%) rj, =1—L&

Lemma 22 For any h > 1, we have

1/2 o2
/ sin®(mhu) du < l—l—ln <7rh>
0 u 2

and for any 0 < b <1,

/b/2 sin?(mhu) du > g
0 u - 2

Proof. The first inequality we use sin?(7whu) < (whu)? for u € [0,1/(wh)] and sin?(rhu) <
1 for w € [1/(mh), 1],

1/2 i 2 1/(rh) 1/2
/ Mdu < / 2h2udu + / wdu
0 0 1

u /(mh)
_ ! +In h
2 2

For the lower bound, we use Lemma 3 in [39] and take a = 0. O

Example 23 We take the combination

¢(y) = ¢nor,u(y), P =1.
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We see that

R T (Y2 1
0i(h) = 2v2my / exp( Paory (1))° >sin2(7rhu) du

w2h? 2v
1/2
< 2\/2771// sin?(rhu) du < 2V 27y l—i—ln mh ’
mw2h? u m2h2 \ 2 2
-1
where we used exp (W) < % for u € (0,1/2), as demonstrated in Example 4 of

[39]. Thus for any § € (0,1/2), using Inz < 2°/§, we can take

23/2—(5 p1/2
5 73/2—3 ,2—8 g1—25

027]‘ = T2 = 1-6.

A useful lower bound proved elusive.

Example 24 Now consider the pair

(y) = ¢logit,u(y), P =1.
From the definition in Table 3.1 we see that for u € (0,1/2]

u(l—u)‘

1%

¢10git71’(¢10;1t V( )) =
Thus, using 1/2 <1 —u <1 for u € (0,1/2),

2
m2h2

1/2 R 4 1/2
/0 utsin?(rhu) du < 0;(h) < 37,2 /0 u~ L sin?(rhu) du,

and using b = 1 in Lemma 22 we obtain, for any § > 0

1
CSJ' = ﬁ and r3i = 1.

and we see that Cy ; and 72 ; can be derived in exactly the same way as Example 23. The

same results can be obtained for ry ; and 3 ; if we consider ¢(y) = Gexp (V).

Example 25 Finally, consider the pair

¢(y) = d)rat,u(y)y 1/1]' =1.

Again, using explicit formulas in Table 3.1, we find, assuming v > 1

e (1, () = = (20)+107,

hence we have that
. ol-1/v  1/2
bi(h) = —5 / w” ) gin?(rhu) du,
Q0 0

o1



Using Lemma 3 from [39], we can derive

1 2\ 21 2 1
Coi= 2 Coim——" and ry;j—r3;=1——
23— 9 C 1/v <7T> ’ 3. (2/v — )72’ anc 12 =73, Qu

Relationships between ¢gtu . (y) and ¢rat(y), derived in [39], shows that we obtain the

same values for ry ; and 73 ;, but different Cy j and Cs3 j, when we consider ¢(y) = ¢stu,u (y)-
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CHAPTER 4

The porous flow problem

In this chapter we analyse the porous-flow problem first presented in the introduction.
We are concerned with modelling the behaviour of single-phase fluid flow in saturated
media, where the permeability underlying medium is allowed to be a random field.

This model is primarily intended to simulate the flow of fluids through porous rock or
soils in the earth’s crust. We are motivated to understand the dynamics of fluids in these
media for various endeavours, particularly for understanding the spread of pollutants
within groundwater deposits, or for management of water resources.

The model is based on Darcy’s law

coupled with the incompressibility constraint,
Vgq(x) =0

Here g represents the Darcy flux, u is the residual pressure field, and a the permeability
of the underlying medium. In our model we are interested in letting the field a be a ho-
mogeneous random field, reflecting the complex nature of rock or soil formations. Rather
than having constant permeability, these formations are known to have strong spatial
variation in permeability, a property we call heterogeneity. This property is also known
to apply on a variety of scales of measurement. In practice it is impossible to measure
exactly the permeability of a given medium with heterogeneity. Further, it is known that
taking sparsely spaced measurements and performing some sort of interpolation yields
poor results that do not reflect the reality of the medium being simulated. Thus we use
random fields, and assume that a single realisation of the field bears some similarity to
the permeability field of our rock formation. We then ensure that statistically our random
field model bears a resemblance to the permeability field, and our simulation consists of
studying statistical properties of the solutions to the Darcy flow equations.

This leads us to the following PDE, which is the focus of interest in this chapter,
-V - (a(z,y)Vu(z,y)) = f(x), for y € RN and & € D (4.1)

where D is a bounded spatial domain in R?, d = 1,2, or 3, and (RN, B(RY), pg) is our

parameterised probability space of sequences y, to be discussed shortly. Here we take the
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boundary conditions to be homogeneous Dirichlet conditions. The field here is taken to
be of the form

a(x,y) = a«(x) + ag(x) exp(Z(x,y)), (4.2)

where and a, ag are given functions that are continuous on D with a, non-negative and

ag strictly positive on D, and
[e.e]
Z(w,y) ==Y /15 &(@) v, (4.3)
j=1

where j1; are real, positive and non-increasing in j, and we assume the &; are orthonor-
mal in L?(D). We discuss the conditions for point-wise convergence of this expression
later in Lemma 26. The §;, in some sense, can be considered to be “basis” functions
for construction of the random field. The y; are i.i.d. zero-mean Gaussian normal (i.e.
N (0, 1)) variables, and our probability space is (RY, B(RY), pg), where B(RY) is the Borel
sigma-algebra on RY, taken here to be the sigma-algebra generated by countable products

of intervals I € B(R). The measure p¢ is the product Gaussian measure

pa =N (0,1). (4.4)

=1

We see that pg is a Gaussian measure on an infinite dimensional space, in the sense that
for any bounded linear functional ¢ : RY — R, the push-forward measure defined on
B(R) by (bupc)(A) = pg(t~1(A)), where A € B(R), is a Gaussian measure on R with
zero mean. We note also that Z(x,-) is a Gaussian random variable for any « € D
with zero mean, and indeed (Z(x1,-),...,Z(xk,-)) is a Gaussian random vector for any
collection of points @®1,...,x; € D. Thus, in accordance with the standard definition, we
call Z: D xRN — R a Gaussian field, see e.g. [2, §1.6]. Thus the field a is said to be a
lognormal random field.

We note briefly that, in contrast to our “parametrically defined” field, as presented
in (4.2) and (4.3), most of the literature presents random fields where Z is specified as
a Gaussian field and given covariance structure. The covariance of a Gaussian field is
represented by a function, c¢(xo, 1) = E[Z(x0, ) Z(x1,)]. We assume ¢ to be continuous
on D x D and note that c(xg, 1) = c(x1,20). The Karhunen-Loéve expansion then
allows us to find the parameters p; and §; which can be said to be the eigenvalues and
eigenvectors, respectively, of the covariance integral operator for which c(xo,x1) is the

kernel, in fact we have

1€ (xo) = /Dc(movml)ﬁj(ﬂ?l)dml

We assume that the covariance functions are stationary and isotropic, meaning that we
can write ¢(xo,x1) = p(|Jxo — @1|). For further information on this subject we refer the
reader to [2].
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£, j=2 &, =4

g, =12 £l j=20

Figure 4.1: Grey-scale plots of example §; in 2-dimensions

In Figure 4.1 we present some examples of &; for a given set, where the value of
the function is given in grey-scale. In fact these examples here were derived using the
Karhunen—Loeve expansion for an exponential covariance. We see that they are periodic
functions increasing in frequency for higher j, the sort of behaviour we might expect. Let

us define the partial sums

S

Z(@,y) = Y Ei &)y, fory € RY (4.5)

J=1

and define a®(x,y) as in (4.2) but with Z*(x,y). In Figure 4.2 we have a sequence Z* for
increasing s for a fixed y € RY. As s increases we clearly see more “resolution” towards
some final random field, although even for small s we see some key features of the field
emerge already, such as impermeable clusters.

We study problem (4.1) in its weak form. Thus we seek u(-,y) € H(D) (these spaces
will be defined shortly, in §4.1) such that

A (y;u,v) = (f,v), forallve H}(D) and for almost all y € RY, (4.6)
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Partial sum Z5(x,y) for s=100 Partial sum Z%(x,y) for s=500

Figure 4.2: Grey-scale plots of example partial sums Z°(x,y) = Zj‘:l VI (x)y; for
various s

where (-, ) denotes the duality pairing between H*(D) and (H*(D))’, which can simply

be taken to be the L?(D) inner product, and we have the bilinear-form

A (y;w,v) = / a(x,y)Vw(x) - Vo(x)dz, w,v € HY(D),
D
and we assume that f € (H}(D))'.

For any ¢ > 0 we have pg({y : a(z,-) > ¢71}) > 0 so that problem (4.6) is not
uniformly bounded over all possible realisations of a. If a.(x) = 0, then we also have
pc{y : a(z,) < €}) > 0 so that (4.6) is not uniformly elliptic either. This loss of
ellipticity and boundedness is one of the main difficulties in the (numerical) analysis of
(4.6).

We are interested in expected values of functionals of the solution of (4.6). That
is, if G € (HY(D))', we will be interested in the expected value E[G(u)] of the random
variable G(u(-,y)). The choices of functionals are generally inspired by the literature in
groundwater flow modelling, and include but are not limited to effective permeability of
a medium, the pressure at a point (point evaluation), and positions or travel times of
a suspended particle in the fluid. We shall use sampling methods for the computation
of E[G(u)]. That is, we will compute realisations of a(x,y), which yield realisations of

u(x,y), via the solution of the elliptic problem (4.6), and from these we shall compute
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an approximation of E[G(u)] by an appropriate averaging over y. However, in contrast
to standard Monte Carlo (MC) methods, we will sample a(x,y) using quasi-Monte Carlo
(QMC) methods. We demonstrate here that under suitable assumptions, QMC methods
are faster than MC methods for this class of problems. For simplicity in the theory, we
must assume the functionals G to be linear.

We summarise here the approach to approximating the problem. First we approximate
(4.6) for a fixed y using the finite element method. Following conventional notation, a
solution is found in a finite-dimensional subspace Vj, C H} (D) of piecewise-linear functions
on a triangulation of D, where h is a parameter for the the maximum diameter of all the
triangles, and the finite dimensional solution is labelled u,. Next we we sample the
random field by truncating the sum in (4.2) to s terms. The resulting approximation of
the field, which we denote a®, is substituted in to (4.6), and the resulting finite element
solution is then denoted uj(x,y). The corresponding approximation of E[G(u)] is then
taken to be the expected value of the random variable G(uj (-, y)), written E[G(uj)]. In
fact, since uj is a random field derived from the s i.i.d. A'(0, 1) random variables {Y}};>1,

we have the formula

s

EGu;)] = [ Gui(~v) [[¢w)dy, (4.7)

RS i

where ¢(y) = exp(—y?/2)/v/2r is the Gaussian normal probability density.
The computation of this (possibly high dimensional) integral, leads us to the use of the
QMC methods outlined through this thesis, in particular randomly shifted lattice rules.

Our aim in this chapter is to bound the root mean square error of this QMC evaluation,

/B[ (BI0(] - @un(z. 5 9(u)?) (45)

where E? denotes expectation with respect to the random shift A, and where Q sm(z,A;+)
a lattice rule, as defined in (2.10). Thus Qs (2, A; G(uj)) represents our proposed QMC-
FE method in full.

The starting point for our analysis is the observation that we can break up our analysis

in to error terms due to the various approximations. We have that
ElG(u)] = Qsn(z,A; G(up)) = E[G(u) — G(up)] + (BG(uf)] — Qsn(z,A; G(up)))

Since the random diffusion coefficient a(z, y) in (4.1) and the random shift A in the QMC

rule are statistically independent, we can write

E[G(w)] — Qsn(2 A; G(uf)) = (E[G(u) - Gui)])® + EA[E[G(u)] — Qunlz, 3 Gud))* .
(4.9)
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Related publications

This problem has attracted great interest recently. The results in this thesis draw directly
from a collaboration that resulted in [24]. In this thesis we undertake the analysis of the
problem, in particular analytic results for error analysis of QMC quadrature applied to
the PDE problem in (4.1) with lognormal random fields. Many results in [24] are more
general than the somewhat more simplified results presented in this chapter.

Early papers [44, 45, 13] provide the foundations of the problem, and explore the use
of Monte Carlo methods when applied to the problem. Extensive analysis of the FEM
problem that arises from the solution of the PDE for a single instance of a permeability
field, that is, without the statistical analysis involving the random field, can be found in
[10] and [55]. In [25] the same approach to the spatial problem is taken, but then using
QMC methods for the statistical simulation of the random field, but did not include error
analysis. A full analysis of QMC methods when applied to this problem, but without
the allowance of lognormal fields (that is, uniformly bounded fields are considered) is
considered in [36]. Further analysis of the problem, including extensive results on the
regularity of the problem in its spatial domain, with applications towards using multilevel
Monte Carlo methods for the quadrature on the probability space can be found in [66]
and [9].

4.1 Preliminaries

Here we introduce some standard notations and concepts, particularly the relevant func-
tion spaces and norms to be used throughout this chapter.

First we introduce multi-index notation. Let v = (v;);en denote a multi-index of
non-negative integers, with finitely many nonzero elements, i.e. [v|:=3 -, v; <oc. As
usual, the value of v; will determine the number of derivatives to be taken with respect
to y;, for any function wu : RN — R, we use the shorthand notation

0"

0%u == (090 ...)u where 0"u = e

1

If » is a function on a finite dimensional space R®, we evidently consider v = (Vj)jzl.
We write m =< v to mean that the multi-index m satisfies m; < v; for all j. Let v —m
denote a multi-index with the elements v; —my;, and () =[] i1 ( n”lﬂj) Now, given any
multi-index v with || = n, we have the Leibniz product rule

v
0¥(AB) = vom ™B) .
um = X ()@ maoms)
m=v
Note that this multi-index notation is quite different to the set notation u used in earlier
chapters.
Let C°(D) denote the space of continuous functions on D, and let C¥(D) represent

the space of k-times continuously differentiable functions on D. We say that a function
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v : D — R is Holder continuous with exponent ¢ in D if we have

[v(z0) — v(z1)]

< 4.10
PEo—— o0, (4.10)

[vlcot(py = sup
xo,x1E€D: ®moF®T1

where |z| is the usual Euclidean distance in RY. The quantity [v|co(py serves as a

seminorm on C°(D). We can define the related norm as

1llerr(py = Tvllesp) + max [07vleorp).
where we take
HUHck(D) = llgllgi 2lelg|8uv(:c)|.

We write H*(D), where s > 0, for the Sobolev space of functions where, for every
v such that |v| < s, we have that 0”v € L%(D) (note that we can allow 8 to include

differentiation in the weak sense here). We take the usual norm as follows,

vl ers(py = Z 10 v]| L2 (py- (4.11)

v|<s

Let us also write Hg (D) for the subspace of functions in H!(D) with vanishing trace on
the boundary dD. We define the norm on H}(D) as

1/2
ooy = ( [ IVoPdz) (412)

and remark that it is well known (see e.g. [22, Theorem 7.10]) that in HJ(D) this norm
is equivalent to the norm defined in (4.11). As H}(D) is the natural setting for much of
the theory to come, for brevity we adopt the notation V = H}(D) and let V" indicate its
dual space from now on.

