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Preface

In this thesis, we study equations with boundary noise with a particular aim
to explore new techniques and new questions for equations with Dirichlet
boundary noise. Boundary noise arise naturally in physical problems where
uncertainty arises on the boundary of a domain but also presents a number
of interesting technical challenges. Let U c R be a domain with boundary
dU and & a Gaussian random field on Ry x dU. A prototypical example is the

following problem: find a function u := u(t, x) satisfying
ou=AuonR, xU, tu=&onR,xJU. (€))]

When T u :=J, u|s,y we obtain the Neumann problem and when tu := u|sy the
Dirichlet problem, in addition, there are four cases for the Gaussian boundary
noise & that can be considered: £ is a space-time correlated, & is a time white
noise but spatially correlated, & is a space white noise, or £ is a space-time
white noise.

When d > 2, existence of “function-valued solutions” to (1), e.g., values in
L?(U), is an open problem in the Dirichlet boundary noise case when the noise
¢ is either time white noise or space-time white noise and, even for an elliptic

problem, the space white noise case is unresolved.



In this thesis, we partially resolve the space-time noise case using weighted
LP spaces in dimension two and higher. Then, in the elliptic setting, we draw
from ideas in harmonic analysis to resolve some structural question for the

space white noise case.

This work is structured as follows. In Chapter 1, we provide a compre-
hensive survey on equations with boundary noise. We take a chronological
perspective, which is well suited for the foundational developments in this
area; then, as we move to more recent contributions, we classify the literature
thematically. Our aim is to summarise, using a homogeneous notation, the
main ideas and approaches to the problem of boundary noise in the current

literature.

In Chapter 2, we collect a number of known definitions and theorems that
we will make use of in the rest of the thesis. This material is necessary for the
development in later chapters.

In Chapter 3, we start by considering boundary value problems for deter-
ministic data and extend the abstract Hilbert space approach of Washburn,
Balakrishnan and Lasiecka [1, 2, 3] to the Banach space setting. As a Banach
space theory for boundary value problems has only been considered in a num-
ber of special cases [4, 5], there is a need for a unified theory here. In addition,
these results provide both a precursor for Chapter 4 where we consider the
stochastic case and a framework for transferring the elliptic results, obtained
in Chapter 6 and Chapter 7, to the parabolic setting.

In Chapter 4, we extend the deterministic Banach space theory of Chapter 3
to the stochastic setting. This work grew out of Project 3! posed in March 2008
by Ben Goldys for the 11" TULKA Internet Seminar (ISEM) on ‘Stochastic Evo-
lution Equations’. Although a few results on Banach-space valued Stochastic
Evolution Equations (SEE) had been obtained in the literature, in this seminar,
Van Neerven [6] presented a unified approach using y-radonifying operators,
based on his recent results with Weis and Veraar [7,18,19,/10]. That is, a theory

'http://fa.its.tudelft.nl/isemwiki/moin.cgi/Phase_2.html
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was presented for equations of the form
dX(t)=AX(t)dt+BdW(t), te][0,T], 2)

where A is a linear operator generating a semigroup (S(¢));>o of bounded linear
operators on a Banach space E, B is a bounded linear operator from a Hilbert
space H to E, and (W(t)),;>o is a cylindrical Wiener process on H. Project
3 aimed to develop an appropriate extension of SEE of the form (2) so that
boundary noise problems could be considered in L? spaces using the semi-
group approach. In §4.2, we develop this extension, then in §4.3 and §4.4 we
consider the Dirichlet and Neumann boundary noise problems for the heat
equation in L” spaces as examples.

Of course, it has been known since the seminal work of Da Prato and
Zabczyk in 1993 [11] that one cannot obtain L?-valued solutions for the heat
equation with Dirichlet white noise boundary conditions even in dimension
one. Remarkably, in 2002, Alos and Bonaccorsi [12] showed that function-
valued solutions to the Dirichlet white noise problem could be obtained on
the half-line R, provided solutions are considered in the space of real-valued
functions f such that

f |F)P(xP" T Al)dx < o0
Ry

where 0 < y < 1 and p > 2. Their approach is analytic and has not been
extended to higher dimensions. Critically, two key questions arise out of their
work. Can a similar result be obtained using the semigroup approach? Can
one extend this idea to arbitrary domains in R4?

In Chapter 5, we address and answer these questions by obtaining a number
of results which allow us to extend the approach of Chapter 4 to weighted L?
spaces. We consider examples of the Dirichlet boundary noise problem in the
elliptic and parabolic settings and show that ‘potential operators’ which map

the boundary data to a solution in the state space E are y-radonifying when E



is a weighted L” space of the form

E=L"(U,dist(x,0U)%), (3)

for appropriate choices of the parameter a € R. Further, we show that the
Dirichlet heat semigroup on L? is Hilbert-Schmidt in weighted spaces of the
form (3) when a < 2. Finally, we apply these results to the Dirichlet boundary

noise problem for the heat equation.

Therefore, using our approach we partially resolve the question of obtain-
ing function-valued solutions to (1) in the space-time white noise setting in
the case d > 2. We claim only partial resolution as these solution are not well-
posed: the trace relationship with the boundary data is lost. Well-posedness
(in the sense of Hadamard) is a desired property if one wants to construct
a stable approximation scheme for numerical solutions. Further, as our ap-
proach intertwines the question of existence of solutions and the question of
y-radonification, our approach does not provide a sharper result for the time
white noise case. This motivates the results of the second half of this thesis

whereby we apply new techniques to the Dirichlet boundary value problem.

In a broader context, weighted function spaces have also been used to han-
dle elliptic equations on domains U whose boundary d U is rough (or exhibits
various singularities like corners or edges) or to handle elliptic equations with
degenerate or singular coefficients [13]. In fact, over the last two decades there
has been considerable activity in the study of boundary value problems with
minimal assumptions on the coefficients or on the boundary of the domain in
question. When studying such problems, it has become apparent that replac-
ing weighted function space techniques with a harmonic analysis approach
has proven to be extremely useful [14]. As we are using weighted spaces to
obtain existence of solutions to the boundary noise problem, this raises the
question: could harmonic analysis techniques be useful for the boundary noise

problem?



Consider the canonical example on the unit disk given by

Au=0onD, u=¢&onT, 4)

where £ is a space white noise on T. Then, even in this simple setting, a L?(D)-
valued solution cannot be obtained and one might apply the weighted L? space

theory of Chapter 5 to obtain a solution.

In Chapter 6, we explore a harmonic analysis approach to the elliptic bound-
ary noise problem (4). We develop a theory of “randomized harmonic analysis”.
To do this, we explore the concept of Gaussian random variables in the Hardy
spaces P (D). We show that an 2#?(ID)-valued Gaussian random variable can
not be obtained if the noise on boundary is spatially white. More promisingly,
we show that the Poisson integral is y-radonifying from L?(T) to the space of
harmonic functions s# (D) endowed with the norm of uniform convergence
on compact sets K € D, a result which suggests that it might be possible to
obtain solutions in a larger space. Next, under the assumption that the noise
on the boundary is not spatially white, we relate these Hardy space results to

the results obtained in Chapter 5.

As mentioned above, the Hardy spaces 57 are too small to allow us to
consider white noise on the boundary. A key question is, thus, can we find a
larger space that is suitable to handle spatial white noise on the boundary?
We consider two approaches to this question: an ‘inside-out’ approach in

Chapter|7 and an ‘outside-in’ approach in Chapter 8.

In Chapter 7, we start with a simple example of a /#(D)-valued Gaussian
random variable that exhibits the correct type of ‘white noise behaviour’ as
one approaches the boundary T. This suggests that we might be able to find an
appropriate space. To explore this idea, we start by studying the mean growth
of circle moments (e.g., the variance of 7 (D)-valued random variable over a

circle of radius r). This motivates us to construct the space of random variables,



which we call Bloch random variables?, such that

sup||u'(2)ll 21 —2l*) < oo,
zeD
where u’(z) = dyu(re’?). We show that the norm of Bloch random variables is
invariant under conformal transformations and then obtain a random variable
extension of Makarov’s law of iterated logarithms which yields a rate of blow-up
for a Bloch random variable near the boundary T.
Relatively little work has been published on the question of blow-up for
a stochastic partial differential equations. Further, even though numerous
papers study boundary blow-up for deterministic PDEs, we are unaware of any
results on blow-up for PDEs with random noise terms on the boundary, so this
is a critical contribution of this thesis.
The development of Chapter 7 suggests an alternative approach. We started

with a ‘candidate solution’ for the elliptic problem
Au=0inD, u=wonT,

by taking a #(DD)-valued Gaussian random variable and working outwards,
showing that it had properties that suggested it might provide a solution to the
problem. One could call this an ‘inside-out’ approach. This raises the question:
can we start with a white noise on the boundary T and work our way inwards
to characterise the rate of blow-up? That is, can we obtain a ‘outside-in’ result?
Further, where is the blow-up occurring? Do we have blow-up at a point, on a
subset of T, or blow-up everywhere? To make matters even more interesting, as
the data is random in our situation, this behaviour might change for every path
of the stochastic process. In Chapter 8, we address and answer these questions
for the unit disk D. Our approach is to construct a Poisson-Wiener integral and
relate the rates of blow-up with the fine behaviour of the white noise on the

boundary.

2Natural random analogue of Bloch functions



Thus far, these results are only available for the unit disk D. A natural
question is whether these results could be extended to an arbitrary domain
U c R? with smooth boundary ¢ U. In Chapter 9, we consider this question.
For an arbitrary smooth domain U C R4, one typically considers the boundary
behaviour by using a partition of unity and straightening of the boundary argu-
ment to transform the situation to the half-space R¢. In this spirit, we consider
the blow-up behaviour on the half-space R? by drawing a connection between
the recently-made definition of “thick points” of Gaussian random fields (in
particular, the Gaussian free field) and the classic definition of “Lebesgue
points”. This allows us to draw from ideas in harmonic analysis and propose a
new maximal function definition: a maximal thickness function. We then show
that the ‘ball averaging’ operator is y-radonifying. Finally, as an application
of these results we show how we can use it to quantify the blow-up rate of the

white-noise Poisson integral in higher-dimensions.



Remark

Just before submitting this thesis, we have become aware of the thesis of Khader
[15] where the Poisson equation with Gaussian white noise on the boundary
is considered. The main results of Khader’s thesis are obtained in Chapter 7
and Chapter 8. In Chapter 7, the Poisson equation with Gaussian white noise
on the boundary is considered and in Chapter 7 an extension to the nonlinear
setting is performed.

We believe that our results in Chapter 6 complement Khader’s results in the
following ways: First, we obtain an L? theory (as opposed to an L? theory in
[15]). We both show that the solution to the Poisson equation with Gaussian
white noise on the boundary is a well-defined Gaussian random variable in
€ (D). However, in this thesis we proceed to characterise when 7 -valued
random variables can be obtained. In return, Khader shows that the solution
to the Poisson equation is a Markov random field in §7.1.3, then considers the
Poisson equation for the d-dimensional ball and obtains pointwise estimates
for the solution and its derivatives in §7.2 (as opposed to this thesis where
we only consider the domain D). Further, Khader considers the nonlinear
analogues of his theory in Chapter 8. We finally note that the results used by
Khader to prove his results are different to ours as he applies the theory of
Steklov eigenfunctions.

However, we believe the existence of the thesis of Khader shows that there
seems to be an interest (outside our thesis) in obtaining results for the elliptic

problem with boundary noise.



1
Equations with Boundary Noise

Consider an infinitesimally thin piece of string of length ¢ clamped at its end
points. A classic problem is to apply a force to this string and study how it
vibrates. If f(¢,x) is the amount of pressure applied in the direction of the
y-axis at time ¢ and horizontal location x € [0, /], then physics tells us that the
position u(t, x) of the string solves the one-dimensional wave equation
2%u(t,x) o%u(t,x)
a2 " ox?
for (t,x) € [0,00) % [0,¢] where k is a physical constant that depends on the

+ f(t,x), (1.1)

linear mass density and the tension of the string. As the string is clamped, we
set the (homogeneous) Dirichlet boundary conditions u(¢,0) = u(¢,£)=0. The
field of stochastic partial differential equations addresses the question: what if
f israndom noise? In such a situation, Walsh [16] physically interpreted (1.1)
as a model for a guitar string being struck by particles of sand.

Now consider the following small variation of (1.1) whereby the homo-
geneous boundary conditions are replaced by the inhomogeneous Dirichlet

boundary conditions,

u(t,0)=g(t), ul(t,f)=n(t), (1.2)
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where g(¢) and h(¢) model the position of the string at time ¢ at its end points.
Again, it becomes natural to consider the stochastic analogue of the model
(1.1)-(1.2) whereby g and h are replaced by random noise. Physically, we sug-
gest that one could interpret this as a model for the position of a piece of
string being shaken at its end points. Of course, one can imagine infinitely
many variations on this theme: replace (1.1) by any partial differential equa-
tion (PDE) or stochastic partial differential equation (SPDE) and (1.2) with a
large range of possible types of inhomogeneous random boundary conditions
(Neumann, Robin, etc.). As such, we shall call this class of problems equations

with boundary noise.

Stochastic partial differential equations arise naturally as models for dy-
namical systems! subject to random influences. Sometimes the noise affects a
complex system not only inside the physical medium but also at the physical
boundary. This occurs in a variety of difficult problems: air-sea interactions
on the ocean surface, heat transfer in a solid in contact with a fluid, chemi-
cal reactor theory, and colloid and interface chemistry. In fact, we argue that
randomness at the boundary of an object is even more natural than noise on
the interior, especially in higher dimensions. Intuitively, one could draw an
analogy with the divergence theorem which relates the flow of a vector field
through a surface to the behaviour of the vector field inside the surface. Finally,
as we shall show, not only are boundary noise problems of practical interest
but they also present us with an fascinating setting where a number of areas of
mathematics intersect.

In this chapter we survey the current literature on equations with bound-
ary noise. We take a chronological perspective, which is well suited for the
foundational developments in this area; then, as we move to more recent con-
tributions, we shall attempt to classify the literature thematically. Our aim is to
sketch, using a homogeneous notation, what we believe to be the main ideas

and approaches to the problem of boundary noise. We have tried to not enter

'modelled by partial differential equations
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into too much detail and refer the reader to the original publications if further

details or clarifications are required.

Notation

We use the following notation. The relation a S b means that a is bounded
by some constant times b uniformly in all parameters on which a and b may
depend. We write a ~ b to mean thata < b and b S a holds. LP(U), 1 < p < oo,
are the usual Lebesgue spaces on a domain U c RY and W*» c LP(U), for
k € N are the Sobolev spaces of functions whose weak derivatives up to order
k are bounded in L?(U). We express derivatives in a number of ways. First,
¢ 02u. We

the partial derivatives are expressed as du/dt or 6, and Au =) . 2

also use the notation i to be the formal time derivative of u with respect to
the time variable ¢. This is especially relevant when we talk about white noise
and Wiener processes (which are, almost surely, not differentiable). In that
case, one should interpret an equation by formally multiplying by d ¢ on both
sides to obtain a stochastic differential notation. For example, if (W(t));> is
a Wiener process then W(t)dt is interpreted as d W(t). Sometimes, we write
X, for X(t) to make the notation simpler. For Hilbert spaces H; and H,, we
denote by 4(H,, H,) the space of bounded linear operators from H; into H,
and .%,(H,, H;) the subspace of Hilbert-Schmidt operators.

1.1 Semigroup approach to boundary control

Between 1976 and 1984, it emerged that parabolic equations with bound-
ary control could be described by a semigroup model [2, 17, 3] and thus
problems in optimal control such as quadratic control, stabilizability, and
boundary control where studied extensively in this framework [17,18]. This
was an interesting development, as although evolution equations of the form
u'(t)=A(t)u(t)+ B(t)g(t) in Banach spaces had been studied for a while, the
theory was only sufficient to handle the case of distributed parameter systems.
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Therefore, the main achievement to that time was the development of an ap-
propriate abstract Hilbert space theory to handle partial differential equations
for which the control is applied at the boundary. To be precise, let E and H be

Hilbert spaces and consider the simpler autonomous evolution equation
u'(t)=Au(t)+Bg(t), u(0)=uoc%2(A)CE. (1.3)

We shall call u : [0, T] — E the state and g : [0, T] — H the control or data. If A
is an infinitesimal generator of a strongly continuous semigroup ((S(#));>o on E
then one way to interpret a solution of (1.3) is to formally treat it as an ordinary
differential equation (albeit infinite-dimensional) then setting S(¢) = e’/ one
obtains the integral equation

t

u(t)zS(t)uo—l-J S(t —s)Bg(s)ds. (1.4)

0

If Be Y(H,E) and g € L?(0, T; H) then such a solution is known as a “mild
solution” [17]. However, this situation is insufficient to handle the case of
boundary controls and an extension to case where B is an unbounded operator
from H to E was required. It was noticed that in this situation, sufficient

conditions to obtain a mild solution are

9(B)=H,
C
IS()Bg (DIl = gDl

for g € 9(B), t < T, a < 1/2 and some constant C = C(a) > 0. Under
these conditions, this abstract framework allows consideration of a large class
of parabolic and hyperbolic partial differential equations on a manifold M
whereby controls or data are limited to regions of the boundary or a submani-
fold N ¢ M of lower dimension [17,/18]. Further, all standard boundary con-
ditions can be handled (Dirichlet, Neumann, Robin, etc.) and even feedback

loops (i.e. dynamical conditions) can be incorporated.
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1.2 Semigroup approach to boundary noise

Due to the close relationship between optimal control theory and stochastic
evolution equations (e.g., see conditions (9.50) and (9.51) in [19]), the first
papers on equations with boundary noise considered in a semigroup frame-
work appeared shortly after, see [20,21,11]. Curtain [20] obtained a stochastic
version of his optimal control theory [17] using the Green formula and the
duality between control and observation. Ichikawa [21] proposed a semigroup
model for parabolic equations with finite-dimensional boundary noise or
pointwise noise and obtained existence, uniqueness, and regularity results. In
1993, Da Prato and Zabczyk [11] extended these results to the case of infinite-
dimensional boundary noise (i.e., the white noise case). In particular, they
studied the nonlinear evolution equation with white-noise boundary condi-

tions on a Hilbert space H given by

X'(t)=AX(t)+ F(X(¢)), te[0,T),
TX(t)=W(1), t<(0,T], (1.5)
X(0)=0.

where A: 92(A) C H— H, F: 9(F) C H— H is a nonlinear operator, and W
represents a white noise process on L?(0, T;d H), i.e. a formal time derivative of
a cylindrical Wiener process (W(t));>o taking values on d H. We recall that, as
opposed to a Wiener process, a cylindrical Wiener process is a ‘true’ infinite-
dimensional stochastic process (see §2.9). Finally, 7 : (7) € H— J H models
the boundary condition and the relationship between the Hilbert spaces H and
0 H. For example, this abstract formulation may be used to study dynamics
on a bounded domain U c R4 with C*® boundary d U by posing H = L*(U)
and 0 H = L?(0U). To set Dirichlet boundary conditions one would choose
Tu = u|sy (in terms of trace) for u € L?(U) and for Neumann boundary condi-
tions one would choose Tu = (0, u)|sy for u € L?(U). Finally, setting Au = Au
for u € 2(A) where %(A) is the Sobolev space W??2(U), then (1.5) is the ab-
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stract formulation of a nonlinear heat equation with white-noise boundary
conditions.

Da Prato and Zabczyk showed that if one defines the operator
Au:=Au, 9(A)={u:AucH,tu=0} (1.6)

and assumes that A is the infinitesimal generator of a strongly continuous semi-
group (S(#));>0 on H, then a continuous adapted H-valued process (X(#));>¢ is
a mild solution for (1.5) if it satisfies the stochastic integral equation

X(t):f S(t —s)F(X(s))ds +(A—A)f S(t —s)Ard W(s), (1.7)
0 0

where A, : dH — H is the Dirichlet map associated with A and 7. That is,

assume that the stationary boundary value problem
A-Au=0, Tu=g (1.8)

has a unique solution A; g := u € 2(A) for arbitrary g € d H (see §2.7). They
suggest that due to the form of (1.7), one can formally view (1.5) as the stochas-

tic evolution equation
dX(t)=[AX(t)+ F(t,X(t))]dt +(A—-A)A, dW(s). (1.9)

When F = 0, they show that a sufficient condition for existence of a mild

solution to (1.9) is

T
f ||AS(t)A;L||2%(aH'H)dt <00, (1.10)
0

where %,(0 H, H) is the space of Hilbert-Schmidt operators between d H and
H. Under condition (1.10) and a Lipschitz assumption on F they show that a

unique mild solution of (1.5) exists in H.
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1.3 Dirichlet boundary noise: a negative result

In [11], Da Prato and Zabczyk illustrate their results by studying the one-

dimensional heat equation
2

g—b;(t,x):%(t,x), (t,x)€[0,T] x(0,1), (1.11)
with ©(0,x) = 0. Let W, and W be the (formal) time derivatives of the inde-
pendent Wiener processes (Wy(¢));>o and (Wi(t)),>o. The processes W, and W,
model time white noise on the boundary of (0, 1). By explicit calculation, Da
Prato and Zabczyk show that in the case of Neumann boundary conditions

o) =V, S| =) L12)
then a L2(0, 1)-valued solution can be obtained. However, when the Dirichlet

boundary conditions

u(r,0)=Wp(t), u(r,1)=W(r),

are imposed then (1.11) does not have a solution in H = L?(0, 1) but only in
a larger space, i.e., one cannot obtain a function-valued solution using this
approach. This is somewhat surprising for two reasons: first, this is not the
case in the deterministic situation (i.e., (1.3) and (1.4)) and second, the one-

dimensional stochastic heat equation with zero Dirichlet boundary conditions

2
9 )= (), (6,x)€[0,T] X (0,1), (1.13)
ot J0x?

where (W(t));>¢ is a cylindrical Wiener process on L2(0,1) does have a L?(0, 1)-
valued solution owing to the regularity provided by the Dirichlet heat semi-

group [19, Example 5.7].

1.4 Analytic approach to boundary noise

Independently, during 1992-1993, three new papers appeared on the topic

of boundary noise [22, 23, 24]. These works used a different approach and
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were motivated by the study of dynamical systems subject to the influence of
small random perturbations [25] which is typically concerned with the study

of R4-valued stochastic differential equations (SDE) of the form
dX;=b(X])+eo(X])dw;, X;=x, (1.14)

where b is a suitably smooth R4-valued function defined on a domain U C R¢,
o is a d x d matrix-valued function, w;, is a d-dimensional Wiener process and
¢ is a small real parameter. Due to the close relationship between probability
and analysis, one could also view this area as the study of the differential
operator .¢/¢ given by

2 da

(F u)i=5 D ajl)

jok=1

o%u
3xj5xk

(x)—i—ij(x)j—u(x), (1.15)
j=1 i

for x € U and sufficiently smooth u, where a(x) := o(x)o*(x). A variety of
different questions then arise naturally about the behaviour of (1.14) when
¢ — 0. For example: Do solutions of (1.14) approach, in a suitable sense,
solutions of the Cauchy problem u’(t) = b(u(t)) with u(0) = x? Can one
estimate the first exit time of solutions to (1.14) from a given domain in R%?
Can one estimate, as € — 0, the principal eigenvalue of (1.15) with vanishing
Dirichlet boundary data?

It was therefore natural, in 1992, for Freidlin and Wentzell to further ex-
plore these ideas and consider semilinear PDE with fast oscillating boundary
conditions [22]. In other words, perturbations of the boundary conditions
were examined in the following sense. For t > 0 and x € [—1, 1], consider the

semilinear heat equations

1 du
—(t,x)—iAu(t,x)+f(x,u), a(t,x) 1—0 (1.16)

x=%
and for a small real parameter ¢,

our 1. e
(X)) =5 Aut(t, )+ f(x,u)

dut . [t
(t,:tl)=M(—) (1.17)
Jdx £



17

where (W,());>0 and (W_(t)),>o are correlated R-valued Wiener processes. For
(1.16) and (1.17), we assume 1(0,x) = uy(x) € C([0,1]). The main theorem of
[22], is that forany T >0 and 6 >0,

li%lIP’{supluf(t,x)—u(t,x)|>5}=0, (1.18)

0<t<T
|x|<1

and one should note, as opposed to the study of (1.14), that this is now an
infinite-dimensional problem. Using purely analytic derivations (i.e., without
relying on semigroup results), they then derived large deviation results and
presented some interesting examples.

In 1992, Freidlin and Sowers [23] studied the nonlinear stochastic heat
equation on the unit disk D = {x € R? : |x| < 1} with Neumann boundary
conditions given on T = {x € R? : |x| =1} by

Ju

37 (t,x)=Au’(t,x)+ f(x,u®),

aL‘g(r,ac)] = W* (1), (1.19)
ox T

where (W*(t)),>o is process given on T by
. o0 1 t o0
WE(t)(x) :;Anhn(x);wn (?) st z:(; Pal<oo,  (1.20)

and where (h,,)°_ is an orthonormal basis of L*(T) and (w,());>, are R-valued

Wiener processes. Or in more modern language,
1 t

wen=—ow ()
€ €

where (W(t));>¢ is a cylindrical Wiener process on a Hilbert space L?(T) and
Q is the operator on L?(T), given by Qh,, := A, h,, and TrQ < oo by (1.20). They
obtain an estimate of the form (1.18) and a central limit result for (1.19).

Two years later in [24], Sowers extends the ideas of Freidlin and Wentzell
and considers the semilinear parabolic equation with white noise boundary

perturbations given for £ >0 and x € M by

o 1
6_1; — EAu +(b,Au)+cu+f(x,u), (v,Vu)+px)ulr,xom =0(x)w, (1.21)
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where M C R is a Riemannian manifold with smooth boundary d M, w is
a space-time white noise on Ry x d M, and v is the inward-pointing normal
vector field on d M. Here, (-,-) denotes the Riemannian metric tensor, V is
the gradient operator defined by (+,-), and A :=divV is the Laplace-Beltrami
operator. It is assumed that b is a C* vector field on M, ¢ and 8 are some
C> functions on M and J M, respectively. The initial condition for (1.21) is
given by u(0,x) = uo € C(M). Again using analytic methods, existence and
uniqueness of a solution to (1.21) follow. Although Sowers claims that his work
is “essentially an extension of the efforts of Freidlin and Wentzell”, several novel
ideas are presented in his work. In particular, (1.21) is studied in the following
way. Let M° denote the interior of M and define the second-order differential

operator

1
P = EAap +(b,Vo)+cp, peC®(M),
and the first-order differential operator
Bo:=v,Vo)+ By, ¢eC*M).

First, Sowers shows the existence of a unique Robin kernel R: for each y € M,
R, is a C* function of (¢, x) in Ry x M°\ {(0, y)} that satisfies

OR, ,
5, =Ry, ImR(t,)=35,, BRy |, o =0 (1.22)
Using R, he shows that the linear version of (1.21), namely,
du .
E=Vdu, u(0,-)=0, 93u|R+XaM:U(x)w, (1.23)

has a unique solution given by the stochastic integral

t
u(t,x):—%ff Ry(t—s,x)o(y)w(ds,dy), (t,x)eRxM°. (1.24)
0 oM

This result is achieved by using a number of intricate kernel estimates for

R that he carefully justifies and concludes that, under assumptions on the
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nonlinear potential f, a transformation to (1.24) gives the solution of (1.21).
We note that Sowers definition of a solution is slightly non-standard. Let the
distance function on M defined by (+,-) be denoted by d(:,-) and for any subset
S of M and any point x € M, we write dist(x,S) := inf,esd(x,y). To make
sense of (1.24), one must shift the boundary in some orderly manner into M°.
Specifically, for each ¢ > 0 we shrink M to

M, :={x e M :dist(x,d M) > &},

and then replace M by M, and d M by d M,. For every € >0, let u¢(t, x) be the
stochastic integral (1.24) when (¢,x) € Ry x M, and u¢(¢,x)=0 when x ¢ M,.
It is shown that for every € > 0, u¢ is well-defined and a solution to (1.23) is
defined as a (weak) limit of u¢ as ¢ — 0. This fact follows from his insight
that there exists a boundary layer degeneracy: if M =R? and 0 M =R~ then
asymptotically near the boundary

Elu(l’,(f,xd))lz'\l a-1’

Xa

where X € R%~1, x, > 0, and t > 0. Or more precisely, he shows that for each
T>0andy>(d—-1)/2,

limsupdist(x,d M) |u(t,x)|=0, P-a.s. (1.25)
x—JdM
0<t<T

We conclude our discussion of Sowers results with a few remarks. First, due to
his assumption on o, it appears that the noise on the boundary is not space-
time white noise but only time white noise as o appears to be a Hilbert-Schmidt
kernel (i.e., o has a y-radonifying effect [26]). Secondly, the nonlinearity in
(1.21) is more complicated than in (1.5) and due to (1.25), in addition to (stan-
dard) Lipschitz assumptions of f, one must also impose a growth condition on
f:forall x € M° and z € R such that |z| > 1,

|f(x,2)| < dist(x, d M)™ |z|™,
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where 1, —n,y > —1 is satisfied. Third, due to the shrinking of the domain
used in his methods, such results seem somewhat difficult to obtain using an

operator theoretical or semigroup approach.

1.5 Stochastic evolution equations with boundary

noise and ergodicity

In 1995, Maslowski [27] used the semigroup approach to study stochastic
nonlinear boundary value problems with boundary or pointwise noise on a
bounded domain U c R¢. Let H and d H be Hilbert spaces. As we have already
seen (e.g., (1.5) and (1.7)), it should come as no surprise that such problems
may be treated abstractly in the framework of semilinear stochastic evolution

equations of the form

dX(t)=[AX(t)+ f(X(2))+Th(X(z))] dt
+ g(X(#))d Wi(t)+T1k(X(¢))d Wa(t),

(1.26)

with X(0) = x € H, where (W(t));>0 and (W5(t));>o are independent cylindrical
Wiener processes on H and J H, respectively. The operators A: H — H and
I1: 0 H — H are unbounded linear operators, while f: H— H, h: H — J0H,
g: H— %(H), and k : H— %(J H) are Lipschitz continuous. In essence,
this is a slight generalisation of (1.5) and the representation (1.7), however
after proving existence and uniqueness of solutions, Maslowski goes further
and obtains some results on the asymptotic behaviour of solutions such as
exponential stability in mean and the existence and uniqueness of an invari-
ant measure. A number of examples are also presented. For example, it is
also shown that (1.26) can also be used to study stochastic plate equations
with structural damping. Although it is claimed in [27, Example 3.1] that the
Dirichlet boundary problem can be considered, a Neumann condition is in

fact assumed during calculations. Therefore we observe that again, similar to
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(1.5), one still cannot obtain solutions in H when Dirichlet boundary noise is

imposed.

1.6 Markovian dynamical systems

In 1996, Da Prato and Zabczyk dedicate a chapter of their monograph [28] to
systems perturbed through the boundary. They recall their results from [19],
extend the Neumann boundary condition example (1.11)-(1.12) to the domain
U = (0,7)? c R? to show that for d = 1,2,3 solutions can be obtained, and
conclude with some remarks on ergodicity of such systems. Further, as Neu-
mann boundary conditions are a special case of Robin boundary conditions,
we observe that the restriction d =1, 2,3 makes sense in terms of (1.25).

We should also remark that an important observation was made in [28] and
[27]. Under appropriate assumptions on A and F in (1.7) then the H-valued
stochastic process (X(t));>o is Markovian [19, Proposition 13.2.3]. Further, if
(X*()):>0 is the solution of (1.26) with X(0) = x € H, then by [27, Proposition
1.3], (X*(t));>o defines a H-valued homogeneous Feller Markov process with

the transition probability function
P(t,y,A)=P{X*(t) €A}, Ac B(H).

This fact is a strong motivation for studying white-noise boundary conditions
as the Markov property is highly desirable from both a theoretical and applied

point of view.

1.7 Optimal control of stochastic systems

Extending his earlier work [27], Maslowski in collaboration with Duncan and
Pasik-Duncan, study boundary and point control of semilinear stochastic evo-
lution equations [29]. In the case where the control and noise are distributed,

the existence of an optimal control was proved in [30]. In the framework of
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[29], let H= L?(0, ), # Cc RF and 6 € R*2 compactly with k;, k; €N, then one
may consider the one-dimensional stochastic heat equation with Neumann

boundary conditions on (0, 7)

du J%u .
E(t’x): W(I,x)+f(u(t,x))+ W(t) on|ty, T] x(0,7)
Z—Z(I,Oh hi(a, u(t,-), g(u(t,-))+ (1), (1.27)

0
%(mh hale, u(t, ), g(u(t, )+ tin(t),

where (W(t)),> is a cylindrical Wiener process on H, (w(t));>0 and (w2(t)):>o
are independent R-valued Wiener processes, h; : ¢ X HXxR - R, a € ¢
represents a parameter, u is the unknown R-valued process representing the
state of the system, and the control is given by the R-valued process g. We
note that in our example, we do not need a Hilbert-Schmidt operator in front

of the cylindrical process W as this is a one-dimensional situation, see (1.13).

The control problem considered in [29] is to minimize the ergodic cost

functional

T
1
J(x, g, a)= limsupE?f c(u(t), g(u(r))dt
T—o0 0
over the set of Markov controls ¥ = {g : H — ., g Borel measurable} where
c: Hx.# — R. In contrast to [30], where the control is of distributed parameter
type on H, the control and the noise act on the boundary of (0, ) in (1.27). We
note that boundary controls are more natural and realistic since, in practice,

distributed parameter controls are hard to implement.

We conclude that the main development here is that the ideas of optimal
control for (1.3) and stochastic evolution equations of the form (1.26) are
combined, i.e., these are results on optimal control of stochastic boundary
systems. We shall return to this thematic development later, but we continue

chronologically here.
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1.8 Dirichlet boundary noise: a conceptual
breakthrough

Although the paper [24] is cited in [27,128,129], up to this time there seemed to be
no attempt to interpret Sowers results, in particular the boundary layer degen-
eracy (1.25), from a semigroup perspective. Perhaps [24] was simply viewed
(see e.g., [27]) as a “thorough analysis of the multi-dimensional Neumann
problem”? In addition, due to the negative result obtained for the Dirichlet
boundary noise case in [11], there had been no further attempts to study this
difficult situation since 1993.

However in 2002, Al6s and Bonaccorsi [12] made a number of insightful
observations with regard to [24] and the Dirichlet boundary noise problem.
First they noted that the qualitative arguments of Sowers for Robin boundary
noise, such as the boundary layer degeneracy, could also be performed for the
Dirichlet boundary noise case on the one-dimensional domain U =R, with
boundary d U = {0}. Second, they observed that this qualitative information
could then be incorporated into the choice of function space where the process
will take values. That is, one should replace the Hilbert space H = L2(0,00) by
the weighted L?-space of all functions f: R, — R such that

f |FOOI(xP 7" A1) dx < o0, (1.28)
0

for some choice of 0 <y <1 and p > 2. Moreover, they continued to examine
the problem, as their aim was to study the stochastic semilinear heat equation

with white-noise boundary condition given for x € R, by

n
du,=02u,dt+ Y [bi(x)0cu,+F(t,x,u)dwi(t), u(t,0)=1wn(t), (1.29)
j=1
where for j =0,1,...,n, (w;(t)):>o are independent R-valued Wiener processes,
bj:R,—RareC 2(R+)-functions, F;(t, x,-) are Lipschitz continuous uniformly

in (¢, x), using the short-hand notation u, := u(t, x). Cﬁ(RJr) is the space of
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thrice differentiable, continuous, and bounded functions on R,. We observe
that the structure of (1.29) is more complicated than that of (1.21) as there
is noise present on the interior of the domain and that the results of [24]
rely fundamentally on obtaining a kernel (i.e. fundamental solution) of the
homogeneous interior dynamics, e.g., (1.22) and deriving kernel estimates.
Therefore, to use this approach for (1.29), Al6s and Bonaccorsi used Malliavin
calculus to obtain a stochastic heat kernel py(s, t, y, x) for the stochastic heat

equation with zero Dirichlet boundary conditions

du,=0%u,dt+ Y bi(x)du,dw(t), u(t,0=0,

j=1

so that the solution of (1.29) yielded

t
0
u(t,x)zf PD (5,1,0,x) dwys)
0o 9
n t
+Zf (J po(s,t,y, X)E(s,y, u(s,y)) dy) dwi(s).
j=1J0 Ry
Kernel estimates for pp(s, t,y, x) are then used to prove existence and unique-

ness of solutions in the weighted L? space given by (1.28). Then they show that

u(t,-)is continuous on [8,00) for every 6 > 0 and
xu(t,x)—0, P-as.,

for every a > 0. In similar fashion to Sowers, they also define a concept of weak
solution whereby the solution u is understood as a (weak) limit, as ¢ — 0, ofa
sequence of solutions u¢ defined on the shrunk domains [¢,00). Continuing
their results in [31], Al6s and Bonaccorsi proceed to study the asymptotic
behaviour of the solutions to (1.29) and prove that they have a unique invariant
measure that is exponentially mean-square stable.

We note that these results are fundamentally analytic in nature and cannot
be placed in the framework of (1.5) or (1.26) for the following reasons. First,

to obtain an optimal theory, the process must take values in a weighted L?
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space but the abstract semigroup approach typically used to model SPDE
is a Hilbert space theory, and we would require a Banach space theory for
stochastic evolution equations. As noted in the recent thesis of Veraar [32]:
“The main problem for this is to find a ‘good’ stochastic integration theory
for processes with values in a Banach space. In the 70’s and 80’s, several
authors found negative results in this direction, and it turned out that the
stochastic integration theory for Hilbert spaces does not extend to the Banach
space setting”. Second, in a semigroup approach, one relies on a number of
assumptions such as analyticity of the Cy-semigroup (S(t));>o generated by
the unbounded operator A on the Hilbert space H. Leaving Banach space
results aside, if we simply take H to be a weighted L?-space then to formulate
the theory, we must show that (S(¢)),>¢ is analytic on the weighted L?-space.
Further, a good characterisations? of the fractional spaces 2((—A)%) C H and
estimates for the Dirichlet map A : d H — H are also required. Unfortunately,

these types of results do not seem to exist in the literature.

1.9 Hyperbolic equations with boundary noise

Although hyperbolic SPDEs can be handled within the semigroup framework
of [11] or [27] by writing them as a system of two first order equations, then
considering H as the tensor product H; ® H, for appropriate choices of Hilbert
spaces H; and H, (e.g., see [33, Chapter 13] or [6, Section 15.2]), in this sec-
tion we review a number of specialised papers on hyperbolic equations with
boundary noise.

