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Abstract

One of the classic problems in operator algebra theory is the question whether every
derivation from an algebra A into an N-bimodule J is automatically inner [56.(63].
In the present thesis, we study derivations with values into ideals of a semifinite
von Neumann algebra M. Precisely, we characterise the symmetric ideals J of M
such that every derivation from an arbitrary C*-subalgebra (resp. von Neumann

subalgebra) of M into J is automatically inner.
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Introduction

A corner stone of classical analysis is the theory of differentiability. During the
twentieth century, a great effort was made in attempt to establish the theory of
differential operators in various classes of spaces. In abstract algebra, a derivation is
a mapping on an algebra A over C which generalises certain features of a differential
operator. Precisely, if J is an A-bimodule, a linear map ¢ : A — J that satisfies
the Leibniz law is called a derivation, that is,

d(ab) = d(a)b+ ad(b), Ya,b € A.

In particular, if & € J, then 0x(z) := kx — xk, x € A, is a derivation. Such
derivations implemented by elements in J are called inner |7,[125].

Derivations appeared for the first time at a fairly early stage in the field of
C*-algebras and were initiated in the 1950s, by Kaplansky [83], by Singer and
Wermer [126], and later by Sakai etc |118,[119]. The study of derivations in operator
algebras continues to be one of the central branches in the field [121]. During the
late 1960s and early 1970s, a great deal of work was done (by Kadison, Johnson and
Ringrose etc.) in developing the theory of derivations, which also led to the study of
Hochschild cohomology of C*-algebras (see e.g. [63164.(66, 7274, 74-76]). The most
famous result in this field is the so-called Kadison-Sakai theorem [70}/119], which
shows that every derivation from a von Neumann algebra into itself is inner. We
provide a short survery of the theory of derivations in operator algebras in Chapter

The present thesis concentrates on derivations having values into ideals of a von
Neumann algebra M and identifies those ideals 7 of M such that every derivation
0: A — J is necessarily inner for any C*-/von Neumann subalgebra A of M.

A beautiful extension of the Kadison—Sakai theorem was obtained recently by
Ber and Sukochev [16,/17], who showed that for a von Neumann algebra M and
an arbitrary ideal J of M, every derivation from M into J is automatically inner.
However, the case for general subalgebras of M is more complicated and requires new
techniques/ideas. In 1972, Johnson and Parrott [67] showed that derivations from an
abelian /properly infinite von Neumann subalgebra of B(#) into the algebra K (H)
of all compact operators on H are inner. However, they failed to resolve the case
when A is a type I]; von Neumann algebra, which remained open until resolved by
Popa [110] in 1987. This result is now known as the so-called the Johnson-Parrott—
Popa theorem.

Theorem (Johnson—Parrott—Popa). Every derivation from an arbitrary von Neu-
mann algebra A of B(H) into the algebra K(H) is inner.

A natural development of the Johnson—Parrott—Popa theorem is to establish a
suitable semifinite version of the result. In 1985, Kaftal and Weiss [81] considered
Johnson and Parrott’s derivation problem in a more general setting where B(H)
is replaced with a semifinite von Neumann algebra M and K(H) is replaced with
the uniform norm closed ideal J (M) generated by all finite projections in M. It is
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shown in [81] that if A is an abelian (or properly infinite) von Neumann subalgebra
of M containing the center Z(M) of M, then any derivation

: A= JT(M)

is inner. This result was latter extended by Popa and Radulescu [112] in 1988.
In particular, they showed that the result by Kaftal and Weiss holds if A is an
arbitrary type I1; (or properly infinite) subalgebra of M. However, for an arbitrary
von Neumann subalgebra A of M, any derivation 6 : A — J (M) is inner only under
additional condition on the center of A and M (see precise condition in Theorem
3.2.2)). In particular, Popa and Radulescu established the existence of non-inner
derivations

b: A= T(M)

for a specific semifinite von Neumann algebra M and an abelian von Neumann
subalgebra A of M, which is the first example of non-inner derivations in von
Neumann algebras.

In 1987, Christensen [24] introduced the notion of generalized compacts asso-
ciated with a von Neumann algebra and showed that derivations from a properly
infinite von Neumann algebra into the generalized compacts associated with this von
Neumann algebra are inner. However, the question whether derivations from a type
I1I; von Neumann algebra into the generalized compacts associated with this von
Neumann algebra are inner was left open, which was recently answered in affirmative
by Galatan and Popa [49].

One of the main results of the present thesis is the Johnson—Parrott—Popa
theorem for another type of semifinite version of the ideal K(H), namely the ideal
Co(M, 1) of T-compact operators, which is the uniform norm closure of the linear
span of all 7-finite projections in a semifinite von Neumann algebra M equipped
with a semifinite faithful normal trace .

Theorem (Theorem[5.6.1)). Let A be a von Neumann subalgebra of a semifinite von
Neumann algebra (M, 7). Then every derivation § : A — Co(M,T) is necessarily

mner.

Even though Co(M,7) and J(M) are similar in many respects (see Theo-
rem, our result is in strong contrast with the result by Popa and Radulescu [112],
since we do not impose any additional condition on the von Neumann subalgebra
A.

Some attempts have been made to extend the Johnson—Parrott—Popa theorem
in another direction, i.e., replacing K(H) with some other ideals in B(#). The
Schatten p-classes Cp(H) introduced in |122] are important examples of ideals in
B(H), which are the noncommutative counterpart of [,-sequence spaces in the sense
of Calkin [52,98]. In 1977, Hoover [56] used the Ryll-Nardzewski fixed point theorem
(as suggested by Johnson [63,67]) and the reflexivity of the ideals C,(H), 1 < p < o0,
to show that every derivation from a C*-subalgebra of B(H) into C,(H) is inner.
Hoover [56] also resolved the special case when p = 1 by a completely different
approach (see also [4] for a new proof).

However, when B(H) is replaced by a general semifinite von Neumann algebra
M, the corresponding ideal C,,(M, 7) is not necessarily reflexive even for 1 < p < oo
and therefore the Ryll-Nardzewski fixed point theorem can not be applied directly
(the method used in [4] is not applicable, either). In 1985, using Johnson and
Parrott’s trick [67], Kaftal and Weiss [81] showed that every derivation from an
abelian (or properly infinite) von Neumann subalgebra of M into C,(M, 7) is inner
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when 1 < p < co. However, the case for general von Neumann subalgebra of M
was left unanswered. The second main result of the thesis provides sharp conditions
(we demonstrate the sharpness of our result in Theorem on a symmetric ideal
& of M such that any derivation from an arbitrary C*-subalgebra of M into &£ is
inner. Namely, we prove the following result (see Chapterfor definitions), which, in
particular, fully resolves the untreated cases for derivations with values in C,(M, 7)
in the paper [81] by Kaftal and Weiss.

Theorem (Theorem [.1.4). Let A be a C*-subalgebra of M and let E(0,00) be a
fully symmetric space on (0,00) having the Fatou property and order continuous
norm, i.e, F(0,00) is a KB-space. Then every derivation § from A into the

corresponding symmetric ideal E(M,T) of M is inner.

The thesis is structured such that the first two chapters consist of the necessary
background material of noncommutative analysis. The classical results of derivations
are surveyed in Chapter[3] In Chapter[d] we study derivation ¢ from a C*-subalgebra
A of a semifinite von Neumann algebra M into the symmetric ideals of M. The
main tools are the Ryll-Nardzewski fixed point theorem [96] and the properties of
the so-called p-convexifications of a noncommutative symmetric space developed by
P. Dodds, T. Dodds and B. de Pagter [38]. In Chapter [5, we show that derivations
from an arbitrary von Neumann subalgebra of M into Cy(M,T) are necessarily
inner. As an application of this result, we show that derivations from an arbitrary
von Neumann subalgebra of M into £ are necessarily inner for a wide class of
symmetric ideals £ of M, which unifies the Johnson—Parrott—Popa theorem [67,(110]
and results by Kaftal and Weiss [81] with a substantial extension.

The main results in this thesis all stem from the articles Derivations with values in
ideals of semifinite von Neumann algebras [11] and Derivations with values in the
ideal of T-compact operators affiliated with a semifinite von Neumann algebra |12].
These results have been presented in:

1. The International Workshop on Operator Theory and Applications (IWOTA),
Shanghai, 23-27 July 2018.

2. Mini Workshop on Noncommutative Analysis, Central South University,
Changsha, 18 July 2018.

3. The fifth Annual Postgraduate Conference (Session chair), UNSW, Sydney, 8
June 2018.

4. The 61st annual meeting of the Australian Mathematical Society, Macquarie
University, Sydney, 12-15 December 2017.

5. The fourth Annual Postgraduate Conference (Plenary Speaker), UNSW,
Sydney, 7 June 2017.
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Chapter 1
von Neumann algebras

Von Neumann algebras were originally introduced by John von Neumann [97] in
1929, motivated by his study of single operators, group representations, ergodic
theory and quantum mechanics. He and Francis Murray developed the basic theory,
under the original name of rings of operators, in a series of papers written in the
1930s and 1940s [93H9599-102]. In this section, we recall some notions of the theory
of von Neumann algebras. For details on von Neumann algebra theory, the reader
is referred to e.g. [34], [77,[78] or [132]. The book by Connes [29] discusses more

advanced topics.

1.1 Algebras with an involution

Let A be an algebra over the complex numbers (the set of all complex numbers is

denoted by C). The mapping x — z* from A into itself is said to be an involution if

whenever z,y € A and A € C. An algebra equipped with an involution is called a
x-algebra. An element z € A is called self-adjoint (or hermitian) if * = x. The
set of all self-adjoint elements in A is denoted by A, which is clearly a real linear
subspace of A. If z,y € A, then xy € A, if and only if zy = yx. Note furthermore
that z*x and zz* belong to Ay, for every x € A. For x € A, we set
Re(x) = 1(ar: + %), Im(z) = l(ac — ).
2 23

Clearly, Re(z),Im(x) € Aj, and 2 = Re(x) +iIm(z) for all z € A. Conversely, if for
a given = € A, we have © = z1 + ixy with z1, 29 € Ay, then necessarily 1 = Re(z)
and zo = Im(x).

The x-algebra is called wunital if it possesses a multiplicative identity, a wunit

element, denoted by 1 = 1 4. Note that 1* = 1. An element z in the unital algebra

1



2 1. von Neumann algebras

A is said to be invertible if there exists y € A such that zy = yxr = 1; in this case,
the element y is unique and denoted by z~!, the inverse of x. It is easy to see that
x € A is invertible if and only if #* is invertible and, in this case, (z71)* = (z*)~L.

An element = € A is called normal if x*x = xa*. Furthermore, u € A is said
to be unitary if u*u = wu* = 1 (equivalently, u is invertible and u* = u~1). All
unitary elements in A form a (multiplicative) group, which we shall denote by U(.A).
An element p € A is said to be a projection if p> = p and p* = p. The set of all
projections in A is denoted by P(A).

A subset S of a x-algebra A is called self-adjoint if z* € S whenever z € §. A
self-adjoint subalgebra S of A is said to be a *-subalgebra of A and, in this case, S
itself is a *-algebra with respect to the algebraic operations and involution inherited
from A.

1.2 (C*-algebras

An algebra A equipped with a norm ||-|| 4 such that A is a Banach space and
(1) lzylla < llzllallyll.4 for all z,y € A,

is called a Banach algebra. If A has a unit element 1, then we assume that ||1[| , = 1.

If A is a *x-algebra and the norm also satisfies
(i) flz*[| 4 = llz]l 4 for all z,y € A,

then A is called a Banach *-algebra.
A C*-algebra is a *-algebra A equipped with a norm ||-|| 4, such that A is a

Banach algebra and
(ifi) [Jz*z| 4 = ||lz]| for all z,y € A.

If A is a C*-algebra, then it is easy to see that the norm also satisfies condition
(i). So, any C*-algebra is a Banach x-algebra. Moreover, if the C*-algebra has a

unit element 1, then the equality ||1]| , = 1 is automatically satisfied.

Proposition 1.2.1 (see e.g. [18, 11,3.2.12]). Ewvery element of a unital C*-algebra
A is a linear combination of four unitary elements of A. In fact, if x = 2* € A and

|lz|| 4 < 2, then x is a sum of two unitary elements of U(A).

If A is a C*-algebra and A; is a closed *-subalgebra of A, then A; is C*-algebra
with respect to the structure inherited from .4 and we say that A; is a C*-subalgebra
of A.

We recall also the classical unitalization result for C*-algebras [113].

Theorem 1.2.2. Let A be a C*-algebra. There exists a C*-algebra A; which is
unital, contain A as a closed two-sided ideal and Ay/A = C. Moreover, this C*-

algebra is unique.
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1.3 Topologies on B(H)

In what follows, H is a Hilbert space and B(H) is the *-algebra of all bounded linear
operators on ‘H equipped with the uniform norm |||, and 1 is the identity operator
on H.

In addition to the uniform norm topology, there are a number of other important
topologies on B(H).

For every n € H, we define the semi-norm p, on B(H) by p,(x) = [Ty,
x € B(H). The locally convex Hausdorff topology on B(H) generated by the family
of semi-norms {p, : n € H} is called the strong operator topology (shortly, so-
topology). A net {T,} in B(H) so-converges to an operator T' € B(#H), denoted by
T, —so T, if and only if

o — Trlly, = 0

for all » € H. Multiplication in B(#) is continuous with respect to the so-
topology in each factor separately, but in general not jointly so-continuous (however,
multiplication is jointly so-continuous when restricted to norm bounded sets). The
mapping 7' +— T™ is not so-continuous (unless H is finite dimensional).

For n,§ € H, we define the semi-norm p, ¢ by

pne(T) = [(Tn, )|, T € B(H).

The locally convex Hausdorff topology on B(H) generated by the family of semi-
norms {py¢ : 1n,& € H} is called the weak operator topology (shortly, wo-topology).
A net {T,} in B(H) wo-converges to an operator T' € B(H), denoted by Ty, —wo T
if and only if

(Tan, &) — (I, &), Yn,§ € H.

It is clear that the wo-topology is weaker than the so-topology and coincides with
the latter only if H is finite dimensional. However, for a convex subset of B(H), its

wo-closure coincides with its so-closure.

Proposition 1.3.1 (see e.g. [31, Chapter IX, Corollary 5.2]). IfS is a convex subset
of B(H), then the wo-closure of S equals the so-closure of S.

Multiplication is wo-continuous in each factor separately, but is not jointly wo-
continuous (unless H is finite dimensional). The mapping = — z* is clearly wo-
continuous.

A useful property of the wo-topology is given in the next theorem.

Theorem 1.3.2 (see e.g. |31, Chapter IX, Proposition 5.5]). The closed unit ball
B(H)1 of B(H) is compact in the weak operator topology.

Next, we consider the locally convex Hausdorff topology on B(H) generated by
the family of semi-norms defined by pg, (3 (T) = | 2521 (Tmi, &), where {n;}32,
and {&}2°, are sequences in H satisfying 3.0, [|m;]|3, < oo and 322, [|&]13, < oo.
This topology is called the ultra-weak operator topology (shortly, uwo-topology) or
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o-weak topology or weak* operator topology. The ultra-weak operator topology is
stronger than the wo-topology. On norm bounded subsets of B(H), the uwo- and
wo- topology coincide [132, Chapter II]|. In particularly, B(H); is uwo-compact.

Given a sequence {7;} in H satisfying >, ||T)ZH$_[ < 00, the semi-norm py, 1 on
B(H) is defined by

1
o] 2
piny(T) = (Z !Tmlli> :
=1

The locally convex Hausdorff topology on B(H) generated by the family of semi-
norms given by pg,4 is called the ultra-strong operator topology (briefly, uso-
topology). The ultra-strong operator topology is stronger than the so- and the
uwo-topologies and is weaker than the norm topology. On norm bounded subsets of
B(H), the uso- and so- topology coincide [132, Chapter II].

1.4 von Neumann algebras
Given a non-empty subset S of B(H), the commutant S’ of S is defined by
S={XeBH): XY =YX VY €S},

which is a (wo)-closed unital subalgebra of B(H). If S is self-adjoint, then S’ is a
(wo)-closed unital C*-subalgebra of B(#). Defining the bi-commutant S” of S by
S" = (8", it is clear that S € §” and &' = 8.

Definition 1.4.1. A x-subalgebra M of B(H) is said to be a von Neumann algebra
if M =M".

If M is a von Neumann algebra, then M is a wo-closed unital C*-subalgebra of
B(H). The simplest examples of von Neumann algebras are given by the algebra
B(H) itself and the subalgebra C1 = {A1 : A € C}. For any non-empty subset
S of B(H), the commutant S’ is a von Neumann algebra. Similarly, S” is a von
Neumann algebra. Actually, S” is the von Neuamnna algebra generated by S, that
is, the smallest von Neumann algebra containing S.

The center Z(M) of a von Neumann algebra M is defined by

ZM)={XeM: XY =YX, VY € M}

Since Z(M) = M N M, it follows that Z(M) is a von Neumann algebra, which
is clearly commutative. Note that Z(M') = Z(M). If Z(M) = C, then the von
Neumann algebra M said to be a factor. Since B(H)' = Cg, it follows that B(H)
is a factor.

The following is the famous Double Commutant Theorem of J. von Neumann.

Theorem 1.4.2. Let M be a unital *-subalgebra of B(H) and let M be its unit

ball (with respect to the operator norm). The following statements are equivalent.

(1). M is a von Neumann algebra, that is, M = M".
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(2). M is wo-closed (or, equivalently, so-, uwo-, uso-closed).
(8). My is wo-closed (or, equivalently, so-, uwo-, uso-closed).

If M is a von Neumann algebra, then M; = M N B(#H); is wo-compact and
hence, M is uwo-compact, as the wo- and uwo-topology coincide on norm bounded
subsets of B(H).

Let P € M and @Q € M’'. The algebra Mp := PMP = {PXP : X € M}
is called the reduced von Neumann algebra of M with respect to P € P(M). The
algebra Mg = QMQ = {QXQ : X € M} is called the induced von Neumann
algebra by M on Q(H).

In what follows, we shall frequently use the following notation concerning partial
ordering. Let (X, <) be a partially ordered set. If D is a non-empty subset of
X for which the least upper bounded (or, supremum) exists, then this least upper
bound is denoted by sup D or VD. Similarly, inf D or AD denotes the greatest lower
bounded (or infimum) or D whenever it exists. In the case when D = {z,y}, we
also write sup D =z Vy and inf D = x A y. A net {x,}qer is called increasing (or,
upwards directed) if o < 23 whenever v < 3 in A (notation as zo 1). If {za}aea is
increasing and x = sup,, x, exists, then we write x4 1T x. Decreasing nets are defined
similarly and z, | © means that the decreasing net {z,} has infimum z.

A self-adjoint operator A € B(H) is called positive if (A&, &) > 0 for all £ € H.
The collection of all positive elements of B(#) is denoted by B(#);. This set is a
proper closed cone in B(H) and it induces a partial ordering in the set of all self-
adjoint operators from B(#) by setting A < B if and only if B — A € B(H)4. For
a given von Neumann algebra M, we set M := M N B(H)4, which is called the
positive part (or positive cone) of M.

Vigier’s theorem states that von Neumann algebras have the least upper bound

property.

Theorem 1.4.3. If {A;}ics is an increasing net in M, bounded from above by B
in B(H), then there exists A € My such that A; T A in strong operator topology
and A < B.

1.5 Supports of projections

In this section, M is a von Neumann algebra on the Hilbert space H. We denote by

P (M) the collection of all (orthogonal) projections belonging to M, that is,
PM)={PeM:P?>=P, P*=P)}.

Evidently, P(M) C P(B(H)). For every P € P(M), we denote by P+ :=1 —P the
complement of P.

For any X € M, the range and kernel of a linear operator X are denoted by
Ran(X) and Ker(X), respectively.

Definition 1.5.1. Let X € B(H). We define
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e the projection onto Ker(X) is called the null projection of X, denote by n(X);

e the projection onto Ran(X) is called the range projection of X, denote by
r(X);

e the projection 1 —n(X), which is the projection onto Ran(X*) , is called the
support projection of X, denote by s(X).

For any X € M, the support projection s(X) and the range projection r(X)
both belong to P(M). Therefore, s(X) (respectively, 7(X)) is the smallest of all
projections P € P(M) satisfying X = X P (respectively, X = PX).

Projections belonging to the center Z(M) of M are called central projections in

M.

Definition 1.5.2. For X € M, the central support z(X) € P(Z(M)) is defined by
z2(X)=inf{P € P(Z(M)): X = XP}.

Note that X = Xz(X), so the above infimum is actually a minimal projection.
For P € P(Z(M)), the conditions X = X P and X* = X*P are equivalent. Hence,
2(X) = 2(X*) for all x € M. Note furthermore that, for any Q € P(M), we have

2(Q) = inf{P € P(Z(M)): P < Q}.

In particular, z(X) = z(s(X)) = z(r(X)).

1.6 Comparison of projections

Recall that an operator V' € B(H) is called a partial isometry if ||VE||,, = |||, for
all £ € Ker(V)*+.

