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Abstract

Owing to the rapidly advanced production techniques and falling cost of material
manufacture, advanced materials are increasingly applied in both academia and industry
fields. Classical static structural stability analysis provides a reliable and efficient tool to
evaluate critical buckling load-carrying capacity of thin-walled structures made of
traditional homogeneous materials. However, as the application of advanced materials is
becoming diverse and more complex, such as thermal effect, damping effect and resting
on or embedding in elastic foundation/medium, the problems of dynamic characteristics
and stability of structures made of new materials need to be further studied. Thus, it is
vital and essential to investigate the dynamic behaviour and stability of slender
engineering structures (i.e., beam, plate and shell) made of advanced materials under
different extreme conditions and develop an appropriate strategy to ensure safety and

serviceability of these structures.

This dissertation aims to provide a comprehensive analytical framework for dynamic
behaviour assessment of beam, plate and cylindrical shell made of advanced materials, as
well as a vivid modelling on the damping effect, thermal effect and elastic foundation for
structures under dynamic loadings. For dynamic buckling of beams, both the Galerkin-
Force method and energy method are utilized by considering different boundary
conditions, damping and thermal effects; For dynamic buckling of plates, based on the
classical plate theory and accounting for von-Karman strain-displacement relation, the
nonlinear compatibility equation is derived. Then the Galerkin method and Airy’s stress

function are applied, and the obtained the nonlinear differential equations are solved



numerically by the fourth-order Runge-Kutta method; As for the dynamic buckling of
cylindrical shells, by employing Hamilton’s principle, the equations of motions are

derived.

Therefore, by comparing with finite element methods, the other analytical methods in
the open literature, the validity, accuracy, applicability of the proposed analytical models
and solutions were comprehensively examined. The dynamic buckling analysis and
dynamic assessment of thin-walled structures made of advanced materials conducted in
this dissertation can help achieve the optimum design of such structures under dynamic
loadings, as well as a useful benchmark for design and analysis of nano/micro-sized

devices and systems.
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Chapter 1  Introduction

1.1 Background

As the basic elements in engineering practices, the mechanics and mechanism of beam,
plate and shell structure have been investigated extensively in the past. Classical static
structural stability analysis provides a reliable and efficient tool to evaluate the critical
buckling load-carrying capacity of thin-walled and slender engineering structures (i.e.,
bar structures, plates or shells structures, cylindrical columns) [1-3]. On the bases of the
well-established theoretical foundations (force-equilibrium and energy method)[4-7],
accompanied with the availability of high-speed digital computers[1, 8], the static
structural stability analysis has been widely implemented in different engineering fields
[1, 9-11]. However, the static buckling analysis framework hardly provides general
guidelines for structural design against dynamic buckling due to its incompetence of
estimating the structural behaviour subjected to dynamic loads (i.e., wind effect,
earthquakes, and stochastic dynamic loads) [12-14]. The time-dependent forces are
intrinsic among engineering applications, and more importantly, excessively
simplifications on such type of loading conditions in both structural analysis and design

could compromise the structural safety.

Due to the rapidly advanced production techniques and falling cost of material
manufacture, advanced materials are increasingly used in flexible batteries, replacement
bones, structural components, lightweight sensors and so on in both academia and
industry. As the application of advanced materials is becoming diversification and more

complex, so the problems of dynamic characteristics and stability of structures made of

1



new materials need to be further studied. Compared with the traditional homogeneous
materials, composite materials have widely used in the engineering fields, such as
reinforced-concrete slabs, high-way bridge decks, flight wings, ship hull, and aerospace
structures for many decades, due to its outstanding stiffness, good energy-efficient and
high strength-weight ratio. Even though fibre-reinforced or laminate composite materials
have distinguished stiffness and large strength-weight ratio, severe stress concentrations
or singularities at the corners of structure boundaries or interfaces between layers made
of different materials would undermine the structure strength and even lead to non-
deterministic buckling. Fortunately, an amazingly creative invention named functionally
graded materials (FGMs) was proposed by material scientists during the spacecraft
project, as a means of ultrahigh temperature resisting materials, which can effectively
avoid stress concentrations or singularities due to the smooth transition of the material
interface between metal and ceramic. Since then, the studies about FGMs have been

completely blooming in almost all associated fields.

In general engineering applications (i.e. aerospace and mechanical engineering),
structures are not only subjected to dynamic loadings but also exposed to the physical
environment, such as thermal effects, moisture effects, etc. Furthermore, these structures
usually rest on or embed in elastic foundation/medium. Under such circumstance,
dynamic characteristics and stability of structures may be different from traditional ones.
Thus, to ensure safety and serviceability of the thin-walled and slender engineering
structures (i.e., beam, plate and shell), investigations on the dynamic characteristics and
stability of such structures made of advanced materials under different conditions are

much needed.



1.2 Objectives and Scope

The practical relevance and significance come from the increasing application of
composite materials, orthotropic materials, FG orthotropic materials and the latest FG
porous materials in modern engineering areas and the unknown influence of material
properties, damping effect, thermal effect, elastic foundation, etc., on structures’ dynamic
characteristics and stability behaviours. Therefore, the primary purpose of this thesis is to
provide a comprehensive analytical analysis framework for dynamic behaviour
assessment of beam, plate and cylindrical shell made of advanced materials, as well as a
vivid modelling on the damping effect, thermal effect and elastic foundation for structures
under dynamic loadings. More explicitly, the following objectives have been

encompassed in this research:

1. A unified nonlinear dynamic buckling analysis for Euler-Bernoulli beam-columns
subjected to constant loading rates is proposed with the incorporation of mercurial
damping effects under thermal environment. Both the Galerkin-Force method
(GFM) and energy method (EM) are capable of handling effectively different
boundary conditions, damping and thermal effects.

2. Nonlinear dynamic characteristics and stability of composite orthotropic plate on
Winkler-Pasternak elastic foundation subjected to different axial velocities was
developed with damping and thermal effects for the first time.

3. The nonlinear primary resonance behaviour of cylindrical shells made of
functionally graded (FG) porous materials subjected to a uniformly distributed

harmonic load including the damping effect was investigated. Three types of FG



porous distributions, namely symmetric porosity distribution, non-symmetric
porosity stiff or soft distribution and uniform porosity distribution were considered.

4. The dynamic stability analysis of an FG orthotropic circular cylindrical shell
surrounded by a Winkler-Pasternak elastic foundation subjected to linearly
increasing load with the consideration of damping effect has been presented.

5. An analytical approach on the nonlinear dynamic buckling of the orthotropic
circular cylindrical shells made of an exponential law functionally graded material
(E-FGM) subjected to the longitudinal constant velocity is investigated with the

incorporation of mercurial damping effect.

The developed method presented herein provides a comprehensive analytical analysis
framework for dynamic stability assessment of thin-walled structures made of advanced
materials with consideration of damping effects, thermal effects and elastic foundations,
and the obtained conclusions can help optimum design of such structures under dynamic
loadings, as well as a useful help for design and analysis of nano/micro-sized devices and

systems.

1.3 Methodology

Among various approaches for estimating critical dynamic buckling load of structures,
three major categories can be classified. The first category is the total energy-phase plane
approach [15, 16], which emphasises on establishing the sufficiency conditions for
structural stability (lower bounds) or instability (upper bounds) due to the characteristics
of the system phase plane. The second category can generally be recognised as the total
potential approach which was proposed by Simitses in 1965 [17]. Within this framework

of analysis, the energy balance equation was implemented so the relationship between the
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potential energy and load parameter can be robustly established. The third type is the
equation of motion approach, which was proposed by Budiansky and Roth in 1962 [18].
The governing equation can be solved numerically according to the parameters of the
concerned structures, and also such approach can be flexibly modelled by computational
methods which have been widely implemented [8, 19, 20]. Therefore, Budiansky-Roth

criterion is used to evaluate dynamic buckling responses in this study.

The dynamic buckling phenomena of thin-walled structures have been investigated
analytically, numerically and experimentally for more than half of century in various
areas. The increasing application of FGM, such as orthotropic FG, FG porous, etc., makes
the research of dynamic buckling more complex. It is true that the traditional finite
element method (FEM) can serve as a reference to verify the dynamic characteristics of
simply structures. However, the advantages of analytical methods over FEMs are: Firstly,
for linear problems, the traditional FEM approach (i.e. ANSY'S that used in this study) is
very fast. For nonlinear dynamic analysis, the FEM takes more time to achieve a better
convergence. Moreover, one needs to spend much time on problems, like mesh refinement,
modelling, applying various boundary conditions, etc. Secondly, although the traditional FEM
can get reliable results for eigenvalue problem, the results of nonlinear dynamic buckling are
affected by many uncertainty properties, such as analysis types, element types, boundary
conditions and the damping effects. One needs to be proficient with the software and improper
picking will lead to large errors and even incorrect results. Take the damping effects as an
example, in ANSY'S; there are five types of damping models. Each of them has the strict
requirements for the analysis types, and not all of them can be used in different analysis
types. Thirdly, the modelling of FGMs is still at early stage, which is more complicated

and time-consuming than traditional materials. Finally, the developed method presented



provides a comprehensive analytical analysis framework for dynamic stability assessment
of thin-walled structures, as well as a vivid modelling on the damping effects under
different environment (thermal effect or rest on or embed in elastic foundation/medium)
for structures under dynamic loadings. The nonlinear dynamic buckling analysis can help

the optimum design of structures under dynamic loadings faster and efficiently.

The research of the nonlinearities due to nonlinear material properties and nonlinear
boundary supports as well as nonlinear structural joints is out of the scope of present
thesis. Because for dynamic buckling analysis, the structures will be failure in a few
seconds while the material properties still remain in elastic range at this moment.
Therefore, the material nonlinearities are often ignored in the dynamic buckling analysis.
The influence of nonlinear boundary supports will be studied in the future, and the author

mainly focus on traditional boundary conditions in this thesis.

The accuracy of theoretical models of structures can only be validated by experimental
results. However, due to the lack of experimental equipment, the uncertain material
properties, the inadequacy of budgetary funds, experimental investigations will not be
included in this study. It is true that the nonlinear phenomena can be predicted accurately
according to the experimental method. The author tried to find any test results related to
the topics and used them as the validation in the present thesis, while relevant
experimental researches about dynamic buckling of structures made of advanced
materials has received limited attention. Most of them focused on material properties and
static behaviours. Therefore, in the present thesis, the author verified the numerical results
with FEM or other numerical methods in the open literature and tried to use some of

experimental results that can be used as a validation. Moreover, as we all known, FEMs



are widely implemented in different engineering fields to examine the experimental or

theoretical methods. Therefore, the results of FEMs are credible.

For dynamic buckling of beam structures, both the Galerkin-Force method (GFM) and
energy method (EM) are used by considering different boundary conditions, damping and
thermal effects. By integrating Hamilton’s principles into Lagrange’s equations, the
governing equation of the energy method is derived in the form of partial differential
equations (PDEs) for dynamic buckling of beams. The obtained the nonlinear differential
equations are solved numerically by the fourth-order Runge-Kutta method. The proposed
Galerkin-Force method is to introduce the buckled shape function as a trial function into
force equilibrium equation in dynamic buckling. The performance of the proposed two
approaches is confirmed by finite element method (FEM); For dynamic buckling of plates,
based on the classical plate theory and accounting for von-Karman strain-displacement
relation, the nonlinear compatibility equation is derived. Then the Galerkin method and
Airy’s stress function are applied, and the obtained the nonlinear differential equations
are solved numerically by the fourth-order Runge-Kutta method. As for the dynamic
buckling of cylindrical shells, utilizing Hamilton’s principle, the equations of motions are
derived. And the nonlinear compatibility equation is considered by means of modified
Donnell shell theory including large deflection. Based on a hybrid analytical-numerical
method (Galerkin method and fourth-order Runge-Kutta method), the dynamic governing
equation can be solved. Finally, the proposed method was validated with other

publications.

Therefore, by comparing with finite element method, the other methods in open

literature, the validity, accuracy, applicability of the proposed analytical models and



solutions were verified. The dynamic buckling analysis and dynamic assessment of thin-
walled structures made of advanced materials conducted in this dissertation can help
optimum design of such structures under dynamic loadings, as well as a useful benchmark

for design and analysis of nano/micro-sized devices and systems.

1.4 Thesis online

The main purpose of this dissertation is to provide a comprehensive analytical analysis
framework for dynamic behaviour assessment of beam, plate and cylindrical shell made
of advanced materials, as well as an accurate modelling on the damping effects, thermal
effect and elastic foundation for structures under dynamic loadings. The dissertation
consists of seven chapters, and a brief overview of each chapter include in the dissertation

is presented as follows:

Chapter 1 presents the background of dynamic buckling of beam, plate and cylindrical
shell made of advanced materials and objectives, the scope of this research, followed by
the methodology that used in this study. The structure of the dissertation and some

associated publications are also listed in detail.

Chapter 2 surveys the previous work related to the dynamic characteristic and stability
analysis of beam, plate and cylindrical shell made of advanced materials. The review
covers the development of FG materials, the classification of dynamic buckling criterions
and loading types. Then various methods on dynamic behaviours and stability analysis of
beam, plate and cylindrical shell made of advanced materials are subsequently discussed.

The influence of thermal effect, damping effect and elastic foundation is also presented.



Finally, based on the present review, a summary of knowledge gap is proposed for a better

understanding of the present problems and the research objectives are further explicated.

Chapter 3 proposes two analytical-numerical methods (EM and GFM) for dynamic
stability assessment of Euler-Bernoulli beam. The proposed analytical-numerical
methods can incorporate multiple types of parameters of the dynamic response of
structures within a unified nonlinear ordinary differential equation, such as beam
geometry, material properties, loading rate, and different boundary conditions, especially
damping and thermal effects. Consequently, the structural stability assessment against
dynamic loading can be examined. The research found that the presence of the damping
effects can strengthen structure ability against buckling by increasing the dynamic
buckling load. However, the buckling time of structure will be delayed for a damped
system. Moreover, the critical buckling is deceased for the temperature change from
temperature fall to temperature rise. Temperature rise would defer the time of buckling

while temperature fall would accelerate the time of buckling.

Chapter 4 develops an analytical solution about the nonlinear dynamic characteristics
and stability of an eccentrically composite orthotropic plate on Winkler-Pasternak elastic
foundation subjected to different axial velocities. Both damping effects and thermal
effects are considered. The characteristics of natural frequency, linear and nonlinear
vibration, frequency-amplitude curve and nonlinear dynamic responses were investigated,
then various effects of constant velocity, damping ratio, temperature change, buckling
mode, initial imperfection, elastic foundation parameter on nonlinear dynamic buckling
of the plate were also discussed. The accuracy of the obtained results of frequency

parameters is verified against the published paper by other methods and shows that the



proposed method has good accuracy. Moreover, the proposed method can be applied to

micro- and nanostructures.

Chapter 5 studies the nonlinear primary resonance analysis of cylindrical shells made
of functionally graded (FG) porous materials subjected to a uniformly distributed
harmonic load including the damping effect. Three types of FG porosity distributions
(symmetric, non-symmetric stiff or soft and uniform) are investigated. The Galerkin
method in conjunction with the method of multiple scales was utilised to obtain the
Duffing-type equation. The detailed parametric studies on porosity distribution, porosity
coefficient, damping ratio, amplitude and frequency of the external harmonic excitation,
aspect ratio and thickness ratio, shown that the distribution type of FG porous cylindrical
shells significantly affects primary resonance behavior and the response presents a
hardening-type nonlinearity, which provides a useful help for the design and optimize of

FG porous shell-type devices working under external harmonic excitation.

Chapter 6 conducts nonlinear dynamic buckling of functionally graded orthotropic
cylindrical shell surrounded by Winkler-Pasternak foundation subjected to a linearly
increasing loading with damping effect. The material properties vary gradually in the
thickness direction based on an exponential distribution function. Hamilton’s principle
and modified Donnell shell theory were used to obtain the nonlinear differential
governing equations. Effects of inhomogeneous parameters, loading speeds, damping

ratios, aspect ratios and thickness ratios on dynamic buckling were also discussed.

Chapter 7 implements dynamic buckling of the imperfect orthotropic E-FGM
cylindrical shell subjected to a longitudinal constant velocity. Both FG stiff and FG soft

cylindrical shells are considered. The dynamic longitudinal loading on the shell is
10



accomplished by applying a constant displacement rate at one end with respect to the
other. According to the improved Donnell shell theory, the nonlinear compatibility
equation and the equation of motion were derived with the consideration of initial
imperfection and damping effects. The governing equation was solved by fourth-order
Runge-Kutta method and the nonlinear dynamic stability of the orthotropic FG cylindrical
shell is assessed based on Budiansky-Roth criterion. The Effect of various velocities,
initial imperfections, damping ratios, inhomogeneous parameters x1 and x> on nonlinear

dynamic buckling of the orthotropic FG cylindrical shells were studied.

Chapter 8 concludes a summary of the work done in this dissertation, followed by the

further recommendations of present work in the future study.

1.5 List of publications

During the three years of my PhD life, the following journal and conference papers have
been published. They are direct outputs of my research towards the writing of this thesis
and corresponding to the Chapter 3 - Chapter 7, respectively. The details of the papers
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Structures. 2018; 204: 831-846.

Gao K, Gao W, Wu D, Song C. Nonlinear dynamic stability of the orthotropic
functionally graded cylindrical shell surrounded by Winkler-Pasternak elastic foundation
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Gao K, Gao W, Wu D, Song C. Nonlinear dynamic buckling of the imperfect orthotropic
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Chapter 2 Literature Review

This chapter reviews the existing studies about the dynamic behaviours and stability
of beams, plates and cylindrical shells made of advanced materials. The similarities and
differences are summarised based on various methodologies (analytical, numerical,
hybrid or experimental aspects), loading conditions, external environments (thermal
effect, damping effect or elastic foundation) and boundary conditions in Section 2.1.
Section 2.2 reviews the dynamic behaviours and stability of beams. After that, the
dynamic behaviours and stability of orthotropic plates are reviewed in Section 2.3.
Section 2.4 summarised the past and current study on dynamic buckling of isotropic
cylindrical shells, followed by dynamic analysis of orthotropic cylindrical shells and FG
porous structures, respectively. The influence of thermal effect, damping effect and
elastic foundation is shown in Section 2.7. Finally, Section 2.8 gives a summary of

research objectives in this dissertation.

2.1 Introduction

An amazingly creative invention named functionally graded materials (FGMs) was
proposed by material scientists during the spacecraft project in 1984, as a means of
ultrahigh temperature resisting materials. Since then, the studies about FGM have been
completely blooming in almost all associated fields. Generally, FGMs are made from a
mixture of metallic and ceramic ingredients. As one of the most promising materials in
lightweight structures, the mechanics and mechanism of FGMs have been investigated

extensively in the past.
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Nearly all of the studies regarding FGMs can be classified into three models based on
the material graded along the focused direction: power-law FGM (P-FGM), sigmoid law
FGM (S-FGM) and exponential law FGM (E-FGM). Tornabene [21] thoroughly
investigated the free vibration of power-law FG conical, cylindrical shell and annular
plate according to the shear deformation theory. Pradhan [22] presented dynamic
behaviour of FGM cylindrical shells for various boundary conditions based on power law
model. The influence of constituent volume fractions on the frequency features of an FG
cylindrical shell was presented by Loy et al. [23] based on the power-law model. In 2001,
A Sigmoid-FGM made of two power-law functions to define volume fraction was first
reported by Chung and Chi [24]. In the second year, they concluded that the stress
singularity of a cracked body would reduce apparently when using sigmoid FGM[25].
Hamed et al. [26] investigated free vibration of sigmoid FGM beams. Jung et al. [27]
analysed the forced-vibration of a sigmoid FG plate according to the four-variable refined
plate theory. Duc et al. [28] proposed the dynamic response of the imperfect symmetric
thin sigmoid FGM plate resting on elastic foundation. Ravichandran [29]investigated the
thermal residual stresses of the E-FGMs. Atmane [30] studied the free vibration
behaviour of E-FGM beams with a variable cross-section with different boundary
conditions. Chakraborty et al. [31] used finite element method to study the thermoelastic

behaviour of FGM beam structures.

According to design standards and codes, thin-walled and slender engineering
structures not only need to satisfy the load-carrying capacity but also sustain the stability
condition. Therefore, the buckling behaviours of such structures under different effects
(axially-loaded[32], pressure-loaded[33], torsional-loaded[34], thermal effect[35],

combined axial-radial mechanical load[36], combined thermo-mechanical effect[37] and
15



so on) has been extensively and systematically investigated based on experimental
analysis and theoretical method more than half a century. In engineering practice,
however, dynamic loads (i.e., wind effect, earthquakes, and stochastic dynamic loads) are
commonly and intrinsically applied on the structures, excessively simplifications on such
type of loading conditions in both structural analysis and design could compromise the

structural safety.

Among various approaches for estimating critical dynamic buckling load of structures,
three major categories can be classified. The first category is the total energy-phase plane
approach [15, 16], which emphasises on establishing the sufficiency conditions for
structural stability (lower bounds) or instability (upper bounds) due to the characteristics
of the system phase plane. The second category can generally be recognized as the total
potential approach which was proposed by Simitses in 1965 [17]. Within this framework
of analysis, the energy balance equation was implemented so the relationship between the
potential energy and load parameter can be robustly established. The third type is the
equation of motion approach, which was proposed by Budiansky and Roth in 1962 [18].
The governing equation can be solved numerically according to the parameters of the
concerned structures, and also such approach can be flexibly modelled by computational

methods which have been widely implemented [8, 19, 20].
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Figure 2.1 Different types of loading schemes
Additionally, nearly all of the researchers regarding dynamic buckling can be

classified into three categories according to the following loading schemes [38], as shown

in Figure 2.1.
1. Constant velocity or displacement loading scheme [4, 14, 39-44];
2. Constant mass impulse loading scheme [38, 45-49];

3. Force-time impulse loading scheme [7, 50-52].

2.2 Dynamic behaviours and stability of beams

In 1951, Hoff [53], as one of the earliest researchers on dynamic buckling, who studied
that a perfectly straight pinned-pinned column subjected to a uniform velocity in a
perfectly rigid testing machine. Motamarri et al.[43] studied the dynamic elastic buckling
of beam-columns of various boundary conditions under a constant speed compression.
This type of load differs from the other two loading schemes in that the time required to

reach the structure critical load is larger than the time required for the elastic wave to
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travel from one end to the other. So normally the inertial effects can be ignored. In practice,
the transition from dynamic to quasi-statics is nearly impossible[44], so normally the
static loading-bearing capacity is measured by hydraulic testing machines, which means
the structure is loaded by a constant displacement rate of the one end with respect to the
other. Therefore, the threshold velocity values between static and dynamic are the key
concerns in experiments and theoretical analysis. Based on this idea, Gao et al. [54]
proposed two analytical-numerical methods, Galerkin-Force method (GFM) and energy
method (EM), to investigate the dynamic behaviours of Euler-Bernoulli beam-columns
under loading rates. In their analytical model, both the influence of the different boundary
conditions, damping and thermal effects on dynamic response are obtained. The
increasing application of the lightweight material in engineering practices, such as
buildings, bridges and multi-span large frame structures makes the research of dynamic
behaviours of such structures more important. The structures exposed in the strong
earthquake and large wind effect may experience rapid shortenings or elongations. Under
such circumstance, the time-dependent term in the analysis should not be ignored during
analysis. Azad et al. [55] applied Hoff’s method in analysing concentrically braced frames
to stimulate the periodic vibration of earthquakes. Through dynamic experiments and FE
analyses, they concluded that it is essential to consider the inertia effect when studying

the seismic behaviour of concentrically braced frames.

Recently, the studies of dynamic buckling analysis of beams made of FGMs become
popular due to higher stiffness and thermal resistance of these materials. Ghiasian et al.[56]
studied the dynamic buckling response of FGM beams subjected to sudden thermal
change with/without elastic foundation. Ren et al.[57] presented the mechanical buckling

of a graphite column in non-equilibrium molecular dynamics (NEMD) simulations under
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different loading velocities. The dynamic instability of FG multilayer graphene
nanocomposite beams under a periodic axial force with the consideration of thermal effect
was examined by Wu et al. [58] and found that more graphene nanoplatelets additive near
the top and bottom layers can strengthen the natural frequency and reduce the unstable
region. Smyczynski and Magnucka [59] analysed the dynamic stability of a five-layer
sandwich beam which consists of two metal layers, porous metal layer and two binding
layers between them. Lim et al. [60, 61] investigated the dynamic response of metallic
corrugated sandwich columns under high compressive rates. Additionally, structures’
behaviours and stability of velocity impulse also occur in high speed travelling plates in
the printing industry, aeronautics and flat-type fuel assemblies in research nuclear

reactors[62].

Dynamic buckling phenomenon not only exists in the macroscopic scale but also
witnessed by some scholars in laboratory among nanodevices, nanosensors and
nanostructures. Xiong and Jiang [63]investigated dynamic buckling response of single-
walled carbon nanotubes (SWCNTSs) subjected to a sudden step load by modelling the
SWCNTSs as a thin cylinder shell. Compared with molecular dynamic models, the FE
methods in ABAQUS were verified. Based on continuum mechanics, the dynamic
torsional buckling of a double-walled carbon nanotube (DWCNT) surrounded by the
elastic medium was presented by Sun and Liu[64]. After that, they also studied the
dynamic shell buckling characteristics of multi-walled carbon nanotubes (MWCNTS)
surrounded by the elastic medium subjected to a step axial load[65]. Hu et al.
[66]proposed the axial dynamic buckling analysis of the SWCNT resting on the elastic
foundation by complicated structure-preserving method. According to these studies,

though traditional methodologies can be applied in dynamic buckling analysis of carbon
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nanotubes, nanostructures embrace some specific mechanical or dynamical properties,
such as size effect or nonlocal effect, van der Waals interactions, etc. Therefore,
experimental methods need to be considered when designing nanodevices under dynamic

loads.

2.3 Dynamic behaviours and stability of orthotropic plates

Composites orthotropic plate has widely used in the engineering fields, such as
reinforced-concrete slabs, high-way bridge decks, flight wings, ship hull, and aerospace
structures for many decades, due to its outstanding stiffness, good energy-efficient and
high strength-weight ratio. Nowadays, the application of such structure is becoming
diversification and more complex, so the problems of dynamic characteristics and

stability of orthotropic plate have been further studied.

From 1978 to 1997, Ari-Gur [49, 67-70] thoroughly investigated the dynamic buckling
of columns subjected to a longitudinal moving mass based on experimental analysis and
theoretical methods. At the same time, he [71]studied a rectangular plate impacted by a
moving mass. After that, in 1997, he [72] also presented a rectangular fibre reinforced
laminated plate subjected to half-sine compressive pulse load. Papazoglou et al.[73]
studied the dynamic response of composite laminated plates under suddenly applied
constant load, linearly increasing load and step loading with considering of damping
effects. Ekstrom [74] investigated a simply-supported rectangular orthotropic plate
subjected to a constant rate of loading (linearly increasing load). Recently years, Azarboni
et al.[75]presented dynamic buckling of an imperfect rectangular plate with different
boundary conditions under various force-time functions. Mojahedin et al. [76] presented

the buckling behaviour of FG circular plates made of the porous material on higher-order
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shear deformation theory. The buckling of FG circular plate made of porous due to

thermal effect also studied by Jabbari et al. [77].

For dynamic analysis of orthotropic plates, many researchers paid attention to natural
frequency, linear and nonlinear vibration responses, and frequency-amplitude curves.
Eslami et al.[78] studied a rectangular orthotropic plate subjected to a uniformly
distributed harmonic transverse loading considering damping effects and in-plane loads.
Yeh et al.[79] investigated the large deflections and nonlinear flexural vibrations of
orthotropic rectangular plates using the generalised double Fourier series. Eshmatov [80]
presented the nonlinear vibrations of viscoelastic orthotropic plates based on Kirchhoff-
Love hypothesis and Reissner-Mindlin generalised theory. By using Eringen’s nonlocal
elasticity theory, Sari and Al-Kouz [81] investigated the free vibration of non-uniform
orthotropic Kirchhoff plates. The free vibration of moderately thick orthotropic
rectangular plates was presented by Wang et al.[82]. A more general boundary condition
can be considered in their model by using Raleigh-Ritz method. Moreover, Buckling and
postbuckling behaviour of orthotropic plate were reported by some researchers based on
various methods. Ferreira and Virtuoso [83] introduced the semi-analytical models into
postbuckling analysis of orthotropic plate and found that the proposed method can obtain
more accurate results than other analytical ones. The buckling responses of the orthotropic
nanoplates resting on the elastic foundation subjected to the nonuniform biaxial load was
presented by Golmakani and Rezatalab[84]. Unlike other scholars, nonlocal elasticity

theory was used to explore the buckling behaviour of graphene sheets in nanoscale.

Dynamic buckling analysis of orthotropic plates has received considerable attention

due to the existence of dynamic loading environments. Patel et al. [85] studied the
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dynamic instability of layer orthotropic composite plates embedded in the elastic medium.
The periodic loading scheme was considered in this model. The refined plate model,
which considers transverse shear and rotary inertia effects, was developed to investigate
the dynamic buckling behaviour of composite laminate plates by Chattopadhyay and
Radu[86]. Kubiak [87] presented the dynamic buckling of orthotropic plates subjected to
an in-plane pulse load while the plates occupy a varying widthwise material property. The
results obtained from analytical-numerical method validated with the finite element
method. Gao et al. [88] proposed an analytical computational method for dynamic
stability of composite orthotropic plate subjected to different axial velocities. This type
of load differs from the other two loading schemes in that the time required to reach the
structural critical load is larger than the time required for the elastic wave to spread from

one end to the other. Therefore, the inertial effects can be ignored commonly.

2.4 Dynamic behaviours and buckling of isotropic cylindrical shells

The thin-walled cylindrical shell structure has been widely used in aerospace
engineering and other engineering disciplines for many decades, such as propellant tank
of space shuttle, the skin of ballistic missile, air receiver tanks, distillation columns, heat
exchangers/condensers, due to its outstanding stiffness, large space cover, lower cost and

high strength-weight ratio.

Most of those works about FG cylindrical shells focus on free vibration, forced
vibration, nonlinear vibration and thermal responses. With the expanding application of
FG structures, buckling or stability behaviour of FG structures keep attracting researchers’
attention. Shen, as one of the highly cited researchers on buckling behaviour of

functionally graded structures, thoroughly studied pressure-load post-buckling [33, 89],
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axially-loaded postbuckling[90], thermal buckling and post-buckling[91, 92], post-
buckling subjected to combined axial and radial mechanical load[36, 93, 94], torsional
buckling and post-buckling [95-97] of FG structures. Following his work, a large number
of theoretical and numerical techniques are developed to study the stability behaviour of
FG structures. Wattanasakulpong et al. [98] studied the free vibration of layered FG bars

and verified with the experimental results.

Although the static buckling and post-buckling of FG structures is well understood, a
clear understanding of the dynamic stability of such structures’ behaviour has not gained
much attention. However, the time-dependent forces are intrinsic among engineering
applications, and more importantly, excessively simplifications on such type of loading
conditions in both structural analysis and design could compromise the structural safety.
Sofiyev [99] derived the dynamic buckling equation of FG cylindrical shell subjected to
non-periodic impulsive loading. Then this work is applying in the case of FG truncated
conical shell[100, 101]. Huang et al. [102]studied the dynamic buckling of the
functionally graded cylindrical shells subjected to linearly increasing load. This type of
loading model also appeared in Dung’s [103] and Bich’s [104] recent work. Nevertheless,
there is another type of loading should be noticed, the constant velocity, which was first
proposed by Hoff[53]. Then based on his work, Motamarri et al. [43] studied the dynamic
elastic buckling of beam-columns of various boundary conditions under a constant speed

compression.