In 1993, Mao and Markus [34] investigated the stochastic vibrations of a
flexible string excited by a boundary force of white noise type. That is, the
one-dimensional wave equation (1.1) with f =0 and boundary values

u(t,0)=0, a—u(l‘,f):w(t) (1.30)
Jx

2Possibly in terms of weighted Sobolev-Slobodeckij spaces.
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where w0 is the formal time derivative of a R-valued Wiener process (w(t));>o-

They also consider the case
0
u(t,00=0, ==(1,0)=1w(1) (1.31)

so that u(z,¢) = w(t). They start by showing existence, uniqueness and regu-
larity theorems for the problems (1.1)-(1.30) and (1.1)-(1.31) with f =0. They
then show that the amplitude ||u(t,-)|| := maxy<,<¢ |u(t, x)|, for both types of

boundary conditions, satisfies the asymptotic estimates

¢l : lu(n, -l

U
WG < li’?lgl \/Togn P-a.s., lll;Ill_?oljp \/Tgn <v2 P-as.

We note that this paper was received by the journal in 1991, hence these results
could in fact be considered as some of the first on the topic of boundary noise.

In 2001, Lévéque completed his thesis on hyperbolic stochastic partial
differential equations driven by boundary noise. Lévéque answered a funda-
mentally different question to the papers [34, 11, 27]. As the wave equation
driven by a space-time Gaussian white noise admits a solution that takes its
value in a space of distributions when the spatial dimension is greater than
one, the aim of his thesis was to understand what assumptions need to be
placed on the spatial correlation structure of the boundary noise if the solution
is to be function-valued. Using Fourier analytic techniques, a number of re-
sults were obtained such as necessary and sufficient conditions on the spatial

correlations of the noise for the existence of a square integrable solution to the

linear hyperbolic SPDE
6‘2u+2 —5u—|—b A y, U 0 (1.32)
a u—Au=w, — =0, .
ot? Jt oV R, xouU

on a domain U C R4 with initial condition (0, x) = uy(x) and J; u(0, x) = vy(x)

for x € U. The noise w has covariance given by

Ew(t,x)(s,y)=06o(t —s)(x,y),
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where § is the Dirac measure on R and I" is some negative definite distribution
on U x U. His results were published jointly with Dalang in the papers [35,36].

In [37], Kim considers the one-dimensional wave equation

02 0 % 0
ge_2 a(t,x)—u — b(t,x)—u +c(t,x)u,
Jt? Ox ox ox
ou (1.33)
u(O,X): uO(x)) E(O)x): U1(X),
on the interval (0,¢) with Neumann white noise boundary conditions
du .

where (B(t));>0 is a R-valued Brownian motion, a € C3(R, x [0,£]), b € C*(R, X
[0,£]), c € C}(R4 x [0,£]), and a(t,x) > a > 0 for all (¢, x). Notice that the given
functions a, b and g are time dependent, so they cannot be handled by (1.32)
nor by the time-independent semigroup theory given by [11, 27] using the
tensor product space approach. We believe it is due to the time dependence
present in (1.33) that the semigroup theory cannot be applied, not due to the
fact that hyperbolic equations cannot be handled in the framework of [11}27]
as claimed by Kim. Due to the time dependence, Kim constructs a Galerkin
approximation scheme for the deterministic problem to justify manipulations
and obtain the estimates required for the white noise boundary conditions.
Let H*(0,¢), k € Z, be the standard Sobolev spaces over the interval (0,¢) and

define the self-adjoint positive operators
0 0
A = ) A |
(1) ax (a(t x)ax)
) du
P(A(t)):={u e HY(0,{): E(O)zo, u)=0¢.

Let (Ax)7, and ()7, be the sequence of all eigenvalues and corresponding

eigenfunctions for A(0) and for 8 € R define

Hf = {f:Zakcpk :ZAZlaklz <oo}.
=1 =1
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First, Kim considers (1.33) combined with the deterministic boundary condi-
tion

du
and shows that for (ug, u;) € L?(0,£) x H;l and h € H71(0, T) there exists a
unique function u satisfying (u, i) € C([0, T]; L?(0,£) x H;l) and (1.33)-(1.35)
in a weak sense. In particular, he shows this holds if 7 = v with v € C([0, T]).

Hence, there exists a continuous linear mapping
@ (uo, Uy, v)— (u,ut, u(-,0))

from L2(0, T) x H;' x C([0, T]) into C([0, T; L?(0,£) x H;') x L*(0, T). A weak
solution for (1.33)-(1.34) is then obtained by noticing that if g € L?(Q; L?(0, T))
and

v(1) =f g(s)dW(s),
0

then v is a continuous martingale such that

T
Envnam,msm( f |g<s>|2dt)
0

for some constant C > 0. Hence, if
(1o, Uy, v) € L*(Q; L*(0,4) x H;' x C([0, T))),
then the mapping ® gives a unique solution to (1.33)-(1.34) such that
(uo, uy, u(-,0)) € L*(2; C([0, T]; L*(0,€) x H.') x L*(0, T)).

In effect, the equation is solved pathwise due to the absence of a stochastic
integral. Kim’s approach for handling time-dependent coefficients is quite
powerful and could be applied for parabolic equations with boundary noise
and higher-dimensional domains.

See also the recent paper by BrZezniak and Peszat [38].
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1.10 Dynamical boundary noise

When modelling physical phenomena, boundary conditions can be either
static or dynamical. Static conditions, such as Dirichlet or Neumann boundary
conditions, do not involve the time derivative of the system state variable.
However, dynamical boundary conditions contain a dependence on time
derivatives.

In 2004, Chueschov and SchmalfuR [39] considered the system of quasi-
linear parabolic SPDE on a C* bounded domain U c R4 with boundary 8 U =
oULUdU,,

du,=(d(u+ f(t,u;,Vu,))dt+g(t,u;)dwy(t)on Ry x U
du, =B (u,+h(t,u,))dt +eo(t,u,)dw,(t)onR. x0U; (1.36)
Bo(u, =00onR, xU,, u(0,-)= u,,

where u, := u(t,-), ./ is a normally elliptic second-order differential oper-
ator, the operators 9; satisfy a uniformly strong complementing condition
with respect to .</(t), (w;(t));>0 are independent R-valued Wiener processes,
and ¢ €(0,1] is a parameter. The boundary conditions are different from the
standard ones and arise in physical models with dynamics on the boundary.
Similar to (1.17), the parameter € emphasizes that (1.36) is a perturbation of a
deterministic equation. Their approach for studying (1.36) is, for any € €(0, 1],

to first consider the linear deterministic PDE

gu+.o(t)u=00n(0,T] x U,
£20,(uloy,)+ B1(t)u on (0, T] x AU,
Bo(t)u=00n(0,T] xU,, u(0,:)= uy,
and to formulate conditions so that the operators A.(t) = (.</(¢), i%l( t)) de-
fine a fundamental solution (or evolution operator) S(¢, s) that satisfies the

evolution equation u’(t)+ A(t)u(t) =0 on a Hilbert space H. Similar to (1.5)

and (1.26), a stochastic evolution equation for (1.36) is defined and they prove
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existence and uniqueness of a mild solution given by

t

u(t)=3S(t,0)u, +f S(t,s)F(s,u(s))ds

0
—I—f S(t,s)G(s, u(s))dW(s).
0

Note that this is a non-autonomous (or time-dependent) stochastic evolu-
tion equation theory. They also study smoothness of the mild solution and
compactness properties>.

In 2007, Wang and Duan [40] also studied a SPDE with dynamical boundary
conditions. However, the novelty in their work lies in the fact that the random-
ness enters the system at the boundary of small scale obstacles: the smooth
bounded domain U C R4 is perforated with small holes (modelling obstacles or
heterogeneities) and random dynamical boundary conditions are defined on
the boundaries of these small holes. In particular, let U, be the domain given by
removing O, a collection of small holes of size ¢, periodically distributed in the
fixed domain U Cc R4, d > 2. When £ — 0, the holes inside the domain become
smaller and the number of holes increases to infinity. This process models
the heterogeneities becoming finer and finer. In this perforated domain, they
study the sequence of equations

du*
at

:Au€+f(t)xy ufyvus)-i_gl(trx)QlVVl on (0) T) X Us;
,0ut  du*

ot Ov,
where (W(t));>0 and (Ws(t));>o are cylindrical Wiener processes on H, := L?(U,)

(1.37)

—ebuf+eg,(t,x)Q. W5 0on (0, T) x 80,

and 0 H, := L?(0O,), respectively. The holes are assumed to have no intersec-
tion with the boundary d U, this implies that 0 U, = 0 U U dO,. The positive
symmetric operators Q; € £ (H,) and Q, € ¥(J0 H,) and functions g, and g
satisfy

”gl(t’)\/ Q1||?$2(HS)SCT’ ||g2(t))v Qle?.‘fz(aHg)SCT’ te[or T]

3In fact, this is the reason why the parameter ¢ was introduced.
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The aim of their paper is to study the homogenization problem for (1.37). The
aim of (deterministic) homogenization theory is to establish the macroscopic
behaviour of a system that is microscopically heterogeneous in order to de-
scribe some characteristics of the heterogeneous medium (e.g., its thermal or
electrical conductivity) [41]. As (1.37) is a stochastic partial differential equa-
tion modelling the microscopic heterogeneous system, their goal is to derive
a homogenized effective equation (which is a new SPDE) by a probabilistic
variation of homogenization techniques. That is, ¢ converges to a solution u
of the homogenized problem as ¢ | 0 in the sense of probability distribution.
Their approach is as follows. First, they show that (1.37) can be formulated
as a stochastic evolution equation and that there exists a mild solution taking
values in the product space H, x Jd H,. Next, regarding the mild solution u¢ as
arandom variable in L?(0, T; L?(U)) by extending u¢ to the whole domain U,
they obtain tightness of the distributions. Finally, they show that ¢ converges
to the solution u of a homogenized equation in probability under different
types of conditions on f: polynomial nonlinearity, sublinear nonlinearity, and
nonlinearity containing a gradient term Au,. Their results have applications in
the study of composite materials but this problem also provides an illustration
of how boundary noise could also appear on “inner boundaries”.

Also in 2007, Yang and Duan [42] studied the Cahn-Hilliard equation with
random dynamical boundary conditions. The Cahn-Hilliard equation serves
as a mathematical model for the description of phase separation phenomena
in materials such as binary alloys. The concentration u of one of the two

components of the binary alloy satisfies

du

EzA(—Au + f(u)) inU, (1.38)
where U = ]_[le(o,f ;)with ¢; >0and d € {1, 2,3}. As physicists started consid-
ering phase separation phenomena in confined systems where interactions
with the wall were taken into account, it was a natural development to consider

(1.38) with dynamical boundary conditions. Yang and Duan made the exten-
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sion to random dynamical boundary conditions by considering a problem of

the form
du . du .
a—:A,u+Q1Wl(t), ,u:—Au+sa—+f(u) in U,
t t (1.39)
ﬁ_u_o a—u—Au—Au—a—uu— (u)+Q, W ondU
ov _ ar ov T8 2t ’

with initial condition ©(0,-) = u,. Here A is the Laplace-Beltrami operator on
0 U, u is the chemical potential, v is the unit outer normal vector on d U, A >0,
f is a polynomial of odd degree, and (W(t)),>0 and (Ws(t));>o are cylindrical
Wiener processes on H = L3(U) and d H = L*(0U), respectively. The space
L2(U) is the subspace of functions u € L*(U) with ﬁfU u(x)dx = 0. The
operators Q; and Q, are assumed to be Hilbert-Schmidt and of trace class.
Further, they assume Q; is orthogonal with respect to the orthonormal basis of
eigenfunctions for A on U and Q) is orthogonal with respect to the orthonormal
basis of eigenfunctions of A on d U. They first obtain a solution for the interior
dynamics of (1.39) with homogeneous Neumann boundary conditions given
by
du ) . du
E:_A u—Af(u)+Q,W(t) onU, 3_1/:0 ondU. (1.40)

We note that setting Au = Au for u € 2(A)= W?2(U)Nn{u : d, =0} and under
the assumption that Tr(A~'*°Q;) < oo for some § > 0, a L?>(U)-valued mild
solution to (1.40) exists by [43]. As it is “impossible to define a semigroup
on the phase space” [42], they obtain a solution of (1.39) using a stochastic
flow given by the solution of (1.40) instead of a semigroup approach. This
stochastic flow satisfies the so-called cocycle property which allows them to
consider (1.39) as a random dynamical system. As such, they study the long-
term dynamics of (1.39) and the properties of the system as A varies.

In 2009, Wang and Duan [44] studied the SPDE with dynamical boundary
conditions given on a smooth domain U Cc R, 1<d <3, by

a £
5ut =Au’+ f(u®)+o,uw; on (0, T) x U,

dut dus
P wo__cou —uf++Veo,,on(0,T)x 20,
ot v,

(1.41)
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where 1, and ), are time white noises on U, and J O;, respectively. Note that
(1.41) is an extension of (1.17) to dynamical boundary condition. Instead of
using the analytic approach used by Freidlin and Wentzell, Wang and Duan
consider a semigroup formulation of (1.41) to obtain a mild solution, then
for dynamical boundary conditions, they answer similar questions as those
answered for the static boundary conditions considered in [22]. First, they show
tightness of the distributions of the solutions and then they obtain a SPDE
with a simpler boundary condition when ¢ — 0. Denoting by « a solution to
this limiting equation, they then show that u¢ converges to u in the sense of
(1.18). Next, they then proceed to study the normalized deviations between
the solution u¢ of (1.41) and u. In particular, it is shown that v, = (u® — u)/ve
converges to a process that solves a linear partial differential equation with
random coefficients under a white noise static boundary condition. Finally, a
large deviation result is proved for (u¢ — u)/e*, where 0 < k < 1/2. Although
it is not mentioned, we believe that the restriction to d < 3 comes from the
boundary layer degeneracy (1.25).

In 2006, Bonaccorsi and Ziglio [45] applied the technique of product spaces
and operator matrices to solve stochastic evolution equations with randomly
perturbed dynamic boundary conditions. This theory is largely a development
of the equivalent deterministic theory obtained in [46, 47]. One can view
these deterministic results as a more refined version of the developments
presented in §1.1. Asin (1.5), let H and d H be Hilbert spaces, A: 9(A)C H — H,
F: H — H is a nonlinear operator, and they consider the stochastic evolution

equation on H given by
dX(t)=(AX(t)+ F(X(2))dt+G(X(t))dW(t), X(0)=x€H, (1.42)

where (W(t)),>¢ is a cylindrical Wiener process on H. Now, on d H they con-

sider another stochastic evolution equation

dzZ(t)=(BZ(t)+®X(t))dt+C(Z(t))dV(t), Z(0)=z€dH, (1.43)
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where ¢ : 9(®) C H — JH is the feedback operator and it is assumed that
D(A) € 2(®), (V(t));>o is another cylindrical Wiener process on J H taking
values on dH, B : 9(B) c 0H — JH. The state space H and the boundary
space 0 H are coupled together with the condition

Z(t)=1X(t), t>0, (1.44)

where 7 : 9(A) — J H. Defining the operator (A, Z(A)) by (1.6) and under the
assumptions that A generates a Cy-semigroup (5(¢)),>o on H and B generates
a Cy-semigroup (T(t)),>o on d H, then one can formulate the coupling (1.42)-
(1.43)-(1.44) as a single stochastic abstract Cauchy problem on the product
space H x 0 H in the following way. First, define the operator matrix

a=(? ) gw=am)x 9B
“lo B/ o ’

the Dirichlet map A, : d H— H by (1.8), and the operator matrix

L Iy —A; ’
0 Ioy
where I and I,y are the identity operators on H and Jd H, respectively. Then

dX(t)=(AX(t)+F(X(1))dt +G(X(t))dW(t), X(0)=xe€HxJH, (1.45)

where W := (W, V). They show that when ® = 0 (i.e. there is no boundary
feedback), the mild solution of (1.45) is given by

t t

S(r —s)F(X(s))ds +J S(t — s)G(s)dW(s),

0

X(t)= S(t)x—i—f

0

where (S(t));>o is the Cy-semigroup generated by A on H x 0 H. Although
the deterministic framework for this construction is formulated in a Banach
space setting [46, 47], the extension of these results to the stochastic setting of

Bonnacorsi and Ziglio are only given in the Hilbert space case. More details of
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their construction can be found in Ziglio’s thesis [48]. We also note that this
formulation is not entirely appropriate when one wants to consider the white
noise case as in (1.5). One can easily see this from the coupling condition (1.44)
whereby if B=0, ® =0, C = I in (1.43) then trivially solving for Z(¢) we obtain
TX(t)=Z(t)= V(t), and not TX(¢) = V(¢) as needed.

In 2008, Bonaccorsi in collaboration with Marinelli and Ziglio [49] consid-
ered the stochastic FitzHugh-Nagumo equations on networks with impulsive
noise. The FitzHugh-Nagumo equations result from a simplification of the
Hodgkin-Huxley model which describes how action potentials in neurons are
initiated and propagated. In [49] they study a system of FitzHugh-Nagumo
equations defined on a graph G described by a set of n vertices v4,..., v, and m
oriented edges e, ..., e,, which are assumed to be normalised (i.e., e; = [0, 1]
fori=1,...,m). The graph G is described by an incidence matrix ® = ¢+ — ¢~
where @ = (¢})nxm and @~ = (¢;;)uxm are given by

1, vi=e;(1) L)L vi=1¢;(0)

Pij = N 4T .
0, otherwise 0, otherwise.

The electrical potential in the network denoted by u(t,x) where u €(L?(0,1))"
is the vector (u:(¢,x),..., u,(t,x)) and u;(z,-) is the electrical potential on the
edge e;. Let
I'(vi):==1{j€ll,...,m}:e;(0)=v; or e;(1)=v;},
and it follows that the degree of a vertex v; has cardinality [['(v;)|. On every
edge e;, the potential u; satisfies the parabolic PDE
o = 0 (02w, ) + £ (1.46)
—=—ci(x)=—u; i(u;), .
ot ox\ 77 ox A
onR, x(0,1), where u; = u;(¢,x), in combination with the initial conditions

uj(0,x)= u})(x) € C([0,1]), the continuity assumption on every node given by

pi(t):=u;(t,vi)=ur(t,v;), jkel(v),i=1,...,n,
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and the random dynamics at the nodes vy,..., v, are given by

ﬁp,- 5uj .
E(I):_bipi(t)+z(Pij,ujcj(vi)a(t;Vi)+0'iL(t»Vi)» t>0, (1.47)

Jel(vi)

where u; >0forj=1,...,mando; >0fori=1,...,n. Here L(t,v;) is the

formal time derivative of a R-valued Lévy process, see §1.11.

Of course, one could make the observation here that a Brownian motion
is a Lévy process (see [50]) so that we could replace L(z, v;) by w;(t) where
(w;(1)):>0 are R-valued Brownian motions, then notice that (1.47) is a dynami-
cal Neumann condition so, in respect to §1.3 and the regularity provided by
Neumann conditions, we should expect existence of a L?(0, 1)-valued solution
for each stochastic boundary value problem (1.46)-(1.47) defined on each edge

e; in this Brownian motion case.

In [48,/49], it is shown that (1.46) can be formulated as a stochastic evolution
equation of the form (1.42) by taking the state space H = L?(0,1)" and (1.47)
as a stochastic evolution equation of the form (1.43) on the boundary space
0 H = R" where the processes W and V in (1.42) and (1.43) are replaced by
Lévy processes. Using this semigroup approach, they then prove existence and

uniqueness of a mild solution to (1.46)-(1.47).

In 2009, Brune, Duan and Schmalful} studied a coupled system of the
two-dimensional Navier-Stokes equations and the salinity transport equation
[51]. The Navier-Stokes equations are often coupled with other equations,
especially with the scalar transport equations for fluid density, salinity, or
temperature. This coupling allows models to be developed for a variety of
phenomena in environmental, geophysical, and climate systems. Let U C R? be

a bounded domain with C! boundary ¢ U. In [51] they take random influences
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into account and consider a problem of the form

du .

=\ GAU—=—VpPp—U-VU—ClVe w; on x4y X

T, (A v v )+ R.xU
divu=00onR, xU, u=0onR,xJU

ov . (1.48)
E:(chv—u~Vv)+w2 onR, xU

Jve 1 av°

T, :E(_ ER —c4v°+f(x))+w3 onR, xoU

where v° = v|y in terms of trace, u = u(t, x) € R? is the velocity, v = v(t,x) €R
is the salinity, p is the pressure, f(x)is the mean salinity flux through the bound-
ary, e; =(0,1)T e R?, ¢; for i € {1,2,3,4} are constants, and u; for i € {1,2,3}
are independent white noises. When the positive constant ¢ becomes zero,
then the dynamical boundary condition is interpreted as a static Robin bound-
ary condition. Their approach to studying (1.48) is to embed the dynamical
boundary condition into a stochastic evolution equation, called a stochastic
Boussinesq equation, then taking the linear part of (1.48) with homogeneous
boundary conditions they obtain a linear symmetric operator whose eigenfunc-
tions form a complete orthonormal system. In this basis, they then construct a
Galerkin approximation of the associated random system, then the solution
map obtained defines a random dynamical system. We should note that this is
the same idea employed by Kim for (1.33). Finally, they show that the random
dynamical system obtained has a random attractor.

In 2010, Sun, Gao, Duan and Schmalful$ [52] considered rare events for the
Boussinesq system with fluctuating dynamical boundary conditions given by
(1.48). A large deviations principle is established and small probability events

are studied in this context.

1.11 Lévy processes

In 2007, Peszat and Zabczyk [33, Chapter 15] consider the development of (1.5)
to the case of Lévy white noise. We refer the reader to the monograph [33] for
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the definition of Hilbert space valued Lévy processes. We simply mention that
Lévy processes serve as a tractable model for processes with “jumps”.

Let H be a Hilbert space. In [33, Chapter 15], they consider the slight
modification of (1.5) given by

X(6)=AX(t)+ F(X(¢)), =X(¢t)=L(r), X(0)=x, (1.49)

where L is the formal time-derivative of a Lévy process taking values in the
Hilbert space H and the other operators are defined like (1.5). They additionally
assume that (1.49) models dynamics on a C* bounded domain U C R¢ with
boundary 0 U, H is embedded in the space of distributions on d U, and the
operator A has domain 2(A) := {u € W?P(U) : Tu = 0} and generates a Cy-
semigroup on LP(U). Of course, following (1.6), this implies that A has domain
9(A) = W2P(U). They define two new types of weak solutions when A = A.
First, for the Dirichlet case Tu := u|sy (in terms of trace), they say that a
LP(U)-valued process (X(t)),>o0 is a weak solution of (1.49) if

<X(t),30>=(x,90>+f (X(s),Ap)ds+(L(t),0,¢) (1.50)
0

holds where v is the exterior normal of 0 U, (-,-) is the canonical bilinear form
on 2(U) x C*(U), (+,-) is the bilinear form on (0 U) x C*(0U), and ¢ € C=(U)
satisfying ¢ =0 on d U. Second, for the Neumann case Tu := J, u, a process
(X(1)):>0 is a weak solution of (1.49) if

t

{(X(2), 0) = (x, ) +J (X(s), Ap)ds +(L(t), o)

0

holds for ¢ € C®(U) satisfying &, p = 0 on & U. These definitions follow natu-
rally from Green’s second formula. Similar to (1.7), they show that a unique

mild solution to (1.49) exists in L?2(U) and is given by

X(1) :J S(t—s)F(X(s))ds +f (A—=A)S(t —s)A\d L(s)
0 0
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if L is a square-integrable, centered Lévy process with reproducing kernel
Hilbert space »# ¢ H = L?(U), F : R — R is a Lipschitz continuous function

and

t
J = AWM .10y S <00,
0

for ¢ > 0. They also show that if (X()),>o is a mild solution to (1.49) with A=A
then it is also a weak solution. Next, they present the example of §1.3 for
the case of (1.49) and again conclude that no solutions exist for the Dirichlet
case in L?(0,1). Finally, they conclude that “in order to study the Dirichlet
problem with random perturbations of the Gaussian white noise type, one
should introduce weighted L2-spaces. Namely, the space L?(U, x(x)d x) where
k vanishes on the boundary d U”. However, these arguments are not presented
and the reader is referred to [24,12,31] and a preprint by Peszat and Russo*.

As already mentioned in §1.10, the boundary noise problem studied in [54],
in particular (1.46)-(1.47), is studied under the influence of Lévy boundary
noise. As such, the operator matrix approach whereby the boundary value
problem is formulated as the abstract Cauchy problem (1.45) on the product
space H x 0 H is presented for Lévy processes in Ziglio’s thesis [48].

1.12 Optimal control of stochastic systems: a

continuing story

As briefly mentioned in §1.5, the first results on optimal control of stochastic
boundary value problems were obtained in 1998 [29]. Recently a number of
new results have appeared on this topic.

In 2007, Debussche, Fuhrman and Tessitore [55] studied the optimal control
problem for a nonlinear stochastic heat equation on the interval (0, ) where

4We believe this has become the preprint [53].
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the boundary conditions are of Neumann type,

u J%u
E(t,x): ﬁ(z‘,x)—kf(t, u(t,x)) onlty, T] x(0,7)

u u (1.51)
E(t’o) = g1(t) +uin (1), E(t’ﬂ) = go(1)+ 8o(2).

In (1.51), (w1(t))s>0 and (w-(t));>0 are independent R-valued Wiener processes,
u is the unknown R-valued process representing the state of the system, and
the control is given by the R-valued processes g; and g, acting at the points 0
and 7, respectively.

Their approach is to use the framework of [11] and to formulate (1.51) as
(1.9) resulting in a stochastic evolution equation on a Hilbert space H of the

form
dX(t)=[AX(t)+ F(t,X(t))+(A—AAG(t)dt +(A—A)A, dW(s),

where, as for (1.9) we have a boundary Hilbert space 0H, A, : H — 0H is
the map associated with the Neumann boundary condition Tu =, u, G(t) =
(g1(2), g2(t)) and W(t)=(w,(t), wo(t)) take values on d H = L?({0, r}) ~ R?, and
A is defined by (1.6). The optimal control problem treated is the minimisation
of the finite horizon cost

Tprm
](t,X(O),G(-))zEJf c(s,z,X(s)(z),G(s))dzds
rJo (1.52)

+Ef ¢z, X(T)z))dz,
0

where c: [0, T]x [0,7] x Rx # — R and ¢ : [0, 1] x R — R and the set of control
actions ¢ is a bounded closed subset of R?. They obtain the existence and
uniqueness of a C! mild solution of the Hamilton-Jacobi-Bellman equation.
This enables them to find an optimal feedback for their problem.

Although the control problem (1.51) seems simpler than (1.27) due to the
absence of noise on the interior of the domain, in fact the problem is surpris-

ingly more difficult, as the presence of enough noise guarantees that the linear
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operator in the Hamilton-Jacobi equation is strongly elliptic. As a result, their
method would apply equally well in the presence of interior noise. Due to
the absence of interior noise, a number of technical difficulties arise which
they surmount by formulating the problem as a system of forward-backward
stochastic differential equations.

Finally we note that they mention “the case of Dirichlet boundary condi-
tions is more complicated since the solutions are much less regular in space”.
Further, they suggest that their method can be extended to this case by using
the techniques of [24,12] and that “the real structural restriction - beside tech-
nical complications - is that the ‘image of the noise operator’ is larger than
the image of the control”. They also recall the negative result of §1.3 obtained
in the semigroup framework of [11] and conclude that “the smoothing prop-
erties of the heat equation are not strong enough to regularize a rough term
such as white noise”. These ideas where implemented in 2009 by Fabbri and
Goldys [56], however in order to continue chronologically, we shall discuss
their contributions later.

In 2008, Bonaccorsi, Confortola, and Mastrogiacomo [54] study the exten-
sion of (1.51) to the case of dynamical Neumann boundary conditions. That is,

to dynamics of the form

a—u(t,x): %(t,x)—l—f(t,x, u)+g(t,x,u)W(t) on/ty,T]x(0,7)

Z(1)==b1z:(1) - Z—Z(t,O)Jr ha()(g1(2) 4w (1)) (1.53)
0
zy(t)=—baz,(t) - %(F,W)Jr ha(1)(g2(1) + 1o(1)),

where (W(t)),>o is a cylindrical Wiener process on H = L?(0,7) and for i =1, 2:
b; >0, h;(t) are bounded measurable functions, and (w;(t));>o are indepen-
dent R-valued Wiener process. The control process G(t)=(g:1(t), g82(¢)) takes
values in a compact ¢ C R? and we set V(t) = (w;(t), w.(t)). Note that the
boundary dynamics are given by Z(¢) =(z:(t), z2(¢)) which is a system of two R-

valued stochastic differential equations. Setting X(¢) = u(t,-), their approach
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is to pose (1.53) in the form of (1.42)-(1.43)-(1.44) using the operator matrix
theory presented in §1.10. This results in a Cauchy problem on the space
H x 0 H=L*0, ) x R? of the form

dX(t)=[AX(t)+TF(z,X(2)))d t +G(t, X(¢)[LZ(t)d t + dW(2)],

with initial condition X(0) =x. The operator I : d H — H gives the immersion of
the boundary space into H x 0 H by [z := (0, z). This formulation is then used
to minimize a cost functional of the form

T
J(£,X(0),G)= IEJ c(s,X(s),Z(s),G(s))ds +Ep(X(T),Z(T)), (1.54)
t

where ¢:[0,T] x Hx 0H x # — R and ¢ : Hx d H— R and the set of control
actions ¢ is a bounded closed subset of R2. Due to the presence of interior
noise in (1.53) and the structure of the cost functional in (1.54), this problem
seems less technical than (1.52) but the presence of dynamical Neumann

boundary conditions is an interesting feature that impacts the theory.
In 2009, Fabbri and Goldys [56] furthered the idea mentioned in [55]. That
is, they apply the weighted space technique of [12] that we presented in §1.8,
to handle the optimal control problem for the heat equation on the half-line

(0, 00) with Dirichlet boundary noise and boundary control given by

du 2u
E(trx)_ﬁ(t’x) on [tO’ T] X(O»OO)» (155)

u(t,0)=g(t)+w(z),

where (w(t)):>o is a R-valued Wiener process and g is a square integrable
control. Setting X(¢) = u(t,-), their approach is to formulate (1.55) as a stochas-
tic evolution equation of the form (1.9) with F = 0 whereby the state space
H = I12(0,00; p(x)d x) is a weighted L? space with p(x):=min(1,x'+%) such that
0 €(0,1) and the boundary space Jd H ~ R. In other words,

dX(t)=[AX(t)+ (A=A gt)]dt +(A—-A)N, dW(s), (1.56)
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where Au := 82u with 2(A) = W;**(0,00), A, is the Dirichlet map, and W ()=
w(t). They indicate that the case of (1.55) with interior noise and interior
control could be easily considered in the same framework. They study the

linear quadratic problem given by the cost functional
T

J(t,X(0),8)=E f (IBX(s)II, +1g(s)) ds +EQX(T), X(T)u,  (1.57)

t

where H, is another Hilbert space, B € £(H, H;), and Q € Z(H) is a positive
symmetric operator. Following a result by Krylov [57] which shows that A ex-
tends to a generator A of an analytic semigroup (S(¢)),>o on H = L2(0,00; o(x)d x),
they are able to obtain a unique mild solution of (1.56) using the classic meth-
ods of [11]. They solve the minimisation (1.57) by working directly with a
solution of the associated deterministic problem u’(¢)=Au(t)+ (A —A)A, g(t)
on H.

In 2010, Masiero [58] considered the nonlinear version of (1.55) given by

u o%u
E(I,X): ﬁ(l‘,X)—Ff(S; u(t,)C)) on [t0’ T] X (O’OO)’ (1.58)

u(t,0)=g(t)+uw(r),
where (w(t));>o is a R-valued Wiener process and the control g is given by the
R-valued process g. Similar to the approach of Fabbri and Goldys, Masiero
formulates (1.58) as a stochastic evolution equation of the form

dX(t)=[AX(t)+ F(s,X(2))+(A—=A)Ag(t)ldt +(A— AN, dW(s),

where Au := 82u with 2(A) = W;**(0,00), A, is the Dirichlet map, and W ()=
w(t). First, solutions are considered on the weighted space H = L?(0, 00; o (x)d x)
using the results of [56] and extending them to nonlinear case. The optimal

control problem considered is similar to (1.52) and of the form

T poo
](t,X(O),g)=EJ f c(s,z,X(s)z), g(s)dzds
t JO

—HEf ¢(z,X(T)(z))dz.
0
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where ¢ : [0,T] x [0,00] X Rx # — R and ¢ : [0,00] x R — R and the set of
control actions . is a bounded closed subset of R. Existence and uniqueness
of the Hamilton-Jacobi-Bellman equation is proved and it is shown how these
results can be applied to perform the synthesis of the optimal control. The
infinite horizon problem is also considered.

Again, we note that these results for the Dirichlet boundary noise case rely
heavily on the weighted space idea obtained in [12] and the one-dimensional
example can only be treated in [56, 58] as there is a lack of a higher-dimensional

existence theory.

1.13 Qualitative theory

In 2007, Chueshov and Schmalful3 [59] continued their study of (1.36) and
considered the qualitative properties of the dynamical system obtained. Under
certain conditions on the nonlinear term f, they show that the solution of
the system generates a monotone order-preserving random dynamical system
with respect to the metric dynamical system generated by the underlying
Wiener process. Under a coercitivity condition, it is shown that this system has
a random pull-back attractor. They then apply these results to the case of a
nonlinear stochastic heat equation with a polynomial nonlinearity and show
that the attractor is a random equilibrium point.

In 2008, Ziglio [48] studied the existence of an attracting set at time t =0
for a heat equation in a bounded domain U c R? with smooth boundary d U

under random dynamical Neumann boundary conditions.

1.14 Physics

Briefly looking at the physics literature, we notice that in a number of papers
during 2008 and 2009, Sabelfeld and Shalimova considered different types of

elliptic equations with random boundary excitations [60, 61, 62, 63]. Their
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papers all follow the same structure, hence we shall illustrate their results with

the simple example

Au=0inU, u=wondlU

where w is a Gaussian (spatial) white noise on d U and U is the half-space
R? with boundary dU = R. Their “solutions” are defined by convolution
against a Poisson kernel, however an existence and uniqueness result is not
proved and it is simply stated that u is a Gaussian random field with zero
mean. The main aim of their papers is to obtain analytic approximations to
the “correlation tensor” of the u and to represent u as a Karhunen-Loéve (KL)
series expansion. By truncating the KL expansion at a desired term, they obtain
analytic estimates for the correlation structure of # which they verify through

numerical simulation.

Although they have not obtained an existence or uniqueness result for
these elliptic problems, these papers show there is an interest from physicists
to understand elliptic problems with boundary noise. Further, the noise on
the boundary is spatially white which is a situation that has not been hitherto
studied in the literature. This is due to the standard assumption that the noise is
typically assumed to be of the form BW where B is a Hilbert-Schmidt operator
or that U Cc R and 2 U is the endpoint(s) of an interval®.

1.15 Recent developments

Recently, Cerrai and Freidlin have considered a nonlinear stochastic parabolic
equation with Neumann boundary noise [64]. The interior noise is of multi-
plicative type and the uniformly elliptic second order differential operator .</

is multiplied by a parameter £~ such that 0 < ¢ < 1, i.e., ¢! is large. More

5Noise cannot be spatially white in this case.
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precisely, they consider

aa“t (f,x)=— ﬁuf(t,x)+f(t,x,uf(t,x))
+ g(t,x, ut(t,x))QWi(t) on R, x U, (1.59)
1 auf

(t x)=0(t,x)BWs(t) on R, x 2 U,

where U c R is bounded with C* boundary ¢ U. The functions f, g : [0,00) x
U xR — R are assumed to be measurable and satisfy a Lipschitz condition with
respect to the third variable, uniformly with respect to the first two variables,
and the mapping o : [0,00) x dU — R is bounded with respect to the space
variable. The operators Q € Z(L?(U)) and B € £(L?(0U)) are assumed to
be nonnegative and symmetric. The processes (Wi(t));>o and (Wxs(t)),>o are
independent cylindrical Wiener processes on H := L?(U) and d H := [*(d U),
respectively. Let A be the unbounded operator on H defined by Au := ./ u for
uc9A):={u:.oueH,2?aul|sy=0} Different from previous results in the
literature, they assume that the strongly continuous semigroup (S(#)):>o in H
generated by A admits a unique invariant measure y and spectral gap occurs.

That is, there exists some y > 0 such that, for any k € L?(U, u),
HS(t)h—f h(x),u(dx)H <ehllpw 20, (160)
U

We shall use the notation H, := L*(U,u) and (h, u) : f h(x)u(dx)and (-,-) for
the inner product in L?>(U).

Their aim is to study the limiting behaviour of (1.59) as the parameter ¢
goes to zero and to show that the spatial average of (1.59) can be approximated

by a R-valued stochastic differential equation of the form
dv(t)=F(t,v(t))dt+G(t,v(t)QdWi(t)+2(t)Bd Ws(t), (1.61)

with initial condition v(0) = (uo, u) where for ¢ € L?(U,u), Y € L*(U), k €
L2(0U), and t > 0, they defined the R-valued mappings F, G, and . by the
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spatially averaging
F(t, )= Lf(t,x,w(x))u(dx),
G(t, o) = ng(t,xytp(X))l/J(x)u(dx),

S(t)k = /If Mo (t,)x](x) u(dx).
U

Here, A, is the Neumann map associated with (.¢/, d,) and the solution v of

(1.61) approximates the solution u¢ of (1.59) in the sense of

p

lim E sup =0,

el0 tel5,1]

f |lut(#,x) = v(t) p(dx)
U

foranyfixed0<o <Tand p >1/2.
To obtain this approximation result, they first show that there exists a

unique solution to (1.59) in the following way. First, they assume that
QW)= Anentwn(t), BWs(t)= Y 0,8, 1n(t),
n=0 n=0

where (e, )%, is an orthonormal basis of H that diagonalizes Q with eigenval-
ues (A,)%,, (€)%, is an orthonormal basis of J H that diagonalizes B with
eigenvalues (6,)%_, and (w,(t));>0 and (w,(¢)),>o are two sequences of inde-
pendent R-valued Wiener processes. They stress that they are “not imposing
the Hilbert-Schmidt condition on the operators Q and B” and instead assume
that if d > 2 then there exists p <2d/(d —2)and 8 <2d /(d — 1) such that

D 28llelny <oo and D 6 <co. (1.62)
n=0 n=0
We recall however that if an operator T € £(L?(U)) satisfies TL*(U) C L*(U)

then T is Hilbert-Schmidt so (1.62) is equivalent to saying that, depending on
d, that the cylindrical Wiener processes W, and W take values in H € H and
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JH c 0 H respectively, and we can identify Q and B with Q € %,(H, H) and
Be %,(0H,dH).
Under the conditions (1.62) and posing for k4, h, € H,

F(t, hi)(x) = f(£,x, h(x)), [G(¢, h)h](x):=g(t,x, hi(x))ha(x),

for all x € U, they prove that a H-valued mild solution of (1.59) is given by

t

u(t)=S8(t)uo +f S((t =s))E(s,u’(s))ds

0

—I—J Sé(t —s)G(s,u’(s))QdWi(s)
0

+(A—A)f Sé(t —s)AxBd Wy(s)
0

Le(r)

where S¢(t):=S(t/¢), A, is the Neumann map, and u#(¢)(x) = u#(t, x). Further,
forany T>0and p > 1,

sup IE”Le”g([o,T];H) <00,
£€(0,1]

Finally, once a solution is obtained, they show that forany uo€ H, p>1,0 <1
and 6 > 0 it holds that

E sup [|[u®(t)—v(0)ly, S(e+€"°)
te[6,T) “

where v solves (1.61).
Let us consider (1.60) for the case where U =(0,/) C R and A is the Neu-

mann Laplacian on L?(0,/), i.e., Au = u” with
D(A)={u e W?%0,£): u'(0)=u’(¢{)=0}.