Definition 1.6.1. Let P,Q € P(M) be given.

e The projections P and @Q are said to be equivalent (relative to the von Neumann
algebra M) if there exists a partial isometry V€ M with initial projection P
and final projection @ (that is, P =V*V and Q = VV*). This is denoted by
P~Q@Q (orbyP M Q, if it is necessary to emphasize the von Neumann algebra

relative to which the projections are equivalent).

e The projection P is said to be majorized by Q (relative to M) if there exists
a projection Py € P(M) such that P, < P and P ~ Q. This is denoted by

QTP (or PZMmQ)

If X € M with polar decomposition X = V|X|, then V € M and V*V = s(X)
and vv* = r(X). Evidently, if M is an abelian von Neumann algebra and P,(Q €
P(M), then P ~ @Q if and only if P = @, and P 3 @ if and only if P < Q. In the

next proposition, we list some of the properties of the relation ~.

Proposition 1.6.2. (i). If X € M, then s(X) ~ r(X).
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(ii). If P,Q € P(M), then PV Q — Q ~ P — P AQ. In particular, if PN Q = 0,
then P 3 Q+.

(iii). If P,Q € P(M) and P ~ Q, then z(P) = z(Q).

(iv). Given P,Q € P(M), there exist P1,Q1 € P(M) such that Py < P, Q1 < Q
and P ~ @ if and only if z(P)z(Q) # 0 (equivalently, there exists X € M
such that PXQ # 0).

(v). If P,Q € P(M) such that P ~ Q, then PZ ~ QZ for all Z € P(Z(M)).

(vi). Suppose that {P;}ic; and {Q;}ticr are two families of pairwise orthogonal
projections in P(M). If P; ~ Q; for alli € I, then D ;1 Pi~ 3 .1 Q.

Some properties of the relation < are collected in the following proposition.

Proposition 1.6.3. (i). If P,Q,R € P(M) are such that P 3 Q and Q 3 R,
then P 2 R.

(ii). If P,Q € P(M) are such that P 2 Q and Q 3 P, then P ~ Q.

(7ii). Suppose that {P;}icr and {Q;}icr are two families of pairwise orthogonal
projections in P(M). If P; 3 Q; for alli € I, then Y ;c; Pi 3 i1 Q-

(iv). If P,Q € P(M), then there exists a central projection Z € P(Z(M)) such that
PZ 3QZ and P+7Z 2 Q+Z.

(v). Suppose that M is a factor. For P,Q € P(M), we have either P X Q or
Q=3 P.

1.7 Type decomposition of von Neumann algebras

Definition 1.7.1. Let M be a von Neumann algebra on the Hilbert space H.

1. A projection P € P(M) is said to be finite (relative to M) if it follows from
QePM), P~Q and Q < P that P = Q. If P is not finite, then we say
that P is infinite.

2. A projection P € P(M) is said to be properly infinite (relative to M) if P # 0
and for every @ € P(Z(M)), either PQ =0 or PQ is infinite.

We recall that a projection P € P(M) is said to be countably decomposable (also
called o-finite or of countable type) if every system of {P,} of non-zero pairwise
orthogonal projections in P(M), satisfying P, < P for all «, is at most countable.
On a separable Hilbert space, every P € P(M) is clearly countably decomposable.

Definition 1.7.2. A projection P € P(M) is said to be abelian if the reduced von

Neumann algebra Mp is abelian.

Now, we discuss the type decomposition of von Neumann algebras.



8 1. von Neumann algebras

Definition 1.7.3. Let M be a von Neumann algebra on the Hilbert space H.
(i). M is of type I if there exists an abelian projection P € P(M) with z(P) = 1.

(ii). M is of type II if M does not contain any non-zero abelian projections and
there exists a finite projection P € P(M) such that z(P) = 1.

(iii). M is of type III if M does not contain any non-zero finite projection.

(iv). M is of type I, where n is a cardinal number satisfying 1 < n < dimH, if 1

is the sum of n mutually equivalent abelian projections in P(M).

(v). If M is of type II, then M is said to be of type 11, (respectively, type 11 ), if

1 is a finite projection (respectively, 1 is a properly infinite projection).

Type I von Neumann algebras are also called discrete and type III von Neumann
algebras are also known as purely infinite von Neumann algebras. Observe that any

von Neumann algebra M of type I, for some n, is also of type I.

Theorem 1.7.4 (Type decomposition). Suppose that M is a von Neumann algebra
on a Hilbert space H.

(1). There exist unique, pairwise orthogonal, central projections Pr, Prr, Prip €
P(Z(M)), satisfying Pr + Prr + Prir = 1, such that Mp, is of type I or
P, =0, Mp,, is of type II or Prr =0, and Mp,,, is of type III or Prr; = 0.

(2). Suppose that M is of type I. There exists a unique system {P, : 1 < n <
dimH} of pairwise orthogonal projections in P(Z(M)), satisfying >, P, =1,
such that Mp, s of type I, or P, =0, for each n.

(8). Suppose that M is of type II. There exist unique, mutually orthogonal
projections P, Py, € P(Z(M)), with P, + Px, = 1, such that Mp, is of
type I, or Py =0, and Mp_ is of type Il or Py = 0.

Corollary 1.7.5. A factor is either of type I, (for a unique cardinal n satisfying
1 <n <dim#), or type 111, or type I, or type III.

We introduce some further terminology.
Definition 1.7.6. We use the notation introduced in Theorem [1.7.4)
(i). If Prrr =0, then M is said to be a semifinite von Neumann algebra.
(ii). If Pr =0, then M is called a continuous von Neumann algebra.
(iii). If 1 is a finite projection, then M is called a finite von Neumann algebra.

(). If 1 is a properly infinite projection, then M is called a properly infinite von

Neumann algebra.

(v). M is said to be of type Iy, if M is of type I and M is finite.
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(vi). M is said to be of type 1 if M is of type I and M is properly infinite.

(vii). 1 is a countably decomposable, then M is said to be countably decomposable
(or, o-finite).

1.8 Traces

Let M be a von Neumann algebra with the positive cone M.

Definition 1.8.1. A weight on a von Neumann algebra M is a function T on the

positive cone M with values in the extended positive reals [0, 00| satisfying
(i). T(A+ B) =71(A) + 7(B) for all A,B € M;

(ii). T(ANA) = A7(A) for all A € My and 0 < XA € R (with the convention that
0-00=0).

If T has the additional property that
(i11). T(U*AU) = 7(A) whenever A € M4 and U € U(M),
then T is called a trace (or, tracial weight) on M.

If 7: M4 — [0, 00] is a weight, then it follows immediately from (i) in the above
definition that 7(A) < 7(B) whenever A < B in M. Furthermore, observe that a

weight 7 is a trace if and only if
T(X*X) =7(XX")
for all X € M.
Definition 1.8.2. A weight 7 : My — [0, 00] is called
(i). finite if (1) < oo;
(ii). semifinite if
T7(A) =sup{r(B): Be M;,B < A,7(B) < oo}
for all A € My ;
(iii). faithful if A € M4 and 7(A) = 0 imply that A = 0;
(). normal if Ag 1 A in My implies that T(Ag) T 7(A).

The following theorem characterizes finite and semifinite von Neumann algebras

in terms of traces.
Theorem 1.8.3. Let M be a von Neumann algebra.

1. M is finite if and only if for every non-zero X € My, there exists a finite
trace T on M such that 7(X) > 0.
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2. M 1is semifinite if and only if there exists a faithful normal semifinite trace T

on M.

In this thesis, we exclusively deal with semifinite von Neumann algebras. The

following lemma provides a useful tool.

Lemma 1.8.4. Let M be a semifinite von Neumann algebra equipped with a
semifinite faithful normal trace 7. If {T;} C M is a uniformly bounded net of

self-adjoint operators converging to T' € M in the strong operator topology, then
lim inf 7(ET (¢, 00)) > 7(ET (¢, 00))
(2
for any € € R.

Proof. Consider the characteristic function x( ). There exists a sequence of
positive continuous functions fi with compact support such that fr 1 X(c )
pointwise. By [132, Lemma II 4.3], we have fi(1;) —so fx(T) for all k£ € N. Since 7
is lower semicontinuous in the weak operator topology on a uniformly bounded set
(see e.g. [132, Lemma II 2.5] and [133, Theorem VII 1.11]), it follows that

7(fK(T)) < limiinfT(fk(Ti)) < limiinfT(X(&oo) (T3)) = liminf 7(ETi (¢, 00)).

Note that fi T X(c,00) implies supy, fx(T) = X(c,00)(T) = ET(e,00). Hence, using the

normality of the trace 7, we conclude that

7(ET (e, 00)) = 22§T(fk(T)) < limiinfT(ETi (e,00)).

O]

The following proposition gives a necessary and sufficient condition for a von
Neumann algebra being countably decomposable [103, Proposition 1.3.5 or Theorem
1.3.6].

Proposition 1.8.5. For a von Neumann algebra M on a Hilbert space, the following

are equivalent:
(i). M is countably decomposable;

(ii). M admits a finite normal faithful weight.



Chapter 2
Symmetric spaces

In this chapter, we introduce the theory of noncommutative Banach function spaces.
General facts concerning measurable operators may be found in [92], [124] (see
also [133, Chapter IX] and the forthcoming book [45]).

In this theory, the notion of a measure space is replaced by the lattice of
projections of a semifinite von Neumann algebra, the integral by a faithful normal
semifinite trace, and measurable function by a (so-called) measurable operator,
which is an operator (in general unbounded) affiliated with the underlying von
Neumann algebra. The special case of noncommutative L,-spaces was initiated by
Dixmier [33] and Segal [124]. In particular, if the underlying von Neumann algebra is
B(H) for some Hilbert space, then these noncommutative Ly-spaces are special cases
of the so-called trace ideals investigated by Schatten [122]. In this case, the seminal
ideas may be traced back to a paper on n x n-matrices due to von Neumann [9§]
and the principal features of this theory may be found in the book of Gohberg and
Krein [52].

Initial contributions to the study of general symmetric spaces of measurable
operators include those of Ovéinnikov [104] and Yeadon [139}/140], based on methods
from classical real analysis related to rearrangements and these methods continue to
play a significant role in the present theory of noncommutative symmetric spaces. By
special choice of the underlying von Neumann algebra, this study unifies important
aspects of the classical theory of rearrangement-invariant normed Kothe spaces (as
given in [89,/141]) with the theory of trace ideals given in [52] as well as the general
features of the classical theory of the non-commutative Ly-spaces of Dixmier [33]
and Segal [124].

2.1 Closed linear operators

Many of the linear operators we encounter are not bounded and are only defined on a
(dense) subspace of the Hilbert space H. Here we introduce the necessary notions to
deal with such operators. For details on unbounded operators, the reader is referred
to |123] and [45, Chapter I]. A linear operator X in H is a linear mapping from its

domain ©(X), which is a linear subspace of H, into the space H. Given two such

11
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linear operator X and Y in #, the operator Y is said to be an extension of X (or,
X is a restriction of Y), if D(X) C D(Y) and X¢ = Y¢ for all £ € ©(X). This is
denoted as X C Y. If X CY aswell as Y C X, then X =Y. The range and kernel
of a linear operator X are denoted by Ran(X) and Ker(X) respectively.

We introduce the algebraic operations of scalar multiplication, addition and
multiplication for linear operators as follows. Given linear operators X,Y in H
and A € C, we define

e \X by setting D(AX) =D(X) and (AX)E = A(X§) for all £ € D(AX);

o X +Y bysetting (X +Y)=2D(X)ND(Y) and (X +Y){ = X+ YE for all
EeDX+Y);

o XY by setting D(XY)={£ DY) :Y{eD(X)} and (XY)E = X (YY) for
all € € D(XY);

e the inverse operator X! whenever X is injective, by setting ®(X 1) =
Ran(X) and X !¢ = whenever ¢ = X7 for some 1 € D(X).

We note that in general it may happen that ©(X +Y) = {0} or D(XY) = {0}.

For a linear operator X in H the graph I'(X) is defined to be the linear subspace
of H x H given by I'(X) := {(§, X§) : £ € D(X)}. Note that X C Y is equivalent to
I'(X) c I'(Y). A linear operator X is called closed if I'(X) is a closed subspace of
‘H x H (equipped with the natural product topology). In other words, X is closed
if and only if it follows from {&,}2°, C D(X), &,n € H, & — & and X&, — 7 as
n — 0o, that £ € D(X) and X¢ = 7. If X is closed, then Ker(X) is a closed subspace
of H. It is clear that any bounded linear operator in H is closed. Conversely, if X
is a closed linear operator and if the domain ©(X) is a closed subspace of H, then
it follows from the Closed Graph Theorem that X is bounded on its domain ®(X).
This applies in particular if ©(X) = H. Furthermore, if X is a closed injective linear
operator in H, then its inverse X ! is also closed. Consequently, if X is in addition
surjective, then ®(X 1) = Ran(X) = H and so, X! € B(H).

A linear operator X in H is called densely defined if D(X) is a dense subspace
of H. Note that if X is a closed and densely defined operator, then X is bounded if
and only if ®(X) = H. Now suppose that X is a densely defined operator in H and

consider the linear subspace ® of H given by
D :={n € H :3¢ € H such that (X n) = (£,(), V& € D(X)}.

If n € O, then the element ¢ € H satisfying (X, n) = (£, () is uniquely determined
by 7, as ©(X) is dense in H. Therefore, we may define the mapping X* : n — (
from ® into H. It is readily verified that X™ is a linear operator in H with domain
D(X*) =9. The operator X* is called the adjoint of X. Note that, be definition,
we have

(X&m) = (& X™n), £€D(X), neD(XT).

It is evident that X™* is closed.
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A densely defined linear operator A in H is called self-adjoint if A = A*. A
self-adjoint operator A in H is called positive if (A&, &) > 0 for all £ € D(A). This
is denoted by A > 0. Furthermore, as in the case of bounded linear operators
on H, a closed and densely defined linear operator X in H is called normal when
X*X = X*X. The o-algebra of all Borel subsets of C is denoted by B(C). Suppose
that €2 is a non-empty set and that A is a o-algebra of subsets of €, so (2,.4) is a

measurable space.

Definition 2.1.1. A spectral measure on (€2,.A) is a mapping E : A — B(H) such
that

(1). E(5) is a projection in ‘H for each 6 € A;
(2). E(0) =0 and E(QY) =1;
(3) E((Sl N 52) = 6((51)6(52) for all 61,6 € A;

(4). if 65 € A (j = 1,2,---) are pairwise disjoint, then E(U,0;) = > 22, E(d;),

where the series converges in the strong operator topology.

Theorem 2.1.2. If X : ©(X) — H is a normal operator, then there exists a
uniquely determined spectral measure EX : B(C) — B(H) such that

_ X
X_/C)\dE ().

Definition 2.1.3. Given a normal operator X : ©(X) — H with spectral measure
EX : B(C) — B(H), we define

£(X) = /C FOVAEX (A).

2.2 The x-algebra of T-measurable operators

From now on, we always assume that M is a semifinite von Neumann algebra
equipped with a fixed semifinite faithful normal trace 7.

A closed, densely defined operator X : ® (X) — H with the domain © (X) is said
to be affiliated with M if YX C XY for all Y € M’, where M’ is the commutant
of M. A closed, densely defined operator X : © (X) — H affiliated with M is said
to be measurable if there exists a sequence {P,} ., C P (M), such that P, 1 1,
P,(H) CD(X) and 1 — P, is a finite projection (with respect to M) for all n. The
collection of all measurable operators with respect to M is denoted by S (M), which
is a unital *-algebra with respect to strong sums and products (denoted simply by
X +Y and XY for all X,Y € §(M)) [43,45,[123].

Let X be a self-adjoint operator affiliated with M. We denote its spectral
measure by {EX}. It is well known that if X is an operator affiliated with M with
the polar decomposition X = U|X|, then U € M and E € M for all projections
E € {EXI}. Moreover, X € S(M) if and only if EXI(),00) is a finite projection
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for some A > 0. It follows immediately that in the case when M is a von Neumann
algebra of type III or a type I factor, we have S(M) = M. For type II von
Neumann algebras, this is no longer true. From now on, let M be a semifinite von
Neumann algebra equipped with a faithful normal semifinite trace 7.

An operator X € S (M) is called 7-measurable if there exists a sequence { P, },~
in P (M) such that P, T 1, P, (H) € ©(X) and 7(1 — P,) < oo for all n. The
collection S (M, 1) of all T-measurable operators is a unital x-subalgebra of S (M).
It is well known that a linear operator X belongs to S (M, 1) if and only if X € S(M)
and there exists A > 0 such that 7(EX!()\, 00)) < co. Alternatively, an unbounded
operator X affiliated with M is 7-measurable (see [48]) if and only if

T <E|X|(n,oo)> — 0, n— oo.

Definition 2.2.1. Let a semifinite von Neumann algebra M be equipped with a
faithful normal semi-finite trace 7 and let X € S(M, ). The generalized singular
value function p(X) : t — p(t; X) of the operator X is defined by setting

p(s; X) =inf{| XP||: PePM) witht(1—P) < s}.

An equivalent definition in terms of the distribution function of the operator X

is the following. For every self-adjoint operator X € S(M, 1), setting
dx(t) = 7(EX(t,00)), t>0,
we have (see e.g. [48])
p(t; X) =inf{s > 0: dx|(s) < t}. (2.1)

It is well-known that d| X|(-) and pu(-; X) are right-continuous.

2.2.1 Measure topology and local measure topology

For convenience of the reader, we also recall the definition of the measure topology
t; on the algebra S(M, 7). For every €, > 0, we define the set

V(e,0) ={X € S(M,7): IP € P (M) such that | X(1 - P)||_ <e, 7(P) <d}
={X e SIM,7): 7(EXI(e,00)) < 6}
={X e SM,7): u(6;X)<d}.

The topology generated by the sets V(g,d), €, > 0, is called the measure topology
tr on S(M,T) [35,45,48,192]. It is well known that the algebra S(M,T) equipped
with the measure topology is a complete metrizable topological algebra [60},92]. A
net {X,}5°, C S(M, ) converges to zero with respect to measure topology t, if
and only if T(E‘Xa‘(a, 00)) —q 0 for all £ > 0 [45], or equivalently, u(t; Xo) —q 0
for all ¢t > 0.

Another important vector topology on S(M,7) is the local measure topology.

For convenience we denote by Ppr;n(M) the collection of all 7-finite projections in
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M, that is the set of all P € P(M) satisfying 7(P) < oco. A neighbourhood base
for this topology is given by the sets V (¢, d; P), €,6 > 0, P € Pfin(M), where

V(e,0; P)={X € S(M,7) : PXPeV(eJ)}

Obviously, local measure topology is weaker than measure topology [43]. It is clear
that, if 7(1) < oo, then the measure topology coincides with the local measure
topology. However, if 7(1) = oo, then S(M,7) need not be complete for the local
measure topology, even in the case when M is commutative. We note here, that
the local measure topology used in the present thesis differs from the local measure
topology defined in e.g. [9,/10].

In general, local measure topology is not metrisable and multiplication in
S(M, T) is not jointly continuous with respect to local measure topology. However,
if {Xo} C S(M,7) is a net and if X, - X € S(M,7) in local measure topology,
then Y X, — YX and X,Y — XY in local measure topology for all Y € S(M, 7).

If M = B(H) equipped with the canonical trace Tr, then the measure topology
coincides with the operator norm topology while the local measure topology coincides
with the weak operator topology.

2.2.2 Properties of generalized singular value functions

We collect some properties of generalized singular value functions below [43.|87].
Proposition 2.2.2. If A € S(M, ), then
(1). The function t — u(t; A), t > 0, is decreasing and right-continuous.

(2). p(t;A) — ||Al|, whent — 0 for bounded A and pu(t; A) — oo when t — 0 for
unbounded A.

(3). p(t; A) = u(t; |Al) for all t > 0.
(4). If a € C, then u(t;aA) = |a|u(t; A) for all t > 0.
(5). If0 < B < A, then u(t: B) < u(t: A) for all t > 0.
(6). If7(1) =1, then u(t; A) = 0 for all t > 1.
(7). If B,C € M, then
p(t; BAC) < [|Bllool|Clloopult; A), pult; A7) = p(t; A) (2.2)
(8). Let B € S(M,7) and t,s > 0. Then,

p(t+s; A+ B) < p(t; A) + p(s; B),

and
pu(t + 5 AB) < p(t; A)u(s; B).
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(9). If A >0 and if f: Ry — Ry is a continuous and increasing function, then

u(f(A) = f(u(A)).

(10). The operation A — u(t; A) is continuous in the uniform norm on M. More

precisely,

n(s; A) — p(s; B)| < A~ Blloy, YA, B € M, Vs > 0.

Lemma 2.2.3. For every X € S(M,7) and t > 0, 7(EX|(a,00)) > t if and only if
w(s; X) > a for all s € [0,t].

Proof. Necessity. By , we have pu(t; X) = inf{s > 0 : 7(EX(s,00)) < t}.
Assume by contradiction that u(t; X) < a, then inf{s > 0 : 7(EXl(s,00)) <t} < a
and therefore 7(EX|(a 4 ¢,00)) < t for any € > 0. Since the distribution function
dix|(-) is right-continuous (see e.g. [48]), it follows that 7(EX|(a,00)) < t, which is
a contradiction.

Sufficiency. By assumption, we have that p(t; X) > a. Using again (2.1)), we
obtain that inf{s > 0 : 7(EXI(s,00)) < t} > a, and therefore 7(EXI(a,00)) > t. O

Suppose that X € S(M, 7). If 0 < a € R and E = EFXl(a, 00), then
(| X|E) = u(X)X0,7(B)) (2.3)
and
;| X|B*) = pu(t + 7(E); X) (2.4)

for all t > 0 whenever 7(F) < oco.