Topics on dynamic stability of cylindrical shell keep attracting researchers’ attention
these years. Shaw et al. [105] studied the dynamic instability of the composite cylindrical

shells subjected to axial and/or torsional impulse load. Liao and Cheng [106] investigated
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dynamic buckling characteristics of a laminated composite stiffened or non-stiffened
shells subjected to periodic in-plane forces. Based on the energy criterion, Gu et al. [107]
presented the plastic buckling of cylindrical shells under external impulsive velocity and
asymmetric external loadings, respectively. With respect to dynamic buckling of the FG
cylindrical shell structures, Ng et al. [108] and Darabi et al. [109] derived the dynamic
buckling equations of FG cylindrical shells subjected to periodic axial loading based on
small deflection theory and large deflection theory, respectively. While the non-periodic
impulsive loading scheme of dynamic buckling for FG cylindrical shell was studied by
Sofiyev [99]. Then, after that, in 2004, he also investigated the buckling behaviour of an
FG cylindrical shell subjected to linearly increasing torsional loading. Huang and Han
[102] then analysed the dynamic stability of FG cylindrical shell subjected to the linearly
increasing load with the consideration of large deflection and thermal effects. Shariyat
[110] studied the dynamic buckling of preloaded, imperfect FGM cylindrical shell
subjected to combined axial load and external pressure under thermal environment. Then,
he [111] also analysed dynamic buckling of the abruptly loaded hybrid FG cylindrical
shell subjected to thermo-electro-mechanical loads including the temperature-dependent
property. Static and dynamic buckling of an imperfect stiffened FG cylindrical shell under
axial load was presented by Bich et al. [112]. Based on the kp-Ritz method, Lei etal. [113]
investigated the dynamic buckling of carbon nanotube-reinforced functionally graded
cylindrical panels under periodic loadings. However, up to date, the investigation on
dynamic buckling of orthotropic FG cylindrical shells subjected to such type of loading

has received limited attention.
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2.5 Dynamic behaviours and stability of orthotropic cylindrical shells

In the last subsection, the dynamic buckling analysis of FG cylindrical shells’ studies
was done by considering in homogenous, isotropic graded materials. However, in
engineering practices, the material-oriented or orthotropic materials are commonly used
in all kinds of fields to maximise the material property and optimise the structures, which
is even more critical for the FG structures. Additionally, due to the nature of fabrication
techniques and physical composition, the FGMs are easier to loss of isotropy and become
anisotropic with principal directions parallel or/and perpendicular to each layer[114, 115].
For example, Kaysser and llschner [116] found that a graded Cu-Ni-Sn specimen
exhibited a lamellar or duplex structure after the plasma spray processing. A similar
phenomenon also reported by Sampath et al. [117] that equiaxed grain microstructures
are observed by Transmission electron micrographs (TEMSs). Thus, it is not unnatural to
consider the orthotropic FGMs when studying the dynamic buckling behaviours of
cylindrical shells. Based on such idea, Sofiyev [99-101, 118] thoroughly investigated the
dynamic responses of the anisotropic FG cylindrical shells these years based on
theoretical and computational methods. Vel [119] presented the free and forced vibration
of anisotropic FG cylindrical shells with simply supported boundary condition by using
an exact elasticity solution. Pelletier and Vel [120] investigated the steady-state response
of FG cylindrical shell subjected to mechanical load under thermal environment. Based
on the pseudo-Stroh formalism and transfer matrix method, Wang and Sudak [121]
analysed an anisotropic FG, thermoelastic, multi-layered cylindrical panel. The free
vibration of a simply-supported, fluid-filled orthotropic FG cylindrical shell was studied

by Chen et al.[122].
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Nevertheless, investigations involving the orthotropic FGMs cylindrical shells for the
dynamic buckling analysis are limited in number. Some works about orthotropic FG
cylindrical shells is focused on static buckling, free vibration, force vibration, nonlinear
vibration and thermal responses. Sofiyev, as one of the main researchers on orthotropic
FG cylindrical shells, has thoroughly investigated such structures under various
conditions. For instance, Sofiyev and Kuruoglu [123] presented buckling and vibration
characteristics of FG anisotropic cylindrical shell subjected to external pressure was
studied by considering shear deformation and rotary inertia. Then, Najafov, Sofiyev and
Kuruoglu [124] also investigated the torsional stability and vibration of FG orthotropic
cylindrical shell on elastic foundation. The buckling of FG orthotropic cylindrical shells
with the consideration of shear deformable subjected to lateral pressure also discussed by
Sofiyev et al. [125]. Recently, both the nonlinear free vibration including shear
deformable theory and large amplitude vibration on nonlinear Winkler elastic foundation
of FG orthotropic cylindrical shells were reported by Sofiyev[126, 127]. While other
scholars mainly focused on crack analysis and failure behaviours of orthotropic FGMs
[128-133]. Rao and Rahman [128] studied the cracks behaviours of orthotropic
cylindrical shells by finite element method (FEM). Xu et al. [129] presented the semi-
infinite cracks of FG orthotropic materials. By using an equivalent domain integral
approach, Dag [133] analysed the thermal stresses in FG orthotropic cylindrical shells.
Then, Dag et al. [131] also discussed the mechanical and thermal effects on fracture

failure of orthotropic cylindrical shells.
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2.6 Dynamic behaviours and stability of FG porous structures

Most recently, a novel functionally graded (FG) pure metallic porous material was
proposed in recent years by changing the cell geometry, density and/or material
composition from point to point within the porous foams or metallic foams in the process
of fabrication [134-137]. Such materials can be widely used in various industries such as
energy absorbing systems, porous electrodes, sound absorbers, heat exchangers,
construction materials, electromagnetic shielding, etc., due to excellent impact energy
absorption, high specific strength, and low thermal conductivity and other distinctive
characteristics [138-141]. Nearly all of the early researchers regarding FG porous
structures were focused on problems of elastic buckling or dynamic buckling analysis.
Magnucki and his co-workers firstly and thoroughly investigated the static and dynamic
stability of FG porous structures (such as porous beams[142] or porous sandwich
beam[143], porous plates[144, 145] or porous sandwich plates[146] and porous circular
cylindrical shells[147-150]) based on theoretical and finite element methods. For example,
Magnucki and Stasiewicz[142] studied the buckling behaviour of asymmetric porosity
distributed bar based on the principle of stationarity of the total potential energy including
the effect of shear strain. The buckling and strength of a sandwich beam with a metal
foam core were presented by Magnucka-Blandzi and Magnucki[143]. Magnucka-Blandzi
[144, 146] also investigated the dynamic buckling of a porous circular plate and static
buckling of a rectangular sandwich plate with the porous core. Furthermore, Belica and
Magnucki [147-150] employed a nonlinear hypothesis of deformation of a plane cross-
section and Hamilton’s principle to carry on analytical and numerical studies on dynamic
buckling of porous cylindrical shells subjected to external pressure and axial compression.

Porous structures are not only subjected to different loading conditions but also saturated

27



with liquid and gas. Under such circumstances, the dynamic properties or mechanical
mechanism would be different. Therefore, Jabbari et al. [76, 151-154] studied the stability
of saturated FG porous circular plate with or without piezoelectric layers subjected to a
radially loading, thermal buckling and combined thermal and mechanical loads on the
ground of linear poroelasticity theory of Biot[155]. Following their work, the post-
buckling behaviour of saturated FG porous circular plates subjected to a uniformly
radially loading with simply-supported and clamped boundary conditions was presented

by Feyzi and Khorshidvand[156].

Natural frequencies and other nonlinear dynamic properties play an essential role in
the design [157-159] and analysis of FG porous structures in the large amplitude
deflections. More and more researches paid attention to the dynamic behaviour of FG
porous structures in the engineering practices. Chen et al. [160] applied the Timoshenko
beam theory and Lagrange equation to investigate the free and forced vibration
characteristics of shear deformable FG porous beams with symmetric and asymmetric
porosity distributions. Furthermore, by using the same method, the nonlinear free
vibration of shear deformable sandwich beams with an FG porous core was studied[161].
In this study, they also considered a non-symmetric porosity distribution and a uniform
porosity distribution when compared with Magnucki[143] and the results showed that
with the consideration of two layers at the top and bottom sides, the vibration behaviour
of the structure is improved. The rapid development of manufacturing technique makes
it possible to introduce nanofillers such as carbon nanotubes (CNTs) and graphene
platelets (GPLs) into porous materials. The novel porous nanocomposites occupy both
advantages of CNTs or GPLs and porous materials. Kitipornchai et al.[162] presented the

influence of both porosity and GPLs dispersion pattern on the free vibration of FG porous
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nanocomposite beams. Following this idea, Chen et al. [163] studied the nonlinear
vibration and postbuckling behaviour of GPLs reinforced FG porous beams. Based on the
Reddy’s third-order shear deformation theory, the dynamic characteristics of a porous
rectangular plate resting on a Pasternak foundation was solved by differential quadrature
method[164]. Ebrahimi and Habibi [165] employed the third order shear deformation
plate theory and finite element method to predict the deflection and vibration
characteristics of a saturated FG porous rectangular plate. There are also some studies
dealing with the random distribution of porosity during the multi-step sequential
infiltration technique. Wattanasakulpong and Ungbhakorn [166] conducted an
investigation of random porosity volume fraction on the linear and nonlinear vibration of
FG porous beams with elastically restrained ends. Using the semi-analytical differential
transform method, the free vibration of rotating FG porous beam was studied by Ebrahimi
and Mokhtari [167] based on the Timoshenko beam theory. They [168] also presented the
free vibration of a rotating double-tapered functionally graded (FG) porous beam based
on Euler-Bernoulli beam theory and then the governing equation is solved by the

differential transform method.

As can be seen, most of those works about FG porous structures focus on beam and
plate structures, and investigations involving the application of FG porous cylindrical
shells are still limited in number. However, in engineering practices, the cylindrical
shell/sheet structures are widely used in all kinds of fields in order to match the desired
functionality and optimize the structures [169-171], such as the propellant tank of the
space shuttle, the skin of the ballistic missile, oil refineries, petrochemical plants, power
plants, pressure vessel and so on. Ghadiri and SafarPour [172] applied the first-order shear

model and modified couple stress theory to analyse the free vibration characteristics of
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FG porous microshell in the thermal environment. Wang and Wu [173] calculated the
natural frequencies of an FG porous cylindrical shell with different boundary conditions
using sinusoidal shear deformation theory and Rayleigh-Ritz method. Additionally, the
understanding of free vibration and nonlinear vibration analysis is crucial to FG porous
cylindrical shells. However, no previous work has been done for FG porous cylindrical
shells with external harmonic excitation, especially for the resonant characteristics with
different internal porosity distributions. Thus, it is of great importance to analyse the
forced vibration behaviour of FG porous cylindrical shell due to the time-dependent
external forces and the proper understanding and development of primary resonance of
FG porous cylindrical shell can help engineers avoid the peak resonances of the structural

system in the design process.

2.7 The influence of thermal effect, damping effect and elastic

foundation on dynamic characteristics and stability of structures

Despite of diversely proposed computational schemes (i.e. Galerkin method, finite
element method, finite difference method, etc.) for dynamic buckling [7, 20, 174, 175],
from the authors’ knowledge, early dynamic buckling studies on structures subjected to
axial loads have been investigated in the way such that damping effects are ignored [11,
19, 20, 43, 176-178]. However, damping property (i.e., a non-conservative energy
contribution) is one of the most important aspects of engineering dynamics, which
intrinsically exists in all physical systems[179, 180]. Kounadis and Raftoyiannis [181]
investigated the nonlinear dynamic stability criteria for one degree of freedom system
under step loading and concluded that the structure would buckle when the phase-point
velocity vanished regardless of the length of loading duration and damping effects. After

one year, Kounadis [182] subsequently studied two nonlinear two-degree-of-freedom
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systems under step loading with and without damping effects. It was shown that when
viscous damping was incorporated, the lower bound of critical load for dynamic buckling
could be estimated. Mallon et al. [183] presented numerical approaches for analysing a
series of thin shallow arches subjected to a pulse load and also found that the increase of
damping coefficient would lead to an increasingly dynamic buckling critical load.
Moreover, Lee [184] investigated a rod with intermediate spring support with a follower
force at one end, also suggested that damping effects cannot always be neglected

especially for some particular engineering systems.

In engineering practices (i.e. aerospace and mechanical engineering), structures are not
only subjected to dynamic loadings but also exposed to the physical environment, such
as thermal effects, moisture effects, etc. Thermal effects due to temperature changes, in
turn, have an influence on structure dynamic characters and the stress state [185, 186].
The combined effect of moisture and temperature (hygro-thermal environment) on
dynamic response was investigated by Ebrahimi and Barati[187]. Shariyat [110] studied
the dynamic thermal buckling of FGM imperfect cylindrical shell and the results shown
that thermal stresses would change the buckling behaviour. Ansari et al. [185]
investigated the post-buckling behaviour of nanofilms under the action of thermal loads.
Wu [188] found that region of instability is sensitivity to temperature change for a beam
under transverse magnetic fields and thermal loads. The nonlinear dynamic buckling
analysis of FGM beam due to the sudden uniform temperature rise was proposed by
Ghiasian et al.[189]. The hybrid iterative Newton-Raphson-Newmark method was
utilised to solve the governing equation in this study. The influence of the three-parameter

elastic foundation was also included in the analytical method, which will be discussed
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later. These studies have shown that temperature changes have a significant influence on

dynamic behaviour and further affect the performance and stability of structures.

Furthermore, these structures normally rest on or embed in elastic foundation/medium.
Under such circumstance, dynamic characteristics and stability of structures may be
different from traditional ones. Li et al. [190] studied the nonlinear vibration and thermal
buckling of an orthotropic annular plate with a central rigid mass. Barati et al.[191]
presented the thermo-mechanical buckling analysis of embedded nanosize FG plates.
Taczala et al. [192] studied the nonlinear stability of stiffened functionally graded
materials plates in the thermal environment using finite element method. Based on
second-order shear deformation plate theory, the free vibration analysis of the
functionally graded nanoplates embedded in an elastic medium was discussed by
Panyatong et al.[193]. Yang and Shen [194] investigated the dynamic response of initially
stressed functionally graded rectangular thin plates resting on an elastic foundation.
Ugurlu et al.[195] presented the effects of elastic foundation and fluid on the dynamic
response characteristics of rectangular Kirchhoff plates. The dynamic behaviour of a
beam on a nonlinear elastic foundation under a sudden step loading was investigated by
Jabareen and Sheinman[177]. Both Budiansky-Roth and Hoff-Simiteses dynamic
buckling criteria were applied in their research. These studies have shown that elastic
foundation has a significant influence on dynamic behaviour and further affect the

performance and stability of structures.

2.8 Summary

The literature review on dynamic characteristics and stability of beam, plate and

cylindrical shell were presented above. The research hotspots and methodologies were
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also demonstrated, as well as the shortcomings and limitations of the past literature. Due
to the enormous growth of FGMSs’ application in lightweight structures and the complex
physical environment that these structures may expose to, a large number of new
problems has emerged. Thus, to ensure safety and serviceability of the Thin-walled and
slender engineering structures (i.e., beam, plate and shell), investigations on the dynamic
characteristics and stability of such structures made of advanced materials under different

conditions are much needed.

It is noticeable from the above review that very few studies have addressed the
dynamic characteristics and stability of structures made of advanced materials under
different environment. Therefore, based on the open literature, a comprehensive
knowledge gap is proposed for a better understanding of the present problems, the

following aspects are mentioned:

1. The influence of different boundary conditions, damping and thermal effects on
the dynamic buckling of beam is not thoroughly studied. A more comprehensive
mathematical model is needed.

2. From the previously reported literature, Winkler-Pasternak elastic foundation has
a significant influence on dynamic behaviour and further affect the performance
and stability of structures. While the dynamic behaviours and stability of
composite orthotropic plate subjected to different axial velocities resting on elastic
foundation are unclear.

3. Itis noted that no study has been reported yet on the nonlinear primary resonance

behaviour of cylindrical shells made of functionally graded (FG) porous materials
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subjected to a uniformly distributed harmonic load including the damping effect,
let alone the influence of different porosity distributions.

. The review confirmed that most of the studies about orthotropic FG cylindrical
shells focused on static buckling, free vibration, force vibration, nonlinear
vibration and thermal responses, the dynamic stability analysis of FG orthotropic

circular cylindrical shell has not touched yet.
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Chapter 3  Nonlinear dynamic
stability analysis of Euler-Bernoulli
beam-columns with damping effects

under thermal environment

3.1 Introduction

This chapter proposed two hybrid analytical-numerical methods for nonlinear dynamic
buckling analysis of Euler-Bernoulli beam-columns under constant loading rates. Both
the Galerkin-Force method (GFM) and energy method (EM) are capable of handling
effectively different boundary conditions, damping and thermal effects. By integrating
Hamilton’s principles into Lagrange’s equations, the governing equation of the energy
method is derived in the form of partial differential equations (PDEs) for dynamic
buckling of beams. Unlike traditional approaches for dynamic buckling analysis [43, 44],
the proposed governing equation is able to incorporate damping and thermal effects
simultaneously. The proposed Galerkin-Force method is to introduce the buckled shape
function as a trial function into force equilibrium equation in dynamic buckling. Damping
effects under thermal environment are also formulated in the ordinary differential
equations (ODEs). The exhilarating performance of the proposed two approaches is
confirmed by finite element method (FEM), and the damping, thermal effects on

structural dynamic buckling behaviour are comprehensively investigated.
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3.2 Nonlinear dynamic buckling analysis with damping and thermal

effects
3.2.1 The Galerkin-Force method (GFM)

The governing equation for the dynamic buckling of Euler-Bernoulli beam can be
derived from the free body diagram and the moment-curvature relation for the beam. The

schematic illustration is presented in Figure 3.1.

.....
cea

"""""

Figure 3.1 The free body diagram of a small element dx
It is assumed that counter-clockwise is positive. By neglecting the rotational inertia of

the infinitesimal body, the sum of moments about Point B can be calculated as:

> M, =0

82 Q oM ow

—-M - dx -—— d dx+(M +—dx)-P—d 3.1
at O+ Ydx +( x )— x x (3.1)
oW dx ou (aw dx]
_CdpA «—
ot 2 ot \ox 2

Eg. (3.1) can be simplified by ignoring the second order infinitesimal term
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Q=" pM (3.2)

The resultant force of the y-axis gives

> F,=0
82W oW (3.3)
Q =Q+dQ+pA¥dx+cdpA§dx
Therefore
dQ o’'w ow
X = pAd-——c pA— 3.4
o~ PAGE A (34)
According to the relation of moment and curvature, one obtains
o*(w—e

Differentiating EQq.(3.5) with respect to x and substituting it into Eq.(3.2), then
differentiating Eq. (3.2) with respect to x and substituting it into Eg. (3.4), one can obtain
the governing equation for dynamic buckling

o*(w-e) _o*w  d%w

Bl P+ A

= +CdpA%:O (3.6)

Eq.(3.6) is the partial differential equation for the continuous beam including damping

effects.

w(X,t) = w, (t) f (x) 3.7)

37



e(x,t) =&, f (x) (3.8)

where w(x, t), e(x, t) denote the structural deflection of the beam and the initial

imperfection respectively.

Hoff (1951) [39] assumed the first mode shape as the buckling mode shape of the
beam-column under constant speed compression for various boundary conditions, so the
corresponding deflection functions f(x) can be approximated as below. It is also assumed

that the effects of rotational inertia and transverse shear are negligible.

For a simply-supported beam (the same as free-free, hinged-free), the first mode shape

function can be defined as:
f (x) =sin % (3.9)

Therefore, for different boundary conditions and geometries, different first mode
shape functions should be selected [43, 196, 197]. Moreover, the absolute value of

maximum or minimum deflection for different boundary conditions is normalized to 1.

Clamped-clamped:
1 27X
f(x)==(1-cos— 3.10
(x) =5 @-cos==) (3.10)
Clamped-pinned [198]:

44X AAX 4 honr oo A

f (x) = 0.1591sin N (3.11)
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Clamped-free (cantilever):
7X
f(x) =1-cos— 3.12
) 5 (3.12)
Pinned-free:
. X
f(x)=sin — 3.13
(x) oL (3.13)
By substituting Egs.(3.7) and (3.8)into Eq.(3.6), one obtains:
d* f f

[Elw(t)—eo]d —Pw (t)d + Af(x) +cdpAf(x)—= (3.14)

By multiplying f(x) in both side of Eq.(3.14) and applying Galerkin method, Eq.(3.14)

can be further reformulated as:

d°f
Elw(t)
J J dx* (3.15)
+pA—j (f (x))%dX + cy pA— _[(f(x)) dx =0
Let
d, = j:l( f (x))%dx
d, _J' d f
(3.16)
d, = jo (gij dx
d,=[ L :
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The values of constants di-ds for different boundary conditions are shown in Table 3.1.

Table 3.1 Value of Constants for d;-d4

Boundary condition di dz ds ds
Pinned-Pinned 0.5 -4.9348  4.9348  48.7045
Clamped-Clamped 0.375 -4.9348 49348 194.818
Clamped-Pinned 0.425453 -5.15721 5.16187 104.174
Clamped-Free 0.22676 0.337096 1.2337 -0.83175

Pinned-Free 0.5 -1.2337 1.2337  3.04403

Eqg. (3.15) can be further transformed into:
2
Elw(t)d, — Ele,d, — Pw(t)d,L* + pAaat—\ZN d,L* + cdpA%W d,L*=0 (3.17)

In order to maintain the readability of the thesis by efficiently expressing all

formulations, the following dimensionless quantities are necessarily introduced:

where rg represents the radius of gyration of the section and ¢ denotes the slenderness

ratio of the beam.

Hence, Eq. (3.17) can be further reformulated as:

2 * *
El(W —€])d,L— Pw'd,L* + pA LA N L N L
L4L 62- L2 p7A az—
El El

(3.19)
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And then simplified as
- .
d,LEIW —€)— d,13Pw + d,EIL- T 4%, on [EE W _o (3.20)
or PA Ot

By considering the viscous damping as internal damping effects, one can obtain that:
A (3:21)

where cq denotes the damping coefficient of the structure; @,denotes the fundamental

frequency of the structure; and ¢ denotes the damping ratio of the beam.

Dividing by d:EIL at both side of Eq.(3.20), one obtains:

2007 3 * 3
O'w LA [ELOW d,LP . diLEL o g (3.22)
or2 ' dEIL \pA oz dEIL  dEI

By substituting Eq. (3.21) into Eq.(3.22), Eq. (3.22) can be further reformulated as:
Cg-————W +—=*(w —g,)=0 (3.23)

Also, the reaction force for the beam can be calculated as:

P=-P(t) (3.24)
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For the axial displacement of the beam at the roller support, it can be divided into two
parts, Ua, the axial displacement due to axial shortening and Uy (t), the axial displacement

due to the bending shortening. That is:

U@)=v-t
U, =U()-U, ) (3.25)

U, =] %H%@z ) %ﬂdx

Thus, Ua can be alternatively expressed as

W (t) — e}

U,=v-t-d, oL

(3.26)

It is assumed that the thermal effect is a uniform temperature load, while the change
of the material property due to the thermal load is ignored [110, 185]. Therefore, the

reaction force generated by the beam-column can be formulated as:
P(t) = E—LA[Ua(t) —a,AtL] (3.27)

where ax means coefficient of linear expansion and At represents the temperature change.
The coefficient of thermal expansion in steel beam is positive (ax=12x10"° K1) for the
rise of temperature and is negative (ax=-12x107° K1) for the fall of temperature based on

the room temperature (20°C).

Then, by substituting Eq. (3.26) into Eq. (3.27), Eq. (3.27) can be reformulated as:

W (t) — e

P(t) = ETA{v.t —d, —aXAtL} (3.28)
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According to the dimensionless quantities of Eq.(3.18), the buckling load and the

normalised buckling load can be represented as:

P(t) = EA{V* - % (W*2 e )d3 - axAt} (3.29)
« Pt) - 1( 2 *z)j
P (t):E:V 'T—EW —€e 3—(ZXAt (330)

Therefore, by substituting Egs.(3.29) and (3.24) into Eq.(3.23), Eq.(3.23) can be
reformulated as:
o'w . oow

d * * 1 *2 *2 d * *
Gy —— + E (W V=W e —a At |+ (W —g,)=0
5.2 TG é(dl) { 4 2( )3'3 a, } OIl( 0)

(3.31)

Consequently, EQ.(3.31) is the unified governing nonlinear ordinary differential
equation for dynamic buckling analysis of Euler-Bernoulli beams with various boundary
conditions considering damping effects under thermal environment from Galerkin-Force

method.

3.2.2 The Energy method (EM)

For this particular study, a simply-supported Euler-Bernoulli beam with arbitrary
cross-section is investigated. The general structural layout is illustrated in Figure 3.2, e(x),
w(x) denote the initial imperfection and the structural deflection of the beam respectively.

Also, the considered beam is subjected to a constant compression rate.
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Figure 3.2 A simply-supported Euler-Bernoulli beam

For this particular structural system, the kinetic energy can be formulated as:

2
T=-~A [ L(@j dx (3.32)
2 0 ot

The potential energy:

V= El2yy IOL(GZ (avize)jzdx{—g jo{(%’l’jz —(%ﬂdxj (3.33)

where the first term of Eq.(3.33) is strain energy and the second term of Eq.(3.33) is the

potential energy due to the external forces.

The power dissipation function:

2
D:_J'LM M 4 (3.34)
o 2 (ot

where cq denotes the coefficient of damping.
Consequently, the Lagrange’s equation of the structural system can be formulated as:

L=T -V (3.35)
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The same as the Galerkin-Force method, by substituting Egs.(3.32) and (3.33) into Eq.

(3.35) and according to Egs. (3.7) and (3.8), Eq.(3.35) can be formulated as:

NG TR El Ld2f )
=) [ oo e [ o

2 (3.36)
P, , o\ df
_E(WO —eo)fo [&J dx
Let
L1
, =jo o 2(x)dx
L (d2f Y
¢, = F(d?} dx (3.37)

L L (df Zd
C3_0?& X

The values of constants ci1-cs for different boundary conditions are shown in Table 3.2.

Table 3.2 Value of Constants for ci-cs

Boundary condition C1 C2 Cs
Pinned-Pinned 1 1 1
Clamped-Clamped 0.75 4 1

Clamped-Pinned 0.85224 2.14149 1.047
Clamped-Free 0.453521 0.0625 0.25

Pinned-Free 1 0.0625 0.25

The same values of Table 3.2 are also verified by reference [43].

Eqg. (3.36) can be further transformed into:
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1 ow,)" 1 _El 1 Pr?
L= Ecl,oAL(a—t(’j -3¢ Taw(w0 —g, ) -G (w2 -e?) (3.38)
For Lagrange’s Equations [199]:
oL _dg a|: N 85) 0 (3.39)
oW, dt oW, | OWo
By substituting Egs.(3.38) and (3.34) into Eq. (3.39), one obtains:
oW, oW El ~* P2
ClpA'{at—zoJde E}LCZ %(wO —e, )+C, W, =0 (3.40)
According to Eq.(3.25), Ua can be alternatively expressed as
2(+\ _ a2
U —vet-c, M®=8& (3.41)
2L

In order to maintain the readability of the chapter by efficiently expressing all

formulations, the following dimensionless quantities are necessarily introduced:

c=JEp) =W b L (3.42)
A I T
: : : LE e
where c is the velocity of the axial stress wave andT = —=- | .
cr\¢c,
W, =T g = 0 \where k=2 ) (3.43)
KT, KT, C,
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By considering the viscous damping as internal damping effects, one can obtain that:

C=2pAw,

Cy = c_ 20, (3.44)
PA

c,=¢, T

where C denotes the total damping coefficient of the structure; wo denotes the

fundamental frequency of the structure, and { denotes the damping ratio of the beam.

Then, the reaction force generated by the beam-column can be formulated as:

2 2
P(t) = %[Ua(t) ot ]= BBy GER

%2 *2
(W —-e )— EAa, At (3.45
c,L? L2 (3.45)

Hence, according to Egs. (3.43) and (3.45), Eq. (3.40) can be further reformulated as:

*2 *
ow, .ow, | . 2 w2\ CEla At| L
a—TOZJrC“a_rO{V i —e )“”i—ﬁ?}w”(w"_e(’):o o
2

SNCYS
c,-/c,c7

wherev’” = V.
Eq.(3.46) is the unified governing nonlinear ordinary differential equation for dynamic
buckling analysis of Euler-Bernoulli beams with various boundary conditions with the

consideration of damping effects under thermal environment.

Therefore, the normalised dynamic load is

2
P(r) = P _ VT-C, (WE;2 - egz)— LO{;AJ[ (3.47)
Pcr C27T
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where Pcr denotes the static buckling load for a given boundary condition, that is,
_c,m°EA _ 7’EA

(e
K

3.3 Numerical results and discussion

(3.48)

In order to demonstrate the applicability and effectiveness of the proposed methods,
four types of models on the dynamic buckling analysis of three types of boundary
conditions are investigated with/without thermal effects and with/without damping
effects. Throughout this study, the solutions of the unified nonlinear ordinary differential

equations (Eq. (3.31) and Eq.(3.46)) are solved numerically by the Runge-Kutta method.

3.3.1 Verification of structural critical load

In order to assess the accuracy of the proposed method, an alternative approach, known
as the finite element method (FEM), is also adopted so the computational results obtained

from both approaches can be compared.

Regarding the adopted FE model, the viscous damping effect is introduced via the

Rayleigh damping, which can be formulated as:

[C]=a|K]+ p[M] (3.49)

where [K], [M] are the stiffness matrix and mass matrix of the structure, respectively; a
and S can be calculated from the chosen first two natural frequencies for different cases

[200].
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Even though the damping model used in FEM is different from the one being
implemented in the proposed method, a comparable level of damping values can be still
achieved by the following equation:

_p L o@
=g+ (3.50)

where {'is the damping ratio implemented in the proposed method.

In this subsection, a rectangular steel beam-column with a length of 1m, depth of
0.02m and width of 0.06 is investigated. The information of the geometrical and material
properties is shown in Table 3.3. For this particular analysis, the yield strength is 340

MPa, which implies that buckling happens before yielding for all investigated examples.

Table 3.3 Parameter values

Property Value Unit

b 0.06 (m)

h 0.02 (m)

L 1.0 (m)

E 210 (GPa)

p 7850 (kg/m3)
€o 5x10*  (m)

¢ 0.02 N/A

0 1.2x10° (1/°C)
AT +1 (°C)

v 0.03 (mm/ms)
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Figure 3.3 Beam-columns with three differen'g boundary conditions subjected to
constant compressive rate
In order to comprehensively appreciate the damping and thermal effects on the
dynamic buckling analysis of the structure, three Euler-Bernoulli beam-columns have
been investigated with distinctive boundary conditions as illustrated in Figure 3.3. For
each concerned beam-column, four investigations have been explicitly conducted which

are including:

a) Conventional dynamic buckling analysis without damping and thermal effects;

b) Dynamic buckling analysis with damping effect only;

c) Dynamic buckling analysis with thermal effect only;

d) Dynamic buckling analysis with both damping and thermal effects.

Figure 3.4, Figure 3.5 and Figure 3.6 show the relationship between axial load and
end-shortening of the beam of 12 scenarios for different methods under the same axial

loading speed, v. The numerical results of the Galerkin-Force Method (GFM) and Energy
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Method (EM) are compared with those of Finite Element Method (FEM) to demonstrate
the performance of the proposed methods in the presence of damping effects under
thermal environment. Despite different scenarios, the comparisons show that the results

of the proposed methods agreed very well with the results obtained from the FEM.
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Figure 3.4 The relationship between axial load and end-shortening of the pinned-pinned
type beam for different models
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Figure 3.5 The relationship between axial load and end-shortening of the clamped-
clamped type beam for different models
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Figure 3.6 The relationship between axial load and end-shortening of the clamped-
pinned type beam for different models

In order to explore the differences of GFM, EM and FEM further, the critical values
of Figure 3.4, Figure 3.5 and Figure 3.6 are also reported in Table 3.4, Table 3.5,Table 3.6
and Table 3.7. Table 3.4 shows the critical values of the simplified model. The results of
GFM and EM are sharing a high degree of similarity. The maximum end-shortenings of
the beams obtained by the GFM and EM are slightly larger than the FEM ones for
different boundary conditions, except the case of the clamped-clamped condition.
Likewise, the critical buckling loads obtained by the GFM and EM are larger than FEM
ones whose relative differences are 0.07%, 0.04% and around 0.2% for P-P, C-C and C-

P, respectively.