Finally, for some regularity results we will also require spaces of Bochner integrable
functions. For any Banach space X with norm || - ||x and for 1 < ¢ < oo, we denote by
L1(Q,P; X) the space of all strongly P-measurable mappings v from (£2,.4) to (X, B(X))
(where B(X) denotes the Borel sigma algebra over X), for which the Bochner integral

(Jo, [01%dP) 9 for 1< ¢ < oo,
HUHL‘?(Q,IP’;X) =
esssup,eqllvllx, for ¢ = oo,

is finite. When there is no ambiguity about the measure, we shall denote this space by
L1(9Q; X). In the particular case X = R, we shall simply write L4(2) in place of LI(€2;R).

4.2 Discretisation and truncation

In this section we are concerned with finding an upper bound for the first term in (4.9). We

do so by separating the contribution towards the error of the finite element approximation,
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followed by the truncation, that is we write
G(u) = G(ui) = (G(u) = G(un)) + (G(un) —G(uj)) (4.13)

and estimate the expectation for each of these two terms separately. Other publications,
for example [36, 7], take the approach of estimating G(u) — G(u®) and G(u) — G(up)
separately.

For ease of notation we define

Bi(x) = /i &i(x). (4.14)

We now make some suitable assumptions on the regularity of the field parameters p; and
§j. These assumptions are inspired by what is commonly seen in the literature, but are
simplified here for the sake of exposition in this thesis. These assumptions are somewhat

less general than, for example, those found in [7] or [24].

Assumption A1 (a) The functions & are continuously differentiable, i.e. {&;}j>1 C
ct(D).
() 521 1855y < 00 for some p € (0.1], and 353, V8o ) < o0,

We can now define the admissible parameter set. This will be a set of “good” reali-
sations of the field a, in the sense that a(-,y) is bounded away from 0 and oo, and has

appropriate smoothness properties. We define

Us = {we®': 3 (IBleom + IVBllom) Il <o} <R (4)
j=1

This set Ug C RN is not a simple set, in the sense of being able to be constructed
through a countable product of intervals in R, but as is shown in the following lemma,
Ug is measurable and contains pg-almost all realisations y. This enables to consider all
results going forward to be for realisations in Ug, and can employ our regularity results

“pointwise” for y € Ug.

Lemma 26 If Assumption A1 holds, then Ug € B(RY) and pg(Ug) = 1.

Proof. This proof is based on the proof of [56, Lemma 2.28]. We define

M
Usain = 3y €RY Y (I8illcom) + IV8lleo ) ) lnsl < NV 3
j=1

which is clearly measurable, and measurability of Ug then follows from the fact that we
can express it as a countable intersection and union,

Uﬁ = Uﬁ7M’N

1

T3
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We have that

9 [o° 2
E | = 1d = —42/2)dy = \/>
pc Uil /RN\ya! pc(y) \/%/o yexp(—y~/2)dy -

Now, considering the partial sums we can apply the monotone convergence theorem to

swap the sum and the integral,
L3 (1B lles) + 198 les ) 151 docsw)
j=1
= > (IBllevy +18lesy) [, 151 dpcw)
j=1

2 o
= \/;Z (Hﬁj”co(ﬁ) + \IVﬁllco@)) < 0.
=1

This implies that the sum must be finite for pg-almost all y, thus pg(Ug) = 1. O

We have the following important consequence,

Lemma 27 Let Assumption 1 hold, then the partial sums Z*° converge uniformly (in x)

to Z, for pg-almost all y.

Proof. We have that |Z(z,y) — Z°(z,y)| < 37,4y 1Bjllcopy l¥5] which necessarily

must converge to 0 by Assumption Al, irrespective of x, for any y € Ug. O

4.2.1  Spatial regularity

The regularity of the random field a(x,y), in the spatial variable x, depends on the
properties of the parameters p; and §;. As we shall see, Assumption Al enables us to
demonstrate a degree of spatial regularity. Similar results with more generality can be
found in [24, 9]. Our approach here is more akin to [36] in terms of our assumptions of
spatial regularity. It should be noted that Proposition 28 is demonstrated in [2, Theorem
8.3.2], however this result assumes the statistics of the random field are given by a covari-
ance kernel with a certain smoothness, rather than our approach of building our random

field directly from the parametric representation (4.3).

Proposition 28 Under Assumption Al the realisations of Z(-,y), as defined in (4.3),
are in CY(D), pg-almost surely. If, in addition, a., ag € C*, then a(-,y), as defined in
(4.2), are also in C*(D), pg-almost surely.

Proof. To show that Z(-,y) € C'(D), it suffices to show that 1Z(-;y)lleomy < oo and
that [|[VaZ(:,y)lcom) < 00, for pg-almost all y. Using (4.3) we have that

[e.9]

1ZC ey < D IBjlleomlysl < oo
j=1
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for all y € Ug. By Lemma 27 we have uniform convergence of the sum for y € Ug, hence

we can exchange differentiation with summation, thus we have

IV2Z (-, y)lleo vaﬁj < Y IVBjlleopy lyjl < oo
CO@) J=1

for all y € Ug, i.e. pg-almost all y. The regularity of a(-,y) follows from the regularity
of ay, ap and exp(-). O

Note that as D is compact we also have that a(-,y) € C%*(D) for any 0 <t < 1.
Consider the weak form of (4.1) as defined in (4.6). To prove well-posedness of this

variational problem, we define, for pg-almost every y,

a(y) := mina(x,y) and a(y) == maxa(x,y). (4.16)

xeD xeD
Under the assumptions of Proposition 28, for almost all y € RN, Z(-, y) is a continuous
function on D and hence attains its finite maximum and minimum on D. Thus the
quantities @ and a defined in (4.16) are pg-measurable and, hence, random variables
which satisfy a(y) > 0 and a(y) < oo pg-almost surely. Furthermore for all x € D and

pc-almost all y we have
0<a(y) <a(x,y) <a(y) <oo, forall €D and yeUg. (4.17)

Therefore for each y the Lax-Milgram Lemma holds, and we can infer the existence of a

unique solution u(-,y) of (4.1).

Theorem 29 Let Assumption 1 hold, then for every y € Uy, s € N and h > 0, the

weak-form problem (4.6) admits unique solutions u(-,y) € V. Moreover,

[u(, y)llv < v( ] Ifllve,  YyeUg, (4.18)

We have, however, no uniform bound of & and & for all y, as discussed earlier in this
chapter. Hence we can not provide uniform bounds for the solution u of (4.1). However,
we can see that the mapping given by (4.1), between a € C%*(D) and u € V, is Lipschitz
continuous. This guarantees pg-measurability and hence u is a random field on the
probability space (Ug, B(Ug), pc) which takes values in the space V.

In the next theorem we take this further and use an application of Fernique’s Theorem,
see [12, Theorem 2.6], which allows us to extend pg-almost sure bounds on (-, y) to infer
boundedness of |[u||zq(t,,1) for any 0 < g < co. We refer to [7, §2] for details, from which

the following theorem originated.
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Proposition 30 Let Assumption 1 hold and assume that a.,ag € C°(D) in (4.2). Then,
for all q in the range 1 <q < oo, 1/a € LYUg) and a € LI(Ug), and for every f € V'
the problem (4.6) admits a unique solution u € LY(Ug, V') that satisfies

lullLa@syy < l11/allaa I fllve -

Proof. Recall that Z is a Gaussian field, and since D is a bounded domain, by Proposition
28 Z(-,y) € C°(D), pg-almost surely. Hence we can apply [7, Prop. 2.3 & 2.4] to obtain
the result. O

To quantify the rate of convergence of finite element solutions of (4.6) with respect to the
triangulation parameter h, additional regularity of the solution u is required. For this we
use a simplified form of a result from [66] and [9] that extends the pg-almost sure Holder
regularity of a. First we require the following lemma, based on [9, Lemma 2.3], which we

then use to demonstrate the following result.

Lemma 31 If Assumption 1 holds then for any t € (0,1]

laCy)lleor < (14 2(2(,y)llcor) amax(y)

Proof. The proof follows as in the proof of [9, Lemma 2.3], noting that we have a(-,y) €
C%(D) for any t < 1 from Proposition 28. Thus we have, for y € Ug and xg,x1 € D

|exp(Z(@0,y)) — exp(Z(@1,9))| < |Z(20,y) — Z(x1,)| (exp(Z(xo,y)) — exp(Z(@1,y)))
< 2a(y) 1 2(y) o) lzo — 1]

Since we know that a[|Z(-,y)l|¢o.+p) < oo for all y € Ug, we can retrieve the result when

we take the supremum over xgy, 1 € D. O

The next two results have certain requirements of the spatial domain D, which we state

in the following assumption

Assumption A2 D C R? for d =1,2 or 3, is a bounded convex polyhedral domain with

plane faces.

Note that the results also follow if the boundary of D is continuously twice-differentiable
everywhere. This assumption on the domain is the primary focus of [9], while [66] extends

many of the same results to the polyhedral domains.

Proposition 32 Let Assumptions A1 and A2 hold, then a € LP(Ug,C** (D)) and u €
LP(Ug, H*(D)).

Proof. We see that [66, Assumption Al] (that 1/a(y) € LP(Ug)) is satisfied by (4.17)
and Proposition 30. As we assume here that f is smooth over  and has no dependence
on y, we see also that [66, Assumption A3] is also satisfied (that f € LP(Ug, V")).
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We have that Z € LP(Ug, C*(D)) from [7, Proposition 3.8], and that amax € LP(Ug)
from Proposition 30, thus using Lemma 31 and an application of Holder’s inequality, we
have that ||a||Lp(Uﬁ7co,t(5)) < 00. Thus [66, Assumption A2] is also satisfied. Thus the
assumptions for a in [66, Theorem 2.2] are satisfied, and further noting that the convexity
of D means we have Ax(D) = 1 (as defined in [66, Definition 2.1]), which gives us the
final result. O

4.2.2  Discretisation error

To discretise (4.6) in the physical domain D we consider now finite element approximations
with standard, continuous, piecewise linear finite elements. We denote by {7n}ns0 a
shape-regular family of simplicial triangulations of the domain D, parametrised by the
mesh width h := maxper, diam(7T'). Associated with each triangulation 7;, we define the
space V;, C V of piecewise linear, continuous functions on this mesh, which vanish on dD.

For any y € Ug, we denote by u(y,-) € Vj, the solution of
JZ{(ya Uh(',y),’l}h) = <f7 Uh>’ for all Vh € Vh . (419)

As in Proposition 30, for every h and for pg-almost every realization a(-,y), the FE
solution up(y, ) € Vj, exists, is unique and (like the exact solution u(y,-)) satisfies the a

priori bound

lunllLawgvy < 11/allpawg)llfllvs s forall 1<g<oo, (4.20)
First we have the following result, a simplification of [66, Theorem 2.3].

Proposition 33 Let Assumptions A1 and A2 hold, then for any q > 0 there is a constant
C such that

v —unllLag,vy < Ch.
We are now in a position to bound the first term in the overall error bound (4.13) for

our method. A proof can be found in [66], and uses an Aubin-Nitsche duality argument

to boost the order of convergence.

Theorem 34 Let Assumption A1 hold. Suppose G(-) is a continuous linear functional on
H'"7(D) for some T <1, i.e. there exists a constant Cg such that |G(v)| < Cgllv| g1 (p)
for allv € H*"(D). Then

|E[G(u) — G(wp)]| < CR*. (4.21)

4.2.8 Dimension Truncation Error

To perform any numerical experiments it is of course necessary to truncate the infinite
series expansion (4.3), creating a finite dimensional expression upon which we can perform

our QMC quadrature. Here we examine the resulting truncation error.
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Recalling (4.2) and (4.3), the approximation of a obtained by the dimensionally trun-

cated expansion of Z is
a®(xz,y) = asx(x) + ao(x)exp (Z°(x,y)), for some s € N . (4.22)

The number of terms s is the dimension of the parameter domain for QMC integration
n (4.7).

Note that a®(x,y) can be considered as the exact coefficient a(x,y) evaluated at the
particular vector y = (y1,...,9s,0,0,...). More generally, denoting by u C N any set of
“active” coordinates, as in Chapter 2, we denote by (y,;0) the vectors y € Up with the
constraint that y; = 0if j ¢ u. This is in line with notation used in the previous chapters.

For any y € Ug, we can now define uj (-, y) € V}, to be the solution of the dimensionally

truncated, discretised boundary value problem
A (y;up, vn) = (f, vn), for all v, €V, (4.23)

where

o (y; w,v) = / a’(x,y)Vw(x) - Vu(x)de, for any v,w € V.
D

For simplicity, we work here under the assumption that, for any vy, wy € V},, we evaluate
the integrals in «7*(y; wp, vy) exactly. It is possible to also include quadrature errors in
the analysis (see [9, §3.3] for details). Existence and uniqueness for uj (-, y) pg-almost
everywhere follows again by the Lax-Milgram Lemma, in fact, Theorem 29 applies to the
truncated problem, with the bound (4.18) also holding for ||uj (-, y)||v

To obtain a bound on |E[G(us) — G(uf)]| we apply the truncation error analysis in
[7,9].

Theorem 35 Let Assumption A1 hold. Then |1/a°||La(v,) 15 bounded independently of
s, for all 1 < q < co. Suppose further that G € V'. Then

1 1
IE[G(up) — G(up)]| < Cys™X, forall 0<x< Pt (4.24)
Proof. We define
2(1—«a o
=Y 1Bl 1VBillEs 5
Jj>s
Note that Assumption Al implies that
Rso = ZHBJ‘HEO@) < 0,
i>1
and further, since clearly ||V 3;]|co(5) is bounded,
(1—a) (1— a)
= S IBI I8 % < > 185120 (4.25)

j>s
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for any a € (0,1 — §]. Thus Assumption 3.1 of [7] holds. The required result that
11/a°||La(ug) is bounded for 0 < g < oo, independently of s, then follows from [7, Propo-
sition 3.10]. Moreover (4.25) implies that for s large enough

2 1 a
Roa < DI85

j>s
< 1811355, ”Dlﬁallcow
j>s
2(1-a)/p-1
< S—Q(I_Q)/p-H Z ||BJ||I():0(§) Z HBJHZO(D)
i>s J>s

< Cs—2(1—a)/p+1’

where we used the fact that HﬁsH
summability of ||5;||",

) < S Qlimt ||ﬁj|]co(D which we infer from the
Hence we have that
c(Dy

Z(max(R&Q, R o)) < o0
s>0

for arbitrary po > (2(1—a)/p—1)~!, which is precisely Assumption 3.5 of [7]. This allows

us to use [7, Theorem 4.2] to obtain
lu—w|Lawgvy < Caxs™, (4.26)
where x = (1 —a)/p—1/2, and u® is the solution of the dimensionally truncated problem
o (y;u(-,y),v) = (f,v), forall veV.

Finally, since the finite element solution uy, satisfies the same a priori bound (4.20)
as the exact solution v (in Proposition 30) and since the right hand sides in (4.19) and
n (4.23) are identical, the bound (4.26) holds also for the finite dimensional solution,
that is |lup — uj || Lasv) with constant Cyy > 0 being independent of s and h. This
follows immediately from the proofs of [7, Theorems 4.1 and 4.2], since all the identities
and bounds involving u — u® there, hold equally for uj, — uj. The final result (4.24) then
follows upon taking ¢ = 1 (note that E[-] = || [[11(v,)) and from the fact that G € V'. O

Combining Theorems 34 and 35, we obtain the following estimate of the first term in

(4.9).