Consider the algebra M = L%(0,00) of all Lebesgue measurable essentially
bounded functions on (0, 00). The algebra M can be seen as an abelian von Neumann
algebra acting via multiplication on the Hilbert space H = L?(0, 00), with the trace
given by integration with respect to Lebesgue measure m. It is easy to see that the
algebra of all 7-measurable operators affiliated with M can be identified with the
subalgebra S(0,00) of the algebra of Lebesgue measurable functions Lo(0, co) which
consists of all functions x such that m({|z| > s}) is finite for some s > 0. It should
also be pointed out that the generalized singular value function u(z) is precisely the

decreasing rearrangement p(x) of the function |z| (see e.g. [86]) defined by
p(t;z) =inf{s > 0: m({|z| > s}) < t}.

If M = B(#H) (respectively, l) and 7 is the standard trace Tr (respectively, the
counting measure on N), then it is not difficult to see that S(M) = S(M, 1) = M.
In this case, for X € S(M, 1) we have

un; X)=u(t; X), ten,n+1), n>0.

The sequence {p(n; X)}n>o0 is just the sequence of singular values of the operator
X.
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2.3 Properties of submajorisations

We collect some properties of submajorisation below. For detailed on the theory of
submajorisation, the reader is referred to [43,/45,/48,91]. For the sake of convenience,

we denote
(L1 + Loo)(M,7) i= {X € S(M,7) : u(X)x(01) € L1(0,1)} .
Proposition 2.3.1. Let A, B € (L1 + Loo)(M, 7). We have
(i). p(A+ B) << pu(A) + u(B).
(ii). If A, B >0, then u(A) + u(B) << 20, jopu(A + B).
(iii). p(A) — pu(B) << u(A+ B).

Proposition 2.3.2. (i). [61,|131] Assume that 0 < A € (L1 + Loo)(M,T) and B
is self-adjoint in € (L1 + Loo)(M,T). If —A < B < A, then B << A.

(ii).  [44, Lemma 6.1] Assume that X € S(M,1) and P\, Ps,--- ,P, € M are
projections with P;P; =0, 1 # j. We have

PIXP 4+ PXP+- -+ P,XP, << X. (25)

(iii). (87, Lemma 3.3.5] Let 0 < Ap € (L1+Loo)(M,7), k € N Let a, € Ry, k € N,
be such that > ;2 ar < 1. We have

Z/ (s; Ag)ds </ u(s;ZAk)ds, Va > 0. (2.6)
0 k=1

Here, we assume that the series Y po, Ax converges in (L1 + Loo)(M, 7).
The following proposition is an easy consequence of (2.5)) and (2.6]).

Proposition 2.3.3. Assume that Py, Ps,--- , P, € M are projections with P;P; = 0,
i#j. Let ; > 0,4 €N, be such that > | a; < 1. For every X € (L1+Lo)(M, ),

we have

/ tht>Z/ w(t; | X Py|)dt = Z/ w(t; PEXP)dt, Ya > 0. (2.7)
0

Proof. Since P; are pairwise disjoint, it follows that

Therefore, by (2.5)), we obtain that

a

a
/ ,u(t; ‘PlXP1| + |P2XP2| —+ o+ |PnXPn|)dt < / ,u(t;X)dt.
0 0

The validity of (2.7)) follows from (2.6). O
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2.4 Symmetric spaces

Definition 2.4.1. A linear subspace E(M,T) of S(M,T) equipped with a complete
norm ||-|| g, is called symmetric space (of T-measurable operators) if X € S(M, 1),
Y € E(M,7) and p(X) < w(Y) imply that X € E and || X||g < [|[Y] -

It is well-known that any symmetric space F is a normed M-bimodule, that
is AXB € E(M,T) for any X € EM,7), A/ B € M and |AXB|, <
|All o 1Bl 1 X 1| 5 [43,45,/128]. Further, | X||z = [|X*||z = ||| X||| - Moreover, the
embedding of F(M, 1) in S(M, 7) is continuous with respect to the norm topology
in E(M, 1) and the measure topology in S(M, 1) (see [43], see also [58,129]).

If X,V € S(M,7), then X is said to be submajorised (in the sense of Hardy—
Littlewood—Polya) by Y, denoted by X << Y, if

/O (s X)ds < /0 (s )ds

for all t > 0.

A symmetric space E(M, 1) C S(M, ) is called strongly symmetric if its norm
Il - || has the additional property that | X||g < ||Y||g whenever X,Y € E(M,T)
satisfy X << Y. In addition, if X € S(M,7), Y € E(M,7) and X << Y imply
that X € E(M, 1) and || X||g < ||Y| g, then E(M, 1) is called fully symmetric space
(of T-measurable operators).

A symmetric space E(M, ) is said to have the Fatou property if for every
upwards directed net {Xg} in E(M,7)*, satisfying sups | Xg||p < oo, there exists
an element X € E(M,7)" such that X3 1t X in E(M,7) and ||X||g = supg || X5|| .
Examples such as Schatten-von Neumann operator ideals, Lorentz operator ideals,
Orlicz operator ideals, etc. all have symmetric norms which have the Fatou property.
If E C S(M, ) is a symmetric space, then the norm ||| ; is called order continuous
if || Xo|lg — 0 whenever {X,} is a downwards directed net in E* satisfying X, | 0.

The classical noncommutative Ly-space L,(M, 1), p > 1, is the symmetric space

corresponding to the classical Ly-space of functions L, (0, c0), that is
Ly(M,7)={X € S(M,7) : n(X) € L,(0,00)}.

This space can be also described as the space of all 7-measurable operator X, such
that 7(|X|P) < oo. It is well-known [43| that L..(M,7) has the Fatou property,
and, for all 1 < p < oo, the symmetric space L,(M,7) is fully symmetric, has
Fatou property and order continuous norm. In addition, for 1 < p < oo, the space
L,(M, ) is reflexive [109].

If E(M,7) is a symmetric space, then the carrier projection cg € P(M) is
defined by setting

cg =\/{P:PePM), PecEM,T)}

If E(M,7) is a symmetric space, then the Kothe dual E(M,7)* of E(M,T) is
defined by

EM,7)* ={X € S(M, 1) : sup T(|XY]) < o0},
IYle<1YeE
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and for every X € E(M,7)*, weset || X||gx =sup{r(|[YX]|): Y € EIM,7), |[Y|Eg <
1} (see e.g. [43} Section 5.2], see also [39,87]). It is well-known that ||-|| ;x is a norm
on E(M,7)* if and only if the carrier projection cg of E(M,7) is equal to 1. In
this case, for a strongly symmetric space E(M,T), the following statements are

equivalent [41,43].
e E(M,7) has the Fatou property.
o E(M,7)** = E(M,7) and || X||g = || X||gxx for all X € E(M,T).

e The norm closed unit ball Bg of E(M, 1) is closed in S(M, 7) with respect to

the local measure topology .
Reflexivity of strongly symmetric spaces may be characterised as follows.
Theorem 2.4.2. A strongly symmetric space E(M,T) is reflexive if and only if
(i). The space E has the Fatou property.
(ii). The norms on E and E* are order continuous.

A fully symmetric space is called a Kantorovich-Banach space (or K B-space)
if it has order continuous norm and the Fatou property. It is clear that the

noncommutative Ly,-spaces are K B-spaces for all p € [1, 00).

Definition 2.4.3. A linear subspace E(M, 1) of S(M,T) is called a Calkin operator
space if B € E(M, 1) whenever B € S(M,7) and u(B) < u(A) for some A €
EM,T).

A Calkin function (respectively, sequence) space is the term reserved for a Calkin
operator space when M = Ly (0,1) or M = Ly (0,00) (respectively, M =l ).

The following theorem extends the Calkin correspondence between two-sided
ideals of B(#) and their Calkin sequence spaces by showing that the singular value

function maps bijectively Calkin operator spaces to Calkin function spaces.

Theorem 2.4.4. Let M be an atomless (or atomic) von Neumann algebra equipped
with a faithful normal semifinite trace 7. If E(M,T) is a Calkin operator space,
then

E:={zxeS: pulx)=pnlA), Ac EIM,7)}

is a Calkin function (or sequence) space, where S = S(0,7(1)) (orlx). If E is a

Calkin function (or sequence) space, then
EM,1)={Aec SM,7): pu(A) € E}
1s a Calkin operator space.

A wide class of symmetric operator spaces associated with the von Neumman

algebra M can be constructed from concrete symmetric function spaces studied
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extensively in e.g. [86]. Let (E(0,00), ||| g(0,o0)) Pe a symmetric function space on

the semi-axis (0,00). One can construct an operator space by defining
EM,7) ={X € S(M,7) : u(X) € E0,00)}, [ Xpam,r) = [1(X) ] £(0,00)-

If £(0, 00) is a strongly /fully symmetric function space on (0, 00), then it is clear that
E(M, ) is also a strongly/fully symmetric space [36}37]. However, when E(0, o)
is symmetric rather than strongly/fully symmetric, the question as to whether ||| 5
is a norm, and not merely a quasi-norm turns out to be highly non-trivial and was
solved only recently by Kalton and Sukochev [82] (see also [87]). In the case when
(M, 1) = (B(H), Tr), we use notation E(H).

Theorem 2.4.5. If F(0,00) is a symmetric function space, then the functional

Il g,y 8 @ complete norm on E(M,T). In particular, cp = 1.

Further, for any symmetric space E(0,00), we have
LiNLo(M,7) C E(M,T) C (L1 + Loo)(M, 7).

For convenience, we denote |-[[grs,) by [[[g. Many properties of symmetric
spaces, such as reflexivity, Fatou property, order continuity of the norm as well
as Kothe duality carry over from commutative symmetric function space E(0, 00) to

its noncommutative counterpart F(M,7) (see e.g. [41,143,46]).

2.5 T-compact operators

A projection P € P(M) is called 7-finite if 7(P) < oco. If P € P(M) is 7-finite,
then P is a finite projection. The two-sided ideal F(M,7) in M consisting of all

elements of 7-finite range is defined by setting
FM,7)={XeM : 7(r(X)) <o} ={XeM : 7(s(X)) < oo}

Definition 2.5.1 (see e.g. [87), Definition 2.6.8]). The set Co(M, T) of all T-compact
bounded operators is the closure in the norm |||, of the linear span of all T-finite

projections.

This notion is a direct generalization of the ideal of compact operators on a
Hilbert space H. If 7 is finite, then every projection is 7-finite and, therefore,
Co(M,T) = M (see e.g. [87, Page 64]). The next lemma shows that Co(M,7) is the
noncommutative counterpart of the algebra Cy(0, c0) of bounded functions vanishing

at infinity.

Proposition 2.5.2 (see e.g. |87, Lemma 2.6.9]). The space Co(M,T) is associated
to the ideal of essentially bounded functions vanishing at infinity (see [87, Lemma
2.6.9]), that is,

Co(M,7) = {A € S(M,7) : i{4) € Lux(0,50), (003 A) i= Jim p(t; A) = 0},
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Proof. Let A € M and let u(oco; A) = 0. Let A = U|A| be the polar decomposition
for A. For a given n € N, define A,, € M by setting

n—1
pa =0 A g KA, (5D 1AL

n n
k=1

By the spectral theorem, A,, — A uniformly in M. Since A,, € Co(M, 1), it follows
that A € Co(M, 7).

Conversely, A € Co(M,7) and let A,,, n € N, be a finite linear combination of 7-
finite projections such that A,, — A in M. If a,, = 7(E4"(0,00)), then pu(t; A,) = 0
for t > a,. It follows from Proposition that

pu(00; A) < plan; A) = [ulan; A) — plan; An)| < [|A = Anl -
Since A, — A uniformly in M, it follows that u(co; A) = 0. O

Equivalently, Co(M, 7) is set of all elements X € M such that 7(EXI(\, 00)) <
oo for every A > 0 (see e.g. Lemma [2.2.3). By (2.2)), Co(M, 7) is a two-sided ideal
of M.

Definition 2.5.3. The space So(M,T) of T-compact operators is the space associated
to the algebra of functions from S(0,00) vanishing at infinity (39,[45,(127], that is,

SoM, 1) ={A € SIM,T): u(co; A) =0}.

So(M, 1) is a two-sided ideal in S(M,7) [43,45] and, clearly, Co(M,T) =
So(M, ) N M. It is known that every symmetric space having order continuous
norm is a subspace of So(M, 7) (see e.g. |45, Chapter IV, Lemma 8.5] or [61, Remark

2.9]). For the sake of completeness, we provide a short proof below.

Proposition 2.5.4. If E(M, 1) is a symmelric space having order continuous norm,

then E(M, 1) C So(M, ).

Proof. Tt is clear that Sy(M, 1) = S(M,7) if 7 is finite. Without loss of generality,
we may assume that 7 is infinite.

Assume by contradiction that E(M,7) € So(M,7). Then, there exists an
operator T' € E(M,7) such that u(co;T) = ¢ > 0. Since p(cl) = ¢ < u(T),
it follows from Definition that ¢1 € E(M,7), and, therefore, 1 € E(M,7).
Since 7 is a semifinite trace, it follows that there exists an increasing net P; with
7(P;) < oo and VP; = 1. Since ||-|| is an order continuous norm, it follows that
|1 — Pl — 0. However, since 7(F;) < oo, it follows that pu(1) = p(1 — F;) for

every i. Hence, |1 — Pj||; = ||1|| 5, which is a contradiction. O

The following lemma provides a sufficient condition for an operator X € M to

be not 7-compact. This condition plays a crucial role in the proof of Theorem
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Lemma 2.5.5. Let X € (L1 + Loo)(M,7) and {a; > 0}; be an arbitrary sequence

of real numbers increasing to infinity. If there exists a number ¢ > 0 such that
@i
/ wu(t; X)dt > a;c
0

for every a;, then u(t; X) > ¢ for all t > 0, that is, X is not T-compact. In other
words, if u(X) => ¢, then u(X) > c.

Proof. Assume by contradiction that u(ng; X) < ¢ for some ng > 0 and therefore,
wu(t; X) < p(ng; X) < ¢ for every t > ng. By the assumption that X € (L; +
Loo)(M, T), we have

(€7}

no no
so> [ utts 0t + (s = noytno X) = [t )+ [t )
0 0 n

0

:/ wu(t; X)dt > a;c
0

X) > oaic—fono w(t; X)dt

P for every a; > ng. By

for any a; > ng. It follows that p(ng;
assumption, we have that «a; —; 0o as i — oo, and therefore, p(no; X) > ¢, which is
a contradiction. Thus, u(t; X) > ¢ for all ¢ > 0, which implies that the operator X

is not 7-compact. O

Recall that J(M) is the uniform norm closure of the linear span of all finite
projections in M, which was first studied by Kaftal [79,/80] (see also [111,/112]).
Note that Co(M,7) C J(M) for any semifinite algebra M because every 7-finite
projection is finite. It is known that Co(M, 7) = J (M) whenever M is a factor (see
e.g. [112, 2.1.1.)).

Remark 2.5.6. Let M be a semifinite von Neumann algebra equipped with a faithful
normal semifinite trace T. It is easy to see that Co(M, 1) # T (M) if and only if there
exists a finite projection P € M such that 7(P) = oo (see e.g. (79, Theorem 1.3]).

We end this section with the following theorem, which gives a necessary and
sufficient condition on the algebra M for the existence of a faithful normal semifinite
trace 7 on M with Co(M, 1) & T(M).

Theorem 2.5.7. Let M be a semifinite von Neumann algebra. The following
conditions are equivalent:

(1). There exists a faithful normal semifinite trace T on M such that Co(M, 1) #
J(M);

(ii). dim(Z(M)) = oc.

Proof. (i)=(ii). Assume by contradiction that dim(Z(M)) < co. We denote by
Ey,...,E,, n € N, the finite family of atoms in Z(M). It is clear that Mg, is a
semifinite factor for all k = 1,...,n. For every k = 1,...,n, fix a trace 7, on Mg, .
It is clear that 7(X) = Y p_; au7k(X E)) for some ag, > 0.
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By Remark [2.5.6] we can find a finite projection P € P(M) such that 7(P) = co.
Therefore, 7, (PE}) = oo for some k. However, this is impossible since PE}, is a finite
projection in the factor Mg, . This contradiction shows that dim(Z(M)) = oo.

(ii)=(i). Let 7’ be an arbitrary faithful normal semifinite trace on M. By
the assumption, there exists a sequence of pairwise disjoint non-zero projections
{En}52, € Z(M) such that \/;2 | E, = 1. In every algebra Mp,, n =1,2,3,---,
there exists a non-zero finite projection P,. If for some n we have that 7/(P,) = oo,
then the assertion follows from Remark 2.5.6]

Assume that 7/(P,) < oo for all n. Since P, € Mg, and E,, are pairwise disjoint,
it follows that the central supports of P, are pairwise disjoint. Hence, P :=\/>", P,
is also a finite projections. Set 7(X) := > 2 n7/(XE,)/7(P,). Clearly, 7 is a
faithful normal semifinite trace on M and 7(P) = co. By Remark we obtain
the validity of (i). O

Example 2.5.8. Let M be the algebra Lo (0,00) of all Lebesgue measurable
essentially bounded functions on (0,00). Since L(0,00) is a commutative von
Neumann algebra, it follows that it is a finite von Neumann algebra, and therefore,
M = J(M). However, when M is equipped with the standard trace, Co(M,T)
coincides with the set Cy(0,00) of bounded functions whose singular value functions

vanish at infinity.
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Chapter 3

Derivations of operator
algebras: review and general

properties

Let A be an algebra over C. An additive abelian group G is called an A-bimodule
if there exist mappings A x G — G and G x A — G, (written as ag and ga, a € A,
g € G respectively), satisfies the following;:

L. a(g1 + g2) = ag1 + agz and (g1 + g2)a = g1a + gaa;
2. (a1 +az)g = a1g + azg and g(a1 + a2) = ga1 + ga;
3. ai(azg) = (ar1a2)g and (gay)as = g(aias).
In addition, if G is a Banach space and there exists a constant M such that
llagbll < M [|all 4 6]l 4 ll]lg -

then G is called a Banach A-bimodule [63}/125].

A derivation is a function on an algebra A over C which generalised certain
features of the derivative operator. Namely, if 7 is an A-bimodule, a linear map
0 : A — J that satisfies the Leibniz law is called a derivation, that is,

0(ab) = d(a)b+ ad(b), Ya,b e A.

In particular, if & € J, then dx(x) := kx — xk is a derivation. Such derivations
implemented by elements in J are called inner [7,[125].

Recall that a Banach A-bimodule X is called a dual A-bimodule if X is
isometrically isomorphic to the dual space of a Banach space X, [32,|125]. If A
is a C*-algebra acting on a Hilbert space ‘H and, for each z € X, the mappings

A Az, A— 2A

are ultraweak-weak® continuous, we describe X as a dual normal A-bimodule (see
e.g. |66, p. 75] and [63]. A Banach algebra A is called amenable if the derivations

25
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from A into an arbitrary dual A-bimodules X are all inner (see [63 Section 5],
see also [21}28,53,/64,/66,/90]. A von Neuamnn algebra 4 is said to be amenable
if, for every dual normal Banach A-bimodule X, the derivations from A into X
are all inner (see [29, Chapter 5, Section 7], see also [27,/125]). The amenability
is one of the most essential topics in the study of von Neumann algebras. In
particular, Johnson, Kadison and Ringrose showed that all approximately finite
dimensional von Neumann algebras are amenable (see [66], see also |125, Theorem
2.4.3] and [32, Theorem 10.8]). It is proved by Connes [27] that there are several
equivalent conditions for a von Neumann algebra acting on a separable Hilbert space
to be approximately finite. In particular, Connes [27] showed (see also [29, p. 505])
that a von Neumann algebra A4 on a separable Hilbert space H is approximately finite
dimensional if and only if it is amenable. On the other hand, for an arbitrary given
Banach algebra (or, more generally, a group [63, Section 10.11]) A, it is desirable to
identify those bimodules X such that every derivation ¢ : A — X is automatically
inner. During the past decades, a number of important special cases have been
resolved (see e.g. |4,163)/67,88,(110,(117] for more details). For more details of the
theory of derivations in operator algebras, we refer to [63,84}/115,|116,[121] and the
forthcoming book [7]. In this chapter, we concentrate on the following question (see
e.g. [56},63]):

Let A be a C*-algebra and J be an A-bimodule. Is every derivation

from A into J necessarily inner?

This chapter presents a survey of some results of the theory of derivations.

3.1 Derivations on algebras of bounded operators

In 1953, Kaplansky [83] showed that every derivation from a commutative C*-algebra
into itself is identically 0, which was later extended by Singer and Wermer [126], who
showed that every derivation from a semi-simple commutative Banach algebra into
itself is identically 0. Moreover, the authors of [126] also studied derivations from
a Banach algebra into an larger algebra [126]. The early study of derivations by
Kaplansky [83], Singer and Wermer [126] inspired the so-called derivation problem,
which is one of the oldest unsettled problems in operator algebra theory. Let A C
B(H) be a C*-algebra. The so-called derivation problem is the following question.

Question 3.1.1. Is every derivation ¢ : A — B(H) necessarily inner? That is, can
we find a T € B(H) such that 6(-) = op(-) = [T, ].

For details of the study of the derivation problem, we refer to [22,25,|108,/125].
Since any inner derivation is necessarily continuous (in the norm topology), the
natural step in the study of the derivation problem is the question of automatic
continuity of derivations. It was conjecture by Kaplansky [83], and proved by
Sakai |118], that a derivation 0 from a C*-algebra into itself is automatically norm

continuous. From this, Kadison |70, Lemma 3] deduced that ¢ is continuous also in



3. Derivations of operator algebras: review and general properties 27

the ultraweak topology, when the algebra is represented as an algebra of operators
acting on a Hilbert space. Subsequently, Johnson and Sinclair [68] proved the
automatic norm continuity of derivations of a semi-simple Banach algebra.