In the presence of damping effects, the critical values would increase for all three
methods, which are shown in Table 3.5. It is evident that the results of FEM increased
faster than other two methods. For the undamped system, the errors between Analytical-
Numerical Methods (or ANMs, which includes both GFM and EM) and FEM is almost
positive in Table 3.4. However, the errors turned out to be negative for almost all cases

for adamped system. By carefully examining Table 3.5, it can be noticed that the damping
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effect has a significant influence on the beam-column with clamped-clamped boundary

condition.

Table 3.4 Simplified Model of different boundary conditions for different methods

Simplified Model GFM(1) EM(2) FEM(3) ((D-GNI3)  (D)-3N(3)
Disp(mm) 0.5572 0.5572 0.5565 0.12% 0.12%
P-P
Load(N)  123289.4295 123289.5076 123202.8433 0.07% 0.07%
Disp(mm) 1.3764 1.3764 1.3845 -0.59% -0.59%
c-C
Load(N) 317297.0083 317297.3954 317155.7688 0.04% 0.04%
Disp(mm) 0.7997 0.7989 0.7965 0.40% 0.30%
C-P
Load(N)  180056.2270 179933.1369 179563.2074 0.27% 0.21%

Table 3.5 Damping effects of different boundary conditions for different methods

Damping effects GFM(1) EM(2) FEM(3) ((D-G3NA)  (D)-3N/(3)
Disp(mm) 0.5619 0.5618 0.5625 -0.10% -0.13%
P-P
Load(N) 124069.3688 124069.7696 124377.8760 -0.25% -0.25%
Disp(mm) 1.3790 1.3785 1.3965 -1.25% -1.29%
Cc-C
Load(N) 317773.7130 317773.7426 318625.0000 -0.27% -0.27%
Disp(mm) 0.8032 0.8014 0.8025 0.09% -0.13%
C-P
Load(N) 180622.4431 180499.4169 180853.7828 -0.13% -0.20%

Table 3.6 Thermal effects of different boundary conditions for different methods

Thermal effects GFM(1) EM(2) FEM(3) ((D-B3N/B)  (D-(3N/(3)
Disp(mm) 0.5707 0.5692 0.5650 1.00% 0.75%
P-P
Load(N) 123291.7983 123292.8598 123131.7714 0.13% 0.13%
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Disp(mm) 13896 1.3896 1.3930 -0.25% -0.24%
c-C

Load(N) 317301.5589 317301.8508 317417.0000  -0.04% -0.04%

Disp(mm)  0.8118 0.8113 0.8110 0.09% 0.04%
C-P

Load(N) 180068.8077 179946.1041 179679.0532  0.22% 0.15%

Table 3.7 Damping effects and thermal effects of different boundary conditions for

different methods

Damping effects and i ((2)-

Thermal effects GFM(1) EM(2) FEM(3) @-GYC)  (3))3)
Disp(mm) 0.5766 0.5727 0.5770 007%  -0.74%

p-p
Load(N) 124857.0824 1240730732  124319.9615 0.43% -0.20%
Disp(mm) 1.3918 1.3913 1.4110 136%  -1.40%

c-C
Load(N) 3177775873 317778.3685 3190659036 040%  -0.40%
Disp(mm) 0.8139 0.8142 0.8170 037%  -0.34%

C-p
Load(N) 180634.1171  180511.6822  180809.3937 010%  -0.16%

For thermal effects, the rise of temperature is considered in this part of the

investigation, which is also shown in Table 3.6. Compared with the simplified model, the

critical values would increase under thermal environment. An interesting finding is that

the thermal effect has a more significant influence on the system than the damping effect

does.

Furthermore, when the thermal and damping effects are simultaneously considered

(Table 3.7), the critical values are largest among all investigated cases of analysis.

However, the results of FEM are larger than the results calculated by the other two

methods.
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3.3.2  Verification of buckled structural configuration

Strictly, in classical static structural stability analysis, the buckled shape (also called
Eigen-function) is solved by a second order/fourth order homogeneous ordinary
differential equation according to equilibrium equation. However, it is difficult to
introduce such an idea to dynamic buckling analysis because of two reasons. The first
reason is that normally the governing equations involved in the dynamic structural
stability analysis are high order inhomogeneous partial differential equations, which has
escalated the difficulty for solving such problem when compared with the static analysis;
the second reason is that obtaining explicit solution becomes very intricate due to the
insufficiency of the boundary conditions. Consequently, various numerical methods (e.g.,
Galerkin method, finite different method, etc.,) have been adopted to tackle such

challenges.

In this chapter, the first mode shape of the beam-column has been adopted as the
buckling shape of the structure under constant speed compression for various boundary
conditions. Therefore, it is necessary to examine effectiveness and validity of the

proposed methods in terms of the buckling shape modelling.
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Similar to Section 3.2, the 12 investigated scenarios are once again considered in this
subsection. By implementing the proposed approaches and the FEM, the buckled
structural configurations for all 12 concerned scenarios are demonstrated in Figure 3.7,
Figure 3.8 and Figure 3.9. As clearly indicated by these figures, the structural
deformations predicted by the proposed methods are in a good agreement with the FEM
modellings. One remark regarding the structural deformation presented in these figures

is that the Clamped-Clamped beam-column has the maximum transverse deflection

whereas the Pinned-Pinned case has the least.

To comprehensively survey the differences between the proposed methods (i.e., GFM

and EM) and reference method (i.e., FEM), the maximum transverse deflection reported
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in these figures is also formally presented in Table 3.8, Table 3.9,Table 3.10 and Table
3.11. Table 3.8 shows the maximum transverse deflection of the simplified model. It is
clear that the results of GFM and EM are larger than the ones obtained from FEM, expect
the case with the C-C boundary condition. If damping effect is considered, as shown in
Table 3.9, the errors between ANM (GFM and EM) and FEM are decreased for C-C and

C-P boundary conditions.

Table 3.10 shows the influence of thermal effect on the maximum transverse deflection.
It is clearly indicated that the thermal effect would result in an increase in the structural
displacement, especially for the FEM. For the results shown in Table 3.11, the structure
is subjected to both damping and thermal effects simultaneously. The results calculated
by the GFM and EM have a well-preserved agreement. However, an interesting remark
Is that the increase of maximum deflection is almost the same when only considering
either damping or thermal effects.

Table 3.8 The maximum transverse displacement of simplified model under different
boundary conditions

Simplified Model  GFM(1) EM(2) FEM@3) ((D)-B)(3) ((2-(3))/(3)

P-P 52701 5.2941 5.2489 0.40% 0.86%
C-C 6.9112 6.9596 7.2293 -4.40% -3.73%
C-p 5.7660 5.8143 5.6966 1.22% 2.07%

Table 3.9 The maximum transverse displacement of beam of damping effects under
different boundary conditions

Damping effects  GFM(1) EM(2) FEM(@3) ((1)-3)/(3) ((2)-(3))/(3)

P-P 53362 5.3532 5.1331 3.96% 4.29%
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C-C 6.9346 6.9513 6.9516 -0.24% 0.00%

C-P 5.8168 5.7927 5.7940 0.39% -0.02%

Table 3.10 The maximum transverse displacement of beam of thermal effects under
different boundary conditions

Thermal effects  GFM(1) EM(2) FEM3) ((1)-3)/(3) ((2-3)/@?)

P-P 53276  5.2966 5.3072 0.38% -0.20%
C-C 6.9459 6.9789 7.0946 -2.10% -1.63%
C-pP 5.7676  5.7947 5.9506 -3.08% -2.62%

Table 3.11 The maximum transverse displacement of beam of damping effects and
thermal effects under different boundary conditions

Damping effects and

T o GFM()  EM@)  FEMG)  (D-G)O@)  (-B)O)
P-P 5.3162 5.3121 5.1331 3.57% 3.49%
C-C 6.9554 6.9724 6.9516 0.05% 0.30%
C-P 5.7655 5.8168 5.7940 -0.49% 0.39%

3.3.3 Verification of different velocities for different boundary conditions

In 1951, Hoff [39] proposed the constant velocity loading scheme of dynamic buckling
and shown that the critical force strongly depends on compression rate and initial
imperfection of a beam-column. Moreover, velocity is one of the critical parameters in
the governing equation formulated as Egs. (30)-(31) for GFM and Egs. (46)-(47) for EM.
Therefore, it is essential to study the impact of different velocities acting on the structures

with various boundary conditions.

In Section 3.3, the results of ANM are determined by implementing the proposed GFM

only, which are also compared with results obtained by the FEM. The material properties
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and other parameters of the investigated structures are given in Table 3. Both damping
and thermal effects are simultaneously considered in all models. In order to study the
dynamic buckling under different compression rates, three typical velocities are selected
for each boundary condition with the same initial deflection e of 0.5mm. For the P-P
type, the structure is subjected to velocity of 0.01mm/ms, 0.03mm/ms, 0.05mm/ms; for
the C-C type, it is subjected to velocity of 0.03mm/ms, 0.04mm/ms, 0.05mm/ms; and for

the C-P type, it is subjected to velocity of 0.02mm/ms, 0.04mm/ms, 0.05mm/ms.

Figure 3.10 shows the load-longitudinal displacement curves for the P-P, C-C, and C-
P type boundary conditions for different velocities. All solid lines are representing the
results determined by the ANM, whereas all circles are representing the results of the
FEM. In Figure 3.10, it can be clearly seen that the results obtained from ANM match
very well with the results obtained from FEM for different velocities for all three
considered boundary conditions. It is obvious that with the increase of compression rates,
the axial force becomes larger until it reaches the peak load, which indicates the

occurrence of buckling.

Figure 3.11 shows the buckled shape of different boundary conditions under different
loading rates. The surface areas are plotted by the results from ANM and the circle, square
and point lines are plotted by the results obtained from FEM, which is corresponding to
different velocities. The results of ANM and FEM match well in lower velocities.
However, with the increase of axial loading rate, the error by ANM is less than 1 percent,
except the P-P type boundary condition, which is still in a good agreement with FEM.
The reason for this phenomenon is that with the increase of velocities, higher-order

vibrations are involved in the model, which is also shown in the following part.
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3.4 Parametric analysis

In section 3.3, the accuracy of the proposed GFM and EM used in dynamic buckling
analysis has been examined by comparing with the results obtained by FEM for various
boundary conditions under different compression rates. The ANM (both GEM and EM)
shows a good agreement with FEM, so the proposed method will introduce to parametric
analysis in this section. The influence of damping effects, thermal effects, velocity, initial
eccentricity, the boundary condition is explored here by utilising the GFM approach. The

corresponding material properties are shown in Table 3.3.

3.4.1 The influence of damping effects

In section 3.2 and 3.3, the results showed that the critical dynamic buckling load of the
damped system is larger than the undamped system. In order to further explore the
relationship between damping ratio and critical load, five damping ratios ¢ from 0
(undamped system) to 0.08 are explicitly investigated as shown in Figure 3.12. It is
obvious that the increase of the damping ratios result in an increase of dynamic
dimensionless buckling load. When zoom in the key points, which is shown in the small
rectangular box, the time instants of buckling are also delayed with the increasing of the

damping ratio as shown in Table 3.12.
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Figure 3.12 The time-load curve for different damping ratios

Table 3.12 The time-load curve for different damping ratios

Dimensionless time t*  Dimensionless critical load Pc,*

0.5680 4.89E-04
0.5701 4.92E-04
0.5739 4.95E-04
0.5783 4.99E-04
0.5810 5.02E-04

3.4.2 The influence of thermal effects

In this subsection, the influence of the variation of the thermal environment is
investigated. The coefficient of thermal expansion in steel beam is positive (ax=12x10"°
K™) for the rise of temperature and is negative (ax=-12x10"° K™) for the fall of
temperature based on the room temperature (20°C). It is assumed that thermal
environment is a uniform temperature, which means that thermal load is a prestressing

load in the beam, while the temperature-dependent material properties are ignored. The
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thermal stresses induced by a uniform temperature rise of fall are also shown in Egs. (3.27)

and (3.45).

Five temperature changes AT from -20°C to +20 °C are explicitly studied, and 0 °C is
defined as the reference temperature to represent the stress-free state case. The time-load
curves under different temperature changes are plotted in Figure 3.13. It can be observed
that for the structure has a negative force at the beginning of loading for temperature rise
while a positive force for temperature fall. One can obtain two conclusions from this
figure. The first one is that the critical buckling is decreased for temperature change AT
from -20°C to +20°C. Since the temperature-dependent material properties are ignored in
this analysis, the thermal effects are presented as a prestressing loading as shown in
Eq.(3.30) and Eq.(3.47). The values of critical buckling load of each AT are shown in

Table 3.13.

Moreover, with the AT change from -20°C to +20 °C, the dimensionless time t” is
delayed, which means temperature rise would defer the time of buckling while
temperature fall would cause the structure to buckle in shorter duration. The critical
buckling load and the corresponding buckling time are the two critical impacts in dynamic

buckling.
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Figure 3.14 The time-deflection curve for different temperature change
In addition to the maximum deflection, the time-deflection curves are also plotted in
Figure 3.14. Combined with Figure 3.14 and Table 3.13, another finding is that with AT
changes from -20°C to +20 °C, the dimensionless transverse deflection is increasing with

the increase of dimensionless buckling time.
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Table 3.13 The critical values of beam column for temperature change

Temperature

change/°C t" t/s Per” Per (N) w” w (mm)
-20 0.3640 0.0122 5.4455E-04 137227.4479 5.0032E-03 5.0032
-10 0.4549 0.0152 5.0916E-04 128308.0928 5.2695E-03 5.2695

0 0.5691 0.0191 5.0158E-04 126399.1497 5.3555E-03 5.3555
10 0.6840 0.0229 4.9733E-04 125326.0961 5.4430E-03 5.4430
20 0.7920 0.0265 4.8020E-04 121009.7834 5.5532E-03 5.5532

3.4.3 The influence of compression rates

In section 3.3, the verification of different velocities for different boundary conditions
has been discussed. In this part, more dynamic characteristic of dynamic buckling under

different compression rates are studied.
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Figure 3.15 The time-deflection curve for different velocities
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Figure 3.15 shows the time-deflection curves for a simply-supported beam-column for
different dimensionless velocity, v*. In this figure, the dynamic buckling responses give
a charter of oscillation and an increasing of velocity would aggravate the vibration. This
phenomenon can be observed when the structure is the onset of the buckle. Some
researchers hold the opinion that the first inflexion on the response curve representing the
critical condition [201]. However, the peak load already reached before the first inflexion

if one observed Figure 3.13 and Figure 3.14 carefully.
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Figure 3.16 The time-load curve for different initial eccentricities

3.4.4 The influence of initial eccentricity

Initial eccentricity is one of the most important parameters in dynamic buckling
analysis. In this section, five different dimensionless initial eccentricities e” are discussed.
In Figure 3.16, it is clearly demonstrated that a slight change of initial deflection would
result in an apparent change in critical buckling load. For example, if initial deflection
e“increase from 5x10 to 1x1073, the dynamic critical load would decrease by 1.25 times.

Therefore, initial eccentricity is much more important than other parameters.
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3.4.5 The influence of boundary condition

This subsection is dedicated to understanding the effects of different boundary
conditions on the buckling behaviour of a beam-column. In Section 3.3, different
boundary conditions are shown in different terms of the first mode buckled shape function.
Furthermore, the validity of the first mode buckled shape function for dynamic buckling

analysis is examined by comparing the results from ANM and with the FEM results in

Section 3.3.1.
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Figure 3.18 The time-deflection curve for different boundary conditions

In this section, five typical boundary conditions, such as P-P, C-C, C-P, C-F, P-F, are
discussed, where P, C and F denote pinned, clamped and free, respectively. Figure 3.17
depicts the variation of the dimensionless axial load with the dimensionless time for five
different boundary conditions. If one sort the critical buckling load in descending order,
the following conclusion be made: C-C>P-F>C-P>C-F>P-P. The time-deflection curve
is also shown in Figure 3.18. Similarly, the buckle time in descending order is that, C-
C>P-F>C-P>C-F>P-P. However, the dimensionless transverse deflections in descending
order is C-P>C-F>C-C>C-P>P-P. These conclusions are much more important for
engineers during the design of beam or column structure subjected to dynamic loading.
They can compare the results from critical buckling load, buckle time and transverse

deflections.

3.4.6 The relationship of velocity, damping effects and thermal effects

In addition to the parametric analysis, the critical loads of different damping
coefficients for different velocities are discussed. Ten dimensionless velocities v* from
0.1 to 1.5 and ten different dimensionless damping coefficients c4” from 0 to 0.09 are
explicitly investigated. Figure 3.19 shows the relationship between the load, velocity and
damping coefficient. The increase of velocities will result in an increase of dynamic
critical load, which is also shown in Figure 3.10. In order to further explore the
relationship between damping coefficient and critical load, the projection of Figure 3.19
is also established and shown in Figure 3.20. It can be observed that dynamic critical load

increases slightly with an increase of the damping coefficients.
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Figure 3.21 shows the relationship of load, velocity and temperature change. Similarly,
ten dimensionless temperature changes AT* from -0.15 to 0.15 and ten different
dimensionless velocities v* from 0.1 to 1.5 are studied. With the increase of temperature
change, the critical load increase from 0.8328 to 1.165, while the critical load has a
significant increase due to the increase of velocities. When both velocity and temperature
change reach to the maximum value, one can see that the maximum dynamic buckling
load and the beams need to sustain a much larger load than static one in some special

situations, which tells us that ignoring these effects can be very dangerous for structures.

Figure 3.22 shows the relationship between the critical buckling load, damping
coefficient and temperature change. Similarly, ten dimensionless temperature changes
AT from -0.15 to 0.15 and ten different dimensionless damping coefficients cq” from 0 to
0.09 are explicitly analysed. With the increase of damping coefficients, the critical load
increase from 1.309 to 1.351, while the critical load has a significant increase due to the
increase of temperature change. When both velocity and temperature change equal the
maximum value, one can see the maximum critical load, which is lower than the
combined temperature changes and velocities. Therefore, for a beam-column subjected
to a compression rate in the presence of damping effects under thermal environment,
velocities of load are the most important parameter for structures, then temperature

change. And the last one is damping effects.
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Figure 3.19 The relationship of load, velocity and damping coefficient
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Figure 3.20 The critical load under different damping coefficient
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Dimensionless Critical Load (P')

Figure 3.22 The relationship of load, damping coefficient and temperature change

3.5 Conclusion

This chapter presents two analytical-numerical methods (EM and GFM) for dynamic
stability assessment of Euler-Bernoulli beam. The proposed analytical-numerical
methods are able to incorporate multiple types of parameters of the dynamic response of

structures within a unified nonlinear ordinary differential equation, such as beam
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geometry, material properties, loading rate, and different boundary conditions, especially

damping and thermal effects. Consequently, the structure stability assessment against

dynamic loading can be examined. By further comparing with FEM, the accuracy of the

proposed method has been rigorously justified. All computational results have shown that

the proposed method is in good agreement with FEM with/without damping effects or/and

with/without thermal effects and the following remarks can be concluded:

1)

2)

3)

4)

The presence of the damping effects can strengthen structure ability against
buckling by increasing the dynamic buckling load. However, the buckling time

of structure will be delayed for a damped system.

The critical buckling is deceased for the temperature change from temperature
fall to temperature rise. Moreover, temperature rise would defer the time of

buckling while temperature fall would accelerate the time of buckling.

For a beam-column subjected to a compression rate in the presence of damping
effects under thermal environment, velocities of load are the most important
parameter for structures, then temperature change. However, in this case, the

damping effect has the least effects.

Compared with the traditional FEM, the proposed method is time-saving and
more accurate. Because one does not need to deal with problems such as mesh
refinement, element types, modelling, analysis types, boundary conditions, etc.
Moreover, the developed method can help optimum design of beam-columns

structures under dynamic loadings.
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Therefore, the developed method presented herein provides a comprehensive
analytical analysis framework for dynamic stability assessment of beam-columns, as well
as a vivid modelling on the damping effects under thermal environment for structures

under dynamic loadings.
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Chapter 4 Nonlinear dynamic
characteristics and stability of
composite orthotropic plate on elastic

foundation under thermal environment

4.1 Introduction

For dynamic analysis of orthotropic plates, many researchers paid attention to natural
frequency, linear and nonlinear vibration responses, and frequency-amplitude curves.
From authors’ knowledge and above reviewed literature, there are no researches about
nonlinear dynamic characteristics and stability of orthotropic plate subjected to constant
velocities on the elastic foundation under thermal environment, even considering

damping effects.

Therefore, the dynamic behaviours and stability of the eccentrically composite
rectangular orthotropic plates subjected to different loading rates is investigated in this
chapter. The dynamic longitudinal loading on the plate is accomplished by a constant
displacement rate of one end with respect to the other. The nonlinear compatibility
equation is derived by using the classical plate theory with the consideration of von-
Karman strain-displacement relation. Then the nonlinear dynamic buckling equation
considering thermal effects and damping effects on Winkler-Pasternak elastic foundation

is obtained by Airy’s stress function and Galerkin method. Finally, the nonlinear
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compatibility equation is solved by fourth-order Runge-Kutta method and the nonlinear
dynamic stability of the composite rectangular orthotropic plates are presented based on
Budiansky-Roth criterion[2, 6, 202]. Various effects of constant velocity, damping ratio,
temperature change, buckling mode, initial imperfection, foundation parameter on

nonlinear dynamic buckling of the plate are discussed.

4.2 Theory and formulation

Consider a simply-supported composite orthotropic plate resting on a Winkler-
Pasternak elastic foundation with length a, width b and thickness h under uniform thermal
environment A7, as shown in Figure 4.1. The Cartesian coordinate system (x,y,z) is
established, in which the (x,y) plane is on the middle surface of the plate and z is the
thickness direction. Also, the plate is subjected to a constant compression rate v along the

x direction.

N
—_—
~
o
[WN]

(@) (b)

Figure 4.1 Geometry and dimensions of composite orthotropic plate resting on a
Winkler-Pasternak elastic foundation under uniform thermal environment subjected to
constant axial velocity
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According to Hooker’s stress-strain relation, the constitutive equations of an

orthotropic plate under uniform environment A7 have the form.

Oy Cu Cp 0 |l&- ‘9:
o,0=1Cun Cpn 0 Re, —.’3;
Txy C66 7/xy
and
&, 1/, -v,/E, 0 ||o, &)
& r=|-V,/E  1/E, 0 [Ho,p+ie
Y 0 0 1/Gy, || 7y 0

where thermal strains have the following form

el =a, AT(X,Y,2,t)
&, =a,AT(X,Y,7,t)

with a, , a, the coefficients of linear thermal expansion along the x and y axes,

respectively.

in which the elastic constants for orthotropic materials are given following:

E
Cu= (@ —E V%VH)
Co = v _E%jiu)
)
Ce = vy
Ce =Gy,
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where E1, Ez, vi2 and vz1 are the moduli of elasticity and Poisson ratio in x and y
directions, respectively. Gy is the shear modulus.

The expansion of Eq.(4.1) can be written as

Oy = Cll(gx - 8)1- ) + Clz(gy - 8;)
oy =Cy(e, —&,)+Cp(e, —¢y) (4.5)
Txy = C667/xy

Considering the initial imperfection, the von-Karman nonlinear strain-displacement

relations can be written

au 1(8Wj2_1(aW0J2_282(W_W0)

*ox 2\ 0ox 2\ ox x>
2 2

ov 1(ow 1( ow, o%(w—w,
S RS R

oy 2\ oy 2\ oy oy

2 —

yxy:a_u+@+@a_w_awoawo_zza(w W,)

oy OXx oxoy ox oy OXoy

where u,v, ware the displacement components of middle surface of the plate in x,y,z

direction, respectively.

Following the classical (Kirchhoff) plate theory and substituting Egs.(4.6) into

Eqgs.(4.5), the moment resultants of an orthotropic plate are given following:

h/2 h®
M, = th/ZGXZdZ - _E[Cll(W_WO):XX +ClZ(W_WO),yy]_(MlTl + Msz)
h/2 h®
M, = thzayzdz = —E[CH(W—WO)'XX +C,, (W—WO)YW]— (M w+M sz) 4.7)
h/2 h?
MXY :J. /ZTXVZdZ :_ECGB(W_WO),xy
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where the bending moment due to the thermal effects can be obtained
h/2
M), =C, —hlzgl 2dz

T h/2 T
M, =C, Sy zdz

r (4.8)
T T
My =Cp| & zdz

T h/2 T
M,, =C,, R zdz

By differentiating ¢, , ¢, , »,, from Egs.(4.6) twice with respect to yx and

X,y ,respectively, one can obtain the nonlinear kinematic compatibility equilibrium

o%e, . o%e, %y _[o*w ’ _o'wotw (2w, ’ . o*w, 8°w, (4.9)
oy>  ox* oxoy | oxoy o’y 0°x | oxoy 0’y 0°x
Airy’s stress function F(X,y), is defined as follows
O°F(x, 0°F(x, 0°F(x,
Oy = 8)(/2 y)’ay - 8)((2 y)’TW - 8X(6yy) (4.10)

Substituting EQgs.(4.2) and (4.10) into Eq.(4.9), the nonlinear compatibility equation

for buckling of imperfect rectangular plates can be written

1 0'F v, 1 ) 8'F 10'F 0o% 0
P a . e rorto T E ~d T a2 a2
E, ox E, 2G, )o°x0°y E, oy oy oX
_(otw) _awatw _(wy) o*w, 0w,

oxey ) o’y o°x | oxoy o’y 9%x

(4.11)

The nonlinear dynamic equilibrium equations for an eccentrically orthotropic plate

resting on the Winkler-Pasternak elastic foundation under uniform temperature change
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and uniformly out-plate distributed load qo including damping effects based on classical

plate theory are

N, ON, o’u ou
L+ = +Cy oN— 4.12
x o ph ot aPn P (4.12)
oN ON o%v ov
Lyt = +eyoh— 4.13
aX ay phatz dphat ( )
2 2 2 2 o’M, _o°M
Nxa—\gv+Nya—V2V+2nyaW+a M2X+ L +2 <l
OX oy oxoy  oX oy OXoy
0% (w—w, 0% (W—w,
—k, (W—w,)+k,, (ax2 0)+kpy (6y2 0)+q0 (4.14)

o*w ow
=P e

where cq denotes the damping coefficient of the structure; kw is Winkler foundation
modulus, kox and kpy is the shear layer foundation stiffness of Pasternak model along x

and y direction. If the foundation is isotropic, it is obvious that kpx=Kpy=Kp.
and where

B 4 N — hi2 dz N — hi2 q
S P Z, Xy —thzfxy Z, y = )0y (4.15)

Substituting Eqs.(4.7) and Eqgs.(4.8) into Eq.(4.14), the dynamic equation of the plate

can be obtained
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4(w— 4(wW— 4(W— o (M + M/
Dlla(W4W0)+2(D12+2D66)8(V\2 \IZVO)+D228(W 4W0)+ ( 112 12)
OX ox oy oy OX

*(My+My,)  [owa?F o'waF . o*w &°F  ow
+ 2 =Nt Pz P
oy ox% oy oyt o'x oxayoxay | at

2 _ 2 _
) P-w)

_kw(W_W0)+kpx axz 8yz qO

(4.16)

From E1v21=EV12, S0 that C12=C1. The flexural rigidities are given by Dj=Cijh%/12

_ ER’
H12(1-vy,Vy,)
E,h?
22 = AN
12(1_V12V21)
— E1V21h3 — E2V12h3
12 12(1_V12V21) 12(1_V12V21)
G.h®
D — 12
66 12

(4.17)

When considering uniform temperature changes in the environment, the nonlinear

compatibility equation for buckling of imperfect rectangular plates Eq.(4.11) can be

reduced to

1 0*F v, 1 ) o°F 1 0°F
=ty -t oot
E, ox E, 2G,)o0°x0°y E, oy

[ 2w Z_GZWGZW_ o*W, 2+62W0 o*w,
OXoy o’y o°x | oxoy o’y 0°x

And the dynamic equation for orthotropic plate Eg.(4.16) can be reduced to
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4o AW —
I:)11(’;’(W w,) 2(D12+2D66)8(W W)+D 0" (W—w,)

aX4 ay2 22 ay4
2 2 2 2
_ha\gvaF 8W82 _28W8F_p6\£v_cdp@ (4.19)
154 ay ay 0°X OX0y OXoy ot ot

0% (w—w, ot(w—w,
—k, (W—w,)+k,, (8x2 O)+kpy (8y2 O)+q0

4.3 Nonlinear dynamic analysis of an orthotropic plate

4.3.1 Solution of the problem

The boundary conditions for w and w, of a supported plate where the edges remain

straight after buckling are

w=w,=0
o'w 0w, 0 x=0and x=a (4.20)
X2 oxE
and
W=Ww, =
o’'w  o’w, y=0and y=b (4.21)
From the above figure, the average stress in each direction becomes
b 0°F (X,
_J‘ I %dy ——p(t)
Y for x=0,a (4.22)
ey :_lra F6Y) g - N
bl ¥ b oxoy v

where p(t) is the average compressive stress due to the constant compression rates
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1jo""ayolx ajoa F0Y) 4k =0

82
f =0,b 4.23
Yo F(x y) ory (423)
_J I dx =N,
Talk OXoy

The deflection function for the SSSS boundary condition plate will be assumed to be

the single mode[74]
W(x, y,t) =W.__(t)sin( mT”X)sin( ”T”y) (4.24)

where Wmn(t) is the time-varying amplitude of w, and m and n are the number of half
waves in the x and y directions, respectively. Moreover, other boundary conditions can

be considered if one selects the proper trigonometric admissible functions[75].

Also, the initial shape function can be taken as
W, (X, y) =W, 5|n( )sm( n;zy) (4.25)

where Wo represents the initial eccentricity value of the plate.

Substituting Eq.(4.24) and Eq.(4.25) into the nonlinear compatibility Eq.(4.18) and

solving the obtained equation for unknown F lead to

2 22
E(x,y,t) = a n2 2(\Nmn W )co 2m7zx bm El (Wmn W, ?) cos 2nry
32b "2 (4.26)
—Zp(t 2
5 p( )y

Then, using Eqgs.(4.24), (4.25) and (4.26), Eq.(4.19) can be rewritten as
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m* m?n? n* 1 m? n?
|:D11?+2(D12 + 2D66)W+ Dzz b_4+ kw?-i_ kpx ﬁ"‘ kpy W:|(\Nmn _Wo)
m2hp (t
qLP: ng )Wmn_p_l;](azvvzmn +c, ann)
T a‘w T ot ot
4 4
+E{m_4 E, coszn—;fy + 2—4 E, cosm} (W2 —WAHW_

(4.27)

Applying the Galerkin method to EQ.(4.27) and multiplying each term with
sin(mnx/a)sin(nzy/b)dxdy, then integrating over the middle surface of the plate, the

equation becomes

OWop | o« Moy G

mn +
ot? ‘ot yo,
7 m* m?n? n* 1 m? n?
+E Dll?+2(D12+2D66)W+ D22F+kW?+kpx a27z'2 +kpy b27z'2 (428)

m’z?p (1) 4 (m* n
.(\Nmn _WO) _Twmn + 24,0 ? El +b_4 EZ (\Nrr?n _WOZ)Wmn =0

4.3.2 In-plane compressive force

Substitute Eq.(4.26) into Eq.(4.22), the membrane stresses can be obtained

m°z°E, . » ) 2n7zy
o, =— -W,")cos——— p(t
X 83.2 (\Nmn 0 ) b p( )
n’z’E 2mzx
e Wiy ~Wg) cOS = (4.29)
7z, =0

Getting together Eq.(4.6) with Eq.(4.2), we can have the following equations
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ou 1(8Wj2 ~ 1[6‘\%)2 ., 0% (W—w,)

& =—+—| —
ox 2\ ox OX Ox*

o o
e, =2 -V, —L+e]

X El E2 X

2

(4.30)

Substitute Eq.(4.29) into Egs.(4.30) and eliminating &, , then du/ox can be expressed

& Q a a b

7’ . mzXx . nry

m-z t)
. 2 —W2 A sin sin W) - p( +8T
(\Nmn 0 ) E2 3 b (Wmn 0) El X

2_2
T

+zW,, ~Wo) T sin(M sin( Yy
a a b

ou .| m? 2mzx 2mzx _ 2nry n
=—7 1+cos —CO0S Ccos -V, a7

where ou/0x strain at any point through the plate thickness in x-direction; when z=0,

Ou/Ox represents the strain at points on the plate middle plane. Therefore, for

simplification, in this chapter we just consider the strain at points on the plate middle

plane.

