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Abstract

It is well known that sufficiently smooth, hyperbolic dynamical systems admit
strong statistical descriptions e.g. limit laws such as a central limit theorem or
large deviation principle. Given the existence of these laws one is led to the ques-
tion of their stability: do nearby systems have similar statistical descriptions, and
to what extent can one numerically approximate the statistics of any particular
system? In this thesis such questions are investigated by building on the so-called
functional analytic approach, and in particular the spectral perturbation theory of
Keller and Liverani. For deterministic systems it is shown that the Keller-Liverani
perturbation theory is compatible with the naive Nagaev-Guivarc’h method — the
method used to obtain the aforementioned statistical limit laws — yielding a general
framework for deducing the statistical stability of deterministic dynamical systems
under a variety of perturbations. This theory is then applied to piecewise expanding
maps in one and many dimensions, in addition to Anosov maps on tori. Of particu-
lar note is the development of new, efficient and rigorous numerical methods for the
approximation of the statistical properties of multidimensional piecewise expanding
maps and Anosov maps. In the second part of this thesis this program is begun
again for random systems. Here there is no analogue of the Keller-Liverani pertur-
bation theory, and so an appropriate random version of the theory is developed.
This theory is then applied to smooth random expanding maps on the circle, and
the stability of some basic statistical properties is deduced with respect to fiber-wise

deterministic perturbations and a Fourier-analytic numerical method.
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Introduction

While the presence of uniform hyperbolicity is a well-known driver of chaotic be-
haviour in smooth dynamical systems, it is this same hyperbolicity that leads to
precise statistical characterisations for such systems. For instance, uniform hy-
perbolicity guarantees the existence of physically meaningful invariant measures
[19, [74], 93] 98], and, under additional hypotheses, stronger properties such as ex-
ponentially decaying correlations for smooth observables [60, [77] or statistical limit
laws such as a Central Limit Theorem (CLT) or Large Deviation Principle (LDP)
[85], 88, [92]. The research in this thesis is concerned with questions of the stabil-
ity of such statistical properties. Here ‘stability’ is to be understood in quite a
general sense, for a number of practically important questions can be recast as sta-
bility problems. To name a critical few: When (and how) does a system’s statistics
change continuously with the system itself? Are the statistics of an isolated system
robust to the presence of small amounts of external random noise? Do the statis-
tical properties of sufficiently granular numerical discretisations approximate those
of the original system? This last question, on the potential for numerical approxi-
mation of the statistics of a given system, will be a common thread throughout this

thesis and has motivated much of the research contained herein.

One of the most effective techniques for attacking these kinds of problems is the
functional analytic approach (see, for a modern overview, any of [10, 11} 45 [78] [79]).
This approach builds on the observation that many of the statistical properties of
sufficiently smooth, uniformly hyperbolic dynamical systems are accessible via the
spectral properties of the associated Perron-Frobenius operator, provided that one
considers the operator on a Banach space that is appropriately matched to the
dynamics. In particular, one wishes to find a Banach space that is small enough
so that the Perron-Frobenius operator is quasi-compact, but rich enough so that
one may study the statistics of as many observables as possible. Many relevant

perturbations manifest naturally as perturbations to the Perron-Frobenius operator,



and so the question of stability of statistical properties then becomes one of spectral
stability. Unfortunately, very few perturbations continuously perturb the Perron-
Frobenius operator in the operator norm, effectively ruling out the application of
classical operator perturbation theory{'| (as in Kato [65]). The spectral perturbation
theory of Keller and Liverani [68, [71] (and, later, Gouézel [54]) was developed to
address this problem, and the theory consequently forms the technical backbone of

this thesis.

We start in by focusing on deterministic (i.e. non-random) uniformly
hyperbolic maps and on the stability of the variance of the CLT and the rate func-
tion of the LDP for such systems. The stability of the variance has been previously
studied in a number of specific cases: stability to deterministic perturbations was
proven for Anosov maps and flows [54} 24], Lorenz flows [8] and Lasota-Yorke maps
[70], while various rigorous numerical methods have been developed for estimating
the variance of one-dimensional expanding maps [7, 63, [106]. The stability and
estimation of the rate function has received much less attention: a positive result
is noted in [24] for deterministic perturbations to Anosov flows, and some partial
results exist for numerical approximations of one-dimensional expanding systems
[102]. In the functional analytic approach the CLT and LDP (and a host of oth-
ers: |5, 22] 511, (52| [58], 80) 89, 92| [36]) are often obtained via the Nagaev-Guivarc’h
method [82] [56] 58] 53], in which one aims to code the moment or cumulant gener-
ating functions of a sequence of Birkhoff sums in terms of an analytically twisted
Perron-Frobenius operator. As a result of this coding one obtains various limit laws,
the parameters of which are determined by the spectral data of the twisted Perron-
Frobenius operators, including the variance of the CLT and the rate function of the
LDP. The first main contribution of this thesis is to show that the perturbation
theory of Keller and Liverani is compatible with the Nagaev-Guivarc’h method,

resulting in a general, abstract stability theorem for the variance and rate function

(Theorem [2.2.1).
Throughout the remainder of [Part I we reap the rewards of Theorem [2.2.1 for

a cohort of systems and perturbations. In Chapter 3| we examine a classical exam-
ple: one-dimensional Lasota-Yorke maps. For these maps we consider the Perron-
Frobenius operator on the space of functions of bounded variation, and examine
stability to stochastic and deterministic perturbations [68], in addition to numeri-

cal approximations via Ulam’s method [50, [75]. While these systems are well studied

! Analytic systems are a notable exception; for a recent example of stability theory for analytic
maps see [13].



[20], [74] and the stability of the variance has been proven here by other methods
[7, [70], our results on the stability of the rate function are new. We also take
the opportunity in this relatively simple setting to illustrate with a case study on
Ulam’s method how one might use our theory to adapt existing numerical methods
to approximate the variance and rate function. In Chapter 4 we apply our theory
to the class of multidimensional piecewise expanding maps considered by Saussol
in [94]. For these maps we show that stochastic perturbations and Ulam’s method
verify the conditions of Keller-Liverani stability theory when the Perron-Frobenius
operator acts on quasi-Holder functions, and so we obtain stability of various statis-
tical parameters to these perturbations. Despite there being some earlier results on
the numerical approximation of the absolutely continuous invariant measure asso-
ciated to similar maps via Ulam’s method [32] 81], our results are the first to show
that the rate function and variance may also be approximated. Lastly, in Chap-
ter [b| we turn to Anosov diffeomorphisms on tori and construct two new, efficient,
Fourier-analytic numerical methods for approximating the statistical properties of
Anosov maps that are compatible with Keller-Liverani perturbation theory and
the anisotropic Banach spaces of Gouézel and Liverani [54]. The computational
experiments that conclude Chapter [5| constitute the first rigorous computations of
the variance and rate function for any Anosov maps, although we note the ex-
istence of other numerical methods for estimating the statistical data of Anosov
maps [37, [31] [14], [100].

In we shift to considering random dynamical systems (RDSs) and their
quenched statistical properties i.e. properties that are exhibited by almost every
realisation of the system. The functional analytic approach, as formulated for de-
terministic systems, does not generalise to the random setting and, in particular, it
does not suffice to consider the spectral data of a single Perron-Frobenius operator to
access the system’s statistical properties. Rather, one is lead to consider a random
cocycle of Perron-Frobenius operators and apply tools from multiplicative ergodic
theory to obtain a Oseledets splitting for the cocycle [43] 47 [48]. Tt is this Oseledets
splitting, and its associated Lyapunov exponents, that encodes the quenched sta-
tistical behaviour of the system. This approach, which was pioneered in [42] [43] by
extending the techniques of [103], has developed into a rapidly expanding literature:
quenched statistical limit laws may be obtained under a random Nagaev-Guivarc’h
method [33] 34], and some results on the stability (and linear response) for random

equivariant measures exist [12| [35] 39} 83} [96 [97].



However, the question of stability of the Oseledets splittings and Lyapunov
exponents for Perron-Frobenius cocycles has only been considered on a few prior
occasions and is yet of high practical importance, having applications to the de-
tection and characterisation of oceanic and atmospheric flows (see 46, Section 6]
for an overview, and e.g. [44] [41] 40] for applications). Stability for these objects
to ‘asymptotically small random perturbations’ of cocycles satisfying certain hyper-
bolicity conditions was proven in [16], but unfortunately this result only has limited
applicability to Perron-Frobenius operator cocycles. Secondly, in [49] the stability,
and lack thereof, of Lyapunov exponents was studied for the Perron-Frobenius op-
erator cocycle associated to a RDS consisting of expanding Blaschke products when
subjected to a variety of perturbations. This last setting is quite special, since the
dynamics are all analytic and each Perron-Frobenius operator is compact. In par-
ticular, the perturbations considered are small in the operator norm, which is a
substantial simplification, and so the techniques used for this result are unlikely to

generalise to non-analytic maps.

Hence, as it stands, there is no analogue of the Keller-Liverani perturbation
theory for the stability of Oseledets splittings and Lyapunov exponents that is well-
adapted to random Perron-Frobenius cocycles. As such, the goal of [Part IT is to
propose, develop and apply an appropriate generalisation of the Keller-Liverani per-
turbation theory for the random case. In Chapter|7|a Keller-Liverani-esque stability
theorem (Theorem is proved for hyperbolic splittings associated to certain
linear automorphisms over vector bundles. Then, in Chapter [§ Theorem [7.1.7 is
applied to deduce the stability of Oseledets splittings and Lyapunov exponents for
cocycles with hyperbolic Oseledets splittings. Chapter [9] contains an application to
the stability of the quenched statistical properties of random C* expanding maps
on the circle: we deduce stability under perturbations arising from a Fejér kernel

numerical method and to fiber-wise deterministic perturbations.

A notable difference between our approach in and the existing statistical
stability literature [71], (54} 39, 96, (97, [35] is the usage of Saks spaces, which, among
other things, allows us to weaken the hypotheses of Keller-Liverani stability results
in the deterministic case (see Remark [8.1.12)). The theory of Saks spaces unifies
many of the concepts from the functional analytic approach such as the relationship
between weak and strong norms, Lasota-Yorke inequalities, and the ‘triple norm’
of Keller-Liverani perturbation theory. We posit that by studying these spaces one

may better understand the potential for, and limitations of, the functional analytic



approach. For example, using Saks space theory one can precisely characterise

the set of norms |-| on a Banach space (X, |-||) such that the closed unit |-|-

ball is |-|-compact (see Theorems [6.2.22] and [6.2.23]), which has applications to the

construction of anisotropic Banach spaces adapted to hyperbolic dynamical systems.