The trigonometric functions h,(x) = —+v2 sin(”T’Tx) form an orthonormal basis
on L?(0,¢) such that Ah,, =—A,h, with A, = (%)2 forn=1,2,...and hy(x) =



49

1/V€ with 1o =0. As S(t) = e'4, it follows that S(t)h,, = e~**» h,,. Using the fact
that

14 00
1
S(Hh=| h(x)- dx+§ e (h, hy)h,,
0 K n=1

it follows that u(dx)={~!dx is an invariant measure of (S5(¢));>o. In fact, for
a bounded domain U C R?, in the same way it follows that u(dx)=|U|"'dx
where |U]| is the volume of U.

In the preprint [65], Veraar and Schnaubelt have considered the well-
posedness and pathwise regularity of semilinear non-autonomous parabolic
equations with boundary and interior noise in an L? setting. Let H and 0 H
be separable Hilbert spaces and let E and 0 E be Banach spaces. On E, they

consider the stochastic evolution equation

dX(t)=[A()X(t)+ F(t, X(2))+11,()G(¢t, X(2))] d t
+ B(t, X(¢))d Wi(1) + () C(z, X(1)) d Wa(t)

(1.63)

with initial condition X(0) = x € E where (A(%))c[0,1] is a family of closed
operators on E. The processes (W(t));>0 and (W5(t));>¢ are cylindrical Wiener
processes on H and 0 H, respectively. The operators I1; : 9(I1;) c 0 E — E for
i € {1,2} are used to treat the boundary conditions.

Their approach to handling the family of operators (A(t), Z(A(t))):s0 is
through the non-autonomous theory developed by Acquistapace and Terrini
[66]. That is, the family (A(t), Z(A(t))):>o is assumed to satisfy the following

conditions:

e A(t) are densely defined, closed linear operators on a Banach space E
and there are constants 0 € R, K >0,and 8 € (g, 1) such that X(0,0) C
p(A(2)) and ||R(A,A(1))l| < K/(1+|A— o) holds for all A € ¥(8,0) and
te[0,T],

e There are constants L >0 and u,v €(0,1] such that u+v > 1 and

146 (£ )R(A, Ao ())(A(t) ™" = Ag(s) DI < LIt = (1Al + D)7
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holds forall A €3(0,0) and s, t €[0, T], where A,(t) :=A(t)—0O.

Under these conditions, the non-autonomous Cauchy problem u’(¢) = A(#)u(t)
for t € [s, T] with u(s)=x € E, has a solution u € C([s, T]; E)NC'((s, T]; E) with
u(t)e 2(A(t)) for all r (s, T]. This gives rise to a strongly continuous evolu-

tion family of bounded operators (S(z, s))o<s<:<r On E with properties:
e S(s,s)=1Iforalls€][0,T];
o S(t,s)=S8(¢t,r)S(r,s)forall0<s<r<t<T,;
e the map (¢,s)— S(¢,s) is strongly continuous.

This evolution family allows Schnaubelt and Veraar to prove existence and
uniqueness of a mild solution of (1.63) under linear growth and uniform Lips-
chitz conditions (in space) on the mappings F, G, B, and C. The conditions
are technical, therefore let us consider an example where F=0, G=0, B=0.

In this simple case, a candidate mild solution of (1.63) is given by

t

X(t)=5(t,0)x —i—f S(¢, $)LC(s, X(s))d Wa(s). (1.64)
0

Setting IT, = (A — A)A,, one can see (1.64) is a non-autonomous version of
(1.7) and under similar conditions on A,, a mild solution in E can be obtained.
We note that their results can be viewed as an extension of Chapter 4 to the
non-autonomous setting by applying the Acquistapace-Terrini conditions.

In the preprint [67], Bonnacorsi and Ziglio consider a nonlinear stochastic

partial differential equation with dynamical boundary conditions given by

P .
a—?(t,x): diva(x, Vi) +QW(r) in R, x U,

du°
ot
where u° = u|sy in terms of trace. Here, (W;(t));>o and (W5(t)),>o are cylindrical

Wiener processes on H = [2(U) and d H = L?(0 U) respectively, Q € £»(H),
Be %(0H),and a: U x RY — R4 is a Carathéodory function satisfying the

conditions:

(1.65)
(t,x)=—u(t,x)|u’(t,x)|"?—a(x,Vu)-v+ BWs(t) on R, x U
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e there exists a > 0 such that a(x,£)- & > a|&|? for almost every x € U and
forall £ e R4,

e there exists o0 >0 and f € L9(U) such that |a(x, &)| < o(f(x)+|E|P~1) for
almost every x € U and for all £ e R? where g =p/(p — 1),

e for almost every x € U and for all £ #n € R4, (a(x, &)—a(x,n))-(E—n) > 0.

Notice than when p =2 and a(x,Vu)=Vu then diva(x, Vu)= Au and (1.65)
reduces to the stochastic heat equation with dynamical Robin boundary con-

ditions of the form

du . .
E(t,x):Au +QWi(t) inR, x U,
du®
ot
and it may be posed as a problem of type (1.42)-(1.43)-(1.44) taking values in

i5(t) on R, x 8 U,

H. However, when p # 2, a can no longer be extended to a linear operator
on H x 0 H and the framework of [45] no longer applies. This is the case,
for example, when a(x, &) = |£|P~2& which gives the p-Laplacian. As such, to
consider (1.65), Bonaccorsi and Ziglio use the pivot space approach, a standard
PDE technique to handle nonlinearities like a (e.g., see §I1.3 in [68]) which was
extended to the case of SPDEs (with interior noise) in [69]. Using the product
space ideas of [45], Bonaccorsi and Zigio extend [69] to the case of stochastic
dynamical boundary conditions by defining E = LP(U) and 0 E = W'-1/Pr(3 U),
where W'~-1/P(0 U) is the space of all u € L?(8 U) such that

Il = f J @)= w0 de) <o,
oUuJaou

|x y|p+d -2
then taking the pivot (or Gelfand triple)
EXOE—>HXJH(=H"X0H")— (E X JE),

where H x J H is identified with its dual H* x 0 H* by the Riesz isomorphism

and — denotes a continuous and dense embedding. The nonlinear operator a
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is then considered by introducing the matrix operator

A, u®) = (diva(-,Vu) 0 )

—u°|lu°|P=? -a(,Vu)-v

for all u € C*(U) and u° € C*(0 U), then showing that A extends to a bounded
nonlinear operator from E x J E into (E x J E)¥, and finally posing (1.65) as

dX(t)=AX(1))dt+BdW(t), X(0)=xeHXxJH, (1.66)

where B =(Q, B) and W = ()}, W5). Existence and uniqueness of a variational
solution to (1.66) is obtained by showing that A satisfies the necessary assump-
tions (i.e., hemicontinuity, weak monotocity, coercivity, and boundedness) and
B € % (H x d H) so that the framework of [69] applies. Here, a (%;)-adapted
process (X(t)),>o is a variational solution to (1.66) if X is H x d H-valued and
there exists a process X that is d t ® P-equivalent to X such that X belongs to
L([0, T) x Q% E x d E)N L2([0, T] x £; H x d H) with @ > 1 (dependent on A) and
for t €0, T,

t

X(t):x+f A(}E(s))dHJ BdW(s), P-as.,
0 0

where X is a E x 8 E-valued progressively measurable d t ® P-version of X.

Let (X*(t));>o denote a solution to (1.66) with initial condition X(0)=x¢&
H x 0 H and let C,(H x Jd H) be the space of bounded continuous functions
on H x d H. In the second part of [67], it is shown that (X*(#)),> is a Markov
process that satisfies

2
E sup [ X*()[5, 5 <00,
t€[0,T]

where ||U||gxa i is defined by the inner product (#, V) gxon := (4, v)g+{u°, v°)on
with u :=(u, u°), and there the exists an ergodic invariant measure u for the
transition semigroup defined by P, ¢(x) := Ep(XX(¢)) for ¢ € C,(H x d H). As
E x 0E — H x 0 H is a compact embedding, u is concentrated on E x J E and,
under an additional “superlinearity” assumption on A, u is unique.
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In the preprint [53], BrzeZniak, Fabbri, Goldys, Peszat and Russo consider
the Poisson and heat equation with white noise Dirichlet boundary conditions
on a (possibly unbounded) domain U c R? with boundary d U (of class C®
when d > 1). That is, for A > 0 they consider the elliptic equation

Au=AuonU, tu=¢&ondU, (1.67)

where Tu := u|yy in terms of trace and & is a /(@ U)-valued Gaussian random

variable, and the heat equation

ou .
EzAu onR, xU, tu=&onR,xdU, (1.68)

with initial condition u(0,-) = uy(-) where (£(¢));>0 is a /(0 U)-valued stochas-
tic process with continuous paths. Here, .#/(R9) is the space of tempered
distributions on R4 which is the (topological) dual of the space of functions
with rapid decrease .#(R4) and .%/(U) denotes distributions in .%/(R¢) with
support on U [70, §V.3]. When U is unbounded, it is assumed that A > 0 in
(1.67). First, they show that a &’(U)-valued mild solution of (1.68) is given by

t

u(x):S(t)qurf S(t —=s)A—-A)A, dE(s), (1.69)
0
where (S(¢));>0 is the Cy-semigroup on L?(U) generated by the Dirichlet Lapla-
cian A with domain 2(A) := WOI’Z(U ). Then they show equivalence between
a weak solution defined in terms of (1.50) and the mild solution (1.69). Let
6(x) :=min(dist(x,dU),1) and g4,(x) := 6(x)**(1+|x|?)~# for x e R? and let
(h,) be an orthonormal basis of & H := L?(J U), their two main theorems are as
follows.

First, there exists a unique solution u to (1.67) with £ = Zn ynh, where
(rn) is a sequence of independent standard R-valued Gaussians. Moreover,
P-almost surely u € C*(U), and for all B > d /2, p > 1, and a € R such that

d+1+a

>—-1,p>1ifd=1,
B p=1li Y

>p>1ifd>1,
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u is a Gaussian random variable in the weighted space LP(U, g4,5(x) d x).
Second, there exists a unique solution u to (1.68) with &(¢) = Zn wy(t)h,
where (w,(t));>0 is a sequence of independent standard R-valued Wiener
processes such that u € Li(€2; C™([0, T] x K)) for any compact K C U and
allg>1, T >0, m eN. Further, forall 8 > d /2, p > 1, and a € R such that

d+1+a op>
—a >
u is a Markov process with values in C([0,00); LP(U, g4,p(x) d x)).

Finally, they demonstrate their results for the Dirichlet problem (1.68) for
the case where U = (0, 1) C R and show that solutions exist in L?(0,1; 6(x)'** d x)
fora>1.

We note that the case where the sequence of Wiener processes (w,(t));>o is

replaced by fractional Brownian motions is also considered in this preprint.

1.16 Conclusion

As we have shown in this survey, since the first papers appeared in the 1990s
many advances have been made on the topic of equations with boundary noise.
These advances have largely been motivated by the need of more accurate
physical models whereby noise enters through the boundary but also from a
mathematical desire to extend existing results to more abstract and difficult
situations. Although the boundary noise theory originally grew out of results
from optimal control theory (i.e., the boundary control problem), it has taken
a life of its own due to the significant new difficulties and differences that arise
when the boundary noise is of white noise type. We recall that the white noise
assumption is required to obtain solutions with the Markov property which is a
highly desirable feature from both the theoretical and applied point of view. To
date, a number of interesting results have been obtained by asking the natural
question: can standard results for the interior noise problem be extended to

the boundary noise case? This question has lead to numerous developments
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such as optimal control of systems perturbed by boundary noise, ergodicity
for boundary noise problems, and the extension to the Lévy process case. A
large number of new results have also appeared from a desire to consider the
dynamical boundary noise situation. We note however that although such a

large body of theory already exists, a number of results are lacking:

e Apart from a few examples, most results have been obtained for the
Neumann or Robin boundary noise problem due to the inability to obtain
solutions in L?(U) in the Dirichlet case.

¢ The only successful approach for the Dirichlet boundary noise problem
has been to consider solutions in weighted LP spaces however these
results have all been for the one-dimensional case where U C R. That is,
no examples of Dirichlet boundary noise have been explicitly consider
ford > 2.

e Apart from some recent preprints, the existing boundary noise theory has
been largely considered in a Hilbert space framework. That is, there lacks
an extension of these results into the Banach space setting. Such a theory
would be useful to be able to consider the boundary noise problem in a
(weighted) L? space from a semigroup perspective allowing one to “tune”
the parameter p.

¢ Asonly the one-dimensional situation has been consider for the Dirichlet
boundary noise problem, the space-time white noise case has not been

studied so far.






2
Background Material

In this section we recall some well-known results and definitions. The reader is
referred to the lecture notes [6], which was our main reference, if more details
or further references are required. For the Hilbert space or L? setting, the

reader may also refer to [19,33].

Notation

For [a, b] C R and Banach space E, we denote by B([a, b]; E) and C([a, b]; E)
the Banach spaces of all bounded (respectively, continuous) functions from
[a,b] to E endowed with the supremum norm || f||o := sup,<,<, [l f(£)llz. We
denote by C%([a, b]; E) the Banach space of all #-Holder continuous functions
from [a, b] to E, endowed with the norm ||f|ce(ia,p);5) = I flloc + [flcaa,pyE)
where [ flce(ia,plm = SUPqzs <y (1) = F()ll/(E — )2

2.1 Semigroups

Let E be a Banach space. A family of operators S(t) € £(E) with £ > 0 is a one-
parameter semigroup if S(#, + £,) = S(#1)S(t.) for #;, t, > 0. We only deal with

57
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strongly continuous semigroups (sometimes called Cy-semigroups) which
means that lim,_+ S(¢)x = x for all x € E. Every A € Z(E) generates the semi-
group S(t)=e!  where e'*:=T+tA+ %tzA2 +---. We define the infinitesimal
generator of a semigroup (S(¢));>o the operator Ax := limj_+(S(h)x — x)/h
whose domain Z(A) consists of all elements x € E for which the right-hand
limit exists. The resolvent set of A is the set p(A) consists of all A € C for
which there exists a unique bounded linear operator R(A, A) on E such that (i)
R(A, TY(A—A)x=xforall x e 2(A), (ii) R(A,A)x €« 9(A) and (A—A)R(A,A)x =x
for all x € E. The spectrum of A is the complement o(A) := C\ p(A). The
operator R(A,A)=(A— A)~! is called the resolvent of A at A.
For o €(0, r] define the open sector

Y, ={z2€C\{0}:|arg(z)| <o},

where the argument is taken in (—7,]. A strongly continuous semigroup
(S(%))¢>0 is called analytic on X, if for all x € E the function ¢ — S(¢)x extends
analytically to X, and satisfies
i Se
First, let us recall, from [71] and [72], some equivalent characterizations of

analytic semigroups and their generators.

Theorem 2.1. For a densely defined closed operator A on a Banach space E, the

following are equivalent:
1. {AR(A,A): A€} is bounded for some o > /2.
2. Thereis an analytic semigroup (S(t)),>0 on a sector X5, 6 > 0, such that
d
—S(z2)=AS(z), z€Xy_rp2 2.1
dz
holds and (S(z)).ex(s5) is bounded.

3. There is a strongly continuous semigroup (S(t));>o such that (2.1) holds
fort eRy and {tAS(t): t > 0} is bounded.
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2.2 Z%-Bounded and y-Bounded operators

2 -Boundedness and y-Boundedness are generalisations, to a Banach space
setting, of uniform boundedness of families of operators in Hilbert spaces.

Let (0,)"_, be a sequence of independent Rachemacher random variables.
Let E; and E, be Banach spaces. An operator family 7 C £(E,, E,) is said to
be #-bounded if there exists a constant M > 0 such that

N N\ V2 N N\ V2
(EHZgnTnxn ) SM(EHZann ) , 22)
n=1 n=1

foral N>1,all ,..., Ty € 7, and all x,,...,xy € E;. If (2.2) holds with the

sequence (0,) is replaced by a sequence of independent Gaussian random vari-

ables (y,)Y_, the operator family 7 is called y-bounded. The least admissible
constant M is called the Z-bound (respectively, y-bound) of 7.

Theorem 2.2 (Kalton & Weis). Let E;, E, be Banach spaces. Suppose that M :
(0, T) — Z(E,, E>) is strongly measurable and has y-bounded range {M(t): t €
(0, T)} := 4. Then for every finite rank simple function ®:(0, T) — y(H, E,) the
operator Ryq belongs toy(L*(0, T; H), E, and

IRmollyz20,1:m),82) < Y (AN Rally (220,710, 1)

As a result, the map M : Ry — Rye has a unique extension to a bounded operator
M :7,(L0, T; H), E1) > 1,(L(0, T; H), E2)

of norm ||M|| < y(4).

Lemma 2.3 (Lemma 10.17 [6]). For all real numbers a, 8,1 > 0 satisfying 0 <
a+n<p <1, theset
{tP(=A)"S(t): 1 €(0, T)}

is Z -bounded (and hence y-bounded) in ¥ (E, E,) withy-bound O(TF~2=n).
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2.3 Abstract Cauchy problems

We shall now recall some results (e.g., see [71, 5]) on the inhomogeneous

abstract Cauchy problem
u'(t)=Au(t)+ f(t), u)=uy, te€l0,T], 2.3)

taking values in a Banach space E where the unbounded linear operator A :
9(A) C E — E generates a strongly continuous semigroup of operators (e?4),>q
onEand f:[0,T] — E.
A function u : [0, T] — E is called a classical solution of (2.3) in the interval
[0, T if
u € C'(0, T E)N C((0, T]; 2(A) N C([0, TT; B,

and satisfies u’(t) = Au(t)+ f(¢t) for every t € (0, T], and u(0) = uo. Further,
if fe LY(0,T;E)nC((0,T]; E), ug € 2(A), and u is a classical solution of (2.3)
then u satisfies the variation of constants formula

t
u(t):e”‘uo-l—J e=94f(s)ds, 0<t<T. (2.4)
0
As the integral form (2.4) makes sense whenever f € L'(0, T; E) and uy € E, in
this situation it is customary to call such a function u given by (2.4) a mild
solution of (2.3). Thanks to this representation, questions about existence of
classical solutions may be reduced to questions about the regularity of mild
solutions. Although every classical solution has the representation (2.4), not
every mild solution is a classical solution therefore it is often convenient to

work with alternative solution concepts.

Definition 2.4. For 1 < p < oo, a strong solution of (2.3) is a function u €
LY(0, T; E) such that for all t € [0, T] we have fot u(s)ds € 9(A) and

t

u(t)=e"u, +Af u(s)ds +J f(s)ds.
0

0
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A wealk solution of (2.3) is a function u € L'(0, T; E) such that for all t € [0, T]
and v € 9(A*) we have

t

(u(t),v)= (uo,V>+f

0

(u(s),A*v)ds +J (f(s),v)yds.
0

One may show (e.g., Proposition 7.16 in [6]) the following useful equivalence

between weak and strong solutions for (2.3).
Theorem 2.5. Every weak solution of (3.1) is a strong solution, and vice-versa.

Further, a strong (hence weak) solution satisfies a variation of constants for-

mulation (e.g., Theorem 7.17 in [6]).

Theorem 2.6. Fix1<p <o, then forall uo€ E and f € L'(0, T; E) the problem
(2.3) admits a strong solution u, which is given by the convolution formula

t

u(t)=e"u, +f =9 f(s)ds.

0

IffeLP(0,T; E) withl1 < g < oo, thenu € LP(0, T; E).

Let A: 9(A) C E — E be a sectorial operator, then one can introduce the
intermediate Banach spaces between %(A) and E given, for 0 < a < 1, by all
elements x € E such that

[x]q = sup ||[t}7%Ae" x| < 0.
0<r<1

We denote these spaces by Z4(a,00) and endow them with the norms
Xl 24(e,00) = 1% £ + [X]a-
We also introduce the space B, := B([0, T]; Z4(a,00)) and write (1) := % u(r).

Theorem 2.7. Let0<a <1, A: 9(A) C E — E be a sectorial operator, and let
feC([0,T); EyYNnB,. Then

v(t)= J eI f(s)ds,
0
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solves (2.3) with uy =0 and belongs to C([0, T1; 2(A))N C'([0, T]; E). Moreover,
v and Av belong to B, and Av to C%([0, T]; E), and we have the estimate

191z, +1lAVIe, + 1AVIIceqo,rip) S 11 fllB,-

Let A: 2(A) C E — E be a sectorial operator on the Banach space E. There
are a number of equivalent definitions for the intermediate spaces Z4(a, p),
0<a<1, between Z(A) and E given by

Da(a,p)= {x eE:t—uv(t)=|t'"* VP Ae x| € LP(0, 1)}

with norm given by [|x|5,(a,p) = [|X|l + [|V]|1r(0,1). In particular, for 0 < a <1 and
1 < p <ooand for (a, p)=(1,00), Y4(a, p) is a real interpolation space between
E and 2(A). i.e., Za(a, p)=(E, 2(A))q,p-

2.4 Parabolic Holder spaces

Let J] € R4 be an open set and 0 < @ < 1, then the Banach space C?(J) is the

space of all continuous functions f: J — C such that

-l _

0
xX,y€],x#y |x _yl

[flcog) =

For U Cc R? and T > 0, the parabolic Holder space C%/29([0, T] x U) is the space

of continuous functions f: [0, T] x U — C such that

lwllcorocrxuy = llttll (o, r1xvy + suplf (-, X)] corz(o, 1)
xeU

+ sup [f(2,")] com) < 0.
te[0,T]

Remark 2.8. We recall [73, p.59] that f € C?/29([0, T] x U) if and only if

feC([o, T]; C(U))n B([0, T]; C°(T)).
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2.5 The Dirichlet and Neumann Laplacians

In this section we recall the definition of the Dirichlet and Neumann Laplacians
and their associated semigroups on L?(U). We refer to the books of Pazy [71]
and Haroske and Triebel [74] for further details.

Let U C R? be an open set. We shall denote by C.(U) the space of all
continuous functions u : U — R such that the support of u is a compact

subset! of U, i.e.,

suppu :={xeU:u(x)#0} €U,

and by 2(U) := C*®(U)N C.(U) the space of all test functions. For u € 2(U), we
define the Laplacian —A by

d

62
(A== S ()

Let LP(U), 1 < p < oo, be the Lebesgue spaces and L; (U) be the space of
measurable functions u : U — R such that leu(x)| dx <ooforall K € U.
Note that LP(U) C L} (U) for all 1 < p < oo. We define the weak Laplacian

loc

A by integration by parts. That is, for u € L} (U) and v € L (U) we say

loc loc

Au :=—Au = v weakly if

f(—Acp)udxzf pvdx
U U

holds for all ¢ € 2(U). Of course, this means that weak Laplacian Au is only
unique up to a set of measure zero. For obvious reasons, the weak Laplacian
is also sometimes called the distributional Laplacian. We define the Sobolev
space W?(U) as the space of functions u € LP(U) for which there exists func-
tions v; € LP(U) that satisfy

1%
Ju ‘de:_J vipdx
U ﬁxi U

lwe use the notation K @ U to mean that K is a compact subset of U.
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forall ¢ € 2(U). The Sobolev spaces W*»(U)with k > 2 are defined inductively
as

17
WHI(U):= {u e W (U): 5— e WFP(U), 1< i <d,

and under the norm

4 du
lellwsnan = el + D =l
i=1

Xi
the spaces W¥P(U) are Banach spaces. Finally, Wok"” (U) is the closure of 2(U)
in the W*»?(U) norm.
On the space L?(U) with inner product (-, -), the Dirichlet Laplacian is the
operator Ap defined by

Apf=-Af; 2(Ap)=W>*(U)nW,*(U).

That is, Ap is the weak Laplacian on L?(U) subject to homogeneous (i.e., zero)
Dirichlet boundary conditions. Notice that (Apu,u) >0 for u € 9(Ap) so Ap
is positive on L?(U). We recall that Ap, is a self-adjoint dissipative operator on
L*(U) that generates a contractive strongly continuous semigroup (S»());>o on

L?(U). We shall sometimes use the symbolic notation

e f:=8,(1)f,

for f € L?(U). For t > 0, the space L' n L®(U) is invariant under S,(¢) and
(S2(1)):=0 may be extended from L'NL*(U) to a positive contraction semigroup
(Sp(t))i=0 on LP(U) for each 1 < p < 0o. As such, we shall use the notation
(S(2)):>0 for all these semigroups (i.e. as p varies) as the choice of p will be clear
from the context. We call (5(¢)),>o the Dirichlet heat semigroup on L?(U) for
any 1 < p < oo, and write e’ f:=§(t) f for f € LP(U).

In a similar way, we can define the Neumann Laplacian Ay on L?(U) by
setting Z(Ay) to be all functions u € W'2(U) for which there exists v € L?(U)

so that
—J Vu-dexzf vwdx
U U
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holds for all w € W'?(U). Then Ayu = v for u € 9(Ayx) and Ay generates a
strongly continuous semigroup (S»(t));>0 on L?>(U). Again, (S»(t));>0 may be
extended to LP(U) and we write e~ f:=S(t) f for f € LP(U) and call (e’4¥),>g
the Neumann heat semigroup on L?(U) for any 1 < p < oo. Finally, let G, :
(0,00) X U x U — R be the Dirichlet heat kernel, that is, the positive C3*(U)

function such that

(S(t)f)(X)Zf Gu(t,x,y)f(y)dy
U

forany fe LP(U), 1 < p <o0.

2.6 Trace of a function

In this section we recall the concept of “trace” for functions in LP(U). The
books of Adams [75] and Haroske and Triebel [74] are our main references.

If u € C(U) then the function given by taking the restriction of u to 8 U,
written u|sy, gives a function u|;y € C(@U). Hence, for f € C(U), we can
define the (pointwise) trace of f by 7 f := f|,y. This definition does not extend
immediately to functions u € LP(U), 1 < p <00 as u|sy need not have sense in
general.

Let LP(0U), 1 < p <0, be the Lebesgue spaces on the boundary d U of U
normed by

1/p
”f”LP(aU):(J If(x)l”da(x)) ,
ou

where o is the (d — 1)-dimensional surface measure® on d U and let C*(R?) be
the space of functions u € C*(R?) such that limyy_, u(x)=0. If U c R? is an

open subset with C! boundary d U (or U =R¢), then we have

ITelleen Sllellwirw), Yo € CSO(Rd)-

2Naively defined in terms of surface patches.
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As {¢loy @ € CP(RY)} is dense in W'P(U) when U is of class C!, it becomes
natural to define a trace of a function in WP(U) as a limit of pointwise traces

of functions in CP(R4).

Definition 2.9. Let U be of class C' with compact boundary dU (or U =R%)
andu € W'P(U). Then tu :=lim,_ Tu,, in LP(0 U) where {u,} € Cgo(Rd) is
such that u, — u in the W»(U) norm. We call tu the trace of u.

This definition is consistent as it is independent of the sequence (u,) chosen.

For k e Nand 1 < p < oo it holds that the linear operators

T WhP(U)— LP(U), k>1,

17
T— WrP(U)> LP(U), k>2,
av

are bounded and continuous. For 0 < s < 1, we can define the fractional
Sobolev spaces® W*2(U) to be functions f € L?(J U) such that || f||wsr@u) < 00

where

1/p
||f||ws.p(am:=||f||mm+U f ) =7 da(x)da(y)) .
ou

yld 1+ps

Using this definition, we can say more about the trace T and the Neumann
trace 70 /0v where v is the unit (outward) normal. That is, if U C R% is a
bounded domain with C* boundary d U, then 7 is a linear and bounded map
of W*P(U) onto WS_%’p(a U)for s > % and Ta% is a linear and bounded map of
Wsr(U) onto Ws_l_%’p(ﬁ U)fors>1+1/p.

2.7 The Dirichlet and Neumann maps

In this section we recall results on solutions to the Dirichlet and Neumann

problems and, as such, we introduce the Dirichlet and Neumann maps. We

3Sobolev-Slobodeckii spaces
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refer to the books of Wu, Yin and Wang [76] or Chen and Wu [77] for details in
the L? setting and Haroske and Triebel [74] in the L? setting.

Consider the inhomogeneous Dirichlet problem

—Au=f, xeU, (2.5)
u=g, xeduU. (26)

where g : U — R such that g € W2P(U). If u € W2P(U), u — g € V\{,l'p(U) and
satisfies (2.5) almost everywhere, then u is said to be a strong solution to the
Dirichlet problem (2.5)-(2.6).

Theorem 2.10. Let f € LP(U) and g € W?P(U), 1 < p <oo. Then the Dirichlet
problem (2.5)-(2.6) has a unique strong solution u € W?P(U) satisfyingu — g €
w, " (U).

Definition 2.11. The Dirichlet map is the continuous operator
Ay s WHYPP(QU) - WP (U)

such that for g € W2-1/p.»(8 U) we have the equivalence

Au=2Au, inU,
Ng=u <=
Tu=g, ondU.

2.8 Gaussian random variables

Let (2, #,P) be a probability space and we shall use E to denote the expectation
operator EX := fQ X(w)dP(w).
We recall that a R-valued random variable ¢ is called Gaussian if there

exists a number o > 0 such that
Ee 1% = ¢729°" PR,

and we call £ a standard Gaussian if EE =0 and EE2 =02 =1.
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Let E be a Banach space with norm || - ||g. A random variable X : Q2 — E is
called strongly measurable if it is the pointwise limit of a sequence of simple
random variables. We write L°(£2; X) as the vector space of strongly measur-
able random variables X : 2 — E with the usual identification of variables
equal P-almost surely. Endowed with the topology induced by convergence in
probability, L°(€2; E) is a complete metric space.

For random variables X, X;, X5, ... € L°(Q; E) we have X =1lim,,_, X,, if and
only if X =1im,,_,», X, in probability. Let X* := Z(E,R) and (x, x*) := x*(x).

Definition 2.12. A random variable X is called Gaussian if it is strongly mea-

surable and for all x* € X*, (X, x*) is a R-valued Gaussian random variable.

2.9 Cylindrical Wiener process

Let /¢ and H be Hilbert spaces with inner products [-,-] and (:,-), respectively.
Let (2, Z,P) be a probability space with associated expectation operator E and
the space L?(02) is endowed with the inner product E(XY) for X, Y € L?(Q2). We

shall denote by 1, the indicator function of a set A.

Definition 2.13. A #-isonormal process on ) is a mapping W : 7 — L*(2)
with the following properties:

e Forall h € 7€ the random variable W h is Gaussian,
e Forall hy, hy, € o we have E(W hi'#W hy)=[h, h,].

Example 2.14. A classic example of a .¢-isonormal process is given in the
case /¢ = L?(0, T), then w(t) := # 1), defines a R-valued Brownian motion
on [0, T1].

The following definition will be of fundamental nature in this thesis as it

represents a ‘true’ infinite-dimensional process.
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Definition 2.15. A H-cylindrical Wiener processon [0, T is a family(W(t))i<cpo,1]
of mappings from H to L?(Q?) with the following properties:

o (W(t)h):epo,1) is a Brownian motion forallh € H,

o forall0<t,,t, <T and h,, h, € H we have

E(W(t)h W(t2)h,) =min{t,, ;,}(h,, hy).

The following two characterisations of a H-cylindrical Wiener process W :=

(W(t))tero, 1) are sometimes useful:

e If we choose 2 such that # = [?(0, T; H) where H is a Hilbert space,

then we can define W in terms of a #-isonormal process # by
W(t)h:=# (1, ® h),
where ® denotes the tensor product, e.g., if & € L?(R) then
(10,1 ® h) (s,x)=1p0,1(s)h(x)
fors,x eR.

o If(w,)is a sequence of independent R-valued Brownian motions w,, :=
(wn(t))>0 and H is a separable Hilbert space with orthonormal basis
(h,), then

W(e)h:=) wa(t)h hy), >0,

n=1

defines a H-cylindrical Wiener process.

It should be noticed from the second characterisation that the H-cylindrical

Wiener process (W(t)):<(o, ) formally given by

W(t)= wit)h,
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is P-almost surely divergent for ¢ € (0, T] since
EW()|3, =) t=c0.
n=1

However, as we shall see in §2.11, if E is a Banach space and B € ¥(H, E) is

chosen correctly then we may have E|| BW(t)|[5, < oc.

2.10 White noise

Let (2,7, P) be a probability space. The following definition provides a mathe-
matical formulation of idealised randomness which is independent between
different (disconnected) locations and has large fluctuations at any location. It

provides a fundamental building block for modelling random systems.

Definition 2.16. Let (M, #,u) be a o -finite measure space and denote by
the collection of all B € ./ such that u(B) < co. A Gaussian white noise on
(M, A, u) is a mapping w : My — L?() such that:

e each w(B) is a centered Gaussian with

Ew(B)* = u(B),

e if ByN B, =0, then w(B;) and w(B,) are independent and

LU(B] U Bz) = W(Bl) + l/U(Bz)

Remark 2.17. As we only consider Gaussian white noise in this thesis, we

simply refer to Gaussian white noise as white noise.

Definition 2.18. IfU C RY and we set M = U in Definition 2.16, then we call w

a space white noise.
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Canonically associated with a space white noise w is a L?>(U)-cylindrical

Gaussian random variable X, defined by
Xlp:= W(]-)]-B = LU(B), BE%O(U)
where (W(t));>o is a L?(U)-cylindrical Wiener process.

Definition 2.19. A white noise on [0, T] x U, where U CR? and T > 0, will be

called a space-time white noise on U.

Canonically associated with a space-time white noise w is a L?(U)-cylindrical

Wiener process W, defined by

W(t)l1g:=w([0,t] x B), Be . _#,(U).

2.11 y-Radonifying operators
When h € H and x € E, we denote by h ® x the operator in Z(H, E) defined by
(h@x)h' :=(h,h)x, h' €H. 2.7

An operator in .Z(H, E) is said to be of finite rank if it is a linear combination
of operators of the form (2.7). Even further, every finite rank operator T :
H — E can be represented in the form T = Zle h, ® x, where (h,)"_ is an
orthonormal sequence in H and (x,)Y_, is a sequence in E. For a such an

operator we define the norm

2

N
171y = B[ 1
n=1

where (7,) is a sequence of independent standard R-valued Gaussian random
variables. This formula is independent of the particular representation of T
and defines a norm on the space of finite rank operators from H to E which is

stronger than the uniform operator norm.
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Definition 2.20. The spacey(H, E) is defined as the closure of all finite rank op-

erators in the norm || -||,u,g). The operators iny(H, E) are called y -radonifying.

Since convergence in y(H, E) implies convergence in Z(H, E), every op-
erator T € y(H, E), being the operator norm limit of a sequence of finite rank

operators from H to E, is compact.

Theorem 2.21. IfH is separable, then for an operator T € ¥ (H, E) the following
assertions are equivalent:

e Tey(H,E),

e forall orthonormal bases(h,)in H and all1 < p < oo the sum Zle YnThy,
converges in LP(X; E),

e for some orthonormal bases (h,) in H and some 1 < p < oo the sum
> vnTh, converges in LP(Q; E).

If H is separable and B € y(H, E) then the sum Zle ynBh, converges
P-almost surely and defines an E-valued Gaussian random variable with co-
variance operator BB*. In particular, if (W(t)).cjo,1 is a cylindrical Wiener
process on H, then for all ¢ € [0, T,

El[BW(t)l% < o0,

80 (BW(t)):e[0,1) is an E-valued Wiener process (that is no longer cylindrical!).
We denote by %»(H;, H,) the space of all Hilbert-Schmidt operators be-
tween the Hilbert spaces H; and H,. The following characterisation when E is

a Hilbert space is useful:

Theorem 2.22. If E is a Hilbert space, then R € y(H, E) if and only if R €
%, (H, E), and in this case we have

|1 Rlly(.6) = ||| 211, )-
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When H is a finite-dimensional space, for example H = R¢, then the fol-
lowing theorem states that even the identity operator I € £ (H) is a Hilbert-

Schmidt operator.

Theorem 2.23. Let H be a Hilbert space and R € £X(H). Ifdim(H) < oo, then
R e % (H).

2.12 Wiener process

Definition 2.24. An E -valued process ((W(t));>o is called an E -valued Brown-

ian motion if it has the following properties:
o W(0)=0 almost surely,

o W(t—s)and W(t)— W(s) are identically distributed Gaussian random
variables forall0<s <t <T,

o W(t)— W(s)isindependent of {W(r):0<r <s} forall0<s<t<T.

The next proposition shows that given B € y(H, E) and a cylindrical Wiener
process (W(t)),ejo,7) We can construct a E-valued Wiener process (W 5B(¢));<(o,17-
In fact, the converse holds too: every E-valued Brownian motion is of the form
W B for canonical choices of H and B € y(H, E), see [6].

Proposition 2.25. Let (W(t)):eq0,1r] be an H-cylindrical Brownian motion and
let Bey(H, E). If (h,)°_, is an orthnormal basis of (ker(B)) L, then:

e thesum .
WB(t):=> W(t)h,® Bh,
n=1
converges almost surely and in LP(S; E), 1 < p < oo, forallt € [0, T],

e up to a null set, W5(t) is independent of the basis (h,)>_,,

e the process (W5B(t)).ep0,1) defines an E -valued Brownian motion.
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2.13 Stochastic integration

We shall now quickly recall how to define a stochastic integral of a function
®:(0,T)— %(H, E) with respect to W.