The dynamic longitudinal loading on the plate is accomplished by a constant

displacement rate v along x-axis of one end with respect to the other; therefore, the

displacement along x-axis due to the loading rate can be solved by

a 2_2

U= a—udx:—m—ﬁ(\ann _WOZ)_&JragI
0 OX 8a E,

U =-vt

where negative in the displacement means the plate edge is shorten.

Also, the average value of compressive stress p(t) can be expressed
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2E 2
p(t)= %vt—mST{’(W,ﬁn ~WZ)+E,ée] (4.33)

The coefficient of thermal expansion in plate is positive (ax=12x10"% K1) for the fall
of temperature and is negative (ax=-12x10"° K1) for the rise of temperature based on the
room temperature (T=300K). This is because the plate will expand due to the rise of

temperature, which may result in tension force along the edge of the plate.

4.3.3 Vibration analysis

For an imperfect orthotropic plate on Winkler-Pasternak elastic foundation in thermal
environment subjected to out-plane uniformly distributed load (UDL) qo=Qsin(wt) and

in-plane compressive force p(t), respectively. Then Eg.(4.28) can be written as

azWmn C ann _ QSin (Wt)
oz ot D
m* m2n? n*
714 D11?+2(D12+2D66)W+D22F
I 2 : (Wi, ~ W) (4.34)
ph 1 m n
+kW?+ kpx alr? + kpy b2,

m2r2p(t 4 4 4
_72.2—p()wmn +%[m_4 El +2_4 EZ](\Nn?n _WOZ)Wmn =0
a‘p p,\a

where Q is the amplitude of the UDL and w is the frequency of the excitation force.

By solving Eq.(4.34), the natural frequencies of the orthotropic plate, and the
frequency-amplitude relation of nonlinear vibration with or without damping, the
nonlinear behaviour of the orthotropic plate on Winkler-Pasternak elastic foundation can

be obtained.
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For the free and linear vibration without damping effect, considering only initially

perfect plates, W, =0, the Eq.(4.34) becomes

m* m?®n? n*
D,—+2(D,+2D)——+D,, —
aZWmn 72_4 11 a4 12 66 a2b2 22 b4
7 2 : W, =0 (4.35)
ot”  ph L om oo

For harmonic motion, Wmn(t) may be taken in the form

W_(t) = Asin( ot) (4.36)

where A is the amplitude of the vibration.

Substituting Eq.(4.36) into Eq.(4.35), the fundamental frequency of natural vibration

of orthotropic plate on Winkler-Pasternak elastic foundation can be determined by

4 2,42 4

m mn n
”4 D11¥+2(D12+2D66)W+D22b_4
O = |— , ] (4.37)
ph ‘ 1 VLD
+W?+ pxazﬂzjL P 2.2

When the compressive loading rate v=0 and considering an initially perfect plate, the
nonlinear vibration of an orthotropic plate with the consideration of damping effect on

Winkler-Pasternak elastic foundation can be obtain from Eqs.(4.33) and (4.34)
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oW, o Moy Qsin(wt)
atZ d at p
m* m?n? n
72_4 D11?+2(D12 +2DGG)W+ Dzz b_4
+— W, (4.38)
ph " m? ‘ n?
+ WF+ [ a2”2+ P 9272
2 2.7 4 4 4
mimﬂ;immf%” M D E W =0
pa 24p | a b

Substituting Eq.(4.36) into nonlinear vibration equation (4.38) and applying Galerkin

method, one can obtain that

2 3
a)z——cda)zcl—c2+—c3A2—g (4.39)
V4 4 PA
where
m* m2n® n*
; _a)z _72__4 D11?+2(D12+2D66)W+D22F
1T~ ““mn —
it 1 m? n?
o Ko gt oo
2 2T
¢, = BM7& (4.40)
2 pa2

4 4 4
S ﬂ}a+%@
24p\ a b

Eq.(4.39) is the nonlinear vibration equation of an orthotropic plate subjected to out-
plane uniformly distributed load (UDL) and uniformly temperature changes environment

on Winkler-Pasternak elastic foundation with damping effects.
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1) When Q=0, the nonlinear free vibration of an orthotropic plate under uniformly
temperature changes environment on Winkler-Pasternak elastic foundation is

obtained

a)z—gcdw:cl—c2+§c3A2 (4.41)
T 4

2) When ¢] =0, the nonlinear free vibration of an orthotropic plate under out-

plane uniformly distributed load on Winkler-Pasternak elastic foundation is

obtained

a)z—gcdc<):cl+§C3A2—g (4.42)
/4 4 PA

3) When Q=0 and &, =0, the nonlinear free vibration of an orthotropic plate on

Winkler-Pasternak elastic foundation can be determined by

o’ —Ecda)zcl +§ch2 (4.43)
V4 4

4.3.4 Buckling analysis

4.3.4.1 Static buckling analysis

For an initially perfect plate, by omitting the out-plane UDL, velocity, acceleration

and high-order terms, Eq.(4.28) can be reduced into

ya m* m?n? n* 1 m? n?
T Dll?—l_ 2(D,, + 2D66)—a2b2 +D,, b_4+ kW?+ kpX 7 + kpy 7
. ( ) (4.44)
m?p(t
—— -0
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Eq.(4.44) is the linear static equation of the orthotropic plate on an elastic foundation,
which can also obtain from the corresponding static case using the linear theory. Then the

critical buckling load is

4 2,2 4

m mn n
alr? D11_4+2(D12 +2D66) o T D22_4
_ a a‘b b
Py =— ) ) (4.45)
m°h " 1  moon
+ w?"‘ pX 8.272'2 + py b272'2

Therefore, the dimensionless in-plane static buckling load is defined as follows:

by =p, 2
st st D117T2
2.2 2.2
— m2 + 2(D12 +2D66) a 2 + D22 a ? (446)
D, b D, b
2 4.2
+k 1 +k a an

+
w 2_4 px 2_2 py 2,22
D,m°z D,m°z D,b'm°z

4.3.4.2 Dynamic buckling analysis

Then substituting Eq.(4.33) into Eq.(4.28), the governing equation of nonlinear
dynamic buckling of an orthotropic rectangular plate subjected to a constant loading rate

v with thermal effect and damping effect can be derived
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oW, W,
S+ Cy
ot ot
m* m’n? n’
pr D11 ?4‘ 2(D12 + ZDGG)W"‘ D22 b_4
+— 9 ) (\Nmn _WO)
ph K Lo, m . oon
+ w?"‘ pXW_'_ pyﬁ (4.47)
m’z’W_. | E, . m’Ezx’
) Fyt o — 1 (W2 -WH)+Eég!
azp { a 8a2 (\Nmn 0 ) 1% x
4 4 4
T m n 2 2
+ 24,0 [? El + F EZ](\Nmn _WO )Wmn
Introduce the following non-dimensional parameters and constants
Wr:n:Wmn ’WO*:%’T: t 1V*: v ,
h pha a E,
E, pha
D,,7’ 2(Dy, +2Dy) a
d=—"5d,=——"5d, =—
E,a D, b (4.48)
d, _D,, d. _h d _E
D, a E,
K = k,a’ _ kpxa2 kpya4

By considering the viscous damping as internal damping effects, one can obtain that:

Cd = 2al)mné/
. 4.49
Cy =G4 p_ha ( )
El

where cq denotes the damping coefficient of the structure; @,,, denotes the circular natural
frequency of the plate corresponding to mode (m,n); and £ denotes the damping ratio of

the plate.
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Therefore, the differential equations governing the nonlinear behaviour of an

orthotropic plate can be written in a non-dimensional form

*

oW, L oW

mn mn
> TG
or or

+d, (m* +d,dim’n’ +d,dJn* + K, + K, m? + K, n®) W, -W,)

m272'2d52 (4.50)

2 _ApN* * *2 *2 T
—d.m nWm{v T— . —W, )+€X}
443

5

+ (gl O, WP,

According to the dimensionless quantities of Eq.(4.48), the normalised buckling load

from EQ.(4.33) can be represented as:

2_242
pi =0 =d{v*r——m 7 W, W) 4] } @s1)
st
where
E,a’hm?’
d, = & M (4.52)

2 4 2212 4.4 2 2
D,z°(m* +d,dym"n” +d,d;n" + K, + K ,m"+K n%)

4.4 Numerical results and discussion
4.4.1 Verification of proposed method

In this section, the accuracy of the proposed method is verified with published papers

and the following dimensionless parameters are defined.

Natural frequency of orthotropic plate without Winkler-Pasternak elastic foundation
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2
@ = a.d& (4.53)
D22 (1_ V12V21)

Natural frequency of orthotropic plate with Winkler-Pasternak elastic foundation

h 2
By = a4 2 (4.54)
Dll

The dimensionless elastic constants of foundations may also be defined as

follows[203],[204]

K,=—“— K, = =B (4.55)

Table 4.1 Comparison on the frequency parameter of SSSS orthotropic plate without
Winkler-Pasternak elastic foundation

MOdneusnfg:fnce T Ref.[204] Ref[205] Ref[206] VoR%° [Ezrng%’%]"""h
18 490236 (11)° 488896 4902  4.9002 0.27%
ond 725736 (1,2) 7.23752 7253  7.2562 0.27%
3 838180 (2,1) 835899 834 83823 0.27%
At 0.80473(22) 977791 9795  9.7997 0.27%
5t 1010273 (1,3) 1007513 10079  10.1161 0.27%
6t 11.95108 (2,3) 11.91839 11.924  11.9501 0.27%

*Numbers in parentheses refer to mode type (m,n).

At first, the natural frequencies of perfect SSSS orthotropic plate without Winkler-
Pasternak elastic foundation is calculated by present analysis and compared with Huang

et al.[205] using the discrete method, Bahmyari et al.[206] based on element free Galerkin
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method, and Rahbar-Ranji et al.[204] based on Rayleigh-Ritz method, as shown in Table
4.1. For Table 4.1, the dimensions of plate are a=b=1m, h=0.01a, the material properties
are taken as E1=60.7GPa, E;=24.8GPa, G1.=12GPa, v12=0.23, v21=0.094, p=1600kg/m®.
As can be seen, in this comparison study outstanding agreements are achieved and the

average errors in different modes have 0.27%.

Then the comparison on the frequency parameter of SSSS orthotropic plate with
Winkler-Pasternak elastic foundation solved by presented method with the results of
Rahbar-Ranji et al. [204] based on Rayleigh-Ritz method is investigated, as shown in
Table 4.2. In this part, dimensions of plate are a=b=1.2m, h=0.02a, the material properties
are taken as E1=185GPa, E»=10.5GPa, G1,=7.3GPa, v12=0.28, v21=0.01589, p=1600kg/m?.
Again it can be concluded that the proposed method has good accuracy for different
modes with or without elastic foundation. Additionally, the proposed analytical solution
Is quite simpler and faster than the cited references.

Table 4.2 Comparison on the frequency parameter of SSSS orthotropic plate with
Winkler-Pasternak elastic foundation

Frequency parameter

Al

Method K, b
1st 2nd 3rd 4th 5th 6th

6.76565  8.4894 9.00394 9.95903 10.14206 11.15779

Present
o 100 (L1 (1,2) (2,1) (2.2) (1,3) (2,3)
Ref.[204] 6.76565  8.48948 9.00394 9.95903 10.14210 11.15780
3.85714  4.35429 5.33623 6.45643 6.60842 6.72178
Present
100 0 (1,1) 1,2) (1,3) (2,1) (1,4) (2,2)
Ref.[204] 3.85714  4.35429 5.33624 6.45643 6.60842 6.72178
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6.84497  8.53005 9.03799 9.98424 10.16594 11.17574
Present

100 100 (1,1) (1,2) (2,1) (2,2) (1.3) (2,3)

Ref.[204] 6.84497 8.53005  9.03799 9.98424 10.16590 11.17570

*Numbers in parentheses refer to mode type (m,n).

Figure 4.2 and Figure 4.3 show the 3D plot of simultaneous effects of K ,and i on
dimensionless parameter of natural frequency @,,, and static buckling load P, ,
respectively. As can be seen, with the increase of K, and ik, the natural frequencies and
static buckling load become larger. While the influence of i is more pronounced than

K, especially for the static buckling load.
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Figure 4.2 Dimensionless parameter of natural frequency @,,, of an orthotropic

rectangular plate on Winkler-Pasternak elastic foundation with variable foundation
parameters
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Figure 4.3 Dimensionless parameter of static buckling load P of an orthotropic

rectangular plate on Winkler-Pasternak elastic foundation with variable foundation
parameters

4.4.2 Dynamic characteristics of orthotropic plate on Winkler-Pasternak elastic

foundation

4.4.2.1 Natural frequency and linear vibration

The results from Table 4.1 and Table 4.2 have verified the proposed methods.
Additional the effects of different aspect ratios, foundation parameters and mode numbers
on natural frequencies and static buckling, respectively, are shown in Table 4.3.
Obviously, the increasing of a/b leads to the increase of natural frequencies and static

buckling for the same foundation parameters, while the influence of K, is more

pronounced than K, especially for the static buckling load. Same results are shown

before. One interesting finding is that the influence of modes (m,n) does not have specific
laws. The increase of m will not cause the increase of static buckling. For example, the

static buckling of m=2,3 is smaller than m=1 when a=1,2.
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Table 4.3 Dimensionless parameter of natural frequency @,,,and static buckling P load

of SSSS orthotropic plate on Winkler-Pasternak elastic foundation for different aspect
ratios and foundation parameters (m=1-3, n=1, h=0.02a)

ab K, K

0 0 31807 6.3020 9.4372 1.0508 4.0481  9.0476

100 0 3.7716 6.3996 9.4668 2.0774 4.3048 9.1617
0.5

0 100 6.0458 8.7162 11.4289 13.7159 14.8135 19.4612

100 100 6.1559 8.7538 11.4456 14.7425 15.0701 19.5753

0 0 3.3190 6.3615 9.4755  1.2457 42031  9.1952

100 0 3.8571 6.4564 9.5047 2.2723 4.4598  9.3093

1
0 100 6.7656 9.0039 11.5718 21.5099 16.8683 20.4531
100 100 6.8450 9.0380 11.5879 22.5365 17.1249 20.5672
0 0 4.0135 6.6379 9.6414 2.6638 4.9827 9.8566
100 0 43543 6.7218 9.6692 3.6904 5.2393 9.9706
2

0 100 8.4895 9.9590 12.1050 53.3244 25.2469 24.4918

100 100 8.5301 9.9842 12.1191 54.3510 25.5036 24.6059

4.4.2.2 Frequency-amplitude curve

In a damped nonlinear forced or nonlinear free vibration system, the Frequency-
Amplitude (F-A) curve is of important impacts to study the oscillation laws of the system.
Normally, the graph of A versus F called a ‘backbone curve’ because of its shape. In this
subsection, the FA curve of an SSSS orthotropic plate resting on the elastic foundation
subjected to out-plane UDL including damping effects is investigated. The dimensions of

plate are a=b=25.4cm, h=0.005a, the material properties are taken as E1=275.79GPa,
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E2=27.579GPa, G1,=10.756GPa, v12=0.25, v21=0.025, p=1619kg/m>. The coefficients of

Winkler-Pasternak elastic foundation are kw =5x10°N/m?, Kpx = kpy=2.5x10*N/m.

Substituting Eq.(4.49) into Eq.(4.39), the nonlinear free vibration frequency can be

obtained

where £ denotes the damping ratio of the plate.

2

@ —ia)mng-a)zcl—c2 +§03A2 -
V1 4

0.8
0.7-
0.6-
0.5-

S04
0.3F

0.2r

0.1~

0

T T T

----- 1:Q=0(Free vibration)
2:Q=1E6 N/m?

—3:Q=1E5 N/m?
4:Q=-1E6 N/m?

—5:Q=-1E5 N/m?

WO=O,§=O,
(m,n)=(1,5),4T=0

T

0

(4.56)

Figure 4.4 The frequency-amplitude curve of the nonlinear vibration of a SSSS
orthotropic plate resting on the elastic foundation subjected to different external UDL
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Figure 4.5 The frequency-amplitude curve of the nonlinear vibration of a SSSS
orthotropic plate resting on the elastic foundation subjected to different temperature
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Figure 4.6 The frequency-amplitude curve of the nonlinear vibration of an SSSS

orthotropic plate resting on the elastic foundation subjected to different damping ratios

Figure 4.4 shows the effects of different external UDL Q on the FA curves of an SSSS
orthotropic plate resting on the elastic foundation while holding other parameters constant.

Q=0 is the nonlinear free vibration of the plate. As can be seen, for the relatively small
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magnitude of Q, the FA curve follows the one of nonlinear free vibration. Positive means
the force is upward, and vice versa. The FA curves of the nonlinear free vibration of an
SSSS orthotropic plate resting on the elastic foundation subjected to different temperature

changes are illustrated in

Figure 4.5. Five thermal changes are considered, which are 0°C, 20°C, 40°C, 60°C,
80°C. For the same amplitude, the frequencies ratios increase with an increase of
temperature changes. And for each single FA curve, the amplitudes increase

monotonically with an increase of frequencies ratios for all five cases.

Figure 4.6 investigates the effect of varying damping ratios f a SSSS orthotropic plate
resting on the elastic foundation while holding other parameters constant. As can be seen,
for the same amplitude, the increase of damping ratios leads to the increase of frequency
ratios; for the same frequency, damping ratios increase, while the amplitude decreases.
Also for each single FA curve, the amplitudes increase monotonically with an increase of
frequencies ratios for all five cases. The effects of the two parameters of Winkler-

Pasternak elastic foundation on FA curves are presented in

Figure 4.7. For the same amplitude, the increase of both kw and kp will cause the

decrease of frequency ratios; while the influence of k, is more pronounced than k.
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Figure 4.7 The frequency-amplitude curve of the nonlinear vibration of a SSSS
orthotropic plate resting on the elastic foundation subjected to different foundation

parameters
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Figure 4.8 The nonlinear dynamic responses of a SSSS orthotropic plate resting on the
elastic foundation subjected to different damping ratios
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Figure 4.9 The zoom in of the first period of Figure 4.8

4.4.2.3 Nonlinear dynamic responses

In order to study the nonlinear dynamic responses of an orthotropic plate on Winkler-
Pasternak elastic foundation in a thermal environment subjected to out-plane UDL,
Eq.(38) is solved based on fourth-order Runge-Kutta method. The dimensions of the plate
and the material properties are the same as last subsection, while the coefficients of
Winkler-Pasternak elastic foundation are kw =1x10°N/m?, Kox = kpy=1x103N/m and the

initial imperfection is 0.

Figure 4.8 and Figure 4.9 show the nonlinear dynamic responses of a SSSS orthotropic
plate resting on the elastic foundation subjected to different damping ratios. The excited
frequency »=2000rad/s and the amplitude Q=1x10°N/m?. As can be seen from Figure
4.8, the damping effects have a significant influence on the structure, especially in the
first vibration period, while after that the amplitude of plate keeps nearly the same for

different damping ratios. Figure 4.9 is the zoom in of the first period of Figure 4.8.
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Figure 4.10 The nonlinear dynamic responses of a SSSS orthotropic plate resting on the
elastic foundation subjected to different temperature changes
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Figure 4.11 The influence of different magnitudes of the excited forces on the nonlinear
dynamic responses of a SSSS orthotropic plate

The effects of different temperature changes on the nonlinear dynamic responses of a

SSSS orthotropic plate resting on the elastic foundation are shown in Figure 4.10. It shows

that the increase of temperature changes leads to the increase of amplitudes. This is

because the temperature rise will cause the increase of axial compression stresses and

further reduce the transverse stiffness of plate. Additionally, the uniform temperature
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changes look like the prestressing force on the plate edge, which will influence the plate
vibration frequencies, amplitudes, and undermine the critical buckling load. The same
results have been witnessed by Li et al. [207] and Bich et al.[208, 209]. When 4T=0, the
amplitudes of the plate is almost the same and keep a line near 0; then when temperature
rise, the plate bend to the downward direction. Before applying the UDL, the plate isin a
uniform temperature field, which means the plate will bend under such environment and

the amplitudes is negative.
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Figure 4.12 The influence of different frequencies of the excited forces on the nonlinear
dynamic responses of a SSSS orthotropic plate

Figure 4.11 and Figure 4.12 illustrate the influence of different magnitudes and
frequencies of the excited forces, respectively. As can be observed, the increase of the
magnitudes of excited force will increase the amplitude of the plate, which the oscillation
period remains unchanged. While when the forcing frequencies increase, both the

oscillation frequencies and amplitudes increase.

Figure 4.13 depicts the nonlinear responses of the orthotropic plate resting on the

elastic foundation subjected to different foundation parameters. Considering the elastic
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foundation, the deflection of the plate will decrease; while kp is more sensitive than ki for

the structures. This is because the elastic foundation restricts the transverse vibration.

Figure 4.14 shows the deflection-velocity relation of a SSSS orthotropic plate resting
on the elastic foundation. As can be seen that the deflection-velocity curve is closed and

symmetrical with respect to amplitudes equals to 0.
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Figure 4.13 The nonlinear dynamic responses of a SSSS orthotropic plate resting on the
elastic foundation subjected to different foundation parameters
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Figure 4.14 Deflection-velocity relation of a SSSS orthotropic plate resting on the
elastic foundation
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4.4.3 Dynamic stability of orthotropic plate on Winkler-Pasternak elastic
foundation

To investigate the nonlinear dynamic stability of an orthotropic plate on Winkler-
Pasternak elastic foundation in a thermal environment subjected to a constant
compression rate, Eq.(4.50) was solved numerically based on fourth-order Runge-Kutta
method. The dimensions of the plate and the material properties are the same as last
subsection, while the coefficients of Winkler-Pasternak elastic foundation are kw
=1x10°N/m?, Kox = kpy=1x10°N/m and the initial imperfection is Wo=0.01xh. Three value

of velocity v: 0.001m/s, 0.002m/s, 0.003m/s.

Figure 4.15 and Figure 4.16 show the dimensionless time-deflection curve, the
dimensionless time-load curve of a SSSS orthotropic plate resting on the elastic
foundation subjected to different velocities, respectively. When time multiplies velocity,
the longitudinal end-shortening can be obtained. Static post-buckling solution is solved
from the reduced form of Eq.(4.50), which ignore the transverse velocity and acceleration
terms. As can be seen from Figure 4.15 that all the static buckling curves have two phases,
which is a sudden increase of deflection from initial position and then nearly a linear
increase of deflection with respect to time. Moreover, all the dynamic buckling curves
have three phases, which are slow increase, rapid increase and then plate vibration. Figure
4.17 is the enlarged view of Figure 4.16. From Figure 4.16 and Figure 4.17, we can
observe that all the static buckling curves have two phases, which are linear pre-buckling
curves and linear post-buckling curves. Moreover, all the dynamic buckling curves have

two phases, which are linear pre-buckling and then plate vibration.
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From Figure 4.15, it is interesting to note that as velocity is small, the deflection of
static buckling is larger than the dynamic one, while after the first inflexion the dynamic
curves are oscillated about static ones when the velocity is increased. Therefore, as we
mentioned before, constant velocity schemes can help us find the threshold velocity
values between static and dynamic in experiments and theoretical analysis. Moreover,
from Figure 4.17, critical static buckling loads are the same for different velocity and
equals to 0.33. This is just we expected, and the velocity has no influence on the critical

buckling load. Because the eccentricity is 0.01xh in this section, pmn™ is not equal to 1.
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Figure 4.15 Dimensionless time-deflection curve of a SSSS orthotropic plate resting on
the elastic foundation subjected to different velocities
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Figure 4.16 Dimensionless time-load curve of a SSSS orthotropic plate resting on the
elastic foundation subjected to different velocities
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Figure 4.17 The zoom in of Figure 4.16(b)
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Figure 4.18 Dimensionless time-deflection curve of a SSSS orthotropic plate resting on
the elastic foundation subjected to damping ratios
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Figure 4.19 Dimensionless time-load curve of a SSSS orthotropic plate resting on the
elastic foundation subjected to different damping ratios

The effect of damping ratios on nonlinear dynamic buckling of orthotropic plate is
shown in Figure 4.18 and Figure 4.19. Clearly, the influence of increasing of damping
ratios is not very pronounced for deflections when compared with dynamic buckling load.
While the increasing damping ratios increases the dynamic buckling load and eliminates

the oscillations in the third phases. This is because damping depletes the strain energy
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which stored in the first two phases. The larger that damping ratios are, the more the

depletion.
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Figure 4.20 Dimensionless time-deflection curve of a SSSS orthotropic plate resting on
the elastic foundation subjected to different temperature changes
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Figure 4.21 Dimensionless time-load curve of a SSSS orthotropic plate resting on the
elastic foundation subjected to different temperature changes

Figure 4.20 and Figure 4.21 show the influence of temperature changes on nonlinear

dynamic buckling of orthotropic plate resting on the elastic foundation. It shows that the
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increase of temperature changes will delay the buckling time. If observing the two figures
carefully, one can find that the increase of temperature changes also decreases the
buckling load and increase the deflection of the plate. The same results also concluded

in the last subsection.
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Figure 4.22 Dimensionless time-deflection curve of a SSSS orthotropic plate resting on
the elastic foundation for different buckling modes
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Figure 4.23 Dimensionless time-load curve of a SSSS orthotropic plate resting on the
elastic foundation for different buckling modes
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Figure 4.22 and Figure 4.23 show the buckling modes on nonlinear dynamic buckling
of orthotropic plate resting on the elastic foundation. It is found that the increase of n (the
half-wave along y-axis) will decrease the critical buckling load and enlarge the oscillation;
while m (the half-wave along x-axis) increase, the critical load maybe increases or

decrease. However, the oscillation will be weakened due to the increase of m.
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Figure 4.24 Dimensionless time-deflection curve of a SSSS orthotropic plate resting on
the elastic foundation for different initial imperfections
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Figure 4.25 Dimensionless time-load curve of a SSSS orthotropic plate resting on the
elastic foundation for different initial imperfections
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In Figure 4.24 and Figure 4.25, the effects of different initial imperfections on
nonlinear dynamic buckling of orthotropic plate resting on the elastic foundation. Three
values are chosen, i.e.Wo =0.1xh, 0.01xh, 0.001xh. As shown, initial imperfections
greatly influence the dynamic buckling load and oscillation of third phases. When initial

imperfections increase, both the critical buckling load and oscillation of third phases

decrease.
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Figure 4.26 Dimensionless time-deflection curve of a SSSS orthotropic plate resting on
the elastic foundation for different foundation parameters
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Figure 4.27 Dimensionless time-load curve of a SSSS orthotropic plate resting on the

elastic foundation for different foundation parameters
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The influence of different elastic foundation parameters on nonlinear dynamic
buckling of orthotropic plate is also illustrated in Figure 4.26 and Figure 4.27. It is
obvious that the increase of kw would reduce the onset of buckling amplitudes and
decrease dynamic buckling load while holding all other things fixed. An interesting
finding is that when kp reaches 50*kp, there is an absence of dynamic buckling point or
even a clearly inflexion according to Budiansky-Roth criterion[2, 6, 202]. This is due to
the increase of kp restrict the transverse deflection of the plate and further mitigate

dynamic buckling load.

From the figures, although there is no clearly buckling point, there is a clear turning
between second phase and the third phase for Wmn"-t and between the first phase and
second phase for pmn-t. Some of the researchers give the explanation according to this

phenomenon. Bich et al. [210] took the intermediate value of the turning satisfying the

2
condition d;'/% = 0 when t=t¢r .Huang et al. [102] selected the first inflexion on the

. . azw,
response curve which also needs to satisfy —= = 0. Based on authors’ knowledge,

dt?
giving d?’% = 0 as the buckling points cannot accurately predicts the exact dynamic
buckling of orthotropic plate on the elastic foundation. This is because the slight
disturbance or inflexion is just the release of strain energy, and both Wmn ', T and pmn

change very small. Actually, as we all known, the load-capability is larger for an
orthotropic plate, moreover, the plate on an elastic foundation which restrict its transverse
movement. Therefore, the author thinks that the B-R criterion is unsuitable for the plate

on elastic foundation when foundation parameters become larger.

115



4.5 Conclusion

The chapter develops the nonlinear dynamic characteristics and stability of composite
orthotropic plate on Winkler-Pasternak elastic foundation subjected to different axial
velocities with damping and thermal effects for the first time. The Galerkin method and
Airy’s stress function were used to obtain the nonlinear differential equations. By using
fourth-order Runge-Kutta method and B-R criterion, the characteristics of natural
frequency, linear and nonlinear vibration, frequency-amplitude curve and nonlinear
dynamic responses were investigated; then various effects of constant velocity, damping
ratio, temperature change, buckling mode, initial imperfection, elastic foundation
parameter on nonlinear dynamic buckling of the plate were also discussed and the

following remarks can be concluded:

1. The formulation for dynamic responses is converted into an ordinary
differential equation with consideration of out-plate UDL, in-plate axial
velocity, damping effects, thermal effects and elastic foundation. The accuracy
of the obtained results of frequency parameters is verified against the published
paper by other methods and shows that the proposed method has good accuracy.

Moreover, the proposed method can be applied to micro- and nanostructures.

2. For the time-deflection relation, static buckling curves have two phases, which
are a sudden increase of deflection from initial position and then nearly a linear
increase of deflection with respect to time. The dynamic buckling curves have
three phases, which are slow increase, rapid increase of deflection with respect
to time and then plate oscillation; while for the time-load relation, static

buckling curves have two phases, which are linear pre-buckling curves and
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linear post-buckling curves, the dynamic buckling curves have two phases,
which are linear pre-buckling and then plate oscillation.

. When considering dynamic terms, the dynamic buckling loads are larger than
the static ones. However, the mid-plane deflections of dynamic are smaller than
static ones. The threshold velocity values between static and dynamic can be

solved, which are the key concerns in experiments and theoretical analysis.

. For the out-plate vibration due to UDL, the damping effects have a significant
influence on the structure, especially in the first vibration period, while after
that the amplitude of plate keeps nearly the same for different damping ratios.
And the velocity impulse dynamic stability analysis shows that the increase of
damping ratios increases the dynamic buckling load and eliminates the
oscillations in the third phases.

. Temperature rise will cause the increase of axial compression stresses and
further reduce the transverse stiffness of plate. Additionally, the uniform
temperature changes look like the prestressing force on the plate edge, which
will influence the plate vibration frequencies, amplitudes, and undermine the
critical buckling load.

. The two parameters of Winkler-Pasternak elastic foundation have a significant
influence on structural dynamic responses. Considering the elastic foundation,
the deflection of the plate will decrease; while Pasternak parameter is more
sensitive than Winkler one for the structures. Also the increase of foundation
parameters would reduce the onset of buckling amplitudes and decrease
dynamic buckling load. The author thought that the B-R criterion is unsuitable
for the plate on elastic foundation when foundation parameters become larger.
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Chapter 5 Nonlinear primary
resonance of functionally graded
porous cylindrical shells using the

method of multiple scales

5.1 Introduction

As one of the most promising materials in lightweight structures, the mechanics and
mechanism of FG porous structures have been investigated extensively in recent years.
Additionally, the understanding of free vibration and nonlinear vibration analysis is
crucial to FG porous cylindrical shells. However, no previous work has been done for FG
porous cylindrical shells with external harmonic excitation, especially for the resonant
characteristics with different internal porosity distributions. Thus, it is of great importance
to analyse the forced vibration behaviour of FG porous cylindrical shell due to the time-
dependent external forces and the proper understanding and development of primary
resonance of FG porous cylindrical shell can help engineers avoid the peak resonances of

the structural system in the design process.