Corollary 36 Under Assumption A1 and with x > 0 as defined in Theorems 34 and 35

we have

E[G(u) = G(up)]| < O (h* +57X) .
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4.3 Quadrature error

In this section, we perform the analysis of the second term in (4.9), which is the error in
approximating the expectation E[G(uj} )] by a suitable randomly shifted QMC quadrature
approximation. We make extensive use of the analysis introduced in Chapters 2 and 3.
First we must prepare for this analysis by proving certain regularity results, which follow

in the next section.

4.83.1 Regularity with respect to the parametric variables

To estimate the second term in (4.9), it is crucial to bound the mixed first derivatives
of uj(-,y) with respect to y. Here we state and prove a more general result which gives
bounds also for higher order mixed derivatives. We prove the result for u(-,y) and explain
subsequently why the argument also applies (with constants that are independent of h
and of s) to uj(-,y).

Recalling the multi-index notation, defined in §4.1, We will make use of the following

identity.

Identity 37

> () = (%)
m)  \i)’
m=v
|m|=i
Proof. This result can be demonstrated using a counting argument. For each m in the
sum on the left hand, ( :1) side counts all possible combinations of m; elements that can
be drawn from v; distinct elements, totaling to ¢ elements from a collection of size |v|.

The sum over all possible m gives us every possible combination of ¢ elements that can

be drawn from a set of size |v|, which is the same as the right hand side. O

From (4.2) and (4.3) we see that

(0% a) (@, y) = ao(@) | [[(Vii&i(@)" | exn(Z(z,y))

Jj1

= (a(z,y) — a«(x)) H(\//Tjé’j(a:))”j ,

Jj=1
Since from (4.2) we have 0 < a.(x) < a(x,y) for all € € D and y € Uy, it follows that

B
a(-, y)

<[[vY VyeUs, (4.27)
)

L>(D §>1

where, for our convenience, we have written
b == 118lleomy (4.28)

The bound in (4.27) also holds with a(-, y) replaced by the truncated parametric coefficient

a®(-,y), uniformly with respect to s € N. In the case of a°(-,y), clearly there is no
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dependence on coordinates j > s, hence if v; > 0 for any j > s then the left-hand side of
(4.27) vanishes and the bound holds trivially. This leads to the following regularity result

with respect to the parameters.

Theorem 38 For any y € Uy, any f € V', and for any multi-index v with |v| :=
ijl vj < oo, the solution u(-,y) of the parametric weak problem (4.6) satisfies the a-

priori estimate

vt vl ()1
o u v < 5 (m) A (1.29)

Moreover, the estimate (4.29) also holds with u replaced by uj .

Proof. We only establish in detail the result for v as an identical argument will apply
to u; with all constants appearing in the bounds being independent of s and of h. Note
that below the gradient operator V will relate exclusively to the spatial variable a, while
0¥ will relate only to the probability parameters y. We first prove by induction on |v|
that, for any fixed y € Uy,

( | a(w,y>rv<a"u><m,y>|2daz)1/2 < A|,,|< 11 b;j> % (30)

where the sequence (Ay,)n>0 is defined recursively by

n—1
Ao =1 and Ay = Z <n>AZ forall n>1. (4.31)
i
i=0

To obtain (4.30) for the base case |v| = 0, we set v = u(-,y) in the variational form

(4.6):
/Da(may)|vu(ﬂ3,y)|2dw = (fiuy) < [fllv luC9)lv,

Remembering that (-,-) denotes the duality-pairing between V and V’. Noting that
a(x,y)/a(y) > 1, we now see from (4.12) that

v = ([ muura) < ([ “E v ypae)

hence we obtain

/Da(cc,y)\Vu(a:,y)Pdw < \H/f% (/Da\Vu(w,y)lzdx)l/2.

Cancelling the common factor from both sides yields (4.30) for |v| = 0.
For the following results we do not explicitly write the dependence on the variables,

that is we write u for u(x,y), unless the dependence is not understood from the context.
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Now, applying 0¥ to the variational formulation (4.6), and recalling that f is independent
of y, we obtain the identity

/D mzj:,, <”I7/1> (0" "a) V(0" u) - Vo(z) | de = 0 forall veV.

Taking v = 0% u(-, y), separating out the m = v term, dividing and multiplying by a, and

using the Cauchy-Schwarz inequality, we obtain

/D V@ ulds = - 3 <T’;> /D (07~™a) V(™) - V(0¥ u) do

ma:
S (1), () (faserora)
mZv

Canceling the common factor on both sides and using (4.27), we arrive at

(/D a|V(8“u)|2dm> . <> <:1> <Hb§j_mﬂ'> </D a|V(8™u) 2 da:> 1/2.

m=v j=>1
m#v

We now use the inductive hypothesis (that (4.30) holds when |v| < n — 1) in each of the
terms on the right-hand side and use Identity 37 to obtain

(fomra) "< 22 (2)(005) (1)

i=0 m=<v j>1 j>1 a
|m|=i
n—1
S () () M (o)
=0\ is1 a(y) s a(y)
This completes the proof of (4.30).
Next we prove by induction that
A ! for all 0 4.32
< >0. .
" S o orall n > (4.32)

Clearly the result holds for Ag. Suppose the result holds for all A; with i <n — 1. Then

we have

A < = /n\ nz_:l (In2)n—* n! = (In2)* o (1n2 1)
g = [ —_
"= s (In2)? 1n2 m e (n—i)! (In2)" — k- (In2)" '

—_

and so (4.32) holds for all n.
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The final result (4.29) can be obtained by noting that

Yul(- ; alx Yulx 2dx v
[0u(, w)llv < WUD (,9)[0"u(z, y)*d )

then inserting (4.32) into the right-hand side of (4.30).

Our proof argument is based entirely on the weak form (4.6) which is satisfied also by
uj (-, y) if V is replaced by V4, y € Uy is such that y; = 0 for j > s, and a is replaced by
a®. Thus the result holds also for the finite element solution u; (-,y) of the dimensionally

truncated problem, with all constants independent of s and of h. O

4.3.2  Analysis of the QMC integration error for G(uj)

In this section we use the regularity results of §4.3.1 to bound the QMC integration error,
which is the second term on the right-hand side of (4.9). Recalling (4.7), we address the

efficient numerical evaluation, for large s, of integrals

I g(F) = / ) [[ow)dy. with Ply) = GGuit.u). (4.33)
yeRs

j=1

where ¢(y) = e~¥*/2/y/2 is the standard normal probability density function,

B(y) = /_ngdt

denotes the cumulative normal distribution function and let ®~! denote its inverse. The
integral I,(F) is transformed to the unit cube by applying ®;! component-wise. This is
precisely the problem presented in Chapter 3, accordingly we approximate this truncated
integration problem using randomly shifted lattice rules Qs (2, A; F).

As explored throughout this thesis, analysis of QMC quadrature relies on a suitable
function space for which worst-case error analysis can be performed. We see quite clearly
here that the “standard” weighted Sobolev spaces, as introduced in Chapter 2, are unlikely
to be suitable for this problem. In an integral of the form (4.33) over the unbounded do-
main R, the transformation to the unit cube yields the transformed integrand F(®;1(+))
that may be unbounded near the boundary of the unit cube, and thus does not belong
to the weighted Sobolev space. We also see that the spaces presented in [39] turn out to
be sub-optimal, as they only allow for product weights. Here we will see, particularly in
Theorem 43, that to be able to best minimise (4.8), we require the use of more general
non-product weights.

A suitable function space setting for the integral (4.33) is the triple weighted unan-

chored space of functions on R®, introduced in Chapter 3. We recall the norm for this
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space from (3.27),

2
1 oM F
IFly, = > / / oy [ o) dy—u | 147 ) v,
uC{Lsy TR R Oy jE—u j€u
(4.34)

where for each j > 1, the function ¢; : R — R™ is the positive and continuous weight
function, and for each u C {1 : s} , 7, > 0 is our set of weight parameters. We shall go
on to specify how to best set these parameters throughout this section.

Now recalling the shift averaged worst-case error (2.2) and Theorem 21, we have the

following for the second term of (4.9):
EXEG(4})] — Quan(2z, A5 G(u))|* = EA|L(F) = Quu(z, 5 F)I? < [, (=) IF I, .

where the expectation is taken over the random shift A which is uniformly distributed
over [0, 1]*,

First we show that, under a suitable assumption on the weight functions v;, we have
| F|lw, < oo, regardless of our choice of weight parameters v,. This result is stated in
Theorem 39 and makes use of the regularity results in §4.3.1, particularly Theorem 38. We
can then use Theorem 39 with Thorem 21 of Chapter 3 to lead to Theorem 40, which gives
an estimate for the root-mean-square error and shows that this attains a rate of conver-
gence arbitrarily close to O(n~1), but with a possibly s-dependent asymptotic constant.
Then in the following subsection we show that a careful choice of the weight parameters
7, can be made so that the asymptotic constant in the convergence estimate is bounded
uniformly with respect to s, leading to the main result, Theorem 43. Throughout this
work we allow for arbitrary v, as long as some conditions are maintained. Furthermore,
we have some parameters, defined shortly, that depend entirely on the choice of ;. We
will assert some conditions on these parameters, and allow them to be unspecified through
the following results.

We assume throughout the remainder of this chapter that Assumption Al holds for

some p < 1. We also require exponential decay of the v;, hence we define

W= [ e ) R dy < o, (4.35)

—00

and further, let ¥y, = SUp;>q U and Wi, = inf;>1 ¥;. We require the following,

Assumption A3 For all j > 1 we have 0 < Wi, < Wy < Wy < 00.

Later in this section we shall make specific choices for v;, with a corresponding family of

parameters o, for which we shall prove that this assumption holds.
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In Theorem 21, the bound (3.45) contains the values C ; and 73 ;, which are parame-
ters that depend on the specific choices of 1); and ¢. For simplicity of notation, from here

on we write
05(X) = 2C3 ;¢(2r2,;N), (4.36)

where once again ¢ denotes the Riemann Zeta function. The parameter g;(\) is not
necessarily finite for all A € (1/2,1], see [40, 39], as well as examples 23-25 in this thesis.
In fact we always require, at the very least, that A € (1/(2r2), 1], where r is defined in
Theorem 20

With this notation we see that (3.45) of Theorem 21 becomes

1/(2))
VEAIL(F) = Qualz, F)? < ( > %TIIQKM) [prot(n)] V(| Pl

P#uC{1:s} JEu
(4.37)

where again p(n) denotes the Euler totient function. Evidently we see that the smaller
A, the faster our best convergence rate of the quadrature error becomes. Ideally we want
A =1/(2—26) for some small § > 0, as this allows for optimal O(n~'*%) convergence. In
§4.3.4 we will examine the values of ro and hence possible values of A for various choices
of ;.

Now we show that under the appropriate assumptions, the norm of F' is finite, inde-

pendently of the choice of the weights .

Theorem 39 For each j > 1, let bj be defined by (4.14) and let Assumption 3 hold. Then
the norm (4.34) of the integrand F' in (4.33) satisfies the bound

1P, < (2 3 [T, (1.38)

~ (10 2)21]
wCTs }'yu (In 2)2lv

where )
~2 ‘: b]
T 2exp(b3/2)0(by)’

with ®(-) denoting the cumulative standard normal distribution function, and with

(4.39)

min_ _+=a
xeD 0( j>1 j>1

Proof. Now, for the integrand F' from (4.33) and for any y € R® (which we identify
throughout this proof, with slight abuse of notation, with the sequence y € RN with
y; =0 for j > s), we have from Theorem 38 with v; € {0,1} and the linearity of G, that

|u! 1
S 1 fllv ||Q||w<1n2)|ul<ﬂbj) )

JEU

‘8|“|F

L) < 16y

('7y)

u
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Since a. in (4.2) was assumed to be non-negative and since min_ 5 \/ij §j(x) > —b;, we

have
a(y) > minag(x H exp(—b;y;).
zeD i>1
Using this, introducing the notation K* := || f|ly [|G(-)|ly+/min, p5ao(x) for the sake of

readability, we now have

Ju
‘aayf(y)‘ : K*<1I‘1u2‘;u(nbj>< [T exp; !wl))- (4.41)

JEuU je{l:s}

Since the final term on the right-hand side of (4.41) is separable, we can group the
factors corresponding to j € u and j € —u separately, allowing us to estimate the norm
(4.34) as

* ) 2 2 2

uC{1l:s} JE—u

~/R|u H eXp 2b |yj D¢] (y]) dyu (442)

JEu

The integrals on the right hand side of (4.42) can be readily estimated. Firstly,

-  exo(b: [ EPY/2)

/5 . l_[uexp i lys)e yg)dy_u—jg[u (/_ooexp(bj ly)) T dy>
= exp(b? > exp(—(y — b;)%/2)
—jyu (2 p(bj/2) /0 Nor dy>
= [ (2exp/2)20)). (4.43)

jE—u
Secondly,
/Rlulgexp (20 ly; )95 (v;) dy,, = Jl;{(/_ooexp(% 1) ¥ (y ) ]1;{\1/], (4.44)

Combining (4.42) with (4.43) and (4.44), we obtain

1F, < (2 TT Cexp/2ew) Y- (1 e o L1 ) (4.45

je{l:s} uC{l:s}

Now, to obtain the bound (4.38), it remains to bound the product in (4.45) indepen-
dently of s. To do this we note that 2 exp(b?/Q)(I)(bj) > 1 and

1 2b; 1 2b;
D) < = |1+ ]><e ( ]> since b; >0.
(])—2< m =9 Xp \/ﬂ J =
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Thus we have J[;cg.(2 exp(bjz/Q)CD(bj)) < Ili> exp(b?/Q +20bj/v/2m) and the bound
(4.38) then follows. O

The root-mean-square error can now be estimated by combining our results thus far.

Theorem 40 Let F' be the integrand in (4.33) and let Assumption 3 hold. Given s,n € N
with n < 1030, weights v = (7 )ucN, and standard normal density function ¢, a randomly

shifted lattice rule with n points in s dimensions can be constructed by the CBC algorithm
such that, for all X € (1/(2r2),1],

VEAIL(F) = Qua(: F)? < 90" Cy ()™ /), (4.46)

with

1/(2)) (11’ ] 1/2
Crs(A) = ( > 73H0j®> ( > ulnmnb?‘l’j> ;
JEu

Ofuc{lis}  Jjeu wCirap e

where b is defined in (4.14), b; is defined in (4.39), C* is defined in (4.40), and 0;(\) is
defined in (4.36).

Proof. The result follows immediately from Theorem 39 and (4.37) with the main result
of Chapter 3, Theorem 21, also noting that for all n < 103° we have that 1/p(n) < 9/n.
O

Without a careful choice of the weight parameters v, the quantity Cy s(\) might grow
(even exponentially) with increasing s. To ensure that Cy 4()) is bounded independently

of s, we choose the weight parameters to ensure that

1/(2X) 1/2
- < > HQjO\)) ( > - 11"2 o H(b2 )) < oco. (447)

|u|<oo JEu [u|<oo

(Note that b; < b; and that it tends to b; rapidly as j — oc.) Provided (4.47) holds
then it follows immediately that C, (A\) < Cy(X) < oo for all s, and so the asymptotic

constant in the convergence estimate (4.46) is independent of the truncation dimension s.