A note on the originality of content in this thesis: the research contained herein
has appeared previously in a number of journal articles. contains the publi-
cations [28, 29], which have been lightly edited for coherency. @ is wholly the
article [27], which has also been lightly edited.
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Deterministic Systems



Chapter 1

Spectral stability for twisted quasi-compact

operators

The goal of this chapter is to prove some abstract spectral stability results for ana-
lytic families of quasi-compact operators with respect to the kinds of perturbations
considered by Keller and Liverani [71]. In Section we discuss previous results
on the stability of the spectrum of individual quasi-compact operators and then
in Section we state our main results for this chapter (Theorem @ a spec-
tral stability theorem for ‘analytically twisted’ families of quasi-compact operators.
Lastly, in Section we prove a useful technical result on the robustness of the
hypotheses for the main result in Section to operator norm perturbations.

1.1 Spectral stability of quasi-compact operators

The aim of this section is to review the spectral stability theory for quasi-compact
operators from [71], but first we recall some basic facts about quasi-compact oper-
ators. Let (F,|-]]) be a complex Banach space, and denote by L(E) the Banach
space of bounded linear operators on E, and by ||-|| the operator norm on L(E).
For A € L(E) we denote the spectrum of A by o(A), and recall that the essential

spectrum of A is
Oess(A) = {w € 0(A) : w is not an eigenvalue of A of finite algebraic multiplicity}.

Denote the spectral radius and essential spectral radius of A by p(A) and pess(A),
respectively. We say that A is quasi-compact if pess(A) < p(A). If A is quasi-

compact and o(A) N {w : |w| = p(A)} consists of a single simple eigenvalue A then



we call A a simple quasi-compact operator and say that A is the leading eigenvalue
of A. In this case A has decomposition [65, I11.6.4-5]

A=+ N, (1.1)

where II is the rank-one eigenprojection corresponding to A\, N € L(FE) is such that
p(N) < p(A), and NII = IIN = 0. We call the quasi-compact decomposition
of A. Let |-| be a norm on E such that the closed, unit ball in (E, ||-||) is |-|-pre-
compact. After possibly scaling |-|, we may assume that |-| < [|-||. Define the norm
lI-ll' on L(E) by

llAll = sup [Af].

Ifll=
It is classical that if A is a simple quasi-compact operator and || A’ — A|| is sufficiently
small for some A" € L(F) then A’ is also a simple quasi-compact operator with
leading eigenvalue close to A (see e.g. [65, IV.3.5]). However, this condition of
closeness in ||-|| is seldom satisfied in applications to dynamical systems. In [71] it
was showed that if A" is close to A in the weaker topology of |||-|||, both operators
obey a Lasota-Yorke inequality, and growth restrictions are placed on the (various)
operator norms of iterates of A and A’, then one can recover appropriately modified
versions of the spectral stability results from operator norm based perturbation
theory. We now detail the requirements for these results, referring to [71] for exact

statements.

Definition 1.1.1. We say that a family of operators {A.}e>o C L(E) satisfies the
Keller-Liverani (KL) condition if each of the following conditions is verified:

(KL1) There exists a monotone upper-semicontinuous function 7 : [0,00) — [0, 00)
such that ||Ac — Aol| < 7(€) and 7(€) > 0 whenever € > 0, and 7(¢) — 0 as
e — 0.

(KL2) There exists Cy, K1 > 0 such that |A?| < C1 K} for every € > 0 and n € N.

(KL3) There exists Cy, C3, K5 > 0 and a € (0, 1) such that

[AfII < Coa™ [ f]] + C5 K5 | ] (1.2)

for everye >0, f € E and n € N.
Remark 1.1.2. The inequality (1.2) is known as a Lasota-Yorke inequality after

[74], and provides a wealth of information about the spectral data of any operator

that may satisfy it. In particular, the Ionescu-Tulcea-Marinescu Theorem [62] (also



known as Hennion’s Theorem after a later strengthening by Hennion [57]), asserts
that if the closed, unit ball in (F, ||-||) is |-|-pre-compact, and if A € L(E) satisfies
((KL2)| and |(KL3)|then pess(A) < . This result provides a commonly-trodden path

to proving the quasi-compactness of any particular operator: if, in addition, one

can show that p(A) > «, then A is quasi-compact.

The following result summarises the conclusions of [71].
Theorem 1.1.3 ([71]). Let {A}e>0 C L(E) satisfy [(KL), where Ay is a simple
quasi-compact operator with decomposition Ay = Aolly + Ny and o < |Xg|. For
sufficiently small 6 > 0 and each r such that max{a, p(Ng)} < r < |Xo| there
exists €5, > 0 such that A. is a simple quasi-compact operator with decomposition
A, = A1l + N, whenever € € [0, ¢€5,). Furthermore, for each € € [0, ¢€5,) the spectral
data of A, satisfies A\ € B(\o, ) and p(N,) < r, in addition to the following Holder

estimate: there exists C' such that for all € sufficiently small one has

max {[Ac — Aof , [[Tle = Tol, [ Ne — Nolll} < C7(e)",

L In(r/a)
where n-.= In(max{K1,K2}/c) "

Remark 1.1.4. If rates of convergence are not required in Theorem [1.1.3 then it
suffices to prove that [|Ac — Apl| — O instead of constructing the function 7 in

(KL1)l After possibly passing to a sub-family {A¢}ecjo,) for some € > 0, the two

conditions are equivalent. We will use this fact frequently without further comment.

1.2 Spectral stability of twisted quasi-compact operators

In the setting of the previous section, rather than just considering a single, simple
quasi-compact operator one sometimes considers an analytic, operator-valued mapE
A:U — L(FE), where U C C is an open neighbourhood of 0 and A(0) is a simple
quasi-compact operator. This is the case, for instance, when trying to prove the
stability of statistical laws for dynamical systems, which is the topic of Chapter
and motivates the work of the present chapter. When one considers such an analytic,
operator-valued map, classical analytic perturbation theory for linear operators [65]
posits the existence of a 6 > 0 such that A(z) is a simple quasi-compact operator
for each z € Ds = {w € C : |w| < §}. Moreover, the quasi-compact decomposition
of A(z) depends analytically on z i.e. there are analytic maps A : Ds — C, II :
Ds — L(F), and N : Ds — L(F) such that A(z) has quasi-compact decomposition

'Recall that an operator-valued map P : U — L(E) is analytic if U is an open subset of C and
P is locally representable by a ||-||-convergent power series.



A(z) = M2)II(2) + N(2). In this section we consider the question of spectral
stability of such analytic, operator-valued maps under conditions similar to |(KL)

and when the analytic families are induced by a ‘twist’:

Definition 1.2.1. If M : U — L(FE) is analytic on an open neighbourhood U C C of
0 and M (0) is the identity, then we call M a twist. If A € L(FE) then the operators
A(z) := AM(z) are said to be twisted by M. We say that M is compactly |-|-
bounded if for every compact V- C U there exists Cpry > 0 such that

sup [M(2)] < Cary
zeV

Our main result asserts that one can ‘uniformly extend’ the application of The-
orem [1.1.3 to a family of operators satisfying |(KL)| to the corresponding twisted
family of operators in some neighbourhood of 0, provided the twist is compatible

with |-|. We use the superscript (n) to denote the nth derivative.

Theorem 1.2.2. Let {A.}c>0 satisfy where Aqy is a simple quasi-compact
operator with leading eigenvalue \g satisfying o < |Xo|, and let M : U — C be a
compactly |-|-bounded twist. Then there exists 6 > 0 such that for every compact
V' C Dy there exists ey > 0 and, for each € € [0,¢ey), analytic function Ae @
V—-C, I :V — L(E), and N, : V — L(E) such that A.(z) is a simple quasi-
compact operator with decomposition A(z) = A (z)Il(2) + Ne(z) whenever z €
V. Additionally, the derivatives of all orders of the spectral data of A.(z) satisfy
the following uniform Hélder estimate: there exists n(V'), and, for each n € N, a

constant O,, such that for all z € V and sufficiently small € one has

AP (2) = AP (0)] ( ‘HE")(z) —11™(0)
[0 = N

Y

max < Op7(e)"™).

Let us describe the strategy for proving Theorem [1.2.2. Firstly, using the fact
that {A.}e>0 satisfies we show that there exists ) > 0 such that {A.(2)}e>0
satisfies uniformly in z on compact subsets of D,. In our setting standard
arguments [92] [82] [65], (58] imply that Ay(z) is a simple quasi-compact operator on
some Dy, where we may also assume that 6 € (0,7). Using a technical lemma
concerning the boundedness of the resolvents of Ay(z) on every compact V' C Dy,

we then apply the theory of [71] to obtain a uniform version of Theorem [1.1.3 for

2Recall that a map is said to be analytic on an arbitrary compact subset V of C if it may be
extended to an analytic map on some larger open subset of C.
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the family of operators {A.(z)}e>0 whenever z € V. Theorem [1.2.2 immediately

follows.

Lemma 1.2.3. Suppose {A.}c>o satisfies M : U — L(E) is a twist and
V C U is compact. Let Ty : [0,00) — [0,00) be defined by

zeV

) = (sup IM] ) o)

Then Ty is an upper-semicontinuous function, and holds for {Ac(z)}eso for

every z € V with Ty in place of T.

Proof. Note that 7y is finite as V' is compact and M is continuous on V. For
each ¢ > 0 and z € V the definition of ||| implies that [|Ac(z) — Ao(2)|| <

IlAc — Aoll| || M (2)]|, and so using [(KL1)| we find that
sup [14.(2) = Ao(2)]] < [l 4. — Aol (sup ||M<z>||) < (o),
zeV zeV

as required. O

Lemma 1.2.4. If {A.}e>o satisfies|(KL), M : U — L(E) is a compactly |-|-bounded
twist, and V' C U s compact, then there exists Kiy > 0 such that for every e > 0
and n € N we have

sup [Ad(=)"] < K7y
zeV

In particular, holds for {Ac(z)}eso for every z € V.

Proof. As M is compactly |-]-bounded there exists Cy > 0 such that |[M(z)| <
Cu,y for every x € V. Set K1y = C1K,Cyy. Then for each z € V, n € N and

€ > 0 we have
[Ac(2)"] < A" [M(2)]" < (C1EKL)"Chyy = KTy

]

Lemma 1.2.5. Under the hypotheses of Theorem |1.2.2 for every 5 € («, 1) there
exists Y(B) > 0 and Cy3,Cs5, Kog > 0 such that Dygy € U (the domain of the
twist M ) and

[Ac(z)"fIl < CopB" [|f1] + Cs,5K35 | f]

Jor every z € Dy, f € E, n € N and e > 0.
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Proof. Fix m sufficiently large so that 2C5a™ < ™. Using @KLB} for { Ac}e>o yields

[AcC)™ I < [AZFIT =+ [|A()™ = AZIA

(1.3)
< (278" + [ A(2)™ = AZI) I+ Cs K™ | £
By telescoping and applying |(KL3) again we obtain
m—1
1A)™ = AP < YA M (2) = MO A2
k=0
- (1.4)
<M (2) = M(0)]| Y (Coa + C5E)™ [|M(2)[" .
k=0

Since the right side of ((1.4)) is continuous in z and vanishes at z = 0, there exists
() > 0 such that

sup sup [|Ae(2)™ — A7 < 271"
2€Dy(g) €20

Applying this to ([1.3)), for each € > 0 and z € Dyg) we have
[AC)™ fll < BT fI] + Cs K™ | f].