For an Z(H, E)-valued step function of the form ® =1, ,)® (h®x) with 0 <
a<b<TandheH,x e E, we define the random variable fOT<I> dWw e L>(Q; E)
by

T
f AW :=(Wb)h—W(a)h)®x
0
and extend this definition by linearity to step functions with values in the space

of the finite rank operators. Any step function ®: (0, T) — £(H, E) uniquely
defines a bounded operator Ry € £(L?(0, T; H), E) by the formula

T
Rq,f::f ®(0)f(t)dt, feL*0,T;H).
0

Theorem 2.26 (It6 isometry). For all finite rank step functions ® : (0, T) —
% (H,E) we have Ry € Y(L?(0, T; H), E), the stochastic integral fOTCPdW isa

Gaussian random variable, and

T
f odWwW
0

Definition 2.27. A function ®:(0, T) — <£(H, E) is said to be stochastically in-
tegrable with respect to W if there exists a sequence of finite rank step functions
®,:(0,T)—> ¥(H, E) such that

2

. 2
E = ”R‘I’HY(LZ(O,T;H),E)'

e forall h € H we havelim,,_., ®,h = ®h in measure,

o there exists an E -valued random variable X such that

T
limf ®,dW=X
0

n—oo

in probability.
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The stochastic integral of a stochastically integrable function ® : (0,T) —
X (H, E) is then defined as the limit in probability

T T
f @dW:zlimJ o, dW.
0 0

Remark 2.28. Convergence of ®,,h — ®h in measure means
lim Leb({z :||®,(t)h —®(¢)h||>71})=0
forall he H,t €(0,T),and r > 0.

For a function ® : (0,T) — ¥(H, E) and elements h € H and x* € E* we
define ®h : (0, T) — E and ®*x*: (0, T) — H by (®h)(t) := ®(t)h and (®*x*)(t) :=
®*(t)x*. Afunction ®: (0, T) — £ (H, E) is called H-strongly measurable if for
each & € H the function ®h : (0, T) — E is strongly measurable.

Theorem 2.29. For an H-strongly measurable function ®:(0,T) — £ (H, E) the

following assertions are equivalent:
e & is stochastically integrable with respect to W

o &*x* € [2(0, T; H) for all x* € E*, and there exists an E -valued random

variable X such that for all x* € E*, almost surely we have
T
(X, x*) = f & x*dWw,
0
o &*x* < [2(0, T; H) for all x* € E*, and there exists an operator

Rey(1%0,T;H),E)

such that for all f € 12(0, T; H) and x* € E* we have

T
(Rf,X*)=J (@(e)f(r),x")dt.
0
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If these equivalent conditions are satisfied, the random variable X and the

operator R are uniquely determined, we have X = fOT ®dW almost surely, and

T
J odw
0

Theorem 2.30. Let(A, .o/, u) be a o -finite measure space.

2

=|IRII?

E‘ 7(L3(0,T;H), E)’

o IfE has type 2, then the mapping(f ® h)® x — f ® (h® x) has a unique

extension to a continuous embedding
L*(A;y(H, E)) = y(L*(A; H), E)

of norm at most T,(E). Conversely, if the identity mapping f @ x — f®x
extends to a bounded operator from L*(0, 1; E) toy(L?(0,1), E), the E has

type 2.

o IfE has cotype 2, then the mapping f ®(h®x)— (f ® h)®x has a unique

extension to a continuous embedding
r(L*(A; H), E) — L*(A;v(H, E))

of norm at most C,(E). Conversly, if the identity mapping f @ x — f ® x
extends to a bounded operator fromy(L?(0,1), E) to L'(0, 1; E), then E has

cotype 2.

2.14 Stochastic abstract Cauchy problems

We now recall existence and uniqueness results for the stochastic abstract

Cauchy problem
dX(t)=AX(t)dt+GdwW(t), te<]0,T] (SACP)

with X(0) = x € E. Here A is the generator of a strongly semigroup (S(#));>o
on E and G € 4(H,E) is a given bounded operator. We call an E-valued
process (X(1)):eo, 1) strongly measurable if it has a version which is strongly
A([0, T]) x Z -measurable on [0, T] x Q.
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Definition 2.31. A weak solution of the problem (SACP) is an E-valued pro-
cess (X*(t))cepo, ) which has a strongly measurable version with the following

properties:
o almost surely, the paths t — X*(t) are integrable,

e forallt €0, T] and x* € 9(A*) we have, almost surely,

t

(X*(1),x*y=(x,x%) +f (X*(s),A*x"yds+W(t)G*x".
0

Remark 2.32. We do not distinguish between (X*(#));c,r; and its version

(m)te[oﬂ that satisfies the previous definition.
Theorem 2.33. The following assertions are equivalent:
e the problem (SACP) has a weak solution (X*(t)):c(o, 1],
o 1 — S(t)G is stochastically integrable on (0, T) with respect to W.

If one holds, then for every t € (0, T) the function s — S(t — s)G is stochastically

integrable on (0, t) with respect to W and almost surely we have

t

Xx(t):S(t)x+f S(t —s)GdW(s). (2.8)

0

If we assume that G € y(H, E) then the term ‘Gd W’ may be replaced by
dW¢ where W6 is an E-valued Wiener process canonically associated with G:

if (h,,) is an orthonormal basis of (ker(G))* then

WG(t)::ZW(t)hn®Ghn

n=1

converges almost surely and in LP(3; E), 1 < p < oo, for all ¢ € [0, T7.

Definition 2.34. Let G € y(H,E). A strong solution of (SACP) is a strongly

measurable E -valued process (X*(t)).cjo, 1) With the following properties:
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o the trajectories of X* are integrable almost surely,

e forallt €[0,T], almost surely we have fot X*(s)ds € 2(A) and

t

X (t)=x +Af X*(s)ds+ WE(x).
0

Theorem 2.35. Let G € y(H, E). The following assertions are equivalent:
o the problem (SACP) has a strong solution,
e the problem (SACP) has a weak solution.

In this situation, the weak and strong solutions are versions of each other and

both are given by (2.8).

2.15 Weighted Sobolev spaces

Let U C R4 be a domain with boundary d U (of codimension 1) and let p be a
vector of nonnegative (positive almost everywhere) measurable functions on
U, that will be called a weight, i.e.

o:={pos=p0:;(x):x€U,|a| <k},
where s is a multi-index s := (s, $,...,54) with s, e NU{0} and |s| := s1+...+ 54.

Definition 2.36. The space W*P(U, p), k eNU{0} and 1 < p < oo, is defined as
the set of all functions u that are defined a.e. on U and whose (distributional)

derivatives DSu for orders |s| < k satisfy

J |ID*u(x)? os(x)dx < oo.
U

We call these weighted Sobolev spaces.
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A weighted Sobolev space is a normed linear space if equipped with the

1/p
el = (Z IDsu(x)I”Qs(x)dx) .

Is|<k v U

norm

For k = 0, by convention, W7 (U, p)= L”(U, p) and we call LP(U, o) aweighted
L? space. If p;(x) =1 for |s| < k, then WkP(U, p) = Wkr(U), i.e. we retrieve
the “classical” Sobolev space. We shall mostly assume that the components g;
coincide, that is,

os(x)=p(x), Vs, [s|<k.

We note that if a weight function p satisfies
0<c<px)<c, VxeU

for fixed c¢;,c, € R, then the space WkP(U, p) is equivalent to the space
wkr(U).

Weighted Sobolev spaces have been used in many places in the PDE liter-
ature but also in the harmonic analysis literature. We shall now present two
types of weights, the associated weighted Sobolev spaces, and their properties.

We now recall some facts about the class of Muckenhoupt weights that
sometimes make an appearance in the harmonic analysis literature.

We call a Q € R4 a cube if it is of form Q = ]_[]’.l:1 I; where I,...1, C R are

bounded intervals of the same length and Q has sides parallel to the axes.

Definition 2.37. Let1 < q < 00. A function 0 < p € L, (R9) is called an Ap,-

weight if
p—1
sup if odx iJ o VP Vdx <00
o \IQlJ, Rl J,

where the supremum is taken over all cubes Q C R¢ and |Q| assigns the Lebesgue

measure of Q.

We now recall the concept of a maximal function so that we may present

some useful characterisations of the class of A, weights.
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Definition 2.38. For a nonnegative Borel measure u on R4, we call

1
Mu(x)=sup—J au,
QS}C |Q| Q

the Hardy-Littlewood maximal function. Here, the supremum is taken over all
cubes Q containing x and for a measurable function w > 0 defining the measure
du(y)=w(y)dy we write Mu(x) = Mw(x).

We now collect a number of characterisation of the class of A, weights,

found in [78], in the next lemma.
Lemma 2.39. A, weights have the following properties and relationships:

e Let u be a nonnegative Borel measure such that M u(x) < oo almost every-
where, then (Mu)P is an A, weight for all €0, 1).

e Ay CAy 1<p<q.
e p€A, ifandonlyifp'-" €A,.
o Ifpo, 01 €A, then pop, " €A,.

When we take the weight p in the definition of weighted Sobolev spaces
to be of the class A, then the spaces W*?(U, p) have a few properties that we
shall now recall.

To avoid confusion and to formalise the correspondance between the index
p in the definition of an A, weight and the index p of the Sobolev spaces we

give

Definition 2.40. If p isan A, weight and U C R an open set we define

1/p
L’(U,p):= {fe L (@):Nfllpe = (J If1” 0 dx) < oo} :
U
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As noted before, if o =1 then LP(U, o) = LP(U) and if sup ., |o(x)| < o0
then LP(U, p) ~ LP(U). We also have that

1 1 1
(LP(U,p))" = L%(U, o*) where P + i 1and p*:=p 1=p ",

For every 1 < p <oo and A, weight p, there exists r;, 7, €Rsuchthatr, <p <n
and the following imbeddings hold [79]:

L"(U)— L*(U, ) = L™(U).
or more precisely,

Lemma 2.41. If1<s, p isan A; weight, and 1 < q < oo, then for p > sq one
has
LP(U, p)— LI(U).

For an A, weight, the Sobolev space definitions follow from our initial

definition or equivalently by

WU, 0):=1 £ € LP(U,0): I fllepe = D ID fllpe <00

Is|<k

and the dual space is given by

— ‘

WrP(U, )= (W""’(U, g*))*, where % + é =10 =p 7.
For k €N, p €(1,00) and p an A, weight, we define the trace space as
TP (90U, @)= (W"?(U,0))lou
equipped with the norm
Ngllrxrau,0) = inf{Hu”W’W’(U,g) cueWhP(U, ), uloy = g}.
It it well-known that in case p =1 that for 1 < p < oo and k €N that
TP (0U)=WrPP(aU).

Finally, as in the unweighted case, the following relationships hold when 1 <

p <oo:
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For k €N, the trace restriction
Tiu— uloy: WP(U,p)— THP(U, o),
is continuous (with norm 1).

A Green’s formula holds: for u € W'P(U, p) and v € W4(U, p*) where
l/p + ]/q =1 and g* = Q—l/(P—l),

f qudxzf ué’vvda—J Vuvdx,
U ou U

where o is the surface measure on dU.

There exists a continuous extension operator
A:T"P(0U,p)— W"P(U,p)
with TAg = g for every g € T'"?(0U, p). We call A the Dirichlet map.
For € C*¥~1(U) the multiplication operator
u—up, WeP(U, 0)— W*P(U, o),

is continuous.

The class of A, weights is less familiar in the PDE literature where the

concept of weighted Sobolev spaces is generally taken directly to be a space
weighted by p(x) :=dist(x, d U)*. Here, dist(x, d U) stands for the distance of
the point x € U from the boundary d U, i.e.

dist(x,2U) := inf |x — z|,
zedU

and a € R. We shall often abbreviate o(x) := dist(x, d U). Setting o(x) = 6(x)*

for a € R in the definition of our weighted Sobolev spaces gives the spaces
Wkpr(U, 5%).
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Lemma 2.42 (Theorem 3.6 in [13]). The spaces W*P(U,6%) are separable Ba-
nach spaces.

Let U C R? be a bounded domain. The Sobolev spaces W*?(U, %) have a
number of imbedding properties.

Lemma 2.43 (Lemma 6.2 in [13]). Leta, B €R. Then
LP(U,6% — LP(U,6")

fora<p.

Theorem 2.44 (Theorem 6.3 in [13]).

WP (U)— W*P(U,6%), a>0,

WkP(U,5%) — WEP(U), a<0.
As a consequence, the weighted Sobolev spaces W*?(U, §¢) for a > 0 are
richer and for a < 0 poorer than the corresponding classical Sobolev spaces

WkEP(U). Nevertheless, for some a > 0 it is possible to imbed the spaces
Wkp(U,5%) into a certain Sobolev space.

Theorem 2.45 (Prop. 6.5 & Cor. 6.7 in [13]). Letp>1and1<qg < p. Then
W*P(U,8) — WHI(U),
if a and q satisfy

p
a+1

0<a<p-—-1 1=<¢g<

Let U c R“ have a C? boundary 0 U. The following theorem shows that the
trace map 7 is bounded from W'?(U,6%) to LP(3 U).

Theorem 2.46 (Theorem 9.15 in [13]). Let1 < p < oo and u € WHP(U, 6%) for
0<a<p-—1. Then

||Tu||Ln(aU) N ”u”W"l’(U,E”‘)-






3
Deterministic Boundary Data

In this chapter, we extend the abstract Hilbert space approach for boundary
value problems [1, 2, 3] to the abstract Banach space setting. As a Banach
space theory seems largely folklore, there seems to be a case for providing a
unified theory here. In addition, these results to provide a point of departure
for Chapter 4 where we consider the stochastic case and a framework for
transferring elliptic results to parabolic results on “nonstandard” spaces (see
§6.3/and §7.3).

Let E, 0 E, and Y be Banach spaces, let A: 9(A) C E — E be a closed and
densely defined linear operator, and let T > 0 be some finite time horizon. In

this chapter we study the inhomogeneous abstract boundary value problem
u'(t)=Au(t)+ f(t), 7wu(t)=Bg(t), u(0)=x, (3.1)

where g:[0,T] - Y, Be Z(Y,0E),and 7t :%(t)C E— JE.

In §3.1 we make use of the assumptions and decomposition from [46] to
obtain a Banach space theory then, in §3.2, we weaken these assumptions to
allow less regular data.

The cases E = C(U) and E = LP(U), 1 < p < oo, for some domain U C R4

for Dirichlet and Neumann boundary conditions have been studied before.

85
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For this theory, we refer to Lunardi’s monograph [5] and Amann’s paper [4].
We sketch how these cases can be obtained as examples in §3.3, as such, this
chapter provides an abstraction of their ideas by applying results of Greiner
[46]. We also show how the abstract formulation can be related to parabolic
layer potentials in §3.4, thus relating the abstract approach to the well-known
PDE approach (e.g., see [80,/81]).

3.1 Abstract boundary value problems

We now consider the abstract boundary value problem (3.1) in a Banach space
setting. To initiate this construction, we introduce another linear operator
A:9(A)C E — E thatis defined by Au := Au for u € 2(A) where

D(A)=9(A)Nkert.

We call A the maximal operator and A the restricted or constrained operator.
This naming convention follows from the fact that A is the operator A with
domain constrained to functions with zero boundary conditions. Of course,
this implies 2(A) C 2(A).

Example 3.1. Let U Cc R be a bounded domain with C* boundary d U and
set E = L2(U). On the space E, we define the operator A by

2(4):= W**(U),
Au:=—Au foruec2(A).

Let Tu := u|sy in terms of trace (see §2.6) then
kert={u € E: u|sy =0in trace},
and it follows that the operator A is given by
P(A) =W *(U), Au:=-Au foruecy(A).

In other words, A is the Dirichlet Laplacian on E (see §2.5).
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Example 3.2. Let U C R4 with smooth boundary d U. Other common bound-
ary conditions include Tu :=J, u|sy (Neumann), Tu :=u|sy + 6, u|sy (Robin)
and Tu :=ulsy+0,|au+Alsvu (Wentzell), where Al is the Laplace-Beltrami

operator on the manifold d U.

In [46], Greiner studied perturbations of the domain %(A) of an unbounded
operator A on a Banach space E. As part of his study, Greiner developed a
number of useful lemmas that we shall make use of in this chapter. As such,

we need to introduce a number of assumptions into our abstract framework.

3.1.1 Assumptions

We shall consider (3.1) under the following assumptions:
e 2(A)=%(t)and 7: 9(A) — O E is surjective, i.e., Z(1)=0E,
e The operator (A,7): 9(A)C E — E x 0 E is closed,

e The operator A generates a strongly continuous semigroup (e*4),>o on
E,

Remark 3.3. Analyticity of the semigroup (e’4);>¢ on E is not assumed in this

section.
To clarify these assumptions, we present the following example.

Example 3.4. We continue Example 3.1, therefore to satisfy the surjectivity as-
sumption on 7, we choose d E to be the Sobolev-Slobodeckii space W3/22(9 U).
Next, as A is the Dirichlet Laplacian on E, it is well-known that A generates a

strongly continuous semigroup (e?4),>o on E (see §2.5).

Remark 3.5. We make two remarks. First, since trace theorems hold for u €
Wbtr(U) for p > 1 (see §2.6), the assumption Z2(A) = %(7) is quite strong.
Second, our approach is to choose the space J E so that Z(7)= 0 E holds.
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3.1.2 Greiner’s decomposition

Under the assumptions of §3.1.1, we may apply the abstract decomposition
of 9(A) obtained by Greiner [46]. First, the domain of the operator A can be

decomposed and related to A.
Lemma 3.6 (Greiner [46]). Let A € g(A), then 2(A) = 2(A) @ ker(A — A).

Next, as the map 7 is surjective and (4, 7) is closed, a restriction of 7 properly
maps the points in 2(A)\ %(A) to the boundary space J E.

Lemma 3.7 (Greiner [46]). If 7 : 9(A) — O E is surjective and the operator
(A,1):92(A)CE—EXJE

is closed, then the restriction T ) := T|ker(7—2)  ker(A — A) — O E is invertible and

its inverse is bounded.

Thanks to the previous lemma, it makes sense to define the linear operator
A, € 4(0E, ker(A— A)) given by

Ay=17h
Lemma 3.8 (Greiner [46]). The operator A, has the following properties:
e (A-AA =0,
o TA, =I5 where I is the identity operator on  E,
e A, 7 is the projection in 9(A) onto ker(A — A) along 2(A),
* R(u,A)Ay=R(A,A)A;,
o Ap=I—=(A—-pR(A,A)A,,
where A,u € p(A) and R(A,A) :=(A—A)"L.

By applying Greiner’s lemmas, we can obtain the following useful result.
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Lemma 3.9. Foru € 9(A), we have
Au=A(I-TL)u + Al u. (3.2)

Proof. The previous lemmas imply that the projection I1, := A;7 gives for

u € 9(A) the decomposition

u=>I-II)u+ u,
—— N

9(A) ker(A—A)

hence as 2(A) € 2(A) it follows that

Au=AI-1)u+ Al u.

3.1.3 Classical, strong, and weak solutions

Under the assumptions presented in §3.1.1, in this section we construct a
Banach space theory for solutions to (3.1). First, we must make clear what we

mean by “solution”.
Definition 3.10. A function u is a classical solution of (3.1) in [0, T] if:
e ucC((0, T, E)nC((0, T} 2(A)N C([0, T]; E),
o u'(t)=Au(t)+ f(t) foreveryt €(0,T],
o Tu(t)=Bg(t) foreveryt €(0,T], and
e 1u(0)= uy.

We now show that if u is a classical solution to (3.1) and f =0, then the solution
is given by the variation of constants formula

t

u(t)=e" uo—i-J e —A)A,Bg(s)ds, 0<t<T, (3.3)
0
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for A € p(A), where (e?4),> is the strongly continuous semigroup generated by

the operator A on E.

Remark 3.11. One should notice that the boundary value problem (3.1) is
given in terms of the operator A but the integral formula (3.3) only contains

the operator A.

Proposition 3.12. Let g € C((0,T];Y) be such that t — ||g(¢t)|| € L'(0,T), let
f=0, and let uy € 2(A) be given. If u is a classical solution of (3.1), then it is
given by formula (3.3).

Proof. Let u be a classical solution of (3.1) with f =0, let (e’4),>( be the strongly
continuous semigroup generated on E by A, and fix ¢ € (0, T]. By definition, it
follows that u € C'((0, T]; E)NC((0, T]; 2(A))NC([0, T]; E) and thus the function

z(t):=e"9u(t), 0<s<t,
isin C([0, t]; E)N C((0, t); E) and
z(0)=e"uy, z(t)=u(t).
Further, for0<s <t,
Z/(s)=—Ae"y(s)+ e u'(s) (3.4)

Now using the fact that u is a classical solution and the decomposition (3.2),
we get
u'(s)=Au(s)
=A(I -1 u(s)+1Lu(s))
=A(u(s)—A,Bg(s))+AA,Bg(s).

Substituting this expression for u’(s) into (3.4) and simplifying,

z'(s)=e""94(A - A)A, Bg(s).
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Now, for 0 < 2¢ < t, we get
t—e

z(t—¢e)—z(e)= f e=94(A—A)A, Bg(s)ds,

£

and taking ¢ | 0, the variations of constants formula given by (3.3) follows. W

Remark 3.13. Due to the representation (3.3), we see that (3.1) with f =0 can
be formally related to the abstract Cauchy problem

u'(t)=Au(t)+(A—AA,Bg(t), 0<t<T.
Hence, we can write (3.1) as the abstract Cauchy problem
u'(t)=Au(t)+ f(t)+(A—A)A;, Bg(t), u(0)=u,y, t<(0,T] (3.5)

and now a solution u of (3.1) is given by a superposition of the solution u,; to
(2.3) and the solution u; of (3.1) with f =0 and 1, =0.

The previous theorem implies that existence of a classical solution can be
viewed as a problem about determining the regularity of a function u given by
the variation of constants formula (3.3). It should be clear that even assuming
the boundary data g is continuous is not sufficient to ensure u has enough
regularity to be a classical solution. However, similar to definition of a strong
solution for the abstract Cauchy problem (2.3) where an integrated version of
the equation is shown to be satisfied, we propose a similar definition for the

abstract boundary value problem (3.1).

Definition 3.14. We call a strong solution of (3.1) the function u € L'(0, T; E)
such that for all t € [0, T] we have fot u(s)ds e 2(4),

u(t):u0+4f

0

u(s)ds +f f(s)ds,
0

and Tfot u(s)ds = fot Bg(s)ds, or equivalently, fot u(s)ds — fOth(s)ds €
9(A).
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If u is defined by the variation of constants formula (3.3) and the time-derivative
of the data g : [0, T] — Y is continuous and bounded on (0, T) then we can

show that u is a strong solution to (3.1).

Proposition 3.15. Let g € C;((0, T); Y). If u is defined by (3.3) then u is a strong
solution to (3.1) with f =0.

Proof. Assume u(t)is given by (3.3), then u(t) = u,(t)+ u,(t)+ us(t) where
ul(t):: eIAMO)

t
uy(t):= /IJ e""94N, Bg(s)ds,
0

us(t) = f (=A)e "M\, Bg(s)ds,
0

As 2(A) € 9(A), we have by the properties of strongly continuous semigroups
that

t t t
AJ ul(s)ds:Af e ugds=euy— uy, Tf ui(s)ds =0.
0 0 0

Next, by Fubini’s theorem

t t s
f uz(s)ds:AJ f e AN, Bg(r)drds
0 0 0

t t
= AJ f e“ AN, Bg(r)dsdr
0 r

and
t—r

t
Je(s‘”AAABg(r)ds:f e™A;Bg(r)dT € 2(A) € 2(A),

0
so as Au = Au for u € 9(A), it follows that

t

t t
éf uz(s)ds:kf (e"""4 — DA, Bg(r)dr, TJ uy(s)ds=0.
0 0 0
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Finally, we consider u3 and notice that by our assumption and integration by

parts,

t
J (—A)e" 9\, Bg(s)ds =A,Bg(t)—e'“A;,Bg(0)
0

t
— f e""AN,Bg'(s)ds.
0
which allows us to calculate

t t S
J ug(s)ds:J f (=A)et 4N, Bg(r)drds
0 0 0

t s
=L+1 —f J e AN, Bg'(r)drds
0 0
where
t t
L ::J AN Bg(s)ds, I,:= —f e’ N, Bg(0)ds.
0 0
Considering the terms I, and I, first, we have I, e ker(A —A) and I, € 9(A) C

9(A)sothat 71, = fot Bg(s)ds,tI,=0,

I3
AL = Af A, Bg(s)ds, AL = —e’AA,ng(O) + A, Bg(0).
0
Now similar to the u, term, we have

t N
J = —f f e“ AN, Bg'(r)drds € 2(A) C 2(A),
0 0

7] =0, and

t
41=—J (e~ — 1A, Bg/(r)dr
0

t

t
= —J e“_’)AA;LBg’(r)dr—I—J A, Bg'(r)dr
0

0
t

=—A;Bg(t)+e'A;, Bg(0) +f e"NA—A)N,Bg(r)dr

0

t
+f A, Bg'(r)dr
0
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Collecting terms we get T fot u(s)ds= fol Bg(s)ds and

t t
Af u(s)ds=e"uy— u0+J e!=M(A—A)A,Bg(r)dr.
0 0

Hence, u is a strong solution to (3.1). [ |

In the previous proof, we saw that by assuming g € C!([0, T]; Y) gives an alter-
native representation of the solution u. We formalise this in the next lemma

and give a self-contained proof of this fact.

Lemma 3.16. Ifu is a classical solution of (3.1) with g € C'([0, T];Y) and f =0,

then u is given by

t

u(t):e‘A(uo—AABg(O))—f-AABg(t)—i-f e "4\, B(Ag(s)—g'(s))ds. (3.6)

0

Proof. Assume u is a classical solution of (3.1). From the form of (3.6), we guess

that we seek a solution in the form
u(t)=v(t)+A,Bg(t) (3.7)
where v(t) is a classical solution of the abstract Cauchy problem
v'(t)=Av(t)+w(t) (3.8)

and the form of w(¢) is to be determined. Differentiating « and using the fact
that v(t)=u(t)— A, Bg(t) by definition and 2(A) € 2(A), we get

u'(t)=v'(t)+A,Bg'(¢)
=(Av(t)+w(t))+ A, Bg'(1)
=A(u(t)- M Bg(t)+w(t)+ABg'(t)
=Au(t)— AN Bg(t)+w(t)+ A, Bg'(t).
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We set w(t)=A,B(Ag(t)— g’(t)) and since v(t) € 2(A) it follows that Tv(¢)=0

and
u'(t)=Au(t),
Tu(t)=7(v(t)+ABg(r))=g(t)

so (3.1) is formally satisfied. As g € C!([0, T], Y) by assumption, it follows that
w € C([0, T]; E) so by Theorem 2.6 the abstract Cauchy problem (3.8) has a

unique strong solution given by

v(t)=S(t)v(0) —f S(t—s)w(t)ds
0

and substituting v(t) into (3.7) gives the representation (3.6). |

Similar to the theory for abstract Cauchy problems, we can also define the
concept a weak solution for the abstract boundary value problem (3.1) when
f=0and uy=0.

Definition 3.17. A wealk solution of (3.1) when uy =0 and f =0 is a function
u € LY(0, T; E) such that for all t €0, T] and v € 9(A*) we have

t

(u(t),v):(—A;\BgO,v)—l—f (u(s),A*vyds (3.9
0

and for allt € [0, T], [tu(t), w] = [Bg(t), w] for w € (0 E)* where [-,*] is the
dual-pairing between 0 E and (0 E)*.

Remark 3.18. In the previous definition, one should note the subtle choice of
v € 9(A*) but that the operator in (3.9) is the adjoint of A.

Proposition 3.19. Every weak solution of (3.1) is a strong solution, and vice-

versa.

Let E; and E, be Banach spaces. To prove Proposition 3.19 we shall make
use of the following lemma which ‘dualises’ the definition of 2(A*), see [6,

Proposition 7.14].
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Lemma 3.20. Let (A, %2(A)) be a closed and densely defined linear operator
from E, to E. If x, € E| and x, € E; are such that (x,,x}) = (x1,A*x;) for all
x5 € 9(A*), then x, € 2(A) and Ax, = x».

Proof of Proposition 3.19. Choose v =(e!4)*w for w € E* then v € 9(A*). The

proof follows from Lemma 3.20. |

The equivalence between weak and strong solutions gives us an alternative

method of proving existence. We also obtain uniqueness of the solution.

Theorem 3.21. Foru,=0, f =0, and g € C,([0, T]; Y) the problem (3.1) admits

a unique strong (or weak) solution.

Proof. By Proposition 3.19, we only need to check this is a weak solution.
Notice that u is a weak solution with initial value u, — A, Bgy if and only if
t — u(t)—S(t)(uo—A,Bgo)is aweak solution corresponding to the initial value
0. Therefore, without loss of generality, we assume u, =0 and A, Bg,=0.

Let u be given by (3.6) and set z(t) := Ay B(Ag(t)—g’'(t)). As z(t) € C([0, T]; E),
itis clear that u € L'(0, T; E). Let v € 2(A*) then A*v = A*v so for all t € [0, T

using Fubini’s theorem and defining S*(¢) := (e’4)*,

Jt(u(t),é*v)ds =JtJS(z(r),S*(s —r)A*v)drds
0 0 0
+Jt(AaBg(S),A*U)dS
0
:tht(z(r),s*(s —r)A*v)dsdr
0 r
+Jt<Ang(S),A*V)dS
0
:ft(z(r),s*(t —rjv—v)dr
0

+f (ABg(s),A™v)ds
0
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= (f e "Mz (r)dr — J z(r)dr, v)+
0 0

(Ang(t),V)Jr(J AN, Bg(s)ds,v)

0

= (u(t),v).

By Lemma 3.20, it follows that fot u(s)ds € 9(A). The condition [tu(t),v] =
[g(t), v] for v € (0 E)* follows readily as z(t) € E for all t € [0, T},

h(t):= f e'=9z(s)ds € 9(A)
0

so Th(t)=0 and, by definition, TA,Bg(t)= Bg(t) so
[Tu(t), v]=I[r(h(t)+A,Bg(t)),v]=[Bg(t),v].

We now prove uniqueness. Suppose # and u are strong solutions of (3.1), then
v = il — u is integrable and satisfies v(t) = Afot v(s)ds for all t €[0,T] and
also tv(t)=7i(t)—tu(t)=0forall r €[0, T]. Set

w(t)::f f v(r)drds,
0 0

then it also follows that Tw(t) = 0. By the fundamental theorem of calculus,
w is continuously differentiable on [0, T], and using Hille’s theorem (e.g. [6,
Theorem 1.19]) we see that w(t) € 2(A) and since Tw(t) = 0 it follows that
w(t)e 2(A)and

w’(t)zf U(S)dSZf Af v(r)drds =Aw(t).
0 0 0

Fix t €[0, T] and put h(s) :=S(t — s)w(s). Then h is continuously differentiable

on [0, t] with derivative

h'(s)=—AS(t —s)w(s)+S(t — s)w'(s)=0.
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It follows that / is constant on [0, £]. Hence,
w(t)=h(t)=h(0)=5(t)w(0)=0.

As we have shown that fot fos v(r)drds =0 for all t €[0, T}, it follows that v =0

almost everywhere so we must have u = & almost everywhere. |

We now give a sufficient condition for a mild solution to be a classical

solution.

Lemma 3.22. Let g € C,((0,T];Y) and let u be a mild solution of (3.1) with

uo=0 and f =0. Then the following conditions are equivalent:
e ucC((0,T;2(4)),
e ucC((0,TI;E),

e u isa classical solution of (3.1) with uy =0 and f =0.

3.2 Under an analyticity assumption

In this section, we change the assumption given in §3.1.1 slightly and now

assume:

e The operator A : 9(A) C E — E is sectorial and generates an analytic

semigroup (e‘4),;>o on E,
e 7:9(1)C E— JE hasrange given by Z(7)=0E,

As before, the A: 9(A) C E — E is the maximal operator and the relationship

with the constrained operator A is given by
D(A):=9(A)Nkert.

Writing B, := B([0, T]; Za(a,00)), we now obtain a regularity theorem for

the variation of constants formula (3.3).
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Theorem 3.23. Let g € C([0, T];Y), and assume A, € £(0 E, D4(a,00)) for some

0 <a <1. Then the variations of constants formula v given by
t
v(t)= (A—A)f e”‘s)AA;LBg(s)ds, 0<t<T, (3.10)
0

belongs to C((0, T]; Z4(a,00))NB,, and

lvlls, +vllceqo ;e S g, m0E)- (3.11)

Proof. As Be 4(Y,0E)and A, € (9 E, J4(a,0)) it follows that if we define
f(t):=A,Bg(t)then f € C([0, T]; Za(a,00)) and

1 o, 1524 (a,00) S & cco,71v)-

The result now follows by applying Theorem 2.7 to the function

t
z(t)::f e f(s)ds, 0<t<T,
0

which gives that v =(A—A)z belongs to C([0, T]; 2(A)), toB,, and to C%([0, T']; E).
Further, estimate (3.11) holds. |

For (3.10) to make sense as a “solution” to (3.1) with f =0 we need to make
sure that Tv(t)= Bg(t) forall ¢ €(0, T]. This follows readily if

2(7) = %Za(a,00)

for the same « as in Theorem 3.23, as Theorem 3.23 then ensures that v € 9(1).

3.3 Application to parabolic equations

In this section, we shall apply the abstract theory presented in the last section
to study a parabolic partial differential equation on a domain U C R¢ subject to
inhomogeneous Dirichlet or Neumann boundary conditions on the boundary
ou.
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3.3.1 Neumann boundary conditions

Let U be either the half-space R, or an open bounded subset of R with
uniformly C? boundary d U. We shall denote by v(x) the exterior unit nor-
mal vector to J U at the point x € d U. We first consider the inhomogeneous

Neumann boundary value problem

u(t,x)=du(t,x), (t,x)€l0,T]xU,
u(0,x)=0, xeU,
Ju(t,x)=g(t,x), t€[0, T xaU,

where .o/ :=.¢/(x, D) is the second order differential operator

d d
A(x,D)i= Y ay(x)Dij+ > _b:i(x)D; + c(x)!

ij=1 i=1

with real uniformly continuous and bounded coefficients a;;, b;, c. We assume

that the matrix [a;;] is symmetric and satisfies the uniform ellipticity condition

d

D ay(0EE = rER, xeU,EeRY,

ij=1

for some x > 0.

Case E=C(U)

In this section we consider the case E = C(U) and apply our Banach space
theory to obtain the same results as those found in Chapter 5 of [5]. As such,
we pose E = C(U) and d E = C'(d U) and define the operators

o Au=.9u for u € 9(A) where

loc
p=1

2(A)=1ue ﬂ W2P(U): u,.d u € C(U)
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e 7:9(t)C E — JE where

Ju

TU:=—
av

ou

o As 9(A):=2(A)Nnkerr, it follows that

2A)=3ue ﬂ W2P(U):u, o u € C(U),0,uloy=0

loc
p=1

Applying Corollary 3.1.24 of [5], it follows that the resolvent set of the operator
A:9(A) C E — E contains the halfplane {A € C: A > [} and A is sectorial’.
Hence, A generates an analytic semigroup (e’4),>o on E. By Theorems 3.1.30

and 3.1.31 in [5], we also have the characterisation

c2¢(U), ifa<1/2,
Pa(a,00)=4 C(U), ifa=1/2, (3.12)
C2(U), ifa=>1/2,

where the subscript T means that the function space is only comprised of
functions u such that u € kert. The space C%(ﬁ) is defined [5, p. 109] as

Cl(U)= {u e CY(U):sup Julx - hﬁilx))_ uix) < oo},
7
where 7 := {x € 0U,h € R, x — hB(x) € U} with B(x) := (Bi(x),..., Ba(x)). Let
Y be another Banach space and Be 4(Y,0E)orlet Y =0E with B=1 (i.e.,
the identity operator). Finally, we define A, as the Neumann map which is
given by the solution of the elliptic Neumann problem on E = C(U) with
g € 0E=CY(0U)given by

A-d)u=0, S ulpy=g.

1See Corollary 3.1.24 [5] for the definition of the constant [;
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That is, the solution u defines A, € £(0E, E) by A, g = u. By regularity theory
for the Neumann problem, we have that A, € £(C'(dU),C 2(U)). Further by
(3.12), it follows that C%(U) is continuously embedded in 2,(1/2,00) and we

have
N, € L(OFE,24(1/2,0)).

By the theory of this chapter, a mild solution is given by
t
u(t)=(7t—A)f e "4\, Bg(s)ds, 0<t<T, (3.13)
0

and as all the assumptions of Theorem 3.23 are satisfied, the following result

(given also by Theorem 5.1.17 in [5]) is obtained as an example of our theory.
Theorem 3.24. Let g € C([0, T];CY(2U)). Then u given by (3.13) belongs to
c«([0, T]; C(U)) and B([0, T); C*(U)).
Case E=Lr(U)
We now consider the case E = LP(U) by defining the operators
e Au=.49 u for u € 9(A) where
9(A):=W>P(U)

e 7:9(t)C E — JE where

Tu'—a—u
o

au

o As 9(A):=2(A)Nnkerr, it follows that
PA):={u e WP (U): 0, ulsy =0}
Assume U is an open set in R4 with uniformly C? boundary and fix p € (1, 00).

Then (e.g., see Theorem 3.1.2 in [5]) there exists k; € R such that if R4 > «;,
then for every f € LP(U) and g € W'?(U), the elliptic problem

A—d)u=finU, J,u=gindU, (3.14)
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has a unique solution u € W?P(U) depending continuously on f and g. By
taking g =0 it follows that {A € C: RA > k;} C p(A). If U is unbounded then
the constant x; may depend on p. It is known (e.g., see Theorem 3.1.3 in [5])
that the following bounds on the norm of the resolvent operator of A holds:
there exists k, > k;, M, > 0 such that if RA > «,, then for every u € W??(U)

we have

Alleell+ A2 Dl + | D*u|
<M, (IIAu— .o/ ull+1A1"*|gll+1DgIl)

where g is any extension of g belonging to W'P(U), ||[Dul| = 2?21 ||D;ul|,
[|D?ul| = ij=l ID;;jull. Henceforth, A is sectorial on E = LP(U) and gener-
ates an analytic semigroup (e?4),>o on E.