The results of Sakai [118] and Kadison [70] was further generalised by Ringrose [114]
to a very general form (Ber, Chilin and Levitina [5] generalised Ringrose’s theorem

to the case of quasi-Banach .4-bimodules ).

Theorem 3.1.2. Every derivation from a C*-algebra (A, ||-||) into a (quasi-)Banach

A-bimodule (7, ||| ;) is automatically continuous.

It is known that every derivation from a C*-algebra A C B(H) into B(H) is also
continuous in the ultraweak topology [66},67]. Therefore, the derivation problem is

equivalent to the following.

Question 3.1.3. Is every derivation from a von Neumann subalgebra A of B(H)

into B(H) necessarily inner?

Even though the derivation problem is still open, there are results giving
affirmative answers to it under some additional conditions on the subalgebra
A [22,125,26,32,/108,/125]. In all known cases, the derivation problem has affirmative
answers. In particular, the case when A is of type Iy, is an immediate consequence
of the property of approximately finite von Neumann algebras (see e.g. [66,/125]
or [32, Chapter 8]). The properly infinite case was proved by Christensen [22].
Indeed, the only remaining situation to consider is a type II; von Neumann
subalgebra A with a type [I,, commutant |125].

Christensen [23] (see also [25]) established the characterisation of the inner
derivations from A into B(H) in terms of complete boundedness of derivations. Let
A and B be two C*-algebras. Let M, be the space of all nxn matrices. The operator
norms on B(H @ --- @ H) induce C*-algebra norms on the matrix algebras M, (.A)
over A. Any linear map ¢ : A — B gives a family {¢,, : M, (A) — M,,(B)} defined
by ¢n(aij) = (p(ai;)) for each nxn matrix (a;;) € M, (A). We say that ¢ : A — Bis
completely bounded, if the sequence {||¢,| }52; is uniformly bounded [125, Chapter
1.2].

Theorem 3.1.4. Let A be a C*-subalgebra of B(H). A derivation 6 : A — B(H)

is inner if and only if it is completely bounded.

The derivation problem has several equivalent formulations. One of them is the

so-called similarity problem raised by Kadison [69)].

Question 3.1.5. Let A C B(H) be a C*-algebra and 7 : A — B(H) be a unital
homomorphism with ||| < oo. Does there exist an invertible element S in B(H)

such that Sw(-)S~! is a x-homomorphism.
Kirchberg [85] proved the following equivalence.

Theorem 3.1.6. Let A be an arbitrary C*-algebra. The similarity problem for A

and the derivation problem for A are equivalent.
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A natural generalisation of the derivation problem is the following.

Question 3.1.7. Let A be a C*-subalgebra of a von Neumann algebra M. Is every
derivation § : A — M necessarily inner? That is, does there exist a T € M such
that 6 = 5T ?

The classical result in this field is the following theorem due to Kadison [70] and
Sakai [119] (see also [120,/121]), which should be considered as the first attack to

Question [3.1.7]

Theorem 3.1.8. FEwvery derivation from a von Neumann algebra M into itself is

automatically inner.

However, when one considers more general algebras (for examples, C*-algebras),

there are examples of non-inner derivations from this algebra into itself.

Example 3.1.9 (see e.g. [120, Example 4.1.8]). Let K(H) be the C*-algebra of all
compact operators on H. Let A € B(H) with A ¢ K(H)+ C1. Then, 4 defined by
0A(X)=[A,X], X € K(H) is not an inner derivation from K(H) into K(H).

For the general case when A # M, very little is known for Question So
far, the best result in this area is the following theorem, which is a corollary of a
result by Johnson, Kadison and Ringrose [66] (see also [27,29], |125, Theorem 2.4.3]
or [22, Corollary 5.6]).

Theorem 3.1.10. Every derivation from an approzimately finite von Neumann

subalgebra of M into M is automatically inner.

Since every abelian von Neumann algebra is approximately finite [32, Lemma
8.4], the above theorem yields that every derivation from an abelian von Neumann
subalgebra of M into M is inner.

Using the Ryll-Nardzewski fixed point theorem (see Theorem , Chris-
tensen [22] showed that Question has an affirmative answer for finite von

Neumann algebras M.

Theorem 3.1.11. Let M be a finite von Neumann algebra. Then, every derivation

from a C*-subalgebra of M into M is inner.

3.2 The Johnson—Parrott—Popa theorem

A special type of Question is the case when a derivation takes values in a
proper ideal of the von Neumann algebra M. The first result in this direction is
due to Johnson and Parrott [67], who considered the special case of Question
when the range of ¢ is contained in K (H), the ideal of all compact operators on H.
In that paper, the authors proved that if A is an abelian von Neumman subalgebra
of M, then every derivation ¢ from A to K(H) is automatically inner. As an easy

consequence, they were also able to treat the case when A has no certain type I1;
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factors as direct summands. The remaining case, when A is a von Neumann algebra
of type I11; was later resolved by Popa [110] by transforming the noncommutative
framework of the problem into a commutative one. The results in [67] and |[110] can

be therefore formulated as follows.

Theorem 3.2.1 (Johnson—Parrott—Popa). Let A be a von Neumann subalgebra of
B(H). Then, every derivation

d: A— K(H)
18 1nner.

Note that the Johnson—Parrott—Popa theorem can not be extended to the case
of C*-subalgebras of B(H) (see Example [3.1.9).

The semifinite version of the result by Johnson and Parrott [67] was first studied
by Kaftal and Weiss [81]. Precisely, they considered the case when B(H) is replaced
with a semifinite von Neumann algebra M and K (H) is replaced with the uniform
norm closed ideal J(M) generated by all finite projections in M. It is shown
in [81] that if A is an abelian (or properly infinite) von Neumann subalgebra of M
containing the center Z(M) of M, then any derivation of A into J(M) is inner.
This result was later extended to the case when the type Iy;, direct sum of A is
locally compatible with the center of M [112]. Recall that a subalgebra N of M
is locally compatible with the center Z(M) of M, if there exists a partition of the
unity {P;};cs in the center Z(N) of N such that for each i, we have either

Z(N)P, € Z(M)P; or Z(M)P; C Z(N)P,.

Theorem 3.2.2. Let M be a semifinite von Neumann algebra and J(M) be the
uniform norm closed ideal generated by all finite projections in M. Let A C M be
a weak operator closed x-subalgebra of M and suppose the finite type I summand of
N is locally compatible with Z(M). Then, for any derivation 6 : A — J (M), there
evists K € J(M), [|K|| < 2(16]| ass 7y with 6 = 0k

In particular, every derivation 6 : A — J(M) is inner if A is of type II; or
properly infinite. Popa and Radulescu also established the existence of non-inner
derivations ¢ : A — J (M) for some specific semifinite von Neumann algebra M
and abelian von Neumann subalgebra A of M (see [112, Theorem 1.2 and Section
8]), which is somehow unexpected and is the first example of non-inner derivations

in von Neumann algebras.

Example 3.2.3. let M = L([0,1],\)®B(L2(T,p)), A = 1®Lo(T, ) C M,
where p is the Lebesgue measure on the torus T and X is the Lebesque measure on
the unit interval [0,1]. There exists an operator T' € M such that 1 is a derivation
from A into J(M) which is not inner, i.e., there exists no elements K € J(M)
such that o1 = 0k .
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Another semifinite version of the Johnson—Parrott—Popa theorem was initiated
by Christensen [24], who introduced the notion of generalized compacts (see
also [137]).

Let X € B(H) and let M be a von Neumann algebra. Then X is said to be a
weakly compact multiplier of M if the operator ry and lx of M into B(H), given
by rx M = MX and IxM = XM, are weakly compact. The so-called generalized
compacts C(M) associated with M is the set of weakly compact multipliers of M.
If M = B(H), then the set C'(M) coincides with K(H).

Christensen [24] showed that every derivation from M into C(M) is inner if M
is a properly inifinite von Neumann algebra. However, the case when M is a type
IT; von Neumann algebra was left open in [24] and was resolved by Galatan and
Popa [49] in 2017.

There are some other extensions of the result by Johnson and Parrott [67]. In
1977, Hoover [56] obtained the following result where the algebra K () in the

Johnson—Parrott—Popa theorem was replaced by the Schatten p-class.

Theorem 3.2.4. Let A be a unital C*-subalgebra of B(H) and let Cp,(H) be the
Schatten p-class, 1 < p < oco. If 6 : A — Cy(H) is a derivation, then there exists a
T € Cp(H) such that 6 = o.

Since Cp(H), 1 < p < oo, is reflexive, it is a straightforward application of
the Ryll-Nardzewski fixed point theorem (see [31,/96], see also Section or the
celebrated result by Johnson [63, Proposition 3.7] (see also Theorem [4.1.1)). Ideas
used by Hoover in the proof for the special case when p = 1 (the ideal coincides with
the predual of B(7{)) are subtle and the proof relies on the fact that C1(H) C Cp(H)
for any p > 1. However, when B(H) is replaced by a general semifinite von Neumann
algebra M, the corresponding ideal C, (M, 7) is not necessarily a reflexive space and
therefore the Ryll-Nardzewski fixed point theorem can not be applied directly. In
1985, adapting the proof in [67], Kaftal and Weiss [81] obtained the following result
on derivations into an Ly-ideal Cp(M,7) (:= Ly(M,7) N M) of M, 1 < p < 0.

Theorem 3.2.5. Let M be a semifinite von Neumann algebra equipped with a
semifinite faithful normal trace T and let p € [1,00). Assume that A is an

abelian/properly infinite von Neumann subalgebra of M. Then, every derivation
d: A—Cp(M,T1)
is necessarily inner. That is, there exists T € Cp(M,T) such that § = dr.

However, the cases of type I and type I1; von Neumann subalgebras were left

unresolved in [81], which led to the following question.

Question 3.2.6. Let M be a semifinite von Neumann algebra equipped with a
semifinite faithful normal trace T and let p € [1,00). Assume that A is an arbitrary

von Neumann subalgebra of M. Is every derivation
§: A—C(M,71)

automatically inner?
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In the special case when von Neumann subalgebra A coincides with M, then
Question has an affirmative answer. Indeed, Ber and Sukochev [16,/17] have
proved the following highly non-trivial result, which generalised the Kadison-Sakai
Theorem (see Theorem [3.1.8) significantly.

Theorem 3.2.7. Let M be a von Neumann algebra and J be an arbitrary ideal of

M. Then, every derivation from M into J is inner.

In Chapter we consider a question more general than Question [3.2.6] In
particular, we resolve Question affirmatively. An alternative proof is provided
in Chapter

3.3 Derivations with values into symmetric spaces

In this section, we collect some results on derivations into more general bimodules.
The so-call Ryll-Nardzewski Fixed Point Theorem is very important in this
field. Before introducing the Ryll-Nardzewski Fixed Point Theorem, we recall the

definition of noncontracting family of maps.

Definition 3.3.1. Let X be a locally convex space and let ) be a nonempty subset
of X. If G is a family of maps (not necessarily linear) of Q into Q, then G is said
to be a noncontracting family of maps if for any two distinct points x and y in Q,

0 ¢s not in the closure of
{T'(x) = T(y): T € G}
Theorem 3.3.2 (Ryll-Nardzewski Fixed Point Theorem). If X is a locally convex

space, @ is a weakly compact convex subset of X, and G is a noncontracting semigroup
of weakly continuous affine maps of Q into Q, then there is a point xg in Q such
that T'(xg) = xg for every T € G.

The following theorem, due to Johnson [63] (see also [11}15,[56L136]), is a
straightforward application of the Ryll-Nardzewski Fixed Point Theorem. We note
that the assumption of a unit element in the C*-algebra in [63] is omitted. The full
proof of the following theorem can be founded in Chapter [4] (see Theorem [4.1.1)).

Theorem 3.3.3. Let A be a C*-algebra and let J be a reflexive A-bimodule. Then,
for every derivation § : A — J, there exists a T € J such that 6 = op and
IT|l7 < |6l ag- Moreover, T € co{o(U)U*: U € L{(A)}H.”J, where co(S) denotes
the convex hull of a set S.

Throughout this section, we assume that M is a semifinite von Neumann algebra
equipped with a semifinite faithful normal trace 7. As a corollary of Theorem

we immediately obtain the following result.

Corollary 3.3.4. Let A be a C*-subalgebra of M and let E(M,T) be a reflexive
symmetric space. Then, for every derivation 6 : A — E(M,T), there exists
a T € E(M,7) such that § = o7 and |T||g < ||0|lawp. Moreover, T €
cols(U: TeuAr .
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Noting that L,(M, 1) is reflexive when p > 1, we obtain the following corollary.

Corollary 3.3.5. Let A be a unital C*-subalgebra of M and § : A — Ly(M, 1),
p > 1, be a derivation. Then, there exists an element T € L,(M, 1) such that 6 = o7
and ||T|z, < [6]la-L,-

One should note that Corollary does not recover Theorem since
derivation § takes the value in the symmetric space L, (M, 7) (of possibly unbounded
operators), while Kaftal and Weiss showed (under some additional assumptions on
the von Neumann subalgebra A) that every derivation into the symmetric ideal
Cp(M,T) := L,(M,7) N M is inner, and so there exists a bounded T' € L,(M, 1),
such that 6§ = 7.

It is well-known that L; (M, 7) is not reflexive unless M is finite-dimensional. It
was a long-standing open question whether every derivation a C*-subalgebra of M
into L1 (M, 7) is inner. The special case when M = B(H) was proved by Hoover (see
Theorem . The case when M is a finite von Neumann algebra was resolved by
Bunce and Paschke [20]. Recently, the question was resolved completely by Bader,
Gelander and Monod [4]. Since the unit ball of L; is not weakly compact, the
Ryll-Nardzewski Fixed Point Theorem can not be applied directly. Bader, Gelander
and Monod considered the so-called Chebyshev center (which is weakly compact) in
Ly (M, 1) rather than the |[|-||;-closure of convex hull of 6(U)U* as in Theorem [4.1.1]
Consequently, the Ryll-Nardzewski Fixed Point Theorem can be applied to this set,
and the long standing open question on derivations with values in Li(M, 1) was

resolved.

Theorem 3.3.6. [/] Let N be a von Neumann algebra and A be a C*-subalgebra
of N'. Every derivation from A into the predual of N is inner.

Remark 3.3.7. Pfitzner (see [107, Theorem 8.2]) indicated that the above theorem
can be proved by applying an earlier result by Japon [62]. Moreover, the element
implementing the derivation can be found in the closure (in the sense of the so-

called abstract measure topology) of the convex hull of §(U)U*.

The special case when A = M has been studied by Ber, Chilin and Sukochev [9,
10},/15]. In particular, they proved the following result.

Theorem 3.3.8. Let M be a semifinite von Neumann algebra with o faithful
semifinite normal trace 7 and € be a Banach M-bimodule (in particular, symmetric

spaces) of T-measurable operators. Every derivation from M into £ is inner.

Remark 3.3.9. One may consider derivations from the x-algebra S(M,T) into
itself. However, it is shown in [§] that a derivation ¢ : S(M,7) — S(M,T) is not
necessarily inner even when M is commutative. When M is a type I von Neumann
algebra, a complete description of all derivations 6 : S(M,7) — S(M,T) has been
obtained in [1]. The case when M is a properly infinite von Neumann algebra was
established in [10)].
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It is a long-standing open question whether every derivation 6 : S(M,T) —
S(M,T) is inner when M is of type IIy [72,/73]. The complete resolution of this
question was recently obtained by Ber, Kudaybergenov and Sukochev [15]. Precisely,
they proved that every derivation from S(M,T) into S(M,T) is inner if and only if
the type I, summand of M is atomic.

3.4 (General properties results of derivations

Let ¢ be a derivation from a C*-subalgebra A of a semifinite von Neumann algebra
M into S(M, 1), i.e., 6 : A — S(M,7) is a linear mapping satisfying the Leibniz
law. The derivation ¢ is said to be skew-adjoint if 6 = —§*, where 6 is a derivation
defined by 0*(X) = (§(X¥))*, = € A. Actually, we can assume that the derivation §
is skew-adjoint because every derivation § : A — S(M, 7) can be decomposed into

skew-adjoint components § = &1 + ¢ - d2, where

5(X) — 8(X

) 50y SO+

21

Remark 3.4.1. Assume that there exists an operator T € S(M,T) such that the
skew-adjoint derivation 6 = dp = [-,T]. For every X € A, we have

51(X) =

(X, T —T* = [X,T] - [X,T*] = [X,T] + [ X*,T]* = 6(X) + (6(X*))* =0,

which implies that Tm(T') = TE;‘F* € A'. Thus, for every X € A, we have

5(X) = [X,T] = [X,Re(T) +iIm(T)] = [X, Re(T)).

Hence, without loss of generality, we can always assume that the operator T

implementing a skew-adjoint derivation & is self-adjoint.

In the following, we consider several types of reductions of a given derivation
from A into an M-bimodule J of 7-measurable operators. The first one is reduction
of § by a given central projection Z in the algebra M. Recall that Jz := {ZX €
SMz,7): X €T} =2ZTZ (see e.g. [43, p. 215]).

Lemma 3.4.2. Let 6 : A — J be a derivation and let Z € Z(M) be a projection.
The mapping 69 : Ay — Tz given by 69 (XZ) = Z6(X)Z, X € A, is a well-

defined derivation from the induced von Neumann algebra Az into Jz.

Proof. If A, B € A such that AZ = BZ, then

89N AZ) = 8\9)(BZ) = Z6(A)Z — Z6(B)Z
= Z6((A — B)E'"P1(0,))Z
= Z5(A—B) - EAB10,00)Z + Z(A — B) - §(E" =510, 0)) Z
= Z6(A— B) - EIAB(0,0) 2.

Since Z € Z(M), it follows that El4=Bl(0, 00)Z is a projection with EI4~Bl(0,00)Z <
E=5B1(0,00). However, the assumption, (A — B)EA~=51(0,00)Z = (A— B)Z =0
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implies that E4~5(0,00)Z = 0 and therefore §)(AZ) = §%)(BZ). For every
X,Y € A, we write

dNZXZ-72YZ) =8P ZXYZ) = Z5(XY)Z
= Z8(X)YZ + ZX6(Y)Z
=7Z8(X)Z - ZYZ+ ZXZ - Z5(Y)Z
=0 NZX2)ZY Z + ZX 28D (2Y Z),

which implies that 6(%) is a well-defined derivation. O
Remark 3.4.3. It is clear that if § is skew-adjoint, then %) is also skew-adjoint.
From now on, we always assume that A is a von Neumann subalgebra of M.

Remark 3.4.4. In the special case when A = M, derivations 6 : M — J always
vanish on P(Z(M)) (see e.g. [10, Lemma 3.1]). Howewver, it is not true for the
general case when A # M.

The other reduction of § : A — J we intend to use depends on the type of
the algebra A with an additional assumption that 0|p(z(4)) vanishes. For every
Z € P(Z(A)), the mapping Z4(-)Z is a derivation from A into J. Moreover, if §
vanishes on P(Z(A)), then Z(-)Z is a derivation from Az into Jz, which coincides
with §(-) on Az. Let Zi,Z3 be two projections in M such that Z1Z; = 0. For
elements X1 € Mgz = Z1MZ; and X9 € My, = ZaMZy, we frequently identify
X1+ Xy with X1 & Xo.

Lemma 3.4.5. Let 6 : A — J be a derivation such that d|pza) = 0. If
for Z1,Zy € P(Z(A)) with Z1Zy = 0, 8|, and 0|a,, are inner derivations
implemented by Th € Jz, and Ty € Jz,, then (5|J4ZI+Z2 is implemented by T1 ® Ts.

Proof. For every X € Az, +z,, we have

5(X) = 5(XZl + XZQ) = 5(XZl) + 5(XZQ) = 5T1(X21) + 5T2(XZQ)
— [XZlaTl] + [XZ27T2] — [X7T1 +T2] — 6T1+T2(X)a

which completes the proof. O

Lemma3.4.5|allows us to make the following reduction of the problem considered
in Chapter

Remark 3.4.6. Let P, Py, P; € Z(A) be the central partition of unity (some of
P; can be zero), such that Ap, is of type Itin, Ap, is of type I, Ap, is properly
infinite. Assume that 0 : A — J vanishes on Z(A). By reducing § to the algebras
Ap, i = 1,2,3, to prove that ¢ is inner derivation, it is sufficient to consider
separately the cases when A is type I, type Iy or properly infinite.

As we show in Section (see Remark , the assumption that § : A —
Co(M, 7) vanishes on Z(A) can be imposed without loss of generality.
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Next, we introduce a special subset K of the algebra M generated by derivation
0: A— M. As we prove later in Chapter |5, for any derivation ¢ : A — Co(M, 1),

K5 contains the operator implementing 6.

Definition 3.4.7. For a skew-adjoint derivation 6 : A — M, we define by Ky
the weak* (or ultraweak) operator closure of co{US(U*) | U € U(A)}, where co(S)

denotes the convex hull of a set S.

Remark 3.4.8. Recall that, in Theorem the operator implementing the
derivation is in the ||-|| ;-closure of co{Us(U*) | U € U(A)}.