4.8.8  Choosing the weight parameters =,

For any given A\ € (1/(2r2), 1], we now follow the strategy in [36] and choose the weight
parameters vy, to minimise the constant C(\) given in (4.47). We shall see that the
resulting minimal value of C) is finite. To do this we will use the following two lemmas,
both of which can be found in [24, 36].
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Lemma 41 Let m € N, A >0, and A;, B; > 0 for all i. Then the function

p(z1,. . T) = (Z ﬂfi)\Ai> (Z ;) (4.48)
i=1 t

=1

is minimised over all sequences (z;)1<i<m when

B\ /04N
x; = ¢ <Z> forany c¢>0. (4.49)
A;
The function obtained by letting m — oo in (4.48) is minimised when x; is given by (4.49)
for all'i and has a finite value if and only if the series S o2, (A;BM)YU+N converges.

Proof. We show that the choice in (4.49) is by first differentiating (4.48) by x; for
1 <5 < m to obtain

9 A 1/A-1 B [ 1/
O 3 Wil AA. _ 2 AA.

and observing that we have minima when this is set to zero, which we find happens

uniquely at

A
1+ _ B 2imy T A
! Aj 3L Bifwi

However, we note that for any constant ¢ > 0, we have that p(cz1, ..., cxm) = p(x1, ..., Tm),

x

thus p is minimised regardless of the scaling of the x;, thus we can simply chose xz; =
c(Bi/Ai)l/(H)‘) for any ¢ > 0. O

Lemma 42 For all Aj > 0 with } ;5; Aj <1 we have

0o k
1
Z ‘u“HAj < Z <ZAJ’> = TjZlAj’

[uj<co  j€u k=0 \ j>1

and for all Bj > 0 with )~ B;j < 0o we have

Z HBJ' _ H(1+Bj) — exp <Zlog(1+Bj)) < exp <ZBJ>

|u|<oo jEU §>1 §>1 j>1
Proof. Note that for every set u C N, there are |u|! permuted equivalents in N¥. In
addition to this, there are u € N¥ that have repeated elements, thus we see that

k

Al = > TT4a=0> T[4

7>0 ueNFk jeu ‘u‘CN JjEU
ul=~k
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Hence, we can conclude that

> T4 <Zk'<ZHA> < O(ZA> .

|u|<oo JEuU ‘u‘CN JjEU j>1
u
The final equality comes from the standard result for geometric series, provided that
>_j>14j < 1. The second estimate follows from the observation that log(1 + z) < x for
x> 1. O

Since Cy(A) in Theorem 40 is of the same general form as the function in Lemma 41,
we obtain the weights (4.51) below.

Theorem 43 Suppose that Assumption A1 holds for some p < 1 and that Assumption
A8 holds. If p =1 assume additionally that

1
b < In2 : (4.50)
; max Qmax(l)
where Yiax = sup;>1 ¥; and omax(\) = sup;>q 0j(A). Then, for any given X € (1/(2r2), 1],
the choice of weights
1/(142)

Y = WA = (jult)” H (4.51)

(In 2)2lul

minimises C () given in (4.47), if a finite minimum exists. If we furthermore choose

2—7126 for arbitrary § € (0,1/2] when p € (0,2/3],
A= 4o when p € (2/3,1) , (4.52)
1 whenp=1,

and set A = max{A,1/(2r2)} and v, = 75 (X), then Cy(X\) < cc.

Proof. The fact that the choice of weights (4.51) minimises C.y () follows from Lemma 41,
as in [36, Theorem 6.4], on observing that the finite subsets of N in (4.47) can be ordered
(i.e. are countable), and that the particular ordering is immaterial, as the convergence is
absolute and hence unconditional.

Let us define

A/ (14+A)

Sv= Y0 e = 3 h'j;"“ T (1e0r 3 ) . (453)

Ju|<oco JjEu |u|<oo

Then Si/ ) is the first factor of Cy(A) in (4.47) with the choice of weight parameters
(4.51). Moreover, the second factor in Cy(A) can also be shown to reduce to Si/2. Thus
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we have Cy () = S)l\/(2/\)+1/2. So, to prove C,(A) is finite it suffices to prove that Sy is
finite.

By definition we have ¥; < Wy, and 0j(A) < gmax(A) for all 1 < j <'s, and further
we see that Ej < b; for all j < s. Applying these estimates to Sy in (4.53) yields

T [omax V] )
< ' 2)\/(14_)\) max [¢max 2 ) )
Su< 3 () H( T bg) (459
[u|<oo Jjeu

In the following we consider the cases A # 1 and A = 1 separately.

For A € (1/(2r2),1), we have 2A/(1 + X) < 1 and we further estimate Sy as follows:
we multiply and divide the terms on the right-hand side of (4.54) by Hjeu A?’\/(H’\),
where A; > 0 will be specified later, and then apply Holder’s inequality with conjugate
exponents (1 + A)/(2A) and (14 X)/(1 — \), to obtain

/(14X)
]/ b3
< N2X/(1+X) 20/ (1+4X) W max Qmax( i
Sy< D (i) 114 11 (In2)2 A2
[u|<oo jeu jEuU J
20/(1+A) 9\ M(I=X)\ (1=X)/(1+X)
max max )\ 1/ b3
(zeme)(zn(=ged) )
[ul<co  jEu |u|<oco j€U J
<

20/(141) ) )
T exp 1= A [ Unax [Omax(M)]/? Z <bj> 22/(1-A)
=214 1+ A (In2)2 24,

In the last step we applied Lemma 42 which holds and guarantees that S) is finite,
provided that

b\ 2V (AN
ZA]- <1 and Z <Ajj> < 00. (4.55)
j=1 j>1
We now choose
o
Aj = - for some w > Zb? . (4.56)

i>1
Then we have ijl Aj < 1 due to Assumption Al. Noting that Assumption Al also
implies that .-, b?l < oo for all p’ > p, we conclude that the second sum in (4.55)

converges for

2 2\
50-p=p = pSS = A> L s

Recall that A must be strictly between 1/(2rz) and 1 for the argument above. Thus

when p € (0,2/3], we choose A = max{1/(2 — 26),1/(2ry)} for some ¢ € (0,1/2). When
p € (2/3,1), we set A = max{p/(2 —p),1/(2r2)}.
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In the case p =1 we take A = 1. Then, using Lemma 42, we obtain from (4.54) that

-1
Y nax Qmax(l) 2 1/2 b;
S1 < Z |U|! H <(h12)2bj < |(1- Z vV Vinax Qmax(l) ﬁ )

Jj=1

which is finite due to the assumption (4.50). This completes the proof. O

Following the argument in the proof of [36, Theorem 6.5], we can prove that the

alternative choice of weights

2-p
T = Y= (\u!H(/{ bj)> for arbitrary & >0,
J€EuU

while not minimizing C. (), still ensures that C.(\) < oo and yields the same convergence
rates under the same conditions on b;. The form of these weights makes them much more
simple to implement than the optimised weights of (4.51). This result might also seem to
indicate that the approximation is somewhat robust with respect to the scaling parameters
k. However, numerical experiments indicate that arbitrary choices of k can lead to very
poor lattice rules, due to numerical instability of the worst-case error. Therefore, we
recommend the choice of weight parameters (4.51) that minimises the bound. This will
be discussed further in Chapter 5

4.3.4  Choosing the weight functions 1;

In this section we make two specific choices for the weight functions v; and analyse the
quantity ¥; and examine when Assumption A3 is satisfied and hence when ||F'||yy, < oo
from Theorem 39. We also derive the values for p;(\) and the associated parameter ry
that arise from from these choices. We see from (4.51) that our weights ~, depend directly
on ¥; and p;(\), and the parameter rp can affect the convergence rate we attain for the
error estimate.

Ezxponential 1)

Informed by the condition in Assumption A3, we chose
w?(y) = exp(—2a;ly|) for some «a; > 0. (4.58)
It is a simple calculation to verify that

U, = ——
T by

and evidently to satisfy Assumption A3 we require that «; satisfy, for some constants

0 < Qmin < Qmax < 00,

max(bj, amin) < @j < oumax , JEN. (4.59)
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In this case have from [39, Example 5] that Theorem 21 holds for any A € (1/2,1]

V2r exp(a? /)

i = T

and Tro = 1— n fOI' any 7 € (07 1- 1/(2)\)) )

For simplicity we choose 1 to be at the mid-point of its allowable range, that is n = n* =

1/2 —1/(4X). Thus, we have

o) :2<mexp(@?/n*)

A
T (1 n*)n*) C2(1=n")A). (4.60)

There is a trade-off implicit in these constants - the closer we choose A to 1/2, the smaller
n, and hence the larger g;(\) grows.
The biggest difficulty, however, is in specifying «;. Here we specify the choice of

parameters o which minimises the constant C5 ().

Corollary 44 Following Theorem 43, the constant Cy(X), with X = A, given by (4.52)
and vy = Y5 (M) given by (4.51), is minimised by choosing

1 1
aj_2<bj+ bjz+1—2)\*). (4.61)

Proof. We have Cy()) = Si/@)‘)ﬂﬂ with Sy given by (4.53), which is minimised if each
factor [o; (M)A, = [0;(N)]Y/*/(aj — bj) is minimised ;ivith respect to a;. Thus from
(4.36) we see that «; should be chosen to minimise eo‘i/"*/(ozj — b;). This yields the
choice (4.61). O

Before discovering the scheme outlined in Corollary 44 many attempts were made to
find a scheme for setting «; that would produce decent results. Although Theorem 43
holds for any choice of «; that satisfy (4.59), in practice and for concrete values of n,
we should of course strive to minimise the constants to obtain the best performance.
Furthermore, the strong sensitivity of g;(A), and hence Cy()), to o; meant that the
CBC algorithm could succumb to floating-point overflow errors under an arbitrary or
poor scheme for a;;. Choices in past experiments, such as setting a; = 2b;, have lead to
suboptimal results in our numerics. These issues are discussed in depth in Chapter 5.

For convenience we can summarise the following final result.

Theorem 45 Under the assumptions of Theorem 43, with the exponential v; (4.58), a
randomly shifted lattice rule can be constructed for the approximation of the integral (4.33)
such that

O(n~—1-9) when p € (0,2/3],
\/EA’Is<F) — Qsn(F)2 = S O(n~W/P=12)  when p e (2/3,1),
O(n‘1/2) whenp=1,
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with the implied constant independent of s, but depending on p and, when relevant, §.

Proof. Using the value given for A and the weights v, defined in Theorem 43, we have
that C () is finite and minimised, thus the result clearly follows from Theorem 40, noting

in particular the relationship between A and p in (4.57). O

Gaussian 1;

Here we explore the alternative of setting
¢j2(y) = exp(—a;y?) for some 0<a; <1/2. (4.62)

It is a somewhat more involved calculation, but we see that

(o) 2 o0
U, :/ exp(—(a;y® — 2b;ly|) dy = 2eXp<b]>/ exp(—ayj(y — bj/a;)?) dy

—00 ]
b2 u?
= 2exp ] W / exp(— /2) dy
Q5 J—b;\/2]a; Ver
b2
= 2exp ) b/ — |-
a] Qj Qj

To satisfy Assumption A3, we merely require 0 < amin < @ < amax < 00 for all n € N.

However we have from [39, Example 4] that with this choice of ;

Ver

220 (1 — Oéj)aj

Cg,j = and 7“273‘ =1- Ozj,

and further, we have the following

A
0i(%) =2 (W\E aj)aj) ((2(1 - a;)N). (4.63)

For our chosen A, we require that ¢;(\) be bounded, from which we see that we require
that 2(1 — a;)A > 1. Thus from this relationship we see that we have amax < 1 —1/(2),
thus we require

0 < amin < aj <omax <1—-1/(2X), jeN. (4.64)

That is, we take A to be the “free” parameter and accordingly restrict a; as above. Under
these conditions, C ; will also remain positive as they ensure amax < 1/2.

To produce a result as in Corollary 44, where we find a choice of «; that minimises
S, we must minimise the expression [gj()\)]l/ AP, for each a;;. We quickly see that this
minimising choice can not be calculated analytically with Gaussian weight functions ;,
we have no closed form for the choice of ; based on the b; and A. It is not hard, however,
to implement a numerical minimisation routine to find an appropriate a; for each j. This
step is discussed further in the next chapter, and results of this minimisation are discussed

and compared with the results from the exponential setting.
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Regardless, we summarise our final result in the following theorem.

Theorem 46 Under the assumptions of Theorem 43, with the Gaussian 1; (4.62), a
randomly shifted lattice rule can be constructed for the approximation of the integral (4.33)
such that

O(n~=179) when p € (0,2/3] ,
\/EA’IS(F) - Qs,n('; F)‘Q = (’)(n_(l/p_l/Q)) when S (2/3, 1) ,
O(n~1/?) whenp=1,

where amax < 1 —1/(2X), and again the implied constant independent of s, but depending

on p and, when relevant, .

Proof. The result follows in the same fashion as Theorem 45. O

If p € (0,2/3] then we can choose any A € (1/2,1], so we set A = 1/2 4 ¢, with ¢ > 0
and not too small, as we can see from (4.64) that amax < 1 —1/(1 4 2¢), hence small ¢
means max approaches 0. We see however that ¥; blows up exponentially with small «;,
hence for the numerical implementation we will want ¢ to be of some “reasonable” size.
This will be discussed further in Chapter 5.

4.4 Final result

We now summarise our theoretical results and state our combined bound for the root-
mean-square error, which includes the finite element error, the dimension truncation error

and the QMC quadrature error, estimated in Theorems 34, 35, 43, 45 and 46, respectively.

Theorem 47 We consider approzimations of the expected value of G(u) via quasi-Monte
Carlo finite element methods. In particular, we apply a randomly shifted lattice rule Qs
to G(uj). Then, under the same assumptions and definitions as in Theorems 34, 35,
43, 45 and 46, the root-mean-square error with respect to the uniformly distributed shift
A € [0,1]° can be bounded by

B8 [(E6] - Qunl: 9] < O (1 457 407

for some 0 < x < 1/p—1/2, and with r = 1/p —1/2 for p € (2/3,1] and r =1— ¢ for
p < 2/3, with § arbitrarily small. The rates x and r depend on the parameter p which
in turn depend on the asymptotics of the parameters (u;,&;) in Assumption A1. The

constant C' is independent of h, s, and n.

Note that the rate 7 is capped at 1 even for p < 2/3 because we are using only
QMC methods of order one. With higher order QMC methods we might expect to have
r=1/p—1/2 also for p < 2/3. Finally, a recent result in [8] shows that under slightly
stronger conditions on the data, the rate x in the truncation error can also be increased

to 2x.
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CHAPTER 5

Implementation and numerical results

In this section we present details of implementations of various algorithms presented
through this thesis, including the CBC algorithm for the unbounded spaces with POD
weights and the application of lattice rules to the porous flow problem. We shall also
discuss numerous hurdles and issues with numerical stability encountered throughout the
development and testing of these algorithms.

The bulk of this chapter presents original and novel work. The implementation of
these algorithms, particularly the CBC algorithm as presented in Chapter 3, is original
work by the author, and the numerical stability issues involved in this work presented
new and exciting challenges for the field. In addition to this, the premise tuning process
for the weights, as outlined in Chapter 4, is relatively new territory in the field of QMC
quadrature.

We note that all the code for these numerical experiments was written in Python 2.7,
using the Scipy and Numpy packages, and the MatPlotLib library for plotting our results.
Other than standard library function calls in the Scipy and Numpy libraries, all code is
original and written by the author.