Let u be the weak solution to (3.14) where 0 E = Ws—1-1/pr(0U) for s €
(1,14 1/p), by regularity theory for the Neumann problem it follows that u

WsP(U). Hence, defining A, g = u we get
Ay e L(WS—I=Vpp(oU), WSP(U)).

For 1< p <ooand 0 < a <1 where 2a and 2a — 1/p are not integers, we have

the characterisation (e.g., see Theorem 15.5 in [33] or Theorem 3.2.3 in [5]),

wz2er(U), if2a<1+1/p,
Za(a, p)=
fuew?er(U):o,ul,y =0}, if2a>1+1/p.
Hence to apply our framework, fix 1/p <s <14+1/p,let Y = LP(dU), and set
0 E = Ws~1=1/pr(9 U). Notice that since s <1+ 1/p we have Y C d E. Finally,
assume B € %4(Y,0E) and set ¢ = s/2. By Proposition 2.2.15 in [5], we have

Da(a,1) C D((—A)*) C Dula,00), O0<a<]l.

Hence, it follows that BA; € Z(Y, Z4(a,00)) with 2a €(1/p,1+1/p) and since
all the assumptions of Theorem 3.23 are satisfied, the following result is ob-

tained as an example.
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Theorem 3.25. Let g € C([0,T];Y) and B € £(Y, Ws~1=V/rr(9U)) for some
s €(1/p,1+1/p). Then u given by (3.13) belongs to C%([0, T]; LP(U)) and
B([0, T]; WsP(U)). In particular, we can take Y = LP(0U) and B=1.

3.3.2 Dirichlet boundary conditions

Let U be either the half-space Rf_, or an open bounded subset of R4 with
uniformly C? boundary d U. We shall denote by v(x) the exterior unit normal
vector to d U at the point x € d U. We shall now consider the inhomogeneous

Dirichlet boundary value problem

u(t,x)=.du(t,x)+ f(t,x), (£,x)€[0,T]xU,
1u(0,x) = uo(x), xeU,

u(t,x)=g(t, x), tef0, T]x 20U,

where ./ :=.¢/(x, D) is the second order differential operator

d d
A(x,D)i= Y ay(x)Dij+ > _b:i(x)D; +c(x)!

ij=1 i=1

with real uniformly continuous and bounded coefficients a;;, b;, c. We assume
that the matrix [a;;] is symmetric and satisfies the uniform ellipticity condition
d
D ay(0EE = rER, xeU,EeRY,

ij=1

for some x > 0.

Case E=C(U)

Let us first consider the case E = C(U) and 9 E = C%(2 U) for some 6 > 0. We

define the operators
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o Au=.d/u for u € 9(A) where

WA= ue( W (U): u,.o/ ueCU)

p=1

e 7:9(7)C E— JE where

TU:=Ulsy

o As 2(A):=9(A)nkert, it follows that

9(A) =3 ue ﬂ W2P(U): u,.d ueCU),ulsy=0

loc
p=1

It is known that the operator A is sectorial on E (e.g., see Corollary 3.1.21 in
[5]) and generates an analytic semigroup (e?4);>o on E. Next, for R A large, the

elliptic boundary value problem
A-—d)u=finU, u=gindU, (3.15)

with fe L} (U)and g € Vl{jf(U)ﬂCl(ﬁ) is solvable (e.g., Theorem 3.1.19 in [5]).
The solution is unique and satisfies u M{j’cp (U)NCY(U). Assuming U has a
uniformly C?*# boundary d U where 0 < 8 < 1, then (e.g. Theorem 0.3.2 in [5])
there exists an extension operator & € Z(C%(2U), C?(U)) for each 8 €[0,2+ ]
such that

¢glov=g, VgeC(U).

Hence, defining the operator A, g = u where u is the solution to (3.15) gives
Ay, € Z(0E,2(A)). As for the Neumann case, we need A; to map into %4(a, 00)
for some 0 < a < 1. However, by [5, Theorem 3.1.29], for0<a < 1,

C2(U), a#1/2,

@AD((Z,OO): _
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This causes a problem with our theory as A; does not vanish on the boundary,
hence unlike the Neumann case we cannot find a €(0, 1) for the condition on
zero boundary data to disappear. We conclude that Theorem 3.23|is insufficient

to handle such a case.

Remark 3.26. The inability to apply this theory to the space E = C(U) is an-

other motivation for our results in Chapter 6.

Case E=Lr(U)

We now consider the case E = LP(U), 1 < p < oco. We define the operators
o Au=./u for u € 9(A) where

9(4):=W?*?(U)

e 7:9(7t)C E — JE where

TU = U|sy in trace

o As 9(A):=9(A)nkert, it follows that

9(A):=W,"P(U)n W>P(U).

It is known that the operator A is sectorial on E (e.g., see Theorem 3.1.3 in [5])
and generates an analytic semigroup (e?4),>o on E. Also, (e.g., Theorem 3.1.2
in [5]) if U has uniformly C? boundary, then there exists x; € R such that if
RA >k, then for every f € LP(U) and g € W2P(U) the problem

A-—d)u=finU, u=gindU, (3.16)

has a unique solution u € W2?(U), depending continuously on f and g. Let
s>1/p then t € L(W*P(U), Ws~1/PP(9U)) and we can define A, g = u where
u solve (3.16). Then A, € L(We-Vrr(oU), WeP(U))fora>1/p. For1 <p <
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oo and 0 < @ < 1 where 2a and 2a — 1/p are not integers and ./ = A, we have

the characterisation (e.g., see Theorem 15.5 in [33]),

wWz2er(U), if2a<1/p,
Pala, p)=
fuew?er(U):tu=0}, if2a>1/p.

Hence, choosing 0 < « < 1 such that 2a < 1/p and setting  E = W*1/Pr(9U)
the assumptions for Theorem 3.23 are satisfied and we obtain a similar result
to [4, Theorem 11.2].

Theorem 3.27. Let g € C([0,T);Y) and B € £(Y, W?B-1/pP(3U)) for 1/p <
2B <1+1/p. Then u given by (3.13) belongs to C*([0, T); LP(U)) and B([0, T); W?A-P(U))).

3.4 Parabolic layer potentials

We shall make use of Green’s formula (e.g., see [81]) to obtain some explicit
representations for the abstract approach presented in the previous sections
in the case where E = LP(U), 1 < p <oo and U C R? is a bounded domain with
smooth boundary d U.

The results of this section are known for the L? case (e.g., see [82]) however
we could not find a reference for the (straight-forward) extension to the L?P
setting. We have included this characterisation as we believe it illustrates
the connection between the abstract approach and the classic double-layer
potential approach.

Theorem 3.28 (Green’s second formula). Let U C R? be a bounded open set
with boundary 8 U of class C* and u,v € C2(U). Then

JU(U(X)Au(x)—u(x)AV(x)) dx:J ov, ov,

7

(v(z) OU )= u() 2 (z)) o(dz)
U

where o is the surface measure on (0 U, B(0 U)) and v, is the exterior normal at
zedU.
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Fix1<p<ooand 1l/p <2a <1+1/p. Let () be the dual pairing be-
tween LP(U) and (LP(U))* and [+, -] the dual pairing between W?e-1/r.»(9 U) and
(W2e=1/p.r(9 U))*. Let us define the normal derivative operator .4 : C1(U) — R
by

(Au)x):=(Vu)x)- v(x),

and, as before, we define
o Au:=Au foru € 2(A)=w?>r(U),
o Au:=Au for u € 2(A)=W,""(U)n W2r(U),

o A: W2e-l/pp(8U) — W2P(U) be the Dirichlet map, i.e., Ag solves the
elliptic Dirichlet problem

Au=0inU, ulsy=g ondU (intrace),

e (e'4);> be the Dirichlet heat semigroup on L?(U).

The following lemma extends the characterisation of ((—A)A)* in [82] to the L

setting.
Lemma 3.29. Forv € 9(A%),
(—AA)'v=Nv.
Proof. Take g € 2(A) and v € 9(A*) and apply Theorem 3.28 to get

(A)Ag, v)=(Ag,(—A)v)
=(Ag,(-A)v)
={((-A)Ag,v)+[Aglov, O vlau] — [0, (AQ)lau, Vlau]
=[g,0,v]

as Aglsy = g by definition, v|;y =0 as v € 2(A*), and ((—A)Ag,v) =0 by the
definition of A. [ ]
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The next characterisation connects the semigroup approach with the double-
layer potential approach to boundary value problems. We recall there exists a

positive C®-function Gy : (0,00) x U x U — R called the Dirichlet heat kernel
such that

(e“‘f)(X)Zf Gult,x,y)f(y)dy
U
forany fe LP(U),1<p <oo.

Lemma 3.30. For g € L9(0, T; LP(2 U)), we have

T T
(J (—A)e‘AAf(t)dt) (x)=—f f
0 o Jou

where o is the surface measure on (0 U, (0 U)).

oGy
v, (t,x,y)f(t,y)o(dy)dt,

Proof. Write S(¢) := e'4 and let g € L9(0, T; C(0U)) then Ag € C>(U)N LP(U)
and as (S(t))>o is analytic on LP(U), S(t) maps into Z(A)fort >0. AsAf =Af
for fe 9(A)and Gy(t,x,y)=Gy(t,y,x)forall x,y € U and t > 0 we have

(—A)S(I)Ag(t,x)=(—A)J Guy(t,x,y)Ag(t,y)dy
U
=f (—=A)Gyl(t,x,y)Ag(t,y)dy
U

:f (=A,)Gy(t,x,y)Ag(t,y)dy
U

-

=—| Gu(t,x,y)A,Ag(t,y)dy
Ju

-

+J Gyl(t,x,2)0, (Ag(t,z))o(dz)

ou
r

_J aVZGU(t)x)Z)g(t?Z)O'(dZ)
ou
r

=—| &.Guy(t,x,2)g(t,z)o(dz)

ou
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as Gy(t,x,z)=0forzedU and A ,Ag(t,y)=0for y € U. Therefore, by density
of C(0U) in LP(0 U) we get the identity by approximation and integrating over

time. [ |

Using the explicit representations, we can derive the following alternative

definition of a weak solution.

Definition 3.31. A weak solution of (3.1) is a function u € L'(0, T; LP(U)) such
that forallt €[0, T] and v € 2(A*)N{v : v =0} we have

t

(u(t),v)y=(uo—Ago,v) +f (u(s),A*vyds —f (g(s), Nv]ds.
0

0

Lemma 3.32. If a function u satisfies Definition 3.31 then it satisfies Defini-

tion 3.17, and vice-versa.

Proof. Follows by applying Green’s theorem (i.e. Theorem 3.28). |

Remark 3.33. Definition 3.31 forms the basis of the definition of a weak solu-

tion given by [33, Definition 15.1] (also see [53]) for the stochastic setting.
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Stochastic Boundary Data

This chapter! introduces the theory for evolution equations driven by stochas-
tic boundary data. Our theory extends (1.5), given by Da Prato and Zabczyk in
[11], to the Banach space setting.

Let E and J E be Banach spaces and H and Jd H be Hilbert spaces. Let
A:9(A)C E — E be a closed and densely defined linear operator and let 7> 0
be some finite time horizon. We now consider the stochastic version of (3.1)

given by

X'(t)=AX(t), ©X(t)=BW(t), X(0)=x, (4.1)

where (W(t)),>o is a cylindrical Wiener process on d H, B € ¥(0 H,0 E) and
T:9(t)CE—JE.

Most results of this chapter were presented during the meeting held from June 16 to 19 at
the Heinrich-Fabri Institute in Blaubeuren (Germany) for the 11! TULKA Internet Seminar
titled “Stochastic Evolution Equations” and form part of project 3: “LP theory of the heat
equation driven by boundary noise” posed by Ben Goldys.
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4.1 Strong and weak solutions

Following the results of Chapter 3, one could suggest several types of solutions
to (4.1). Assume there exists another linear operator A: (A) C E — E that is
defined by Ax := Ax for x € 2(A) where

D(A):=9(A)Nkert.

If Bey(dH,JE)and (W(t));>o then (see §2.12) we can identify (BW(?));>o
with a Wiener process (W 5(t));>o. Let [+, -] be the dual pairing between ¢ E and
(GE)~.

The following definitions seem the most natural stochastic extensions of
Definition 3.14/and Definition 3.17.

Definition 4.1. Let Bey(0 H,J E). A strong solution to (4.1) is a strongly mea-

surable E -valued stochastic process (X*(t)):c(o,1] Such that
o t— X*(t) is integrable P-almost surely,

e forallt €0, T], P-almost surely, we have
t t
f X*(s)ds € 2(A), J X*(s)ds € 9(7),
0 0

e forallt €[0,T], P-almost surely,
t

Xx(t):x—i-AJ X*(s)ds, Tf X*(s)ds=W25(¢).
0

0
Definition 4.2. A weak solution to (4.1) is a E-valued process (X*(t))ieo,1]

which has a strongly measurable version with the following properties:
o P-almost surely, the paths t — X*(t) are integrable,

e forallt €0, T] and x* € 9(A*) we haveP-almost surely,

t

(X(2),x") = {x,x%) +J (X*(s),A"x") ds,

0
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e forallt €(0,T] and z* € (30 E)*, we have P-almost surely,

[TX*(t),z"] =[BW(t),z"].

Although these definitions seem like appropriate extensions of their de-
terministic counterparts as they are given in terms of the operator A (and not
A), they are difficult to work with in the stochastic setting. Therefore, in the
next section, we take the standard approach of formulating the boundary value

problem (4.1) as an abstract Cauchy problem.

4.2 Mild solutions

In this section we follow the well-known methodology [11, 27,28, 33] whereby
the boundary value problem (4.1) is formulated as an abstract Cauchy problem.

Assume there exists another linear operator A : (A) C E — E thatis defined
by Ax := Ax for x € 2(A) where

D(A):=2(A)Nkert.

We recall that A is called the maximal operator and A is called the restricted

operator. Similar to Chapter 3, we assume that:
e A:9(A)C E generates an analytic semigroup (e?4),>o on E,
e A, :JE — E continuously for some A >0,
e B:0H — JE continuously.

In this chapter, the Hilbert space d H replaces the use of the Banach space Y in
Chapter 3. Using these assumptions and Remark 3.13, we can formally rewrite

(4.1) as the abstract Cauchy problem

dX(t)=AX(t)dt — (A —A)MBAW(r), t<]0,T],
X(0)=x€E,

(4.2)
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by formally setting g = W(t) in (3.5), multiplying both sides of (3.5) by d f, and
writing W(t)dt = d W(t). Alternatively, one could follow the derivation of [33,

Section 15.1] to obtain the integral version of (4.1) given by
t
X(t):etAx+f (A—A)e A, BdW(t), te<]0,T). (4.3)
0

As the second term in (4.3) is a stochastic convolution the following definition

of a solution has become customary (e.g., see [11,127,33]).

Definition 4.3. Letx € E. The process (X*(t)):>o (given by (4.3)) is called a mild
solution of (4.1) if
sup E[|IX*(¢)|ly <oo, p>2.
t€[0,T)
However, we suggest that for (4.3) to make sense as a solution to the bound-
ary value problem (4.1) (and not simply as a mild solution of the formal abstract
Cauchy problem (4.2)) we propose the following slight modification of the defi-

nition of a mild solution.

Definition 4.4. Let x € E. The process (X*(t));>o is called the well-posed mild
solution of (4.1) if
sup E[IX*(¢)||}; <oo, p=>2.

t€[0,T]

and X*(t)e 9(t) fort €(0, T).
The following example explains why we suggest this definition.

Example 4.5. Consider the case E = LP(U) for some bounded domain U C R4
with smooth boundary d U. Suppose Tu = u|sy in terms of trace, then it is
well-known 7 only makes sense for u € ¥(7v) = WHP(U). However, suppose
that a mild solution X* :=(X*(t));>o (in the sense of Definition 4.3) is obtained
such that X*(¢) ¢ 9(7) for t € (0, T], then X* does not satisfy the boundary
condition of (4.1) in any meaningful way.
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Remark 4.6. Example 4.5 suggests either working in a space where the concept
of trace holds for a larger class of functions or modifying the definition of T so
that the relationship between the solution and the boundary data is understood
in a different way (e.g., pointwise instead of in trace). This motivates the
weighted L? approach we present in Chapter 5 and the Harmonic analysis

approach we present in Chapter 6.

By Theorem 2.33, a sufficient condition for the existence of a mild solution
to (4.2) is that ®(¢) := AS(t)AB is stochastically integrable with respect to W,

or equivalently, that the operator

T
Ref :=f ®()f(r)dt, feL*0,T;0H),
0

is y-radonifying from L2(0, T;d H) to E. In [11] and [33, Chapter 13, Equation
15.3], in the case where E = L?(U), it is stated that a necessary and sufficient

condition for

t— —f AS(t —s)ABdW(s), t<][0,T],
0

to be a well-defined square integrable process taking values in L?(U) is given
by

T
2
f NAS(E)ABII G011 120y AT < 00
0
Therefore, one could suggest that a Banach space extension of this sufficient

condition is

T
f ||AS(t)AB||§(aHYE)dt < 00,
0

instead of Ry € y(L?(0, T;d H), E). This raises the question: which condition

implies the other? In the Banach space setting this depends on the space E.

Theorem 4.7. Assume (W (t)):>o is a cylindrical Wiener process on d H. If E has
type 2 and for A € p(A),

T
J 12— A)e A3 BIP At < 0.
0
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Then for any x € E there exists a unique process (X*(t)):co, 1] Such that

1/2
sup (EIIX(t)H%) < 00.

t€[0,T]

Proof. Follows by taking A = (0, T) and u = dt (Lebesgue measure) in Theo-
rem 2.30 and then Theorem 2.33. |

Let U C R“ be a bounded domain with smooth boundary dU. Spaces
of type 2 include L?(U) for p > 2. Peszat and Zabczyk obtain the following
necessary and sufficient condition for existence of a mild solution in the case
E = L[?(U). Recall that y(0 H, E) = %,(0 H, E) when E is a Hilbert space.

Theorem 4.8 (Peszat/Zabczyk). Assume(W(t)):>o is a cylindrical Wiener pro-
cesson 0 H. If E = L*(U) for a bounded domain U C R¢ with smooth boundary
oU and x € L>(U). Then

t
f (A —A)etAA,xllf%(aH,Lz(U)) ds <oo, fort>0,
0

is a necessary and sufficient condition for (4.3) to be a mild solution to (4.2).

Theorem 4.9. Assume(W(t));>o is a cylindrical Wiener process on d H. If E has
cotype 2 and for A € p(A),

T
Rg ::f (A—A)e A, Bg(t)dt, gelL*0,T;0H),
0

is y-radonifying from L*(0, T; 0 H) to E. Then for any x € E there exists a unique
process (X*(t)):eo, 1) Such that

1/2
sup (E[X(1)I3) " < oo.

t€[0,T]

Proof. Follows by taking A = (0, T) and u = dt (Lebesgue measure) in Theo-
rem 2.30/and then Theorem 2.33. |
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We now provide a refined sufficient condition for the existence of a mild so-
lution to (4.2). This condition is an abstraction of [33, Theorem 15.4] obtained
in the case E = LP(U) where U C R? with smooth boundary d U.

Theorem 4.10. If(—A)*AB € y(J H, E) for some k satisfying1/2 <x <1, then
t — (—=A)S(t)AB is stochastically integrable with respect to W .

Proof. By Theorem 2.33 it is sufficient to check that ®(¢) = (—A)S(#)AB is
stochastically integrable on (0, T') or equivalently that

T
Rof :=J o()f(t)dt, feL*0,T;0H),
0

is y-radonifying from L?(0, T; 0 H) to E. Choose 8 €(0,1/2) and 0 <1 < 8 such

that x =1 —17. We now factorise ®(t) as

®(t)=tP(—A)1S(t)t P(—A)""AB
=tP(—A)1S()T(t)

where U(r):=t=#(—A)'""AB. By Lemma 2.3, the set {t#(—A)1S(t): t €(0, T)} is
y-bounded in Z(E, E). Hence, by Theorem 2.2, Ry belongs to y(L?(0, T; 0 H), E)
once Ry € y(L?(0, T; 0 H), E). By assumption,

(—A)'"AB =(—A)YABey(dH, E),
and as =% € L?(0, T), Ry € y(L*(0, T; @ H), E) with norm

I Rullyz20,7:0mm,) = 18P | 20,1 I(—A)* ABllyo 11, -

Corollary 4.11. If(—A)*AB € y(H, E) for some k satisfying1/2 < k <1, then

(4.2) has a weak solution.
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4.3 Dirichlet boundary noise problem

In this section we recall the classic example of [11] (see also [33, Theorem
15.6]) which shows that L?-valued solutions for the Dirichlet boundary noise
problem for the heat equation cannot be obtained (even in dimension one).
Fix2>p <oo. Let U =(0,1) c R and E = LP(U). We set A to be the
Dirichlet Laplacian on L?(U) which generates an analytic semigroup (e4);so.
As 0U = {0, 1}, we see that any function space on the two-point boundary
oU (e.g., WP(0U) for any s > 0) can be identified with R?. Hence, we take
0H = JE =TR2. As U is bounded we can take A = 0 and consider the elliptic

boundary value problem
—Au=0in(0,1), u(0)=a, u(l)=b,
to obtain the Dirichlet map A : R? — L?(U) given by
A:(a,b) —a(1-&)+bE, £€(0,1). (4.4)

Let (W(t)):>0 by a cylindrical Wiener process on 0 H = R?. It follows auto-
matically that B =1 € ¥%,(0 H), hence (W(t));>o is a Wiener process (i.e., not
cylindrical) given explicitly by W(t) = (wy(t), w:(t)) where (w;(t));>o fori =1,2
are independent R-valued Wiener processes. This setup models the boundary

value problem
atu(t!g):aigu(t)g) On(orl)! u(t’o):l’UO(I)) u(t’]-):wl(t);

with ©u(0,&) = x(&) by the relation X*(£)(&) = u(t, &) and, in this case, (4.3) is
given by

t

X*(t)= etAx—i—f (—A)e* AdW(s), te]0,T].
0

By Theorem 4.10, it is sufficient to check that

(—A)*Aey(dH,LP(0,1))
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for some 1/2 < k¥ < 1. However, since d H = R? we have
y(0H,L"(0,1))= ¥(R? L(0,1))
and we only need to check that A € ((—A)*) for some 1/2 <k < 1. That s,
a(l-8&)+ b P(-A)), xe(1/2,1].

However, setting ¢ = k in the characterisation

wz2ar(U), if2a<1/p,
@A(arp):
fuew?2r(U):tu=0}, if2a>1/p,

we see that for p > 2 we have 2a =2x > 1 > 1/p. Hence, the function a(1 —
&)+ b& must vanish at £ = 0 and £ = 1. Clearly, this is not the case, hence
Theorem 4.10/is insufficient to handle this problem.

Specialising to the case p =2, one may check the necessary and sufficient
condition given in Theorem 4.8 directly and obtain the following result that

was originally noticed in [11].

Theorem 4.12 (Theorem 15.6in [33]). Let E := L*(0,1), 0 E :={0,1} ~R?, B:=1,
then (4.1) does not have a L*(0, 1)-valued solution when A is given by (4.4).

4.4 Neumann boundary noise problem

In this section we consider the example of the Neumann boundary noise
problem on a bounded domain U c R4 with C? boundary 8 U when E = L?(U)
for some 2 < p < 0o. This example has been considered previously in [11,/33]
for the one-dimensional case, in [28, Section 13.3] for the case p = 2 and
U = [0,7]¢ then extended to p > 1 by embeddings. We refer the reader to
Chapter|1 for a more comprehensive survey. The novelty of this section is a

‘direct’ Banach space approach to this well-studied example.
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We consider the Neumann boundary value problem
Su=<duin[0,TIxU, d,u=W2onl0,T]x3oU, (4.5)

with initial condition (0, x) = uy(x). The second order differential operator

</ is given by

d d
(x,D):= Y ay(x)Dij+ > _b:i(x)D; + c(x)!

ij=1 i=1
with real uniformly continuous and bounded coefficients a;;, b;, c. We assume

that the matrix [a;;] is symmetric and satisfies the uniform ellipticity condition
d
D ay(x)EE = KIEP, xeU, Eer?,
ij=1
for some x > 0. The process (W(t)),>o is a cylindrical Wiener process and

Bey(dH,JE), hence we identify BW(t) as a Wiener process (W5(t)),>o. We
apply the setup and results given in §3.3.1 whereby

o Au= .o/ u for u € 9(A) where
P(A):=W?*P(U)

e 7:9(t)C E — JE where

o du
u._av

ou

o As 9(A):=2(A)Nnkerr, it follows that

PA):={u e WP(U): 0, ulsy =0}

The operator A is sectorial and generates an analytic semigroup (e‘4);>o on
E. The Neumann map A; : 0 E — E is defined by the unique solution u to the

elliptic Neumann boundary value problem

A-—d)u=0inU, J,u=gindU,
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by setting Ay g = u. We set d E = W*?(9 U) for s > 0 and by regularity theory
for the elliptic problem we get

Aj : QE — WSHHYPP(1)) continuously.

We now choose the Hilbert space d H where the cylindrical Wiener process
(W(t));>o takes values to be d H= W?%2(0 U). As U is a bounded domain we
have for p €(1,2) the natural embedding I,, : W?%2(0U) — W?@P(U) and by
the Sobolev embedding theorem for p > 2,

I, : W***(0U)— W"P(2U),

where r = 2a — d(1/2 —1/p). Setting X(t)(&) = u(t,£&), a mild solution is
obtained if

t
X(t):efAqurJ (A—=A)e" N, dWE(t), te]o,T],
0

makes sense as an E-valued process.

The following theorem gives conditions on when one can obtain a mild
solution to (4.5) depending on the regularity of the noise on the boundary
(controlled by the parameter a), the space LP(U), and the ambient spatial

dimension d.

Theorem 4.13. The function t — (A — A)e'AA, 1, is stochastically integrable on
(0, T) with respect to W when one of the following conditions hold:

e deil,2,3},p>2,anda>d/4,

e a>0,4a<d<4a+1,and2<p<2/(d—4a),
e d>2,0<a<(d—-1)/2,and(d—-1)/2a<p <2,
e d>2,(d-1)/2<a,and1<p<2.

As a consequence, the stochastic Cauchy problem (4.1) admits a unique mild

solution when these conditions hold.
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Proof. By [6, Theorem 8.6] and [6, Theorem 8.10], it suffices to check that the
function ®(¢) = S(¢)(A — A)A,I, B is stochastic integrable with respect to W, or

equivalently, that the operator

T
Rof ::J (1) f(t)dt, felL0,T;0H),
0

is y-radonifying from L?(0, T; 0 H) to E. Choose a small € > 0 and  so that
0<1/2—¢< B <1/2toensure that

{tP(A—Aa)"> e 1 e(0, 1)}
is y-bounded in Z(LP(U)). This holds as 1/2 — ¢ < 3. We write
B(t)=tP(A—A)/*Fet 4t P (A —A)1/2+5A/11p = tP(L—A)? e 0(1),

where ¥(t) := t (A — A)V/?+¢A,1,. By [6, Lemma 10.17] and the y-multiplier
theorem [6, Theorem 9.14], the operator Ry belongs to y(L2(0, T; d H), E) once

we know that
Ry € y(Lz(O, T;0H),E).

As B <1/2,itis clear that t — t=# € [?(0, T) so all we need to check is
(A—A)V** A1, € y(OH, E).
We know that A, € Z(WnP(0U), W+1/p.r(U)) by [83]. Next, we know that
(A=A WP (U) - WP (U)
continuously, so we have that
(A —A)1/2+£Dg CWPP(OU) — Wr+l/p—2£,p(U)

continuously. Thus, (A — A)/2+ A, € Z(W"P(QU),E) ifand onlyif r+1/p —
2¢ > 0. As 0 < € < 1/2 it is clear that this holds for p > 1 and r > 0. By
Sobolev embedding, one has W+1/P=260(U) — C,(U) when r+1/p—2¢ > d /p.
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If this held, then the embedding into L”(U) would be y-radonifying by [10,
Lemma 2.1]. Assuming ¢ | 0, we see that this holds (for p > 2 by setting
r=2a—d(1/2—1/p) and r =2a when p €(1,2)) when one of the following
holds:

e a>0,0<d<4a,and p >2,
e a>0,4a<d<4a+1,and2<p<2/(d—4a)
e a>0,d>2a+1,and(d —1)/2a<p <2,

e a>0,0<d<2a+1l,andl1<p<2.

The next theorem extends [11, Proposition 3.2] to the case d =1,2,3 which
showed that in the case that U =(0, ) (i.e. d =1) that the solution (X(¢))eo,1]
of (4.1) is an E,-valued process if and only if ¢ < 1/4 and (X(#))¢[o,7) has an
L?(0, r)-valued continuous version. Using a different method, a similar result

was obtained for a L2((0, 7r)%)-valued solution in [28, Theorem 13.3.6].

Theorem 4.14. Under the assumptions of Theorem|4.13, for all0 < a <1/4 and
B =0 satisfyinga+f <1/2 and 1 < p < oo the mild solution (X(t));>o belongs
to LP(Q; E,) and there exists and constant C > 0 such that forall0 <s,t < T,

(EIX(0) - x(s)I1E)"" < Cle - s

As a consequence, for all0 < a < 1/4 and 8 > 0 satisfying a+ 8 < 1/2 the process
(X(2)):epo,1) has a version with trajectories in CP([0, T1; E,).

Proof. By the Kahane-Khintchine inequality |6, Theorem 3.12] it suffices to
prove the estimate for p = 2. We fix 0 < a < &’ < min(1/2,s + 1/(2p)) and
choose 8 > 0 such that a4+ 8 < 1/2. We first prove that for all ¢ € [0, T] the

random variable X(¢) takes it values in E, almost surely.
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By [6, Theorem 10.17], we know that
{r(A—A)lz1erett r e (0, T)}
is y-bounded in Z(E,E,)asa+1/2—s—1/(2p) < 1/2. This implies that
| Rollyz20, 501, 20) S NA =AY H2HVCPG A Bl o -
Fix 0 < s <t < T. By the triangle inequality in L?(2; E),

(BlIx(1) - x5, )"

2\ 1/2
s
<|E J [e(t—r)A _ e(s_r)A]()L—A)S+1/2+1/(2p)ipA)LBdW(T’)
0 Ea}
, 2\ 172
+|E f e — ATV N, BAW(r)
N Ell

Choose A € R sufficiently large so that the fractional powers of A — A exist. For
the first term we have, for any choice of n, 8 > 0 satisfyinga+ g <n+a <6 <
1/2 with n > 1/4, and using [6, Lemma 10.8] and [6, Lemma 10.15] that the first

term is estimated as

2

E

f [P — =AY — AN, BAW(r)
0

Eq

~E f (s—r)f(r—Ayrtael—rA
0

x(s = 1) 0 [e!" =M — [J(A— A) (A - A} TABAW(r)|

2

SE J (s—r)[e"*—1I(A—A) >N, BdW(r)
0

S
_ _ 2 _
:H[e(t M _ (A —A)! 2’7A;LB||$Z(L2(3U),E)J‘ (s—r)2dr
0

2

<g 1-26
~ (142 U),E)

[e ™4 —T] (A —A)"

’ ||(/1—A)1‘”AAB|
Y(E)
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2

— 28l — A)-
Srt—sPP|(a-24) nAAB|zZ(L2(aU),E)

Now for any n > 1/4 satisfying 1/2 — 8 <n < 1/2 we have a <1 and the second
term is estimated as

2

t
E f e AN —A) A BdW(r)

Eq
2

~F f (t—r)" (A=At —r) 1 (A —A) TN BdW(r)

E
2

SE J (t—r)""(A—A)"""A,BdW(r)

E

t
2 72),)
xz(LZ(U),E)J (t—r)y™dr
S

St =) | = 4)1A: B[,

SE|/(A—A)""A, B|

LA(U),E)"

Now combining these estimates and extending to all 1 < p < oo we get
1/ -
(EIX(0) = X(s)IE,) " Sr (e =V ||(A=A'""MB| o0

so we have shown the first part of the theorem. Now pick 8 < ' <1/2 —a.
Given p > 1, from the above estimate we can find a constant C such that for all
0<s,t<T,

E|X()—X(s)lp, <CPlt — s|P'P.

For p large enough the existence of a version with 3-Holder continuous trajec-

tories now follows from Kolmogorov’s theorem [6, Theorem 6.9]. |






Weighted L? Theory for White Noise Data

In this chapter we extend the weighted L? space approach of [12] to higher

dimensions, to elliptic problems, and to space-time white noise.

In §5.1, we ask whether there are weights u for which it is possible to apply
the theory of Chapter 4 in the case E = L?(U, u). Our approach makes use of
a theorem by BrzeZniak and van Neerven [84] and in contradistinction to the
standard applications of the theorem, the weight u is not a priori given. We
show that if u is chosen appropriately the Poisson kernel and the Dirichlet
heat kernel are y-radonifying from L2(d U) to L”(U, u). This approach gives an

alternative proof of Theorem 4 and Theorem 5 in the preprint [53].

In §5.1, we show that certain integral operators related to the solution of
boundary value problems are y-radonifying from the boundary space to the
state space. In particular, in §5.1.2 we consider the elliptic case and in §5.1.3 we
consider the parabolic case. In §5.2, we consider the Dirichlet heat semigroup
taking values in weighted L? spaces and in §5.3 we apply this theory to the
stochastic heat equation taking values in a weighted L? space.

127
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5.1 y-Radonifying mappings into weighted spaces

5.1.1 y-Radonifying operators into L” spaces

Let (U, %2/ ) be a measurable space and let K be an integral operator associated

with a kernel function k(x, y) by

(Kf)(x) 1=J k(x,y)f(y)dy.

U
It is well-known (e.g., see [85]) that the condition k € L?(U x U) characterises

K as a Hilbert-Schmidt operator from L?(U) into L?>(U). Theorem 5.1 (below)
extends this characterisation to the y-radonifying operator setting and is based
on the following fact. Let H be a separable Hilbert space and let LP(U; H)
denote the H-valued L” space!. Every f € L”(U; H) defines a bounded operator
Ry e 2(H, LP(U)) by posing

(Rrh)(x):=[f(x),h], x€U,heH,

where [+,-] is the inner product on H. It holds that Ry € y(H, LP(U)) and every
Rey(H, LP(U))is of this form [6, Theorem 5.22].

Theorem 5.1 (BZezniak/van Neerven [84]). Let (U,%,u) be a o -finite mea-
sure space and H a separable Hilbert space with inner product [-,-]. For K €
2(H,Lr(U,u)), 1 < p <o, the following are equivalent:

1. K isy-radonifying,

2. There exists a u-measurable function k € LP(U,u; H) such that for u-

almost all x € U we have

(Kh)(x)=[k(x), h], x€eU,heH.

We recall the proof from [84] for convenience of the reader.

Proof. Let (h,) be an orthonormal basis for H and (y,) a sequence of i.i.d.

standard Gaussian random variables.

lin the sense of Bochner.
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(1=2) Byassumption, K is y-radonifying from H to LP(U, u) so

EHZrann
n=1

and (w,x) — ZC::l yn(w)(Khy)(x) is measurable from Q x U to R. Hence by

p
< 00.
LP(U,u)

Fubini’s theorem,

EHZngn
n=1

- [ #[Srtne| ua
U n=1

0 p/2
~ J (ZlKhnKx)F) p(dx)
U \ n=1

p
LP(U,u)

In particular,

D (K hy)(x) < 00
n=1

for u-almost all x € U. It follows that there exists a measurable U C U with
w(U\ U) =0 such that for all x € U the map k,: H— R,

kyh:=(Kh)(x)

is Hilbert-Schmidt, hence bounded. By the Riesz representation theorem, we

obtain a function k : U — H such that
kxh=[k(x),hly, heH xeU.

Noting that
[ky hn]H = Khnlf];

we see that x — [k(x), h,]z is measurable for each n and therefore x — k(x) is
measurable by Pettis’s measurability theorem and the separability of H. By the

Parseval formula,

D KR =D |k(x), k)P =112, xe0.



130

We extend k to a function on U by extending it identically zero on U \ U.

Combining everything, we find

< Q.
(U

J kGO (), || 3K h
U j=1

(2=1) Using the Kahane-Khintchine inequality, for all 1 <M < N we have

N 9 p/2 N p
<
(EH;/Kh LP(U’H)) NPEHZ y.Kh,

LP(Up)
N
J D ralk(x), ]
U n=M
N /2
f (Do tke), hal?)™ ).
U n=M

By assumption, the right hand side tends to 0 as M, N — oo. Thus the series
Zle ynKh, converges in L?(Q; L?(U, u)) and, by the Ito-Nisio theorem, almost
surely. This means that K is y-radonifying. |

Due to the equivalence y(H, E) = %»(H, E) when E is a Hilbert space, one
can obtain the familiar Hilbert-Schmidt setting with an appropriate choice of

H and setting p = 2.

Corollary 5.2. Let(U,, 2, u) and (Us,, %, u,) be a o -finite measure spaces. For
K e Z(L*(Uy, u1), L2 (U, uy)), the following are equivalent:

1. K is a Hilbert-Schmidt operator,

2. There exists a u, ® U,-measurable function k € L>(U; x Uy, u; ® Uy) such
that for u,-almost all x € U we have

(Kf)(x):J k(x,y)f(y)ui(dy), xeU, fe L2(Uy, ).

U
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Let U c R4 and LP(U) be the L” given in terms of d-dimensional Lebesgue
measure {; on (U, % ) and we recall that we call a measure y a weight if u < ¢,

i.e., we have
u(dx)=p(x)dx,

for some p. To simplify notation, we often write g(x) instead of g(x)dx and
call o the weight.

The typical use of Theorem 5.1/ and Corollary 5.2 is: Given a fixed space
LP(U,u) and an operator K € Z(H, LP(U, u)) one checks the condition

ke LP(U,u; H)

to conclude that K is a y-radonifying operator from H to LP(U, u), or equiva-

lently (in the context of Corollary 5.2) that

f ke, )P pa(dy)ua(dx) < oo,
wJu

for K to be a Hilbert-Schmidt operator from L?(Uy, ;) to L2(Us, uy).

In the next section we will take an integral operator K such that K ¢
y(H, LP(U)) and ask whether there exists a class of weights {g, : @ € R} such
the operator K € y(H, LP(U, p,)) for admissible a € A ¢ R. Therefore, in con-
tradistinction to the typical use of Theorem 5.1 and Corollary 5.2, the space

LP(U, u) is not a priori given.