Remark 3.4.9. Recall that the strong operator closure, the weak operator closure
and the weak* operator closure of the convex hull of a uniformly bounded set in M
coincide (see e.g. [132, Chapter II, Lemma 2.5] and [31, Chapter IX, Corollary 5.2]).
By Ringrose’s theorem (see Theorem , derivation 6 : A — M is bounded and
therefore, the set {6(U) | U € U(A)} is uniformly bounded. Thus,

K5 = @@ {US(U") | U € U(A)} = @ {US(U*) | U € UA)}, (3.1)

where €0°°(S) (respectively, c©0“°(S)) denotes the strong operator closure (respective-
ly, weak operator closure) of convex hull of a set S. In particular, || X |leco < ||9]|.4—Mm
for every X € Kj. Furthermore, since § is assumed to be skew-adjoint, using Leibniz

rule, for any unitary U € A, we have
(US(U)) =—=0(U)U*=UsU")—-0(1)=UsU"),
which implies that every element in Ky is self-adjoint.

Remark 3.4.10. Let Z1,7Z5, -+ ,Z, € Z(A) be mutually disjoint projections such
that 6(Z;) =0 fori=1,2,--- ,n. For every Z;, we have

KsZ; =co0{Us(U") |U e U(A)} Z; =0 °{Us(U*)Z; | U € U(A)}
=c0"{UZ(UZ;) | U eU(A)} =c0{Us(U") | U e U(Az,)}.
Since §(1) = 0, it follows that 6(1 — 1" | Z;) = 0. Therefore, since Z; are mutually

disjoint, for every Uy,Us,---U, € U(A), we have that

n

Z U; Z:6(UF Z;) = (zn: UiZi)é(Zn: UiZ;)
=1 =1

i=1
= (Z UiZi +1 — Z Z¢)5(Z UiZi +1— Z Z;).
i—1 i=1 i=1 =1

Note that " Ui Zi+1=>"" | Z; € U(A). Thus, > ;- U;Z;6(U} Z;) € Ks. For any
X1 € KsZy, there is a net in co{U1 Z16(Us Z1)} converging to X in the weak operator
topology. Hence, X1 & (@' ,U;Z;6(U}Z;)) € Ks. By mathematical induction, we
obtain that ®_X; € Ks for any X; € KsZ;. That is, Y ;- KsZ; C K.

In the following proposition, we provide an auxiliary result which allows us to
use Lemma [2.5.5] in the proof of Theorem [5.2.2]
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Proposition 3.4.11. Let T € K5 and let ,5 > 0. If 0 < s < 7(ETl(g, 00)), then
there is a unitary element U € U(A) such that

s/2 s
/ u(t: 5(U))dt > e
0 2

Proof. Since T € Ky, it follows from (3.1) that there is a net {By}o with

a:_ZA YY1 < ng < 00, UY Z)\

converging to 1" in the strong operator topology. Note that every B, is self-
adjoint. By [106], Proposition 2.3.2], we have |B,| —s, |T'|, and therefore, employing
Lemma we infer that there exists a B, such that 7(ElPal(e, 00)) > 5. Hence,
Lemma implies that

S ADTOS(TOV) = u(t s
u(t,;Aa UDS(UPY)) = nlt: Ba) > &, te0,3] (3.2)
Now, it follows from [87, Theorem 3.3.3] (see also Proposition that
. (B
ZA / (t; UDs((UD)) dt>/ Z)\ S(UDY*))dt %5.

Thus, there exists UL € U(A) such that

I (U0 dt / (B UOS(UO)dt > e
0 0 2



Chapter 4

Derivations on C*-subalgebras
of a semifinite von Neumann

algebra

Throughout this chapter, M is a semifinite von Neumann algebra equipped with a
semifinite faithful normal trace 7. The main result of this chapter characterises the
ideals of M such that every derivation from an arbitrary C*-subalgebra into J is
inner. In particular, we answer to Question in affirmative.

Theorem is the main result of the present chapter, which substantially
extends [81, Theorem 14] (see Theorem [3.2.5). The prototype of the proof of the
following theorem for the case of Schatten ideals C}, when the Hilbert space H is
separable can be found in [56]. The main result of this chapter generalises Theorem
in two directions. Firstly, instead of imposing additional condition on the von
Neumann subalgebra A, we consider the case when A is an arbitrary C*-algebra.
Secondly, we extend significantly the class of symmetric ideals associated with M for
which the result is applicable. We also demonstrate the sharpness of our assumptions
on the symmetric ideals.

We note that throughout this chapter we denote symmetric space (of possible
unbounded operators) affiliated with M by (E(M, 1), ||-|| ), while the corresponding
ideal in M by E(M, 1) := E(M,7)NM. The latter ideal is equipped with the norm
||-|| 7, however no assumption on completeness of £(M, ) with respect to ||| 5 is
imposed.

The main result (Theorem of this chapter is taken from the joint paper

Derivations with values in ideals of semifinite von Neumann algebras |11].

4.1 Derivations with values in symmetric ideals

Before proceeding to the proof of the main result of this chapter, we provide a
complete proof for Theorem [3.3.3] We note that the assumption of a unit element

in the C*-algebra in [63] can be omitted. We present the full proof for completeness

37



38 4. Derivations on C*-subalgebras

of exposition.

Theorem 4.1.1. Let A be a C*-algebra and let J be a reflexive A-bimodule. Then,
for every derivation § : A — J, there exists a T € J such that § = ép and
T 7 < 10|l 4. Moreover, T € co{o(U)U*: U € U(.A)}'l'uj, where co(S) denotes

the convex hull of a set S.

Proof. We firstly consider the case when A is unital.

By Ringrose’s theorem (see Theorem [3.1.2), the derivation & : (A, | - [loo) —
(I, - ll7) is bounded. Let us define the sets Koo := {6(U)U*: U e U(A)} C T
and Ky := co(Kqp). It is clear that Koo, and therefore Ky, lie in the ball of radius
16l in 7.

We set K := FOH'”J. Note that K is weakly closed in J (see e.g. [31, Chapter
V, Theorem 1.4]). Since J is reflexive, it follows that K is a convex weakly compact
subset of J (see [31, Chapter V, Theorem 4.2]), contained in the ball of radius
[0]|.a—-

For every U € U(A), we have §(U) € J, and therefore we can define the mapping
ay : J — J, by setting

ap(X) :=UXU" +6(U)U".
For every U,V € U(A), we have

ay(ay (X)) = UVXVU* +US(V)V*U* + §(U)U*
= (UV)X(UV)* +US(V)V*U* +§(U)VV*U*
= (UV)X(UV)* +3(UV)UV)* = apy(X).

In addition, the equality §(1) = §(12) = 26(1) implies that (1) = 0, and therefore
a1(X) =X, X € J. Thus, «a is an action of the group U(A) on J.

We claim that the set K is invariant with respect to «. Since 6(U)U* = ay(0),
it follows that Ko is an orbit of 0 with respect to «, and therefore, is an invariant
subset with respect to «. In addition, for any positive scalars s and ¢ with s+t =1,

we have

ay(sX +tY) =sUXU* +tUYU* + (s +t)o(U)U”
=say(X) +tay(Y), X,YeJ.

Hence, for every U € U(A) the mapping «y is affine, which implies that Ky =
co(Koo) is also an invariant subset with respect to a. Now, the equality ay(X) —
ap(Y)=U(X -Y)U*, X,Y € J implies that every ay,U € U(A), is an isometry
on J. Hence, K is an invariant subset with respect to a.

Furthermore, the fact that ay is an isometry implies that the family {ay :
U € U(A)} is a noncontracting family of affine mappings (see e.g. [31, Chapter V,
Lemma 10.7]). Clearly, oy is weakly continuous for every U € U(A). Thus, the
set K and the family {ay : U € U(A)} satisfy the assumptions of Theorem [3.3.2]
Hence, there exists a point T' € K fixed with respect to «, that is, we have T =
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ay(T) = UTU* + 6(U)U* for every U € U(A) and ||T||7 < ||6]]4—7. Therefore
TU = UT + 6(U) for every U € U(A). Thus, 6(U) = [T, U] for every U € U(A).
Since every element X € A is a linear combination of four elements from U(A), we
obtain that § = 07 on A and complete the proof for the case when A is unital.

Next, if A is not unital, then we define A; := CPH A, which is a unital C*-algebra
equipped with the norm

I A =M+ 1Al 4, AeC,Ae A
For every X € J and A; = (o, A), By = (8, B) € A, we define
A1 X = (o, A)X = aX + AX,

and
XB;=(5,B)X =X+ XB.

Define 61 : A1 — J by 01((a, A)) = 6(A), A € Aand a € C. It is clear that d; is
a derivation from a unital C*-subalgebra A; into J. Hence, the assertion follows

from the proved above. O

Recall that, for every reflexive symmetric function space E(0,00), the corre-
sponding operator space E(M,T) is also reflexive [39, Corollary 5.16] (see also [43,
Theorem 54]).

Proposition 4.1.2. Let A be a C*-subalgebra of M and let E(M,T) be a reflexive
symmetric space affiliated with M. Then, for every derivation § : A — E(M, 1) :=
E(M,1)NM, there ezists an element T € E(M, 1) such that 6 = dp with |T||g <
[0l ase and [[Too < |6]l.a—n1-

Proof. Since E(M, ) is reflexive, Theorem implies that there exists a T' €
E(M, 1) such that 06 = 67 and ||T||g < ||0]|4—E. Therefore, it remains to show that
T e M and ||T]co < |I0]] 4=

By the Ringrose’s theorem (see Theorem [3.1.2), we have that 6 : (A, ||| ,,) —
(M, ]|l) is a bounded mapping. Hence, Ko := co{d(U)U* : U € U(A)} lies
in the ball of radius ||6||4—m in M. By Theorem we have T € FOH'”E.
Let {X,,} C Koy be such that |7 — X,||g — 0. By [43, Proposition 11] (see also
Section , we have X,, — T in local measure topology. Since M has Fatou
property (see Section [2.4), it follows that the closed ball in (M, || - | s) with radius
10]| 4=t is closed with respect to the local measure topology (see e.g. Section
or [41, Theorem 4.1]). Noting that || X, ||pm < [|6]] 4 and X, — T in local measure
topology, we conclude that 7' € M with ||T'||c < [|6]| a5 - O

Let E(0,00) be a symmetric function space on (0,00) and let (E(M,7), || z)
be the corresponding noncommutative operator space. Following the notation

introduced in [138], for 1 < p < oo, we set

EM,7)®) = {X € SIM,7): [X]P € E}, | Xl = [IXIPII1*.
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It is well-known (see e.g. [40, Proposition 3.1]) that E?®) (M, 7) = E(M,7)®), where
E®)(M, 1) is the symmetric space corresponding to the p-convexification E®) (0, oo)

of the symmetric function space E(0, 00).

Theorem 4.1.3. [38,|40,|45] Let E(0,00) be a strongly symmetric space. Then,
(i). E®)(M,T) is a strongly symmetric space.

(ii). If E(0,00) has the Fatou property, then E®)(M,7) has the Fatou property.

(ii). If E(0,00) has order continuous norm, then E®)(M, 1) has order continuous

norm.

(). If p > 1 and E(0,00) is a KB-space (a fully symmetric space has order

continuous norm and the Fatou property), then E®) (M, T) is reflexive.

As mentioned before, L;(M, 1) is (usually) not reflexive. Therefore, Proposition
does not cover the case for C;(M, 7). Theorem is the main result of the
present chapter, which covers the case for C; (M, 7). In fact, we substantially enlarge

the class of symmetric ideals to which the result is applicable.

Theorem 4.1.4. Let A be a C*-subalgebra of M and let E be a fully symmetric
function space on (0,00) having Fatou property and order continuous norm. Then
every deriwation 0 : A — E(M,T) is inner, that is there exists an element T €
E(M,T) such that 6 = o7 with ||T||co < ||0||l a4t and |T||g < ||| a-E-

Proof. Without loss of generality, we may assume that ||| 4-m < 1.

Since (M, T) C M, it follows that | X|? is a bounded operator for every X €
EM,7) and ¢ > 0. Therefore, for p > p’ > 1 and every X € E(I’l)(./\/l,T) =
E®)(M,7) N M we have that

X = X | X PP e €M, 7),
that is X € EP(M, 1) = E®P (M, 7) N M. Thus,
EPN(M,7) CEP(M,7), p=p >1. (4.1)

In particular, from inclusion we have that £(M,7) C EP)(M, 1) for every
p > 1. Hence the derivation § can be considered as a derivation defined on A
with values in the symmetric ideal £®) (M, 7). By Theorem m (see also (38,
Propostion 5.3]), every E®) (M, 7), p > 1, is reflexive and therefore, it follows from
Proposition that there exists a T}, € EP) (M, 1) such that § = o1, on A with
[Tplloe < 164 and [Tyl gy < 161 4- p -

We note that for p,p’ > 1 with p > p/, inclusions T}y € EP)(M,7) and
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imply that T}y € £P)(M, 7). Moreover, since ||Tj|lco < [|0]l 4 < 1, we have that

HTP’H%@) = H ‘Tp”pHE < H ‘Tp”p E’ H |Tp"p7p o
NIy sy < 101 iy = sup[I6COF
rEe AZET) N ed X loo=1 B
< s [8(X0)]s - SO (4.2)
XeA|Xloo=1
—1
< s 8 s 015 < I8

XeA|X|lo=1

We define M := {7}, 1 }men. Since 1+ L <2,m €N, inclusion (4.1)) implies
that M c £® (M, ). Now, let us construct inductively a subsequence {Ty, m }m of
M for every n > 1 such that

(i) for every fixed n > 1, T}, ., C E(H%)(M,T),m € Nand 1), — Sy €
E(1+%)(M,T) as m — oo in the weak topology of E(l+%)(M,T) with

1+
IS5 < I6lLace
(ii) {Tht1,m}m C {Thm}m for every n > 1.

Let My := M C E®(M,7) and M; := m”'”ﬁm' It follows from |31,
Chapter V, Theorem 1.4 and Theorem 4.2] that M; is a convex weakly compact
subset of £ (M, 7). Hence, by the Eberlein-Smulian Theorem (see e.g. [31, Chapter
V, Section 13)), there is a subsequence {71y, } of M o converging to an element Sy €
M, ¢ E@(M,7) in the weak topology of E?)(M, ). Since S; € M; and M; is the
| - | py-norm closure of co(Mj ), inequality implies that HSlH%@) < |0l a=E-

Assume that the construction up to n — 1, n > 2, is completed. We let M,, o =
{ThamtmM{T 2 :m>nmeN} C E(H%)(M, 7). Note, that this intersection is
non-empty (and irTﬁnite) as the elements of {7T},_1 ,, }m, are chosen from the sequence
{71 bmen. We set M, = m\\‘IIE(1+%>' It follows again from |31, Chapter
V, T]Taneorem 1.4 and Theorem 4.2] that M, is a convex weakly compact subset of
E(H%)(M, 7). Then, by the Eberlein-Smulian Theorem [31, Chapter V, Section 13],
there is a subsequence {7, 1, }m of My, o converging to an S,, € M,, C E(H‘%)(M, T)

1++ :
< 16]lucs i which

in the weak topology of E(H%)(M, T), in particular, ||Sn||E(17_l~_;) >

completes the induction.

Now, we show that every S,, belongs to M. For every n > 1, there is a sequence
{Xnm} C co(M,,) such that || X ., — S”HE“*%) — 0 as m — oo. Hence, by [43,
Proposition 11] (see also Section , we have X, ,, — S, as m — oo in local
measure topology. It follows from [41, Theorem 4.1] (see also Section that the
closed ball of radius ||0| 4 of (M, ||]|so) is closed with respect to the local measure
topology. Since co(M,, o) lies in the closed ball of radius ||0]| 4t of (M, || - ||oc), it
follows that S, € M and ||Sy|lec < [|0]| 4—-

We claim that all of the S, are the same. Since S,, and S,; are T-compact
operators, the operator S,, — S,y1 is also 7-compact. Let S, — Sp+1 = U|S, —
S,.1] be the polar decomposition. Then, for any & > 0, ElS=%+1l(g 00) is a 7-
finite projection. Hence, by [43, Proposition 23 and Lemma 25 (ii)] we have that
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ElSn=5nt1l(e, 00) € E(H%)(/\/I,T)X for every n € N. Since the Kothe dual space
E(H%)(M, 7)* can be identified with the subspace of the Banach dual, conditions
(i) and (ii) imply that

(1)

(S, Bl =9nt1l(e 00)U*) = lim 7(T}, 0 BS54l (g, 00)U™)

m—00

D lim (T BS54 (e, 00)U)
m—r0o0

D 7 (Spp1 BISn=Sm1l(2, 00)U)

and therefore
7(|Sn — Snp1| B =5mt1l(e, 00)) = 7(U*(Sn — Sug) B 51l(e, 00)) = 0

for any € > 0, which implies that S,, = S,+1. In what follows we denote S,, by T.
In particular, we have [|T'|loo < [|0]l.4—r and [|T%,,) < [|6]|.a—p for every p € (1,2].

Next, we claim that § = §7. Consider £(M,7) as a subspace of E?)(M, 7). For
every X € A, i1,(X) = §(X) for every p > 1. By condition (i) above, we have
Tim — T in weak topology of E?)(M, ). Thus, for every f € (E®)(M,7))* and
X € A, we have f(T1,X) = f(TX) and f(XT1,,) = f(XT) as m — oo, which
implies that f(é7,,,(X)) = f(ér(X)) as m — oo. That is, 67, ,,(X) — d7(X) in
the weak topology of E()(M,7) as m — co. On the other hand, every 01y 1 (X),
m € N, is equal to §(X), and therefore, we conclude that §(X) = op, ,, (X) = d7(X)
for every m, and therefore § = d7 on A.

By the construction of T, we have that T € Nys1E® (M, 7) and |||[TP|r =
IT1%,) < l0llase for every p € (1,2] . Since [[Too < [|0]la4sm < 1, we have

|T/P 1 |T|aspl 1. Since (E(M,7),| - || g) has Fatou property, we have ' € E(M, )
with | T||g < ||0||4—E, which completes our proof. O

It is well-known that the space L,(0,00) is fully symmetric and has Fatou
property and order continuous norm. Therefore, as an immediate corollary of
Theorem [4.1.4] we obtain the following result extending the earlier results by Kaftal
and Weiss [81]. In particular, we answer Question in affirmative.

Corollary 4.1.5. Let A be a C*-subalgebra of M and let § : A — C,(M,T), p > 1,
be a derivation. Then, there exists an element T € C,(M,T) such that 6 = dr and

IT[lp < [16].4-z,-

Remark 4.1.6. We note that the assumption that the derivation § takes values
i an ideal of M is crucial for the proof of Theorem |4.1.4. The technique applied
there is not applicable for the extension of Theorem[4.1.1] and Corollary[3.5.5 to the
case of more general symmetric operator spaces (of possibly unbounded) operators

affiliated with M.
We provide an alternative proof by the following extension of Proposition [4.1.2]

Theorem 4.1.7. Let A be a C*-subalgebra of M and let E(M,T) be a reflexive
symmetric space affiliated with M. Assume that F(M,T) is a strongly symmetric
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space having the Fatou property. Then, for any derivation § : A — F(M,1) N
E(M,T), there exists an element T € F(M,7) N E(M,T) such that 6 = o7 with
ITNF < 16l arF and | Tl < [|6][4-E-

Proof. Note that § : A — F(M, 1) can be considered as a derivation defined on
A with values in E(M, 7). Since E(M, ) is reflexive, Theorem implies that
there exists a T' € E(M,7) such that 6 = 07 and ||T||g < ||0||4—g. Therefore, it
remains to show that 7' € F(M,7) and ||T]|co < ||d]]a=F-

By the Ringrose’s theorem (see Theorem [3.1.2), we have that 6 : (A, ||| ,,) —
(F(M,7), I/l z) is a bounded mapping. Hence, Ky := co{d(U)U* : U € U(A)}
lies in the ball of radius [|d]|4—r in M. By Theorem we have T' € FOH'”E.
Let {X,} C Ky be such that ||T'— X,,||p — 0. By |43, Proposition 11] (see also
Section, we have X,, — T in local measure topology. Since F'(M,7) has Fatou
property (see Section [2.4)), it follows that the closed ball in (F(M,7),]||;) with
radius ||0]| 4_,  is closed with respect to the local measure topology (see e.g. Section
or [43, Theorem 32]). Noting that | X,|r < ||0]|a»F and X,, — T in local
measure topology, we conclude that T' € M with ||T||ec < ||0]|a=r - O

Theorem [£.1.4)is an straightforward consequence of Theorem Indeed, recall
that if F(0, o0) is a fully symmetric K B-space, then the p-convexification E®) (M, 7)
of E(M,7) is reflexive. By (1), we have E(M,7) C E®)(M, 1) for any 1 < p < cc.
To apply Theorem one only need to notice that £(M, 1) equipped with the
norm || X ||z := max{[|X||, || X[ g} is a strongly symmetric space having the Fatou

property.

4.2 Non-inner derivations

In conclusion we consider special cases, where by omitting various assumptions on
the space E(M,7) and considering a smaller space, we construct examples of non-
inner derivations, which extends Example |3.1.9

Let E(M,7) be a symmetric space. In the following theorem, we consid-
er Eo(M,1), which is the [-||-closure of all operators of 7-finite rank (the
range/support projection is 7-finite) in E(M,7) (see e.g. [43]). We note that
Ey(M,7) = E(M, 1) if E(M,7) has order continuous norm, and FEy(M,7) has
no Fatou property whenever Eo(M, 1) # E(M, ). For examples of sequence spaces
when Eg(M, 1) # E(M, 1), we refer the reader to |52, Chapter III, Section 6].