We can use Lemmall.2.4 to iterate this inequality, obtaining|(KL3) for {A4.(2)™}e0
for each 2z € Dy ) with coefficients uniform in z. Standard arguments imply that
also holds for {A.(2)}eo for each z € Dy s with suitable modified, but
still uniform in z, coefficients After possibly shrinking () we may assume that
Dy € U, which finishes the proof. m

Lemmas [1.2.3, [1.2.4 and [1.2.5 verify that, under the hypotheses of Theorem
[1.2.2, the families of operators {A.(z)}eso satisfy uniformly in z on every
sufficiently small compact neighbourhood of the origin. The next result, which is
a standard application of analytic perturbation theory for linear operators [92, [82]
65, 58], provides a description of the spectrum of Ay(z) for z close to 0. We provide

an outline of the proof in our setting.

Lemma 1.2.6. Assume the hypotheses of Theorem |1.2.2 and let B € (a,|\o|).
There exists 0() € (0,4(8)) and maps Xo : Dggy — C, Iy : Dygy — L(E) and
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No : Dggy = L(E) such that for each z € Dy the operator Ag(z) has quasi-
compact decomposition Ag(z) = No(2)lg(2) + No(z) and

max{,@, sup p(No(z))} < inf |Ao(2)].
2€Dg(p) 2€Dg(p)

Proof. As z — Ag(z) is analytic and Ay is quasi-compact with decomposition
Ay = Molly + Ny, it is standard that there exists 6(5) > 0, and analytic maps
Ao+ Doy = C, Iy : Dygy — L(E) and Ny : Dggy — L(E) such that Ay(z) is
a simple quasi-compact operator with decomposition Ag(z) = Ag(2)IIy(2) + No(2)
for each z € Dy(gy. By possibly shrinking 6(3) we may assume that 6(3) < ¢(3).
Since z — Ag(z) is analytic and 8 < |Ag(0)[, after shrinking 6(5) we may guar-
antee that 8 < inf.ep,, [Mo(2)|. Furthermore, as the spectral radius is upper-

semicontinuous as a function of the operator [65, IV.3.1], we may further shrink
6(5) so that SUD.e Dy s, p(No(2)) < inf.ep,, [Mo(2)]- O

A close examination of the proof of Theorem [1.1.3 reveals that in order to
apply the theory in [71] ‘uniformly’, and thereby obtain Theorem [1.2.2, one needs a
uniform bound for the norms of the resolvents of the twisted operators Agy(z). For

this we need some notation: for A € L(E), 6 > 0 and r > pess(A) define
Vsr(A) ={w e C: |w| <ror dist(w,o(A)) < d}.
Noting that o(A) C V;,.(A), let
Jsr(A) =sup {||(w—A)7"| 1w e C\ Vs, (A)}.

Lemma 1.2.7. Assume the hypotheses of Theorem |1.2.2. Let € (a,|Xo|) and
recall 0(3) from Lemma |1.2.6. For every compact V- C Dy, § > 0 and r >

SUD.e Dy s, p(No(2)) we have

sup Js,(Ap(2)) < o0.
zeV

Proof. For every z € Dy and w € C\ o (Ap(2)) let R(w, 2) = (w—Ao(2))~! denote
the resolvent of Ap(z) at w. Fix z € V. Recall from Lemma [1.2.6 that Ay(z) is a
simple quasi-compact operator with decomposition Ag(z) = Ag(2)Iy(2) + No(z). As
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Ao(z) is an isolated simple eigenvalue of Ay(z), the partial-fraction decomposition
of the resolvent [65] I11-(6.32)] yields

R(w, 2) = (w— Ao(2)) HI(2) + S(w, 2), (1.5)
where for each w € {A\(2)} U (C\ 0(Ap(2))) the operator

S(w, z) := lim R(w',2)(Id —IIy(z2))

w'—w

is the reduced resolvent of Ay(z) with respect to Ag(2) at w [65], I11-(6.30), I1I-(6.31)].
We have

sup [|R(w, 2)l| <0 sup [Mo(2)[[ +  sup S, 2)[l.  (1.6)
wEC\V; (Ao (2)) zeV wEC\V; (Ao (2))

Since z + Ily(z) is analytic on V, which is compact, we have sup, . [|IIo(2)| < oo.
Hence, to complete the proof it suffices to bound sup,cc\v;, (40(2)) [|9(w; 2) || uni-
formly in z € V. As noted immediately after [65, III-(6.25)], when restricted
to the image of Id —IIy(z) the operator S(w,z) coincides with the resolvent of
Ap(z)(Id =IIp(2)) = No(z) at w. Since S(w,z) vanishes on the image of Ily(2),
this implies that S(w,z) = (w — No(2)) 1 (Id —IIy(2)). Asr > SUD..e Dy s p(No(z)),
for w € C\ D, the standard Neumann serieg’] for the resolvent [65] I-(5.10)] yields

= (Z w_k_lNO(Z)k> (Id _HO(Z)) (17)

By the spectral radius formula, the upper-semicontinuity of the spectral radius and
the continuity of z — Ny(z), we have that for any fixed s € (SUPzeDW) p(No(2)),r
there exists H > 0 such that for every n € N and z € V we have | Ny(2)"|| < Hs™.
Using we therefore have

sup |IS(w,2)|[| < sup ||S(w,2)||
weC\Vs,, (Ao () weC\B(0,r)
—k—1
sup w No( Id —TIg(2
o (oot -

<% (Z (') (spa-ncon).

3While the formula in [65 1-(5.10)] is only given for the finite-dimensional case, it also holds
in the current setting by the same arguments.
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which is finite as z — Id —Ily(2) is analytic on V and s < r. The proof is completed
by recalling (1.6 and the definition of Js,(Ag(z)). O

The proof of Theorem [1.2.2. Fix B € (a, |Ao|), recall §(3) from Lemma [1.2.6, and
let V' C Dy(s) be compact. Out of necessity, we construct Ac(z),II(z) and Nc(z) for
z in a larger compact set whose interior contains V. As V is compact there exists
some v € (0,60(53)) such that V C D,. By Lemmas [1.2.3, [1.2.4 and [1.2.5, for each
z € D., the family of operators {A.(2)} >0 satisfies with data

T’ya01,7702,77C3,77K1,77K2,7 and B7 (18)

uniform in z over D.,.

By Lemma |1.2.6 there exists r > max{/3, sup.cp,, p(No(2))} and § > 0 such
that r + 0 <inf, 5= [Ao(2)]. It follows that

{M(2)} ={w € a(Ap(2)) : |w— Xo(2)]| <}

for every z € D,. Hence, by [71, Theorem 1 and the inequality (10)] for each z € D,
there exists €5, > 0 such that for € € [0,¢5,..) and w € C, with |w — A\(2)| = 6,

the operator (w — A.(2))~! is bounded and so the spectral projection

1
I (2) = — (w—A(2) ' dw (1.9)
27 Jyw—ro(2))=s
is a well-defined element of L(E). From the definitions of ¢y and €; in the proof
of [71, Corollary 1], and the definition |71, (13)] we see that €5, , may be chosen

independently of z € D, as |(KL)|is satisfied for each {A4.(2)}0 with data (L.8)
independent of z € E and as

sup Js,(Ao(2)) < o0, (1.10)
zEDiry
which is a consequence of Lemma [1.2.7. The same argument applied to [71, part
(3) of Corollary 1] implies that there exists ey € (0,€5,,.) and 6, > 0 such that
if § € (0,6,) then rank(Il.(z)) = rank(Ilo(z)) = 1 for every € € [0,ey) and 2z €
D,. Since rank(IT(2)) = 1, each A.(2) has a simple eigenvalue A.(z) such that
|Ae(2) — Ao(2)| < 6. By [71, (10)] we have o(A(2)) C {w € C : Jw— X(2)] <
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dor |w| < r}. Since {w € d(A(2)) : |w—Ao(2)] < 6} = {A(2)}, it follows that
0(Ac(2)) \ {A(2)} € D, Hence,

Id —II.(2) = % /| _ (w— A(2)) ™ dw. (1.11)

Defining N.(z) = A.(2)(Id —II.(z)), for every z € D, and ¢ € [0, €y) we therefore
have that A.(z) is a simple quasi-compact operator with decomposition A.(z) =
Ae(2)e(2) + Ne(2).

We will now show that for each € € [0, €y) the maps z — A\(z), z — Il (2), and
z — N(z) are analytic on D.. As the contour in the integral in is fixed,
it is well-known that z +— Id —II.(2) is analytic on D, [65, VIII.1.3 Theorem 1.7].
Hence z — Il.(z) is analytic on D,. The map z — N(z) is analytic on D, as
z — A(z) is analytic and by the definition of N.(z). That z — A.(z) is analytic on
D, follows from A(z) having algebraic multiplicity 1 and by the discussion in [65]
I1.1.8]. Hence z — A(z), 2z +— II.(z) and z — N,(z) are analytic on V' as they may

be extended to analytic maps on an open subset of C that contains V', namely D.,.

We now confirm that the required Holder estimate holds for the various spectral

data using|(KL)|for {A.(2)}c>0 and with uniform data as in (1.9). By [71, Corollary
1], there exists Hs,. > 0 such that ||[I.(z) — Hy(2)|| < Hs,..7v(e)"") for every
¢ € [0,ey) and z € D, where

In(r/p)
In(max{ K1, Ks4}/5)

nV) =

Recalling the bound and that is independent of z € D_7, we conclude
from the proof of [71], Corollary 1] that Hj,. ., can be chosen independently of z € E
Moreover, by Lemma @ we have 7y (€) = sup,cp- [[M(2)[| 7(¢). Hence, if we set
Oy = Hs» SUp,cp 1M (2)]|™) then for all € € [0, €ey) we have

sup [[TLe(z) — (=) < Or(e)"™. (1.12)

2€D~

By definition we have

(Mo(2) = Ac(2)o(2) = (Ac(2) — Ae(2))(Ile(2) — To(2)) + (Ao(2) — Ae(2))1o(2),
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and so

[A0(2) = Ac(2) ITo (2)I| <(IAe(2)] + [Ac(2)ITLe(2) — To(2)]]

(1.13)
+ [ Ao(2) — Ac(2)ll Mo (2)]] -

For every € € [0,ey) and 2z € D, we have |A.(2)] < K; ., and |\ (2)] < |Ao(0)] + 6.
Provided that ~ is sufficiently small, which we may guarantee by shrinking 6(3), by
the analyticity of 2 — Ilo(z) we have that sup, 5 [|Ilo(2)[| < oo and that

nf [[To()lll = ITo(0)] = sup [[To(z) — Io(0)]] > 0.