The purpose of this chapter is to study the nonlinear forced vibration characteristics of
the cylindrical shell made of functionally graded porous materials subjected to a
uniformly distributed harmonic loading. The nonlinear compatibility equation is derived

by using the Donnell shell theory with the consideration of von-Karman strain-
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displacement relation and damping effect. With an acceptable accuracy, neglecting the
inertia and rotary inertia terms, the single-mode approximation of deflection was assumed,
which satisfies the boundary conditions[54, 211, 212]. Then the Galerkin method in
conjunction with the method of multiple scales is used to obtain a second-order nonlinear
ordinary equation with the cubic nonlinear term, named Duffing-type equation. Based on
this equation, the frequency-response analysis is investigated for three types of FG porous
cylindrical shells, that are symmetric porosity distribution, non-symmetric porosity stiff
or soft distribution, and uniform porosity distribution. The influences of porosity
distribution, porosity coefficient, damping ratio, amplitude and frequency of the external
harmonic excitation, aspect ratio and thickness ratio on the nonlinear dynamic behaviour

are discussed in detail.

5.2 Material gradient of an FG porous cylindrical shell

In this chapter, three types of FG porous distributions, namely Type 1(symmetric
porosity distribution) [142-149], Type 2 (non-symmetric porosity distribution) [76, 152-
154, 173] and Type 3 (uniform porosity distribution) are considered in cylindrical shells,
as shown in Figure 5.1. The elastic modulus and mass density of porous materials vary
through the thickness direction based on the assumption of a typical mechanical feature
of the open-cell metal foam. The variation of Young’s modulus E(z), shear modulus G(z)
and density p(z) through the thickness direction of the cylindrical shell is described by

Egs.(5.1)-(5.4).

A novel non-symmetric porosity soft distribution is also proposed and Young’s
module E, shear modulus G and density p of this type of distribution gradually become

small from inside diameter to outside diameter, as shown in Figure 5.1(c). Though non-
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symmetric porosity soft distribution is different from that of stiff type, both of them
occupy similar free vibration and forced vibration behaviour due to the same stiffness and
mass. Thus, for the convenience, in this chapter, both non-symmetric porosity stiff

distribution and soft distribution are called Type 2.

(a) Type 1 Symmetric porosity distribution (b) Type 2 Non-symmetric porosity stiff
distribution

(c) Type 2 Non-symmetric porosity soft (d) Type 3 Uniform porosity distribution
distribution

Figure 5.1 Cross-section of an FG porous cylindrical shell with different porosity
distributions
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Typel: symmetric porosity distribution

E(z)=E,, {1— N, cos| —

G(2)=G,., {1- N, cos| 22 (5.1)

,0(2) = Prmax |:1_ Nm CoS| —
Type2: non-symmetric porosity stiff distribution

E(z)=E,,|1-N,cos LI
2h 4
wlL 7

G(2)=G 1-N,cos| —+— 5.2

Tl T
7) = 1-N_cos| —+—

Or non-symmetric porosity soft distribution

. (7mz &
E(z)=E 1-N, sin| —+—
() max|: 0 2h 4

| |

(5.3)

. L T
G(2)=G 1-N, sin| —+—
(2) mf"{ 0 2h 4

| |

. (77 &
Z) = 1-N_sin| —+—

| I

Type3: uniform porosity distribution

E(2) = E,p,, (1- N,A)
G(2) =Gy (1 No2) (5.4)
p(Z) = Prmax (l_ N;i)
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where h is the thickness of the shell and varies from —h/2 to h/2. z is the coordinate in the
thickness direction. No is the coefficient of cylindrical shell porosity 0<No<1 and can be
obtained by No =1-Emin/Emax=1-Gmin/Gmax. The porosity coefficient of mass density is
defined as Nm=1-pmin/pmax. Emin, Gmin and pmin are the minimum values of Young’s
modulus, shear modulus and mass density in the thickness direction of the cylindrical
shell, while Emax, Gmaxand pmaxare the corresponding maximum values, respectively. Also
G(2)=E(2)/[2(1+V)] from the relationship between Young’s modulus and shear modulus.
In this chapter, we assume that Poisson’s ratio v of the shell is considered to be constant
because the effect of Poisson’s ratio on the deformation is much less than other material
properties[213]. The variations of Young’s modulus through the dimensionless thickness

z/h for different types of porosity distributions are shown in Figure 5.2.

The relation between Young’s modulus and mass density of metal foam materials was

presented by Gibson and Ashby [214] in the following form

2
E :
min — [ pmln j (55)
Emax pmax
Following this equation, one can obtain the expression between Ny and No

N, =1-1-N, (5.6)

Since the total masses M of the cylindrical shell with different porosity distributions
are the same, then the porosity coefficient of mass density Nm” in Eq.(5.4) for uniform

porosity distribution can be derived from Eq.(5.6) as follows
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. 1-J1-N,A
N = ot 5= 2Ny (5.7)

1 1(, 2N Y
e ) o0

-o-Type 1
- Type 2-Stiff distribution
N -&: Type 2-Soft distribution|
A,
e Type 3
“a
“a,
“a.
“a.
A
A
0504 0.6 0.8 1
E(2)/E

max

Figure 5.2 Variation of Young’s modulus through the dimensionless thickness z/h for

different types of porosity distributions

5.3 Theory and formulation

Consider a functionally graded porous cylindrical shell with length L, mean radius R
and thickness h, as shown in Figure 5.3. The Cartesian coordinate system (X,y,z) is
established, in which point O is located on the middle plane and at the left side of the
cylindrical shell. z is the thickness direction. Also, the cylindrical shell is subjected to a
uniformly distributed harmonic loading q(t) at both upper side and bottom side of the

cylindrical shell along the z direction.
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(b)

Figure 5.3 Geometry and the coordinate system of the FG porous cylindrical shell
subjected to a uniformly distributed harmonic loading q(t)

Based on the classical shell theory, the von-Karman nonlinear strain-displacement

relation on the middle plane of FG porous cylindrical shell can be written as

o ou 1fowY
& =—+—| —
ox 2\ O
2
g W Low (5.9)
a R 2\
o _Ou OV Owow
7xy =t t_
oy OXx OXx oy
where £ and & are normal strains, yy is the shear strain at the middle surface of the

shell. u, v, and w are the displacement components of middle surface of the cylindrical

shell in x, y, and z direction, respectively.
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The strain components across the shell thickness are
£ =& UKL E, =) FTK,, Yy = Ve + 22K, (5.10)

where xx , ky and xxy are the change of curvatures and twist and can be expressed as

K, =—0'W/ox’ K, =—0*w/ oy Ky, = —d*w/oxdy , respectively.

. .- 0 0.0 . .
By differentiating €, , €, 7,, from Eq.(5.9) twice with respect to y, x and x, vy,

respectively, one can obtain the nonlinear kinematic compatibility equilibrium as

2.0 2.0 2
sy 0 O, _( azwj _d'wotw 18w (5.11)

o2 o oxdy |\ oxoy) 'y o®x R oX

According to Hooker’s stress-strain relation, the constitutive equations of an FG

porous cylindrical shell are as follows

o= (£,+ve,)
o, = f_(\iz) (gy +v.sx) (5.12)
E(2)

where E and v are the moduli of elasticity and Poisson ratios.

The internal forces Nx, Ny, Nxyand the moment resultants My, My, Myy of the cylindrical
shell can be obtained by integrating the stresses through the thickness of the shell, as

follows
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h/2
{(NX,Ny,NXyJ,(MX,My,MXy)}:J lono,, 1) (5.13)

Inserting Egs.(5.9), (5.10) and (5.12) into Eq.(5.13) gives the constitutive relations in

matrix form as

N, Ay A, O 52 B, B, O X
Ny r=1 A Ay 0 33 +| B, By 0 Ky
N, 0 0 A yfy 0 0 Bgll2x,
. (5.14)
M, By By, 0 |fg D, D, O X
M, B, B, O 53 + D, D, O y
M, 0 0 Bg 7fy 0 0 D |25,
Then, Eq.(5.14) can be further simplified as
{N}=Ale}+B{x},{M}=B{e}+ Dix} (5.15)
where A, B and D are the matrixes about Aj;, Bij and Dj; (i, j=1,2,6).
Using the matrix calculus, the following equations can be obtained
{e}=A"{N}+B {«},{M}=C"{N}+ D" {«} (5.16)

where A*=A"1, B*=-A"1B, C*=BA'=-(B*)"and D*=D-BA™B.

Then by solving Eq.(5.16), one can be obtained
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&0 = AN, - A12Ny — Ay, (Byx, + BlZKy) + A, (Byx, + BzzKy)

" A121 - Azzl
83 _ AuN, — AuNy - AZl(Blle2+ Bliky) + A, (Byi, + Bzz’cy) (5.17)
A11 - A21
70 _ ny _2866ny
Y A

where

B (2 E B (2 Evd _hIZGd
Av=Pp = ln A=Ay = [ —odzA=[ | Gdz
h2 Ez h2 Evz h/2
B, =By, = _hi2 mdz’ B, =By = j-hle—vz dz, By = .[—hlz Gzdz, (5.18)
h2 Ez? hi2 Eyvz? e
D,=D,, = J—hfz—dl—vz 2,D,=D, = j—ml—vz dz, D, = f,h,ZGZ dz

The nonlinear dynamic equilibrium equations, for an FG porous cylindrical shell
subjected to a uniformly distributed harmonic loading q(t) including damping effect based
on classical shell theory, are given by

N, ON, o°u au

-+ = +Cyo 5.19
X oy Pt ot 4Pt P (5.19)

oN oN o oV

Y= +Cy 0, — 5.20
X Py Pt a2 4P o ( )
2 2 2 2 o°M, _o*°M, N
Nxa—\gv+Nya—V2V+2nyaW+8M2X+ 2+ Y +—L+q(t)
OX oy oxoy  0OX oy oxoy R (5.21)
2
:pta_\;v-'_cdpt@
ot ot

where
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p=,P(@).4() = Qeos(at) 522)

and where cq denotes the damping coefficient of the structure.
Similarly, from Eqg. (5.15) the moment resultants can be obtained

M, = Bllgf + Blzg(y) + Dk, + DlZK'y
M, = Bel +B,,el + Dyx, + Dy, (5.23)
M Xy = ngVSy + 2D66ny

With an acceptable accuracy and based on the assumption that the flexural motion is

ou 0%V
predominant in the present investigation[215], u << w and v < w, EE g_u Jees and Z—\t/

approach to 0. Thus, considering Egs.(5.19) and (5.20), the Airy’s stress function F(X,y)
is defined as follows
O*F(x,y) 0’ F(x,y) O*F(x,y)

o, = ,Gy = 8X2 ’Txy Z—ax—ay (524)

With Egs.(5.17) and (5.22), substituting Eq.(5.23) into Eq.(5.11), the nonlinear

kinematic compatibility equilibrium equation can be rewritten as

o‘F 84F . AL
h Al +(A¥36 2'6&2) All :| 11 a P
(5.25)
(28 ) 8" o'w [ owY _dwotw 1w
2 66 22 ay4 axay aZy 62)( R 6X2

where
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A:'6‘121_'6‘221;
A;:A;z:i;Aiz A;l A&Z

B =B —M- B;z _ le _ B,A —BrA; . (5.26)
= By ) —_
A A
. 1 2B
Aes = Bee -—=
A A

With Egs.(5.12) and (5.13), substituting Eq.(5.14) into Eq.(5.21), the dynamic

equation of the FG porous cylindrical shell can be obtained as

ox’oy* oy*
. 0'w o'w . 0'w hd*F
_Dl 2(D12 Des) D11 T TS 2
ox* ox*oy? oy" R ox

O°F o°'w , 0°F o°'w  0°F o*w
s — 2 +—— |+ Qcos(at) = p,
oy® ox OXoy Oxoy  oX° oy

M= 0'F . O'F
h C12 2(C11 C66 C21
ox*

(5.27)

82W+c ow
ot? Py ot

where

C1*1 = sz = 11A;2 + BlZA;l;CIZ = C;1 = 11A‘:2 + 812A1*1;

D11 = Dzz = Bllel + BlZ B1*1 + D11; D;Z = D;1 = BllB;2 + BlZ B;Z + D12; (5-28)
Cge = Bee A;s; Dge = Bae Bge + 2D66

5.4 Nonlinear dynamic analysis of an FG orthotropic cylindrical shell

5.4.1 Solution of the problem

To solve the dynamic equation of FG porous cylindrical shell, the assumed deflection
shape plays a vital role in the analysis. Actually, there are several assumed deflection
shapes based on different assumptions and methods subjected to various specified

problems. While this is not principal objective in this chapter, more details can be found
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in [216-219]. Generally, the first mode assumption permitted to obtain analytical
solutions for the amplitude frequency dependence and the nonlinear forced frequency
response function. Though some researchers reported that excessive simplification of the
assumed deflection shape would lead to large errors and even inaccurate results[220, 221]
due to the ignore of companion mode, the single mode approach is still prevalent among
literature because it is good enough to estimate the nonlinear frequency and total

regularity of structures.

Therefore, in this chapter, the simply-supported boundary conditions are considered,
and the approximate solution of Eq.(5.27) can be written as assumed to be the single mode

[74]
w(x, y,t) =W__ (t) sin( ax) sin( gy) (5.29)

where Wpn(t) is the time-varying amplitude of w, and a=mz/L and f=n/R are the number
of half waves in the x and y directions, respectively. Moreover, other boundary conditions

can be considered if one selects the proper trigonometric admissible functions[75].

Substituting Eq.(5.29 into the nonlinear compatibility Eq.(5.25), a particular solution

of Eq.(5.25) is given
F(x,y,t) = F, cos(2ax) + F, cos(28y) + F,sin(ax)sin ( By) (5.30)

where
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2
F1= ﬂz * Wn?n’
32a°A;h
2
F =W (5.31)
325°Ah

2
* * * * (04
B’ +(2B;, — By )’ * + B, S +HW

mn

Aflaél"'(zpfz"'A;e)azﬁz"'A;lﬁzl h

3

Substituting Eqgs.(5.29 and (5.30) into Eqg.(5.27) and then applying the Galerkin
method[222, 223]. Each term in EQq.(5.27) is multiplying with sin(mzx/L)sin(ny/R)dxdy,

then integrating over the middle surface of the cylindrical shell, the equation of motion

becomes
AW, W s 4Qcos(at)
R ~(MK=N)W,,, + HW, gt T 0 (32
where
a2
M= C1*20‘4 + 2(C1*1 _Cge)azﬁz +C;1,34 _F
N = D:1a4 + 2(D1*2 + Dgs)azﬂz + D;1ﬁ4
2
B, +(2B;, — By )’ f” + B, +% (5.33)
- Ao’ + (A, + Ao’ B2+ AL B
4 4
H=2 P
16A,
and where
r — _1 m -1
=D -1 (5.34)
r,=(-1)"-1

By considering the viscous damping as internal damping effect, one can obtain that
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C, =20, ¢ (5.35)

where cq denotes the damping coefficient of the structure; «,,,, denotes the circular natural

frequency of the cylindrical shell corresponding to mode (m, n); and ¢ denotes the

damping ratio of the cylindrical shell.

Substituting Eq.(5.35) into Eq.(5.32), one can obtain

6;/\/2”‘” +2w,.& % +@’ W, +cW?> =c,cos(at) (5.36)
where
N — MK H 4
W5, = ,cl=—,c2=L22Q (5.37)
Py 2 mnz’ o,

5.4.2 Primary resonance of FG porous cylindrical shells

In this section, the primary resonance of different types of FG porous cylindrical shells
is investigated. Based on the method of multiple scales, Eq.(5.36) can be further

simplified by using the following transformation

@, =EU,C = &EC,,C, =&C, (5.38)

where ¢ is the small parameter in the order of the amplitude of the response. Then,

substituting the above equation into Eq.(5.36), one can obtain

W_ () + 252, (1) + @2 W, (t) + C W2 (t) = sc, cos(wt) (5.39)

mn mn
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To determine an approximate solution to Eq.(5.39), the new scaled times T, according

to method of multiple scales[224] are introduced

T, =&t,r=012,.. (5.40)

Then the derivatives with respect to t can be expressed in terms of the new scaled times

Trusing chain rule as

i:i+gi+gzi+...:D()+(9Dl+<s‘2D2+...
at otm, oT, = o,

2
A [ N e N | (5.41)
dZ dt\otT, T, © oT,

=D +2¢D,D, +&*(D} +2D,D,) +...
where Dy (r=0,1,2,...) is the partial differential operator and can be defined as follows

,r=012,.. 5.42
= (542

According to the perturbation method, the response W can be expanded with respect

to ¢ as follows
W (t;6) =W, (T,, T,,...) + W, (Ty, Ty, .) + €W, (T, Tyynnl) +. (5.43)

In primary resonance, it is assumed that the frequency of the excitation @ and the

natural frequency of the corresponding system wmn are close to each other, then

0=, +&0 (5.44)
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where o indicates the detuning parameter quantitatively describing the nearness of
frequency of the excitation w to the natural frequency of the corresponding system cmn.

Therefore, cos(w?) can be rewritten as
cos(at) = cos(aw,, t + sot) = cos(a,, T, +oT,) (5.45)

Substituting Egs.(5.41)-(5.45) into Eq.(5.39), then equating the coefficients of e°and ¢

to zero, one can obtain a first-order approximation of the Duffing equation
D2W, + @’ W, =0 (5.46)
D2W, + @2 W, = —2(D,D, + 2D, )W, —c,W,> + ¢, cos(w,, T, + oT ;) (5.47)
The solution of Eq.(5.46) can be defined as
W, (T, T,) =a(T,) cos[ e, Ty +(T,) | = A(T, )™ +cc (5.48)

where A(T1) is an unknown complex function; cc stands for the complex conjugate of the

preceding terms and i=v—1; a(T1) and ¢(T1) are both real functions of T1. And A(T1) can

be written as
1 io(T))
A(T) = > a(T,))e"" (5.49)

To simplify the calculation, the above equation can be rewritten in the plural form as

follows

W, = a(ZTl) (e emTo*o() | grilanT o)y (5.50)
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Substituting Eq.(5.50) into Eq.(5.47), one can obtain

D02W1 + a)rinwl

_ o . . (5.51)
= | 2i,,, (D, A+ uA) +3c,A°A e —c A'e™ T + % c,e'“mo*T) 4 cc

In order to avoid secular behaviour in the system, the following equation must be

satisfied
2iw,,, (D,A+ yA)+303A2,5\—%04e“’T1 =0 (5.52)

Substituting Eq.(5.49) into Eq.(5.52), then separating the real and imaginary parts, one

can obtain

C,

Da=-ua+ sin(cT, — )
20,
3c c (5:53)
aD,p = 3%m g3 _ 4 cos(oT, — @)
8 20

mn

where the new phase angle define as y=0T1-¢(T1). Then the above equation can be

rewritten as

C, .
Dla:—,ua+2 4siny

m (5.54)
3CSa)mn 3 C4
aDp=ca- a’+ cosy
8 20

mn

The first approximation to the steady state solution can be written as

W =a(T,)cos| @, T, +oT, —o(T,) | = a(et) [cos o, t — p(et) ] (5.55)
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For the steady-state response, both D:a and D1¢ in Eq.(5.53) equal to 0. Hence, the

amplitude a and the phase y of the steady-state response satisfy

c, .
pa= siny

20,
(5.56)
3C3a)mn 3 C4
ca————a =— cosy
8 20

mn

By eliminating y, squaring and adding these two equations, one obtains

2 2
{ﬂ2+(0__303§)mn azj :|az :[22 ) (5.57)

Eq.(5.57) is an implicit equation for the amplitude of response a as a function of the

detuning parameter o, also called the frequency-response equation. Similarly, by dividing

the two equations in Eq.(5.56), the phase-frequency equation can be obtained as follows

p=tan™ [ A j (5.58)

o-3c,0,,8° /8

By multiplying &2 to both sides of Eq.(5.57), then replacing all the parameters by the

original ones according to Eq.(5.38), the above equations can be rewritten as

{(é“wmn)2 +(w—wmn ——3C1§) - azj }az =[ 22)2 J (5.59)

—tan™ 5 0m 5.60
4 (a)—a)mn—3cla)mna2/8j (5.60)
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As Eq.(5.59) is a quadratic equation in terms of w. For 0<a< G2 >—, by solving the

mn

equation, a set of real roots can be obtained

3c,a’ ) i 2
0= [1+ Céa Ji\/[zafmnaj . (1 (5.61)

The peak amplitude amax gives

c
a 2 5.62
max Zé’a)nz_m ( )

As can be seen, the nonlinearity has no impact on the peak amplitude amax, while the
excitation frequency w of the corresponding peak amplitude amax affected by the

nonlinearity.
2
0=, (1+%] (5.63)

5.5 Results and discussions
5.5.1 Validation of present study

In this section, the accuracy of the proposed method is verified with the numerical
results in the open literature. Due to the lack of results in the nonlinear primary resonance
of the FG porous cylindrical shells, the present theories and formulations are examined
by comparing the results of natural frequencies of the FG porous cylindrical shell reported

by Wang and Wu[173] based on the Rayleigh-Ritz method.
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For Table 5.1 and Table 5.2, the dimensions of circular orthotropic cylindrical shell
are E=200GPa, v=0.3, p=7850kg/m® R/h=100, L/R=0.2 from [173]. The natural
frequency wmn can be calculated by Eq.(5.37). For simplicity, the non-dimensional natural

frequency is introduced as

a);m = wmnR pmax / Emax (564)

According to the comparisons from Table 5.1 and Table 5.2 for symmetric porosity
distribution and non-symmetric porosity distribution, respectively, it is clear that the
proposed method matches very well with the published journals and the differences for
various porosity coefficients No are around 0.3%-0.5%.

Table 5.1 Comparison of the non-dimensional natural frequencies of a simply supported

FG cylindrical shell with symmetric porosity distribution with results reported by Wang
and Wu[173] (m=1)

Ref [173] | Present | Ref [173] | Present | Ref [173] | Present | Ref [173] | Present

No n=1 n=2 n=3 n=4

0 1.2429 | 1.2466 | 1.2387 | 1.2426 | 1.2325 | 1.2368 | 1.2256 | 1.2305

0.2 12155 | 1.2194 | 12118 | 1.2159 | 1.2064 | 1.2110 | 1..2006 | 1.2057

041 11893 | 11935 | 1.1862 | 1.1906 | 1.1818 | 1.1867 | 1.1772 | 1.1827

06| 11677 1.1725 1.1653 1.1704 1.162 1.1676 1.1590 1.1652

08] 11633 | 1.1693 | 1.1617 | 1.1681 | 1.1599 | 1.1668 | 1.1591 | 1.1666
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Table 5.2 Comparison of the non-dimensional natural frequencies of a simply supported
FG cylindrical shell with non-symmetric porosity distribution with results reported by
Wang and Wu[173] (m=1)

Ref [173] | Present | Ref [173] | Present | Ref [173] | Present | Ref [173] | Present

No n=1 n=2 n=3 n=4

0 1.2429 | 1.2466 | 1.2387 | 1.2426 | 1.2325 | 1.2368 | 1.2256 | 1.2305

0.2 12037 | 1.2075 | 1.1997 | 1.2037 | 1.1938 | 1.1982 | 1.1872 | 1.1922

041 1.1598 | 1.1637 1.1559 1.1600 1.1501 | 1.1546 1.1438 1.1488

0.6 11093 | 1.1133 | 1.1054 | 1.1096 | 1.0995 | 1.1041 | 1.0930 | 1.0980

0.8 ] 1.0507 | 1.0548 | 1.0463 | 1.0505 | 1.0396 | 1.0440 | 1.0317 | 1.0365

To further verify the method developed in present study, the adaptive step-size fourth-

order Runge-Kutta method is employed to analyse Eq.(5.36) numerically. The initial
conditions of the ordinary differential equation are W__(0) =W.__(0) = 0and then each of

the maximum response amplitudes corresponding to various excitation frequencies can
be extracted from the time-domain responses. Figure 5.4 shows the comparison of the
dimensionless amplitude-frequency curves of FG porous cylindrical shell obtained by
proposed method with that by Runge-Kutta method for Type 1. In Figure 5.4, the hollow
circle dot denotes the results obtained from Runge-Kutta method, while solid curve
represents the response from proposed method. As can be seen, the present method is in
agreement with that from the numerical simulation, and then the validity of the present

study is examined.
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Figure 5.4 Comparison of the dimensionless amplitude-frequency curve of FG porous
cylindrical shell calculated by proposed method with that by Runge-Kutta method for
Type 1

5.5.2 Results of natural frequencies of free vibration

The results from the last subsection have verified the proposed methods. Additional

effects of different modes (m, n), different types porosity distributions, different L/R ratios

and R/h ratios on natural frequencies a);n (calculated from Eq. (64)) a simply supported

FG porous cylindrical shell are investigated below. Ema=200GPa, v=0.3,
pmax=7850kg/m3, which were taken from Wang and Wu[173]. The geometrical
parameters are h=0.25m, R=100xh, L=10xR. Figure 5.5 shows the dimensionless natural

frequencies of FG porous cylindrical shell for different porosity distributions when m=1.

To further investigate the natural frequencies of FG porous cylindrical shell, the effect
of L/R ratio and R/h ratio are presented. The material properties are same as before, except
that L/R=10, 20 and 40, L=10xR for Table 5.3 and R/h=100, 150 and 200, L=50*R for
Table 5.4, respectively. Clearly, for different cases, the dimensionless natural frequency

of Type 1 is the largest among all the porosity distributions. By increasing the porosity
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coefficient, the dimensionless natural frequencies decrease, as well as the increase of L/R
ratio and R/h ratio. Moreover, the fundamental natural frequency is affected by L/R ratio

and R/h ratio; this is also consistent with the results reported by Wang and Wu[173].

Type 2
4 Type 3

©
w
T

©
N

- h=0.25m,R/h=100, |
L/R=10, /
N,=0.2

Dimensionless natural frequency
o
=

1 2 3 4 5 6 7 8 9 10
Circumferential number n

Figure 5.5 Dimensionless natural frequencies of FG porous cylindrical shell for
different porosity distributions (m=1)

Table 5.3 Dimensionless natural frequencies for different L/R ratios, porosity
coefficients and porosity distributions (m=1, a);n x10?)

L/R | No | Typel | Type2 | Type3

02| 2.637 | 2622 | 2.616

10 |oa| 2566 | 2528 | 2507

n=2) o6| 25 2425 | 2.371

08| 2.465 | 2319 | 2.181

0.2 1.352 | 1.323 | 1.317

20 |04 1.345 | 1.274 | 1.262

(n=2)1 06| 1.349 | 1.209 | 1.193

0.8] 1.382 | 1.113 | 1.098
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0.2 ] 0.666 | 0.663 | 0.661

40 |04 0.648 | 0.639 | 0.634

(n=1) {06 | 0.631 | 0.613 | 0.599

0.8] 0.621 | 0.587 | 0.551

Table 5.4 Dimensionless natural frequencies for different R/h ratios, porosity
coefficients and porosity distributions (m=1, a);n x10?)

R/h | No | Typel | Type2 | Type3

0.2] 0.486 | 0.481 | 0.480

100 | 0.4 | 0.476 | 0.464 | 0.460

(n=1)1o06| 0468 | 0.444 | 0.435

0.8 ] 0.467 | 0.420 | 0.400

0.2 0431 | 0.428 | 0.427

150 | 0.4 ] 0419 | 0413 | 0.409

(n=1)1 06| 0.408 | 0.396 | 0.387

0.8 0.403 | 0.379 | 0.356

0.2 | 0.409 | 0.408 | 0.407

200 | 0.4 ] 0397 | 0.393 | 0.390

(n=1)1o06| 0385 | 0378 | 0.369

0.8 0.377 | 0.363 | 0.339

5.5.3 Nonlinear primary resonance of FG porous cylindrical shells subjected to a

uniformly distributed harmonic loading

In this subsection, the nonlinear primary resonance of the FG porous cylindrical shell

subjected to a uniformly distributed harmonic loading q(t) with the consideration of
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damping effect is investigated. The influences of porosity distribution, porosity
coefficient, damping ratio, amplitude and frequency of the external harmonic excitation,
aspect ratio and thickness ratio on the nonlinear dynamic behaviour are discussed in
details. The material properties of the open-cell foam are chosen: Emax=200GPa, v=1/3,
pmax=7850kg/m3. The geometrical parameters are h=0.25m, R=100xh, L=2xR. The
amplitude of the uniformly distributed harmonic loading q(t) is Q=5x10*N/m? and the

damping ratio of the cylindrical shell is 0.1. @,,, denotes the circular natural frequency of

the cylindrical shell corresponding to mode (1, 7).

5.5.3.1 The influence of different porosity coefficients NO for various porosity
distributions

Figure 5.6 illustrates the frequency-response curves of free and nonlinear forced
vibrations of FG porous cylindrical shells for different porosity coefficients with
symmetric porosity distribution, non-symmetric porosity distribution, and uniform
porosity distribution, respectively. Four different of porosity coefficients No=0, 0.2, 0.4
and 0.6 are selected. For No=0, the structures reduce to the homogeneous case. It is can
be seen that by increasing the value of the coefficient of porosity, the maximum amplitude
of primary resonance is shifted to the higher detuning parameters o (calculated by
Eq.(5.44)) for all the distribution types. The frequency-response curve of free vibration is
a single-valued parabola and shown by the black dash line, also named backbone curve.
Furthermore, it is observed that porosity coefficient has a significant effect on the jump
height a of the frequency-response curve, which can be obtained by Eq.(5.62). As we can
see, all the frequency-response curves bend to the right side. We call this phenomenon

hardening nonlinearity. While for the frequency-response curve bending to the opposite
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direction is called softening nonlinearity. Therefore, Figure 5.6 also indicates that

hardening nonlinearity can be weakened by the increase of porosity coefficients.
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Figure 5.6 Effect of porosity coefficient No on the amplitude-frequency response of FG
porous cylindrical shells for different porosity distributions

The influence of different porosity distribution types on the amplitude-frequency
response of FG porous cylindrical shell with same porosity coefficient is demonstrated in
Figure 5.7. The porosity coefficient No=0.8 is chosen while holding all other parameters
fixed. It is clear that the jump height of Type 1 (symmetric porosity distribution) is much
less than the other two types while the height of jump for Type 2 and Type 3 is almost
the same. However, Type 1 (symmetric porosity distribution) exhibits more hardening
nonlinearity behaviour than the other two types. Another notable feature is primary
resonance region, the area covered by the frequency-response curve. From the figure, one
can obtain that Type 1< Type 2< Type 3 for primary resonance region. This is due to the
symmetric porosity distribution occupies more stiffness than the other two types and

consequently, the detuning parameters and amplitude of response are the smallest.

Figure 5.8 presents the effect of porosity distribution on the variation of the amplitude

of response with the amplitude of excitation for FG porous cylindrical shells. The porosity
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coefficient N0=0.6 is chosen while holding all other parameters fixed. As it can be
predicted, Type 1 occupies more stiffness feature when compared with other two types.
Thus the jump height of Type 1 is smaller than that of Type 2 and Type 3. Similar

conclusions are obtained from Figure 5.7.

As the above conclusions, though symmetric porosity distribution exhibits more
stiffness behaviour, the jump height and the primary resonance region is smaller than
Type 2 and Type 3, especially the jump height, one of the most important governing
parameters. Additionally, frequency-response curves are quite similar for all three types

of distribution. Thus, in the following sections, our main research object is Type 1.

0.06- [—Type 1 P

Type 2 /
-~ Type 3 o
r."//
0.04 h=0.25mRMh=100LR=2, ;% ]
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Amplitude of response a(m)
=
N

_ 100
Detuning parameter ¢

200 300

Figure 5.7 Effect of porosity distribution on the amplitude-frequency response of FG
porous cylindrical shells with same porosity coefficient
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Figure 5.8 Effect of porosity distribution on the amplitude of the response of FG porous
cylindrical shells as a function of amplitude of the excitation
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Figure 5.9 Effect of porosity coefficient No on the amplitude of the response of FG
porous cylindrical shells as a function of amplitude of the excitation

If the frequency of the excitation w held fixed while the amplitude of the excitation is
varied slowly, a similar jump phenomenon can be observed, as shown in Figure 5.9, the
variation of the amplitude of response a with the amplitude of excitation Q corresponding
to different porosity coefficients No for Type 1. As can be seen, at first, Q increases slowly

from 0, suddenly, there will be an apparent upward jump for the amplitude of response a
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and after the jump, an increase almost linearly with the increase of the amplitude of
excitation Q. According to Nayfeh’s explanation[224], the multivaluedness of the
response curves (jump phenomena) is due to influence of the nonlinearity. Moreover, by
increasing the coefficient of porosity, the jump height of a-Q curves increases. This is
because the increase of the porosity coefficients would lead to the decrease of nonlinearity

stiffness.