Theorem 4.2.1. E|Let M be a semifinite non-finite factor. If Eg(M, 1) # E(M, 1),
then we can always find a non-inner derivation from a C*-subalgebra of M into

Ey(M,7)N M.

Proof. We claim that Eo(M,7) C So(M,7). Assume by contradiction that
Ey(M,7) ¢ So(M,7). Then, there exists an operator T € Ez(M,7) with

'The original statement in |11, Theorem 3.8] requires the assumption that the symmetric space
E(M, ) is T-compact. However, in Theorem [4.2.1} this assumption is omitted.
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T ¢ So(M, 7). That is, u(oco;T) > 0. By the definition of symmetric spaces, we
obtain that M C Ey(M, 7). For every X € E(M, 1), there exists an n > 0 such that
X EX(n, 00) of 7-finite rank. Hence, X = X E!X|(n, 00) + X EX(0,n] € Eo(M, 7).
That is, Eo(M, ) = E(M, ), which is a contradiction.

Let T € MN(EM,7)\ (Eo(M,7)+C1)). We assert that such an element
T exists. Assume that E(M,7) C Sp(M,7) and X € E(M, 1)\ Eo(M, ). For
every n > 0, XEXI(n,00) € Ey(M, 1) and therefore, X EIXI(0,n] ¢ Ey(M,7). In
this case, we define T := X EIX ‘(0, n], which is a bounded 7-compact operator and
not in Ey(M, 1)+ C1. If E(M,7) D M, then T can be chosen as any operator in
M\ (Co(M,T)+C1).

We claim that 7 is a non-inner derivation from some C*-subalgebra of M into
Eo(M,7)NM. Consider 67 acting on Co(M, 7). For every X € Co(M, 1), EXI(g, 00)

is 7-finite for every € > 0. Thus,
ITX — TXEX(e, 00)|| 5 < ITXEX(0,e]|lp < | T|e

implies that TX € Eo(M, 7). Similarly, XT € Ey(M, ) and therefore d7(Co(M, 7)) C
Eo(M,1). Moreover, T € M and Cy(M,7) C M imply that dp(Co(M,T)) C
Eo(M,7) N M. Finally, if there exists an operator K € Ey(M,7) N M such that
dp = Ok, then T — K € Co(M, 7). For every B € Co(M, 1) and A € Co(M, 1), we
have BA = AB. Then, noticing that M is the weak operator closure of Co(M, 7) (see
e.g. [87, Definition 2.6.8]), we have BA = AB for every B € M and A € Co(M, 1)’
and therefore Co(M, 1) € M'. Since M’ C Co(M, 1), we have Co(M, 1) = M.
However, M is a factor and therefore T'— K € C1, which is a contradiction with
the choice of T'. O

Let H be a separable infinite dimensional Hilbert space. Noticing that K () has
order continuous norm, one can see from Example that the assumption that
E(0,0) has Fatou property in Theorem can not be omitted.



Chapter 5

Derivations on von Neumann
subalgebras of a semifinite von

Neumann algebra

One of the main results in this chapter is a semifinite version of the Johnson—
Parrott—Popa theorem (see Theorem . The first attempt of establishing a
semifinite Johnson-Parrott—Popa theorem was due to Kaftal and Weiss [81]. They
considered derivations with values in the compact ideal J (M) of a semifinite von
Neumann algebra M, which is generated by all finite projections of M. This result
was later extended by Popa and Radulescu [112]. Moreover, Popa and Radulescu
showed that there exist non-inner derivations into J(M). However, for a general
semifinite von Neumann algebra M, there is another notion of compactness, so-called
T-compactness, which comes from a semifinite faithful normal trace 7 defined on M
(see Section . In this chapter, we consider derivations into the 7-compact ideal
Co(M, 7) of M. Although, the ideals Co(M, 7) and J (M) are quite similar in many
respects, the main result (Theorem of this chapter is in strong contrast with
Example which is somewhat unexpected. Namely, the additional assumption
on the type I summand of the von Neumann subalgebra which plays an important
role in the proof of Theorem could be dispensed with in our current setting.
For an arbitrary von Neumann algebra M and any (not necessarily closed) ideal
E of M, it is known that any derivation 0 : M — &£ is inner (see Theorem .
For a semifinite von Neumann algebra M equipped with a faithful normal semifinite
trace 7, and a C*-subalgebra A of M, it is proved that a derivation § defined on
A is necessarily inner provided that the values ¢ belong to the ideal E(M, 1) N M
generated by a fully symmetric K B-space E(0,00) (see Theorem . So, it is
natural to ask whether every derivation acting on a von Neumann subalgebra A of
M into an arbitrary proper ideal of M is inner. Popa and Radulescu (see Example
constructed an example showing that this question has a negative answer.
The main object of this chapter is to characterise the symmetric ideals of M

such that the following question has an affirmative answer.

45
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Question 5.0.1. Assume that M is a semifinite von Neumann algebra equipped
with a faithful normal semifinite trace 7. Let £ be a symmetric ideal of M and let

A be a von Neumann subalgebra of M. Is every derivation § from A into £ inner?

As an application of Theorem [5.6.1] we gives an affirmative answer to Question
for ‘almost’ every proper symmetric ideal £ in M (see Theorem , that
is, for most proper symmetric ideals £ in M, derivations from an arbitrary von
Neumann subalgebra of M into £ are automatically inner. In particular, Theorem
is a unification of the Johnson-Parrott-Popa theorem (see Theorem and
the result by Kaftal and Weiss (Theorem with significant extension, which
also answer Question [3.2.6]in affirmative.

One should note that the class of symmetric ideals characterized in this chapter
(see Theorem covers almost every ideal £ corresponding to a symmetric
function space in the sense of Calkin (see [82,87]). In the meantime, the ideal J (M)
of all compact operators in M does not correspond to any symmetric function space
whenever M # J (M) # Co(M, 1) (see e.g. [112} Section 8] or Example [3.2.3).

The main result of this chapter is taken from the joint paper Derivations with
values in the ideal of T-compact operators affiliated with a semifinite von Neumann
algebra [12].

5.1 Preliminaries

Throughout this chapter, we assume that M is a semifinite von Neumann
algebra equipped with a semifinite faithful normal trace 7. In this section, we
consider derivations ¢ from an arbitrary von Neumann subalgebra A of M into
Co(M, 7). Without loss of generality, we always assume that § is skew-adjoint (see
Section .

Recall that our aim is to show that any derivation 6 : A — Cyo(M,7) inner.
Hence, if we have a central partition of unity {Z;} of A such that ¢ is inner
on every Az and is implemented by K; € Z;Co(M,7)Z;, then a natural choice
of element implementing § on A is @;K; (see Lemma . However, it can
happen that K; € Z;Co(M,7)Z;, but &;K; ¢ Co(M,7) (as an example, consider
the algebra M = L (0,00) and partition {Z;} = {x(,+1)}). The latter fact
is in direct contrast with [112, 2.11.], since if {Z;}; is a central partition of the
identity of M, then the direct sum of a family of uniformly bounded operators
K; € J(Mg,) is also in J(M). We tackle this issue for 7-compact operators, by
showing that under additional assumption that every operator K; is chosen from
Z; K (see Definition , the direct sum K := ¢;K; is also 7-compact.

Theorem 5.1.1. Let A be a von Neumann subalgebra of M and let {Z; € P(A)};
be a central partition of the unity in A. Assume that §(Z) =0 for every Z € Z(A).
If there exists K; € Co(Mg,,7) N Z;Ks such that § = 0k, on Ay, for every i, then
K :=@;K; € Co(M, )N K5 with § = dx on A.
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Proof. Note that the operators K; and K are self-adjoint. Since §(Z;) = 0 for every i,
it follows that Z;0(X) = 0(Z;XZ;) = Z;0(X)Z; = §(X)Z; for every X € A. Hence,
the fact that {Z;} is a central partition of unity, together with the assumption that
0 = dk, on Az implies that for every X € A, we have

0(X) = @i(Zid(X)) = ®i(Z:6(X) Zi) = ©:i0(Z:i X Zi)

We assert that K € K;. Let 7z(4) be a semifinite faithful normal trace Z(A). It
follows that there is an increasing net {Rx} C {Z(A)} of 7z(4)-finite projections
such that Ry T 1. Since R) is 7z(4)-finite, it follows that the reduced von Neumann
algebra Z(A)p, is finite and countably decomposable for every Ry (see e.g. [103,
Theorem 1.3.6] for a proof of this fact). Thus, for every fixed A, there are only
countably many Z; such that Z; Ry # 0. We denote the sequence consists of non-
zero elements from {Z; R} by {P,}>2,. Note that for every k, we have

P.KP;, € P KsPx.

By Remark 3.4.10, @}_, P K P, € KsR) for every n. Since Y oo | Pr, = Ry, it follows
that
R\KR) = &2 P,KP, € K5R).

Since Ry € Z(A), by Remark [3.4.10] again, we have that
R\KR) € KsR) C K.

Since RyK Ry —s, K, we obtain that K € K.

Now, we prove that K is 7-compact. If the net {Z;} consists of finitely many
projections, then K is clearly 7-compact. We assume that {Z;} contains infinitely
many projections and K ¢ Co(M, 7). By the definition of Co(M, 1), there exists
an € > 0 such that co = 7(E¥l(g,00)) = 7(E®ilKil(¢,00)). Noting that 7 is
completely additive (see e.g. [133, Chapter VII, Theorem 1.11]), we obtain that
S T(EXil(g,00)) = 0o. Hence, we can choose countably many distinct T} := Ki(j
from {K;} such that

o0

oo
(E@J 1|T|5c>o ZT ‘T| )):th:oo,

where t; := 7(ETil(¢,00)) € (0,00), 1 < j < 0o. We denote Zy(jy by Qj.
Note that for every 1 < j < oo, we have

Ty € @ {US(U")|U € U(Aqg,)}

For every j, by Proposition 3.4.11} we can choose a U; € U(Ag;) such that

N‘uﬁ.’

A/ﬁﬁ@Mﬁ>ga (5.1)
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Let U := @52,U; € A. Since d vanishes on {Q;}, it follows that §(U;) = 6(Q;UQ;) =
Q;0(U)Q;. Thus, for every n, we have

n t

- &) . 4 B ¢,
/ e ,u(t;cS(U))dth/Q u(t;é(Uj))dtg Ye.
0 . 0
J=1 J

~+

— 2

=1
Noticing that §(U) € M and recalling that > 2%, t; = oo, by Lemma(2.5.5, we obtain
that §(U) is not T-compact, which is a contradiction and hence K € Co(M, 7). O

We end this section by showing a fine property of inner derivations § : A —
Co(M, ), which is related to the set Ks. As we show in Proposition below,
for any inner derivation § : A — Co(M,7), there exists an operator T' € Ky
implementing §. We note that analogous property for inner derivations from A
into J (M) is established in [112], however, our approach is completely different
from that used in the proof of |[112, Lemma 4.6]. Furthermore, our result holds if
the assumption on A is relaxed to a weaker assumption that 4 is a unital (that is,
14 = 1) C*-subalgebra of M.

Proposition 5.1.2. Let N be a unital C*-subalgebra of M and let 6 : N' — Co(M, T)
be a derivation. If there exists T € Co(M,T) such that § = dr, then there exists an
element T' € K5 = c0"°{US(U*) | U € U(N)} such that 6 = or.

Proof. Let P, := E|T|(%, o0) and let T, := TP,. For every n € N, the projection
P, is t-finite and [|T — Ty, |loo < % In particular, T,, € Lao(M, 7), where La(M,T)
denotes the noncommutative Lo-space affiliated with M. Hence, 7, has range
inside La(M,7) N M and therefore, by Theorem (see also |11, Theorem 3.1

and Proposition 3.4]), there exists

T € colUsr, (U7 | U e UM = cofT —UT07 (U cu)} "

such that |7} |lcc < 107, /lcc < 2[|Tullee < 2[|T||c and 67, = 7. Hence, by |31,
Chapter IX, Proposition 5.5, there is a (wo)-cluster point 7" € N {T},, T}, 1, - }wo
for the sequence {17} in the ball of radius 2||T||« in M.

Since |||, induces the strong operator topology, and the strong operator closure

and the weak operator closure of the convex hull of a uniformly bounded set coincide,
it follows that T, € co“°{T, — UT,U* | U € U(N)}. Since ||T,, — UT,,U* — (T —
UTU*)|o < 2, it follows from the Kaplansky density theorem (see e.g. [132, Chapter
I1, Theorem 4.8]) that there is an element B,, € co“’{T —UTU* |U € U(N)} = K
such that )
!
7%~ Bulloo < 2.

Thus, 7" is a (wo)-cluster point of {B,,} and therefore 7" € K.

For every X € N, 0, € H, we set w(-) = (-Xn,&) and p(-) = (-n, X*&) on M.
For every € > 0, there exists N > 2/e such that

w(T" = Ty)l, |p(T" = Ty)| <e.
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Recall that 07, = 0y . We have

([T =T, X]n, )| < [T = Tnv, X0, )| + K[In = Ty, XIn, ) + [Ty = T', X, £))
< KT = Tn, X]n, ) + [Ty — T', X]n, )]
< [T =Tw) X0, )| + [(X(T = Tx)n, §))

+w(Ty = T+ [p(Ty = T')]
2
< X lcllnllaclllse + 22 < el X lloolnllaell€ ¢ + 2.

Since ¢ is arbitrary, we infer that [T—T", X| = 0 for every X € N. Hence, T—T" € N
and therefore § = dp = 7. O

5.2 The abelian case

In this section, we consider derivations ¢ : A — Co(M, 7), where A is an abelian von
Neumann subalgebra of M. We show that in this case, any derivation § is inner.
In particular, this result allows us to assume in the following sections that we work
with derivations vanishing on the center of the subalgebra A of M.

We note that even though Co(M,7) C J(M) and Cy(M, 7) behaves somewhat
like J(M), the additional restrictions to the abelian subalgebra A in [81,[112] are
no longer required. Moreover, since Co(M, 7) is not necessarily the dual space of
a Banach space, the techniques used in [81, Theorem 14| are not applicable in this
case.

Throughout this section, we assume that A is an abelian von Neumann
subalgebra of M.

Let § : A — M be a derivation. The following result is well-known (see e.g. |81}
Section 3] and [67, Theorem 2.1]).

Proposition 5.2.1. If A is an abelian von Neumann subalgebra of M, then every
derivation & from A into M is inner. That is, § = o1 for some T € M.

In what follows, we consider derivations ¢ : A — Co(M, 7). Since Co(M,T) C M,
0 is a derivation from A into M and therefore there exists an operator T' € M such
that 6 = dp. Thus, our aim in this section is to show that T" can be chosen to be
T-compact.

Recall that an expectation ® is a norm one projection from B(H) onto a
von Neumann algebra (see [32, Section 8]). Motivated by the idea related to an
expectation from B(H) onto A" used in [32, Theorem 10.9], we prove the main
theorem of this section by techniques different from those used in [81], extending
the results in [81] to the case of Co(M, 7).

Theorem 5.2.2. Assume that A is an abelian von Neumann subalgebra of M. For
every derivation 0 : A — Co(M, 1), there exists K € Co(M,T)NKy such that § = 0.

In particular, § is inner.
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Proof. Without loss of generality, we may assume that § is a skew-adjoint derivation
from A into M (see Section [5.1)). Proposition guarantees that there exists
T € M such that 6 = d7. In particular, we may assume that T is self-adjoint (see
Remark [3.4.1)). Let ® be an expectation from B(#) onto A’ given by [32, Theorem
8.3]. By the construction of ® (see [32, Theorem 8.3|, see also [81]), we have that
®(T) belongs to the weak* operator closed convex hull of {UTU* : U € U(A)}. In
particular, ®(T) € M. Set K :=T — ®(T) € M. It is clear that 6 = dx and K
belongs to the weak* operator closure of the convex hull of {Ud(U*) | U € U(A)}.
It suffices to prove that K € Co(M, 7). Since T is self-adjoint, it follows that K is
also self-adjoint.

Assume by contradiction that K ¢ Co(M,7), i.e., there is an € > 0 such that
p(oo; K) > e. We claim that there exists A € A such that §(A4) is not T-compact.
To this end, we intend to use Lemma [2.5.5] For convenience, we divide the proof

into several steps.
(a) Let

P :={P cP(A)| u(oo; PKP) > ¢}.

We claim that there is a maximal downwards directed chain {P,} of infinitely many
elements in P which satisfies Py := inf{P,} ¢ P and P, — Py € P for every 7.

It is clear that P is not empty as 1 € P. We note, in addition, that 7(P) = oo for
any P € P. Take an arbitrary P € P. Assume that P is minimal in A. Note that
PTP =0 (see e.g. the argument in the proof of [81, Lemma 8]). Since P € A C A/,
it follows from [32, Theorem 8.1] that

PKP = PTP — P®(T)P = PTP — &(PTP) =0,

which is a contradiction to P € P. Thus, P contains no minimal element in .A.
Now, let Q € P(A) be such that 0 # Q < P and let Q1 = Q,Q2 = P — Q. We
have
PKP=@Q1KQ1+ Q2KQ2+ Q1 KQ2 + Q2KQ
= Q1 KQ1+ Q2KQ2 +6(Q1)Q2 + 5(Q2)Q1, (5.2)

where we used the fact that Q1 1 @2 and § = dx for the second equality. Since
p(o0o; PK P) > e, Theorem (see also [87, Corollary 2.3.16]) implies that

p(t; QUK Q1 + Q2K Q2) + u(s156(Q1)Q2) + p(s2;6(Q2)Q1)
> u(t + s1+ s2; PKP) > p(oo; PKP) > ¢

for all ¢,s1,s9 > 0. Let &1 be such that p(oo; PKP) > &1 > e. Since
p(s1;0(Q1)Q2), (525 6(Q2)Q1) — 0 as s1, 52 — 00, we have

u(t; Q1KQ1 + Q2KQ2) >¢e1 > ¢, t € [0,00). (5.3)

Assume that both projections ElQ1K@il(¢; 00) and EIQ2K@2l(¢) 00) are 7-
finite. Since Q1 L Qo, it follows that ElQ1K@il(g) 00) + EIQKQl(g) o0) =
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EIQKQi+Q2K@2] (2 o), and therefore

T(ElQlKQ1+Q2KQ2| (e1,00)) = T(E'QlKQ1|+|Q2KQ2| (e1,00))

= (B K@ () 00)) + 7(EIQ2KQ (21, 00)) < o0.

By Lemma this is a contradiction to (5.3)). Hence, either (B Kl (g 00)) =
0o or T(El@KR@l(c; 00)) = co. By Lemma either p(o0; Q1KQ1) > €1 > ¢
or p(o0o; Q2K Q2) > 1 > &, which implies that either @1 or 2 belongs to P. This
shows that P has no minimal elements, that is, for every element P € P, we can
always find an element @ € P such that @ < P. Moreover, if P € P and Q € P(A)
such that @ < P, then either Q) or P — @) belongs to P.

Let {Py} be a maximal downwards directed chain in P and let Py = inf{P,}.
Obviously, Py ¢ P. Otherwise, there exists a P S Py with P € P, which contradicts
the maximality of {P,}. By the property stated in the above paragraph, either
P, — Py or Py must belong to P. However, Py ¢ P. Thus, P, — Py € P.

(b) Now, let us construct a sequence y; = 72 > --- such that the projection
Qk = Py, — Py, ,, satisfies

w(t; QrKQr) > e, t €10,2]. (5.4)

Take an arbitrary v and set 77, = 7. Assume that the sequence v < 72 < -+ < Y
is constructed for some n € N. Let A, := (P,, — Py)K(P,, — P). We have that
Ay = A,. Furthermore, since P, — Py € P, it follows that p(oo;A,) > €, which
guarantees that 7(El4»l(e, 00)) = 0o (see Lemma [2.2.3). Since 1 — P, + Py 1 1, it
follows from [106| Proposition 2.3.2] that

50 — liﬁn (1 — Py + Py)An(1 — Py + Py)| = |Ax|.
Then, by Lemma [1.8.4] we have

lim inf 7(EBIA=FHP)AA=P )l (o o0)) > 7 (B (g, 00)) = 0.
Y

Hence, we can find v, +1 > 7, such that T(El(l_P‘er+P°)A”(1_P7n+1+P°)|(6, 0)) > 2,

and therefore, by Lemma [2.2.3] we have
pt;(L—=Py, . + Po)A,(1 =P, ., +F)) >e, te€[0,2]. (5.5)

Since Py |, it follows that (P, — Py)(1—P,,,, +FPo) = (P, — Py, ), which implies

that, setting Q,, := Py, — P, ,,, we obtain that u(t; @,KQy,) > ¢ for all t € [0,2].