The outline of the chapter is as follows. In §5.1 we discuss the implementation of
the CBC algorithm for the settings introduced in Chapter 3. We present well known
optimisations of the algorithm, including the use of FFT techniques. In §5.1.1 we present
details of the CBC when using POD weights in unanchored space, while in §5.1.2 we
discuss the difficulties inherent in the anchored setting, but present possible techniques
to proceed nonetheless. We present the results of some of the numerical experiments in
§5.2, examining the impact of worst-case errors for different choices of ¢, 1;, and weights
Yu- In §5.3 we specify a model problem to highlight the theory studied in Chapter 4.
In §5.3.1 we present the results for the choice of exponential weight functions, both the
worst-case error results from the CBC algorithm, and the standard error results from
the QMC algorithm. In §5.3.2 we discuss the regimes for setting the parameters of the
weights functions. Next we present similar results for the Gaussian weight functions, in

§5.3.3. Finally we summarise our discoveries in §5.4.

5.1 Implementing the CBC algorithm

Here we specify further technical details relevant to the implementation of the CBC
algorithm. This includes a full description of the fast CBC algorithm for the unanchored

space, including the matrix permutations necessary to use FFT methods to speed up

83



the matrix-vector multiplications implicit in Algorithm 19. We discuss some numerical
challenges that we had and propose their remedies, including overflow problem in the
weights. We then discuss a regime for the numerical quadrature to calculate the shift-
invariant kernel, a non-trivial matter in the unbounded spaces. Finally we present worst-

case errors for a set of model problems.

5.1.1 Fast CBC construction for POD weights in the unanchored space

Implementation of the CBC construction as described in Algorithm 19 is infeasible unless
some structure is assumed for the weights ~,. For product weights v, = Hjeu Vi, a
fast CBC implementation based on FFT is known from [53, 54], which requires only
O(snlogn) operations and O(n) memory. For order-dependent weights v, = 'y, a
similar fast CBC implementation is discussed in [11], which requires O(snlogn + s?n)
operations and O(sn) memory. The CBC implementation for POD weights (2.23) is
presented in [37] and has the same cost as order-dependent weights.

Here we present a refinement of the strategy from [37] to avoid numerical overflow
when the order-dependent parts of POD weights grow very quickly. This consideration
is motivated by the form of POD weights which arise from the application to PDEs with

random coefficients, see [36],

Y = (Juh? ij, a>0. (5.1)

J€Eu

That is, we have POD weights (2.23) where I'y| = (Ju|')?. In general, rather than working
directly with the sequence {I';}¢>o in the CBC construction, we shall work with their

ratios
Iy

Ty = )
| A}

¢
so that Ty = HTZ'. (5.2)
i=1
Thus in the particular case (5.1) we have 7, = (.

For the unanchored space there are no auxiliary weights, and we have from (3.37)
Eﬁj (z) = [eillfn(z)]2 . At each step of the CBC algorithm we consider the squared worst-
case error ef}jrl,n(z,zdﬂ) to be a function of z4.11, with z fixed, and for simplicity we
write €3, (z441) = [ezljrl,n(z,de)P. Substituting POD weights (2.23) into (3.32) and
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using (5.2), we have

R YR MDY (H)m’”({k}))

k=1/{=1uC{1l:d+1} “i=1 JjEu
|uj=¢
n d+1 4
1 kz;
S5 5 ()
k=1¢=1 \ uC{1:d} “i=1 jeu
[u|=¢
qa,e(k)
kzq = kz
1 .
crwmtsn({52}) 3 (1=) (T ({51}))
uC{l:d} Ni=1 jeu
[u|=0-1
qa,0—1(k)

n d+1
S kz
= [ed},ln(z)]Q + 7%;4;1 E 9d+1({ ZH}) § 7 qd,o—1(k).
k=1 =

We deduce the following recursions to compute g4 ¢(k)

qd,O(k) = 17

kz
qa+1,0(k) == qa (k) + Yat1 7 Oar1 < { ZH } > qd,e—1(k), (5.3)

with gq (k) := 0if £ > d or £ < 0. We need to evaluate e, (z4+1) for all z541 € Z,. This

suggests a matrix-vector operation, where we have the vectors

e§+1 = [e§+1(z)]zezna dqe = [qa,(F)1<k<n

and the matrix

kz kzmodn
Qpay1 = [edH({n})] ez = [9d+1 <n )] ez

1<k<n 1<k<n
We can now write the calculation of e?l 41 as follows

d+1

Yd+1
e?l—i—l = [62{%(,2)]2 1<p(n) + T+ Qn,d—H <Z Te qd,e1>7 (54)
=1

where 1., is a vector of ones of length ¢(n) (i.e., with as many elements as there are
rows in Q, 441). Now we choose the value of z4.1 € Z, that corresponds to the the
smallest entry in 63 41~ For this crucial step, we can reduce the cost of the matrix-vector
multiplication by using FFT methods. This reduces the cost of the multiplication from

O(n?) to O(nlogn). The key is to permute the rows and columns of the matrix €, 411
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so that it becomes a circulant matrix (except for the column of zeros corresponding to

kE = n); this method was discovered and outlined in [53, 54, 11]. Here we summarise the

permutation procedure. For the sake of simplicity, we restrict ourselves again to the case

where n is prime, again noting then that we have Z, = {1,...,n — 1}. We also ignore,

for the time being, the dimensional subscript d on €2 and #, that is we simply write €2,

and 6(u).
We note that we can write £2,, in the form
w1
w1,1 wi2 o Win
w2
w21 w22 wa.n
Q, = ] . = w3
Wp—1,1 Wn-12 - Wnp—-1n
| Wn—-1 Wn—2

where we have used the notation

. q
wij =10 (Z‘] mo n) and wj =10 <

n

w2
Wyq

We

3k

Wn—1
Wn—2

Wn—3

w1

Wn
Wn

Wn

wo

and further we have written €] to indicate €2,, with the last column removed, and 1,,_1

denotes the vector of ones of length n — 1. Also note from the definition that w, = wy.

Later we also use the notation w, := [wy,ws, ..., wy,

I

For prime n the set Z,, has a generator g, that is, an integer ¢ € Z, such that

g* mod n covers all of Z,, or {gF modn :0 < k <n—1} = Z,. Using this generator

we can create a permutation matrix that performs the Rader factorisation. This is best

illustrated with an example. If we take n = 7, then we have the set of possible components

of the generating vector Z7 = {1,2,3,4,5,6}. We take the generator to be g = 5, and we

have the ordered vector

(" mod 7:0<k<7=[1,54,6,23]:=g,

and we see that taking the negative powers simply reverses part of the vector,

[g_k mod7:0< k< 7] = [1,3,2,6,4,5] ‘= Ginv -

We write IT, and H’g_1 for the matrix that permutes the ordered vector [1,2,3,4,5,6] to

g and g;,,, respectively, that is,

79 L, 2,3,4,5,6]T =g and ’779,1 .
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It can be checked that

1 00 0 0O W1 W2 w3 W4 W5 We 1 0 0 0O

001 00O Wo W4 W W] W3 Wws 0 0 0 0 1

H’7 - Q 1'[’7Tg _ 01 0 00O w3 W W2 Wy W] W4 000 00O
’ ' 00 0 0 0 1 W4 W] Wy W Wg w3 001 0O
00 01 00 W5 W3 W1 Wg Wqg w9 01 0 0O

i 00 0010 | [we ws wi w3 wr wr | | 00010

w1 W5 Wqg W W2 W3
w3 W1 W5 w4 Wg W2
w2 W3 W1 Wy W4 Wg
W Wo W3 W] Wy W4
Wwq W W2 W3 W1 Wy

W5 W4 W W2 W3 Wi

Note that C7 is a matrix of circulant form, it is uniquely determined by its top row,
c7 = w1, ws, ws, wg, wo, ws]. The remaining rows of their matrix are made up of successive

right-translates of c7.
The ability to permute the matrix €2, into circulant form applies in this form for any
prime n. Given prime n, and its generator g, we write IL,, ;, for the permutation such that
¢ tTmodn ifl1<i<n-—1,

if z=1II,,x then =z =y, where k(i) =
n ifi =n.

Note the use of the prime notation, that is H;L 4 to indicate II, 4 with the last row and
column omitted.

Theorem 48 (Rader factorisation) Given prime n and a matriz Q, with structure

as in (5.5) there is a generator g of 2, and a permutations IL, 4 and IT,, ;-1 such that
I, QI , = | C, wylyy | = C,

and furthermore I, jw, = cp.

It is well known that multiplication by a circulant matrix C,, can in fact be performed
by Fast Fourier Transform (FFT). We see that

Ch,z = F,A(c,)Frx

where we have written F,, for the discrete Fourier transform matrix, and A(¢,) for the
matrix with the Fourier components of ¢,, along the diagonal, that is A(e,) = diag(F'nc,).

All matrix-vector multiplications involving F',, can be performed using FFT, which is well
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known to be O(nlogn) in computational cost, thus the overall matrix-vector multiplica-
tion is O(nlogn) as well. Note that multiplication by C&X* does not cost significantly more
as the extra column only adds O(n) operations to the overall matrix-vector multiplication.

Note that permutation matrices are orthogonal, hence we have that
Hgfl C%Xt I,y = Q0

Thus, noting also that as n is prime we have p(n) =n — 1, we can write (5.4) as follows,

d+1
d+1
e?ﬂl = [effn(z)]Q 1,1 + Q4419 where q = % (andlﬂ) .
/=1

The matrix-vector multiplication can be performed as follows,
Qn,d-f-lq = Hg:g—l C(rJLXt Hn,g q.

If we use the permuted vectors g”’ = II,, 4q and [e}]* = IT/, g1 e?, then if we multiply
(5.4) by H:ug‘l’ we find

leda] = [ (2)] 1n-1 + CTq",

noting that the permutation makes no difference to the vector 1,,_1. Thus the operation
can be made to take O(nlogn) time. To find the next component of the generating
vector, 2411, we find the smallest value of eg 41, Which say is at index zf 11, then simply
take zg41 = g_(z‘irl_l) mod n.

The next step is to generate the vectors g4, 0 for each £ =1,...,d + 1, which, under

the recursion (5.3), would normally be of the form

Qi+10 = a0+ Vd+1Te Qna+1(zdar1) -* d4.6-1,

where €, 441(24+1) is the row of the matrix Qﬁ,d-‘,—l that corresponds to the chosen z441,
and the operator .x denotes element-wise vector-vector multiplication. However it is
better maintain the permuted ordering of elements, to save on computational cost and

storage. Thus, using the notation qu ¢ = Il 4q,, we have the following recursion

P _ P ext P P
Qar10 = Qae+Vd+1Te Cn,d+1(zd+1) K dge—1;

where now we multiply element-wise by the row of C,, 4,1 that corresponds to the index
of the minimum of edP+1.

We see that we must maintain storage of the vectors qf 410 for £ =1,...,d at each
iteration d + 1, however we can overwrite qi ¢, with qu 41,0 at each step, hence we require
O(sn) storage for the algorithm. Note that there is no need to permute the vectors qu ny,

since in the first dimension all components are initialised to the same value 1.

88



Therefore this procedure has a “search” cost of O(nlogn) operations which corre-
sponds to the use of FFT for the matrix-vector multiplication, and there is an “update”
cost of O(dn) operations at step d which is needed for calculating the vectors qCIZ ¢~ The

overall construction cost is therefore

Z O(nlogn +dn) = O(snlogn + s?n) operations.
d=1

5.1.2 Fast CBC construction for POD weights in the anchored space
For the anchored space, POD weights are not preserved by the auxiliary weights which

are used for the implementation of the CBC algorithm, making the computational cost
prohibitive.
A remedy has been proposed in [17] for POD weights of the special form (5.1) which

arise from PDE applications. The corresponding auxiliary weights (3.33) can be bounded

as follows
Voo = > (u° <H%>< IT Co,j)
vCuC{l:s} jEU jEU\D
o| + o)\ *
= (Jo)* (H%) > <Hw’,‘)) I Cos)
jEv C{l:s}\v ' jEMw
<o (TT) X (w2 [T (€0 < Foear
jEv wC{l:s}\v jEWw
where

To = (o) JI@% %) and eoqy = 37 () JT(2* Coy).

JjEL wC{1l:s} JEW

Using this we can see, from (3.35), that

P < ey S iz ( ({k}>—c>

P#0C{1:s} k=1 je

The expression on the right-hand side, without the ¢, factor, can be used as the search
criterion in the CBC algorithm and we can obtain a similar error bound to that in The-
orem 20. Since the new weights 7, are of POD form, the algorithm can be implemented

as in the case of the unanchored space.

5.1.8  Computing 0;

In order to be able to compute the shift-averaged worst-case error given by (3.21) or
(3.32), we must be able to compute 6;(i/n) as defined in (3.20), (3.28) or (3.29) for
t=20,...,n— 1. For simplicity we consider here the domain D = R and anchor ¢ = 0.

We also assume that ¢ and 1; are symmetric about 0. Thus, for the unanchored space
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we see that for i < |n/2], (3.29) becomes

o [ Wi, [T P
_241(1‘/71) b3 (t) A 2/_00%2@) &

0;(;)

1/2 r—ifn L2 r
- /i/n PHP 7 (2)) p(@ 7 (2)) do - 2/0 201 (z)) p(@~1(x)) dz,  (5.6)

where we used the substitution o = ®(t). We also have Cy; = 0 and C; ; = 6;(0). For
i > |n/2|, we use 0;(i/n) = 0;((n —i)/n) due to symmetry.

The integrals in (5.6) may now be computed using a one-dimensional quadrature.
However, there is a singularity at = 0 for both integrands, thus we make use of the
tanh-sinh transform first proposed in [65], see also [5, 4]. For the first integral in (5.6) we
use the substitution

r =o(t) = (; — ;) tanh (g sinh(t)) + %
which maps the interval (—o0,0] to (i/n,1/2]. A similar substitution can be used for the
second integral. We then approximate the integrals by the sum h Zgz_m Y (v(kh))v'(kh),
where Y (t) is our integrand, m is the number of quadrature points, and h is the mesh-size
which is chosen here to be h = % log(mm) to balance the truncation and discretization
errors (see [43] for details). Note that v(—t) = —wv(t), so indeed the sum approximates
the transformed integral on the half real line (—oo, 0].

This quadrature for calculating 0;, C ; and C ; evidently requires O(mn) operations.
We must choose m to balance the the quadrature error with other sources of error. In

general, we may also need to approximate ® ! numerically.

5.2 Results of the CBC algorithm

Here we implement the CBC algorithm in the unanchored space. We explore this setting
in the abstract, with parameters that are specified without a connection to a practical

problem. We take the weights to be of POD type, given by

Sy ke \ Y
S (1 )

JEU

for some k> 0, 7 > 2, and 1/2 < A < 1. We consider three combinations of probability
densities ¢ and weight functions v; = :

Combination 1 ¢(y) = e_“/’2/2/\/% and 9 (y) = e~ l*l/e,

Combination 2 ¢(y) = ¢ *"/2/\/27 and (y) = e~/ (2).

Combination 3 ¢(y) = e 1#1/2 and (y) = 1.