5.5.3.2 The influence of amplitude of excitation Q on primary resonance

Depicted in Figure 5.10 is the influence of amplitude of excitation Q on the amplitude-
frequency response of FG porous cylindrical shell. Four different amplitude of excitation
Q=0, 1x10*N/m?, 2.5x10*N/m?and 5x10*N/m?are selected. It can be found that when the
amplitude of the excitation Q increases, the hardening nonlinearity becomes worse and
the maximum amplitude of responses a increases. This is because the increase of the
amplitude of external excitation will lead to the increase of vibration amplitude. And also
the frequency interval for unstable region is prolonged. When the amplitude of the
excitation Q is small, like Q=0 and 1x10* N/m?, as can be seen in Figure 5.10, there is no

unstable region.

5.5.3.3 The influence of damping ratio { on primary resonance

The effect of damping ratio ¢ on the amplitude-frequency response of FG porous
cylindrical shell is demonstrated in Figure 5.11. Three different damping ratios are
considered, which are ¢ =0,0.1 and 0.2. In the absence of damping effect, the peak
amplitude is infinite. While in the presence of damping effect, the amplitude-frequency
curves are finite. And as the value of damping ratio increases, the peak amplitude

decreases.
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Figure 5.12 indicates the influence of damping effect on the variation of the amplitude
of response with the amplitude of excitation. Three different damping ratios are
considered, which are =0, 0.1 and 0.2. The frequency of the excitation »=1000 rad/s
and other parameters are unchanged. It is clear that damping effect does not have a

significant effect on the jump height of the a-Q curves.
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Figure 5.10 Effect of amplitude of excitation Q on the amplitude-frequency response of
FG porous cylindrical shells
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Figure 5.11 Effect of damping ratio { on the amplitude-frequency response of FG
porous cylindrical shells
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Figure 5.12 Effect of damping effect on the amplitude of the response of FG porous
cylindrical shells as a function of amplitude of the excitation

5.5.3.4 The influence of L/R and R/h ratios on primary resonance

Figure 5.13 shows the amplitude-frequency curves for various L/R ratios. The
geometrical parameters are h=0.25m, R=100xh. The results of three different L/R ratios,
i.e. L/R=2, 4 and 6 are given. It is found that by increasing the L/R ratios the jump height
becomes larger while the hardening nonlinearity diminishes. One interesting finding is
that jump height is not continually increasing due to the increase of L/R ratios. The

amplitude-frequency curves for L/R ratios equal to 4 and 6 are almost the same.

If we examined Table 5.3 carefully, one conclusion can be made is that the lowest
frequency is always associated with m=1 for different types of distribution; however, the
increase of L/R ratios will decrease the number of circumferential waves n and the
frequency of the structure. Therefore, as the L/R ratios increase the hardening nonlinearity
will decrease. Similar phenomenon can be observed from Figure 5.13. Then for a very

long shell, namely L is larger than R, the number of circumferential waves n will approach
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to 1 slowly and amplitude of the response a also grows tardy when the L/R ratio reaches

a certain level.
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Figure 5.13 Effect of L/R ratios on the amplitude-frequency response of FG porous
cylindrical shells

The effect of L/R ratios on the variation of the amplitude of response with the
amplitude of excitation is plotted in Figure 5.14. It is observed that L/R ratio does not
have a significant effect on the a-Q curves, though jump height of L/R ratio equals to 2 is

a little bit smaller than that of the other two cases.

Figure 5.15 demonstrates the amplitude-frequency curves for various R/h ratios. The
geometrical parameters are h=0.25m, L=2xR. Three different of radius-to-thickness ratios,
i.e. R/h=100, 150 and 200 are chosen. All the other parameters remain the same as before.
As can be seen, the ratio of radius-to-thickness plays an important role in the primary
resonance. The increase of the R/h ratio would weaken the hardening nonlinearity and the

resonant region becomes wider.
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Figure 5.14 Effect of L/R ratios on the amplitude of the response of FG porous
cylindrical shells as a function of amplitude of the excitation
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Figure 5.15 Effect of R/h ratios on the amplitude-frequency response of FG porous
cylindrical shells

The effect of R/h ratios on the variation of the amplitude of response with the amplitude
of excitation is plotted in Figure 5.16. It is observed that R/h ratio has a significant effect

on the a-Q curves and with the increase of radius-to-thickness ratio the jump height

becomes larger.
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The simultaneous effect of L/R ratios and R/h ratios on the peak amplitude of response
for the primary resonance of FG porous cylindrical shell is highlighted in Figure 5.17 for
the case of detuning parameter 0=0 (the frequency of excitation is equal to the natural
frequency of the corresponding Duffing-type system). It is seen that as the R/h ratios the
peak amplitude of response for primary resonance increases for all values of L/R ratios,

though the growth is uneven for different cases.
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Figure 5.16 Effect of R/h ratios on the amplitude of the response of FG porous
cylindrical shells as a function of amplitude of the excitation
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Figure 5.17 The relationship of different L/R ratios and R/h ratios on the peak amplitude
of response for primary resonance of FG porous cylindrical shells
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5.5.3.5 The influence of detuning parameters ¢ on primary resonance

Figure 5.18 presents the variation of the amplitude of response with the amplitude of
excitation for different detuning parameters o. Five different of detuning parameters, i.e.
0=1000, 500, 0, -500 and -1000 are chosen. All the other parameters remain the same as
before. When detuning parameters ¢=0, it means the frequency of excitation is equal to
the natural frequency of the corresponding Duffing-type system; when o> 0, it
corresponds to the frequency of excitation is larger than the natural frequency while ¢ <0
means the frequency of excitation is smaller than the natural frequency of the system. As
can be seen, depending on the detuning parameters o, some curves are multivalued while

others are single-valued.
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Figure 5.18 Effect of detuning parameters o on the amplitude of the response of FG
porous cylindrical shells as a function of amplitude of the excitation

For the single-valued curves, namely, the frequency of excitation is smaller than or
equals to the natural frequency of the system, the increase of the amplitude of the
excitation Q will lead to the increase of response amplitude. There is no jump

phenomenon. While for the multivalued curves, that is the frequency of excitation is
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larger than the natural frequency, the discontinuous changes of the curve will result in the
instability of the system. For instance, when ¢=1000, with the amplitude of the excitation
Q increasing from 0, the amplitude of the response a increases continuously from 0. When
Q reaches around 0.25x10* N/m?, the response amplitudes suddenly changes from 0.06
m to 0.11m and then increases gradually. Similarly, when the external excitation Q
decreases from 5x10* N/m?, the amplitude response a decreases continuously at first and
then jumps rapidly from 0.11 m to 0.06 m. This is called the discontinuous changes of the

curve or the jump phenomenon.

5.6 Conclusions

This chapter investigates the nonlinear primary resonance behaviour of cylindrical
shells made of functionally graded (FG) porous materials subjected to a uniformly
distributed harmonic load including the damping effect. To develop this model, the
Donnell shell theory (DST) and accounting for von-Karman strain-displacement relation
and damping effect was employed. The Galerkin method in conjunction with the method
of multiple scales (MMS) was utilised to obtain a second-order nonlinear ordinary
equation with the cubic nonlinear term, named Duffing-type equation. Three types of FG
porous distributions, namely symmetric porosity distribution, non-symmetric porosity
stiff or soft distribution and uniform porosity distribution were considered in this chapter.
Then, the influence of porosity distribution, porosity coefficient, damping ratio,
amplitude and frequency of the external harmonic excitation, aspect ratio and thickness

ratio were discussed in details and the following conclusions can be made:

1. By increasing the value of the coefficient of porosity, hardening nonlinearity

is weakened for all the distributions.
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2. Although Type 1 (symmetric porosity distribution) exhibits more stiffness
behaviour, the jump height and the primary resonance region are smaller than
Type 2 and Type 3, especially the jump height. This is because the symmetric
porosity distribution occupies more stiffness than the other two types and
consequently the detuning parameters and amplitude of response are the

smallest.

3. The amplitude of the excitation increases, the hardening nonlinearity becomes
worse and the maximum amplitude of responses increases.

4. In the absence of damping effect, the peak amplitude is infinite. While in the
presence of damping effect, the amplitude-frequency curves are finite. And as
the value of damping ratio increases, the peak amplitude decreases as the value
of damping ratio increases.

5. L/R ratio does not have a significant effect on the primary resonance behaviour

while R/h ratio does.

6. Depending on the detuning parameters &, some curves are multivalued while

others are single-valued.

Therefore, the proposed method presented herein provides a comprehensive analytical
analysis framework for nonlinear primary resonance behaviour assessment of FG porous
cylindrical shells, as well as a useful help for design and analysis of nano/micro-sized

devices and systems.
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Chapter 6 Nonlinear dynamic
stability of the orthotropic functionally
graded cylindrical shell surrounded by

Winkler-Pasternak elastic foundation

subjected to a linearly increasing load

6.1 Introduction

The thin-walled cylindrical shell structure has been widely used in aerospace
engineering and other engineering disciplines for many decades, such as propellant tank
of space shuttle, the skin of ballistic missile, air receiver tanks, distillation columns, heat
exchangers/condensers, due to its outstanding stiffness, large space cover, lower cost and

high strength-weight ratio.

Despite mentioned studies, up to date, dynamic buckling of FG orthotropic cylindrical
shells is a novel topic that cannot be found in the literature. Furthermore, with the
application of FG orthotropic cylindrical shells, these structures rest on or embed in
elastic foundation/medium have attracted much attention. Damping property (i.e., a non-
conservative energy contribution), as one of the most important aspects of engineering

dynamics, is also considered in this chapter.
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Therefore, to the best of authors’ knowledge, the dynamic stability of an FG
orthotropic circular cylindrical shell surrounded by a two-parameter (Winkler-Pasternak)
elastic foundation subjected to linearly increasing load with the consideration of damping
effect is first investigated in this chapter. Equations of motion are derived from
Hamilton’s principle and the nonlinear compatibility equation is considered by means of
modified Donnell shell theory including large deflection. Then the nonlinear dynamic
buckling equation is solved by a hybrid analytical-numerical method (combined Galerkin
method and fourth-order Runge-Kutta method). Effects of different parameters such as
various inhomogeneous parameters, loading speeds, damping ratios and aspect ratios and
thickness ratios of the structure on dynamic buckling are discussed in detail. Finally, the

proposed method was validated with other publications.

6.2 Orthotropic FGMs cylindrical shell surrounded by Winkler-

Pasternak elastic foundation subjected to a linearly increasing load
6.2.1 FG orthotropic cylindrical shell

The orthotropic FGMs cylindrical shell surrounded by a two-parameter (Winkler-
Pasternak) elastic foundation subjected to a linearly increasing load is shown in Figure
6.1. The geometrical dimensions are as follows: length L, mean radius R and thickness h.
The Cartesian coordinate system (x,y,z) is established, in which point O is located on the
middle plane and at the left side of the cylindrical shell. z is in the thickness direction.

And the linearly increasing load P(t) is at the end of right side along the x direction.
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(1)

$3333 33

(2)

Figure 6.1 Geometry and the coordinate system of the orthotropic FGMs cylindrical
shell surrounded by Winkler-Pasternak elastic foundation subjected to a linearly
increasing load

FGMs in this chapter is assumed to be made from a mixture of ceramic and metal with
exponentially varying material properties that have been reported by many scholars [127-

133, 225]. The Young’s moduli E, shear modulus G and density can be given in the

following form

E.= E01V/1(Z); Ey = Eoz‘//l(z);ny :G0W1(Z);

6.1
p(2) = pyy,(2); ©.)

where
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x;(2+0.5)

yi(z)=e " (6.2)

and where (z) is the material’s exponential function. «; is the exponential factor, and
also denotes the non-homogenous parameter because it characters the degree of the
material gradient in the z-direction. In this chapter, we assume that Poisson’s ratio of the
shell is considered to be constant due to the effect of Poisson’s ratio on the deformation
is much less than other material properties[213]. Eoz and Eoz represent Young’s moduli of
the homogeneous orthotropic material along x, y directions, respectively. Similarly, Go
and po are the shear modulus and density of the homogeneous orthotropic material,
respectively. As can be seen, when ;i =0, Eq.(6.1) reduces to the homogeneous case; when
ki > 0, it corresponds to the graded stiff material while xi <O means graded soft

material[226].

6.2.2 Constitutive relations

Considering the initial imperfection wo, the von-Karmén nonlinear strain-displacement

relation on the middle plane of the circular cylindrical shell can be written as

o ou 1(awj2 1(ow,\’
g =—+—-|—| —=| —
oX 2\ oX 2\ OX

A el +1[@J J(%j (6.3)

where &, & and yy, are normal strains, shear strain at the middle surface with the

consideration of initial imperfection of the FG orthotropic circular cylindrical shell,
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respectively. u, v and w are the displacement components of middle surface of the

cylindrical shell in x, y, and z direction, respectively.

The strain components across the shell thickness at a distance z from the middle

surface are

£, =& +1K,
0
o+ 12K, (6.4)

0
Ve =V 22K,

8y=€

. _ 0 (W—WO);K _ 0 (W—WO);KX __0T(w-wy) 6.5)
aXZ y ayZ Yy axay

where xx, kyand xxy are the change of curvatures and twist.

According to Hooker’s stress-strain relation, the constitutive equations of an FG

orthotropic cylindrical shell are as follows

o2 C, C, 0 |le&
o,r=|C, C,, 0 g, (6.6)

T 0 0 Cg Yy

and

&y 1/E, -v,/E, 0 o,
e, r=|-Vy,lE, 1IE, 0 o, (6.7)
Yxy 0 0 1/GXy Ty

where the elastic constants for orthotropic materials Cj; (i,j=1,2,6) are given in the
following
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C — X
1oy,
Ev
C12 = —
1=V Vi
E,v,, (6.8)
C21 =T
1-v, v,
E
CZZ - !
1-v, v,
C66 = ny

where Ex, Ey, Vyxy, and vyx are the moduli of elasticity and Poisson ratios in x and y
directions, respectively. For an FG orthotropic cylindrical shell, it has Exvyx=Eyvxy. Gyy IS

the shear modulus. Ex, Ey and Gyyare in an exponential function form, as shown in Eq.(6.1).

Therefore, Eq.(6.6) can be further formulated as

o, =Cpe+ C128y
o,=Cyue, +Cye, (6.9)

y
Txy = C667xy

The internal forces Ny, Ny, Ny and the moment resultants My, My, Myy of the FG
orthotropic cylindrical shell can be defined in terms of the stress components in Eq.(6.9)

across the thickness direction as

h/2
{(NX, Ny,nyj,(MX,My,MXy)}:j_hlz{ox,ay,rxy}(l,z)dz (6.10)

Inserting Egs.(6.3)-(6.7) into Eq.(6.10) gives the constitutive relations in matrix form

as
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N, Ay A, O 33 B, B, 0|k
Ny r=1 Ay Ay 0 g(y) +|By By O y
N, 0 0 A }/Sy 0 0 Bgl|2x,
: (6.12)
M, B, B, 0 |lg D, D, O X
M, B, B, O 83 + D, D, 0 y
M, 0 0 B }/fy 0 0 Dy || 2K,
Then, Eq.(6.11) can be further simplified as
{N}= Ale}+Bix}, {M} = Ble}+ Dix} (6.12)

where A, B and D are the matrixes about Aj;, Bij and Dj (i, j=1,2,6). Using the matrix

calculus, the following equations can be obtained
{e}= A"{N}+B {x},{M}=C"{N}+ D" {x} (6.13)
where A*=A"1, B*=-A1B, C*=BA!=-(B*)"and D*=D-BAB.

By solving Eq.(6.13), the normal strains, shear strain at the middle surface can be

obtained

&0 = A,N, — A12Ny = A, (Bux, + BlZKy)+ A, By, + BzzKy)

' A11A22 _A21A12
83 __ AN, — A11Ny — A, (Byx, + BlZKy) + A, (Byx, + BzzKy) (6.14)
A11A22 _A21A12
o Ny =2B,
Ase

where Ajj and Bjj (i,j=1,2,6) are given in the following.
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-hizl—v v h21—=V,Vy, 21—V v,
hi2 E hi2 hi2 E 7
_ y _ _
2 Jh/Zl Z1A66 _J._ nydz1 11 j . d '
V V hi/2 —h/21_V \j
_J-h/z E WV Z J-h/Z E.v,Z BV J-h/2 E,z
o beloy v W2l-v v, heloy v
¥
hi2 hi2 hi2 E WV Z
Beo G, 2dz,D, = 2 4d D, = Jh/ dz,
1-v, - 21—vyvyX
he E Vi Z h/2 E A h/2
y d
21 Ih/Z dz, D,, h/2 2, P = G yZ dz
21—V, vV, 21—V, v,

Similarly, from Eq.(6.13) the moment resultants can be obtained

_ 0 0

M, =B, &, + Blzgy +D,x, + Dlzl(‘y
_ 0 0

M y = B,.&, + Bzzgy +D, .k, + D22K'y

M Xy = BGG%?y + 2D66ny

(6.15)

(6.16)

6.2.3 Equations of motion and the nonlinear compatibility equation for orthotropic

FG cylindrical shell

The equations of motion for an eccentricity orthotropic FGMs cylindrical shell

surrounded by Winkler-Pasternak elastic foundation subjected to a linearly increasing

load are derived based on Hamilton’s principle. According to this theory, the following

equation is given

[ (U, +80,+V, +8v, - aK)dt =0
0

(6.17)

where 0Us, oUe, oVe, 0V4 and oK are the virtual variation of the strain energy of the

orthotropic FG cylindrical shell, the virtual variation of potential energy stored in the

deformed elastic foundation, the variation of work done by the external load (linearly
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increasing load), the virtual variation of potential energy of non-conservative forces (i.e.
damping effect in this chapter) and the virtual variation of the kinetic energy, respectively.

Firstly, the expression of the virtual strain energy is given by
27R L eh/2
s :-L L J-_h/Z(O'Xé}:x +0,08, + 7,07, )dede (6.18)

The virtual variation of potential energy stored in the deformed softening nonlinear

elastic foundation can be expressed by

L k., (W—w, )S(w—w,)+
.|

. 1 1 dXdy 6.19
o0 EkP(W_WO),xg(W_WO),x+Ekp(W_W0)vy§(W_W0)vy ( )

where kw is Winkler foundation modulus and kp is the shear layer foundation stiffness of
Pasternak model, respectively. The variation of work done by the external load (linearly

increasing load) can be described by the following equation
27R eL
&@:—an Lumahdmw (6.20)

By substituting the displacement component from Eq.(6.3) into dVe, the following

equation can obtain

oV, =— phj;”R joLulxéuvxdxdy

EOED
omell o 20ox ) 2\ ox (6.21)
=—ph.[0 _[0 dxdy

d

. 1(awj2 1(a%j2
& ——| — | +=| —
2\ OX 2\ oOX
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where p is the average axial stress of the applied external force. The virtual variation of
potential energy of non-conservative forces due to damping effect can be expressed as

follows

27R
0

oV, = ptj jOL C, (Udu + VoV + Wwow)dxdy (6.22)

where cq denotes the damping coefficient of the structure. The virtual variation of the

Kinetic energy is given by
27zR pL
SK=p, jo jo (UiSU + VSV + Wow)dxdy (6.23)

Recalling Eq.(6.10) and substituting Eqgs.(6.18)-(6.23) into Eq.(6.17), then integrating
the equation by parts and rearranging the coefficients of éu, Jv and ow leads to the
nonlinear dynamic equilibrium equations for an eccentrically FG orthotropic cylindrical
shell surrounded by a Winkler-Pasternak elastic foundation with the consideration of

damping effect based on classical shell theory

aN aNyx aZU ou
ou: ax + oy =P o +Cdpta (6.24)
oN 2V oV
OVi— -t —t= Cp 6.25
OX 8y Py atZ d Py ot ( )
2 2 2 2 aZM aZM N
5W:NX6—\2\/+Nya—vzv+2nyaWJra'\ngr Y42 v Ny
ooy ooy o o Ty TR 0
X (W—W, o*(W—w, o*w ow '
—K, (W=wo) +k; (8X2 O)+kp (6y2 o) =P o +CdptE
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where
h/2 h/2
pi =[P D2 =[ oy (2)d (6.27)

. o’u o°v
Based on the assumption[227], u K w and V K W, —- u oy and a—\t/approach to

o’ ot ot?
0. Thus, considering Egs.(6.24) and (6.25), the Airy’s stress function F(X,y) is defined as

follows

O°Fxy)  _0°F(xy)
X 8}’2 1y 8)(2

O*F(x,
Ty =—%y) (6.28)

By differentiating ¢} , &), yo, from Eq.(6.3) twice with respect to y, x and x,

y ,respectively, one can obtain the nonlinear kinematic compatibility equilibrium as

%’ o) Oy, [ﬁzwjz o*w o°w (GZWOJZ o°w, 0°w,
+ - = - +

o o oaxdy \oxdy) oy o'x \axdy) o'y o (6.29)
_EGZ(W—WO)
R ox?

With EQq.(6.28), substituting EQ.(6.14) into Eq.(6.29), the nonlinear kinematic

compatibility equilibrium equation can be rewritten as

. 0°F . . .
h{Auax_zl"' (A12 + A21 + Aﬁﬁ) 8x26y2 + Azz 8y4 11 5X4
. . Ot (W—w, . 0t (w—w,
—(B, +B; - 866)%_ B.. # (6.30)
ox“oy oy

2 2
Z(azw] _*w azw_(azwo] L 00w, 0Pw,  10%(W-w)

o'F \ 84F}_B* o' (w—w,)

OXoy 0%y 0°x | oxoy 0’y o°x R ox?
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where Ajj” and Bjj” (i,j=1,2,6) are given in the following.

A=A A, = ALA;
L TR U S . Ty s
A=A, = - = A, =

B* _ BllA21 B leAn . B* _ Blezl B BzzAu .
11 — M0 — ’

A A (6.31)
B = By A, —BuA, ‘BX = ByA, —BpAy.
21 A 1022 A '
* 1 * ZB
Asa =, Bes =——=
Aes Ass

With Egs.(6.11), (6.16), substituting Eq.(6.28) into EQ.(6.26), nonlinear dynamic
buckling equation for an eccentrically FG orthotropic cylindrical shell surrounded by a

Winkler-Pasternak elastic foundation with the consideration of damping effect can be

obtained as

h{sz ?Ter (Cii—2C5+C5,) af:aFyZ +C,, ‘2;'4: }
-0, S0} 20 0y Sl te) gy S
e e R 632
0% (W—w,) ok, % (w—w,)

6)(2 ayZ

—k, (W—w,) +k,

_ 0w o ow
o ot d Pt at

where Cjj” and D" (i,j=1,2,6) are given in the following.
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Cl*l = BllAgz + BlZA;l; C1*2 = BllAl*Z + BlZAi*l;
C; = B21A;2 + BZZA;l;C;2 = B21A1*2 + BZZAl*l;

D11 = BnB; + BlZ Bl*l + D11; sz = BnBzz + BlZ Bl*2 + D12; (6.33)
D§1 = lele + Bzz Bfl + D21; Dzz = B21'—3’;2 + Bzz sz + Dzz;

*

Ces = BesAge; Dgs = Benge + 2D66

6.3 Static buckling and dynamic buckling analysis of an FG orthotropic
cylindrical shell surrounded by Winkler-Pasternak elastic

foundation
6.3.1 Solution of the governing equations

The deflection function for a simply supported boundary condition cylindrical shell is

assumed to be the single mode [74], which means w equals to 0 at x=0, L and at y=0,2nR.
w(X, y,t) =W__(t)sin( ax) sin( By) (6.34)

where Wmn(t) is the time-varying amplitude of w , and a=m=/L and f=n/R are the number
of half waves in the x and y directions, respectively. Moreover, other boundary conditions

can be considered if one selects the proper trigonometric admissible functions[75].
Also, the initial shape function can be taken as
W, (X, Y) =W, sin( ax) sin( By) (6.35)
where Wo represents the initial eccentricity value of the cylindrical shell.

Substituting Eq.(6.34) and EQ.(6.35) into the nonlinear compatibility Eq.(6.30), a

solution is given
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F(x,y,t)= 300 p ; (W2 —W.?)cos(2ax)

“gapeacy W W) o0(25Y)
i ) (6.36)

Biar' +(By, + By — By )a’ B2+ B, 8 +
. — R Wiy, = O)sin(ax)sin(ﬂy)
A11a4+(A12+A21+A66)a2ﬁ2+A22ﬂ4 h

1 2
—=p(t
2|0()y

Substituting Egs.(6.34)-(6.36) into Eq.(6.32) and then applying the Galerkin method.
Each term in Eq.(6.32) is multiplying with sin(mzx/L)sin(ny/R)dxdy, then integrating over

the middle surface of the cylindrical shell, the equation of motion becomes

2
ey [, K = (e, (57 W)

+ K4\Nmn (\Nmzn _WOZ) - azhp(t)wmn =

P (6.37)

where K1, K2, Kz and Ka are given in the following.

2

* * * * * a
K, = C12054 +(Cp, —2C +C22)a2ﬂ2 + C21ﬂ4 _F

2

Bl*la4 + (Bl*Z + le - B;s)azﬂz + B;2ﬂ4 +%

) Al*la4 + (Ai*z + A;1 + Age)azﬂz + Agzﬂzl (6.38)
K; = D1*1054 + (Dl*Z + 2D;6 + D;)szﬂz + D;2ﬂ4

K4:i[aj+ﬂjj
16\ Ay Ay

2
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6.4 Buckling analysis of FG orthotropic cylindrical shell
6.4.1 Static buckling analysis

For an initially perfect FG orthotropic cylindrical shells, by omitting the velocity,

acceleration and high-order terms, Eq.(6.37) can be reduced into
_azhmen _(KlKZ - K3)Nmn + (kw + kp(oC2 +ﬁ2))Nmn =0 (639)

Eq.(6.39) is the linear static equation of the FG orthotropic cylindrical shell on an
elastic foundation, which can also obtain from the corresponding static case using the

linear theory. Then the static buckling load is

Py :%[KS—KlKZ+(kw+kp(a2+ﬁ2)):| (6.40)

where the least static buckling load p;; can also be obtained with respect to various modes

(m, n), which can be further reduced into classical buckling load of the isotropic circular
cylindrical shell by giving i, kw and kp equal to 0, respectively. And the equation is given

as follows

- Eh (6.41)

O RBA_vY)

6.4.2 Nonlinear dynamic buckling analysis

In this chapter, an eccentrically FG orthotropic simply supported cylindrical shell
surrounded by a Winkler-Pasternak elastic foundation with the consideration of damping

effect is subjected to a linearly increasing load p(t)=ct at the end of the boundary condition
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along the longitudinal direction, as shown in Figure 6.1. Here, introducing the following

non-dimensional parameters and constants

W = !W =, = )
" T el s

a’h , .

J=5—(p3)%, (6.42)
C o
2 sty2

Jz—h (chr) K4
C o

where p: is depend on different modes (m, n). Normally, most of the structures buckling

locate in low-order modes. Thus, in this chapter, we choose the top 30 modes, which

means m=n=(1,2,3...30).

For the harmonic motion of FG orthotropic cylindrical shell, Wmn(t) may be taken in

the form

W, (1) =D > Asin(ax)sin( fy)e " (6.43)

where Wmn(t) is the time-varying amplitude of w, A is the amplitude of the vibration,
i =+/—1, and a=ma/L and f=n/R are the number of half waves in the x and y directions,

respectively. Then substituting Eq.(6.43) into Eq.(6.37), the closed form expression for

natural frequencies is obtained as follows

o, = \/pi [K3 -K/K, +(kW +k, (o +ﬂz))] ,mn=123,... (6.44)
t

By considering the viscous damping as internal damping effects, one can obtain that

172



Cd = 2a)mné/
p (6.45)

C, =C,

where cq denotes the damping coefficient of the structure; «__ denotes the circular natural
frequency of the cylindrical shell corresponding to buckling mode (m, n); and & denotes

the damping ratio of the cylindrical shell.

Therefore, the differential equations governing the nonlinear behaviour of an FG

orthotropic cylindrical shell can be written in a non-dimensional form

*

82Wmn . 8Wr:n . . ) 2 .
62’2 +Cy or + Jl(\Nmn _WO ) + ‘]Z\Nmn (\Nmn _WO ) - ‘JlenT =0 (646)

Eq.(6.46) can be solved by fourth-order Runge-Kutta method based on mathematical
computing software MATLAB. m and n equal to (1,2,3...30) are considered in this

equation, which means 900 ordinary differential equations are solved. Utilizing

*

mn
2
or

Budiansky-Roth criterion to search the buckling point at =0, namely (tcr,

W), then the least dynamic buckling load p(t)=cter is determined corresponding to

mode (m, n). The initial conditions for the problem are W" =W, and 6W_ /d7=0at r =0.

6.5 Numerical results and discussions
6.5.1 Validation of proposed formulation

In this section, the accuracy of proposed method is verified with published papers and

the following dimensionless parameters are defined.
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1. Dimensionless critical static buckling load of FG orthotropic cylindrical shell

st
pCF

sty 2
o pcrL

= (6.47)
02

2. Dimensionless natural frequency of orthotropic plate

2
Oy =L 4,/—’) el (6.48)
Dll

3. Dimensionless elastic constants of foundations may also be defined as follows [228]

k,L* . k,L?

k*

w

Dll

(6.49)

* 1 p *

Dll

Example 1. For Table 6.1, the dimensions of circular orthotropic cylindrical shell are

E01=275.8x10° Pa, Eg= 27.58x10° Pa, v1.=0.25, v»1=0.025, Go=10.34x10° Pa, h

=0.00254 m, R/h =100, L/R =2, p=1619.27 kg/m® from [229]. As can be seen, in this

comparison study very good agreements are achieved and the average errors in different

modes are just 0.008%-0.449%.

Table 6.1 Comparison of dimensionless axial static buckling load pr LZ/(E02h3) of S-S

orthotropic cylindrical shell without Winkler-Pasternak elastic foundation with the
results of Eq.(6.47) from Lee [229]

(m,n)
(1.1)
(1.2)

(1.3)

Lee [229]
78139.72
29556.79

13850.67

Present method Difference

78145.73 0.008%
29580.83 0.081%
13904.75 0.390%
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(2,1) 32341.27 32347.28 0.019%
(2,2) 19852.90 19876.93 0.121%

(2,3) 12046.73 12100.82 0.449%

To further validate the proposed method, the dynamic response of isotropic cylindrical
shell of an S-S cylindrical shell without Winkler-Pasternak elastic foundation subjected
to axial load is analysed by reducing damping effects and material’s exponential function
in Eq.(6.46). Figure 6.2 and Figure 6.3 show the time-deflection curve of an eccentricity
simply supported orthotropic cylindrical shell subjected to linearly increasing load co
=2.068x10° Pa/s, co =4.136x10° Pa/s with the results of Eq.(33) from Lee [229],
respectively. The material properties are Eo1=275.8x10° Pa, Eo2= 27.58x10° Pa, v1,=0.25,
v21=0.025, Go=10.34x10° Pa, h =0.00254 m, R/h =100, L/R =2, p=1619.27 kg/m? from

[229]. As can be seen from Figure 6.2 and Figure 6.3, a very good agreement is obtained.