(c) We claim that for every k € N, there is a Uy, € U(A) such that
1
/ 11(t; Qo (Uk) Qi )dt > e. (5.6)
0
Since ®(K) = ®(T' — ®(T")) = 0, by [32, Theorem 8.3], the operator

QK Qr = Qr(K — ®(K))Qx
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belongs to the weak™ operator closure of
co{Qrp(K —UKU")Qk : U e U(A)} = co{QrUS(U")Qr : U € U(A)}.
Since A is abelian, it follows that Qxd(-)Qy is a derivation from A into Co(M,7)

(see Section . Thus, QrKQr € Kg,s()Q,- By the construction of Qx and

Proposition [3.4.11] we conclude that U € U(A) satisfying (5.6) exists.
(d) Finally, since Qx, Uy € A, Qi L Q; (i # j) and A is abelian, the series
> re 1 QrUy converges in A in the strong operator topology. We define

k=1

Since A is abelian, it follows that

Qro(QX)Qr = Qrd(Qr X Q) Qk = Qi X6(Qi)Qk + Qrd(Qr X)Qr Q1 =0

for every X € A, and therefore,

Qrd(A)Qr = Qrd(QrA)Qr + Qud(Qi A)Qr
= Qr0(QrU)Qr
= Qid(QuUi)Qk + Qi (Qi Uk) Qs
= Qro(Uk)Qy- (5.7)

Hence, we obtain

(5.6)

1 1
[ nt@istane @ [ e aswooena S - (53)

Take an arbitrary n > 1. Since @; L Q; for ¢ # j, it follows that
n N (5
[ ussena 2 Y [ uwasa@on S a-e
0 =1 /o

Now, by Lemma we obtain that §(A) is not 7-compact, which is a
contradiction. Thus, K € Cy(M, 7) as requipred. O

Remark 5.2.3. Note that the so-called locally compatible condition on the abelian
von Neumann subalgebra A of M is required in studying derivations from A into
J (M) (see [112, Proposition 4.3], see also [81]). When this condition is not fulfilled,
derivations from A into J(M) are not necessarily inner (see Ezample .
However, the “locally compatible” condition is redundant in our present setting,
that is, the result of Theorem holds without any additional assumption on
the abelian subalgebra A of M.

Remark 5.2.4. Assume that A is a von Neumann subalgebra of M. By
Theorem for every derivation § : A — Co(M,T), 0| z(4) is implemented by a
T-compact operator K. Hence, in the study of derivations 6 : A — Co(M,T), we can
consider linear mapping 6 —dx which is a derivation from A into Co(M, T) vanishing
on Z(A). That is, without loss of generality, we may assume that derivation §
vanishes on Z(A).
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5.3 The properly infinite Case

In this section, we show that any derivation § on a properly infinite von Neumann
subalgebra A of M with values in the ideal Co(M, 7) is necessarily inner. We note,
that the result for derivations from an abelian subalgebra of M (see Theorem
allows us to use the same approach for properly infinite algebras as in [81] (see
also [67] and [32]).

Recall that if A is properly infinite von Neumann subalgebra of a semifinite
von Neumann algebra M, then there is an infinite countable decomposition of the
identity into mutually orthogonal projections of A, all equivalent in A to 1, and
thus a fortiori equivalent in M to 1 [34, Part III, Chapter 8, Section 6, Corollary 2]
(see also [78]).

Let Hy = (*(Z). By [34, Part I, Section 2.4, Proposition 5], there is a spatial

isomorphism
¢: M= M=Me B(Hp) (5.9)

with
#(A) = A= A® B(Hy).

It is well-known [34, Section 1.5, Proposition 8] that a spatial isomorphism is
isometric and is normal, i.e., for every bounded increasing net {X; € M }; satisfying
X; 1 X, we have ¢(X;) T ¢(X). Recall also that the elements B € M (or A) are
represented by matrices [Byj], i, j € Z, with entries in M(or A) by the formula

(1® E;;)B(1 ® Ey) = Bji ® Ey,

where Ej;; is the canonical matrix unit of B(Hp). In particular, if £ (respectively,
D) is the maximal abelian subalgebras of B(Hy) of Laurent (respectively, diagonal)
matrices, then B € M ® L (respectively, B € M ®D) if and only if [B;;] is a Laurent
(respectively, a diagonal) matrix with entries in M, i.e., B;j; = B;_; (respectively,
B;; = 0i;Bi;, where 6;; stands for the Kronecker Delta), i,j € Z, where By, denotes
the entry along the kth diagonal for all k € Z.

Let 79 be the standard trace on B(Hp) and 7 := 7 ® 19. For the properties of
tensor products of von Neumann algebras, we refer the reader to [133, Chapter IV].
It is well-known that the isomorphism ¢ introduced in is trace-preserving.

Before we proceed to the proof of the main result of this section (see Theo-
rem below), we establish several properties of the isomorphism ¢ introduced

in ((5.9) related to the generalised singular value functions and 7-compact operators.

Proposition 5.3.1. Let ¢ be the spatial isomorphism from M onto M introduced
in (5.9) . Then, for any X € M, we have

(i). p(X) = p(¢(X)).
(7). pu(X) = (X ® Ep).



54 5. Derivations on von Neumann subalgebras

Proof. (i). Since ¢ is an isometric, trace-preserving isomorphism from M onto M,

it follows from the definition of generalised singular value function (see Definition
52 that
p(t; X) = inf{|| XP||loc : P € P(M), 7(1 — P) < t}
= inf{[|¢(X)¢(P)||o : P € P(M),7(1 = P) < t}
= inf{]|¢(X)Pllos : P € P(M),7(1 = P) < t} = p(t; p(X)).

(ii). For every ¢t > 0, we have

dixgEp|(t) = F(EX®Fol(¢, 00))
= F(EXI®Fo (¢ o0))
= #(EX(t, 00) ® Ego)
— (B2, 50) = dix ()
Thus, by (2.1)), we have u(t; X ® Ego) = pu(t; X). O

Proposition 5.3.2. Let ¢ be the spatial isomorphism from M onto M as in .
We have that

(i). CoM,7) = 6(Co(M, 7));

(ii). If K ® Eoo € Co(M,7), then K € Co(M,T);

(iii). (M @ L) N Cy(M,7) = {0}.

Proof. Part (i) immediately follows from Proposition

(ii). Suppose that K ® Egy € Co(M,7). On one hand, part (i) guarantees that
¢ (K ® Ego) € Co(M, 7). On the other hand, by Proposition we have that
(¢ (K @ Ego)) = u(K). Hence, we conclude that K € Co(M, 7).

(iif). Let J(M) be the norm closure of the linear space of all finite projections
of M. Since Co(M,7) C J(M) (see section 2), it follows from [81, Lemma 12 (b)]
that (M ® £) NCy(M,7) = {0}. O

The lifting technique used in [81] (see also [32,)67]) and the already proven abelian
case play crucial roles in proving Theorem [5.3.3] However, we can simplify the proof
since the condition that A contains the center of M imposed in |81, Theorem 4] is

not required in Theorem [5.2.2

Theorem 5.3.3. Let A be a properly infinite von Neumann subalgebra of M. For
every deriwation 6 : A — Co(M, T), there exists T € Co(M,T) N Ks such that § = ot
on A.

Proof. Let d=c¢odo¢ L where ¢ is a spatial isomorphism as in (5.9). Clearly, B

is also a derivation, and, by Proposition [5.3.2] we have that
6: A= ¢(Co(M, 7)) = Co(M, 7).
Let us define the following von Neumann algebras:

./Zl1=1®[,, Alz(f)*l(jh), ./12:./4®,C and Ag=A1®'D.
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By [132, Chapter IV, Theorem 5.9 and Corollary 5.10], we have

Al NCy(M, 7) (1® L)' N ((M® B(Hy) NCo(M,7))
= (M® L) NCy(M,T)

(M ® L)NCy(M,7)
PR gy, (5.10)

Since the isomorphism ¢ is spatial, we infer that
AL NCo(M,7) = ¢~ (A NCo(M,7) = ¢ (A’l NCo(M, %)) ={0}. (511

We now study derivation & on each of the algebras ./ij, 7 =1,2,3, separately.
Since A, is abelian, Theorem applied to the derivation & | A, guarantees the
existence of T} € Co(M, 7) such that

51 225—57“1

vanishes on A;. Moreover, T} € co”{Us(U*) | U € U(A;)}.
Note that Ay = AQLC MRILCT QL :fl’l For any A; € A; and A, € A,
we have
A161(Ag) = §1(A1Az) = 01(A2A1) = 61(A2) Ay,

that is, 01(A) € A,. Therefore, it follows from ((5.10) that
01 (Az) € Ay N Cy(M, 7) = {0},

which implies that the derivation 51 also vanishes on ./Zlg.

Next, we consider §; on the algebra As. Since A, is abelian, it follows that A4,
is also abelian and therefore, As is also abelian. Thus, we can apply Theorem
to the derivation 51|ft3 to infer that there is a Ty € CO(M, 7) such that 5 = o7, on
Asz. We claim that To = 0, that is, §; vanishes on As.

Since 4; 1 C AR1C AL = Ay, Ay ®1 C Az and 81 vanishes on Ay, we

have 7, vanishes on A; ® 1, i.e.,
Ty € (A1 ®1) NCy(M,7) = (A} ® B(Hp)) N Co(M, 7).
Hence, for all i, j € Z, we have that (T3);; € A} and
(T2)i; ® Ego = (1 ® Eg;)To(1 @ Ejo) € Co(M, 7).

By Proposition [5.3.2) (ii), the latter condition implies that (T%);; € Co(M,7) and
therefore, (1%);; € A} NCo(M, 1) for all i, j € Z. Appealing to , we conclude
that (72);; = 0 for all i,j € Z, so To = 0. Thus, the derivation 51 vanishes on A3.
In particular, &1 vanishes on 1 ® D.

Finally, we claim that é; vanishes on A, which would imply that § = d7,. Since
£ and D generate B(Hy) in weak* operator topology, we have Ay = A ® £ and

1® D generate A in weak* operator topology. Since § is weak* topology continuous
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(see |67, Lemma 1.3]), it follows that 6, = § — 67, = 0, i.e., 6 = &7, on A. Then, for
every X € A, we have

P(5(¢7H (X)) = 0(X) = 0, (X) = XTy — T1 X
and therefore
§(¢~H(X) = " (XTH —T1X) = ¢~ {(X)p™ (1) — o~ ()9~ (X).  (5.12)

Since ¢ is a isomorphism from A onto A, implies that §(Y) = dg-1(7y)(Y)
for every Y € A. Since Ty € Co(M,7) Neo@{US(U*) | U € U(A,)}, we have
that ¢~ 1(Ty) € Co(M,7) and ¢~ 1(T1) € co°{US(U*) | U € U(A;1)} C K, which
completes the proof. O

5.4 The type [ case

In this section, we consider the case when A is an arbitrary type I von Neumann
subalgebra of M. Before we proceed to the proof for the type I case, we need the

following proposition.

Proposition 5.4.1. Let A be a type I, von Neumann subalgebra of M, n € N.
Then, every derivation § from A into Co(M,T) is inner, i.e., § = dp for some

E € Co(M,T). Moreover, E € co{lUs(U*) |U € U(A)}.

Proof. By [120, Theorem 2.3.3], we have A = M,, ® Z(A), where M,, stands for the
algebra of all n x n matrices. For the sake of convenience, we denote A = M,,® Z(.A)
by M,(Z(A)), and E;; ® 14 by B;j, where E;; is the standard matrix units of M,,.
In particular, every A € A is in the form of > 71", A;;Byj, Aij € Z(A).

We define

D1 =Y Bnd(Bu).
i=1

Since every §(By;) is T-compact, it follows that D; is a T7-compact operator.

Equality §(14) = 0 together with the Leibniz rule implies that

n

Dy = z”: (5(Bi131i) - 5(Bi1)31i) => (5(Bn') - 5(Bi1)B1i)

i=1 i=1
=0(1a) - Z 6(Bi1)B1; = — 25(31‘1)Bu~ (5.13)
i=1 i=1
Then, for every k,l =1,...,n we have

n n
(ERE)
[Bii, D1] = B D1 — D1Bp Bu Y Bid(By) + (25(B¢1)Bli)3kl
i=1 i=1

= By16(By;) + 6(Bg1) By = §(Br1Bu) = 6(Bu). (5.14)
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Now, consider X = » 1., X;;Bj; € A, X;; € Z(A). Since Y3, Xij B € Z(A),
we have that 0( Y 7_; XijBkr) = 0 (see Remark [5.2.4). Hence, using the Leibniz

rule, we write

n

500 = Y- 8(XiyBy) = Z ( ZX@]BM By)

2,7=1 2,7=1
n

Z ZijBkk ij + Z ZX'LjBkk )
1,5=1 i,j=1 k=1
n

Z ZXZ]Bkk )

1,7=1

Therefore, referring to (5.14]), we obtain that
n n
§(X)=>_ (D _XijBu)[Bij, D1.
ij=1 k=1

Since >, Xi;jBi, € Z(A) and 6(Z(A)) = 0, it follows from the definition of D
that 22:1 Xij By commutes with Dy. Hence, we obtain that

8(X)=> (D XijBuw)[Bij, D1l = Y _ [Xi;Bij, D1] = [X, Dy].
ij=1 k=1 ij=1

Arguing similarly, one can show that D; := Y7 | B;;0(Bj;) such that 6 = dp,

for every j. Define

% Z % S Bya(Bj). (5.15)
4,J

Then, 6 = %Z?zl dp; = 0g. To complete the proof, it suffices to show that £ €
co{lUS(U*) | U e U(A)}.

We denote by S the collection of all (possibly empty) subsets of {1,---,n}.
There are 2" sets in S. For i € {1,--- ,n} and K € S, we set e}, =1 if i € K and
ete =—1ifi ¢ K. Let

a;j = Z eiKe]k. (5.16)
Kes
Clearly, a;; = >, 1 = 2"
Let i # j. We denote by S the subset of S, such that every K € S; satisfies
K D {i,j} and denote by Sy the subset of S such that every K € Sy satisfies that
K n{i,j} = @. Clearly, there are 2"~ 2 sets in S; and 2”2 sets in S5. For every
K € 51U.S,, we have e}(eg( = 1. Note that there are 2"~ ! sets in S\ (S1 U S2) and
eiKeJk = —1 for every K € S\ (51 U S2). Hence, for i # j, we have

ai; = Z eiKeJk = Z eiKeJk + Z eKeK =onl o=l —q. (5.17)
Kes KES1US, KeS\(51US2)
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For o € S(), the set of all permutations of {1,2,--- ,n}, and K € S, we define a

unitary operator
n

Uf = Z e%Bw(i).
=1

Then, by (5.16) and (5.17)), we have

> ) UKy

DD D ke Bio0(Bogy)

O'GS(H) KeS O'GS(H) KeS i,j
= > > Bie(79(Botiyi) D €k
0ES(n) 1] KeS
- Z ZBi,U(i)5(Ba(i),i)aii
O'GS(n) 7
=2") > Bio0(Boi))-
% O'ES(n)

For every i, j, there are (n — 1)! permutations taking ¢ to j. Then, we obtain that

Z Z Uj{d((UaK) ) =2 (TL — 1)' ZB”(S(BJZ) =2 E ZBZJ(S(BJI) = 2 n'E,
1,J 2Y)

O’ES(n> KeS
which implies that F € co{U§(U*) | U € U(A)}. O

The following theorem is the main result of this section, which is a semifinite
version of the so-called Johnson—Parrott theorem [67] (see also [32, Chapter 10]).
Another semifinite version of the Johnson-Parrott theorem (see |[112]) shows that
derivations from a type I von Neumann subalgebra of M into J (M), the ideal of
all compact operators in M, are not necessarily inner. However, in the following
theorem, we show that derivations from an arbitrary type I von Neumann subalgebra

of M into Cy(M, T) are necessarily inner.

Theorem 5.4.2. If A is a type I von Neumann subalgebra of M, then for every
derivation 0 : A — Co(M, T), there exists K € Co(M,7) N K; such that 6 = .

Proof. Since A is a type I von Neumann algebra, there exists a central partition of
unity {Z, : n € N} such that Z,.A is of type I,, and Zp.A is properly infinite. Recall
that we may always assume that 6| z(4) = 0 (see Remark. We have §(Z,A) C
ZnCo(M,T)Zy, for all n > 0. Since for n > 1, the algebra Z,.A is of type I,,, it follows
from Proposition that 0|z, 4 = dk,, for some K,, € Z,Co(M,7)Z, N Z,Ks. In
addition, by Theorem there exists Ko € ZyCo(M,T)Zy N ZyKs such that
8| z04 = Ok, Set K =% 0°  Z,K,. Appealing to Theorem we conclude that
that § = 0 and K € Co(M, 1) N Kj. O

5.5 The type II; case

As before, we assume that M is a semifinite von Neumann algebra with a faithful

normal semifinite trace 7. Let A be a von Neumann subalgebra of M and let
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0: A— Cop(M,T) be a derivation. As we showed in Theorems 5.3.3| and [5.4.2] the
derivation ¢ is inner provided that A is properly infinite or of type I. Hence, by

Remark to complete the proof of Theorem [5.6.1, it remains to consider the
case when A is of type I1;. We cover this remaining case in the present section.

In the setting of the present section, we consider a derivation ¢ : A — Co(M, T),
where A is a type I algebra. Since Co(M,7) C J (M), the main result of [112]
guarantees that there exists T' € J (M) such that 6 = dp. Hence, to prove that
d: A — Cy(M,) is inner, it is sufficient to show that there exists 77 € A’ such that
T-T € Co(M, 7).

5.5.1 Some preliminaries

Recall that Co(M, 1) :={X € M | 7(X*X) < oo} is the Hilbert-Schmidt class ideal
in M equipped with the norm || X|; = T(X*X)%, X € Co(M, 7). Let H, be the
Hilbert space completion of Co(M, 7) in the norm |||, that is, H, = Lo(M, 7). M
is always regarded in its standard representation, acting on ‘H, by left multiplication.
on M. The norms |||-|| and
[|[l.ss Play similar roles in this chapter as the uniform and usual essential norms do
in [67] and |110] (see also [32, Chapter 10]).

By the well-known Holmstedt formula (see e.g. [57, Theorem 4.1]), |||z, 1
defined by || fllr,4+L., = fo (t; £)2dt)'/2, f € Ly(0,00) + Lo (0,0), is a complete
norm on Ly(0,00) + Loo(0,00). It follows immediately from the definition of the

In what follows, we introduce norms ||-|| and |||-[|| s

norm ||+, r_ that (L2+Lao)(0, 00) equipped with the norm [|-[|,, ;_ is a strongly
symmetric space. Hence, (Lo + Loo)(M, T) is a strongly symmetric operator space
equipped with norm [|-||;_, ; defined by ||T||;,,; = fo (t;T)%dt)' /2, T € (Ly+
Loo)(M,T) (see Chapter see also [43}45,,82]).

Definition 5.5.1. For every T € M, we define ||T|| := ||T||Ly+Lo, - It s clear that
T < 1T loo-

The following proposition follows immediately from the fact that (Le+Loo) (M, 7)

is a symmetric space (see .

Proposition 5.5.2. If 71,75, T € M, then |TiTTa|| < |T1]lolIT || T2]|lcc and
W= W70l = TZ°HI-

Lemma 5.5.3. Let K € Co(M, 1) and {E,} be a sequence of mutually orthogonal
projections in M. Then, we have ||KEy,|| —» 0 and ||EpK || =7 0

Proof. By Proposition [5.5.2] we have ||ExK || = ||K*Eg||. Therefore, it is sufficient
to show that || K Eg|| — 0.

Since K is a 7-compact operator, the projection E¥l(e, 00) is 7-finite for every
e > 0. In particular, KE¥l(¢,00) € F(M,7). Since 1K — KEIX|(e, ool || <
(il €2dt)!/2 = e, it follows that K € (M, 7)" | Then, [43, Proposition 56] together
with [42, Theorem 6.13 (iii)] implies that || K (Vy>kEn)|| —% 0. By Proposition[5.5.2]
we have || K Ex| < 1K (VaskEn)ll = 0. 0
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Theorem 5.5.4. ||-|| is inferior semicontinuous with respect to the weak operator
topology, that is, if a net {T;} converges T in the weak operator topology, then
7Y < Tim sup; |75

Proof. By [87, Lemma 2.3.18], we may assume without loss of generality that M

is atomless. We have that u(T)? = p(|T))? = w(|T|?) (see Proposition [2.2.2)).
Therefore, by |87, Lemma 3.3.2], we have that

1 1
/M(S;T)st:/ (s |T2)ds = sup{||TP|2 : P € PIM), 7(P) <1}. (5.18)
0 0
and, similarly,
1 1
[ wtssmzas = [ s TiP)ds = sup{ITPIE : P e PO, 7(P) < 1) (519)
0 0

Let P € P(M) be such that 7(P) < 1. Since |[7(PT*T;P)| < ||T;P|-||TP||-,
it follows that ||T'P|2 = 7(PT*TP) = lim; |7(PT*T;P)| < limsup; | T; P||-||TP||-.

Hence, we have
| |
TPl <limsup [T;P|» "< limsup ||| T3],
(2 (2

which together with (5.18)) implies that [|7'|| < lim sup; || Z;]|- O

Definition 5.5.5. For T € M, we define ||T||... := inf{||T — K|| | K € Co(M,T)}.

€SS

The norm ||-||.,, can be described in terms of the singular value function.

€SS

Proposition 5.5.6. ||T||.., = p(o0;T) for every T € M.

Proof. If T' € Co(M, 1), then, by definition, ||T||.., = 0 and p(oco;T) = 0. Hence,
we may assume that p(oo;T) = e for some ¢ > 0. For any K € Cyp(M,7) and
A > 0, there exists tg > 0 such that u(t; 1) — p(t; K) > € — A for every t > ty. By
Proposition [2.3.1] we obtain that

€SS

e—A<=<pu(T)—pK) << (T -K)

for any K € Co(M,7) and A > 0. By Lemma the latter condition guarantees
that (T — K) > e — A. Thus, ||T — K||| = (f, u(t; T — K)2dt)"/* > ¢ — A. Since
K and A are arbitrary, it follows that ||T]||,.., > €.