2€D~

By the estimates in the previous two sentences, Lemma [1.2.3 and ((1.12) it follows

that for every z € D, and € € [0, ) we have

AL AGH e L
(P i) = I+ ) - A

o (12 + 5+ M0N0 + sup.cpy [To(2) (V)
inf, 5 [[[TIo(2) |l

= O)7(e)"V) < o0,

Mo (2)]]

which, when applied to (1.13)), yields

sup [Ao(2) — Ae(2)| < OUr(e)"™).
zEDiy
Examining the proof of [71, Corollary 2| and using the same arguments as before,

we similarly find a constant Of such that

sup || Ne(2) — No(2)| < Og'7(e)"".

2€D~

Since V' C D_A,, the required uniform Holder estimate for the undifferentiated spec-
tral data holds on V' with Oy = max{Oj, Of,0}'} (i.e. we obtain the conclusion
of Theorem @ in the case where n = 0). For every compact subset of D., one
derives a uniform Holder estimate for the nth derivative of z — A(2), z — I1(2)
and z — N.(z) by a standard application of Cauchy’s integral formula along the
contour dD,,. In particular, we obtain the required uniform Holder estimate on V/,
which concludes the proof of Theorem [1.2.2. O
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1.3 On the robustness of (KL)

In this section we discuss a result on the robustness of the condition to per-
turbations that are simultaneously small in the operator norms ||-|| and |-|. This
result will be useful in Chapter |5 where we will use it to reduce the proof of
for some classes of perturbations into a number of more manageable cases. The
flow of the proof is similar to that of Lemmas|1.2.3,[1.2.4 and [1.2.5.

Proposition 1.3.1. Suppose that {A.}eso satisfies and {Be}eco,e) © L(E)
satisfies By = 0, limc o [|Bel| = 0 and sup.¢o,) |Be] < oo. Then there exists

€2 € (0,€1) s0 that {Ac + Bc}ecjo,e) satisfies .

Proof. We prove [(KL1), (KL2) and [(KL3) separately.

(KL1) As ||Be|| — 0, there exists € > 0 so that supcp ) [|Be|| < 00. As {Ac}exo
satisfies (KL1), {Be}ecjo,) is bounded in L(E), ||Bc|| — 0, and

[ Ae + Be = Aoll] < [[[Ac = Aol + [ Bel,

it is clear that [(KL1) is satisfied.

(KL2) As {A }eso satisfies [(KL2) and sup.cjo ) | Be| < 0o, we have

sup |[Ac+ B < C1K + sup |B| < oc.
e€[0,e1) e€[0,e1)

The required bound follows by iterating this inequality.

(KL3) By expanding (A, + B.)", applying a counting argument, and using |(KL3)|

for {Ac}e>0 we have

n—1

" N n! e
1(Ae + B)" fIl < [[AZFl +Zm LA™ Bl 1171
h=0 (1.14)

n—1

< Coa™ | fll + CaK3 |1+ 27 Y AN BN A1
k=0

Let 8 € (a, 1) and choose n € N so that Cja" < ™. As holds for {A.}e>o, it
follows that {A.}e>o is bounded in L(E). Hence, as || Be|| — 0, there exists €’ > 0
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so that for every € € [0, €”) we have

n—1

Cra + 2 A B <

k=0

By applying (|1.3.1) to (1.14) for all € € [0, €”) we have

I(Ae + B)"fIl < B" [ FIl + Cs K5 [ f1 (1.15)

Using for {Ac + Bc}ecppe,) one may iterate (1.15) to obtain for all € € [0, €”)
and k € Z" that

[(Ac + BO™ f|| < B™ || f|| + CuEC3¥ | £], (1.16)

where Cy, K3 > 0 are independent of k and €. Since sup.¢(g ) [|Ac + Be| is finite

one easily obtains |(KL3)| from ((1.16]). O
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Chapter 2

Stability of statistical laws

In this chapter we consider the stability of parameters of statistical limit laws for
sequences of weakly-dependent random variables when said laws are obtained via
the naive Nagaev-Guivarc’h spectral method. In Section|2.1|we review the details of
the method, and recall how it may be used to obtain a central limit theorem (CLT)
or large deviation principle (LDP). In Section we state and prove our main
result for this chapter (Theorem , which is a stability result for the variance
of a CLT and the rate function of a LDP when these limit laws were obtained
via the Nagaev-Guivarc’h method in a setting compatible with the perturbation
theory developed in Chapter [I} Lastly, in Section we also provide a explicit,
computationally-tractable formula for the variance of a CLT that holds under the
same hypotheses as Theorem [2.2.1, which will be used to estimate the variance of

a CLT for dynamical systems in later chapters.

2.1 Review of the Nagaev-Guivarc’h method

The naive Nagaev-Guivarc’h spectral method is an approach to obtaining statis-
tical limit laws for weakly-dependent sequences of random variables when the de-
pendence structure of these random variables is ‘coded’ by an analytic family of
simple quasi-compact operators. Importantly, the parameters of the resulting limit
laws are often completely determined by the behaviour of the leading eigenvalue of
the aforementioned analytic family of operators, which will allow us to use spectral

stability theory to prove the stability of these parameters.

In this section we recall how a CLT and LDP may be obtained via the naive

Nagaev-Guivarc’h method. These results only constitute a small component of a
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large, developing literature. We refer the interested reader to [53] for a compre-
hensive overview of the application of the method to dynamical systems, and to
[58, 92, [56] [82] for historical context on the method’s development.

In what follows let {Y}}ren is a sequence of real-valued random variables with
partial sums S,, = ZZ;& Y}, satisfying lim,, o E(S,)/n = 0.
Theorem 2.1.1 (Central limit theorem [53, Theorem 2.4]). If there exist a Banach

space E, operator-valued map A : I — L(FE), where I is a real open neighbourhood
of 0, and ¢ € E, v € E* such that:

1. A(0) is a simple quasi-compact operator with p(A(0)) = 1.
2. The mapping t — A(t) is C* as a map into (L(E), ||-]|).
3. E(e™) = v(A(t)"¢) for allm € N and t € I.

Then {Y hren satisfies a CLT: there exists 0® > 0 such that S, /\/n converges in
distribution to a N(0,02) random variable as n — oo.
Theorem 2.1.2 (Large deviation principle [36, Remark 2.3]). If there ezist a Ba-

nach space E, operator-valued map A : I — L(FE), where I is a real open neigh-
bourhood of 0, and ( € E, v € E* such that:

1. A(0) is a simple quasi-compact operator with p(A(0)) = 1.

2. The mapping t — A(t) is C' as a map into (L(E), ||-||) and t — In p(A(t)) is
strictly convex in some neighbourhood of 0.

3. E(e) = v(A@#)"C) for alln € N and t € I.

Then {Yy}ren satisfies a LDP: there exists a non-negative, continuous and convex
rate function r : J — R, where J is an open neighbourhood of 0, such that for every

e € JN(0,00) we have

1
lim — InProb(S,, > ne) = —r(e).

n—oo N

Remark 2.1.3. As stated, Theorem [2.1.2 differs slightly to the result in [36) Remark
2.3], however a straightforward modification of the arguments from [36] readily
yields Theorem [2.1.2. In particular, see Lemma [2.1.5.

Both the CLT and LDP are parameterised, and under the settings of Theorems

2.1.1 and [2.1.2 these parameters are determined by the spectral data of A(t) as

follows. As t +— A(t) is C* (k = 1,2) and A(0) is a simple quasi-compact operator,
by [53, Proposition 2.3] there exists § > 0 and C* maps \ : (—6,0) — C, II :
(—0,0) — L(E), and N : (—6,0) — L(F) such that A(¢) is a simple quasi-compact
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with decomposition A(t) = A(¢)I1(t)+ N(t) for t € (—6,0). In this case the variance
of the CLT is
o = X\?(0). (2.1)

After possibly shrinking 6 one may show that A(z) > 0 and v(II(2)¢) # 0 for all
z € (—0,0) (see Lemma[2.1.5), in which case the rate function of the LDP is

r(s) = sup (st —InA(t)). (2.2)

te(—0,0)
Moreover, due to the strict convexity and continuous differentiability of ¢ — In A(%)
on (—0,60), and the application of the local Gartner-Ellis Theorem [58 Lemma
XIII.2] used to obtain Theorem [2.1.2, we have that the domain of the rate function

s N(=0) X(0)
(5o 5a) 2

In Theorem [2.1.1 the characteristic function of S,, is encoded by v(A(t)"() whilst
in Theorem [2.1.2 it is the moment-generating function of S,, that is encoded. These
settings are frequently unified by the following condition, which implies both The-

orem [2.1.1 and [2.1.2 and is frequently verified by applications of the naive Nagaev-

Guivarc’h method to dynamical systems.

Definition 2.1.4. Suppose that {Yi}ren is a sequence of real random wvariables
on a common probability space (2, m) with partial sums S, = ZZ;(I) Y. satisfying
lim, 00 E(S,)/n = 0. We say that {Yy }ren satisfies (NG) if there exists a Banach
space (E,||]), ¢ € E, v € E*, and an analytic operator-valued map A : U
L(E), where U C C is an open neighbourhood of 0, such that A(0) is a simple
quasi-compact operator, p(A(0)) = 1, t — p(A(t)) is strictly convex in some real
neighbourhood of 0, and

E(e*) = v(A(2)"¢) (2.4)

for every z € U and n € N. When {Y;}ren satisfies (NG) as in the previous

sentence we shall say it has coding (A, (,v).

We finish this section by substantiating the claims about the choice of 8 in the
definition of the rate function in (2.2]).

Lemma 2.1.5. Under the hypotheses of Theorem |2.1.2, if 0 is sufficiently small
then X\(z) > 0 and v(I1(2)C) # 0 for z € (—6,0).
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Proof. We start by proving that v(I1(0){) = 1. By (2.4) and the quasi-compact

decomposition of A(0) we have
1= A0)"v(II(0)¢) + v(N(2)"C).-

Hence, as [A(0)] = p(A(0)) = 1, we have

Since p(N(0)) < 1 by taking n to infinity we see that lim, ., A(0)™" exists and is
equal to v(II(0)¢). Since |A(0)| = 1 it follows that v(II(0)¢) = A(0) = 1. Since
z — TI(z) is C! on a neighbourhood of 0 it follows that by shrinking 6 we may
guarantee that v(I1(0)¢) # 0 for z € (—0,0).