In particular, we take a selection of parameters

n=31,50, k=001,01 A=051,075 and a=4, 16,
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and implement the CBC algorithm for n = 1009, 2003, 4001, 8009, 16001, 32003, up to s =

100 dimensions. The corresponding shift-averaged worst-case errors ei{ln(z) are presented
in Tables 5.1-5.5, together with an estimate on the observed rate of convergence O(n™"),

found by performing a linear-least squares fit on the log-log plot of the results.
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Table 5.1: €5, for Combination 1, A = 0.51

a=4 a=16 a=4 a=16
n k=001 k=01 k=001 =01 k=001 k=01 k=001 k£=0.1
1009 5.73e-04 2.71e-03 4.59e-04 2.12e-03 3.76e-04 1.06e-03 3.05e-04 8.44e-04
2003  3.14e-04 1.63e-03 2.48e-04 1.26e-03 1.97e-04 5.72e-04 1.58e-04 4.49e-04
4001  1.71e-04 9.63e-04 1.33e-04 7.31e-04 1.03e-04 3.11e-04 8.21e-05 2.41e-04
8009  9.36e-05 5.74e-04 7.21e-05 4.31e-04 5.40e-05 1.68e-04 4.25e-05 1.29e-04
16001 5.12e-05 3.43e-04 3.89e¢-05 2.52e-04 2.82e-05 9.08e-05 2.19e-05 6.84e-05
32003 2.83e-05 2.04e-04 2.12e-05 1.49e-04 1.47e-05 4.91e-05 1.14e-05 3.66e-05
r 0.869 0.749 0.888 0.766 0.937 0.887 0.950 0.906
Table 5.2: ei{‘n for Combination 1, A = 0.75
n=231 n=>5
a=4 a=16 a=4 a=16
n k=001 k=01 k=001 =01 k=001 k=01 k=001 k=0.1
1009  1.05e-03 5.03e-03 8.33e-04 3.93e-03 5.25e-04 1.48e-03 4.23e-04 1.17e-03
2003  6.00e-04 3.14e-03 4.71le-04 2.42e-03 2.79e-04 8.20e-04 2.22e-04 6.38e-04
4001  3.38e¢-04 1.92e-03 2.62e-04 1.46e-03 1.48e-04 4.57e-04 1.17e-04 3.48e-04
8009 1.93e-04 1.18e-03 1.48e-04 8.87e-04 7.86e-05 2.53e-04 6.11e-05 1.92e-04
16001 1.10e-04 7.33e-04 8.31e-05 5.42e-04 4.16e-05 1.40e-04 3.20e-05 1.04e-04
32003 6.33e-05 4.53e-04 4.72e-05 3.31e-04 2.19e-05 7.72e-05 1.67e-05 5.70e-05
r 0.808 0.697 0.827 0.715 0.917 0.853 0.933 0.872
Table 5.3: eilfn for Combination 2, A = 0.55
n=231 n=2>5
a=16 a=16
n k=001 k=01 k=001 k=0.1
1009  6.14e-04 2.63e-03 4.24e-04 1.14e-03
2003  3.40e-04 1.57e-03 2.29e-04 6.24e-04
4001  1.87e-04 9.29e-04 1.23e-04 3.44e-04
8009  1.04e-04 5.56e-04 6.63e-05 1.90e-04
16001 5.75e-05 3.30e-04 3.57e¢-05 1.04e-04
32003 3.21e-05 1.98e-04 1.92e-05 5.75e-05
r 0.853 0.748 0.894 0.862
Table 5.4: eif‘n for Combination 2, A = 0.75
n=231 n=2=5
a=4 a =16 a=4 a =16
n k=001 k=01 k£=001 k=01 kK=001 k=01 k=001 x£=0.1
1009  1.70e-03 6.79e-03 1.07e-03 4.72e-03 1.03e-03 2.56e-03 5.82e-04 1.55e-03
2003  1.01e-03 4.30e-03 6.11e-04 2.93e-03 5.96e-04 1.50e-03 3.16e-04 8.62e-04
4001  5.99e-04 2.70e-03 3.46e-04 1.79e-03 3.46e-04 8.88e-04 1.71e-04 4.85e-04
8009  3.58e-04 1.70e-03 1.99e-04 1.10e-03 2.01e-04 5.26e-04 9.33e-05 2.71e-04
16001 2.14e-04 1.08e-03 1.14e-04 6.79e-04 1.17e-04 3.10e-04 5.06e-05 1.52e-04
32003 1.28e-04 6.81e-04 6.57e-05 4.20e-04 6.79e-05 1.83e-04 2.74e-05 8.52e-05
r 0.747 0.665 0.805 0.699 0.785 0.761 0.882 0.837
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Table 5.5: ei{ln for Combination 3

A=0.51 A=0.75
n k=001 =01 =001 k=01 k=001 k=01 k=001 k=0.1

1009  6.91e-04 3.30e-03 4.49e-04 1.29e-03 1.26e-03 6.08e-03 6.31e-04 1.81e-03
2003  3.82e-04 2.01e-03 2.37e-04 7.02e-04 7.29e-04 3.83e-03 3.38e-04 1.01e-03
4001  2.12e-04 1.20e-03 1.25e-04 3.86e-04 4.17e-04 2.37e-03 1.81e-04 5.66e-04
8009  1.16e-04 7.21e-04 6.57e-05 2.11e-04 2.40e-04 1.48e-03 9.66e-05 3.19e-04
16001 6.42e-05 4.34e-04 3.44e-05 1.15e-04 1.39e-04 9.20e-04 5.14e-05 1.78e-04
32003 3.59e-05 2.63e-04 1.82e-05 6.27e-05 8.05e-05 5.79e-04 2.75e-05 9.96e-05

T 0.855 0.733 0.925 0.872 0.793 0.681 0.904 0.837

The numbers presented demonstrate that our theory holds reasonably well, however,
there is a strong dependency on certain parameters of the weights. We focus our attention
primarily on the rate of convergence.

The parameter x does not affect the theoretical convergence rate, however we see that
k makes an impact on the observed numerical convergence rates. This is most probably
due to the strong effect of x on the scaling of eilfn. Larger x make eif‘n quite a lot larger,
and likely make the problem harder, as we are probably not at the asymptotic regime for
the worst-case error for the range of n considered.

In some cases for ¢; and ¢ the parameter o may have an effect on the theoretical
convergence rate, as summarised Table 3.2. Combination 3 has no parameter «, and for
Combination 1 there is no theoretical dependence of the convergence rate on a. In both
cases we have O(n~!79) convergence in the theory, regardless of the choice of . This is
reflected in the numerics, where we see the convergence rates have a weaker dependence
on « than on 7 or k. Examining Table 3.2 however we see that Combination 2 expects
a theoretical convergence rate of 1 — 1/, thus we are limited for the smaller case of
A = 0.55 to a = 16. While we do not observe this rate of convergence precisely, there is
a noticeable dependence of the observed rate on .

Finally, we observe that the parameter 1 does not have an explicit impact on the rates
of convergence for a fixed s. However it does have an impact on the condition (3.46), and
hence affects implicitly what range of A are possible if we want our bound of eilfn to be

independent of s. In any case, we see that n affects the scaling of eilfn.

5.2.1 Scaling the weights
Consider weights of the generic POD form (2.23). Let us normalise the product part of

the weights, that is, we write 7; = 7, /v such that 7y = 1, and if we let 7, = ¢, then we

can write ; = c7;. We find that

Yu = C‘u‘ F\u\ HTj, (5.7)
JEU

Evidently, poor choices of ¢ can potentially lead to extreme scaling of the weights for u

of larger cardinality.
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Table 5.6: ~, for first 10 complete sets u.

x = 0.01 k=1 k=4
Y1y 0.01 1 4
Y23 5.0x107° 0.5 8
Yasy  1.67x 1077 0.16 10.67

Yay  417x 10710 417 x 107 10.67
Y5y 8.33x 1071 833 x107° 8.53
Yer  1.39x107'° 1.39x 107* 5.69
Yy 1.98x 107 1.98x107* 3.25
sy 248 x 10721 248 x 107°  1.63
Yoy 276 x 107%% 276 x 107° 0.72
Y10y 276 x 1077 2,76 x 1077 0.29

Initially in the literature it was assumed that the weights are scaled such that vy, = 1.
In [19] it was argued that this may not be appropriate, in fact that scaling the weights
may come to our advantage in minimising the overall error bound. Indeed the weights,
in (4.51), chosen for the porous-flow problem, certainly do not obey Y1y = 1, and in fact
we had some problems with adjusting the scale of the weights. We discuss the issue here
in an abstract setting.

It is instructive to further refine our example above and inspect some numerical out-
comes. Take the weights to be of a similar form to that in the previous section, that
is

K
You = Yu = (Jul1)? H - (5.8)
J€EU
If say we let a = 2 and n = 3 (likely choices in our application problems), then consider
the sequence of weights 7.4y, that is the weight for the set of all components up to d, for
d=1,...,10. In Table 5.6 we present the weights for three choices of x = 0.01, 1, 4.

Numerically our problem lies with the worst-case error. Take the unbounded unan-
chored space with ¢ and %, as in Combination 1 of the previous section. We set the
weights exactly the same as above, with o = 1, and the parameters a = 2 and n = 3. In
Table 5.7 we present the resulting worst-case errors obtained from the CBC algorithm.
In the first 3 columns are the results for the unanchored and unbounded space for various
choices of k in the weights. We see quite clearly that there is a strong sensitivity of the
worst-case error at s = 100 to . It is not hard to reach numerical overflow if one makes
K a little larger.

In the last three columns of Table 5.7 we present worst-case errors from the CBC
algorithm applied in the unanchored Sobolev space, with exactly the same weights as the
unbounded space (and the corresponding choices of ). This dependency on k is not so
pronounced for the unanchored weighted Sobolev spaces of §2.6, and in general we see that
the results are much smaller. We conclude that allowing for unbounded integrands really
makes things quite a lot more difficult. This is primarily because the one-dimensional

shift-averaged kernel is far steeper in the unbounded space than the Sobolev space, as we
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Table 5.7: €5",(2) for s = 1,...,10 and 100.

Unbounded Space Sobolev Space
k= 0.01 k=1 k=4 r=0.01 k=1 k=4

927 x107° 0.01 371x1072 1.03x1077 1.03x107° 4.13x107°
1.15x107% 012  1.78 x10° 1.17x 1077 2.38x107° 2.41x 10~*
1.23x107% 043 1.89 x 10" 1.22x 1077 324x107° 5.15x107*
1.26 x 107% 1.01  1.33x10%2 1.24x1077 3.75x107° 7.48 x 10~*
1.27x107% 194 741x10%2 1.24x1077 4.04x107° 8.96 x 10~*
1.28 x 1074 3.27 3.45x10® 1.25x 1077 4.23x107° 9.99 x 10~*
1.20x107% 501 1.39x10* 1.25x1077 4.37x107° 1.07x 1073
1.20x107% 714  5.01x10* 126x1077 445x107° 1.12x 1073
1.30x 1074 9.61 1.63x10° 1.26x 1077 4.52x107° 1.16 x 1073
0 1.30x107*% 12.35 4.86x 10° 1.26x 1077 457x107° 1.18 x 1073

[V

= © 00 O Ui Wi+

100 1.31x107* 88.92 4.90x 10'* 1.26 x 1077 4.80x 10™® 1.31 x 1073

15 T
— Unbounded space - f(u)

— Sobolev space - B, (u)

Figure 5.1: One-dimensional shift-averaged kernels in the unanchored unbounded space
and unanchored Sobolev space.

can see quite clearly in the plot of # and By in Figure 5.1. One way of quantifying the

difference between the two is comparing the following quantities
1, (k 1< k
>0 <> =1177  and =) B <> = 1.312x 1073,
ni=\n n &~ n

The quantities above represent the worst-case error in one dimension, see (2.34) and (3.32).
Note that we have dropped the j subscript on 6 as there is no coordinate dependency in
this model example. Although this does not rigorously explain why the higher-dimensional
worst-case errors are quite different between the spaces, inspecting the equations (2.34)
and (3.32) shows that these quantities make a good guideline for what we may expect
of the worst-case errors in their respective spaces. As the first sum above is quite a bit
larger, it is no surprise that we get the much larger worst-case errors for the unbounded

space.
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Figure 5.2: A lattice rule with a bad projection in coordinates {2,3,4}, caused by the
weight (9 3 41 being too small.

This issue is also exacerbated when the product part of the weights «; does not
immediately follow the polynomial decay: as seen in applications, v; may have a “plateau”
for the first few coordinates. In this case the weights can be extremely large. For example,
if our weights are given by 1 = [u[!'[[;¢,7;, and we have say v; ~ 1 for j < 10, before
the 7; exhibit some polynomial decay, then .19y ~ 10!, and hence it may be quite easy
for to stumble on numerical overflow in the CBC algorithm, giving us nonsensical results
and unusable generating vectors.

Problems also occur if & is too small, though this is not just to do with numerical
underflow. Rather, we observed in practice is that v, may be too small for u of larger
cardinality. In these cases the CBC will choose lattices that do not properly take into ac-
count these projections, that is, the lattice will make a very poor covering of the subspace
spanned by the coordinates u. This is best shown visually, and in Figure 5.2 we show an
example of a lattice rule with n = 16001 points, with a bad projection in coordinates 2,
3 and 4, caused by (234} ~ 10~ being too small. This lattice rule was constructed
for the porous-flow problem. We see that the lattice points makes distinct planes, and
do not “fill” the space well. Compare this to Figure 2.1 where the cube is covered more

consistently, even with only n = 127 points.

5.3 Numerical results of the porous flow problem

We present here a numerical study of the algorithm described above over a range of
parameters. Theorem 47 provides us with a theoretical bound for the error in the method,
and we examine here whether we see, in the numerics, the behaviour predicted by the

theory.
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We solve (4.6) with spatial dimension d = 1 on D = [0,1], with a forcing term
f(z) = 1. We take the truncated expansion of the field a*® of (4.5) with s = 400, so that
y € R0, The strong form of the problem we are solving is the parametrised ODE

_di (as(x’y)W) _1 (5.9)

T T

with homogeneous Dirichlet boundary conditions, u(0,y) = u(1,y) = 0. We solve (5.9)
using the piecewise-linear finite element method with uniform meshes of diameter h =
1/M to get the approximate solution uj(-,y). The tridiagonal systems which arise are
solved in O(M) time by the Thomas algorithm. In the numerical experiments that follow,
we set M = 1024 and compute the entries of the tridiagonal system using the composite
mid-point rule applied element-wise.

The quantity of interest is here taken to be E[G(uj} )], where the functional G is taken

to be point evaluation at 1/3, i.e.

F(y) = G(ui( y) = u(1/3,y).

To specify a® we take a, = 0 and ag = 1 in (4.2). To specify Z we need to choose
a set of basis functions {; and parameters p; as in equation (4.3). Although this choice
can be arbitrary, in many applications one would take p; and {; as the Karhunen-Loeve
decomposition of a given covariance kernel, as discussed briefly in Chapter 4. Here our
choice of {(yj,&;)};>1 come from the Karhunen-Loeve expansion of the Matérn class of
covariance functions, as this offers a real-world scenario of interest to practitioners in the
field. The family of Matérn covariance functions are given by

1-v

o) = pulr) = o Fs (/0 K (/). (5.10)

with A = A¢/(2y/7). Here I is the gamma function and K, is the modified Bessel function
of the second kind. The parameter v > 1/2 is a smoothness parameter, o2 is the variance
and A¢ is a length scale parameter. We do not expand on the theory of the Karhunen—
Loeve expansion and the Matérn class of covariance here, as it is somewhat beyond the
scope of this thesis. However, further details of this theory, as well as the description how
we find (p;, ;) numerically, can be found in our paper [24].

To define the weighted space Wy in (4.34) and to perform the CBC algorithm for
calculating the generating vector z, we must choose the weight parameters v, and weight
functions ;. First we specify the various parameters of the weights, then we go on to
specify the parameters for two separate choices of ;.