5.1.2 Elliptic case

Let U C R? be a domain with boundary U and A € R. In this section, we

consider the white-noise elliptic problem
Au=0onU, u|sy=w ondU (intrace), (5.1)

where w is a space white noise on 0 U. Recall that the solution of the Dirichlet

problem with continuous boundary data f € C(0U) is given by the Poisson
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integral
uf(x):J P(x,z)f(z)o(dz), (5.2)
ou

where o is the surface measure on d U. Hence, we can view the Poisson integral

as an operator P with kernel defined by
(Ph)(x)=[P(x,"), h]

where [-,] is the inner product on L?(0d U). The following estimates on the

Poisson kernel are known (e.g., [86]).

Lemma 5.3. IfU C R¢ with piecewise smooth boundary dU and d > 2, then
forallxeUandze€dU,

|P(x,2)| S lx — 2]

Therefore, by applying the Poisson kernel estimates and choosing the mea-
sure u in Theorem 5.1 so that (5.3) holds we show in the next theorem that
Pey(L*(0U), LP(U, u)).

Remark 5.4. Note that since y(H, E) C £(H, E) once we obtain P € y(H, E)
then automatically P extends to a linear operator from H to E as well. This is
relevant as we have only defined (5.2) for f € C(dU).

Theorem 5.5. The operator P € £ (C(0U), C(U)) given by

(Pf)(X)=f P(x,z)f(z)o(dz)

ou

is y-radonifying from L>(0U) to LP(U, u) if u and p are chosen so that

f dist(x, 8 U)P"~9 p(d x) < 0. (5.3)
U
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Proof. Setting H=1?(0U), A=U, K =P, and k(x)= P(x,-) in Theorem 5.1, all

one needs is to choose the measure ¢ and 1 < p < oo such that

p/2
J (J |P(x,z)|20(dz)) u(dx) < oo,
v \Jau

for P to be y-radonifying from L?(0U, o) to LP(U,u). Using Lemma 5.3, we

approximate

f |P(x,2)]? o(dz) < dist(x, 0 U)X,
au

and the result follows. [ |

Therefore, for an appropriate choice of u this implies that the Poisson
integral is y-radonifying from L2(Jd U) to LP(U, u) and, as such, we can consider
white noise on the boundary. We write 0(x) := dist(x, d U) and introduce the
class of weights

{6%(x): a eR}.

Notice that when o = 0 we have L?(U,6%) = L?(U) and we have the scale of
spaces
LP(U,6%) C LP(U,6°), a<§p.

Theorem 5.6. The random variable
X= f P(-,z)dw(z)
U

is well-defined and takes values in LP(U,6%) ifd >2 and a > p(d — 1) — 1.

Proof. Follows from Theorem 5.5 by choosing u(d x)= 0%(x)dx which implies
that the operator P is y-radonifying from H to L?(U, 6%) for a > p(d —1)—1 and
thus maps a cylindrical Gaussian random variable on H of the form Zle Yihi
where (hy) is an orthonormal basis of H and (y) is a sequence of independent

Gaussian random variables on (9, %, P) to a well-defined Gaussian random
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variable on the space LP(U, 6%). |

Example 5.7. Let D be the unit disk in R? ~ C with boundary T. Then
u(x)= f P(x,z)dw(z), xe€D,
T

is a well-defined Gaussian random variable in L?(D, 6¢) if @ > p — 1. In particu-

lar, if p =2 then we must take a > 1.

Recall that given f € C(0 U) and the Poisson integral of f given for every
x €U by

u(x) =f P(x,y)f(y)o(dy)
au
where o is the surface measure on d U, it follows (e.g., [87]) that we have
D*u(x) =J D*P(x,y)f(y)o(dy), |x|=0,
U

hence we can obtain the following theorem.

Theorem 5.8. The random variable
X= J P(-,z)dw(z)
U

takes values in W'P(U,0%) ifd >2 and a > pd — 1.

5.1.3 Parabolic case

We now consider the white-noise parabolic problem
gdu=Auon[0,T]xU, ul(t,)sy=wl(t,-)ondU (intrace), (5.4)

with initial condition u(0,x) = 0 where w is a space-time white noise on
[0, T] x 2U.
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In this case the application of Theorem 5.1 is a bit more subtle as one needs
to determine the correct choice for the Hilbert space H.

Let A be the Dirichlet Laplacian on LP(U) and (S());jo,77 be the analytic Cy-
semigroup generated by A. We recall that there exists a positive C*-function
Gy :(0,00) x U x U — R called the Dirichlet heat kernel such that

(S(t)f)(x)=f Gu(t,x,y)f(y)dy, ferLPU).

U
and by Lemma 3.30 we have that for f € C([0, T] x d U), the solution to the
inhomogeneous Dirichlet problem for the heat equation (with zero initial

condition) is given by

t
Uf(t,X):f f 0,,Guy(t —s,x,y) f(t,y)dyds.
0 ou

See for example [80] or, in connection to our abstract approach, see §3.4. We

will make use of the following estimates on the kernel Gy.

Lemma 5.9 (e.g., see [80]). IfU C R is of class C?, there are constants C1,C, >0
dependent on U such that

am+k+lGU
attoykoxm

(t,x,y)

_ 2
< Cyparmikia0/2 gy [ |x -yl .
Cot

Mirroring our elliptic result, our y-radonifying result for the parabolic case

is obtained by taking H = L?(0, T; L>(0 U)) and using the estimates for the

kernel Gy.

Theorem 5.10. If U C R¢ is a bounded domain then R : L*(0, T; (0 U)) —
LP(U, u) given by

T
(Rf)(x):f f 9, Gult,x,y) f(t,y)dydr.
o Jou

is y-radonifying if the measure u and p > 1 are chosen so that

f dist(x, dU) % u(dx) < oo.
U
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Proof. Setting H = L?(0, T; L?(0 U)) in Theorem 5.1 and using the characterisa-
tion of R given by Lemma 3.30, we only need to check that

0Gy
ov
Using Lemma 5.9, we can estimate

f oGy
ou

_(t,x,Z)
and from the estimate fOT t~%exp(—b/(ct))dt S b'~* we get

(-,x,-)€ LP(U; L*(0, T; L*(8 U))).

2

3 2
o(dz) <t~ exp (——dm(x’am ) .

av, ct

T ) . .
oG dist(x, dUY
f f 2y, (12) dzdrsf r—(d+1>eXp(_M)dt
o Joul OVa . ot
< dist(x,0U) ¢
Therefore,
oGy P . . »
(,x,)|| w(dx)<oo if dist(x, 2 U) ™% u(dx) < oo.
U av o .

As in the elliptic case by choosing u(d x) := 6(x)* d x, we can now obtain.

Theorem 5.11. The stochastic process (X(t))<(o,1) given by

t
X(t)::f f@vyGU(t—s,-,y)w(ds,dy), tel0,T],
ouJo
takes values in LP(U,0%) ifa>dp — 1.

Proof. The proof follows by taking a partition of unity of U and locally mapping
each ball to the half-plane. Then dist(x,dU) < x4 as x — 0R? =R4~! where

x=(x1,...,X4) we have
M
-pd _a
f X, x5dxg <oo
0

ifdp<a+1. [
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Remark 5.12. We note that the same conditions on d, p, and « are obtained

in the main theorem of the preprint [53] for (5.1) and (5.4).

Again, similar to the elliptic case, we can use the kernel estimates to obtain

existence of a well-defined stochastic process on the weighted Sobolev space.

Theorem 5.13. The stochastic process (X(t)):<(o,1) given by

X(t)::f f@vyGU(t—s,-,y)w(ds,dy), t<l0,T],
auvJo

takes values in WP (U,0%) ifa>dp+p —1.

Remark 5.14. We have been careful not to say that our result gives a solution
to (5.1) and (5.4) (compare to [53]). In particular, we spoke only of existence of

a “r-radonifying map”.

5.2 Dirichlet heat semigroup on weighted L”

spaces

We note that the results of the last section are analytic in nature and fall outside
the abstract approach developed in Chapter 4. Recall Theorem 4.7 which states

that a mild solution to (4.1) may be found once we know that

T
f (A= A)e" AsBI 5y d E < 00. (5.5)
0

If E=Lr(U,6%) where 6(x) = dist(x,d U) and a > 0 then to check condition
(5.5) in the case where A is the Dirichlet Laplacian on L?(U) and (e’4);> is
the Dirichlet heat semigroup on LP(U) then it is desirable to understand the
properties of (e?4),>, taking values in LP(U, 6%). In this section, we provide
some results in this direction.

We assume (e?4); is the Dirichlet heat semigroup on L?(U) where U C R4
is a bounded domain with C? boundary d U and 6(x) := dist(x, d U). We shall
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make frequent use of the representation

(e”‘f)(x)=J Gu(t,x,y)f(y)dy, feL’(U), (5.6)

U

where Gy : (0,00) X U x U — R is the Dirichlet heat kernel.

5.2.1 vy-Radonifying properties

It is well-known that the Dirichlet heat semigroup (e‘*);>o on LP(U) is 7-
radonifying in dimension one, i.e., U C R. This property ensures that the

stochastic convolution
t
u(t):= J e dw(s), telo,T],
0

is well-defined in LP(U), p > 2, even when (W(t)),>¢ is a cylindrical Wiener
process taking values in L?(U). We recall that this is why the stochastic heat
equation has function-valued solutions in dimension one.

We shall now proceed to study the y-radonifying properties of the Dirichlet
heat semigroup (e’4),>o on L?(U) acting the weighted space L?(U, 6(x)*) for
a > 0. In the next lemma we determine an explicit representation of the

semigroup (e‘4),>o acting on the weighted space LP(U, 6%).

Lemma 5.15. Fora >0, the semigroup (e'4),>o is given by

(etAf)(X)ZJ K(t,x,y)f(y)o(y)*dy

U

forany f € LP(U, 6%) where the kernel K : (0,00) x U x U — R is given by
K(t,x,y)=Gyl(t,x,y)o(y)“.

Proof. For a > 0, this follows from (5.6) and identifying

(e’Af)(x)=f Gu(t,x,y)f(y)dy
U
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=f Gu(t,x,y)f(y)o~*(y)6“(y)dy
U

_. f K(t,2,)f ()6 )dy
U

Let G be the Heat kernel on R4 given by

/2 |x?
G(t,x):=(4mt) exp( P )

We shall make use of the following estimate on the Dirichlet heat kernel.
Theorem 5.16 ([88]). For C > 0 we have the estimates
m(t,x,y)G(t,C(x —y)) S Gu(t,x,y) S m(t,x,y)G(t,(x —y)/C)

(| B0 (|, 5)
m(t,x,y)._(l/\ﬁ)(l/\ﬁ),

We recall that if H,, H, are Hilbert spaces then the space of y-radonifying

where

operators y(H,, H,) is equivalent to the space of Hilbert-Schmidt operators

%,(H,, H). As such, we have the following result.
Theorem 5.17. Fort >0 and any fixed0 <a <2,
e'te L(14(U,6%).

Proof. Suppose the conditions on « are satisfied, then for f € LP(U, 6%) we

have from Lemma/5.15 that

(S(t)f)(X)Zf K(t,x,y)f(y)o(y)dy.

U
We fix t > 0, and start by checking the square integrability of the kernel K on
the weighted space L?(U, 6%) by computing

ff |K(t,x,y)?6%(x)6%(y)dxdy = fo |K(¢,x,y)I6%(x)6%(y)dxdy
U
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where we take the sub-domains:

Upi={(x,y):0<8(x)<v1,0<8(y) <V},
Up:={(x,):6(x)>V1,6(y) 2V},
Us:={(x,y):0<8(x) < V1,86(y) > V1},
Uy={(x,y):6(x)>V£,0<8(y) < V7 }.

Consider the domain U, then assuming a < 2 and using Theorem 5.16,
JJ K*(t,x,y)0%(x)0%(y)dxdy
U
S ff G (t,x,y)0 %(y)o%(x)dxdy
U

<t Jf 6%t (x)6% (y)G(t,(x —y)/C)dx dy
U

<t? Jf 6%t (x)6% “(y)G*(t,(x —y)/C)dx dy
U

N COHORCON f f G¥(t,(x—y)/C)dx dy

U

S ff G*(t,(x—y)/C)dxdy
Ui
= Il.
Using on-diagonal estimates for the Heat kernel G we have

|UL[?
JLI G*(t,(x—y)/C)dxdy < HU G*(t,0)dxdy @nn?’

and as U is a slice of U of height O(t), we have that |U;|> S t2|U|*>. So we

conclude that I; < t2~“4. Now we consider the sub-domain U,,

sz(t,x,y)5“(x)6“(y)dxdy
973
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[ 5(x)\“
= G2(t,x, —— | dxd

., U(t”)(ﬁm) ray

[ 5()-5(y) )
= G2(t,x, ————=~+1]| dxd
) ”(””( 5oy ) A
[ 5(x)~5(y) )
< G(t,(x— C)| ————+1| dxd
$]] aticpre) (T 41 axay
::Ig.

For some ¢ > 0, slice the domain U, into M, € N sets of the form
Sei=1{(x,y): kevt<|x—y|<(k+1Devt},

with k =0,1,...,M, —1. As U is a bounded domain, M, < co. Estimating
o(x)—a(y)<|x—y|weget

M,
_ - —elx—vyl2 |x_J/| “
L<t ™ ff e y'/t(—+1 dxdy

; UsNSk 6(y)

M, a

s 27.2 k+1 t
S t_dZe_“ k ff (—( )8[+1) dxdy

k=1 UoNSk ﬁ

M,
< z"dZe’”z’CZ Jf dxdy
k=1 UsNSk

We rotate the coordinate system so that the diagonal slices Sy are now parallel

to one of the d coordinate axes, then each slice has height O(v/f), so we have

ff dydx < t|UP.
UsNSk

Therefore, I, S t'~¢. We now consider the sub-domain U; using the same

slicing procedure to obtain

” K*(t,%,y)5%(x)5(y) dxdy
Us

S ff Go(t,x,y)8%x)6~“(y)dxdy
Us
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< t*” 6° 4 (x)6~*(y)G*(t,(x —y)/C)dxdy
Us

5 t717d+1+a/27a/2 JJ efCley\Z/t dxdy
Us

< 4 ff —Clx—ylz/tdxdy

<t dz —Cezszf dxdy
UsNSy

<t

~

Finally, we consider the sub-domain U,, then if 2 — a > 0, it follows using the

slicing procedure that
Jf K*(t,x,y)6%x)6%(y)dxdy
Us
SJJ Gy(t,x,y)5%(x)6~*(y)dx dy
Us
1ff 6%x)6**(y)G*(t,(x —y)/C)dxdy
Uy

< pmiHlma2 Jf G*(t,(x—y)/C)dxdy
U,

5 t—a/Z—d ff —Clx—yl?/t dxdy

<If a/2— dZ —szszf dxdy
UyNSi

= 14

Now considering the double integral over U, N Sy,

Vi pyte(k+1)VE
JJ dxdy SJ f dxdy SVitvt=t,
UsNSk 0 y+ekVi
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so we have I, < r'-%/2=4_ Finally, recombining the pieces we see that we have

Jf |K(t,%,y)?6%x)6%y)dxdy S2t174 4¢3y pl-a/2=d)
U

so the conclusion follows. [ |

Corollary 5.18. Forall0 < a <2 andt > 0 the operator S(t) is bounded and we
have

sup 2 7Y|S(0)|| 1o,y < 00
>0

5.3 Stochastic heat equation on weighted spaces

Theorem 5.19. Let U be an open domain in R? with boundary dU. Let X :=
L2(U, u) with u(d &) ~dist(&, dU)* for a < 2. Denote

t

U(t):=S(t)x +f S(t —s)(—A)DdW(s)

0
where (S(t));>o is the Dirichlet Heat semigroup on L?>(U) generated by the Dirich-
let Laplacian A, D is the Dirichlet map, and W is a L*(U)-cylindrical Brownian

motion. x € X. Then U is mean square continuous in (0, T).

Proof. Take x € X and B :=(—A)D. Then for h > 0,

E|lU(t + h) = U@ S IIS(¢ + h)x — S(¢)x]|?
2

t+h t
+E f S(t+h—s)BdW(s)—f S(t—$s)BdAW(s)|| = L+1,
0 0

By strong continuity of (S(¢)) on X, we have that I; — 0 as h | 0. Breaking
the integral I, into two parts and using independence of the two stochastic
integrals, we get

2

t+h t
IL=E f S(t+h—s)BdW(s)—f S(t —s)BdW(s)
0 0
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2

t+h r+h
=E (S(h)—I)J S(t—s)BdW(s)—J S(t+h—s)BdW(s)

t+h

t+h
S (SCh)— I)IIZ(X)J IS(t —s)BIl, ds +f ISt +h—s)BI, ds
t

t

= Ig + I4.

We know that B € £(L?(0U),X) and ||S(t)||¢, S tV/?~%/271 for t € [0, T]. There-
fore, ||S(t)||52g2 is integrable as ¢ | 0 so the integrals part of I3 and I, are bounded
for t €[0, T — h). Further, as ||S(h)x — x||x | 0 as h | 0 for every x € X, we have
that I3 | 0 by the dominated convergence theorem. We can conclude that for
tel0,T)

%{}EIIUU +h) - U@ =0,

so we have right-continuity. We shall now show left-continuity. Take /& > 0,
then

E|U(t — h)—U@IIP S ISt — h)x — S(t)x|?
2

t—h t
+E J S(t—h—s)BdW(s)—J S(t—s)BAW(s)|| =:Is+ I.
0 0

For t > 0 and x € X, we have

Is =1|S(¢ — h)x — S(¢)x|
=||S(t — h)x — S(t — h)S(h)x||
=1S(t = Ml 2eollx = S(h)x]|

As (S(t))0 is strongly continuous, there exists 6 > 0 and M > 1 such that
[S(¢)|| < M for all ¢ € [0,0]. This can be extended to any ¢ € [k, T] using the
semigroup property. Thus, we can find M > 1 such that ||S(¢ — h)||¢x) < M. So
Is—0as h | 0. Now,

2

t—h t
Is=E J S(t—h—s)BdW(s)—f S(t—s)BdW(s)
0 0
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2

t—h t
=F (I—S(h))f S(t—h—s)BdW(s)—f S(t—s)BdW(s)
0 t—h

t—h t

IIS(t —h — S)B||§£2d8 —f 1Sz —s)BIIé2 ds

t—h

I =S f
0

= I7 + Ig.

where the third line is obtained by independence of the two stochastic integrals.
As before, it follows that the integral part of I; and I3 are bounded for ¢ € [k, T].
Also, [I(I =S(M)II%,— 0 as k| 0so it follows by dominated convergence that

I; — 0 as h | 0 and we can conclude that
lim E||U(t — h)—U(¢?)||>=0,
hl0

so we have left-continuity. |

Theorem 5.20. Let U be an open domain of R with boundary dU. Let X :=
L2(U, u) with u(d &) ~dist(&, 0 U)* for a < 2. Denote

t
U(t):=S(t)x +J S(t —s)(—A)DdW(s)
0
where(S(t));>o is the Dirichlet Heat semigroup on L?>(U) generated by the Dirich-
let Laplacian A, D is the Dirichlet map, and W is a L?(0 U)-cylindrical Brownian

motion. x € X. Then U is Gaussian and has a predictable version.

Proof. By the definition of stochastic integrals, we have that U(#) is Gaussian

with covariance

f S(r)(—A)DD*(=A)'S*(r)dr
0

for t €0, T]. Further, by Theorem 5.19 we know that U is mean square continu-
ous in (0, T). Stochastic continuity of U follows from the Chebychev inequality.
As the integrand of the stochastic convolution U is deterministic, U is adapted
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to the filtration (%, ),>o generated by (W(¢)),>o. By Proposition 3.6 in [11], there

exists a predictable version of U. |

Theorem 5.21. Let U be an open interval in R with two-point boundary dU.
Let X := L?(U, u) with u(d &) ~dist(&, d U)* for a < 2. Denote

t

U(t):=S(t)x +f S(t —s)(—A)DdW(s)

0

where(S(t));>o is the Dirichlet Heat semigroup on L?>(U) generated by the Dirich-
let Laplacian A, D is the Dirichlet map, and W is a L*(0 U)-cylindrical Brownian

motion. x € X. Then U has a continuous version.

Proof. (Sketch) We have E||U(t)— U(s)||> S t~%(t — s), so using Kolmogorov’s

theorem, U has a continuous version. [ |
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Harmonic Extensions to the Unit Disk

In this chapter we consider solutions to the elliptic boundary value problem
Au=0inD, u=& onT, (6.1)

where £ is a Gaussian noise on T. We believe this problem is interesting for
a number of reasons. First, the solution of (6.1) provides an explicit example
of the Dirichlet map A that has been used in previous chapters. Second, our
aim is to move away from classic PDE methods and to apply harmonic analysis
techniques to understand the case where & is a space white noise.

We start by studying the harmonic extension of random measures of the
form anl ynltn Where (7,) is a sequence of independent Gaussian random
variables and (u,) is a sequence of measures on T to identify a sufficient condi-
tion for the extension to be a well-defined Gaussian random variable taking
values in the space of harmonic functions on D. Then, in §6.2, we apply the
theory of y-radonifying operators to study the case where & = BWy where Wy
is a (cylindrical) Gaussian on a separable Hilbert space H and B € ¥(H, L”(T)).
This leads us in §6.3 and §6.4 to consider the Hardy spaces #?(D) and obtain

arepresentation theorem that allows us to conclude that the solution to (6.1)
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takes values in #7(D) if and only if E||& II’ZP(T) < 00. This of course implies that
the Hardy spaces .#7(D) are too small to consider space white noise on the
boundary T. In order to study the boundary behaviour of 7 -valued Gaussian
random variables, we obtain pointwise growth bounds of their moments in
§6.5. Next, in §6.6, we show that the Poisson operator is y-radonifying from
L*(D) into (D). This implies that although the Hardy spaces are too small for
the spatial white noise setting, we might be able to find a slightly larger space
of harmonic functions where it might be possible to consider this case and that
the blow-up is concentrated on a small set of positive Lebesgue measure near
the boundary. To tie our result back with Chapter 5, we relate our Hardy space
results with weighted Sobolev space results in §6.7 and in §6.8 we show that
the embedding s#? — L2(D,(1 —|z|?)%) is Hilbert-Schmidt for a > 0. Finally, in

§6.9, we sketch how these results may be extended to the parabolic setting.

6.1 Harmonic extension to the unit disk

Suppose that the boundary space J E is chosen to be the space of all continuous
functions on T which we denote by C(T). Then the Dirichlet map A : C(T) —
C(D) can be defined by the solution to the Dirichlet problem. That is, given
a function f € C(T), the Dirichlet problem for f on D is to find a function
u € C(D) such that Au =0 on D and u|y = f. Therefore, if u is a solution to the
Dirichlet problem, the Dirichlet map A is given by u = A f.. It is well-known fact

(e.g., see [87]) that if we define the Poisson kernel

and write P.(0):= P(rei?) and

. " d
us(re’®) :=f IACE t)f(t)z—;

-7
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then
ug(z), zebh
flz), =zeT

u(re’)=

is the solution to the Dirichlet problem and for any point ei% €T,

lim u(z)=f(e'%).
Daz—elf

The function uy is called the Poisson integral of f/ and u; has a number of
special properties, in particular, it is harmonic on D. We recall that a complex-
valued function u € C?(D) is called harmonic if Au = 0 in D and denote by
(D) the space of all harmonic functions on D endowed with the topology of
uniform convergence on compact subset of D. The space (D) is complete
and has the Heine-Borel property: if u,, € (D) is a sequence of functions
that are uniformly bounded on compact subsets, then there is a subsequence
tending uniformly on compact subsets to a harmonic function. Further, we

recall that if B(z, r) is an open ball centred at z and of radius r in D, then
e if u isharmoniconD and u =0in B(z,r)then u =0in D,

e if u is harmonic on B(z, r) then

1 (" .
u(z):—f u(z+re)de,
27

-7

i.e. u(z) equals the average of u over d B(z, r).

Finally, as ||u ¢|| #m) < Cl| fllccr), it follows that A is a bounded linear operator
from C(T) to (D) and if (W(t));>¢ is a cylindrical Wiener process on some
Hilbert space H and B € y(H, C(T)) then

W :=ABW(1)

is a Gaussian random variable taking values in (D).



150

The knowledge that # is harmonic gives the Gaussian random variable #
a number of interesting properties that we have not exploited in previous chap-
ters. Exploiting the assumption of harmonic or analytic data in the theory of de-
terministic PDE is not an uncommon in the literature, the Cauchy-Kowalewski

theorem is an example of such a concept (e.g., see [86]).

6.1.1 Random Fourier series

By the results of §2.10, a spatial white noise on the boundary is obtained when
the cylindrical Wiener process (W(t));>o takes values in 0 E = L?>(d U). This
motivates us to understand the situation where J E is a larger space than C(T).

We recall that by the Karhunen-Loeve expansion (e.g., Theorem 4.12 in [6]),

any 0 E-valued Gaussian random variable W can be represented as a Gaussian

Z')’nxn

n>1

sum of the form

where (y,),>1 is a Gaussian sequence and (x,),>; is a (finite or infinite) se-
quence in J E. Therefore, suppose we take our boundary space J E to be the
space of all complex Borel measures on T denoted by . (T). This space is

equipped with the norm
[l = 1l(T),

where |u| denotes the total variation of u and is a Banach space. Recall that the

total variation |u| is the smallest positive Borel measure satisfying

|u(B)| < |ul(B)

for all Borel sets B C T. Now let (2,.7,P) be a probability space, (y,)}, a
sequence of standard Gaussian random variables, and (u4,)%°_, a sequence

of measures in .#(T). From these sequences we define the .#(T)-valued

W::Zynun.
n=1

Gaussian random variable
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and as the definition of Fourier transform .# can be extended to Borel measures
on T; i.e., the k-th Fourier coefficient of yu € #(T) is defined by

T duleit
k)= f et D e,

27
—TT

we notice the following relationship between the sequence of measures (u,) €
A (T) and the Fourier coefficients of the measure-valued Gaussian random
variable W.

Lemma 6.1. Ikamzl |k ll? converges as m — oo then almost surely we have
W € (2(Z) and B||WIIZ < 3 llpll?.

Proof. For m € N we define W, =Y v«{, then for each n € Z,

W, (n)| = fe—""fdwm(e”)
T
= Zrkf e M dpy(e™)
k=0 T
=D _rfix(n)
k=0

so by Chebyshev’s inequality, we have for £ > 0 that

P{[Win(n) > e} <2 |l
k=0

<e 2 | le ™ Pdlul(e™)

k=0J T

=2 |uH(T)
k=0

m

=& > el
k=0

which is independent of n. If Zk llukll?> converges, then by the Kolmogorov

convergence criterion, taking m — oo we have W, (n)— W(n) P-almost surely
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hence the result holds. [ |

For any u € #(T), we denote the Poisson integral of u by

du(e’)
27

)

P[u](rew):f P60 —1)

-7

and, as P, € C(T) for 0 <r <1, P[u](rei?) is well defined for all 8 € (-7, ).
Due to Lemma 6.1, we assume that ) i lukll* converges, then using the
Fourier series representation of P, it follows that the random Fourier coeffi-

cients of P,[W] are given by
PIWI(n)=r"W(n), nez,

and the (formal) random Fourier series of P,[W] is given by

0.¢]
Z W(n)ri"ei?,

n=—00

Following standard convention, we call this series the Abel-Poisson means of

the Fourier series of W that is given by
o0
Z W(n)e'"9.

Surprisingly, by considering the boundary noise problem on D, we have now

found a connection with the classic area concerned with the study of random

00
E Enmnemﬁ

n=—oo

Fourier series of the form

where (¢,) is a sequence of Rademacher or Gaussian random variables and
(m,) is a sequence of constants was originally considered by Paley, Zygmund,
and Wiener in the 1930s. A large collection of results may also be found in the

monograph of Kahane [89].
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6.1.2 Extending ./ (T)-valued Gaussians to D

Although the Fourier series of W may not be necessarily pointwise convergent,
we shall now show that the Abel-Poisson means of W behaves much better.

Let R be the .#(T)-valued random variable given by

o0
R= E €,Mu0p,
n=1

where (¢,) is a sequence of independent Rademacher random variables on a
probability space (€2, #,P), (0;) is a sequence such that 8, € QN [0,27), (m,,) is
a sequence of constants such that Z;ozl mfl <00, and 04 is a Dirac measure at

ei? € T. In [89] considered the harmonic extension of R to D given by

u(z): =P [R](z)= Z e,mpP(ze %), zeD,

n=1

and showed that u is harmonic on D and the series converges P-a.s. uniformly
on every compact subset of D. Our next theorem is a Gaussian extension of this

result where the sequence of measures (u;) are not necessarily Dirac measures.
Theorem 6.2. Assume ) i el converges and let
u(re'®)=P[W](e')

then
o0
u(re’?)= Z W(n)ri"lein?,
n=-00
forrei? €D and the series is, almost surely, absolutely and uniformly convergent

on compact subsets of D and u is harmonic on D.

Proof. From the elementary observation

1—7r? _ 1—1r?
1+7r2—2rcos@ 1+4+r2—r(ei? —e-i9)
1—r?

T (=r(e)1=rei)
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IR S S
1-rei®  1—re-i?
and, as 1+ x+x2 +---= = for |x| < 1, we have for |re’?| < 1 that

o0 o0

=) (re®)" +> (re7 %y -1
n=0 n=0

o0

— Z plnl gind

n=—00

soifwe fix0<r <1 and @ then

(rei?) " 1—r2 dW(e'?)
u(re'’)=
. 14+r2—2rcos(0 —t) 2m

_ i plnl gin(0-1) dw(e')
T 27

n=—oo

as the series is uniformly convergent with respect to e’ and W € . (T) we can
interchange integration and summation to get
> " dW(eit)
u(rei®)= Z plnl gind p-int

27
n=-—00 -

= Z r"einf Wn).

n=—0o0

By Lemma 6.1 and our assumption that ) i luk > converges,
E|W(n)r"e™? > <E||W]Z2 r*"

so the series ) W(n)rinlein? is P-almost surely, absolutely and uniformly
convergent on compact subsets of D by the Kolmogorov convergence criterion.
This allows us to interchange summation and any linear differential operator,

in particular,

Au(’,eiﬁ):A ( Z rlnleinHW(n))

n=—oo
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= Z W(n)Ar'"ein?

n=—o0

=0

as rlnlein? js harmonic. [ |

Therefore the convergence of the partial sum »_ i luell? is a sufficient condition

to obtain a well-defined #(ID)-valued Gaussian random variable.

6.2 Random L” boundary data

Given f: T — C, we define the norms

n 1/p
1 .
1, == (gf |f(€’9)|’”d9) , 1<p<oo,

and
I f oo =]iw2f0{M: {e’? :1f(e'®)| > M} =0},

where |{e?? : a < 0 < b}| denotes the Lebesgue measure of the set [a, b] C R.

The complex Lebesgue spaces LP(T), 1 < p < oo are defined! by
LP(T)={f -l fll, < oo}

If 1 < p <oo, LP(T) is a Banach space. In particular, L?(T) equipped with the

inner product

v

(f, &)= %f fle)g(e®)ao,

—n
is a Hilbert space. As measurability of f : T — C is determined in terms of
the measurability of R f and 5 f, these definitions and standard L?” space re-
sults follow by decomposing functions into their real and imaginary parts and
applying the standard definitions of L? spaces (e.g., [75]).

Imodulo equivalence classes of functions equal almost everywhere
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The main outcome of the last section is identification of a sufficient condi-
tion for existence of a 2#°(ID)-valued Gaussian random variable. The sufficient
condition hints that we should start with the assumption that our random
boundary data W is a well-defined L?(T)-valued Gaussian random variable
(i.e., W is not cylindrical).

Let H be a Hilbert space with orthonormal basis (/2,,)%°_, and let Wy be the

(cylindrical) Gaussian random variable defined by

Wy = 200:7’;1 hp,
n=1

where (y,,)2, is a sequence of independent standard (complex-valued) Gaus-
sian random random variables on a probability space (2, Z,P) and let B be a
linear operator from H to L?(T). To ensure that BWj; is a well-defined LP(T)-

valued Gaussian random variable, in this section we shall assume that
Bey(H,LP(T)).

Then it follows that BWy is a LP(T)-valued Gaussian random variable with
covariance operator BB*. In other words, BWj is a LP(T)-valued strongly
P-measurable function on (2, Z,P).

For f € C(T), we can write for 0 <r <1,

T

. . od
Pf(re?®)=P, f(e")= f B0 - Df(e") S

=T

and we interpret P in two different ways:
e P asan operator C(T) — (D),
e P, asan operator C(T)— C(T)for0<r < 1.

By considering P as an operator, we can now move from the Fourier series

approach used in the last section to an operator theoretical approach and
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study how the Poisson operator P maps the Gaussian random variables BWj
under the assumption
E”BWHHZP(T) < 0.

We shall often make use of the following well-known lemma (e.g., see [87]).

Lemma 6.3. Foreachr <[0,1)and f € C(T), P, f € C(T) with ||P; flloo S| f!loo-
Further, lim,_,,- || P, f — flloo = 0. In other words, P, f converges uniformly to f

on'T.

6.2.1 Casel<p <o

We first consider the case where BWy is a Gaussian L?(T)-valued random
variable and study how P BW}; approaches BWj; in a LP(2) sense as r — 1~ by
applying the theory of y-radonifying operators.

Theorem 6.4. Let B < y(H, LP(T)) for some fixed 1 < p < o0o. Then
(i) PBWy is harmonicinD,
(i) supE||P, BWy||? =limE| P, BWy||? =E| BWyl|7,
r<l1 Poor-l p p

(iii) imE||P, BWy — BWyl|} = 0.
r—

Proof. (1) follows from Theorem 6.2. Let BWyg be a Gaussian L?(T)-valued
random variable. Then as

E||P BWyllZ <E|PII} | BWal? < CE| BWyll? < oo,
for 0 <r < 1, it follows that P. BWy is a L?(T)-valued random variable. Further,

IR BWy — BWyl? = EII(P.B — B)Wyl?
= ||PrB - B”)’f(H,Lp(T))

p p
S ||Pr - I”,%(LV(T))”BH)’(H,L”(T))'
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Take r >0, f € LP(T) with || f||, =1, and choose some ¢ > 0. As C(T) is dense in
LP(T) we can find ¢ € C(T) such that || f — ¢]||” < &. Then

1P =D =IPf =B +Pp—p+¢—fll)
<IIP(f=Nb+Prp —@lly + 1l = £}
<(CP+DIf =@l +11Pre = olly
<(CP+De+Bp —opllf..

Now by Lemma 6.3, we can find r, such that || P, — ¢||% < & for r > r.. Hence,
E|| P, BWy — BWH”Z <e2+ Cp)”B”}}f(H'LP(T))

As € was chosen arbitrarily, (iii) is obtained and (ii) follows from (iii). [ |

To conclude, we have shown that if we use the Poisson kernel to extend
a Gaussian random variable BWy € L”(T) to the open unit disk we obtain a
harmonic random variable u = PBW;; whose (p-th moment) mean values

r— E|lu,||, are uniformly bounded.

6.2.2 Pointwise blow-up is permitted

As we have seen in previous chapters, one of the main issues with the standard
approach to boundary noise is that one must assume BW is the trace of a
function ABW € W'2(U) on the boundary Jd U, that is,

E|| BWyl| 00. (6.2)

%/vl/u(a o<
However, if there is a positive probability that BWWj; has a singularity at a point
Xo € 0 U or we had the white noise case B = I and H = L?(0 U) then a fortiori the
condition (6.2) is not fulfilled and E||ABW/||?> = co. In this section, we explore
the behaviour of LLBWyasr—1-.

As T is a compact space, for p € [1,00] we have the scale of spaces

L™(T)c LP(T) c LY(T),
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and any continuous function on T is necessarily bounded. As such, the space
of all continuous functions on the unit circle C(T) can be considered as a sub-
space of L*(T) and L!(T) can be considered as the largest L? space. Therefore,
without loss of generality, we now assume B € y(H, L!(T)). Of course, a natural
example for our boundary noise problem would be the case H = L?(T).

We first consider the pointwise convergence of P, BWy; as r — 1~ under the

assumption that (BWy(w))(e?) is a point of continuity for BWy(w).

Theorem 6.5. Let B € y(H, L}(T)) and suppose w — BWy(w) is continuous at

ei% e T. Then PBWy(w) is harmonic inD and
lim PBWy(w)(re'®)= BWy(w)(e®).
r—1-

Proof. As P, € L>°(T) and BWy(w) € L}(T), then P, BWy(w)(ei?) is well-defined
for all e’ € T by an application of Young’s inequality. By assumption, given

£ > 0 we can choose 6 > 0 such that
|BWi(w)(e'®)— BWy(w)(e'®)| < e

as soon as |0 — 6y| < 20. Using the estimate

8
oAt
J |P(e")l5-<C,
5 2n

and taking |0 — 6y| < 6, we get

P, BWy(w)(e'®)— P, BWy(w)(e'®)

i , : . d
f Pi(e™) (BWu(w)(e™"=") = BWu(w)(e'™)) 2—;

-7

o
< U * J ) [P, BWi(e)(e @) — BWy(w)(e!™)] Lt
-0 O<|t|<m om

<eC +f |P(e™)I(| BWh(w)(e™® )| +|BWulw)(e ™)) Z—;
o<|t|sm
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<eC+ sup [P(e")| (IIBWu(w)lh + BWi(w)(e'™))

o<|t|I<m

Then choosing R < 1 such that sup; /<, |P,(ei?)] < ¢ when r > R, we get for
r> R and |0 — 0y| < 6, that

|P, BWu(w)(e®) — BWule'™)| < e(ll BWu(w)lli +|BWa(w)(e ™)+ C).
As € can be chosen arbitrarily, we are done. |
Of course, a given realisation « — BWjy(w) may also exhibit blow-up at a
point on the boundary. We now study the case when
lim BWy(w)(e'®)= oo,
9—>90
for some point ei% € T.
Theorem 6.6. Let B € y(H, L(T)) and suppose that
lim BWy(w)(e'?) = 0.
0—0,
Thenlim,_,;- PBWy(w)(rei®)=oo.