We will now show that A(z) > 0 for z € (—6,0). Let S' denote the circle,
which may be identified with (—7, 7], and let Arg : C — S' denote the principal
argument. For z € (—0,6) and n € Z* we have by and the quasi-compact
decomposition of A(z) that

0 = Arg (E(e**"))
= Arg (A\(2)"v (I1(2)¢ + A(2) (2)C)) (2.5)
=nAm09D+A¥OﬂK@) Az) " (N(2)"0)) -

Since v(I1(2)(¢) # 0 and p(N(2)) < A(2) for z € (—0,0), if we divide by n and
then let n — oo we find that Arg(A(z)) = 0. Since A(z) # 0 for z € (—0,60) we

therefore obtain the required claim. O

2.2 A stability result for statistical laws obtained via the

Nagaev-Guivarc’h method

The main result for this chapter is the following.

Theorem 2.2.1. Let {Y} }ren be a sequence of real random variables satisfyz'ng
with coding (A, (,v). Suppose that |-| is a second norm on E so that the closed, unit
ball in (E, ||-||) is |-|-pre-compact and that there exists a compactly |-|-bounded twist
M : U — L(FE) such that A(z) = A(0)M(2) for every z € U. If {Ac}e>0 satisfies
where Ag = A(0), then there exists 0,¢ > 0 and, for every e € [0,€'), analytic
maps \e : Dy — C, Il : Dy — L(FE) and N, : Dy — L(F) such that A(z) is a
simple quasi-compact operator with decomposition A.(z) = A(2)1c(2) + N(2) for
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every € € [0,€) and z € Dy. Moreover, we have stability of the parameters of the
CLT and LDP for {Y;}ren in the following sense:

1. The variance is stable: lim._ AP (0) = 0%

2. The rate function is stable: for each sufficiently small compact subset U of

the domain of the rate function r there ezists an interval V- C (—0,0) so that

lim 31615(82 —In[A(2)[) = r(s)

uniformly on U.

We split the proof of Theorem [2.2.1 into two parts. First we prove the easier
claims regarding the spectral properties of A.(z) and the stability of the variance.
The stability of the rate function requires some more work, and so we must prepare

a few lemmas before attempting the remainder of the proof.

Part 1 of the proof of Theorem [2.2.1. By Theorem |1.2.2 there exists ,¢ > 0 and,
for each € € [0,€), maps z — A(z),z — Il(2) and z — N(z) as required by
Theorem [2.2.1. Moreover, by Theorem [2.2.1 we have

lim A2 (0) = AP (0) = 02,

e—0

which is the claimed stability of the variance. O

We now turn to the proof of stability of the rate function, for which we shall
assume that 6 is small enough so that the conclusions of Lemma [2.1.5 hold. We
begin with the definition of the convex conjugation (also known as the Legendre-

Fenchel transform).

Definition 2.2.2. The convex conjugate of a function f : I — R, where I C R s
an interval, is the function f*: R — R defined by

1 (y) = sup (zy = f(x)).
fAS
It is clear that the rate function r of the LDP is exactly the convex conjugate
of z +— InAo(2) restricted to (2.3). Naively, one might define approximate rate
functions by taking the convex conjugate of z — In |A.(z)[; this approach is some-
what messy since the resulting approximations have substantially different asymp-

totic behaviour. However, this obstruction is ultimately not too large and only
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some diligent bookkeeping is required to prove the claimed convergence. Specif-
ically, for each closed interval V' C (—6,60) and € € [0,€') let Acy : V — R be
defined by Ay (z) = In|A(z)|. We notice from the proof of Theorem [1.2.2 that
inf.c(—g,0).ccf0.) [Ae(2)] > 0 and so A}y, is well defined.

Lemma 2.2.3. For every closed interval V C (—6,0) we have

lim sup |A* — A =0.
J yeg‘ e,v(y) o,v(y)|

Proof. For every € € [0, €') we have

1Ry (2) = Ay (2)] < ( sup )|A5(2)|1> [Ac(2) = Ao(2)] := ne(2)-

2€V,e€[0,¢

Let y € R. Since V is compact and z — zy — Agy(z) is continuous on V' there

exists z, € V such that Ajy (y) = 2,y — Ao,v(2,). Hence,

{Ae,V(zy) — (2yy — AS,V(Q))’ = |A67V(Zy) - AO,V(ZyN < 776(%)7

and so by the definition of convex conjugation one has

AS,V(?J) < ne(zy) + 25y — Aev(2y) < me(zy) + A:,V(y)-

The same argument yields the same bound with A7y, and Ag - swapped. Thus

sup [Ag v (y) — ALy ()] < supne(z). (2.6)
yeR zeV
By Theorem [1.2.2 we have inf.cyecio.ey [Ae(2)] > 0 and Ac(2) — Ao(2) uniformly on
V as € — 0. We therefore obtain the required claim by taking the limit as e — 0 in

£9). =

While Lemma @ confirms that A} and Ag; are close, it is not enough to
conclude that Agy and r are close. To clarify this relationship we will use the fact
that z — In(Ag(2)) is convex on (—0,0), which is the content of the next lemma.
While the strict convexity of z +— Inp(Ap(z)) (recall that p(Ao(2)) = Ao(z) for
z € (—6,0)) in a real neighbourhood of 0 was a requirement of [NG), the proof
fo this next lemma reveals that it is only the strictness of the convexity that is

non-trivial, and that the restriction of z — In p(Ay(z)) to R is convex whenever the
coding relationship (2.4) holds.
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Lemma 2.2.4. The map z — In \o(z) is convex on (—0,6).

Proof. For z € (—6,0) we have by (2.4)), the quasi-compact decomposition of Ay(z)
and the fact that v(II(2)¢) # 0 that

1 1
lim —InE(e”") = lim = In |[E(e*")|

n—oo N n—oo M,

= lim In \o(2) + % In (|v (TII(2)¢ 4+ Xo(2) " No(2)"¢)|) (2.7)

n—o0

= In A\o(2).

It is a standard result from probability theory that the moment-generating function
of a real-random variable is log-convex. Since the limit of log-convex functions is

also log-convex, the required claim then follows from ([2.7)). O
We may now finish the proof of Theorem [2.2.1.

Part 2 of the proof of Theorem[2.2.1. Let Ay : (—6,0) — R be defined by Ay(z) =

In Ag(2), and note that r = A} on the interval

AG((=0,0)) = (AH(—0), Ay (0)) = ()/\\/((—_09)) AA((:g))) '

Since A} is continuous on (—#,0) for any compact U C A{((—0,6)) there exists a
closed interval V' C (—#6,6) such that U C Aj(V). By the definition of the convex

conjugate we have

Aoy (y) = sup (yz — Ao(2)). (2.8)

2€V

As a consequence of Lemma @, for each y € R the function z — yz — Ag v (2) is
concave on (—0,60). By differentiating, we therefore see that if y € Aj(V') then the
supremum in ((2.8)) is attained by some z satisfying Aj(z) = y. Hence, for y € Ay(V)
we have

A5y (y) = y(AG)~ (y) — Mo(AD) (1))

The same argument shows that the same formula holds for r on Aj(V'), and so the
r = Agy on Ag(V). Since Aj is monotonic and continuous we have that Aj(V) is a

closed interval, and so by Lemma [2.2.3 we have

lm A2y (y) = Ag v (y)

e—0
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uniformly on Ay(V). Since r = Af, on AY(V) and U C Ay(V) we obtain the

required claim. O

2.3 An explicit formula for the variance

In Chapters 3] 4 and [5| we will apply Theorem [2.2.1 in the case where A, is a numer-
ical approximation of A, which will provide a rigorous method for approximating
o? (with )\EQ)(O)). Rather than computing a second derivative numerically, in these
settings we are able to obtain an explicit, computationally-tractable expression for
)\9)(0) in terms of the (undifferentiated) spectral data of A.(0). The key extra
hypothesis that we require is that the twist has a particular form: there exists
G € L(E) such that M(z) = €*“ for every z sufficiently close to 0.

Proposition 2.3.1. Assume the hypotheses of Theorem|[2.2.1 and that there exists
G € L(E) such that M(z) = e*¢ for all sufficiently small z. Let § denote the
constant produced by Theorem [2.2.1. If for any z € Dy and sufficiently small € > 0
we choose v, € E and ¢, , € E* so that I1.(2)f = @c.(f)Ve.z, therﬂ

AP (2) = A(2)pe.o (GPoe,)

(2.9)
+ 220 (2)9e s (G(Ae(2) = Ac(2)) T Ac(2)(Id —T1e(2)) G (ve. ).

Proof. Differentiating the identity (A.(z) — Ac(2))I(2z) = 0 once with respect to z
yields
A (I (2) = AD(DTT(2) — (Ae(2) — Ac(2))TW (2), (2.10)

while differentiating a second time yields

AP (2)e(2) =AP (2)I1e(2) = 2(AV (2) = AL ()T (2)
— (Ac(2) = AP (2).

€

(2.11)

As II(2)(Ae(2) — Ac(z)) = 0, by applying II.(z) on the left of (2.10) we obtain
AN ()IL(2) = TL(2) AD ()11 (2). (2.12)
Similarly,

AP ()1e(2) = Me(2) AP (2)1e(2) = 2L (2) A (2) = AD ()P (). (2.13)

€ €

We note that while A\(z) — A.(z) is not invertible on F it is invertible on the image of
Id —II.(z), which is an invariant subspace under A.(z), and so (2.9)) is well defined. The details
are clear from the proof and the citations therein.
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As A.(2) is an isolated simple eigenvalue, by [65] 11-(2.14)] we havd?]
MY (2) = e(2) AWM (2)Se(2) + Se(2) AL (2)1L(2), (2.14)

where S.(z2) = (A\(2) — Ac(2)) "1 (Id —1I.(2)). Note that I1.(2)S.(2) = Sc(2)[I(z) =
0. Applying (2.14) to (2.13), we find that

)\£2)(Z)H€(Z) =Il(2)A 2

Applying TI.(z) on the right then yields

AP (2)ILe(2) = Me(2) AP (2)L(2) + 2L (2) AN (2) Sc(2) AV (2)Le(2).  (2.15)

€

Recall that the A.(z) = A.M(z), where M(z) = *“. For each n € N we therefore
have
A (2) = AM™(2) = ALM(2)G" = A (2)G™. (2.16)

As T1.(2)(f) = @e-(f)vez, the v, and @, , are eigenvectors of A.(z) and A.(z)*,
respectively, for the eigenvalue A.(z). Moreover, as Il.(z) is a projection, we have
©e 1l (2) = ¢, and I (2)v., = v.,. Using , and then applying ¢, , on the
left and v, , on the right to , we obtain

AD(2) = Acl2) (9e:(GPve) + 202 (GA(2) — Ac(2)) 71 (1d ~T1e(2)) Ac(2) G (ve,2)) ) -

We obtain the required statement upon noting that Id —II.(z) and A.(z) commute.
[l

Remark 2.3.2. The expression provides an alternative approach for proving
the stability of the variance, which has been exploited previously (e.g. in [54]): each
of the terms on the right side of may be approximated using Theorem @
In contrast, our proof for the stability of the rate function requires uniform control
of A\(z) for z in a real neighbourhood of 0, for which the theory developed in [71]

is insufficient and so a result such as Theorem [1.2.2 is required.