We define the weight parameters 7, as in (4.51), after first setting the parameter ..
By (4.52), this parameter A, is related to p, which in turn was introduced in Assumption
Al, and depends on the parameters (1u;,§;), in particular the rate of convergence of
b = \//Tijcho(B). We see that if b; = O(j~7), for some ¥ > 1, then we will require
p > 1/9 to satisfy Assumption Al. Recall that in these experiments the (uj,&;) come
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Figure 5.3: Log-log plot of b; for the various choices of 9, o2 and A¢.

from the Karhunen—Loéve expansion of the Matérn covariance. It so happens that there
is a direct link between the choice of smoothness parameter v and 19. This link is explored
further in [24, Corollary 5], however here we state our choice of parameters in terms of ¥,
for ease of the exposition.

We find from (4.52) that for any small ¢ > 0 we have the following relationship between
¥ and A,
s+ g, if1<9<3/2

A*:
T+q, if 9 > 3/2.

(5.11)
This choice of A, implies, see Theorem 40, that we obtain theoretical QMC convergence
close to O(n~™("=1/2.1)) " Note that the choice of ¢ involves a trade-off. Smaller values
of ¢ lead to a faster convergence, but also to a larger value for C,(\,) in (4.47). In fact,
for ¥ > 3/2, we see that ¢ — 0 is equivalent to § — 0 in (4.52). This in turn implies
Cy(As) — 00, by way of (4.47) and (4.60) or (4.63). For 9 € (1,3/2), we see that ¢ — 0 is
equivalent to p — 1/, so that the sum in Assumption Al grows without bound, leading,
as in the proof of Theorem 43, again to Cy(A.) — co. Here we choose ¢ = 0.05.
Recalling (3.5), we write Q; = Qs n(Ay; F), where A; is the i-th independent random
shift, uniformly distributed on [0, 1]°. Denoting by Q the mean of the Q;, we have the
following unbiased estimator with R random shifts of the mean-square error (with respect
to the shifts):
11 512 A 2
RR_1 z’—l(Qi — Q)" = EZI(F) — Qsn(: F)|” . (5.12)
The square-root of the left-hand side of (5.12) is an estimate of the “standard error”.
In the following experiments we estimate this standard error for the problem where
the set {(15,&;)};>1 is obtained from the Karhunen-Loeve expansion of the Matérn co-

variance, as described earlier. We obtain the Karhunen—Loeve expansion for the following
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selection of parameters,
¥ =2, 1.25 (equivalent to v = 1.5, 0.75) 02 =0.25, 1.0, 4.0 X =1.0, 0.1,

where 02 and A¢ refer to the variance and length-scale parameters for the Matérn co-
variance in (5.10). These parameters affect the behaviour of the expansion (y;,&;), and
consequently the behaviour of b; which much of our theory depends on. The parameter ¥
determines the asymptotic regime of b;, and in fact, we have that b; = O(j =), meaning
that we for ¥ = 2 and 1.25, we take A, = 0.5 + ¢ and 0.8 4 g respectively.

The effects of the other two parameters o2 and A¢ in the Matérn kernel are not
immediately obvious. The parameter A¢, which we may refer to as the correlation length,
determines the pre-asymptotic regime of b;. For A\¢ = 0.1 we have a “plateau” effect, that
is, the first few values remain constant before the asymptotic regime sets in, while for
A¢ = 1.0, the asymptotic regime is reached quickly, for small j. Indeed if we considered
even smaller A\¢, we would see even more of a plateau effect on b;. Finally, o2, which is
often called the variance, only has an effect on the scale of b;, in direct proportion to o.
These behaviours can be observed in Figure 5.3 where we plot b; for all combinations of
choices of ¥, 02, and .

Finally, remember that we have fixed the truncation dimension at s = 400 and the
spatial resolution at h = 1/1024. We use R = 32 random shifts.

5.3.1 Exponential 1);

Here we examine the details of the numerical implementation with the exponential weight
functions (4.58). First we need to specify the parameters «; in (4.58), then we go on to
examine numerical results for the worst-case errors from the CBC algorithm, followed by
standard errors of the approximation of the ODE problem.

In principle, our weighted function space framework in Section 4.3.2 allows us to
adjust the QMC rule to the integrand behaviour with respect to every coordinate via
the j-dependent parameters a;; However, as discussed in §5.1.3, allowing a different value
of a; for each j would cause a substantial increase in the cost of the CBC algorithm.
To maintain the full efficiency of the CBC construction, the «; should be coordinate-
independent, at least for large blocks of coordinates. In our numerical experiments we
found that the use of a single value of «; for all j led to unsatisfactory results in the
exponential case, but that two values (chosen according to the prescription below) led to
acceptable results. The reasoning for this is presented further in §5.3.2

Guided by (4.61) and the general condition (4.59), noting that b; — 0 as j — oo as
a consequence of Assumption Al, and writing b, := max;>1 b;, we choose jg to be the

smallest positive integer such that b; < b,/2 for all j > jo, and define

b+ (2 +1-1/20))  forj <o

, (5.13)
1 (bjo + \/bJQ.O +1- 1/(2>\*)) for j > jo
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with A to be specified below.

CBC' Results

Tables 5.8 and 5.9 present the results of the CBC algorithm, that is, the shift-averaged

sh

en(2"), at s = 400. These results are presented for the various pa-

worst-case error e
rameters choices, along with estimated values of the rate of convergence r in the error

" estimated by linear regression of the negative log of the standard

representation cn™
error against logn.

These results are interesting, as we witness large fluctuations in the scale of the worst-
case error for the various choices of parameters. This is most probably because both eifln
and || F|lyy, have a strong sensitivity to ¥, o and Ac.

In particular, we see that for the smaller choice of ¥ = 1.25, we get a huge change in
eif‘n with A¢. This is due largely to the plateau effect of the weights. From Figure 5.3 we
see that for \¢ = 0.1, the b; remain constant for the first few j, meaning we get exactly
the problem with plateau weights discussed in §5.2.1.

There is an additional aspect to consider. Notionally, in setting ~, as in Theorem 43
and «; as prescribed in Corollary 44, we are minimising Sy by balancing the bound of ei,]f‘n
with the bound of || F||yy,, thus minimising our error bound. However it may well be that
our bounds are not sharp, and hence there is no guarantee that our choice of weights and
@, chosen to minimise the error bound, actually minimise the product of the true values
of eilfn and [|F'|lyy,. As we actually calculate the true value of eilfn in the CBC algorithm,
we may indeed be observing fluctuations from weights that may be over-compensating

one way or another.

QMC quadrature results

Tables 5.10 and 5.11 present results using the QMC quadrature analysed in Chapter 4,
again with estimated values of the rate of convergence r together with its 90% confidence
interval. We include the confidence interval in these results as the data points do not
converge as smoothly as the worst-case error results from earlier tables. Here we see a
strong dependence on the variance o2, but a weaker dependence on the choices of \¢ and
1. While Theorem 43 suggests that the asymptotic behaviour of the root-mean-square
error depends on p (and hence 1), in practice the observed rates of convergence bear little
relation with the prediction. One explanation may be that with the range of n presented
we are in a pre-asymptotic regime. This seems especially true for larger values of o2, and
hence may explain why we see our QMC quadrature performing similarly to standard MC

quadrature for o2 = 4.0.

Recall from the theory that we expect a convergence rate close to O(n~™n(?=1/2.1)),

We see, however, that the results converge almost as well for ¥ = 1.25 as for 9 = 2.
This seems to indicate that our theory is not sharp, and that optimal (close to O(n~1))
convergence could potentially be demonstrated for ¢ lower than our current cross-over
point of ¥ = 1.5 in (5.11). This is also indicated by the fact that our method some-
times converges faster than predicted by the theory, for example for ¢ = 1.25, 02 = 0.25
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Table 5.8: Worst-case errors eilfn, for ¥ = 2 using exponential ¥; and POD weights 7, as in (4.51)

o2 =0.25 0?2=1.0 0?2 =40
n Ade=10 Xe=01 XX=10 MX=01 XAX=10 M =0.1

8,009 2.46e-04  2.49e-03  1.98e-04  3.86e-03 1.71e-04  8.92e-04
16,001  1.40e-04 1.63e-03 1.14e-04  2.59e-03  9.58e-05  5.62e-04
32,003  8.00e-05 1.07e-03  6.55e-05 1.74e-03  5.37e-05  3.54e-04
64,007  4.59e-05 7.07e-04  3.80e-05 1.16e-03  3.01e-05  2.23e-04

120,011 2.75e-05  4.84e-04  2.31e-05 8.11e-04 1.78e-05  1.47e-04
240,007  1.59e-05  3.20e-04  1.34e-05 5.43e-04  9.96e-06  9.34e-05
480,013  9.16e-06  2.11e-04 7.81e-06  3.65e-04  5.60e-06  5.97e-05

Rate 0.81 0.61 0.80 0.58 0.83 0.67

Table 5.9: Worst-case errors eit‘n, for ¥ = 1.25 using exponential ¥; and POD weights 7, as in (4.51)

0® =0.25 0> =1.0 0?=4.0
n Ade=10 Xc=01 XX=10 XX=01 X=10 X =0.1

8,009 6.39e-03  2.80e4+02 2.75e-02 5.07e+16 5.00e-02  6.32e+34
16,001  4.27e-03  1.98e+02 1.91e-02 3.59e+16  3.52e-02 4.46e+34
32,003  2.85e-03 1.40e4+02 1.33e-02  2.54e+16 2.47e-02 3.15e+34
64,007  1.90e-03  9.89e4+01  9.22e-03 1.79e+16 1.74e-02 2.23e+434
120,011 1.31e-03  7.22e4+01  6.62e-03 1.31le+16 1.26e-02 1.63e+34
240,007 8.80e-04 5.11e+01  4.59e-03  9.26e+15 8.89e-03  1.15e+34
480,013  5.87e-04 3.61le4+01 3.19e-03  6.55e+15 6.25e-03  8.14e+33

Rate 0.60 0.50 0.54 0.50 0.53 0.50

and A\¢ = 1.0, where the observed rate of convergence of approximately 0.89 is signifi-
cantly larger than the predicted rate of 0.75 from Theorem 43, and also higher than the
corresponding convergence of worst-case error, as seen in Table 5.9.

Tables 5.12 and 5.13 present the same experiments as Tables 5.10 and 5.11 respectively,
but for MC quadrature. The results agree with the usual behavior of MC methods where
standard errors converge with approximately O(n~'/2). Figure 5.4 charts all the findings
in Tables 5.10 to 5.13. They demonstrate that in all our test cases QMC always does
better than MC, especially for small o2, where QMC outperforms MC by up to two
orders of magnitude.

As a final comparison, in Tables 5.14 and 5.15 we look at the standard errors for a
generic lattice rule, which is not specifically designed to fit the problem. We choose here a
lattice rule generated for the Sobolev space of mixed first-order derivatives on [0, 1]°, with
product weight parameters v; = 1/ j2. We see that these lattice rules still behave very

well, attaining similar results to the lattice rules constructed for our specific problem.

5.5.2  Issues with setting o

Some difficulty was encountered in finding a good scheme for setting «;. We required a
scheme that would produce satisfactory results for all our choices of the various parameters
o, Ac and 9. This was not easy, and bad choices of a; lead to the sort of numerical

overflow problems highlighted in §5.2.1 due to the sensitivity of ¥; and g; to a;. The
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Table 5.10: QMC standard errors for ¥ = 2, using exponential 1); and POD weights ~, as in (4.51)

0?2 =0.25 0?2=1.0 o2 =4.0

n Ac=1.0 Ac =0.1 Ac=1.0 Ac =0.1 Ac=1.0 Ac =0.1
8,009 2.69¢-05 1.77e-05 1.90e-04 1.00e-04 1.12e-02 3.22e-03
16,001 1.38¢e-05 8.12e-06 1.02e-04 7.52e-05 5.47e-03 2.44e-03
32,003 8.85¢-06 6.22¢-06 6.79¢-05 5.11e-05 3.83e-03 1.20e-03
64,007 4.49e-06 3.02e-06 3.33e-05 3.49¢-05 2.36e-03 7.02e-04
120,011 2.66e-06 1.79e-06 2.46e-05 1.79e-05 3.18e-03 7.87e-04
240,007 1.43e-06 9.95e-07 1.48¢-05 9.80e-06 1.74e-03 4.42e-04
480,013 7.82e-07 6.72e-07 9.17e-06 8.41e-06 7.68e-04 2.91e-04

Rate 0.86 0.80 0.73 0.66 0.55 0.58

90% Interval  [0.89,0.83] [0.87,0.74] [0.78,0.69] [0.75,0.57] [0.71,0.40] [0.68,0.48]

Table 5.11: QMC standard errors for ¢ = 1.25, using exponential 1»; and POD weights ~, as in (4.51)

o2 =0.25 0?2=1.0 0?2 =40

n Ac=1.0 Ac =0.1 Ac=1.0 Ac =0.1 Ac=1.0 Ac =0.1
8,009 2.80e-05 1.80e-05 1.76e-04 1.12e-04 8.97¢-03 2.01e-03
16,001 1.37¢-05 7.37e-06 1.25e-04 7.10e-05 7.25e-03 1.69e-03
32,003 8.37e-06 5.78¢-06 5.72e-05 3.98¢-05 2.42¢-03 1.26e-03
64,007 4.36e-06 2.93e-06 3.39¢-05 2.70e-05 1.72e-03 8.35e-04
120,011 2.58¢-06 1.82¢-06 2.00e-05 1.82e-05 1.43e-03 5.63e-04
240,007 1.32¢-06 9.56e-07 1.14e-05 1.31e-05 1.57e-03 2.64e-04
480,013 7.06e-07 5.57e-07 6.31e-06 7.52e-06 5.60e-04 2.05e-04

Rate 0.89 0.82 0.83 0.64 0.63 0.60

90% Interval [0.91,0.86] [0.89,0.76] [0.88,0.79] [0.68,0.61] [0.81,0.44] [0.70,0.50]

scheme proposed in Corollary 44 was not obvious to us, and did not come about until
after many other attempts at finding a good scheme for «;.

We also discovered the need for multiple distinct «; through experimentation. Pre-
vious papers such as [71] and [39] considered the unbounded setting but with the weight
functions v; taken to be the same over all coordinates. In this PDE problem, however,
we found it necessary to offer the ability to at least provide a regime of two distinct 9,
(or rather its parameter «;), one fit to the earlier coordinates, and one fit to the tail
coordinates. We found this necessary as we have the condition (4.59), where we require
a; > bj, to ensure ¥; < oo. The b; can converge quite quickly, if we have one only choice
that is used in all coordinate directions, o, say, then it will be too big for later coordi-
nates, which happens to lead to weights that are too small, especially for higher-order
coordinate collections. This gives us precisely the problem discussed in §5.2.1.