Proof. As P, € L>°(T) and BWy(w) € LY(T), then P, BWy(w)(e?) is well-defined
for all % € T by an application of Young’s inequality. By assumption, given any
M >0 we can find 6 > 0 such that BWy(w)(ei?) > 2M whenever |0 — 0,| < 26.
So taking |0 — 6| < 26, we have

P, BWy(w)(e™) =f P (£)BWy(w)(e""™") j—;

(2 dt
= (J +f ) P(t)BWy(w)(e"~") —
5 Jo<ii<n 21

5

>2M | P.(e')dt
-6
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. dt
—J P(1)| BWy(w)(e")| —
s<lt)<n 21

. dt
>oM — P()(2M + IBVMq(el“"”)I)—2
T

o<|t|<m

>2M — sup P(1)(2M +[[BWy(w)ll1).

o<|t|I<m

Now choosing an R < 1 such that

sup P.(1)(2M+||BWy(w)lh) <M

o<|t|I<m

as soon as r > R we have for r > R and |0 — 6| < 6 that

P, BWy(w)> M.

6.3 Hardy spaces

Recall that the family of complex harmonic functions on the open unit disk D
is denoted by £ (D). If u € (D) we write u,(e?) := u(rei?) and define the

norms

7 1/p
1 )
lwllser) := sup ||u;l[rrry = sup (—Mf Iu(re”’)lpd(?)

0<r<1 0<r<1 _r

for 0 < p <00, the norm

2 || ooy :=sup |u(z)],
zeD

and the set of functions

AP (D):={u € #(D): |lullxr < oo},



162

where 0 < p < 0o. To simplify notation we shall write 77 := 7#?(D). Due to
the definition of || - || #», it follows that 7 is a linear vector space. Further, by

Holder’s inequality and as D is compact, we have
S CHTCHP,

for 0 < p < g <o00. The spaces 7, 1 < p < oo are called the Hardy spaces on
D and where introduced by Riesz in 1923.

One should notice that if u € (D) and r — ||u,||.»(1) behaves like 1/(1 —r)
as r — 1~ then u € 2¢? but u # L?(ID). Hence, the .2#” norms allow a certain

amount of growth near the boundary of D.

6.4 Arepresentation theorem

We shall now make use of the definition of harmonic Hardy spaces to further
understand the relationship between the stochastic boundary data and the

existence or non-existence of L”(ID)-valued Gaussians.

6.4.1 Sufficient condition

A sufficient condition to obtain a #”-valued Gaussian random variable is that

the boundary data is spatially regular, i.e. B € y(H, L”(T)).

Theorem 6.7. Let1 < p < oo. If B<€ y(H,LP(T)) then u := PBWy is a 7" -

valued random variable and

Ellul,, = Bl W2,z

Proof. Follows from previous theorems. |
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6.4.2 Necessary condition

The next theorem shows that we can only obtain s#7-valued random variables

if the boundary data is spatially regular.

Theorem 6.8. If u is a #°?-valued Gaussian random variable for 1 < p < o0

then there exists a unique LP(T)-valued Gaussian random variable & such that
1 s
u(re?)= %J P(re'®M(e)dt, re'’eD,
-

andEl||lu ||f9 =E||& ||§. Moreover, there exists a separable Hilbert space H: and an
operator B € £ (H:, LP(T)) such that

Elllys = 1BIZ, 1. ooy
forl1<p<ocoandl<qg<o0.

Proof. Let u be a 77-valued Gaussian random variable and for n > 2 define
u,(z):=u((1-1/n)z). As u, is defined on the disk {z : |z| < n/(n — 1)} we
have that u, € (D) and it follows from the reproducing property that for all

z =re'? €D we have

1 (7 . .
Uu,(z)= gf P(rel(a_”)un(e”)dt.

-7

On the left hand side, it is clear that u,(z) — u(z) as n — co. Hence we need
to show that when n — oo the right-hand side expression has an integral

representation. Writing for v € L9(T),

(Up,v) = %J u,(ev(e)dt.

-7

(u,, v)is a R-valued Gaussian and

El(un, V) <Elluallllvlly <Ellull vl
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for v € L9(T). Hence, passing to a subsequence, there exists a R-valued Gaus-
sian random variable &, such that

lim(u,, ,v)=¢&,

k—00
in probability for v € L9(T). Now, for a fixed z = rei?, we write v,(ei?) :=
P(rei®=1) and it follows that v, € L7(T). Hence,

guz = %E{}o(unk» Vz)
T

1 . .
=lim— | P(re’®u, (e')dt

k—o00 27T

= %im u((1—1/n)re'?)
=u(re')

But we also have by the Riesz representation theorem that there exists a Gaus-

sian random variable & € LP(T) such that

£, = zi f v(e!E(e!)dt
TT

-7

for all v € LP(T). So by choosing v = v, we get

u(re'?)= %f P(re'®-D)¢(eit)dt.

-7

Remark 6.9. The previous theorem does not hold for 2#!(ID)-valued Gaussian

random variables as L!(T) is not the dual of any space.

6.4.3 Non-existence in the white-noise case

Our next theorem shows that we cannot obtain a .#2-valued Gaussian random

variable in the white-noise case.
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Theorem 6.10. I[f H=L*(T), B=1, and u = PW then

EllullS,. =

Proof. Let (h,) be an orthonormal basis of L?(T) and (y,) a sequence of stan-

dard Gaussians. As we can represent W by

W:irnhn
n=1

and E|| W”ilmr) = oo it follows from Theorem 6.7 that

Ellull%,. = oco.

6.5 Pointwise growth bounds

We have the following pointwise growth estimate for s#7-valued Gaussian
random variables. It is a straight-forward extension of a standard deterministic

estimate (e.g., Proposition 6.16 in [87]).

Theorem 6.11. For1 < p <00, ifu is a P -valued Gaussian random variable

then
1+|z|

1-|z|

E|u(z)|ﬂs( )Euuu;p, vzeD.

Proof. Fix 1 < p <00, z €D, and let u be a #7-valued Gaussian random
variable. It follows that u € LP(€); 5#"?) and there exists a Gaussian random
variable f € LP(; LP(T)) such that u(z) = (Pf)(z) and El[u|,, = El I}, Let
1/q+1/p=1and z = rei?, then by Holder’s inequality

p

. 1 (7 . .
Elu(re’®) =E ﬁf P(re'® ) f(e")dr

-7
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IA

1 T p/q
(E f |P(re )| df) ENfI17

-7

1 J'ﬂ p/q
| [ptret)” dr) Ellul,
(277: —TT

1 (" . . 1 (" .
Py P(re'®=yiqr < supP(re’(e_T))q”%J P(re'®Ndr
T

- -
B 1—|z? q-1
_(ll—zP)
(1412
_(1—|z|)

the result follows as (g —1)p/q = 1. The case p =1 follows in a similar way. H

and since

We shall now extend the ideas seen in Proposition 6.23 of [87] to obtain a
sharper estimate in the case p = 2. First, notice that for z € T and x € D we can
write the Poisson kernel as
I—|x*  1—|x]

P.(z)= =
<(2) lx—z]2 1-2x-z+|x[?

Let [-,-] be the inner product on L?(T) then as f — Pf is a linear isometry of

L*(T) onto 2 we can transfer the Hilbert space structure to s#? as

(Pf,Pg):=If.gl, f,g€L*T),
and for f € L?(T) and x € D we have (Pf)(x) =[P, f]. To extend this pointwise

representation to > we extend the domain of P, by defining
1—|xP[z[?
1-2x-z+|x)?|z|?

Px(z) =

for all x, z € C for which the denominator is not zero. If z € T then this agrees
with the previous definition of P,. Further, P,(z)= P,(x) and P,(z) = By.(x/|x]).

Therefore, for u € 52 we have

u(x)= (P, u).
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This allows us to get a sharper estimate in the # case.

Theorem 6.12. Ifu is a #¢?-valued Gaussian random variable then

1+|z[?
Elu(z)? < E||lu|?,. VzeD.
lu(z)| _(1_|Z|2 ]l

Proof. Let u be a #°?-valued Gaussian random variable and z € D then
Elu(z)? =E|(P;, u)l®
and by the Cauchy-Schwarz inequality we get
Elu(2)l® <1121 Ellull..

Finally, as || P, ||2%02 =(P,, P,)= P,(z) the estimate follows from the final calcula-

tion

P.(2) 1—|z[?|z|? 1+|z|?
z)= = .
‘ 1-2z-z+|zPz]? 1—]zJ]?

6.6 7y-Radonifying property of Poisson kernel

In the previous sections we have shown that B € y(H, LP(T)) is a necessary
and sufficient conditions to obtain a well-defined 7 -valued Gaussian ran-
dom variable that is given by PBW};. However, we notice that Theorem 6.2
suggests that the Poisson operator P also has a certain amount of ‘radonifying’
behaviour irrespective of the operator B.

This concept is well-known for the stochastic heat equation
Siu(t)=Au(t)+W(t), x€(a,b)cR (6.3)

with u(t,a)=u(t,b)=0for t >0 and u(0,-) = 0 whereby, for H = L?(a, b) and
due to the fact that the Dirichlet heat semigroup (e4),>o on H is radonifying
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as it satisfies for T > 0,
T
A2
f ||e ||$2(H)dt<oo,
0

ensures that the stochastic convolution
t
u(t) =J e Maw(s), t<T,
0

is a mild solution to (6.3) and E||u(¢)||5; < oo for ¢ > 0, even in the case when
(W(t))s>0 is a cylindrical Wiener process on H! See Example 5.7 in [19].

In this section we shall show a similar result whereby the Poisson operator
P is radonifying and, in the white noise case B = I and H = L?(T), we can
obtain a well-defined Gaussian random variable on 2#(DD).

For f € L?(T) recall our notation

T

(Pf)re’®)=(P, f)e™) = Z—J PO - 1)f(e™)dt.

1
7
Theorem 6.13. For0 <r <1 we have P, € y(L*(T), C(T)). Or equivalently,
P € y(LA(T), (D))
To prove this result we start with a simple estimate.

Lemma6.14. Let(y,)%, be a sequence of standard R -valued Gaussian random

variables. Then for any a > 1, almost surely we have

Irnl < v/2alog(n +1)

for all but at most finitely many n > 1.

Proof. Let (y,)°°_, be a sequence of R-valued standard Gaussians and a > 1. As

we can bound for any £ >0

2
Pilya| >t} < —=e "7,

tV2m
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for each n, we get that

2
Pily.l> v/ 2alog(n+1)} < —alog(n+1
lral> v2alog(n+ 1)} 4mlog(n+1)e><p( alog(n+1))

B 1 1
Jralogn+1)(n+1)*
As it follows that
o0 0.¢] 1
Pily,.| > +/2al 1)} < <
Z {lyal > /2alog(n+1)} ;(Hl)a 00

as a > 1, so by an appeal to the Borel-Cantelli lemma

P({lyn| >+/2alog(n+1)}i.0.)=0.

Hence we can conclude that, almost surely, |y, | < 1/2alog(n + 1) for all but at

most finitely many n > 1. |

We now construct a dyadic decomposition of T by taking the dyadic inter-
vals I := [—n+2nk2-/,—n+2n(k+1)277)and defining I := [-w+27k2~/, -+
27nt(k + %)2‘1') and Ip .= [-7+2n(k+ %)2‘1', —n+27n(k+1)277) to be the left and

right parts of I, respectively. The function
hi(e')=21"y,,(e") =217y (e™),

is called the Haar function associated with the interval I, where we have
defined the indicator function y; so that y,(e?*) =1 if t € I and 0 otherwise.
Notice that we have defined the Haar functions so that their L2(T) norm with

respect to the uniform measure id t is 1. That is,

T

. 1 .
fh;(e”)dtz— hi(e')dt=1.
T 27

-7

Lemma 6.15. On L*(T), the Haar functions have the orthogonality property:

0, whenl#1I

J hi(e'hp(e)dt =
T 1, whenlI=1.
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The collection of all dyadic intervals I of T is denoted by  and Z; denotes
all dyadic intervals I such that |I| =27/, also called the j-th level. It is clear that

each %; provides a partition of T and
2=2;.
JEZ
Lemma 6.16. The sequence {h;};cq forms an orthonormal basis of L*(T).

Proof. We can see fT h; =0, ||h;llz=1and [h;, hy] =06 for I,I'’ € 9. Finally,
if [f,h;]=0forall ] € 2 then f =0in L?(T). Hence, the conclusion follows. l

For each r € [0, 1) we define the operator

T

(P f)e'"):= %J P(rei")f(e'""dzr, feC(T) tel-m,m].

-7

We recall that the Poisson kernel satisfies
e forr€]0,1), we have z — P(rz) € L>*(T),

. ﬁnl( sup uxremn)::a

=17 N o<g<|0|<n

By density of continuous functions in L?(T) we can extend this operator to
L?(T) functions such that P, € £(L?(T), L?(T)).

Proof of Theorem 6.13. Let {h,}> | be defined by h, = h; with the dyadic
interval I chosen so that n =2/ + k with j =0,1,...and k =0,...,2/. Then {h,}
is an orthonormal basis of L?(T) by Lemma 6.16. Fix r € [0, 1), then we see that
forn=2/ +k,

(P-hu)e™)| = ’%f P(re’h,(e""Ndr

1 -0 o T
<— (J +f +f ) |P(re")||ha(e* ") d 7T
21 -7 -6 -6
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1 , ,
<— |P(re'™)||hu(e“~ ) dT
2T ) 5<iei<n
L [0
+— | [P(re™)||h, (e )dr
27

-0

1 (" .
< sup IP(re”)I—ﬂJ | (e =) dr

s<|tl<n 2

T

1 .
+Cp— |ha(e™ =) dt
27

<| sup |P(re’)|+Cp |27/
o<|tISm

=:(C,271/?

and C; < oo by the properties of the Poisson kernel.
By Lemma 6.14, it holds P-almost surely that there exists some N > 0 such

that we can estimate

00 N
D raBha)e™) < lya(Prha)e™)
n=1 n=1

+ Y. 2alog(n+1)|Phy(e™)
n=N+1
oo 2/
<C+Y.> v2alog2l + k+1)|Pha(e™)]

j=1 k=1

<Cot+C1 Yy alogl + k' +1)27/2
j=1

by estimating 2/ + k/ +1 < 2/+1 +1 <2/+2
o0
<Co+Ciy/alog2)) 2772\ /j+2
j=1
by estimating /j +1 < C,2U+1/4)

< Ci+CiCoy/alog(2) Y 27U+

j=1
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<00,

for all ¢t € [0,27). Hence P-almost surely, the sum converges absolutely and
uniformly for all e’* € T.

As |T| < 0o, we have L?(T) c L'(T) hence by Young’s inequality and the fact
that z — P, = P(rz) € L™(T) for r € [0,1), (P, h,)(e'?) is well-defined for all
e’ €T and P, h, € C(T) and [|Phylloo < 1P lloollnlls S Prllooll A2

Therefore, for P-almost every w €,

e’ =Y ra(w)(Prha)e™)

belongs to C(T). By uniform convergence, we have

N
Syi= D ra(Pha)e™)
n=1
converging to

$:= ra(Prhy)e™)
n=1

as N — oo, P-almost surely and since

2
E (supS) < 00.
ei[

The Ito-Nisio theorem gives that
. 2 _
MC}OEIIS— Snllger =0.

We can then conclude that P, € y(L?(T), C(T)) for r € [0, 1). |

Combined with the results of the previous sections, this shows that if we
consider the white noise case u = PW (i.e. H = L3(T), B = I) then, almost

surely,
ud¢ A but ue (D).
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Hence, for any compact K C D,

supE|u(z)* < oo.
z€K

For some small ¢ > 0, take a compact K C D such that D\ K| < £ then our
results show that the blow-up behaviour that restricts us from taking white
noise on T is concentrated on a very small set of positive Lebesgue measure

near the boundary.

6.7 Relationship with weighted Sobolev spaces

In this section is to answer the following question: if u is a well-defined 7 -
valued Gaussian random variable, is it a well-defined Gaussian random vari-
able in some weighted Sobolev space of the form Wk?(D, §%) where 6(z) :=
dist(z, T) and «a > 0?

We achieve this by proving a randomized version of the classic equivalence
between harmonic Hardy spaces and the weighted Sobolev spaces. As such, let

u be a #(D)-valued Gaussian random variable and for p > 2 we define

Sp(u) 1=J [u(2)P*IVu(z)P(1 -1z d6(z),
D

where O is the normalized Lebesgue measure on D (i.e. ©(D)=1).

Remark 6.17. In the case p = 2, harmonic analysts may recognize S,(u) in

terms of “square functions” i.e. estimates of Littlewood-Paley type of the form

2

dr )1/2

Sy(u) =~ H (JOI (1 rz)Vu(rZ)lz(1 ey

(1)
From the definition of S,,(#) we then prove the following

Theorem 6.18. We have the equivalence

p(p—1)
2

Ellull’,, ~Elu(0) + ESp(u).
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Then considering the case p =2 and noticing that (1 —|z|?) ~ dist(z, T) we

get the following answer to our question.
Corollary 6.19. We have the equivalence

El|lu ||;€2 ~ [E|| u”%vl,Z(]D),(s)'

Comparing with the results in the last chapter, we see that we can obtain
solution in the weighted space W'2(ID, 6¢) at the critical power a = 1 where the
traces theorems break down. Hence, we have solutions where the relationship
with the boundary data is now understood in terms of radial or non-tangential
convergence towards the boundary.

We now quickly recall some known facts that will be useful for working on
D. If f € C?(R?) we can define a function F(r,8) := f(r cos(8), r sin(0)) with
reR, and 0 € [—r, ), then

R CLREL RV C LY. 4
or raoo or> radr r?00?
Let Bg :={z :|z| < R} c C and let v(Re'?) be the outer unit normal to 0 By at
the point Re’?, then

of . . OF
(R 0y _ . R 0y~ ~ . .
5, Be)=(V/v)(ReT)=——(r 0)
By direct computation, it can be shown that log(p/|z|) is harmonic in C\ {0}
if 0 < p < |z|. Identifying F(z) = F(rei?) = F(r,0) for z := rei € C, by the
divergence theorem,
1 1 d (7 ‘
— AF(z)dz=—— | F(re®)d6
2mr 2l<r (2)dz 21 erlﬂ (re”™)

where dz is Lebesgue measure in C. Let © be Lebesgue measure on D such
that ©(ID) = 1. We also have,

f F(z)do(z)— F(0)= f AF(z)log(o/|z|)dO(z).
lzl=g

lzl<g
The following lemma provides a standard result that is heavily used in the

literature (e.g., see Ex. 7, Chap. 1 in [87]).
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Lemma 6.20. Ifu is a positive function in C?(D) and p is a constant, then
Aw”)=pu’ 'Au+p(p—DuP?|Vul.
Moreover, if u is harmonic and strictly positive, then
A(uP)=p(p—1)u’?|Vul®.

Proof. Writing z = x + iy and directly differentiating,

ou)? ou)? 2’u  Jd*u
NN=(p— p—2 - - p-1 =47
A(uP)=(p—-1pu ((8x) +(6‘y) )+pu (8x2+8y2)’

then using the fact that u is harmonic the result follows. |

Posing

1 v 1/p
M,(r,u):= (Ef Iu(reio)l”dH)

the following theorem is standard folklore: it is given as an exercise in the book
by Garnett and Marshall [90]. As a proof could not be found in the literature,

we provide one here.

Theorem 6.21 (Hardy identity on D). If u € (D), then the function r —
Mp(r,u),0<r<1,isofclass C' and
_plp—1)

d -2 2
ar My == u(2)P*Vu(2)’ dz),

|z|<r
where O is a Lebesgue measure such that ©(D) = 1.
Proof. Let £ > 0 and choose a fixed r € (¢,1). Since log(r/|z|) is harmonic in

C\ {0} we can use Green’s theorem on the annulus ®©(¢,r):={z:e<|z|<r} to

obtain

fA(|u|P)longz:J (3V|u|P10gL_|u|pavlogL) do,
© 12| lz|=r |z| |z]
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r r
— o lulPlog— —|ul|?o,lo —) do,,
lee ( 5Te] 8Tel

where o, is the surface measure on the circle of radius r. On the circle {z :
|z| = r} we have that log(r/|z|) =0, J,log(r/|z|)=—1/r,and do, =rdo;. As
elog(l/e)—=0ase—0and u € #(D),

r r
lim o \ulPlog— —|ul|?a,lo —) do.=|u(0)".
gt JH ( 8zl 8zl

So using the identity A|u|? = p(p — 1)|u|P~2|Vu|?> and taking € — 0, we have

1 (" .
pp—1) Iulp_ZIVUIzlogé dz= gJ_ﬂ lu(re’®)|P do —|u(0)P.

lz|l<r

By continuity we see that this identity holds for all r € (0, 1). Without loss of gen-
erality (as we shall see below), assume ©(0) = 0. Now using polar coordinates

on the left-hand side,

1 (" .
—J lu(re’®)” do
2w )

_1 r s ) )
= plp )f sloggf lu(se')P2|Vu(se®)>dods
0

27

-7

-
= plp )f slogz G(s)ds
27 0 s

_plp-1) (J slong(s)ds+J SlOg%G(S)dS)
0

27 0

Now differentiating both sides by r (this justifies #(0) =0 assumed above), we

get

T

d 1 "
- - i0y|p
o _ﬂlu(re WP do

_prlp=1) (lJ G(s)s ds+rG(T)IOg(r)‘HG(T)IOgl)
21 rJo '
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_ ”(p_l)lf G(s)sds
r 0

27
p(p_”ljf lu(se®)P 2 Vu(se®)2s dOds
_PPoU L vu)rdet),
2r |z|<r
where O(D)=1 (i.e. O(dz) = %dsd@). m

Corollary 6.22. For u € (D), we have the identity

My (r,u)=|u(0)” +p(p-1) u(2)P 2V u(z)Plog — dz.

lz|<r | |
Proof of Theorem 6.18. Fix 0 <r < 1, then from the identity A(u?) = p(p —

1u?~2|Vu|?> and Green’s theorem,

A(u?)do

lz|<r

2 1
=T | A@wP)de
p(p—1)2xnr lzl<r

[ulP 2| Vul?de =
J:zl<r p(p_l)

Multiplying both sides by p(p — 1),
-2 2 d i
p(p—1) lu|P~*|\Vul|d® =r— u?fdo
lz|<r dar _r
We now integrate r over the interval [0, 1) on both sides. On the left-hand side

we get through the use of Fubini’s theorem that

1
f p(p—-1) lulP2|lVul*dedr
0 |z|<r
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1
:p(p—l)f J rlulP?|\Vul*drd®
|z|<1 V|z|

_rlp-1)

5 [ulP~?|Vul’(1 - |zI*) de.

lz|<1

and on the right-hand side we get by integration by parts that

1 d bid T 1 s
Jr—f udedr:J ude—ff u?dodr
0 di‘ -7 -7 0 -7
=f u’”d@—J u?do(z)
—T D

Hence, reassembling the left and right hand sides it follows that

7'[

-1
P =) |u|P-2|Vu|2(1—|z|2)de=f

u”d@—J u? do(z)
D

|z]<1 -7

Rearranging then taking expectations both sides, we get

Ellu % =Ef lul”do
D

p(p—1)

> E lulP2|\Vul*(1—|z|*) de.

|z|<1

+

6.8 7-Radonifying embeddings

Let U C R? be abounded domain. In this section we show that the Hardy space
#¢? is Hilbert-Schmidt embedded into the weighted space L?(D,(1 — |z|?)%).
The idea of obtaining such a result comes from Maurin’s theorem (see [75])
which gives conditions for embeddings between Sobolev spaces to be Hilbert-
Schmidt.
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Theorem 6.23 (Maurin). Ifm e NU{0} and k > d /2, then the imbedding
M/Om+k'2(U) s VVOm,Z(U)
is Hilbert-Schmidlt.

Remark 6.24. Taking m =0 and d =1 in Maurin’s theorem, we see why we
can obtain function-valued solutions to the stochastic heat equation on the
interval (0, 1).

Similar to Maurin’s theorem, we have obtained the following result which

also shows why the harmonic Hardy spaces are a nice space to work in.
Theorem 6.25. The imbedding

A* — LD, (1~ |z)))
is y-radonifying for a > 0.

Proof. Given z € D, we define the point evaluation functional IT, : #? — R
defined by I, u := u(z). It follows from Theorem 6.11 that

1+]|z] )2
|u(z)|s(l_|z|) ]l e,

so I1, is continuous. Let (+,-) be the inner product on 2. By the Riesz repre-

sentation theorem, there exists a unique function k, such that
M u=(k;,u)

and it follows that ||kz||2%,2 <(1+|z|)/(1—|z]). In fact, one can show that k, is

the Poisson kernel. If (e,)°, is an orthonormal basis of /£ then

212, —Z|(en,k )P = Z|en(z)|2.

Hence, if a > 0 we have that

N 2 N
B e = lleal,
p L*(D,(1-|2])*)
— OOy
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N
=> f lea(2)P(1—|2])* dz
n=MdJD

i
< | lkelf3,.(0—lz))*dz
JD
1+
< [ g _pzpeas
Jp1-lal
1
1
<[ 0z pear
Jo 11
<00
Hence, we can conclude that the imbedding is y-radonifying. |

In fact, we can get a sharper embedding by applying the same estimates as
Theorem 6.12.

Theorem 6.26. The imbedding
H* — L*(D,(1—z[*)%)
is y-radonifying for a > 0.

Combined with the equivalence shown in the last section, we obtain the

following corollary.
Corollary 6.27. Fora > 0, the embedding
WD, (1 - z]) = LD, (1 - |z]))

is y-radonifying.

6.9 Parabolic case

After the negative result of the last section, one may wonder if existence of a
solution might be obtained using an “heat kernel” approach, in particular, the

characterisation given by Lemma 3.30. In this section, we shall assume:
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o Bey(H, LP(OU))

so that the term ‘Bd W’ may be replaced by d W2 where W2 is an LP(0 U)-
valued Wiener process, in other words, the noise on the boundary is regular.

Let us first consider the half-space case U = R¢ with boundary 0 U =R%~.
By Lemma 3.30, we have for g € L7(0, T; LP(R?~1)), we have

T T 2G
f AS(t)Af(t)dt (x):f f U(t,x,z)f(t,z)dzdt,
0 0 JR4-1 Vs

where Gy, is the Dirichlet heat kernel. In this half-space case, Gy, is obtained by
reflection of the (free) heat kernel G in R? given by G(¢, x) := (47wt)~4/2 exp(—x2/4t),
that is

Gy(t,x,z)=G(t,x—2)—G(t,x —Rz)

where Zz = (z1,22,...,24-1,—24) is the reflection operator. For (x,y) € Rj’_

with x € R4~! and y > 0, we shall write

oGy

P(t,x,y):= e
y

(¢,(x,y),0)

and note that P: R x R4~! x R, — R is given explicitly by

LY (R i) P
P(t,x,y): (47Tt)d/2 p 4t 4 y

0, t <0,

where x € R4~ and y > 0. Here |x| is the Euclidean norm of the vector x :=
(x1,...,X4-1). One should think of P as the parabolic Poisson kernel of the

boundary value problem

@u(t,x,y):Axu(t,x,y)JrﬁyZyu(t,x,y), (t,x,y) R, x R xR,

u(t,x,0)=g(t,x), (t,x)eR; x R,
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To ease notation, let U := R?, U := R, Uy := (0,T] x U and 0Ur :=
(0, T] x dU. It is known that if g € C(J Ur) then this boundary value prob-

lem is uniquely solvable and is given by the parabolic Poisson integral

u(t,x,y)::ff P(t—s,x—z,y)g(s,z)dzds.
aUr

Further, u € C'?(Ur). We denote (Pg)(t,x,y) := u(t,x,y) so that P can be
viewed as the operator

One may now ask when P extends to a bounded operator from LP(J Ur) to
Li(Ur) with 1 < p,q < oo. If such an extension is possible then a possible

solution to (4.2) is given by
u(t,x,y)=(PW?)t,x,y).
In [91], the following parabolic Littlewood-Paley estimate was shown

Theorem 6.28. If1 < p <oo and f € LP(0Ur) then

I f OO ve,prP<t)

This allows us to prove the following

>~ | fllreun)-

LP(9Ur)

Theorem 6.29. P can be extended to P € £(L*(0, T; L?(0 U)), L?(0, T; L*(U))).

Proof.

Considering the integral term on the left-hand side, we have

o0 d o0
f ya,PfRY =J 10,Pflydy,
0 y 0

=ff f 10,PflPydydxdt
LP(@Uy) sur Jo

and taking the case p =2,

I( J OO ve,pre<t)
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T
=f f 0., PflPzadzdt

f NP FIE iy A

as Pf € C?(K) for compact K away from boundary 0 U so V,Pf € L?(K). Writ-
ing 6(z) :=dist(z, 0 U) we have

PfeI*0,T;W"(U,9)),
where W2(U, ) is the weighted Sobolev space and as
WU, 8)~ W"*(U),

it follows that P can be extended to P € £ (L0, T; L2(8 U)), L2(0, T; L*(U))). A






7
Blow-up for White Noise Data

We saw in the last chapter that the space 77 with p > 2 is too small to handle
white-noise data on T. In this chapter we consider a larger space of harmonic
functions that seem to exhibit the correct blow-up near the boundary T to
consider spatial white noise on T. We call this an “inside-out” approach.
Relatively few papers exist on the question of blow-up for a stochastic
partial differential equations. The first results can be found in [92,93] for the

stochastic heat equation on the interval (0,¢) given by
Gu=Au+u'W(t), u(t,00=u(t,0)=0, u(0,")=uy(), (7.1)

where (W(t));> is a cylindrical Wiener process taking values in L?(0,£), y > 1,
and the initial data u, is continuous and positive. In [92] it was shown that the
solution u(t, x) to (7.1) exists for all time if 1 <y <3/2 and in [93] it is shown
that if y > 3/2 then the solution to (7.1) blows-up in finite time with positive

probability. These results were extended in [94, 95] to cover the case

Ju=Au+ go(u)W(t), u(t,0)=u(t,0)=0, u(0,-)=uqy(),

185
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where the nonlinearity ¢ is locally Lipschitz, ¢(0) = 0, and ¢(u) > cu? for
some ¢ > 0 and y > 3/2. The question of blow-up has also been considered for
wave equations in a few papers. In [96], long-time existence for a stochastic
wave equation was studied. More recently in [97], a nonlinear stochastic wave
equation in a domain U c R4 with d < 3 was studied and solutions were shown
to blow-up in the L? norm under appropriate conditions on the initial data
and the nonlinear term.

As the study of blow-up for nonlinear partial differential equations has
been (and still is) a very active area of research, it is somewhat surprising
that such few papers exist on blow-up for stochastic problems. Further, even
though numerous papers study boundary blow-up for deterministic PDEs,
there have been no results on blow-up for PDEs with random noise terms on
the boundary.

In the next section, we give an example of a random harmonic function u

that gives the expected behaviour if u satisfied the Dirichlet problem
Au=0onD, u=&onT,

where £ is a space white noise. In §7.2 we derive growth estimates for the
moments of 7 (ID)-valued Gaussians taken over concentric circles of radius
r < 1. This motivates the definition given in §7.3 of a space of Gaussian random
variables that satisfy
sup [|u/(2)l] 2 (1 — |2[*) < o0, (7.2)
z€D
and in §7.4 we show that the norm of this space is invariant under conformal
transformations. Finally, in §7.5, we derive a law of iterated logarithms for
random variables satisfying (7.2).

7.1 White noise behaviour near the boundary

As before, let (2, 7, P) be a probability space and (y,)%°_, a sequence of standard
Gaussian random variables. This chapter is related to understanding 7 (D)-
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valued Gaussian random variables exhibiting the following behaviour.

Example 7.1. Consider the random function

o0
u(z)zZynz”, z€D.
n=0

As z" is harmonic in D it follows readily that u is a #(D)-valued Gaussian

random variable. Further, as

00 1 T
EHu”iz(qr) :Zz_f ei"fe=m% g9 =oo.
T
-7

n=0

but uy := er\z]:O rn2™ is such that E||uyl|| < 00. We may consider u as a

2
L2(T)
prototypical example of a (DD)-valued Gaussian random variable generated

by a white-noise on T.

7.2 Mean growth of circle moments

Let L2(92) be the Hilbert space of random variables with second moments that
we endow with the norm ||-||2(q) and LP(f2) the Banach space with norm ||-[|z» ()
given by

X2 = (EIXP)'2, 1 X ooy = (EIX|P)P.

Mean growth estimates for harmonic functions on D are well known (for
example, the book by Duren [98]). We now derive an extension of these classic

estimates to the random variable setting. Let

VA
1 .
M,,,q(r,u);:§J lu(re )y, d0
-7

and we write M,(r,u) := M, ,(r,u). In particular, if u is a 7 (D)-valued Gaus-

sian random variable with Eu(z) =0 for z € D then

1 (7 .
My(r,u)= §J Elu(re'®)?deo.
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measures the average variance (i.e. the average second moment) of u over

concentric circles of radius r < 1.

Lemma 7.2. Let u be a #¢(D)-valued Gaussian random variable. Then for
r<l,
.
M, ,(r,u) <||u(0)l| Lo+ J M, q(s,u’)ds. (7.3)
0

and )
r*M, ,(r*,u’) < mMp,q(r, u). (7.4)

Proof. Estimate (7.3) follows by writing for rei? €D

r

u(re’®)y= u(0)+f u'(se’®)ds.

0

Without loss of generality, we assume ©(0) = 0. Then,

.
lu(re’®)lroe < f lu'(se'®)l|yds
0

and an application of the Minkowski integral inequality gives

1 (7 .
Mp,q(r’u)zgf ||u(relg)||€,,(md9
.
< f llu'(re')| iq(mdeds
0 -7

:f My, (s,u’)ds.
0

We shall now prove (7.4). Let P, be the kernel

P.(2) 1—|x[?|z/? z+x
zZ)= =
* 1-2x-z—|xP|z)? z-x

if z € T then P, is the standard Poisson kernel and due to the reproducing

property we have for x = ge’? and p < r <1 that

u(x)zif P.(2)u(z)dz.
27r lel=r



Now notice that for f € (D) we have
if(re“g):f’(reie)remi
a0

so that
ux)=——— P(2)u(z)dz.

We also have for x = pe? that

0 0 (z+pe'
%Px(z)_% (z—geie)

_(z—pe)re®i+(z+pe'®)rei
- Gc—0e™Y

_ i 2%

~iee’ gy

_ 2z

—l.X'm.

Hence, taking ¢ /0 6 under the integral we have for x = pe’? that

u'(x)= LJ Lu(z)dz
lz|=r

r (z—x)?
Writing || - [|4 :== || - || za(«), it now follows that

; 1 (7 llure™)
! ig < - —th
||u(ge )HQ— ﬂ'J‘_ﬂ (ren_gela)z

1 J” lu(re’=+0)|,
- 2 _ 2
m ) r*—2rpcos(s)+p

so integrating both sides and using Minkowski’s integral inequality,

T

1 / ig
Py lu'(oe™)lll do

-7

1 ("(1 (7 i(s+0) P
(T[T e, "
2n ) \m ) r*—2rgcos(s)+p*

189
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1 Jn M, ,(r,u)

~r __r*—2rpcos(s)+o?

2

= rgsz,q(r, u)

As r <1we canset p =r?so that p <r to get

2 1 2
2 / —
M, (r ,u’) < (12 M, (r,u)= a1 2 M, ,(r,u).
Multiplying both sides by r? gives our estimate. |

Let u be a 2 (ID)-valued Gaussian random variable such that Eu(z) =0 for
z €D then considering the special case of g = p = 2, these estimates show that

forr <1,

1 TT TT
r22— Elu'(re’®)?do <

=T

—riae Elu(re'®)?do.
—T

Hence, the average variance of u’ on concentric circles of radius r grows faster
than the average variance of u by a factor of (1 —r2)~!.
This is one of the motivations to look at the space of #(ID)-valued Gaussian

random variables u such that

sup||u’(2)ll 21 —12]*) < co.
zeD

7.3 Bloch random variables
We recall that an analytic function g : D — C is called a Bloch function if
sup 18'(2)I(1 —|2]*) < 0.

Readers interested in this scalar setting may refer to Chapter VII in the book by

Garnett and Marshall [90] for more information and further references.
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We shall now extend this concept by replacing the absolute value in this
definition by the norm || - || ¢() to suit our random variable situation. That is, if

u is a ¢(ID)-valued random variable we define

llullsr ) == supllu’(2)ll @)1 —2]%),
zeD

and, without loss of generality, if u is Gaussian we can simply consider

ll]lss := sup||u'(2)ll 21— |2[*).
z€eD

We denote by ‘B the space of all »#(ID)-valued Gaussian random variables u

such that ||u||g < 0o. We call u €3 a Bloch random variable.

7.4 Conformal invariance

Let . = .7 (R%; C) be the Schwartz space of complex-valued rapidly decreasing
functions on R4 and let .’ be its topological dual: the space of complex
tempered distributions on R4. Every Borel complex measure ¢ on R4, that is a

measure whose variation ||u|| satisfies

——||ull(dx) < o0,
Rerenll

for a certain n € N can be identified with the distribution

(U, o) =f (x)u(dx),
Rd

where ¢ is a test function in .. Define the group of translations (7 ) ez« On &

by the formula
T.0()=px+y), e, x,yeR™

The group (7,) can be extended to . by the relationship

(Talls @) = (U, T_x), @EL.
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We recall that a Wiener process (W(t)),>o taking values in .’ is called spatially
homogeneous if for every r > 0 the law Z[W(t)] of W(t) in %/ in invariant

with respect to the group of translations (7,), that is, for any Borel set B C .7,
LIW(D)I(B):=P[W(r)e Bl=P[W(t)e1_'B] =1, £ [W(1)](B).

Stochastic evolution equation in ./ driven by spatially homogeneous noise of
the form
dX(t)=AX(t)dt+dW(t), X(0)=0, (7.5)

where A is a pseudodifferential operator in ./ and (W(t)),>o is a spatially
homogeneous Wiener process have been considered in a number of papers
(99,100, 101,84, 102] and in the monographs [11,28,33]. A concrete example
of a SPDE that can be considered in the framework of (7.5) is the stochastic

heat equation in R? given by
Siu(t)=Au(t)+W(t), u(0)=0. (7.6)

where (W(t));>o is a cylindrical Wiener process on L?(R?,u), i.e., so that W
models a space-time white noise. Unlike the one-dimensional case, this equa-
tion is known not to have function-valued solutions.

Clearly, the concept of spatially homogeneous noise is not appropriate for
noise on a bounded domain U € R¢ as a translation may take points inside U
to R4\ U. Therefore, one may pose the question: what might be an interesting
replacement for spatially homogeneous noise on a bounded domain?