2We note that the sign discrepancy between [65 11-(2.14)] and (2.14) is due to an additional
factor of —1 in the definition of the resolvent in [65].
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We will use a slightly different formula to approximate /\EQ)(O) in Chapters ,
and In these chapters we start with a compact, C*, Riemannian manifold
M, possibly with boundary, a Banach space (E, ||-||) such that C*(M,C) — E —
C>(M, C)*, and consider Marko numerical perturbations A,. Since A, is a Markov
operator we may take ¢ to be the map f — [ f dm, which implies that [v.odm =
1. Moreover, 1 € o(A,) since @, is an eigenvector of A, for the eigenvalue 1. Since
A, is a simple quasi-compact operator for sufficiently small €, Theorem [I.1.3 implies
that A.(0) = 1 for all sufficiently small e. Evaluating with z = 0 then yields

A2 (0) = / G0+ 2G(Id —A) ' A (1d —T1) G dm, (2.17)

which is the approximation used in the computation of the variance. We note that
when ¢ = 0 the expression ([2.17)) is equal to the expression for )\(()2)(0) from [58]

Corollary III1.11], which also contains an alternative derivation.

3That is A, preserves the ||-||-completion of the positive cone in C>°(M,C) and integrals with
respect to the Riemannian measure m on M.
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Chapter 3

Application to piecewise expanding interval maps

In this chapter we demonstrate the utility of the theory developed in Chapters
and [2[ through an application to a classical example: piecewise expanding interval
maps. For such maps we obtain stability of the variance and rate function under
standard classes of perturbations, including perturbations arising from the Ulam
numerical scheme [75]; the specifics details are contained in Section [3.1] In Section
we focus on the application of Ulam’s method, which we then use to compute
rigorous approximations of the variance and rate function, respectively. While
the computation of the rate function is, to the best of our knowledge, new, there
are existing methods for approximating the variance for one-dimensional expanding
maps. We argue in Section [3.2.1 that our method applies to a large class of irregular

examples, and is the more efficient than existing methods with equivalent scope.

3.1 Lasota-Yorke maps and functions of bounded variation

The aim of this section is to describe how the naive Nagaev-Guivarc’h method
and Theorem [2.2.1 apply to piecewise expanding interval maps. This literature
concerning this setting is substantial and so rather than give a full account of the
subject we will frequently direct the reader to various references for further details

(of particular note are [20, [10]).
Definition 3.1.1. We call T : [0,1] — [0,1] a Lasota-Yorke map if there is a

sequence 0 = ag < a; < --- < a, =1 and v > 1 such that for each i =1,...,r we

have

1. T is C* on (a;_1,a;) with a C' extension to [a;_1,a;);

2. ’T"( >, and

a’i—laai)

5. |, "BV

ai—luai)
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Let Leb denote Lebesgue measure on [0, 1]. If 7": [0, 1] — [0, 1] is a Lasota-Yorke
map then we define the Perron-Frobenius operator £ associated to T via duality:
for every f € L'(Leb), h € L>°(Leb) we set

/E(f)-hdLeb:/f-(hoT)dLeb. (3.1)

Rather than considering the action of £ on L'(Leb) for our purposes it is more pro-
ductive to consider it as an operator on the space of complex-valued functions of
bounded variation on [0, 1], denoted BV. The following result, which is a paraphras-
ing of the results proved in |20} Section 7.2] together with [20, Theorem 8.2.2], makes
this claim precise. Recall that BV is a complex Banach algebra when equipped with
the norm |||y = Var() + ||/ ;1 (ren): and that an absolutely continuous invariant

probability measure (ACIP) is a T-invariant measure v such that v < Leb.
Proposition 3.1.2. IfT is a Lasota- Yorke map then L is a bounded, quasi-compact

operator on BV with spectral radius 1 and 1 is an eigenvalue of L. Moreover, if T
18 topologically mizing then L is a simple quasi-compact operator on BV and T has

a unique ACIP 1 such that ﬁ% 1s the unique fized point of L in BV.

For real-valued g € BV one may consider the sequence of random variables
{g o T*}2°, on the probability space ([0, 1], Leb). We can deduce a CLT and LDP
for such sequences by verifying and then applying Theorems [2.1.1 and [2.1.2;

the details of the former claim are contained in the following proposition, which

summarises the content of [20, Section 8.5]. But first we note that if g € BV
then the map M, : C — L(BV), defined by M,(2)(f) = e*f, is well-defined by
virtue of BV being a Banach algebra. Moreover, it is clear that z — M,(2) is
analytic and that My(0) = Id, and so M is a twist (as per Definition [1.2.1). Recall
that g € L?(p) is said to be a L?(u)-coboundary with respect to T if there exists
¢ € L*(u) such that g=¢ — ¢ o T.

Proposition 3.1.3. Suppose that T : [0,1] — [0, 1] is a topologically mizing Lasota-
Yorke map with unique ACIP p and that g € BV is real-valued, satisfies [gdp =0
and is not a L*(u)-coboundary with respect to T. Let ¢ : BV — C denote the map
f — [fdLeb and for z € C let L(z) be defined by L(z)f = (L o My(2))(f) =
L(e*f). Then z — L(z) is analytic (in the operator norm on L(BV)) and {g o
TRy ., when considered on the probability space ([0,1],Leb), satisfies with

n—1

coding (z — L(z), ¢, diﬁ). In particular, if S, := Y 1_, goT* then for every z € C
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we have
dp

Erep (€7°7) = / L(z)" < dLeb) dLeb .

With g as in Proposition [3.1.3 one therefore has a CLT and LDP for {goT*}%°
on the probability space ([0, 1], Leb) per Theorems[2.1.1 and [2.1.2. Hence we obtain

a variance 03 > (0 and rate function r, associated to the CLT and LDP, respectively.
Since g is not a L?*(u)-coboundary with respect to T' one may deduce that 03 > 0
(see e.g. the proof of [79, Lemma 2.5.]). To prove the stability of these parameters
we aim to apply Theorem @, for which we require the verification of and
that the map z — L(z) is induced by a twist. The latter condition is obvious
given the definition of z — £(z), and so it remains to verify Helly’s selection
theorem states that the closed unit ball in BV is ||-|| ;1 ¢, -Pre-compact, and so we
may take ||-|[;1 (g, to be the weak norm ||. Since £ is Markov one obtains [(KL2)
(for this particular operator) and by standard arguments, as in [20, Section 5.2],
one obtains a Lasota-Yorke inequality (i.e. for £ too. Thus we obtain the
stability of the 02 and 7,4 as a corollary to Theorem @ and Proposition @

Theorem 3.1.4. Let T : [0,1] — [0, 1] be a topologically mizing Lasota-Yorke map,
p be T'’s unique ACIP, Ly be the Perron-Frobenius operator induced by T', {L}e>0
be a family of operators satisfying and g € BV be a real-valued observable
such that [gdu = 0. There exists 6,€ > 0 so that for each € € [0,€) and z €
Dy the operator L.(z) is quasi-compact and simple with leading eigenvalue \(z)
depending analytically on z. Moreover, we have stability of the following statistical

data associated to T and {g o T*}ren as € — 0:

1. The variance is stable: lim._ A2 (0) = 03.

2. The rate function is stable: for every compact subset U of the domain of 14

there exists a closed interval V' such that

limsup(sz — In [A(2)]) = 7,4(s)
€20 ey

uniformly for s € U.

For the remainder of this section we detail three specific examples of perturba-
tions for which and therefore also Theorem @, hold. In what follows we
take Ly to be the Perron-Frobenius operator associated to a topologically mixing
Lasota-Yorke map 7" with |T"| > 2.
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NP:

SP:

DP:

Numerical approximations of L by some finite-rank operator, such as in Ulam’s
method [75] (see also [50,168]). Let E,, be the conditional expectation operator
induced by the uniform partition of [0, 1] into elements of diameter 1/n and
let L), = E, o L. Then {L1/}nez+Uioo} satisﬁes (see the discussion in
Section (3.2 for details).

Stochastic perturbations that arise via convolution of the Perron-Frobenius

operator with an appropriate bistochastic, nonnegative kernel K.(z,y):

Cof(x) = / (CF) () K. (4, 7) d Leb(y).

If the measure K.dLeb* converges weakly to dLeb® on the diagonal of [0, 1]
and { K} .o satisfies mild monotonicity conditions then {L.}>¢ satisﬁes
by [68, Corollary 17].

Deterministic perturbations of T' in an appropriate metric space. For example,
in a “Skorohod”-type metric in the case of piecewise expanding maps on the
interval [68, Section 3]:

U C [0,1] such that Leb(U) > 1 —§;
3 a diffeomorphism h : [0,1] — [0, 1],
such that T‘U =T.0 h|U, and Vx € U,
|h(z) — x| <o, [(1/W(x)) — 1] < o

d(T,T.):=inf ¢ 6 >0 : (3.2)

It is shown in [68, §3] that if lim. o d(T,T.) = 0 and {T.}~o is appropriately
regular as € — 0 (see [68, Remark 15]) then the family of operators {L.}e>o

satisfies |(KL),

Corollary 3.1.5. The conclusion of Theorem [3.1.4 holds for the the numerical,
stochastic, and deterministic perturbations ((NP), |(SP), and resp.) and so

we obtain the corresponding approximation and stability of the variance and rate

function under these perturbations.

Remark 3.1.6. We note that the stability of the variance for and [(NP)| have
been obtained before in [70] and [7], respectively. The stability of the rate function

is new in this setting.

3.2

Application to Ulam’s method

In this section we will compute rigorous approximations of the variance and rate

function for an example Lasota-Yorke map. The map we consider for the remainder
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of this chapter is the following non-Markov, piecewise affine map (with a = 2.1):

Tu(x)

ax,

—a(zr —1/2),

0<z<1/4
1/4 <z <1/2

)

—a(r —1/2)+1, 1/2 <z < 3/4;

a(x —1) +1,

3/4<x<1.