Present
o Lee

0.6

0.41

Figure 6.2 Comparison of the time-deflection curve of an eccentricity simply supported
orthotropic cylindrical shell subjected to linearly increasing load co=2.068x10° Pa/s
with Lee [229]
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Figure 6.3 Comparison of the time-deflection curve of an eccentricity simply supported
isotropic cylindrical shell subjected to linearly increasing load co=4.136x10° Pa/s with
Lee [229]

Table 6.2 Comparison of the natural frequencies (Hz) with experimental results by
Sewall and Naumann [230] and other theoretical methods by Naeem and Sharma [231]
of an S-S cylindrical shell without Winkler-Pasternak elastic foundation (m=1)

Experimental results of Results of Trigonometric Results of Ritz
Present : . .
n Method Swall and function by Naeem and polynomial function by
Naumann[230] Sharma [231] Naeem and Sharma [231]
6 168.01 175.0 166.59 166.59
7 167.56 163.0 and 169.0 166.22 166.22
8 190.33 188.0 189.26 189.29
9 227.39 224.0 226.88 226.88
10 273.88 268.0 274.07 274.09
11 327.59 326.0 328.62 328.64
12 38751 382.0 and 385.0 389.49 389.49
13 453.20 440 456.21 456.21

Example 2. For Table 6.2, the comparison of the natural frequencies given by proposed
method with the results of Swall and Naumann[230] based on experimental results,

176



Naeem and Sharma [231] based on trigonometric function and Ritz polynomial function
of an S-S cylindrical shell without Winkler-Pasternak elastic foundation is suggested. The
dimensions of circular isotropic cylindrical shell are Eo1=Eo2=Eo, vV12=V21=Vo, the material
properties are taken as FEo=68.95GPa, V0=0.315, p=2714.5kg/m? h=0.648mm,
R=242.3mm, L=609.6mm from Ref.[230, 231]. Go=Eo/2(1+V)=26.22GPa. The results
show that the proposed results are falling somewhere between Swall and Naumann[230] ,
Naeem and Sharma [231]. According to the comparisons from example 1 and 2, it is clear
that the proposed method matches very well with the published journals and the reliability

and accuracy of our method are validated.

6.5.2 Results of natural frequencies and static buckling

The results from Table 6.1 and Table 6.2 have verified the proposed methods.

Additional effects of different (kw", ko) and Eoi/Eoz on natural frequencies @

(calculated from Eq.(6.48)) and static buckling load pcsﬁ* (calculated from Eq. (6.47)) of

a simply supported orthotropic cylindrical shell are shown in Table 6.3. Eq2=20.69GPa,
v12=0.3, v21=0.03, p=1950kg/m?, which were taken from Reddy’s book[232]. The
geometrical parameters are h=0.01m, L=5m, R=1.0m. Eo> remain unchanged and Eo is
variable with respect to the ratios. Clearly, for a fixed (kw", kp'), the increasing of Eo1/Eo
causes the increase of the buckling load; while leading to the decrease of natural
frequencies. One interesting finding is that the influence of modes (1,n) does not have
specific laws. Moreover, with the increase of kw” and k,”, the natural frequencies and static
buckling load become larger. While the influence of k" is more pronounced than kv,

especially for the static buckling load.
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Table 6.3 Comparison of natural frequencies @, and static buckling load pcsﬁ* of a

simply supported orthotropic cylindrical shell surrounded by Winkler-Pasternak elastic
foundations for different (kw", kp") and Eo1/Eoz (E02=20.69GPa, m=1)

Dy Po (x109
(ku", kp") | Eor/Ecz

n=1]n=2 | n=3 n=1 n=2 | n=3
10 43.13 ] 27.38 | 19.27 1 29.48 | 4.79 | 1.17
20 39.44 1 27.03 | 19.15] 41.23 | 9.09 | 2.29

(0,0)
30 36.93 ] 26.69 | 19.09 | 47.55 | 12.99 | 3.40
40 35.06 | 26.40 | 19.06 | 51.50 | 16.53 | 4.50
10 43.14 | 2751 | 20.04 | 29.51 | 4.88 | 1.37
20 39451 27.16 |1 19.94 | 41.29 | 9.28 | 2.69
(0,100)
30 36.95 ] 26.84 | 19.89 | 47.64 | 13.27 | 4.00
40 35.08 | 26.54 | 19.86 | 51.62 | 16.91 | 5.30
10 43.13 | 27.38 | 19.27 | 29.48 | 4.79 | 1.18
20 39.44 | 27.03 | 19.16 | 41.23 | 9.09 | 2.30
(100,0)
30 36.93 ] 26.70 | 19.10 | 47.55 | 12.99 | 3.40
40 35.06 | 26.39 | 19.06 | 51.50 | 16.54 | 4.50
10 43.14 | 2751 | 20.04 | 29.51 | 4.88 | 1.38
20 39.46 | 27.17 | 19.94 | 41.29 | 9.28 | 2.70
(100,100)

30 36.95] 26.84 | 19.89 | 47.64 | 13.27 | 4.00
40 35.08 | 26.54 | 19.86 | 51.62 | 16.91 | 5.30
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6.5.3 Dynamic buckling of FG orthotropic cylindrical shell surrounded by Winkler-
Pasternak elastic foundations subjected to a linearly increasing load

In this section, the dynamic stability of an FG orthotropic circular cylindrical shell
surrounded by a Winkler-Pasternak elastic foundation subjected to linearly increasing
load with the consideration of damping effect is investigated. The nonlinear dynamic
buckling EQ.(6.46) is solved by a hybrid analytical-numerical method (combined
Galerkin method and fourth-order Runge-Kutta method). Then the nonlinear dynamic
stability of the FG orthotropic cylindrical shell is assessed based on Budiansky-Roth
criterion. Effects of different parameters such as various inhomogeneous parameters,
loading speeds, damping ratios and aspect ratios and thickness ratios of the structure on
dynamic buckling are discussed in detail. The material properties are E01=275.8 GPa,
E02=27.58 GPa, v1,=0.25, v21=0.025, p=1619.27kg/m®. The geometrical parameters are

h=0.00254m, R=100%h, L=2xR, Go=10.34 GPa.

6.5.3.1 The influence of different non-homogenous parameters k1

According to Eq.(6.1), Young’s moduli E(z) and shear modulus G(z) is governed by
the exponential factor x1, while density p(z) is governed by x. All these material
coefficients may influence the dynamic response of the FG orthotropic cylindrical shell.
In this subsection, we focused on the effects of x1 (or Young’s module and shear modulus)
while x2 (or density) keeps invariable. Five different inhomogeneous parameters xi =-1, -
0.5,0, 0.5, 1 are selected. For k1 =0, Eq. (6.1) reduces to the homogeneous case; when x1 >
0, it corresponds to the graded stiff material while x1 <O means graded soft material. The

initial imperfection is Wo=0.001xh. And the loading speed c=4.137e9 Pa/s.
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The initial conditions for the problem are W =W, =0.001 and oW /67 =0 at T =0.

The dynamic buckling pointat 6°W_ /67%| =0 based on Budiansky-Roth criterion by

T=T¢

considering m and n equal to (1, 2, 3...30). Then the least dynamic buckling load p(t)=Cter
is determined corresponding to different modes (m, n). Figure 6.4 shows the effects of
different x1 on the dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell subjected to linearly increasing load ¢ =4.137GPa/s. It is clear
that for all the cases, critical buckling time tr>1, which means dynamic critical buckling
loads is larger than the static ones. With the increase of inhomogeneous parameters i,
critical buckling time t¢r decreases but dynamic buckling loads and the vibration of the
structure increase. This is due to the increase of x1 would lead to the increasing of shell
stiffness. Similar results also obtained from Table 6.4. Furthermore, one interesting
finding is that when the shell becomes stiffer, the dynamic buckling mode (m, n) jJumps

from (1, 23) to (1, 11), as shown in Table 6.4.

0.4
—1:x,=-1.0]  h=0.00254m,R=100*h,L=2*R
N €c=4.137e9 Pa/s,
21,705 W,=0.001xh,¢=0, rﬂﬂ
0.3‘ _____ 3: K3=0 k *=0' k *=0 5 4
w P
4 K4:0.5
v Eoa —5:1.=1.0
=
0.1+
% 0.5

T

Figure 6.4 The dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell subjected to linearly increasing load ¢=4.137 GPa/s for
different x1
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Figure 6.5 The effects of different x1 on p(t)cr and Wmn of a simply supported FG
orthotropic cylindrical shell subjected to linearly increasing load ¢ =4.137 GPa/s

The effects of different x1 0n p(t)er and Wmn is shown in Figure 6.5. The blue circular
represents x-p(t)cr curve while the red rectangular refers to x-Wmn curve. Both of them

increase significantly when the materials become stiffer.

6.5.3.2 The influence of different non-homogenous parameters k:

Effects of inhomogeneous parameters x> are investigated in this subsection. As shown
before, five different x»=-1, -0.5, 0, 0.5, 1 are selected. x1 (or Young’s module and shear

modulus) keeps invariable while holding all other parameters fixed.

Figure 6.6 depicts the dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell subjected to linearly increasing load c=4.137e9 Pa/s for
different k2. The increase in k2 would increase the dynamic buckling load but the growth
rate is prolonged. For example, x> change from -1.0 to 1.0, the dynamic buckling loads
increase by 1.025 times, as shown in Table 6.4. The dynamic buckling mode (m, n) also

changes from (1, 14) to (1, 18) while the critical static buckling load keeps constant.
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The effects of different x2 on p(t)cr and Wmn also illustrated in Figure 6.7. A similar
phenomenon can also be witnessed that dynamic buckling load increases slowly with the
increase of k2. However, the deflection of Wm, decreases by 1.4 times with the increase of

2, as shown in Table 6.4.

0.25 : :
—L=10 h=0.00254m,R=100*h,L=2*R
2: k. =-0.5 c=4.137e9 Pa/s,
0.2- 2 w,=0.001xh,¢=0, .
..... 3: K3: K *=0, K *=0 L
w p )
4:,=05
0.15" -
= —b5:x=1.0
x £ 5
=
0.1
0.05/
% 0.5 1 15

T
Figure 6.6 The dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell subjected to linearly increasing load ¢=4.137 GPa/s for

different 2

. -4
2 gX 10 . éjllo
© PO  h=0.00254m,R=100*,L=2*R
B |ae K'Wmn c=4.137e9 Pals,
I w,=0.001xh, ¢=0, o
k *=0, k *=0
w p
e)_ 2.76p e g g
Q.O ;
o N {1.8
. . L 0
212 -0.5 0 05 1°

Non-homogenous parameters x

Figure 6.7 The effects of different x> on p(t)cr and Wmn of a simply supported FG
orthotropic cylindrical shell subjected to linearly increasing load ¢ =4.137GPa/s
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In the subsections 6.5.3.1 and 6.5.3.2, the effects of «1, x2 on the dynamic buckling of

6.5.3.3 The combined effects of k1 and x> on dynamic buckling responses

an FG orthotropic cylindrical shell has been presented, respectively. As can be seen, both
of them have a significant influence on dynamic buckling responses. Therefore, it is

obvious for us to investigate the combined effects of these two parameters.

T T

h=0.00254m,R=100*h,L=2*R
c=4.137e9 Pals,
WO=0.001xh,§=0

kW*:O’ kp*:o Sf/\/\/\/:

0.35
—1: K1:-1.0
0.3 o k,=-0.5
0.25- |3 K57
4:1,=0.5
c 0.2/ |5« =10
« E L5 " |
2 015
0.1
0.05-
%

Figure 6.8 The dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell subjected to linearly increasing load c=4.137GPa/s for
different x1 and

0.5
T
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5x 10 . . § 10
h=0.00254m,R=100*,L=2*R
-~ t ] 3
o <POs| 2413769 Pals,
@ eW_ | w =0.001x, =0,
4 K *=0, k_*=0 25
w p
g E
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of s
o
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Figure 6.9 The effects of different x1 and x2 on p(t)cr and Wmn of a simply supported FG
orthotropic cylindrical shell subjected to linearly increasing load c=4.137GPa/s

Non-homogenous parameters «
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Table 6.4 Comparison of critical buckling time =, static critical buckling load p,, ,

d

st

dynamic critical buckling load p, and deflection W_ for various material exponential

factor «i
Material gradient Ki T, P (Pa) pY (Pa) W (m)
-1 1.127 1.58E+08(3,8) 1.78E+08(1,23) 1.14E-04
05 | 1009 | 2.00E+08(38) 2.2E+08(L,19) 1.50E-04
%1 (or Young’s module
and shear modulus) 0 1.078 256E+08(38) | 2.76E+08(1,16) | 1.87E-04
change, x2 (or density)
keeps constant
05 1.06 3.30E+08(3,8) 3.5E+08(1,13) 2.50E-04
1 1.046 4.30E+08(3,8) | 4.49E+08(1,11) 3.00E-04
-1 1.066 2.56E+08(3,8) | 2.73E+08(1,14) 2.27E-04
-0.5 1.072 2.56E+08(3,8) | 2.74E+08(1,15) 2.05E-04
i keeps constant, kz | 1078 | 256E+08(38) | 2.76E+08(1,16) | 1.87E-04
change
05 1.085 2.56E+08(3,8) | 2.78E+08(1,17) 1.73E-04
1 1.093 2.56E+08(3,8) 2.8E+08(1,18) 1.63E-04
1 1.111 1.58E+08(3,8) 1.76E+08(1,21) 1.26E-04
-0.5 1.09 2.00E+08(3,8) | 2.18E+08(1,18) 1.60E-04
Both «1 and x, change 0 1.077 2.56E+08(3,8) | 2.76E+08(1,16) 1.87E-04
0.5 1.065 3.30E+08(3,8) | 3.52E+08(1,14) 2.24E-04
1 1.053 4.30E+08(3,8) | 4.52E+08(1,12) 2.79E-04

Figure 6.8 gives the comparison of different x1 and x> on the dimensionless time-
deflection curve of an FG orthotropic cylindrical shell. Both x1 and x> increase
simultaneously while keeps other parameters unchanged. With the increase of non-
homogenous parameters «, the critical buckling time zcr decreases but dynamic buckling

loads and the vibration of the structure increase. And the dynamic buckling mode (m, n)
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jumps significantly from (1, 21) to (1, 12), as shown in Table 6.4. The effects of different
x1and k2 on p(t)er and Wmn also shown in Figure 6.9. Both x-p(t)cr curve and x-Wmn curve
increase simultaneously with the increase of non-homogenous parameters x. From
subsection 6.5.3.1 to 6.5.3.3, it is clear that both 1 and x> have an impact on dynamic

buckling responses; while the influence of 1 is more prominent than that of .

6.5.3.4 The influence of various linearly increasing loads

As one of the major coefficients in governing Egs. (6.37), (6.46), the linearly
increasing load has a significant effect on dynamic buckling load[102, 112]. Therefore,
it is essential to study the impact of different loading speeds acting on an FG orthotropic
cylindrical shell. The exponential factor or material gradient in this subsection chooses «i
=1.0. Three different loading speeds c equals to 4.137GPa/s, 8.274GPa/s and 16.55GPa/s

are discussed.

0.3 T T
—1: C1=4.137e9 Pa/s (1,12)
2: c2=8.274e9 Pa/s (1,17)
—3: 03=l.655610 Pals (1,25)
0.2r q
c
«_ E
; h=0.00254m,R=100*h,L=2*R
WO:O.001xh,§=O,
0.1r k *=0, k *=0 4
w p
1 2
j3~/\/—
GO 0.5 1 1.5

T

Figure 6.10 The dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell subjected to different linearly increasing loads c
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Figure 6.11 The effects of different linearly increasing loads c on p(t)crand Wmn 0f @
simply supported FG orthotropic cylindrical shell

Figure 6.10 shows the dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell subjected to different linearly increasing loads c. The
numbers in the parenthesis denote the dynamic buckling modes (m, n) in the figure.
Obviously, with the increase of loading speed, the critical buckling time zcr, dynamic
buckling loads p(t)cr and the vibration of the structure increase. And the buckling modes

jumps from (1, 12) to (1, 25).

The effects of different linearly increasing loads ¢ on p(t)er and Wmn of a simply
supported FG orthotropic cylindrical shell is shown in Figure 6.11. The deflection Wmn
would decrease due to the increase of loading speeds. This is because the increase of the
loading speeds makes the onset of buckling in advance of the release of strain in the

cylindrical shell.
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6.5.3.5 The influence of different damping ratios

To explore the influence of different damping ratios, five damping ratios ¢ from 0
(undamped system) to 0.05 are explicitly investigated. The exponential factor or material

gradient in this subsection chooses i =1.0. And the loading speed is c=4.137G Pa/s.

1.2 L L
—1:¢,=0(1,12)
2:¢,=0.01 (1,11)
—3:£,=0.02 (1,10)
4:¢,=0.03 (2,10)
—5:(,=0.04 (2,9)
> —6:(,=0.05 (2,8)

0.8

h=0.00254m,R=100*h,L=2*R
c=4.137€e9 Pa/s,
WO:O.001xh,

k *=0, k *=0
w p

0.4r

Figure 6.12 The dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell for various damping ratios
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4.65%10 : : : : 1K
-©-¢-p(t),, h=0.00254m,R=100*h,L=2*R
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W W, =0.001xh,

a6/ NPT

b, (H(Pa)

4.55

4.5

1 0.02 0.03
Damping ratios ¢

0.04

0.0

Figure 6.13 The effects of various damping ratios ¢ on p(t)cr and Wmn of a simply
supported FG orthotropic cylindrical shell
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In Figure 6.12 the effects of various damping ratios on the dimensionless time-
deflection curve are illustrated. It is noted that the oscillations after buckling are greatly
eliminated with the consideration of damping effects. One interesting finding is that the
half wave number in the axial direction m jumps from 1 to 2 when the damping ratio
reaches at 0.03. The numbers of wave in the circumferential direction n is decrease with
an increasing of damping ratios. Normally, some researchers[73, 211] believed in that the
increasing of damping ratios increases the dynamic buckling load. In this study, however,
the increasing of damping ratios not always results in the rise of buckling load, as the (-
p(t)cr curve shown in Figure 6.13. This is due to the buckling modes jumps from (1,10) to
(2,10) when the damping ratios reach at 0.03. As to the {-Wmn curve, the deflection

increases with the increase of damping ratios.

6.5.3.6 The influence of R/h ratios

The effects of R/h ratios of a simply supported FG orthotropic cylindrical shell
subjected to a linearly increasing load are discussed in this subsection. The geometrical
parameters are h=0.00254m, L=0.508m. Three different of radius-to-thickness ratios, i.e.
R/h=60, 80 and 100 are chosen. All the other parameters remain the same as before. As
shown in Figure 6.14, with the increase of R/h ratios, both the critical buckling time zc
and dynamic buckling loads p(t)cr apparently changed. When R/h ratios increase from 60
to 100, p(t)cr decreases by 1.64 times and the buckling modes jumps from (1,6) to (1,12).
As can be seen from Figure 6.15, the increase of R/h ratios would reduce the largest

deflection Wy, of the cylindrical shell.
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Figure 6.14 The dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell for various R/h ratios
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Figure 6.15 The effects of various R/h ratios on p(t)cr and Wmn of a simply supported FG

orthotropic cylindrical shell

6.5.3.7 The influence of L/R ratios

Figure 6.16 depicts the dimensionless time-deflection curve for various L/R ratios. The

geometrical parameters are h=0.00254m, R=100xh. The results of three different L/R
ratios, i.e. L/R=2, 4 and 6 are given. The dynamic buckling load p(t)cr increases slowly
with the increase of different L/R ratios, which are 452 MPa, 467 MPa and 478 MPa for

L/R=2,4 and 6, respectively. The dynamic buckling modes (m, n) remain the same for
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different L/R ratios. According to Figure 6.17, the increase of R/h ratios would reduce the

deflection Wmn of the structure.
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Figure 6.16 The dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell for various L/R ratios
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Figure 6.17 The effects of various R/h ratios on p(t)cr and Wmn of a simply supported FG
orthotropic cylindrical shell

6.5.3.8 The influence of the Winkler-Pasternak elastic foundation

In this subsection, the effects of the Winkler-Pasternak elastic foundation on FG
orthotropic cylindrical shell are investigated. Four sets of different (kw", k") were used,
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such as (kw’, ko) equals to (0, 0), (0, 100), (100, 0) and (100, 0). The other parameters
keep unchanged. Clearly, from Figure 6.18, when (kw", kp") equals to (0, 0), (100, 0), the
dimensionless time-deflection curves are almost the same, similar rules can be obtained
when (kw’, ko) equals to (0, 100) and (100, 100); while the influence of k" is more

pronounced than ky".

The effects of different (kw", ko) on p(t)erand Wmn of a simply supported FG orthotropic
cylindrical shell are shown in Figure 6.19, for both (kw", kp )-p(t)er and (kw", kp")-Wmn
curves, the influence of k" is more prominent than ky". By considering the Winkler-
Pasternak elastic foundation, the dynamic buckling load will increase, and Pasternak
parameter is more sensitive than Winkler one. As for the deflection of the cylindrical shell,
the increase of k" would reduce the deflection, while the increase of k,” would increase
the deflection. Because kv~ (Winkler foundation modulus) restricts the circumferential
deflection of the cylindrical shell and ky " strengthens shear layer foundation stiffness and
then eliminates the axial movement. Also, the influence of k," is more pronounced than

kw" on the deflection of the cylindrical shell.
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Figure 6.18 The dimensionless time-deflection curve of a simply supported FG
orthotropic cylindrical shell for different (kw", k")
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Figure 6.19 The effects of different (kw', ko) on p(t)er and Win of a simply supported
FG orthotropic cylindrical shell

6.6 Conclusions

This chapter presents the dynamic stability analysis of an FG orthotropic circular
cylindrical shell surrounded by a Winkler-Pasternak elastic foundation subjected to
linearly increasing load with the consideration of damping effect. Utilizing Hamilton’s
principle, the equations of motions are derived. And the nonlinear compatibility equation
is considered by means of modified Donnell shell theory including large deflection. Based
on a hybrid analytical-numerical method (Galerkin method and fourth-order Runge-Kutta
method), the dynamic governing equation can be solved. Effects of different parameters
such as various inhomogeneous parameters, loading speeds, damping ratios and aspect
ratios and thickness ratios of the structure on dynamic buckling were studied

systematically and the following conclusions can be made:

1. The non-homogenous parameters «i have a great effect on dynamic buckling

behaviours (critical load, buckling modes, deflection, etc.). Additionally, the
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effect of x1 (governed Young’s module and shear modulus) is more distinct
than x> (governed density) for dynamic stability behaviours. Therefore, a
rational design of x1 and x> is necessary for buckling analysis of an FG
orthotropic cylindrical shell.

. The dynamic critical buckling loads are larger than the static ones when
considering the dynamic terms for all the cases. With the increase of loading
speed, the critical buckling time, dynamic buckling loads and the vibration of

the structure increase; while deflection decrease.

. The increasing of damping ratios not always results in the rise of buckling load,
which may affect by buckling modes or other uncertainty factors. The

deflection increases with the increase of damping ratios.

. The increase of R/h ratios leads to the decrease of dynamic buckling load
dramatically; while the increase of L/R ratios results in slowly increase of
dynamic buckling. Moreover, dynamic buckling modes changed greatly for
different R/h ratios while seems invariable for different L/R ratios.

. Dynamic buckling load would increase due to the effect of the Winkler-
Pasternak elastic foundation and Pasternak parameter is more sensitive than
Winkler one. The influence of Pasternak parameter is more pronounced than
Winkler foundation modulus on the deflection of the cylindrical shell. The
increase of Winkler foundation modulus would reduce the deflection; while the

increase of Pasternak parameter would increase the deflection.
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Chapter 7 Nonlinear dynamic
buckling of the imperfect orthotropic
E-FGM circular cylindrical shells
subjected to the longitudinal constant

velocity

7.1 Introduction

The dynamic buckling of isotropic FG cylindrical shells subjected to the longitudinal
constant velocity has not been reported yet, and even the dynamic buckling of orthotropic
FG cylindrical shells. Therefore, in this chapter, the dynamic stability of the imperfect
orthotropic Exponential Law Functionally Graded Material (E-FGM) circular cylindrical
shell subjected to the constant longitudinal velocity is investigated. The dynamic
longitudinal loading on the shell is accomplished by applying a constant displacement
rate at one end with respect to the other. The nonlinear compatibility equation is derived
by using the improved Donnell shell theory with the consideration of von-Karman strain-
displacement relation and damping effect. Then the nonlinear dynamic buckling equation
considering initial imperfections and damping effect is obtained by Airy’s stress function
and Galerkin method based on Volmir’s approach[233]. Finally, the nonlinear

compatibility equation is solved by fourth-order Runge-Kutta method and the nonlinear
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dynamic stability of the orthotropic FG cylindrical shell are assessed based on Budiansky-

Roth criterion[2, 6, 202].

7.2 Theory and formulation
7.2.1 Material gradient of orthotropic FG cylindrical shells

Orthotropic functionally graded cylindrical shell in this chapter is assumed to be made
from a mixture of ceramic and metallic with exponentially varying material properties

P(z) and can be given as follows
P(2) =P-y(2) (7.1)
where

P (%+0.5)

v (2)=¢ (7.2)

where y(z) is the material’s exponential function. xi is the exponential factor, and also
denotes the non-homogenous parameter because it characters the degree of the material
gradient in the z-direction. h is the thickness of the shell and varies from —h/2 to h/2. z is
the coordinate in the thickness direction. Figure 7.1 illustrates the material’s exponential
function for five different non-homogenous parameters (-1.5, -0.5, 0, 0.5, 1.5) along the
z-direction. As can be seen, when xi =0, Eq.(1) reduces to the homogenous case; when ;>
0, it corresponds to the graded stiff material while xi <O means the graded soft material,

as shown in Figure 7.2.
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For an orthotropic functionally graded cylindrical shell, Young’s module E(z), shear

modulus G(z), and density p(z) can be given in the similar form as Eq.(7.1).

E, = B (2), B, = B (2); G,y =Gy, (2);

p(2) = pyy,(2);

where Eo1, Eo2 represent Young’s moduli of homogeneous orthotropic material along X,
y directions, respectively. Similarly, Go and po are the shear modulus and density of the
homogenous orthotropic material, respectively. Poisson’s ratio in this chapter is assumed

to be invariable because Poisson’s ratio has less effect on structures than other material

properties[213].
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(a) (b)

Figure 7.2 Cross-section of (a) FG stiff circular cylindrical shell; (b) FG soft circular
cylindrical shell

(a) (b)

Figure 7.3 Geometry and Cartesian coordinate system of an orthotropic FG cylindrical
shell subjected to a constant axial velocity

7.2.2 Governing equations

Consider an orthotropic functionally graded cylindrical shell with length L, mean
radius R and thickness h, as shown in Figure 7.3. The Cartesian coordinate system (X,y,z)
is established, in which point O is located on the middle plane and at the left side of the
cylindrical shell. z is the thickness direction. Also, the cylindrical shell is subjected to a

constant compression rate v at the end of right side along the x direction.
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The governing equation same as Section 6.2.2 and Section 6.2.3 when the elastic

foundation parameters equals to 0.

. 0°F . « .\ O'F . O'F
h{cl W+(c11—2c66 +C22)6x26y2 +C,, " }
* 84 (W_W ) * * * 84(W_W) * 84(W_W) h 62F
_Dll 8X4 : _(D12+2D66+D21) axzayzo M ay4 0 +E axz (74)

h{azF o’w 262F o’w  0%F azw} o’w ow

- + = P —+Cyp, —
o2 o2 oxayoxay o oyt | ot P

7.3 Nonlinear dynamic analysis of an orthotropic FG cylindrical shell
7.3.1 Solution of the problem

The boundary conditions for w and wo of a supported cylindrical shell where the edges

remain straight after buckling are

w=w,=0
*w 9w, 0 x=0and x=L (7.5)
ot axt
And
W=W, =
o'w 0w, y=0and y=27R (7.6)
—2: ayz :0

From the above figure, the average stress in each direction becomes
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1 (2w 1 R O*F(X,Y)

2 [od dy =— p(t

b oY=l o7 Y=7PO
1 1 IZnRazF(x,y)

2R V== 5 2k
X0y

for x=0,L (7.7)
dy=0

where p(t) is the average compressive stress due to the constant compression rates and

_J' J'L5 F(4Y) 4y —0
ox° for y=0,22R (7.8)
1 =——ILanyd:O
Oxoy

The deflection function for the SSSS boundary condition cylindrical shell is assumed

to be the single mode [74]

w(x, y,t) =W__(t)sin( ax) sin( BY) (7.9

where Wpn(t) is the time-varying amplitude of w, and a=mz/L and f=n/R are the number
of half waves in the x and y directions, respectively. Moreover, other boundary conditions

can be considered if one selects the proper trigonometric admissible functions[75].

Also, the initial shape function can be taken as

W, (X, Y) =W, sin( ax) sin( By) (7.10)

where Wo represents the initial eccentricity value of the cylindrical shell.

Substituting Eq.(7.9) and Eq.(7.10) into the nonlinear compatibility Eq.(6.30) and

combined with the boundary conditions Eqgs.(7.5)-(7.8), a solution is given
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F (X, y,t) = F, cos(2ax) + F, cos(2,8y) + F, sin( ax)sin (,By)—% p(t)y?
Where

S - - Wiy =Wy
32a°Ah
2
a
F,=———— W2 -W?
2 32,32A22h (\Nmn 0 )
2

* * * * * a
. Blla4 +(B, + By, - Bes)azﬂz + Bzzﬁ4 +E W, —W,)
P A1*1a4+(A1*2+A;1+A;e)aZ,BZ+A;2ﬂ4 h

(7.11)

(7.12)

Substituting Egs.(7.9)-(7.11) into Eq.(7.4) and then applying the Galerkin method.

Each term in Eq.(7.4) is multiplying with sin(mzx/L)sin(ny/R)dxdy, then integrating over

the middle surface of cylindrical shell, the equation of motion becomes

[ [ eq(e 4sin(ax)sin(By)dxdy

oW oW,
& Py — — —

+H1Wmn (anfn _WOZ) - azhp(t)vvmn =0

=P (MlKl_Nl)(Wmn _Wo)

Where

2
M, = C1*2a4 + (Cl*l - chs + sz)azﬂz + C;1ﬂ4 _%
N, = [)1*10‘4 + (DIZ + 2D;6 + D;)azﬂz + D;2ﬁ4
2
B:l‘)‘4 + (Bl*Z + le - Bgs)azﬂz + B;2ﬂ4 "‘%

K, 3 * * N 202 L A" b
Ao+ (A + Ay + Ag)a B+ ALS

lei(aj*‘ﬂjJ
16\ A, Ay
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7.3.2 In-plane compressive force

Substituting Eq. (7.11) into Eq. (6.28), the membrane stresses can be obtained

o - a’ cos(23Y) W2 —W2)— BK, sin(ax)sin(By) W —W,)— p()

” 8A,h h
B cos(2ax) 2K, sin(ax) sin(By) (7.45)
a 2 2y 'K, a
=]+ -W,) - -W,
Gy 8A11h (\Nmn 0 ) h (van 0)
Getting together Eq.(6.3) with Eq.(6.14), we can have the following equations
2 2
ey
*oox 2\ ox 2\ ox (7.16)

20— AN, —ALN, — A, (Bx, + BlZKy) + A, (Byx, + BzzKy)
" A11A22 _A21A12

Substitute Egs.(7.9), (7.10) into Eqgs.(7.16) and eliminating &_, then u/dx can be

expressed

ou . . N N
_X =h(A,0o, + Aizo'y) + By, + BZZKy

5 (7.17)
_%az cos® (ax)sin®(BYy) (W, —Wy)

where ou/0x denotes the strain at any point through the cylindrical shell thickness in the

z-direction.

The dynamic longitudinal loading on the cylindrical shell is accomplished by a
constant displacement rate v along x-axis of one end with respect to the other; therefore

the displacement along x-axis due to the loading rate can be solved by
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1 (2ReLoU a’L .
Uu=— —dxdy = ——— (W2 -W.2)— A hLp(t
27Z'R 0 0 OX y 8 (\Nmn 0) A22 p( )+
-y (7.18)
* * * * a * *
L(A22N1+A&2N;)+1_2 _(Bzz_A22K1)+_(821_'A‘12K1) (Wmn _Wo)
7R| a p
U=-vt (7.19)

where negative displacement means the cylindrical shell edge is shortened.