To demonstrate this we can examine the weights in a specific case, both with and
without the regime of multiple ;. Consider the case ¥ = 1.25, 0% = 4.0 and ¢ = 1.0.
We see from Figure 5.3 that the b; in this case are initially large but converge quickly.
In Table 5.16 we present the weights =, for two cases. In the first column the weights
have one choice of «, chosen as per (4.61), but only set for the first coordinate, then left
constant. The second column of weights takes in two distinct choices of a;, as per (5.13).
In this example we find the criterion of b; < bs/2 occurs at j = 3. Thus we have o1 = ay,

but then a new choice is made for a3 and beyond.
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Table 5.12: MC standard errors for ¥ = 2

0? =0.25 0> =1.0 0®=4.0

n Ac =1.0 Ac =0.1 Ac =1.0 Ac = 0.1 Ae =1.0 Ac =0.1
8,009 7.24e-04 4.19e-04 2.21e-03 1.11e-03 2.70e-02 6.62e-03
16,001 3.98e-04 2.58e-04 1.15e-03 7.22e-04 1.42e-02 4.98e-03
32,003 2.97e-04 1.52e-04 9.73e-04 4.45e-04 1.65e-02 3.56e-03
64,007 1.87e-04 1.07e-04 6.21e-04 3.08e-04 1.02e-02 2.43e-03
120,011 1.25e-04 7.59e-05 4.11e-04 2.17e-04 5.78e-03 1.65e-03
240,007 9.40e-05 6.19e-05 2.97e-04 1.50e-04 4.02e-03 8.78e-04
480,013 7.06e-05 4.16e-05 2.12e-04 9.75e-05 2.79e-03 5.06e-04

Rate 0.56 0.55 0.56 0.59 0.55 0.63

90% Interval [0.62,0.51] [0.61,0.49] [0.61,0.50] [0.61,0.57] [0.65,0.44] [0.71,0.55]

Table 5.13: MC standard errors for ¢ = 1.25

a2 =0.25 ?2=1.0 o2 =40

n Ac =1.0 Ac =0.1 Ac =1.0 Ac = 0.1 Ac=1.0 Ac =0.1
8,009 6.89¢-04 4.01e-04 2.05¢-03 1.07¢-03 2.30e-02 6.54e-03
16,001 3.82e-04 2.47e-04 1.08e-03 6.90e-04 1.21e-02 4.85e-03
32,003 2.81e-04 1.45e-04 9.05e-04 4.23e-04 1.35e-02 3.43e-03
64,007 1.78¢-04 1.02e-04 5.76e-04 2.93e-04 8.51e-03 2.36e-03
120,011 1.20e-04 7.20e-05 3.85e-04 2.07e-04 5.00e-03 1.62e-03
240,007 9.91e-05 5.95e-05 3.11e-04 1.52e-04 3.84e-03 1.24e-03
480,013 6.92e-05 4.08¢-05 2.11e-04 9.60e-05 3.85e-03 8.15e-04

Rate 0.55 0.55 0.54 0.58 0.45 0.51

90% Interval  [0.61,0.49] [0.61,0.48] [0.59,0.48] [0.61,0.55] [0.56,0.34] [0.53,0.49]

In Table 5.16, we clearly see that in the single-a; case, the weights become too small,
whereas for the double-a; case, the higher order weights are many orders of magnitude
larger, and are of reasonably proportion to other weights. The small weights in the
single-a; case, especially for example the weight v(3 341 = 1.83 X 107, lead to exactly
the lower-order projection problem highlighted in Figure 5.2. The larger weights in the
double-a; case are due to the change in a; from j = 3 onwards, in fact we see y3) jumping
to a larger value. While it may seem strange that vy < 73y, particularly as we’d expect
the 3rd coordinate to contribute less than the 1st to the overall variance of the problem,
this is theoretically balanced by the fact that we have changed the dependence on the 3rd
coordinate in the norm || F||y,.

Having two distinct a; is a compromise. Ideally we would follow the scheme in Corol-
lary 44 and have a unique «; for every coordinate, minimising Sy. However as discussed
the computational cost in using that scheme is excessive. We did not, however, see the
need for any more than 2 distinct «;, primarily as the results did not improve remarkably
with more choices, both for the worst-case error results and for the standard error of the
QMC quadrature results.

Part of our problems may indeed lie with the quantity Cs ; which is used in the bound
of éj, (3.38). We can see from (4.60) that Cy ; contains a term of the order of e , which

is evidently quite sensitive to o, and likely to fluctuate with o; more than éj itself. We
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Figure 5.4: Standard errors from Tables 1 to 4 for QMC and MC plotted against n.

conclude that perhaps sharper bounds of the form of (3.38), if we could find them, would

make the numerical situation much easier to manage.

5.3.3  Gaussian 1;

Here we detail the numerical results with the Gaussian weight function (4.62). Once
again we must specify our scheme for setting a;;. Unfortunately however we do not have
a closed form specification for «; as for the exponential case. Instead we minimised the
expression [0;(\)]/*¥; numerically for 0 < a < 1 —1/(2)), by a simple minimum search
on a fine mesh. Unlike in the exponential case, we did not find that multiple a;; made
too much of a difference on the results, probably as we did not have the hard constraint

(4.59). Hence we present results here where a single a; was used.

CBC results

We present the results of the CBC algorithm in Table 5.17, again with estimated values
of the rate of convergence r. Unfortunately, in this case of Gaussian v;, the method only

worked for the combinations of 62 = 0.25 with A¢ = 1.0 and 0.1, and the combination

of 02 = 1.0 with A\¢ = 1.0. For all other cases, e.g. when 0 = 4.0, nonsense generating
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Table 5.14: QMC standard errors for ¥ = 2 using generic lattice rules

02 =0.25 a?=1.0 o2 =4.0

n Ae =1.0 Ae =0.1 Ae =1.0 Ae =0.1 Ae =1.0 Ae =0.1
8,009 3.38e-05 1.90e-05 2.48e-04 1.24e-04 1.29e-02 2.81e-03
16,001 1.68e-05 9.91e-06 1.23e-04 7.41e-05 7.00e-03 1.78¢-03
32,003 8.27¢-06 6.48¢-06 6.47e-05 5.56e-05 4.05¢-03 1.19¢-03
64,007 4.32e-06 4.60e-06 3.55e-05 4.05e-05 2.88e-03 9.36e-04
120,011 2.46e-06 2.01e-06 2.59¢-05 2.08e-05 4.33e-03 6.41e-04
240,007 1.77¢-06 1.41e-06 2.07e-05 1.31e-05 3.54e-03 3.76e-04
480,013 6.84e-07 6.32e-07 7.10e-06 7.26e-06 7.60e-04 2.27e-04

Rate 0.92 0.80 0.80 0.68 0.52 0.59

90% Interval  [0.99,0.84] [0.88,0.72] [0.91,0.68] [0.76,0.61] [0.78,0.25] [0.65,0.54]

Table 5.15: QMC standard errors for ¥ = 1.25 using generic lattice rules

0? =0.25 o> =1.0 0 =4.0

n )\c =1.0 Ac =0.1 )\c =1.0 )\c =0.1 /\c =1.0 Ac =0.1
8,009 3.25e-05 1.80e-05 2.27e-04 1.21e-04 1.06e-02 2.82e-03
16,001 1.61e-05 9.42¢-06 1.12e-04 6.77e-05 5.52e-03 1.66e-03
32,003 7.87e-06 5.92e-06 5.71e-05 5.13e-05 3.36e-03 1.16e-03
64,007 4.06e-06 4.21e-06 3.11e-05 3.64e-05 2.18e-03 8.49¢-04
120,011 2.41e-06 1.81e-06 2.34e-05 1.84e-05 3.13e-03 5.77e-04
240,007 1.69e-06 1.32e-06 1.81e-05 1.25e-05 2.40e-03 3.71e-04
480,013 6.60e-07 5.96e-07 6.69e-06 7.19e-06 6.44e-04 2.40e-04

Rate 0.91 0.81 0.80 0.68 0.54 0.58

90% Interval ~ [0.99,0.84] [0.88,0.73] [0.91,0.69] [0.74,0.61] [0.76,0.31] [0.61,0.55]

vectors were returned as the weights became unstable. To illustrate this Table 5.18
presents the values of some early weights for the different of o2, with 9 = 2 and A¢ = 1.0
fixed. Upon inspecting the weights for 02 = 4.0 it becomes clear why the CBC does
not work for this case — the weights are excessively large and nonsensical, For example
we see that vy 9y = 9.72 x 10™ while Y3y = 7.81 x 1073, due mostly to the fact that
Ty = 1.67 x 10° while W3 = 36.75.

The poor performance of the Gaussian choice for v, is likely to be a reflection on its
unsuitability towards this problem. It is the bound on the norm ||F||yy, (4.42) that gives
rise to U}, specifically the 1/a(y) term that comes from (4.29) from Theorem 38. It seems

that we would be unlikely to improve on this bound.

QMC quadrature results
In Table 5.19 we present the results for the QMC quadrature of the PDE problem with

estimated rate of convergence r. We see for those few cases for which the CBC algo-
rithm has worked, these lattice rules perform similarly to the lattice rules built with the

exponential 1;, as well as the results for the generic lattice rules.

5.4 Conclusion

In Chapter 3 we described weighted spaces for unbounded integrands with general weights,
and proved that the CBC construction yields good lattice rules that allow us to perform

numerical integration with fast convergence for integrands contained in these spaces.
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Table 5.16: ~, for various u and two different regimes for a;, with exponential ;.

7y for Yu for
u 1 choice of a; 2 distinct choices of «a;
{1} 2.80e-04 2.80e-04
{2} 2.78e-05 2.78e-05
{1,2} 1.73¢-08 1.73¢-08
{3} 1.21e-05 1.50e-01
{1,3} 7.52¢-09 9.34e-05
{2,3} 7.47¢-10 9.29¢-06
{1,2,3} 7.40e-13 9.19e-09
{4} 6.91e-06 4.93e-02
{1,4} 4.29¢-09 3.06e-05
{2,4} 4.26e-10 3.05e-06
{1,2,4} 4.22¢-13 3.02¢-09
{3,4} 1.86¢-10 1.65¢-02
{1,3,4} 1.84e-13 1.63e-05
{2,3,4} 1.83¢-14 1.62¢-06
{1,2,3,4}  2.52-17 2.23e-09

Table 5.17: Worst-case errors 621,]71, using Gaussian ¥; and POD weights 7, as in (4.51)

9 =2 9 =125
o2 =0.25 a?2=1.0 o2 =0.25 o?2=1.0
n Ad=10 Xe=01 X=10 M =1.0 Ac =0.1 Ac =0.1

8,009 1.07e-03  1.39e-02  5.72e-02  7.64e-03  1.89e+403  8.02e-02
16,001  6.14e-04 9.57e-03  3.35e-02  5.09e-03  1.34e+03  5.76e-02
32,003  3.57e-04 6.58e-03  2.07e-02  3.38e-03 9.44e402  3.99e-02
64,007  2.03e-04  4.52e-03  1.23e-02 2.25e-03 6.67e+02  2.68e-02
120,011  1.24e-04  3.22e-03  8.05e-03  1.56e-03  4.87e+02  1.93e-02
240,007 7.17e-05 2.21e-03  5.08e-03  1.04e-03  3.45e+02  1.34e-02
480,013  4.17e-05  1.52e-03  2.89e-03  6.89e-04  2.44e+02  9.67e-03

Rate 0.79 0.54 0.73 0.59 0.5 0.52

Subsequently in Chapter 4 we investigated the PDE problem with random coefficients,
known as the porous-flow problem, and showed that integrands arising from this problem
were contained in our new weighted spaces. Thus our theory of good lattice rules applies
for this problem, and hence we have shown that QMC methods applied to the PDE
problem converged quickly, and in some cases optimally, with close to O(n~!) convergence.
Finally, in this chapter we investigated the details of implementation of the techniques
in both the previous chapters, and tested the performance of our tailored lattice rules
for a model problem, leading to interesting numerical challenges in fitting the various
parameters of the space to contain the problem.

We have successfully demonstrated good convergence of our QMC finite element
method for this class of PDE problems numerically. Our results demonstrate that QMC
rules comfortably beat MC rules in most cases, or in the cases of large o? perform no
worse. Furthermore we see that this is the case even for arbitrarily chosen lattice rules, as
is demonstrated in Tables 5.14 and 5.15, despite the fact that the theory for these lattice
rules does not apply to this problem.

106



Table 5.18: ~, for various u, with A¢ = 1.0, ¥ = 2, and with Gaussian ;.

Yy for Yu for Yu for
u 02=025 02 =10 o0>=40
{1} 1.38¢+00 4.14e4+02 2.89e+11
{2} 1.44e-01 1.31e+00 1.37e+03
{1,2} 4.86e-01  1.33¢+03 9.72e+14
{3} 3.35e-02  9.06e-02  7.81e-01
{1,3} 1.13e-01  9.17e+01 5.53e+11
{2,3} 1.18e-02  2.90e-01  2.62e+03
{1,2,3}  6.71e-02 4.96e+02 3.13e+15
{4} 1.20e-02  2.27¢-02  5.35¢-02
{1,4} 4.03e-02  2.30e+01 3.78e+10
{2,4} 4.21e-03  7.26e-02 1.80e+02
{1, 2, 4} 2.40e-02 1.24e402 2.15e+14
{3,4} 9.79¢-04  5.02e-03  1.02e-01

{1,3,4}  5.57e-03 8.58¢+00 1.22e+11
{2,3,4}  5.8le-04 2.7le-02 5.79e+02
{1,2,3,4} 4.80e-03 6.72e+01 1.00e+15

Table 5.19: QMC standard errors, using Gaussian 1; and POD weights v, as in (4.51)

9 =2 9 =125
o2 =0.25 0?2=1.0 0?2 =0.25 c?2=1.0
n Ade=10 Xe=01 M=10 AXe=10 X=01 X=1.0

8,009 2.95e-05  1.87e-05 1.98e-04  3.02¢e-05 1.83e-05  3.05e-04
16,001  1.42e-05 1.17e-05 1.05e-04 1.47e-05 1.29e-05 1.33e-04
32,003  7.75e-06  6.47e-06  6.55e-05  8.66e-06  7.65e-06  5.80e-05
64,007  4.32e-06  2.99e-06  3.50e-05  4.45e-06  3.76e-06  4.93e-05

120,011 2.50e-06  1.90e-06  2.21e-05 2.50e-06  2.32e-06  3.05e-05
240,007  1.53e-06  1.20e-06  1.91e-05 1.62e-06  9.35e-07  1.74e-05
480,013  7.69e-07  7.22e-07  7.86e-06  7.12e-07  8.65e-07  9.84e-06

Rate 0.86 0.8 0.76 0.86 0.79 0.78

Our numerical results do not quite match up with our theoretical predictions. For
example, our theory predicts convergence rates of our QMC error that is dependent
primarily on the rate of decay of b;, specified here by the 1 parameter. In the numerics
however we see a much larger dependence on ¢? and A¢ than on ¥. If anything, this is
evidence that there is further work that could be done towards making the theory sharper.

It is important to note that in these experiments neither the MC nor the QMC rules are
enhanced using any variance reduction techniques such as the use of antithetic variates.
This way we have a fair comparison between two unflavoured implementations.

Evidently there is scope for further work to sharpen our error bounds, as demonstrated
by our numerics. Nevertheless, the results show that QMC finite element methods pro-
vide an excellent solution to the lognormal porous flow problem, and present a marked
improvement over MC methods. Certainly as an “out-of-the-box” solution, implementing
the machinery of the CBC algorithm for building custom lattice rules, built to fit this
specific problem, may be beyond the scope of the practitioner. However, as has been seen,

regular lattice rules, the generating vectors for which are widely available, work very well
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for the problem. Our process of proving convergence of the problem in the weighted func-
tion space can be considered a theoretical achievement, with the added bonus of good
numerical results.

The porous flow problem has been an exciting new setting in which to apply QMC
methods. We have managed to analyse the PDE in a new weighted function space setting,
leading to a process of finding tailored weights 7, and weight functions v;, that leads to

proven theoretical convergence. This is a novel discovery in the world of QMC.
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