(3.3)

By standard arguments one obtains a Lasota-Yorke inequality for £ for any a >

2.17! and thus £ is quasi-compact. Moreover, it is clear from the graph of T,

(Figure [3.1] upper left) that forward images of any interval I C [0,1] eventually

cover all of [0, 1]; thus, T, is topologically mixing.
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Figure 3.1: Graph of T, (upper left), an approximation of the invariant density

with n = 25000 (upper right), a zoom of an apparent “flat” section of the invariant

density showing fine structure (lower left), and an approximation of the second

eigenfunction with eigenvalue Ay ~ 0.8079 (lower right).
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Note that the dynamics of T, for a g 2 has infrequent transitions between the left
and right halves of the unit interval; in such a situation, these sets are sometimes
called almost-invariant sets [31],[30]. We select observables ¢ (taking values approx-
imately in the range [—1, 1]) that emphasise this structure to varying extents, and
illustrate the combined effects of the dynamics and the observable on variances and
rate functions; see Figure for graphs of the various g. For example, the Birkhoff
sums of g(z) = X0,1/2] — X(1/2,1] Will typically take longer to converge because of fre-
quent long sequences of similar g values (in this case either 1 or —1). On the other
hand, the observable g(z) = cos(2mx) — 0.0614 is not strongly correlated with the
almost-invariant dynamics and one expects a more rapid convergence of Birkhoff
sums. These arguments are reflected in the table of variances, Table and the
graph of rate functions, Figure (right).

Our choice of numerical scheme is dictated by the class of map. As was outlined
in the previous section, because we are considering general (non-Markov) Lasota-
Yorke maps the natural choice of Banach space is BV, with the weak and strong
norms being the L' and BV norms, respectively. Since the eigenfunctions of £
can be discontinuous (see Figure upper right and lower right), we use locally
supported functions for our approximation space, and in particular, locally constant
functions, leading to the well-known Ulam scheme [104]. If, on the other hand, we
restricted ourselves to globally differentiable, full-branched maps (a smaller and
better-behaved class), then it would be natural to work with C" functions and use
a globally supported basis consisting of Chebyshev polynomials, if the phase space
is an interval, or trigonometric polynomials (or Fourier modes), if the phase space
is a circle. By exploiting the smoothness of the map these bases could produce

commensurately more accurate estimates.

For a partition of [0, 1] into subintervals I1,. .., I, setting B,, = span{xy, : 1 <
i < n}, we define the conditional expectation operator E,, : L'([0,1]) — B,, by

fdLeb
E,.f = Z‘[ILeb . (3.4)

It is well known (e.g. [75]) that the matrix representation of E,L on B, is

Leb(]z N T_llj)

P’i': )
7 Leb (1))

(3.5)
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under multiplication on the left. In our experiments, we use equipartitions of [0, 1]
of increasing cardinality n. Putting ¢ = 1/n, we set L. = L4/, = E,L. The
property is satisfied; see e.g. the discussion in §16-18 [68]. The operators
Ly, are Markov for every n and therefore satisfy and are positive. The
expectation operator [E, reduces variation, and thus is also satisfied. Our
estimate of the twisted operator £(z) will be the operator Ly, (2) := L1/, M,, (2),
where g, = 31| g((i — 1/2)/n)x;, takes the value of g at the midpointl] of each I;,

1=1,...,n.

3.2.1 FEstimating the variance

We numerically evaluate the expression for A?(0) by taking G to be the
multiplication operator induced by g. The term (Id —L.)"*L.(gvco) is numerically
determined by solving the single linear system of equations (Id —£.)v'(0) = Lc(gve o)
for the unknown v/(0) (i.e. d%v}zzo), restricting v’(0) to the codimension 1 subspace

of zero-Lebesgue-mean functions. The MATLAB function for computing the vari-
ance is given in Listing [3.1]

Ulam Variance estimates for observable g(z)
subintervals cos(2rz) —0.0614 22 —1 sin(27x)  Xjo,1/2 — X(1/2,1]
200 0.51057 4.3355  6.5368 17.006
1000 0.50496 4.2886  6.4959 16.859
5000 0.50430 42871  6.4950 16.855
25000 0.50396 4.2860  6.4936 16.851

Table 3.1: Computed variances for four different observables and at four different
Ulam resolutions.

For a transformation 7" : [0, 1] — [0, 1] let P denote a row-stochastic Ulam matrix
constructed on an equi-partition of [0, 1] in MATLAB’s sparse format. To compute

an estimate of the variance v for the observable g(z) = sin(27x), use:

obs=0(x)sin(2*pi*x);

[v,”,”,”,~] = variance(P,obs);

1Strictly speaking, Ulam’s method for twisted transfer operators will involve integrals of g,
which can be numerically evaluated. We have chosen the above midpoint approximation of g
for computational convenience; note that the midpoint rule is the same order of accuracy as
the trapezoidal method of numerical quadrature and often slightly more accurate (errors are
about a factor 1/2 smaller). We additionally computed the values in Table with an “exact”
implementation of Ulam and the errors due to the midpoint estimate of g were several orders of
magnitude smaller than the errors due to the overall Ulam discretisation.
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There have been a number of prior rigorous numerical estimates of variance for
interval maps. Bahsoun et al. [7], Pollicott et al. [63], and Wormell [I06] de-
velop algorithms that output an interval in which the variance is guaranteed to lie.
Bahsoun et al. applies to general Lasota-Yorke maps, uses Ulam’s method, and
employs a “brute force” approach of taking high powers of £, ,, to achieve conver-
gence. The method of [63] applies to real analytic expanding (full-branch) maps
with real analytic observables, and is based on evaluations on all periodic orbits up
to a certain order. Wormell [106] applies to full-branched, C® expanding maps and
uses an approach most similar to ours, with computations in Chebyshev/Fourier
bases. In each of these papers, an interval containing the variance of the Lanford
map T(z) = 2z + z(1 — x)/2 (mod 1) for the observable g(z) = z? is obtained.
The latter two papers, exploiting the analyticity of the map 7" and observable g can
achieve more accurate estimates for the same computational effort.

In comparison to 7] we can avoid raising the very sparse matrix £, to high
powers (in the full-branch Lanford map studied in [7] £})? is computed). We ex-
ploit the differentiability properties of the spectral data with respect to the twist
parameter (which exist even for general Lasota-Yorke maps) and preserve the high
degree of sparseness of L, ,,, which is quickly destroyed by taking powers. We only
need to solve a single sparse linear equation to obtain an estimate for A?(0), which
is related to the equation solved in [106]. In comparison to [63] and [106] we can
treat general Lasota-Yorke maps, via the flexible choice of a locally supported ba-
sis, however, as explained above, for smoother classes of maps as in [63] [106], one
should adapt the basis accordingly as the Ulam basis will not be competitive with
specialised approaches. Our variance estimates rigorously converge to the true value
as n — oo; and while it is likely possible to provide an “interval of guarantee”, as

in the above methods, we have not pursued this here.

Listing 3.1: This function centres the observable obs (defined by an anonymous
MATLAB function e.g. the code snippet in Section and computes the required

first and second derivatives at zero to estimate the variance.

function [ddLam,v,dv,dlam,ddlam]=variance(P,obs),

%P is a row-stochastic matrix
hobs is a pre-defined anonymous function representing the
observable

%lam is the leading eigenvalue
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%v is the leading eigenfunction

hdv is dv/dtheta, where theta is the twist parameter
hdlam is dlam/dtheta

hddlam is d~"2lam/dtheta”2

hddLam is d~"2Lam/dtheta”2

%% find v and normalise appropriately
n=size(P,1);

phi=ones(n,1)/n;

[v,"]=eigs(P',1);

v=v/sum(v) *n;

%% centre observable g

x=[1/(2*n):1/(n):1-1/(2*n)]"';

g=obs (x);

g=g-g'*v/n; hensure g has mean zero by subtracting the

mean

%% estimate dlam and dv using 1.%v=1 and 1.%xdv=0

A=[P'-speye(n) =-v; ones(l,n) 0];
b=[-P'*x(g.xv); 0];

y=A\Db;

dv=y(1l:n);

dlam=y(n+1) ;

%% compute d"2lam/dtheta”2 and d~2Lam/dtheta”2

ddlam=((g."2) "*xv+2*g'*dv)/n;
ddLam=(ddlam-dlam~2) ;

3.2.2  Estimating the rate function

For a fixed value of s, we estimate 7,4(s) = —min,(In A\(z) — zs) by applying MAT-
LAB’s built-in unconstrained function minimising routine fminunc to the function

f(2) =InA(z) — sz. We use the default quasi-newton algorithm option for fminunc
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(we found the trust-region algorithm used slightly more iterates) and supply an ex-
pression for the first derivative of f(z) with respect to z, namely ¢(2)(gA(2)v(2))—s
(here ¢(z) and v(z) are the leading left and right, respectively, eigenvectors of L(z));
all other settings are the defaults. Each evaluation of f(z) requires the computation
of A\(z) (we obtain v(z) at the same time) and each evaluation of f’(z) requires an
additional computation of ¢(z). These two eigencomputations are made by simply
repeatedly iterating v(0) and ¢(0) with £(z) and £(2)* (and normalising), respec-
tively until the change in the estimated eigenvalue is below a tolerance (we used
5 x 10712?). This is relatively efficient because the Ulam matrix approximation of
L(z) is very sparse, and we found this is also faster than using MATLAB’s built-in
eigs routine to find the single leading eigenvalue. We estimate r,4(s) on a grid of s
values (in our experiments s ranges from 0 to 0.8 in steps of 0.01), stepping from
one grid point to the next. We use the previous optimal z as the initial seed for
the quasi-newton algorithm to find the optimal z for the next s grid point, and
found this choice results in slightly fewer quasi-newton steps than choosing a fixed
initialisation.

For a transformation 7' : [0,1] — [0,1] let P denote a row-stochastic Ulam
matrix constructed on an equipartition of [0, 1] in MATLAB’s sparse format. To
compute estimates of the rate function r,(s), for the observable g(z) = sin(27z),

at s € [0,0.8] spaced 0.01 apart, and store these estimates in a vector r, use:

s=0:.01:.8;
obs=0(x) sin(2*pi*x);

[r,”] = rate_function(s,P,obs);

The necessary MATLAB functions are given in Listings and [3.4], which
appear at the end of this section. To run the above code to compute these 81
values of the rate function takesﬂ approximately 1, 4, and 12 seconds for Ulam
matrices of sizes 1000, 5000, and 25000, respectively. We use the same set of four
observables g as in the variance computations (Figure left). The corresponding
rate functions are shown in Figure right).

20n a Tth-generation intel core i5 processor.
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Graphs of four observables 06 Rate functions for four observables g(x)
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Figure 3.2: Graphs of four different observables (left) and corresponding rate func-

tions (right), computed with n = 1000.