From EQs.(7.18) and (7.19), the average value of compressive stress p(t) can be

expressed
p(t)= 2 vt % w2 w)
AN 8ALhT ™ °
rrAZZ ﬂ A22 (720)
* * a * *
+m{g(822 - A,K) +E(BZl - AiZKl):|(van -W)
2
Where
n=-nH" -1 (7.21)
r,=(-1)" -1 |

7.3.3 Buckling analysis

7.3.3.1 Static buckling analysis

For an initially perfect orthotropic FG cylindrical shell, by omitting the velocity,

acceleration and high-order terms, Eq. (7.13) can be reduced into

—a*hpW,, —(M K, — N, )W,,, =0 (7.22)
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Eq. (7.22) is the linear static equation of the orthotropic FG cylindrical shell, which
can also obtain from the corresponding static case using the linear theory. Then the static

buckling load is

1
pst :ﬁ(Nl_MlKl) (723)

where the least static buckling load p;; can also obtain with respect to various modes (m,

n), which can be further reduced into classical buckling load of an isotropic circular
cylindrical shell by giving i equals to 0, respectively. And the equation is given as

follows

- Eh (7.24)

o T R BV

7.3.3.2 Dynamic buckling analysis

Substituting Eq. (7.20) into Eq. (7.13), the government equation of nonlinear dynamic
buckling of orthotropic FG cylindrical shell subjected to a constant loading rate v with

damping effect can be derived

oW, oW

pt atz +10th 8’[

_(MlKl - Nl)(Wmn _W0)+ Hlen (err?n _Woz) (7-25)
1 ot ) )
—Vt——— W, —W;)

oty | Al BARh ° 0

" rr . A,
"‘Wiﬂﬂ[g(Bzz_A22K1)+E(Bz1_A12K1):|(Wmn ~W,)

Here, introduce the following non-dimensional parameters and constants
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. W . W t . v
W o =—" W, =—2 7= Vo= ,
h " oh \/ptLA;Zh L
A,hp,
L =(N1—|\/|1K1)A;2hL (7.26)

L, =h’LH,A,

_h B A AT
I-s - 7RL nr [a (B?_z A22K1)+ ,B (821 A12Kl)}

By considering the viscous damping as internal damping effects, one can obtain that

Cd = 2a)mng

C; =Cy Py LA;zh

(7.27)

where cq denotes the damping coefficient of the structure; «,__denotes the circular natural
frequency of the cylindrical shell corresponding to mode (m, n); and £ denotes the

damping ratio of the cylindrical shell.

For harmonic motion, Wmn(t) may be taken in the form
W_.(t) = Asin( wt) (7.28)
where A is the amplitude of the vibration.

Substituting Eq. (7.28) into Eq. (7.25), the fundamental frequency of natural vibration

of the orthotropic FG cylindrical shell can be determined by

@ =\/i(N1—Ml~K1) (7.29)
P
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Therefore, the differential equations governing the nonlinear behaviour of an

orthotropic FG cylindrical shell can be written in a non-dimensional form

Wo 1 gz Mo | (w2, W)+ LW, (5,2 ~W;)
or ot
. (7.30)
—othLWr:n |:V*T - (\Nr:nz _Wo*z) +L W, _Wo*)} =0

According to the dimensionless quantities of Eq. (7.28), the normalized buckling load

from Eq. (7.20) can be represented as

PO __ 1 {v*r—“zhz WL2 WA LWS W) | (73)

pcr T st T A% s
pc: A22hpc: 8

7.4 Results and discussions
7.4.1 Validation of present study

In this section, the accuracy of proposed method is verified with published papers.
First of all, the comparison on the static buckling of simply supported isotropic cylindrical
shell pst (calculated from Eq.(7.23)) given by the proposed analysis with the results Huang
and Han [102] based on the Euler-Lagrange equation, as shown in Table 7.1. The
dimensions of the circular cylindrical shell are Eo1=Eo2=Eo, V12=Vv21=vo. The material
properties are taken as Eo=200GPa, Go=77.3GPa, p=1200kg/m?, h=4x103m, R/h=125,
L/R=1. The Poisson’s ratio is chosen to be 0.3. As can be seen, in this comparison study
outstanding agreements are achieved and the average errors in different modes just have

around 0.11%-0.32%.
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Table 7.1 Comparison of the static buckling load of a simply supported isotropic
cylindrical shell with the results reported by Huang and Han[102]

(m,n) Huang and Han[102](GPa) Present method (GPa) Difference (%)

(1,1) 16.721 16.739 0.11
(1,2) 10.284 10.311 0.26
(1,3) 5.586 5.604 0.32
(1,4) 3.029 3.038 0.30
(2,4) 2.657 2.664 0.26
(3.4) 1.762 1.765 0.16

Furthermore, the natural frequencies (in Eq.(7.29)) of the simply supported anisotropic
circular cylindrical shell is calculated by present analysis and compared with Greenberg
and Stavsky [234] based on the Love-type theory solved by finite Fourier transform,
Sofiyev et al.[118] based on Donnell’s nonlinear shell theory and solved by homotopy
perturbation method, Liu et al.[235] based upon the Donell-Mushtari shell theory solved
by closed-form vibration solution. The comparisons are carried out for the following
circular cylindrical shell material properties: Eo1=120GPa, Ep>=10GPa, Go=5.5GPa,
v12=0.27, v21=0.0225, p=1700kg/m3, h=0.01m, L=5m, R=1.0m, which were taken from
the study of Liu et al.[235]. As shown in Table 7.2, a good agreement can be witnessed.

Table 7.2 Comparison of the natural frequencies of a simply supported orthotropic

cylindrical shell with results reported by Greenberg and Stavsky [234], Sofiyev et
al.[118] and Liu et al.[235]

N Present Ref. Ref. Ref. Average Error (%) with
Method [234] [118] [235] Ref. [118, 234, 235]

3 272.0 266 273 258 2.33%

4 203.99 202 204 198 1.30%
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5 213.05 211 210 209 1.43%

6 269.81 270 265 266 1.04%
7 353.57 358 347 350 0.54%
8 455.93 464 448 452 0.28%

7.4.2 Results of natural frequencies and static buckling loads

The results from Table 7.1 and Table 7.2 have verified the proposed methods.
Additional effects of different L/R and Eo1/Eo2 on natural frequencies wmn (calculated from
Eq.(7.29)) and static buckling load of pst (calculated from Eq.(7.23)) of a simply supported
orthotropic cylindrical shell are shown in Table 7.3. The material properties are same as
Table 7.2, expect that Eo2 and R remain unchanged and Eo; and L are variable with respect
to the ratios in Table 7.3, respectively. Obviously, for a fixed Eo1/Eo2, the increasing of
L/R leads to the decrease of natural frequencies; while static buckling does not have this
phenomenon. Similarly, for a fixed L/R, the increasing of Eo1/Eo2 causes the increase of
the buckling load; while natural frequencies do not have this phenomenon. One
interesting finding is that the influence of modes (m,1) does not have specific laws.

Table 7.3 Comparison of natural frequencies wmn and static buckling loads pst:of a
simply supported orthotropic cylindrical shell for different L/R and Eo1/Eo2 (E02=10GPa,

R=1m,n=1)
wmn (Hz) pst (MPa)
L/R Eo1/Eo2
m=1 m=2 m=3 m=1 m=2 m=3
10 1843.2 22435 2386.1 2340.6 867.0 435.9
2 20 1845.4 | 2253.4 2436.1 2346.4 874.7 454.3
30 1846.7 2263.8 2485.4 2349.7 882.8 472.9
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40 1847.8 | 2274.3 2533.8 2352.5 890.9 4915

10 449.0 980.3 1373.8 3472.7 4138.5 3611.8

20 493.2 1004.2 1384.6 4189.8 4342.1 3669.2
10

30 511.1 1012.5 1388.4 4499.6 4414.7 3689.3

40 520.8 1016.8 1390.4 4672.3 4452.1 3699.7

10 157.7 449.0 731.6 1714.2 3472.7 4097.4

20 194.7 493.2 765.5 2612.4 4189.8 4486.5
20

30 214.4 511.1 778.0 3166.0 4499.6 4633.3

40 226.7 520.8 784.4 3541.3 4672.3 4710.4

7.4.3 Dynamic buckling of the orthotropic FG cylindrical shells subjected to
constant velocities

In this subsection, the nonlinear dynamic stability of an imperfect orthotropic FG
cylindrical shell subjected to a constant compression rate is investigated. Eqg.(51) was
solved numerically based on fourth-order Runge-Kutta method and the nonlinear
dynamic stability of the orthotropic FG cylindrical shell are assessed based on Budiansky-
Roth criterion[2, 6, 202]. The following material properties are chosen: E¢1=206.9GPa,
E02=20.69GPa, Go=6.9GPa, v1,=0.3, v1=0.03, p=1950kg/m?, which were taken from
Reddy’s book[232]. The geometrical parameters are h=0.01m, L=5m, R=1.0m. And the

initial imperfection is Wo=0.001xh.

7.4.3.1 The influence of various compression rates

The constant velocity or displacement loading scheme of dynamic buckling, which

was first studied by Hoff [53] in 1951, and shown that the critical force strongly depends
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on compression rate and initial imperfection of a beam-column structure. Moreover,
velocity is one of the key parameters in the governing Egs.(7.30) and (7.31). Therefore,
it is essential to study the impact of different velocities acting on an imperfect orthotropic
FG cylindrical shell. The exponential factor or material gradient in this subsection
chooses i =1.0. Three different compression rates v equal to 0.1m/s, 0.2 m/s and 0.3m/s

are discussed.

Figure 7.4 and Figure 7.5 show the dimensionless time-deflection curve, the
dimensionless time-load curve of an eccentricity simply supported orthotropic FG
cylindrical shell subjected to different velocities, respectively. Obviously, with the
increase of axial compression rates, the critical buckling load and vibration of the
cylindrical shell increases; while the time of the onset of buckling decrease and the
deflection at the buckling point (which is shown as coloured dots in Figure 7.5) decreases
aswell. As can be seen from Figure 7.4 that all dynamic buckling curves have three phases,
which are a very slow increase, rapid increase and reach the inflexions and then
cylindrical shell begins to vibration. Moreover, the dynamic critical buckling mode (m, n)
changes from (8, 8) to (10, 9) with the increase of loading rates. The oscillation amplitude

(the third phase) also becomes larger when the velocity reaches 0.3 m/s.
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Figure 7.4 Dimensionless time-deflection curve of an eccentricity simply supported
orthotropic FG cylindrical shell subjected to different velocities
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Figure 7.5 Dimensionless time-load curve of an eccentricity simply supported
orthotropic FG cylindrical shell subjected to different velocities

7.4.3.2 The influence of various initial imperfections

As it has been reported, initial imperfection is one of the most important parameters in
dynamic buckling analysis. To investigate effects of the initial imperfection in dynamic

buckling analysis, three different initial eccentricities Wo equal to 0.02xh, 0.01xh and
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0.001xh are discussed. In Figure 7.6, it is clearly demonstrated that a slight change of
initial deflection would result in an apparent change in T-Wmna" curve and the amplitude of
the vibration of the structures increases for smaller imperfections. From Figure 7.7, when
the initial imperfection decreases from 0.02xh to 0.001xh, the dynamic buckling load

increases.

One interesting finding is that when initial imperfection increases to 0.1xh, there is an
absence of dynamic buckling point according to Budiansky-Roth criterion[2, 6, 202].
Similar phenomena also are reported by Papazoglou et al.[73] and Huang et al. [102].
This is because B-R criterion is unsuitable for predicting dynamic buckling load of the

cylindrical shell when the imperfection amplitude is large.

0.6 L L
—1: W =0.001xh (8,8)
2: W =0.01xh (8,8)
-3 WO=0.02><h (7,7)
0.4¢
c
« E
=
0.2- 7 |
¢ x=1.0,v=0.1m/s,
V) §=0
220
/’/‘J
O._.—" L I
0 500 1000 1500

Figure 7.6 Dimensionless time-deflection curve of an eccentricity simply supported
orthotropic FG cylindrical shell for various initial eccentricities

211



0.25

—1: W =0.001xh (8,8)
2: W =0.01xh (8,8)
--3: W =0.02xh (7,7)
0.15¢ 2 \ |
C \
« E
Q_ 4
N 3._/
x=1.0,v=0.1m/s,
0.05 &0 |
0 r :
0 200 400 600

T

Figure 7.7 Dimensionless time-load curve of an eccentricity simply supported
orthotropic FG cylindrical shell for various initial eccentricities

7.4.3.3 The influence of different damping ratios

Figure 7.8 and Figure 7.9 show the influence of damping ratios on dynamic buckling
of an eccentricity simply supported orthotropic FG cylindrical shell. Three damping ratios
{from O (undamped system) to 0.02 are explicitly investigated. The exponential factor in
this subsection chooses xi =1.0, axial compression velocity is v=0.1m/s, and initial
imperfection is 0.001xh. Clearly, the influence of increasing of damping ratios is not very
pronounced for deflections when compared with dynamic buckling load. While the
increase of damping ratios increases the dynamic buckling load and eliminates the
oscillations in the third phases of Figure 7.8. This is because damping depletes the strain
energy which stored in the first two phases. The larger the damping ratio increases, the
greater the depletion becomes. Besides, the dynamic critical buckling mode (m, n) seems
insensitive with the increase of damping ratios. For all three different damping ratios ¢

from 0 (undamped system) to 0.02, the dynamic buckling modes are (8, 8).
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Figure 7.8 Dimensionless time-deflection curve of an eccentricity simply supported
orthotropic FG cylindrical shell for various damping ratios
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Figure 7.9 Dimensionless time-load curve of an eccentricity simply supported
orthotropic FG cylindrical shell for various damping ratios

From Figure 7.1, as can be seen, material exponential factor «; characters the degree of

E(z), shear modulus G(z) and density p(z) are given by Eq.(7.3). In this section, the effects

7.4.3.4 The influence of different non-homogenous parameters &1

the material gradient in the z-direction and may also influence the dynamic buckling of

the structures. For an orthotropic functionally graded cylindrical shell, Young’s module
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of k1 (or Young’s module and shear modulus) are focused on. And x> (or density) keeps
invariable. Five different inhomogeneous parameters xi=-1, -0.5, 0, 0.5, 1 are selected. It
is clear that when x1 =0, Eq.(7.1) reduces to the homogeneous case; when x1 > 0, it

corresponds to the graded stiff material while x1 <O means graded soft material.

The influence of different x10n dynamic buckling of orthotropic FG cylindrical shells
is illustrated in Figure 7.10 and Figure 7.11. It is obvious that with the increase of
inhomogeneous parameters or say that the materials become stiffer would reduce the
onset of buckling amplitudes and decrease the dynamic buckling loads. When «; increases
from -1.0 to 1.0, the dynamic buckling loads increase by 2.56 times and times of onset
buckling decrease 1.06 times, as shown in Table 7.4. And the buckling mode remains

constant with the change of different inhomogeneous parameters «i.

0.014
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2: x=-0.5 VZO.lm/S,W0:0.001m,§:0,
..... 3 =0 (m‘n):(8’8)
—5: x=1.0
— X:I.O-3 f‘: 3
E S\ B
= 0.006"
2 5 ,.-": 1 S
FA
0.002F /j E
0.044 0.048 0.052J/
OO 0.02 0.04 0.06 0.08

t(s)

Figure 7.10 The time-deflection curve of an eccentricity simply supported orthotropic
FG cylindrical shell for different x1
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Figure 7.11 The time-load curve of an eccentricity simply supported orthotropic FG
cylindrical shell for different x1

7.4.3.5 The influence of different non-homogenous parameters x>

In this subsection, the effects of inhomogeneous parameters . are investigated.
Similarly, five different x>=-1, -0.5, 0, 0.5, 1 are selected. x1 (or Young’s module and

shear modulus) keeps invariable while holding all other parameters fixed.

Figure 7.12 and Figure 7.13 depict the time-deflection curve and time-load curve of
an eccentricity simply supported orthotropic FG cylindrical shell for different x, subjected
to a constant axial velocity v=0.1m/s, respectively. An interesting finding is that the first
phases (or say slopes) of the time-load curve of different inhomogeneous parameters «;
are almost similar. This is due to the x1 (or Young’s module and shear modulus) keeps
invariable. The increase of x> from -1.0 to 1.0 would increase the dynamic buckling and
also extend the time of onset of buckling, which means the larger the density becomes,
the bigger the dynamic buckling load is when inhomogeneous parameters 2 increases

and x1 (or Young’s module and shear modulus) keeps invariable.
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Figure 7.12 The time-deflection curve of an eccentricity simply supported FG
orthotropic cylindrical shell for different x>
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From the last two subsections, we can see that both x1 and x> have a significant
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Figure 7.13 The time-load curve of an eccentricity simply supported FG orthotropic

7.4.3.6 The combined effects of 11 and k2 on dynamic buckling of orthotropic FG

influence on the dynamic buckling of an eccentricity simply supported orthotropic FG
cylindrical shell. Therefore, it is evident for us to investigate the combined effects of these

two parameters. Figure 7.14 and Figure 7.15 give the comparison of different 1 and x> on



the time-deflection curves and time-load curves, respectively. Both x1 and x> increase
simultaneously while keeps other parameters unchanged. As can be seen from Figure 7.14,
the time-deflection curve of inhomogeneous parameters equal to -1.0 coincides with that
of 1.0. Similarly, the curves of -0.5 and 0.5 are almost the same. As shown in Figure 7.15,
the dynamic buckling loads increase with the increase of inhomogeneous parameters from

-1.0 to 1.0 while the time of onset buckling has no significant rules.

To further explore the relationship between x1 and x> on dynamic buckling of
orthotropic FG cylindrical shells, eleven different x1 from -1.0 to 1.0 and eleven different
k2 from -1.0 to 1.0 are explicitly investigated. Figure 7.16 shows the relationship of
different x1 and x> on the peak deflections at the time of onset buckling for an eccentricity
simply supported orthotropic FG cylindrical shell. As can be seen, the influence of «: is
almost the same as «». Both k1 and x> change from (1.0, -1.0) to (-1.0,-1.0) (the softest) and
(1.0, 1.0) (the stiffest) area, the peak deflections increase. When x1 equals to -1.0 and «»
equals to 1.0, the deflection reaches the largest. Similar results also obtained from Table

7.4.
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Figure 7.14 The time-deflection curve of an eccentricity simply supported orthotropic
FG cylindrical shell for different x1 and x>
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Figure 7.15 The time-deflection curve of an eccentricity simply supported orthotropic
FG cylindrical shell for different x1 and 2

Table 7.4 Comparison of static critical buckling load p; , dynamic critical buckling

load pf,y and deflection W_ for various material exponential factors ;i

Material gradient K P (Pa) pY (Pa) W_ . x10%(m)

1 (or Young’s module and -1 1.13E+08(7,8) | 1.31E+08(8,8) 2,675

shear modulus) changes, « (or
density) keeps constant -0.5 1.43E+08(7,8) | 1.63E+08(8,8) 2.593
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0 1.82E+08(7,8) | 2.05E+08(8,8) 2.524
0.5 2.35E+08(7,8) | 2.61E+08(8,8) 2.446
1 3.06E+08(7,8) | 3.36E+08(8,8) 2.372
-1 1.82E+08(7,8) | 2.01E+08(8,8) 2.385
0.5 1.82E+08(7,8) | 2.03E+08(8,8) 2.449
1 keeps constant, x, changes 0 1.82E+08(7,8) | 2.05E+08(8,8) 2.524
0.5 1.82E+08(7,8) | 2.08E+08(8,8) 2.605
1 1.82E+08(7,8) | 2.12E+08(8,8) 2.7
-1 1.13E+08(7,8) | 1.27E+08(8,8) 2.523
-0.5 1.43E+08(7,8) | 1.61E+08(8,8) 2.52
Both x1 and x, change 0 1.82E+08(7,8) | 2.05E+08(8,8) 2.524
0.5 2.35E+08(7,8) | 2.65E+08(8,8) 2.52
1 3.06E+08(7,8) | 3.45E+08(8,8) 2.523

The influence of different x1 and x> on critical dynamic buckling load at the time of
onset buckling for an eccentricity simply supported orthotropic FG cylindrical shell is
also illustrated in Figure 7.17. It shows that the increase of both x1 and x> will increase the
buckling load; while the effect of 1 is more distinct than x> for dynamic buckling load,
which means Young’s module and shear modulus have a more pronounced than density
on the buckling load. Therefore, for an eccentricity simply supported orthotropic FG
cylindrical shell, a rational design of x1 and x> can maximise the material property and

optimise the structures.
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Figure 7.16 The relationship of different x1 and x2 on the peak deflections at the time of
onset buckling for an eccentricity simply supported orthotropic FG cylindrical shell
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Figure 7.17 The relationship of different x1 and x2 on critical dynamic buckling load at
the time of onset buckling for an eccentricity simply supported orthotropic FG
cylindrical shell

7.5 Conclusions

Dynamic stability behaviours of an imperfect orthotropic E-FGM circular cylindrical
shell subjected to constant longitudinal velocities were investigated. The dynamic
longitudinal loading on the shell is accomplished by applying a constant displacement

rate at one end with respect to the other. According to the improved Donnell shell theory,
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the nonlinear compatibility equation and the equation of motion were derived with the
consideration of initial imperfection and damping effects. The governing equation was
solved by fourth-order Runge-Kutta method and the nonlinear dynamic stability of the
orthotropic FG cylindrical shell is assessed based on Budiansky-Roth criterion. The
Effect of various velocities, initial imperfections, damping ratios, inhomogeneous
parameters x1 and x2 on nonlinear dynamic buckling of the orthotropic FG cylindrical

shells were studied and the results of this investigation can be summarized as:

1. When considering dynamic terms, the dynamic critical buckling loads are
larger than the static ones. Moreover, with the increase of axial compression
rates, the critical buckling load and amplitude of the vibration of the cylindrical
shell increases; while the time of the onset of buckling decreases and the
deflection at the buckling point decreases as well.

2. The presence of initial imperfection considerably reduces the dynamic
buckling load and the oscillation of the cylindrical shell after buckling. The
large initial imperfection will change the whole appearance of the response
curve. At this moment, the B-R criterion is unsuitable for predicting dynamic
buckling behaviour of the cylindrical shell.

3. The increasing of the damping ratios results in the rise of dynamic buckling

load and eliminates the oscillations in the third phases.

4. Both 1 (or Young’s module and shear modulus) and x; (density) will increase
the buckling load; while the effect of «1 is more distinct than «, for dynamic
stability behaviours. Therefore, for an eccentricity simply supported
orthotropic FG cylindrical shell, a rational design of x1 and x> can maximise the

material property and optimise the structures.
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Chapter 8 Conclusions and further

work

8.1 Conclusions

This dissertation provides a comprehensive analytical analysis framework for dynamic
behaviour assessment of beam, plate and cylindrical shell made of advanced materials, as
well as a vivid modelling on the damping effects, thermal effect and elastic foundation
for structures under dynamic loadings. Chapters 3-7 present dynamic characteristics and
stability of beams, plates and cylindrical shells under different situations, respectively. A

detailed summary is shown below.

Chapter 3 proposes the nonlinear dynamic buckling analysis of Euler-Bernoulli beam-
columns under constant loading rates. The critical dynamic buckling load of the damped
system is larger than the undamped system. The increasing of the damping ratios results
in an increase of dynamic buckling load. However, the buckling time of structure will be
delayed for a damped system. The critical buckling is deceased for the temperature
change from temperature fall to temperature rise. Moreover, temperature rise would defer
the time of buckling while temperature fall would accelerate the time of buckling. For a
beam-column subjected to a compression rate in the presence of damping effects under
thermal environment, velocities of load are the most crucial parameter for structures, then
temperature change. However, in this case, the damping effect has the least effects. The
analytical solutions are compared with the FE results and the proposed methods are in a

good agreement with the FEM modellings.

222



Chapter 4 investigates the nonlinear dynamic characteristics and stability of composite
orthotropic plate on Winkler-Pasternak elastic foundation subjected to different axial
velocities with damping and thermal effects. The accuracy of the obtained results of
frequency parameters is verified against the published paper by other methods and shows
that the proposed method has a good accuracy. The increase in damping ratios increases
the dynamic buckling load and eliminates the oscillations in the third phases. Temperature
rise will cause the increase of axial compression stresses and further reduce the transverse
stiffness of plate. Considering the elastic foundation, the deflection of the plate will
decrease; while Pasternak parameter is more sensitive than Winkler one for the structures.
Also the increase of foundation parameters would reduce the onset of buckling amplitudes
and decrease dynamic buckling load. The author thought that the B-R criterion is

unsuitable for the plate on elastic foundation when foundation parameters become larger.

Chapter 5 implements nonlinear primary resonance behaviour of cylindrical shells
made of functionally graded (FG) porous materials subjected to a uniformly distributed
harmonic load including the damping effect. Three types of FG porous distributions,
namely symmetric porosity distribution, non-symmetric porosity stiff or soft distribution
and uniform porosity distribution were considered. By increasing the value of the
coefficient of porosity, hardening nonlinearity is weakened for all the distributions. The
symmetric porosity distribution occupies more stiffness than the other two types and
consequently, the detuning parameters and amplitude of response are the smallest. While
in the presence of damping effect, the amplitude-frequency curves are finite. And as the
value of damping ratio increases, the peak amplitude decreases as the value of damping

ratio increases. The analytical method is further verified by the adaptive step-size fourth-
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order Runge-Kutta method numerically. The present method is in agreement with that

from the numerical simulation, and then the validity of the present study is examined.

Chapter 6 carries out the dynamic stability analysis of an FG orthotropic circular
cylindrical shell surrounded by a Winkler-Pasternak elastic foundation subjected to
linearly increasing load with the consideration of damping effect. The non-homogenous
parameters xi have a great effect on dynamic buckling behaviours (critical load, buckling
modes, deflection, etc.). Additionally, the effect of x1 (governed Young’s module and
shear modulus) is more distinct than x> (governed density) for dynamic stability
behaviours. Therefore, a rational design of x1 and «2 is necessary for buckling analysis of
an FG orthotropic cylindrical shell. The dynamic critical buckling loads are larger than
the static ones when considering the dynamic terms for all the cases. With the increase of
loading speed, the critical buckling time, dynamic buckling loads and the vibration of the
structure increase; while deflection decrease. The increasing of damping ratios not always
results in the rise of buckling load, which may affect by buckling modes or other

uncertainty factors. The deflection increases with the increase of damping ratios.

Chapter 7 conducts the dynamic stability behaviours of an imperfect orthotropic E-
FGM circular cylindrical shell subjected to constant longitudinal velocities. The dynamic
longitudinal loading on the shell is accomplished by applying a constant displacement
rate at one end with respect to the other. The presence of initial imperfection considerably
reduces the dynamic buckling load and the oscillation of the cylindrical shell after
buckling. The large initial imperfection will change the whole appearance of the response
curve. At this moment, the B-R criterion is unsuitable for predicting dynamic buckling

behaviour of the cylindrical shell.
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In brief, by comparing with finite element method, the other methods in open literature,
the validity, accuracy, applicability of the proposed analytical models and solutions were
verified. The analytical analysis framework for dynamic buckling and dynamic
assessment of thin-walled structures made of advanced materials with consideration of
damping effects, thermal effects and elastic foundations in this dissertation can help to
achieve optimum design of such structures under dynamic loadings, as well as a useful

benchmark for design and analysis of nano/micro-sized devices and systems.

In engineering practices, there are some examples involving dynamic buckling. 1.
Aerospace components or military weapons (i.e. propellant tank of space shuttle, the skin
of ballistic missile, aircraft landing struts, etc.) may be exposed to rapid loading caused
by sudden gusts, extreme manoeuvres, or ground impacts while landing. 2. The
intermediate velocity impact load, or fluid-solid slamming, is a typical example of such
dynamic load. For example, when a ship is slammed by sea waves, the beams and plates
of its deck are subjected to dynamic load; when an airplane lands on sea water, its landing
gear is subjected to dynamic load; when an offshore rigs and wind turbine towers is
subjected to sea waves. Underwater vehicles subjected to slamming of the water. 3.
Normally, the static loading-bearing capacity of the structure is measured by hydraulic
testing machines in the lab, which means the structure is loaded by a constant
displacement rate (or displacement control) of the one end with respect to the other. With
the increase of the loading rates, the percentage of the dynamic terms will rise. In such
situation, it is important to investigate the threshold velocity values between static and

dynamic cases.
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8.2 Future work

The current research focuses on the analytical analysis of dynamic buckling and
dynamic characteristics of thin-walled structures made of advanced materials with
consideration of damping effects, thermal effects and elastic foundations. As the
application of advanced materials is becoming diversification and more complex, so there

are some areas in this work can be extended to fill the insufficient of this study.

The following suggestions are recommended as possible future research:

8.2.1 Nondeterministic dynamic buckling analysis

In this dissertation, deterministic dynamic buckling analysis with consideration of
damping effects, thermal effects and elastic foundations was conducted. Although
deterministic dynamic buckling analysis has been quite prevalent in various engineering
fields, the success of this framework was underpinned by the predetermined material and
geometric properties as well as acceptable assumptions. However, uncertainty,
unpredictability and randomness are the inherent attributes of structural design. Therefore,
safety factors or failure factors are applied in most commonly used design standards of
structures, such as Chinese design code GB50017-201X (2012) and GB50017-2003
(2003), American code (ANSI/AISC360-10, 2010) and EC3 (2005). In addition, the
theoretical predictions do not always match with the results of experimental ones. Under
these circumstances, it is not unnatural and essential to consider the influences of

uncertainties of system parameters in deterministic dynamic buckling analysis.
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8.2.2 The experimental research

Though theoretical models of this study can obtain the elaborate and exact results, the
experimental studies of dynamic buckling of thin-walled structures made of advanced
material are indispensable. Here are two reasons:1. The analytical methods are based on
the assumptions or simplified modellings, which could change in different situations. 2.
In engineering structures, the phenomenon modelled in analytical way may not
correspond to the one in the real world. Thus, the experimental investigations of dynamic
characteristics and stability of thin-walled structures made of advanced material under

various environmental conditions are needed.

8.2.3 The gradient thermal effect or thermomechanical loading conditions

In general engineering applications (i.e. aerospace and mechanical engineering),
structures are not only subjected to uniform temperature rise but also exposed to gradient
thermal effect or the combination of gradient thermal effect and mechanical load.
Temperature changes have a significant influence on dynamic behaviour and further
affect the performance and stability of structures, especially for FGMs. i.e., for
functionally graded shells, the temperature change is not uniform along the thickness
direction due to the various coefficients of elastic moduli, thermal expansion and the
coefficient of heat conduction. To the author’s knowledge, although there is much
research on buckling of structures, the work of gradient thermal effect and different
mechanical loadings on dynamic buckling of thin-walled structures has not been
considered simultaneously. Therefore, it is of great significance to study dynamic

buckling response of structures in a combined thermo-mechanical loading.
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8.2.4 Extension of the proposed analytical method to other loading conditions

As demonstrated in Chapter 1, the analytical framework of dynamic buckling was
developed based on constant velocity or displacement loading scheme. In Chapter 6, the
linearly increasing load was applied in dynamic buckling of the orthotropic functionally
graded cylindrical shell. However, in engineering practices, both constant mass impulse
loading scheme and force-time impulse loading scheme (i.e., a sinusoidal pulse, an N-
wave pulse, and a triangular load, etc.) are also widespread. It is worth to investigate the

dynamic buckling of various types of loadings.

8.2.5 Extension of the proposed analytical method to higher-order shear deformation
theory

The main purpose of this dissertation is to develop an analytical analysis for dynamic
buckling and dynamic characteristics of thin-walled structures made of advanced
materials and the classical theories for thin elastic structures are utilized. However, the
application of such theories to thick and robust structures could lead to more errors even
mistakes in deflections, stresses, frequencies and loads. The higher-order shear
deformation theories (HSDTs) account for the shear deformation effects, such as the first-
order shear deformation theory, the second-order shear deformation theory, third-order
shear deformation theory, sinusoidal shear deformation theory or hyperbolic shear

deformation theory should be considered in dynamic buckling analysis.

8.2.6 Optimization/sensitivity analysis of structures under dynamic loadings

As can be seen, the material, geometrical properties, damping effect, thermal effect,
elastic foundation, boundary conditions and different loading types may have a distinct

influence on dynamic characteristics of structures. Moreover, in real-life engineering
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application, more integrated modeling and nonlinear structural dynamics analysis is of
interest. The dynamics analysis of built-up structures is also needed due to the complexity
of geometry in the future. Therefore, by developing optimisation/sensitivity analysis, one
can capture the extent of different effects and the optimised design can be obtained for

structures made of advanced materials under dynamic loadings.
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