To prove the converse inequality, assume that A > 0 and choose ¢t > 0 such
that u(t;T) < e + A. By Lemma ETl(e + A, ) is 7-finite. In particular,

TET(e + A, 0) € Co(M, 7). Tt follows from the definition of ||-||,,, that
1T, < || 7= TE (e + A, 00) |
= [|rE ™o, + Al
1 1/2
= </ w(t; TET0, e + A])th>
0
<e+ A.

Since A is arbitrary, we conclude that ||7|,., = €- O

€SS
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Let 17,15 € M be two operators which are disjoint from the left and the right,
that is, (s(T1) Vr(T1)) L (s(T2) Vr(T2)). The essential norm of T} + T, with respect
to J(M) (see [112 Definition 2.6]) does not necessarily equal the maximum of the
essential norms of 77 and 75 with respect to J (M) (see [112, Section 2.7]). However,
similar to the usual essential norm in B(H) (see e.g. |67] and [32, Chapter 10]), the
essential norm with respect to Co(M, 7) has the following property for disjointly

supported operators.

Proposition 5.5.7. Let T € M and let P1, P» be mutually orthogonal projections
in M. We have

= ||[P\T P, + TP, (5.20)

ess ess”

max || TR

Proof. Without loss of generality, we assume that both P,/TP; and P,T P are not
T-compact with &1 := p(oco; PLTP) > p(oo; PRTPy) =: e9. By Lemma for

every A > 0, we have

T(ENTPERTR () 4+ A, 00)) = 7(EIPTPl(e) + A, 00)) + T(EIPTPN(e) + A, 00))

=M < o0
for some M > 0. Hence, using again Lemma we obtain that
w(oo; PIT Py + PoTPy) < u(M; PITP, + P.TPy) <e1+ A.
Moreover, since |P\/TP| < |Pi\TP| + |P,TPy| = |P\ TP, + P,TPs|, it follows that
g1 = pu(oo; PLTP;) < p(oo; AT Py + P, TPy).

Since A is arbitrary, we conclude that pu(oco; PyT P, + P,TPs) = €1. The assertion

now follows from Proposition [5.5.6 O

Remark 5.5.8. Note that for any semifinite von Neumann algebra A there
exist pairwise orthogonal central projections P; with ), P; = 1 such that each
Z(A)p, is countably decomposable. Hence, combining Theorem together with
Theorem we may assume, without loss of generality, that the center Z(A) of
the von Neumann subalgebra A of M is countably decomposable. In particular, since
A is of type 111, we can always assume that A is a countably decomposable type 111

von Neumann algebra (see e.g. (78, Corollary 8.2.9]).

5.5.2 Some continuity results

In this subsection, we study the continuity of derivations § : A — Co(M, 7). Similar
results with respect to the ideal J (M) can be found in [112, Section 4]. In this
subsection, unless otherwise stated, we always assume that algebra A is a countably
decomposable type I1; von Neumann subalgebra of M and therefore A has a normal

faithful finite trace 74. For every X € A, we denote

1X |2 := 74(X*X)V2.
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Proposition 5.5.9. Let § : A — Co(M,7) be a derivation. Then, 0 is continuous
from the unit ball of A with the strong operator topology into Co(M, T) equipped with

the norm |||

Proof. By Ringrose’s theorem (see Theorem [3.1.2)), the mapping d : (A, || - [|oc) —
(Co(M,7),|I-ll) is continuous. Hence, denoting by ||| the operator norm this
mapping, we can assume that [|d]] < 1.

We firstly prove that if { P, },en is a sequence of projections in A with 7.4(P,) —
0, then [|6(Py,)|| — 0. Suppose that [|0(P,)]| does not converge to 0. Passing to a
subsequence, if necessary, we may assume that ||0(P, )| > ¢ for some ¢ > 0 for all n
and that > 74(P,) < co. Define Gy, := V>, P;. We have

Ta(Gn) <) 7a(Pr) = 0
k>n
as n — oo. Denote by S, ., the support of P,,Gy,P,,. It is clear that S, ,, < Pp,.
Moreover, since Sy, = (Pyn,GnPr) = r(PpnGnPry), it follows that I(Py,GnPp,) <
I(PnGp) ~ r(PnGn) < Gy, ie. Sym = Gy. Therefore, 74(Spm) < 74(Gpn) —n 0
for each m. Since {G, }, is decreasing, it follows that for every fixed m, the sequence
{P,G,Pp }n is decreasing, and so, {Sy n} is decreasing, too. In particular, Sy ., lo
as n — oo. Thus, {P;, — Sym}n increases to P,. Since ¢ is continuous in weak*
operator topology (see [67, Lemma 1.3]), we obtain that {§(P,, — Spm)} converges
to 0(P,,) in the weak* operator topology. By the inferior semicontinuity of the norm
I[ll (see Theorem [5.5.4)), it follows that for a fixed m, we can find a sufficiently large
n such that
16(Pr = Sum)ll 2 5-

Thus, by induction, we can find an increasing sequence of integers ni, ns, ... such
satisfies [[|6(Hy)|| > §. These
projections also satisfy 74(Hy) < 74(FPn,) —k 0. Moreover, since Hy < P, and
S, P, , by the definition of Hj, we get

Nk+1,Nk

that for every k, the projection Hy, := P, — S

Nk+1,Mk

is the support of P, G

Nk+1

HkGTLk+1Hk = HkPnank+1Pnka = HkPnank+1PnkSnk+1,nka = 07

which implies that H.G = 0. Recalling that G, = Vi>, P, we conclude that
HyH; = 0 for every | > k + 1, which means that Hj are mutually orthogonal

Nk+1

projections.

Denote by B the abelian von Neumann subalgebra of A generated by {Hy}. By
considering § as a derivation from B into Co(M, ), we can apply Theorem m
to obtain the existence of K € Co(M,T), such that §(Hy) = dx(Hy) for k£ € N.
On one hand, [|§(Hy)|| > §. On the other hand, since H,, are mutually orthogonal
projections, Lemmal5.5.3|implies that [|6(Hy)|| = [|0x (Hr) ||| < || K Hg ||+ He K| —
0, which is a contradiction.

Now, we turn to the general case. It is well-known that || - ||z induces the strong
operator topology on the unit ball of A. Hence, it suffices to prove that if {X,}, is a
bounded sequence in A with || X, ||2 =, 0, then ||0(X,,)[| —» 0. Since || X, ||, = 0,
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it follows that the ||(Re(Xp))+lls —n 0, [[(Re(Xn))=|ls —=n 0, [|(Im(X}))+]ly —n O
and [|(Im(X,))—|5 —n 0. Hence, without loss of generality, we may assume that
every element in {X,,} is positive and || X, [|c < 1.

Let 0 < X < 1 be arbitrary. Let A, = U¥| Y((2i —1)/2m,2i/2™], m > 1. We
define

km == x4,,, m> 1.

Note that for every A € [0,1], we have A =Y, 27™k,,()). By functional calculus,
we have B

X = /)\dEA_/ZZ’”k‘ N dEY

m>1
=32 [ ka(NaEY = 3 2 ER,
m>1 m>1
Thus, for every X,,, we can write the dyadic decomposition

X, = Z 27 Mel

m>1
Xn
where ey, = Ej".
Since || Xy ||2 —n 0, it follows that 7.4(e,) —n O for each m > 1. Let ¢ > 0 be
fixed and choose mg > 1 such that 270 < 5. By the first part of the proof, there

exists ng such that for every n > nq, [|é(ey,)|| < § for any m < mg. Recall that
I0]| < 1. For n > ng, we infer that

o) < Zrmmé W+l - || S 27,
m>mg
< ZTmIIIcS(eIL)IHJr o[- > 27
m=1 m>mo
mo )
3
< 2‘"‘) -
(% EP
<e,
which completes the proof. ]

Recall that K5 =co"°{Ud(U*) | U € U(A)} (see Section [3.4)). Proposition

immediately implies the following corollary.

Corollary 5.5.10. Given 8 > 0, there exists a > 0 such that
ITX)| < 8 and |IXT)| < 8

forallT € Ks and X € A, || X||oo <1, [|[ X2 < .

Proof. By Proposition there exists & > 0 such that [||6(X)|| < 5/3 for every
X € A with || X|leo <1 and || X|2 < a. For a unitary element U in A, we have

US(U*)X = US(U*X) — §(X) and |[U*X||s = || X||2, which implies that

U@ X < IUs@= X)) + 6 (X < gﬁ-
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By taking convex combinations of Ud(U*) and using the inferior semi-continuity of
norm ||-|| in the weak operator topology (see Theorem [5.5.4)), we get [|TX||| < 8 for
all T' € K. The symmetricity of the norm ||-||| (see Proposition implies that
X7 < 8. 0

The following proposition is the main result of the present subsection, which is
the key in the proof of Theorem [5.5.13| below.

Proposition 5.5.11. Let 6 : A — Co(M, 7) be a derivation. If T' € Ks is such that
d =01 on A, then T € Co(M, 7).

Proof. Since A is of type II;, there exists a decreasing sequence of projections
{En}n>0 in A with Eg =1, E, 1 ~ E, — Ep4q for all n > 0 (see e.g. [78, Lemma
6.5.6]).

Using mathematical induction, we show that ||E,TE,||.., = |7, for all n.

€SS €ss
ess H‘Tm for all k& <n
for some fixed n > 0. For every n, by [134, Chapter XIV, Lemma 2.1], there is a

unitary element U, € A such that

For n = 0, the assertion is trivial. Assume that ||ET Ex|| css

U;.:En+1Un = En - En+1. (521)
Since 0 = dr, it follows that that UTU, — T = §(U*)U € Cy(M, 7). Therefore, by
Proposition [5.5.6| and Definition [5.5.5, we have

|”En+1TEn+1||| = |||UnEn+1TEn+1U;”|ess

= |UnEn1UsTUn En i Ug |

€SS

(5.22)

€SS

E29)
- |H(En - En+1)T(En - En+1)|Hess'
Now, using now Proposition we infer that

BT Enlless = 1Eni1TEny1 + (En — En1)T(En — Eny)

+ 5(En+l)(En - En+1) + 5<En - En-l—l)En—l—lmess

= |”En+1TETL+1 + (En - En+1)T(ETL - ETL+1)|H635

(5.20)
= max{[|En 1T En i flegs: Il (Bn = Eng 1) T(En = Eng1)llessd

E22)
= Eni1TEna|less-

Therefore, ||T|| = ||E.TE,|| which concludes the induction

argument.
Assume now that T' ¢ Co(M, 1), that is,

= H|En+1TEn+1m

€SS ess?

BT Enlllegs = 1T lless =: ¢ >0 (5.23)

€SS €SS

for all n.
Since Vi>nEg 1 0, we have 74(E,) < TA(Vi>nEr) —n 0. Since T' € K; and

|Enll2 — 0, Proposition and Corollary [5.5.10| imply that
IEZT Enll < ITEnll —n 0,

which is a contradiction to (5.23). Thus, 7" € Co(M, 7), as required. O
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5.5.3 The proof for the main result: the type I/; case

Before proceeding to the proof of Theorem we prove the special case when
Z(M) is of countable type by using the auxiliary results obtained in Section m
and 112, Section 7.4]. To prove the case for J (M), several reductions are needed
in [112} Section 7]. However, rather than repeating the proof in [112 Section 7], we
use the main result of [112] in the proof of the following proposition, which makes

our proof more efficient.

Proposition 5.5.12. If the center Z(M) of M is countably decomposable, then
every derivation ¢ from a type I, von Neumann subalgebra A of M into Co(M, 1)

is inner. Moreover, the element T € Co(M,T) implementing § lies in K.

Proof. 1t is proved in [112] that every derivation from a type II; von Neumann
subalgebra A into J (M) is implemented by some element in J(M). Noticing that
Co(M, 1) C J(M), we conclude that there exists an element K € J (M) such that
0 = 0g. Since Z(M) is countably decomposable, by [112, Lemma 4.6] (note that
this lemma requires the condition that Z(M) is countably decomposable), there is
aT € c{5(U)U* | U € U(A)} = —K; such that 6(-) = [T,-] = §_=5(-). Now,
let T = —T. Then, T € Ks with 6 = é7. It follows from Proposition that
T € Co(M,T). O

In the following theorem, we remove the condition that Z(M) is countably
decomposable imposed in Proposition [5.5.12] proving the main result of this section.

Theorem 5.5.13. Every derivation § from a type II; von Neumann subalgebra A

of M into Co(M, 1) is inner. Moreover, the element implementing 0 lies in Kg.

Proof. Let {Z; € Z(M)} be a net of projections increasing to 1 such that
Z(Mg,) = Z(M)z, is countably decomposable. Since A is assumed to be countably
decomposable (see Remark, it follows that Az, is also countably decomposable.
Define 6; : Az, = ZiCo(M,T1)Z; = Co(Mz,,T) by 6:(XZ;) = Z;6(X)Z; for every
X € A. Since Z; € Z(M), it follows from Lemma that §; are well-defined
derivations.

By Proposition there exists K; € Co(Myg,,7) with K; € K;, such that
0i = 0K, on Agz,. Since U(Az,) = U(A)Z; (see e.g. |77, Proposition 5.5.5]), it follows
that

K; € K5, =c0’{U6;(U") |U e U(Ag,)} =c0"{UZ;i6;(U*Z;) | U e U(A)}
= {UZ;o(U")Z; |U e U(A)} = KsZ;.
Hence, for every 4, there exists T; € K such that K; = Z;T;Z;.
Note that K is compact in the weak operator topology (see [31, Chapter IX,
Proposition 5.5]). Let T' € Kj be a limit point of a subnet of {7T;}; in the weak

operator topology. Without loss of generality, we assume that T; —, T. For every
X € A, we have that

Zi(s(X)Zi = 6Kz’ (X) = 5ZiTiZi (X)
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On one hand, since Z; 1T 1, it follows that Z;0(X)Z; = Z;6(X) —so 0(X) and
therefore a fortiori Z;0(X)Z; —wo 0(X). On the other hand, since [|[US(U*)]|c0 <
61 (A, - loo)= (Co (M) loo) < OO (see Theorem and T; € Kg, it follows that
|Tilloo < ”5”(-Aall'Hoo)—>(CO(M77—)7”‘Hoo) < oo for every i. Hence, Z;T;Z; —wo T.

Combining these two convergences, we conclude that
5(X) = WOo- lim ZZ(S(X)ZZ = Wo- hm 6ZiTiZi (X) = 5T(X),

that is, § = dr on A. Since T € Ky, it follows from Proposition that T' €
Co(M, T). ]

5.6 Conclusions and applications

The following theorem is the main result of the present chapter.

Theorem 5.6.1. Every derivation § from a von Neumann subalgebra A of M into

the ideal Co(M, T) of all T-compact operators is inner.

Proof. By Theorem m, there exists T' € Co(M,7) such that 6|z = 7.
Replacing ¢ with § — dp, we can assume that 0 vanishes on Z(.A). By Remark
it suffices to prove the assertion in the case when A is of type I, type II; and
properly infinite, separately. Hence, appealing to Theorem [5.4.2] Theorem
and Theorem [5.3.3, we conclude the proof. O

In the particular case when M = B(#) and 7 is the standard trace, our result
recovers the Johnson-Parrott-Popa theorem (see Theorem see also [67,/110]).
Furthermore, in the case of an arbitrary von Neumann algebra M equipped with a
faithful normal finite trace 7, we have that Co(M,7) = M (see e.g. [87, Page 64]),
and therefore, Theorem [5.6.1] guarantees that any derivation § : A — M is inner
if M is equipped with a faithful normal finite trace. In the following corollary, we
extend this result to a general finite von Neumann algebra M, recovering the main

result of |22, Section 5] using completely different approach.

Corollary 5.6.2. FEvery derivation § from a von Neumann subalgebra A of a
finite von Neumann algebra M into M is inner. Moreover, the element K € M

implementing § can be chosen from K.

Proof. Since M is finite, it follows that there is a net {P;} of projections in Z(M)
with P; 11 such that Mp, is countably decomposable (see e.g. |78, Corollary 8.2.9]
and Proposition . Hence, Mp, has a faithful normal finite trace 7; (see e.g.
Proposition , that is, Mp, = Co(Mp,, 7;). Therefore, by Theorem the
derivation ¢; : Ap, — Mp, defined by 6;(XP;) = §(X)F; is inner, that is, there
exists T; € Mp, such that é; = d7; on Ap,. By Proposition there exists

K, € Ky, = @™ {Us,(U*) | U € U(Ap,)} = @"{UP5:(UP,) | U € U(A)}
= @wO{U(S(U)Pl | U e U(.A)} = K;P;
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such that §; = 0k, on Ap, and there is a K| € K such that K; = K/P;. Since K; is
compact in the weak operator topology (see e.g. [31, Chapter IX, Proposition 5.5]),
there is a limit point K € Ks of a subnet of {K/} in the weak operator topology.
Without loss of generality, we denote that K/ —,,, K. We have

0(X) P = 6i(X) = 0k, (X) = d;p,(X)

for every X € A. Since { P;} converges strongly to the identity, it follows that § = dx
on A. O

We conclude this chapter with an application of Theorem [5.6.1] to derivations
with values in a class of ideals of M. We characterize a wide class of ideals £ of M
such that derivations with values in these ideals are automatically inner.

We note that the Fatou property is an analogue of the so-called “dual normal”
property of bimodules over von Neumann algebras. It is known that every derivation
from a hyperfinite von Neumann algebra A into a dual normal A-bimodule is
inner (see e.g. [114, Theorem 2] and [125, Theorem 2.4.3]). However, no additional

conditions on the von Neumann subalgebra are needed in our setting.

Theorem 5.6.3. Let M be a semifinite von Neumann algebra equipped with a
faithful normal semifinite trace T, let E(M,T) be a strongly symmetric space with
the Fatou property and let A be a von Neumann subalgebra of M. Then every
derivation & from A into E(M,7) N Co(M,T) is necessarily inner, that is, there
exists T € E(M,7)NCo(M,T) such that 6 = 0.

Proof. For any symmetric space E(M,7) such that E(M,7) ¢ So(M,T), there
exists an element X € FE(M,7) such that u(X) > ax(e) > ap(l) for some
a > 0 (see Section and Definition [2.2.1). By Definition we obtain that
1 € E(M, 1), which implies that Co(M,7) C M C E(M, ) (see Section [2.4). That
is, E(M,7)NCo(M,7) = Co(M, 7). By Theorem [5.6.1] it is sufficient to prove the
case when F(M, 1) C So(M, 7). In particular, E(M,7)NCo(M,T) = E(M,T)NM.

We first assume that the carrier projection of E(M, ) is 1 (see also Section [2.4)).
By [43, Theorem 32], we have that E(M,7) = E(M,7)**, that is, E(M,T) is
the Kothe dual of E(M,7)*. Since E(M,7) N M C Cy(M,7), it follows from
Theorem and Proposition that there is a T € Kj such that § = J7.
Hence, there exists a net {T;} C co{Us(U*) | U € U(A)} € E(M,7)NCo(M,T)
such that T; —, T with

sup 7(|TiX|) < sup [|Til|z < [|6]la~E < o0 (5.24)
(2 (2

for every X in the unit ball of E(M,7)* (see Section [2.4] and [114, Theorem 2]).
Fix X € EM,7)* with || X|gx < 1. Let Z be an arbitrary operator in
Li(M,7) N M such that Z << X. Since E(M,7)* is a fully symmetric space

(see e.g. [43, Theorem 27| or [42, Proposition 3.7]), it follows that Z € E(M,1)*

|
and ||Z||px < 1. Hence, |T;Z]|1 = 7(|T:Z]) < ||0]|lasre < oo. Since ||Tilleo <
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|0]| 4 < 00 (see Theorem or [114, Theorem 2]) and Z € Li(M, 1), it follows
from [3, Lemma 2.5] that TZ € Li(M, 1) with | TZ]|1 < ||| 4—E < co. Noting that
X, T € Liy(M, 1)+ M (see e.g. [43| Lemma 25]), it follows from [39, Theorems 3.10
and 4.12] that

T(ITX|) <sup{7(|ITZ]) : Z € Liy(M,7) "M, Z << X} < ||6]|a -

Since X € EX(M,71), || X|gx < 1, is arbitrary and E(M,7) = (E(M,7)*)*, it
follows that T' € E(M, ), as required.

Now, consider the general case. Let cg be the carrier projection of E(M,T).
Then, M., is a von Neumann algebra with identity cg. By Corollary there
isa T € Coy(M,7) such that 6 = ép on A. Note that cg is a central projection in
M (see [43, Corollary 6]). Hence, E(M,,,7) := E(M,T) C S(M,,,T) is a strongly
symmetric space having the Fatou property and o7 : A, — E(M,,,7) N M, is
also a derivation. By the first part of the proof, there is a K € E(M,,,7) N M,
such that 07 = dx on A.,. For every X € A, we have ér(X) € E(M,7) and
therefore cpdr(X) = 6r(X) (see |43, Corollary 6]). Hence, for every X € A, we
have o7 (c5X) = cg0r(X) = cepdr(X) = 0 and therefore,

5(X) = 5T(X) = 5T((CE + C%)X) = 5T(CEX) + 5T(C$X) = 5K(CEX).

Since cp is a central projection in M and cg K = K = Kcg, it follows that 6(X) =
Ok (ceX) = 0rg(X). Noting that K € E(M,,,7) N M., = E(M,7) N M, we
complete the proof. O
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