When (7.6) is considered on some bounded domain U C R? with zero
Dirichlet boundary conditions and (W(t)),> is a cylindrical Wiener process on
L%(U), the same problem occurs: solutions are .’ valued and not L?*(U)-valued.
This situation is particularly interesting as the stationary solution is given by
the Gaussian free field (e.g., see Remark 2.1 in [103]) which has been an object
of intense study over the last years due to its connection to Schramm-Loewner
evolutions (SLE). It is also known that the law of the Gaussian free field (GFF)
on the plane is invariant under a conformal transformation [104]. This suggests
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that an interesting replacement for spatially homogeneous noise for a domain
U C R? is perhaps to consider noise whose law is invariant under conformal
transformations. That is, stochastic evolution equations in the plane R? ~ C of

the form

dX(t)=AX(t)dt+dw(t), X(0)=0,

where (#/(t)):>o is a conformally invariant noise.

In the spirit of this idea, let CSM(ID) be the set of conformal self maps of D
which are given by transformations of the form

zZ+a
T(Z):A,—_,
1+az

with a € D and |A| = 1. These maps form a group under composition. We shall

now show the B-norm of a Gaussian Bloch random variable is invariant under

CSM transformations.

Lemma 7.3. Let u be a 7¢(D)-valued Gaussian random variable such that

l|u||ls < oo, then the norm ||u||ys is invariant under T € CSM(D).

Proof. As

=u'(a)1—|al),
z=0

0 (z+a)
—Uu —
Jdz l+az

it follows that

sup [|(z o TY(0)ll 2 = suplu'(@)ll 2y (1 — |al*)
TeCSM(D) ach

= |lulls,

and ||u o Tl =[] - u
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7.5 Alaw of iterated logarithm

Our second motivation for defining the space of Bloch random variables is the
well-known observation that Bloch functions of the form

n=0
behave like a random series as z — T [90]. This lead to the development by
Makarov of a law of iterated logarithm result that gives a quantitative estimate
of the rate of blow-up near the boundary of D for Bloch functions [105]. Due to
this connection, it seems obvious that one should attempt a similar result for

our Bloch random variables.

If u is a 7 (D)-valued Gaussian random variable we write for p > 0,

n
I(r):= %J lu(re®)?r do.
-
Notice that, as opposed to M,(r,u), the evaluation I,(r) does not contain
a L?(2)-norm hence it is a random variable generated by taking the 2p-th
(spatial) moment of © on a circle of radius r. In the special case of p =1, we
have the relationship
ELL(r)= M,(r,u).

The following estimate will be used to obtain a growth rate for I,,(r).

Lemma 7.4. Forr <1 we have

d 2p@2p—-Dr (© . .
L () = 22E2ZI" f lure® P2V u(re ) do.

Proof. As u € (D) and r < 1, we have by following the proof of Theorem 6.21
that

T

a 1 i0y\12p
T o _nlu(re NP deo
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2pp-11 ("7 : '
:M_JJ lu(se®)?P?|Vu(se’)sdods.
27-[ r 0 -7

The conclusion now follows by multiplying both sides by r and differentiating

with respect to r. |

To extend the results of Makarov to the random variable (i.e. random field)
setting, we need an almost sure pointwise bound of the gradient of the field
u over D. Our next lemma provides such a bound under the assumption that

||u#]ls < 1. We lose no generality by bounding by 1 as we can always scale our
field u.

Lemma 7.5. If||u||s <1 andr <1 then, almost surely,

v 2< .
A

Proof. For z € D we have
P{Vu(rz)|(1—r?)>n} < n?E|lVu(rz)*(1 - r*)?
= n_2||u/(rz)||iZ(Q)(l - r2)2
<n7?ully,.

So by a Borel-Cantelli argument, it holds almost surely that

1
|VL£(TZ)| < m

Squaring both sides and taking the supremum over z € D gives the claim. W

By applying our previous two lemmas, we may now recursively iterate our

definition of I,,(r) to obtain an almost sure growth rate for I,,(r).

Lemma 7.6. For any p >0, if I,(0) = 0 and ||u||z < 1 then we have, almost

surely forr <1,

1 p
I,(r) < p! (log - rz) .
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Proof. By Lemma 7.4 we have
d / _2p@2p—-1D)r i i0y12p—2 02
—(rpn)="1—= e A uCre)f o

then by Lemma 7.5 and our assumption,

2pCp-1r 7 .
<—]9( 4 )rJ lu(re'®)>P2do

T 2n(1-r%)? |
2p(2p—1)
SC{CIIANG

Now notice that [y(r) =1 so our claim holds for p = 0. Considering p =1, we

get
d 2r
— (rr <
dr (r l(r)) - (1 — r2)2
1 4r
S 2(1—r2p?

_1d d 1 1
S 2dr rdr Og1—r2

As 1,(0) =0 by assumption, we integrate both sides with respect to r, cancel r

on both sides, then integrate again, to get

1
< —
L(r)< 2logl_rz.

Now for p =2, we get

L () < —2 1)

dr “(1-r?)7?
or 1 1
= o
(1—r2p 81-r2

<3 O (log—_4p2
Saa-rp 810

sd(d (1Y
C4dr rdr ogl—r2
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1
1-r2

and it follows that I(r) < £ log(

d d 1 1 )”
dar rdr Ogl—r2

_ Apr 1 "2 , 1
_—(1—r2)2 (logl_rz) ((p—l)r +10g1—r2

)?. Now as

we see that for p > 1,

apr l 1 p_1<d d | 1Y’
(1—r2) 12 =ar\Tar %810 '

With a bit of thought the proceeding calculations allow is to guess that at

each iteration we pick up the constant (2p —1)/2 and since HZZI(ZIC —-1)/2=
['(p+1/2)/V/7, we conjecture that

1 p
I,(r)< p! (log - rz) .
Assume that this inequality holds for p — 1, then

da —
() <)

S(2p—1)(p—1)! 4pr (lg 1 )”‘1
2 (1—r2) 1—1r2

Cp-D(p-1)d d 1 Y\
: 2 E(rE (logl—ﬂ) )

< 'i ri lo ! ’
_p'dr dr g1—r2

Now integrating both sides, cancelling r both sides, and integrating again we

get

1 p
I,(r)<p! (log - rz) .

Hence the result holds by induction. |
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Recall that for a function u € (D), the radial maximal function of u is
the function M.q u defined for e?? € T by

(Mraau)(e™):= sup |u(re™)|.
0<r<1

Our next result is an extension of Makarov’s law of iterated logarithm for
Bloch functions to Bloch random variables (i.e. random fields). Instead of
Makarov’s original, we have followed the approach found in [90] which is
attributed to Carleson and Pommerenke.

If u € #(D)NB and E|u(z)[> = oo for almost every point z € T, then the
next result may be understood as an almost sure rate of blow-up for u near the
boundary T.

Theorem 7.7. Ifu €°B satisfiesEu(0)> =0 and ||ul||ls < 1 then we have, almost

surely,
i
lim sup lu(re?) <1,
r-1- \/logﬁlogloglogrlr

for almost every ei® €T.

Proof. We first fix r <1 and write u,(e’?):= u(re'®) and u*(e%) := Myq u,(e')
so that

(u*)(e'®)= sup |u,(ge’®)|= sup lu(ge’).

0<p<1 O<p<r

By our assumptions, it follows that u, € L?(T) almost surely as I,,(r) < co almost
surely. Further, by the Hardy-Littlewood maximal theorem,

T T

1 . 1 .
— | |JuEe)PPdo<— | |u(re’®)**de
27 r 27

-7 -7

1 p
Splll
<o)

1 p
< pl S
Np.(logl_r) .
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Now choose a fixed a > 1. As we can bound
1
T e L L
(1-r)log=
for 0 < r <1, it follows that

1 1 ! 1 !
(108 %7)” (loglog )" 1=7 (1og )" (loglog )"

<f 1 1 1 s
L 1=s (1ogﬁ)p+l (loglogﬁ)a

1
::J Ly(s)ds

lux(ei®)?r
(log 1Tlr) g (loglog ﬁ)
Now the bound on the right-hand side depends 8, p and our choice of a. We

and then

1
N f ul (e Ly(s)ds

shall now derive a bound that holds for almost every 8 € [, 7] in terms of p.

Let us define the sets
1
Q,:=10 :f lut(e'®)L,(s)ds > p*p'}.

By an application of Chebyshev’s inequality and Fubini’s theorem,

p'2 J flu*(ele)lz”L (s)ds

:Wf p(s) flu*(e’g)IZPdBds

1 (! 1)
= %Jr L,(s)p! (log - r) ds
1

1 1
S_zf 1 zds
p*), 1—slog— (loglogl—is)

1Qpl =
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As Z:il |Q,| < oo it follows by the Borel-Cantelli lemma that there exists a p,
such thatif  #( J_ Q, then we can bound

lux(el?)?p
(log ;)" (loglog %)

Multiplying by (loglog(1/(1 — r)))* and using the definition of u* we get

lu(rei?)?r
(log )"

Taking powers of 1/2p both sides,

1 a
< p*p!|logl
< onon )

lu(rei)
(log %)

We now using Stirling’s formula: m! ~ v27wm™+1/2e~m and take p =logloglog ﬁ

1 1 1 2
< (p2)2ﬂ (ph)zr (loglog :) (7.7)

to bound

1 1 1 £ 5
(p*) (pY (10810g:) Sp7y/p

We now divide both sides of (7.7) by ,/p = ,/logloglogli—r and notice that if
lim,_,; then p — o0, so the final result follows by lim,,_ p% =1. |



Outside-in Approach

Although the Bloch random variable approach of Chapter 7 gives us a deeper
understanding of the white noise situation on D and provides us with quantita-
tive estimates of the rate of growth near the boundary, we believe that it would
be even better if we could work from the outside inwards. That is, start from
the definition of the boundary data and work our way inwards to obtain an
estimate. This would provide a sharp connection between the boundary data

and the dynamics on D. In this chapter, we perform this “outside-in” approach.

In §8.1 we construct a spatial white noise on T using a one-dimensional
Brownian motion. Then, in §8.2, we construct a Poisson Wiener integral which
will form the base of our approach. In §8.3 and §8.4 we discuss the conse-
quences of this characterisation and the relationship with tangential deriva-
tives. In §8.5 we recall some special results on the paths of Brownian motion
that we make use of in §8.6 to estimate the rate of blow-up near typical points

and slow points of the Brownian motion on T.

201
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8.1 White noise on T and Brownian motion

Let 7 be a Borel o-algebra of T and let A be the Lebesgue measure on (T, 7)
normalised so that A(T) = 1. We call the white noise w on (T, 7, ) a space
white noise and model it in the following way.

Let (B(t));>o denote a standard Brownian motion with B(0)=0 and (Z,);>0
being its natural filtration. We now shift (B(#));>¢ to obtain a standard Brownian

motion (B(t));>o starting at t = —7 given by
B(t):=B(t +m),
so that B(—mn) =0. We model our space white noise w by the paths of (B(t));>o

by defining for 6,, 8, € [—, ),

B(6,) - B(6,)
V2n

We can now check that w satisfies Definition 2.16. From the properties of

W({em . 01 <0< 92}) =

Brownian motion it is clear that if A; ={e? : 0, <0 < 0,} and A, ={ei? : 0, <

0 < 6;} with 6, < 6, < 05 that w(A,) is a centered Gaussian and

B(6,)— B(el))z _16:- 0]
V2T 27

It follows from the definition of A; and A, that A,NA, =0 and A, UA, ={ei?:

0, < 0 < 65} so thanks to the independent increment property of Brownian

E(W(Al))ZZ]E( = M6, 62)).

motion it follows that w(A;) and w(A,) are independent and

w(A;UAz) = B(05) — B(61)
= B(65) — B(6,)+ B(6,) — B(6)
= w(A)+w(Ay).
Hence, we can conclude that w is a white noise. We recall that by Kolmogorov’s
theorem, every Brownian motion has a version with Holder continuous trajec-

tories for any exponent y < 1/2. We shall henceforth always assume that we

have taken a version such that 8 — B(6) is continuous almost surely.
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We note that it is also possible to define a complex-valued space white

noise by setting
B (t)+1iB(r)

V2

where By, B, are independent real Brownian motions and B becomes a stan-

B(t)=

dard complex Brownian motion scaled so that EB(1)B(1)=1.
Alternatively, we know that (B(6),0 < 8 < 27) can be given explicitly in

terms of an orthonormal basis (k,) of L?(T) by

B(6) ZZTn(l[o,e], hy),
n=1

where (y,)%_, is a Gaussian sequence and (h,,)%_, is an orthonormal basis for
L?(T). Therefore, as h,(z)=z" where n € —ZUZ, we have

0 6
1 ;
B(8)= Z Vngf e '""do.
0

n=—0oo

Intuitively, it should be clear that we have formally (and neglecting con-
stants)
dw(e®)~dB(0)~ B(0)do

so that space white noise on T can be seen pointwise as the time derivative of

a standard Brownian motion that is “wrapped” around the boundary of D.

8.2 Poisson Wiener integral

Using the representation of the space white noise w in terms of a Brownian
motion, we shall now show that the Poisson integral P[w](e?) can be written
in terms of a complex-valued Wiener integral.

As is customary, we start with indicator functions of the form f :=1, where
A=1{ei?:0, <0 < 0,} and define the random variable

I(f) = w(A).
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It should be clear that this definition extends by linearity to all step functions

f:T— C and the following lemma is straight forward.

Lemma8.1. Forallstep functions f : T — C, I(f) isa complex Gaussian random

variable and .

E|I(f)|2=$J fe)Pdo

-7

Proof. By the definition of the space white noise w for f of the form
f=2 ailinoc o
i=1
with 8, = —7 and 8,, = 7w with a; € C, we have
n n 1
1 = a;w 9,',,0,' = a,-—BH,- —B 9,',
(f); (10 )); o= (B(0)~ B(0;-1))

which is a complex-valued Gaussian. By the independent increment and
Gaussianity properties of Brownian motion it follows, by treating the complex

terms carefully, that

1

_n.—.i._.__n i9 =
B = Y @i (0= 0 =5 |\ a0 =1

Let L?(©2) denote the Hilbert space of square-integrable complex-valued
random variables with inner product [X, Y] := EXY. Let f € L%(T) and take
a sequence (f,,)°2, of step functions f, : T — C such that f,, — f in L*(T). It
follows from Lemma 8.1/ that (I(f,,))®°_, is a Cauchy sequence in L(2). We set

1(f):=1lm I(f,), in [X(),

and as it can be shown that this limit is independent of the sequence (f,,)%_,
chosen, the random variable I(f) is well-defined. We denote I(f) by

21
I(f)(w)= (J f(eie)dw(eia)) (w), weQ, almost surely,
0
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and it should also be clear from Lemma 8.1 that we have the alternative repre-
sentation in terms of a Wiener integral

v

_ i0 ioy_ 1 i i0
I(f)=] fle")dw(e )—mf_nf(e )d B(0),

-7
and is a complex-valued Gaussian random variable with mean 0 and variance

1113
In particular, taking f = P, where
1—|x[?

Px(z): |X—Z|2’

xeD,zeT.

is the Poisson kernel gives us the Poisson-Wiener integral:

_ I
Pw[w](x)._LPx(z)dw(z)—mf_npx(e )dB(08), xeD.

It should be noted that since we are only concerned with the case where

f =P, and P, is of bounded variation we can use path-by-path integration,

21
_ b i0
(LPx(z)dw(z)) (w)= mJ; P.(e'”)dB(0,w).

Remark 8.2. A stochastic integral of this form was studied in §5.4.2 of [106] in

connection with Gaussian Analytic functions (GAF) and their zeros.

8.3 Consequences of characterisation

We believe that this characterisation provides some interesting insight into the
dynamics of the harmonic extension of white noise to the disk D. For example,

we recall that

Theorem 8.3. A positive harmonic function is equal to the Poisson integral of

an increasing function.

but we also know that
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Theorem 8.4. Brownian motion has, almost surely, no local points of increase.

Therefore, we can deduce that P[w] is, almost surely, not a positive har-

monic function.

8.4 Tangential derivatives

Let BV(T) denote the set of all functions of bounded variation on T. We recall
(e.g., see Chapter 1 of [98]) that the Poisson-Stieljes integral of a function
v € BV(T) is defined to be

Ps[v](x) ::f P.(z)dv(z). (8.1)
T

Due to the connection between BV(T) and .# (T), a function u € (D) belongs
to ! if and only if u is equal to the Poisson Stieljes integral of a function

v € BV(T). Further, we can rewrite (8.1) as

v(m)—v(—mn)

. d
Bs[v](x)= Tpx(emH‘J P;(Z)V(Z)i,
T

where for x =re’? and z = e’ we have P,(z) = P(rei®-%)) and
—2rsin(0 —t)

P(rel®=1),
1—2rcos(0 —t)+r? ( )

orP .
Plz)= rel(@—t) —
(2)=77( )
Alternatively, we can also write

Y VER) ppgiose) 2 ppy)ret

where P[v] is the (standard) Poisson integral of a function v. This representa-

Pi[v](re’”)

tion is interesting as we can interpret the term
% .
—P[v](re®®
20 [vi(re™)
as a tangential derivative of P[v] at the point rei? € D. Further, for a fixed
we can estimate

iP[v](re“’)

|Ps[v](re™®)| S =3
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asr — 1. Werecall (e.g., see Theorem 1.1 in [98]) that the following three classes

of functions are equivalent:
e Poisson-Stieljes integrals,
o differences of two positive harmonic functions,
o 1,

Further, Theorem 1.2 in [98] shows that if a function v € BV(T) has a finite

derivative at e’ €T, then
lirrllPS[v](reig) =v'(e?).
r—

It is clear that it would be nice to be able to use these concepts and representa-
tions for the Poisson-Wiener integral Py, [w] that we defined in the last section.

We note however the following complications:

e Brownian paths ¢ — B(t) are of unbounded variation (e.g., see Theorem
1.351in [107]) hence Py [v] does not fall into the class of Poisson-Stieljes
integrals,

¢ Almost surely, Brownian motion is nowhere differentiable (e.g., see Theo-

rem 1.30 in [107]) hence naively we would obtain, almost surely, that
linllPW[w](reia) =B'(0)=00
at almost every point e’? € T.

Therefore, at first glance it seems that the representations in this section are

useless for our purpose but we take delight in the following:

e As Py[w] ¢ Ps = ! and #? C 4!, we reconfirm the results of last
chapter that showed we could not obtain a well-defined #2-valued
Gaussian random in the white noise case. In fact, this now shows that
we can not even obtain a #!-valued Gaussian random variable (i.e. by

imbedding s#? into the larger space ') in the white noise case.
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e The limit Py [w](re?) — B’/(0) makes “physical” sense, as white noise is
often heuristically understood by physicists and engineers as the time

derivative of Brownian motion.

We finish this section by stating that, as in the case of the Poisson-Stieljes

integral, due to the nice properties of the Poisson kernel it is valid to write

B(m)— B(—TL’)P
V2r

Pylw](re®)= (rei(0+”))+a%P[B](rem)

where r
ioy._ 1 i0-1)
P[B](re'?): mf_np(re )B(t)dt.

Hence, the term 5
i0
—aHP[B](re )

is a random variable giving the tangential derivative of P[B] at rei’ € D. By
combining this characterisation with some special properties of Brownian
motion we shall obtain, in the coming sections, a sharper upper bound for the

behaviour of Py [w] near the boundary of D.

8.5 Typical and Exceptional points of Brownian
motion
In 1963, Dvoretzky improved this and established

Theorem 8.5 (Dvoretzky). Let(By, t > 0) be a standard Brownian motion. Then

. |Bt+n — Byl
P(llf}fﬁl}p%>co,Vt =1, (8.2)

for a positive constant c,.

The question whether (8.2) holds for all constants was settled by Kahane in
1974. The answer is no. He showed that
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Theorem 8.6 (Kahane). Let(B;,t > 0) be a standard Brownian motion. Then

Biyn—B
P(Ht:limsupw<cl) =1,

foreache >0,

oot hl/Z

for a positive constant ¢, < 00.

Kahane calls those ¢ which satisfy

I | By — Byl
imsup

h—0 \/m

the slow points of (B, > 0). Due the law of iterated logarithm, the slow
points almost surely have Lebesgue measure 0, but Kahane proved that their

Hausdorff dimension a.s. equals 1.

8.6 Blow-up near the boundary

At almost every point on the boundary we have the following upper estimate
of the blow-up.

Theorem 8.7. Almost surely, for almost all re’® € T

loglog1 .
limsup |Py[w](re'?)| S ———
r_)rp| wlw](re'”)| =y

Proof. We take r < 1 and write

Pw[w](re”’): wpr(g + )+ %J P.(6 — t)B(t)%'

-7
So we estimate that the first term is almost surely bounded by some constant
and now proceed to estimate the second term. We set

" d
f0)=| PO-0B0);

-7
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and assume that we have taken a continuous version of ¢t — B(t) (which exists
almost surely). Then as f is harmonic it is twice differentiable and using

Taylor’s theorem, for i > 0 we can estimate
f(O+2h)= f(0)+2hf(0)+2R*f"(0)+O(h*)

so that

0+2h)—f(6
7oy < O ION gy,

As f(0 +2h)— f(0) is harmonic and B(t) is continuous on T almost surely, it
follows that

lim|£(6 +2h)— f(6)] =|B(0 +2h)— B(6)

for all e’ € T. This allows us to estimate
|B(6 +2h)— B(0)|

0) < h|f"(0)|.
1F(0) = T +h|f7(0)l
The law of iterated logarithm for Brownian motion says that, almost surely,
B(h
limsup £ =1.

ot \/2hloglog(1/h)

Setting p(h) = \/Zhloglog(l/h), we have

7o)< 220

Writing M(r, f)=sup, | f(0)| we have
s&( h)

+hlf"(0)].

M(r, f) < ——+hM(r, f"). (8.3)

We now need to estimate M(r, f”) and to relate an increment of @ to an incre-
ment of r.

We notice the following. Let B,(z) of radius p centered at z. If u is continu-
ous on m and harmonic in B,(z), then by the reproducing property for the

Poisson kernel we have for z = rei® and p =(1+r)/2 that

. " - d
u(re’g):f Pg(e—n)u(ge’”)z—g.

-7
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As

2rpsin(t —6)
p?—2rpcos(t—0)+

d

It follows that there exists C > 0 such that

d .
—u(re'?)

sup a0

dn
0 27

d
EP@(H =)

<suplu(ge™)|
n —TT

< Csuplu(ge™)(o®—r*)™
n
<Csuplu(ge|(1-r)"
n
Therefore, setting u = f’ we get
M(r, f) < CA—=r)'M((1+1)/2, f).

and it follows from (8.3) that

¢(2h)

M(r, f) < o

+Ch(1—r)'M((1+71)/2, f)
Setting A(r) = (1 — r)M(r, f') for 0 < r < 1 we get
A< @h)(1 - P)g(@h)+ C26(1 - 1) AL+ 1)/2)
Hence taking i = (1 — r)/(8C) we get
A S 4CH( =)+ LA - 1)/2)

For 0 < p <1, we have

1

1 1
J A(r)dr§4Cf go(l—r)dr#—%f A((1+r)/2)dr
0

e e
then performing a change of variables in the integrals on the right-hand side,

1

1 1-p 1
f A(r)dr§4Cf go(s)ds-l—if A(s)ds.
0

0 (14+p)/2
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Taking the last term on the right-hand side to the left-hand side, we get

I-o

%f A(r)dr§4Cf p(s)ds
0

0

and as g is increasing on (0,1 — o) we estimate

1
%f A(r)dr <4C(1-p)p(1- ).
e

As
M(p, f)1-p)* < ZJIA(r)dr
we get )
M(p, f)1—p) <16C(1—p)p(1—p)
Giving

M(p, f)<16C(1—p) 'p(1-p)
Then taking p =r and f’ = X, we get

1_
M(r,X) < 16C(’0§ - rr).

It is known that Brownian motion has certain exceptional behaviour. We

call z € T an a-slow point if arg z is an a-slow time for B, that is,

. |B(argz + h)— B(argz)|
limsu <a
h—)0+p \/ﬁ

a-slow times exist for a > 1 but not for a < 1.

Theorem 8.8. Ifz €T is an a-slow point then

. 1
limsup [P[B](rz)| <
r—l1- 1 -T
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Proof. Without loss of generality, assume that z =1 is an a-slow point of B.
Then by integration by parts,

T

2nP[B](r)= P.(t)B(t)I", —f P/(t)B(t)dt
. 1—r1r i , d
= (B(m)—B(-m)- | P(0)B(1)dt

-7

As r — 17 the first term goes to zero so we now estimate the second term. As
|P/(¢)| < Cs(1—r) for |¢| > & for every small 6 >0,

limsupJ |P/(t)I|B(t)|dt=0.
|t|>6

r—1-

Therefore, using |t| < ¢(1 — r) for some constant ¢ > 0,

214/ 1—r|P[B](r)| < V1- r\/?Pr’(t)% dt
|t|<é
| B0
scfmsé|(1—r)1>r(t)| el
" B(t)
SZCJlﬂP,-(l’) F dt
<2ca

The result follows taking r — 1-. |






Blow-up in higher dimension

In the previous chapter we saw that in the two-dimensional setting where the
domain is D with boundary T, we can obtain a white noise on T by “wrapping”
a one-dimensional Brownian motion. Once this construction was obtained we
associated rates of blow-up with the local fine properties of Brownian motion.
In this chapter we extend these concepts to higher dimensions whereby the
noise on the boundary is given by a random field and we associate the rate of

blow-up with the local behaviour of the random field.

In §9.1, we consider the operator which takes a sphere or ball average of a
random field and show that it is a y-radonifying operator. In §9.2, we relate the
concept of thick points of Gaussian random fields with the notion of Lebesgue
points. This allows us to define a new type of maximal function that we call
the “maximal thickness function”. In §9.3, apply this definition to derive a rate
of blow-up for the Poisson integral of a random field on the boundary of the

half-space R¢, thus extending the results of Chapter 8 to higher dimension.

215
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9.1 Sphere and ball averaging

We take inspiration from the notation found in [108] but generalize it in a
number of ways. Let U C R4*! be a domain with boundary & U of co-dimension
one. One may think of two canonical cases: either U is a bounded domain
and JU is its smooth boundary or U is the half-space R¢*! and 0 U is the
hyperplane R¢.

Let (f,,) be an orthonormal basis of a real-valued separable Hilbert space H.
The Gaussian field F = F;; on the boundary J U is given formally as a random

linear combination

F=> Yufu 9.1)

where (y,) is an i.i.d. Gaussian sequence. In this paper we often have in mind
the extreme case where H = L2(2 U) so that F is a Gaussian white-noise on d U,
as opposed to [108] where the noise is smoother as H is chosen to be a Sobolev
space. One typically cannot make sense of F as a function unless H is chosen
to be a sufficiently small space to allow an application of a Sobolev embedding
theorem from H to C(JU). As this embedding depends on the dimension d,
obtaining a function-valued version of F becomes harder as the ambient space
dimension d increases. Although F is not a function, one can make sense of F

by average over sufficiently nice Borel sets such as spheres or balls.

9.1.1 In two dimensions

We start with the case where 0U = R? as we can quickly adapt the two-
dimensional definitions and approach to averaging found in [108], [109], and
[104].

Let D(z,r) denote the disk of radius r centered at z € @ U, then one can
make sense of the circle average process

1
F(Z,r):— F(X)O'(d.x,'),
2mr dD(z,r)
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where o(d x) is the length measure. Further, it holds almost surely, that for all
(z,1) )
f ZnsF(z,s)ds=f F(x)dx
0 D(z,r)

where the right-hand side can be taken as the definition of a disk average pro-
cess. It was shown in Proposition 2.1 of [108] that when F is a two-dimensional
continuum Gaussian Free Field (GFF), its circle average process F(z, 1) pos-
sesses a modification F(z, r) where (z,r)— F(z, r) is locally Hélder continuous
of order strictly less than 1/2. This begs the questions: how much regularity
does the circle and disk averaging introduce? and can this process be extended
to higher dimensions? Before attempting to answer these questions one may

draw analogy to some one dimensional results.

9.1.2 Inone dimension

Without loss of generality, as we are interested in local averaging, we can
consider the case that U = (0, T). Or equivalently, identify (0, T) with the
boundary of the unit disk D c C through the identification ¢ «— e’ with
T=2m.

Itis well-known by specialists in stochastic evolution equations and stochas-
tic partial differential equations (see [19], [33], [6] and the references therein)
that weak and mild solutions of equations perturbed by Gaussian white-noise
can be obtained if the deterministic dynamics (i.e. sans noise) maps cylindrical
measures to radon measures. In the Hilbert space literature one searches for
Hilbert-Schmidt operators and in the Banach space literature, y-radonifying
operators. The following operator is important in the theory of Brownian

motion and was proved by Ciesielski (see Exercise 5.5 in [6]).

Theorem 9.1. The operator I : L?>(0, T) — C[0, T] defined by

(ITf)(t):f fls)ds,  fel*0,T),re[0,T],
0
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is y-radonifying.

One can clearly see that I is an averaging operator and thus conjecture
that averaging in higher dimensions is also a radonifying process. Further,
from the fundamental theorem of calculus, one can also conjecture that I

increases the differentiability of f by an order of one.

9.1.3 In d-dimensions

In analogy with our previous discussion, we propose the following d -dimensional

definitions.

Definition 9.2. The sphere average process of radius r centered atz € U is

given by
F(z,r) =f F(r0—2z)o(do)
gd-1

where o is the surface measure on S*~' and the ball average process of radius

r centered at z € d U is given by
G(z,r):f F(x)dx
B(r,z)

where B(z,r) is the ball of radius r centered atz € dU. We write G(r)=G(0, ).

Let us consider the case where the boundary is compact. We can take the
canonical case where d U = Q with Q an d-dimensional cube. Without loss of

generality, we can scale and shift Q and assume Q =[0,1)“.

Theorem 9.3. The operator G : L>(Q) — C(Q x [0, 1]) defined by

(Gf)z,r)= fdx, fel*Q),

B(z,r)

is y-radonifying.

To prove this theorem, we shall make use of the following result mentioned
in [26].
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Theorem 9.4 (Chevet-Carmona). For all T, € y(H,, E,) and T, € y(H,, E,) we

have

L® L ey(H,®H,, E1®, E>),

where Hi®H, denotes the Hilbert space completion of H; ® H, and E,&.E,

denotes the injective tensor product of E; and E,.

We now have the following result that applies this theorem to a situation that

will be useful for the proof of Theorem 9.3.

Lemma 9.5. If Ky, K,..., K, are compact sets in R? and we have operators
T; e y(L*(K;),C(K;)) fori=1,...,n then

N®...0 T, € y(L*(Ky X - x K,,), C(K; X -+ x K,)).

Proof. We first notice that for compact sets K; and K, we have C(K;)®,C(K;) =
C(K; x K>) (see [110, §5.7.2.10]) and that L?(K;)® L3(K,) = L3(K; X K) (see [70,
Section I1.4]). Then the result follows by iterating Theorem 9.4. |

We note that Theorem 9.3 can be proved from scratch by adapting the
concepts found in the proof of Theorem 9.1 (see [26] for a refined proof) to
the multidimensional setting through the construction of a multidimensional
Haar basis. As this becomes quite messy, we propose the following short proof
that uses Theorem 9.1 and Lemma 9.5.

Proof of Theorem 9.3. We first notice that for d =2, we have for h € L([0,1]?)
the tensor decomposition i = h; ® h, with h; € L?([0,1]) for i =1, 2. Then for
any point z =(z1,2,)€[0,1]? and r € [0, 1] we get

(Gh)(z,r):f h(x)dx

B(z,r)

z1+r 22+\/r2Tx§
:f f hi(x1)ha(x2)dx,dx,
zZ1—r Zz—\/rxg
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zZ1+r Z2+\/T‘2Tx§
Zf hl(xl)dxlf ha(x,)dx,

— _ 2_ 42
1—r 2 re—Xx;

Then we notice that for the first integral, we can estimate

zZ1+r zZ1+r zZ1—r1
f hi(x,)dx; f hl(xl)dxl_f hi(x:)dx,
z 0 0

<2sup|(I;h,)(2)|
t

sup
(z1,71)

=sup
(z1,1)

where I, is the indefinite integration operator (in the first coordinate) that was
given in Theorem 9.1. We can estimate the second integral in the same way. It
follows for arbitrary space dimension d that

sup|(Gh)(z, r)| < Cysup (L1 )(2)] -+ sup ((Zaha)(t)l,

(z,1) t
where C; > 0 is a constant dependent on the dimension d. By Theorem 9.1,

I; €y(L?[0,1],C[0,1]) for i =1,...,d. Hence, by Lemma 9.5, we have

G2z, chomdxio ) < H1 @+ & Lnllyr2g), o114

< o0.

Corollary 9.6. If F is a white noise on Q, i.e. given by (9.1) with (f,) € L*(Q),
then the ball average process (z,r) — G(z,r) has a continuous version almost

surely.

9.2 A thickness function

In connection with the study of extremes of the occupation measure of stochas-

tic processes, the concept of a “thick point” is starting to become standard
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terminology. In particular, the following definition in [108] caught our at-
tention: If U C R? is a bounded domain, then a point z is an a-thick point

provided

D(z,
ubzr) _ Ja ©.2)
r—0 tr2logl/r T

where D(z,r) denotes the disk of radius r centered at z € U and u(A) =
fA F(x)dx. In their case, F is a Gaussian Free Field. That is, F = Zn Ynfn
where (f,,) € Vl{)l'z(U).

We find this definition interesting for the following reasons. In our attempt
to derive a “Fatou theorem” for the harmonic random field generated by white-
noise on the boundary it became apparent that we need to obtain a quantitative
estimate on the local behaviour of the stochastic data around a point as is done
in classic harmonic analysis by various “maximal functions”. What needs to be
defined suddenly becomes clear if we quote the first paragraph of Section 1.1
in [111]:

According to the fundamental theorem of Lebesgue, the relation

lrlg(}m o f(x)dx = f(z). 9.3)
holds for almost every z, whenever f is locally integrable function
defined on R%. Here, B(z, r) is the ball of radius r, centered at z,
and | B(z, r)| denotes its Lebesgue measure. In order to study the
limit (9.3) we consider its quantitative analogue, where “lim,_,,” is

replaced by “sup,_,,”; this is the maximal function.

One can now clearly see the analogy between the Lebesgue point of f given
by (9.3) and the two dimensional thick point of F given by (9.2), all that is
now needed is just a careful choice of definition that extends (9.2) to a higher

dimensional and quantitative analogue. We propose the following:

Definition 9.7. For everyz € R%, we call

~ u(B(z, 1)
L&) = Sup S o (1B Gz, T’
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the (maximal) thickness function of the random field F with gauge function
¢ where u(A)= f s F(x)dx measures the signed mass that F associates with the
Borel set A whenever it is defined, | - | is d -dimensional Lebesgue measure, and

B(z,r) is a ball of radius r centered at z.

We now proceed to justify this choice of definition. We have chosen the
term ‘gauge’ function for ¢ to bring connection to the refinement of the notions
of Hausdorff dimension and Hausdorff dimension that are used in the study
of random fractals, see [107]. In regards to (9.2), the choice ¢(r) =logl/r
would be an appropriate example of a gauge. Natural extensions of the classic
Hardy-Littlewood maximal function to capture regularity of the boundary data
have been proposed for when the data is in the space of Lipschitz continuous
functions A,(R%) or the Besov space A;?(R?). One can refer to Chapter V, §4
and §5 of [111] for the definitions of these spaces and to [112] or [113] for some
new maximal function definitions associated with these spaces. After a few

calculations, the choice of scaling | B(z, r)|/¢ seemed appropriate.

Remark 9.8. We recently found a paper by Kolyada [114] where Calderon’s
maximal function definition is abstractly extended and a number Sobolev type

embeddings are proved. A similar scaling to ours is present in his definition.

9.3 Blow-up near points on the boundary

Theorem 9.9. Let F be a random field on 0 U = R? and u(x,t) be its Poisson

integral on U =R4*'. Then almost surely

sup|u(x, ) S (T, F)(x)p(bY 1)/t

t>0

where b, is the volume of the unit ball in R and ¢ is an increasing gauge

function.



223

Proof. Without loss of generality, we take x = 0 and use polar coordinates to
get

M(O,I)ZJ Pt(—y)F(J/)dy:f f P,(re))F(r@)r* "' o(d6)dr,
R4 0 §d-1

where e; =(1,0,...,0) € S9! and o is the surface measure on S?~!. Let G(r) be
the ball average process of F centered at 0, assumed to be continuous almost

surely. Then by integration by parts, for some large enough R >0,
tR ap
f P(=y)F(y)dy =G(tR)P,(t Re;) — G(0)P:(0) —J a—rt(rel)G(r)dr
R4 0

tR
dP,
:—f ——(re))G(r)dr
o Or

as G(0)=0, P,(0) < oo, and P;(t Re;)=0. Setting b, to be the volume of the unit
ball in R? and B(r)= B(0, r), we get that

G(r):f F(x)dx
B(r)
_ IBO)lp(IB()Y)
|B(r)l(|B(r)]V/4)
= (T, F)(0)| B, (I B(r)]"/9)
= (T, F)(0)bari (b r)

u(B(r))

Therefore, using the fact that db,; = fs

o o(do),

tR 00
oP oP
f G(r)a—t(rel)dr S(TwF)(O)f bar®p(bY r)|=—(re))| dr
0 r 0 or

[
f ro(b'r)
JO Sd—l

[ op
yle®Y? |)‘—(— )‘d
dJ/SO a Yy 2y Y Yy

oP
_t(rel)

rlo(d@)dr
or

= (T, F)0)

1
:(TgoF)(O)EJ
R
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1 oP
— (T, F)(0)— + b ‘—t— ‘d.
(T, F) )d Um« fm») lyle(b,/ lyl) ay( y)|dy

Using the kernel bounds
o s, | s,
0 oy

we estimate
1/d P < 1/d —d-1
lyleb, "y a—(—y) dy < tp(b, " lyDt™" " dy
i<t \ i<t
=t f ey lyNdy
lyl<t
t
:tdf e rritdr
0

<d't7Yp(bY ),

by the observation that ¢ is increasing and the change of variable y = r& with

|E|=1and r =|y|sothatdy =d&r¢-'dr. In a similar way,

JP,
f Iylso(b;/”’|y|)’a—f(—y)‘dysj ey Dyl dy
it Y yize

:J p(by r)dr

and the conclusion follows. [ |
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