Note that the four observables g yield rate functions of increasingly lower value
(higher likelihood of large deviations occurring). This corresponds to the correlation
between the value of the observable and the almost-invariant sets [0,1/2], [1/2, 1].
The observable g(z) = cos(2mx) — 0.0614 is not particularly correlated with the
almost-invariant sets and thus large deviations have low probability. On the other
hand, the observables 2z — 1 and sin(27z) have moderate correlation with the
almost-invariant sets and large deviations have an increased probability of occurring
(interestingly, there is a crossover of these two rate functions around s = 0.8). The
observable g(z) = X[0,1/21 — X@/2,1] is very strongly correlated with the almost-
invariant sets and we see a correspondingly small rate function. Figure |3.3| shows
the decrease in errors relative to n = 25000 for the calculations using n = 200, 1000,

and 5000, typically with somewhat larger errors for larger thresholds s, as expected.
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Figure 3.3: Differences between rate function estimates for n = 200, 1000, 5000 and

the rate function estimate using n = 25000.

We are not aware of prior rigorous numerical methods for estimating rate functions
for deterministic dynamics. Prior work on estimating rate functions includes [64)

91], which use the Legendre transform but not the spectral approach we use here.

Finally, we note that the rate of escape from the interval [0,1/2] can be esti-
mated via the observable g(z) = X[0,1/2] — X(1/2,1] by computing the rate function for
a threshold very close to 1. With n = 1000, and an s threshold of 1 —107!%, one ob-
tains a rate function value of 0.04879016416945 (in this experiment, the optimality
tolerance in rate_function.m was decreased to 107!3). Alternatively, computing
the negative logarithm of the leading eigenvalue of the transfer operator restricted
to the interval [0, 1/2] (this is particularly straightforward with an Ulam basis, see
e.g. [0, [18]), one obtains 0.04879016416943. Thus, the rate function calculation
and the escape rate calculation are consistent up to 13 decimal places for an Ulam
matrix of size n = 1000 (note we are not claiming accuracy of the true values up to

this precision).

Listing 3.2: This function centres the observable obs (defined by an anonymous
MATLAB function e.g. the code snippet in Section[3.2.2), and performs the required

minimisation to evaluate the rate function at points specified in the vector s.

function [r,optz] = rate_function(s,P,obs)

%P is a row-stochastic matrix
hobs is a pre-defined anonymous function representing the
observable

hs is a vector of arguments of the rate function

%% calc acim for centering observable.
[vO, ]=eigs(P',1);
vO=v0/sum(v0) ;

%% set up objects to pass to legendre_function.m
n=length (P);

[I,J,V]=£find(P);

xpts=(I-.5)/n;

xptsorig=1/(2*n):1/n:1-1/(2%*n) ;
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gmean=obs (xptsorig) *v0;

%% set up arrays for r and optz and set optimisation
options

r=zeros (length(s),1);

optz=r;
options = optimoptions('fminunc','Algorithm', 'quasi-
newton', 'SpecifyObjectiveGradient',6 true,"'

OptimalityTolerance',le-6);

%% initial seed point for minimisation

z0=0;

%% evaluate rate function at points specified in s
for i=1:length(s),
minfun=0(z) legendre_function(z,P,v0,s(i),obs,n,I,J,V,
xpts,gmean) ;
loptz(i),r(i),”, " ]=fminunc(minfun,z0,options);
z0=optz (i) ; huse previous optimum for next
initialisation.

end

r=-r;

Listing 3.3: This function evaluates the “Legendre function” (the function to be
minimised) and its derivative. This requires twisting the matrix P by z and then

computing the leading eigenvalue and eigenvector of the twisted matrix.

function [f,df] = legendre_function(z,P,v0,s,fun,n,I,J,V,

Xpts, gmean)

hevaluate 'legendre' function with fixed parameter s,

maximising over z.

hh twist P by =z
gvec=z*(fun(xpts)-gmean) ;

Vtwist=V.xexp(gvec);
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Ptwist=sparse(I,J,Vtwist);

%% Calculate objective f
[v,lam]=powermethod (Ptwist ,v0,1);
f=log(lam) -z*s;

%% Calculate gradient df

if nargout > 1 Y gradient required
v=v/sum(v) ;
[phi,lam]=powermethod (Ptwist',ones(n,1) ,1);
phi=phi/(phi '*v);
gvecbasic=fun(1/(2*n):1/n:1-1/(2%n))-gmean;
dlam=lam*phi '*(gvecbasic'.*v);
df=dlam/lam-s;

end

Listing 3.4: Estimation of the leading eigenvalue and eigenvector by repeated iter-

ation.

function [vl,laml]=powermethod(P,v0,lam0),

%P is a row stochastic matrix
%v0 is an initial (guessed) eigenvector

%lamO0 is an initial (guessed) eigenvalue)

vO=v0/sum (v0) ;
v1=P'*xv0;
laml=sum(v1);
while abs(laml-lamQO)>1le-15,
lamO=1ami;
vO=v1l/laml;
v1i=P'*xvO0;
laml=sum(v1);

end
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Chapter 4

Application to multidimensional piecewise

expanding maps

This chapter generalises the setting of the last by moving from one dimension to
many: we will apply the theory of Chapters|[I]and [2]to the class of multidimensional
piecewise expanding maps studied by Saussol in [94]. We start in Section by
reviewing the functional analytic setting used in [94], describing how it is compatible
with and how the maps in question satisfy a CLT and LDP for quasi-Holder
observables under the Nagaev-Guivarc’h method (as is shown in [I]). Hence we have
all the ingredients required to apply Theorem [2.2.1, and we finish the section by
deducing the stability of the variance and rate function to perturbations satisfying
. We then develop two new examples of perturbations satisfying in this
setting: stochastic perturbations and numerical perturbations arising via Ulam’s

method. That these perturbations satisfy [(KL)| is shown in Sections and [1.3]

respectively.

4.1 Quasi-Holder spaces for multidimensional piecewise expanding

maps

The aim of this section is to describe how the naive Nagaev-Guivarc’h method and
Theorem [2.2.1 apply to multidimensional piecewise expanding maps considered in
[94]. Let m > 2 and denote by Leb the Lebesgue measure on R™. Let X C R™
be compact and satisfy int(X) = X. We denote by B(z,r) the open ball in R™
centred at z of radius r, and by B(Y,r) the open r-neighbourhood of a set Y C R™.
Without loss of generality we may assume that Leb(X) = 1.

Definition 4.1.1 ([94], Section 2]). We say that T : X — X is a multidimensional

piecewise expanding map if there exists a countable family of disjoint open sets
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{U; € X}, sets {Vi} and maps Ty : Vi — R™ such that U; C V; and for some
B € (0,1] and ng > 0 one has:

1. For each 1, T}Ui = T;}Ui and B(TU;,n9) € T;(V;).

2. For all i, T; € C'(V;), Ty is injective and T, € CY(T;V;). Moreover the
determinant of each T; ' is uniformly Hélder: for all i, n < ny, z € T;V; and
z,y € B(z,n) NT;V; we have

|det D,T; " — det D, T; | < ¢, |det DT, | 1),

for some ¢, > 0.

3. Leb (X \ U, U;) = 0.

4. There exists s = s(T) < 1 such that for all u,v € TV, for which d(u,v) < g
we have d(T; 'u, T, M) < sd(u,v)

5. Let G(n,no) := sup, G(x,n,m0) where

Leb(T, ' B(0TU;,n) N B(z, (1 — s)no)
G(x,m,m) = Z Leb(B(z, (1 — s)n0)

]

and assume that the map v, which is defined by

v(n) = s” + 2n° sup 6" G(6,n),
6<n

satisfies sup, -, v(n) < 1.

If T:X — X is a multidimensional piecewise expanding map then the Perron-
Frobenius operator £ associated to T is a well-defined bounded operator on L'(X),
and is a.e. given by

(L)) = ) %-

yeT~1(z)
As in the last chapter, rather than consider £ as an operator on L'(X) it is more
fruitful to consider it as an operator on a Banach space of more regular functions,
namely the space of quasi-Holder functions whose definition we now recall from [I}
Section 4] and [94]. Suppose A C R™ is Borel. For each f € L'(R™) the oscillation
of f over A is defined to be

osc (f, A) := esssup |f(y1) — f(y2)],

(y1,y2)€A?

45



where the essential supremum is taken with respect to the product measure Leb?
on A?. For every f € L'(R™) and n > 0 the function = +— osc (f, B(x,n)) is well

defined and lower-semicontinuous, and therefore also measurable. Let

]f‘ﬁ: sup 77_5/ osc (f, B(z,m)) dz and,

0<n<no

Vs(R™) = {f € L'(R™) : |f|5 < oo}.

The space of quasi-Hélder functions on X is defined to be

Vs(X) = {f € V5(R™) : supp(f) C X},

and is a Banach space when endowed with the norm |[|-[|; = ||| ;. + [-[5 [94} [69].
Proposition 4.1.2 ([94] Theorem 5.1, Proposition 5.1]). If T is a multidimensional

piecewise expanding map then L is a bounded, quasi-compact operator on Vg(X)
with spectral radius 1 and 1 is an eigenvalue of L. Moreover, if T is topologically

mizing then L is a simple quasi-compact operator on Vg(X) and T has a unique

ACIP i such that diﬁ is the unique fized point of L in Vz(X).

As in the last chapter we consider the sequence of random variables {goT*}°
on the probability space (X, Leb), where g € V4(X) is an appropriate real-valued
observable. In [1] it is shown that a CLT and LDP hold for such sequences via a
version of the Nagaev-Guivarc’h method. In particular, the coding hypothesis
follows readily from the proofs in [1] and so in our framing of the Nagaev-Guivarc’h
method the laws follow from Theorems[2.1.1 and [2.1.2. As in the last chapter, the

coding is induced by a twist: since V(X)) is a Banach algebra ([94, Proposition
3.4]) for g € V5(X) the map M, : C — L(V3(X)) defined by M,(2)(f) =e*f, is a
well-defined, analytic twist (per Definition [1.2.1).

Proposition 4.1.3. Suppose that T : X — X is a topologically mixing multi-
dimensional expanding map with unique ACIP p and that g € Vg(X) is real-
valued, satisfies [gdu = 0 and is not a L*(p)-coboundary with respect to T'. Let
¢ : Vg(X) — C denote the map f — [fdLeb and for z € C let L(z) be de-
fined by L(z)f = (Lo My(2))(f) = L(e**f). Then z — L(z) is analytic (in the
operator norm on L(Vg(X))) and {g o T*}2,,, when considered on the probability
space (X, Leb), satisfies @ with coding (z — L(z2), ¢, %). In particular, if
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n—1

Sni =) o090 T* then for every z € C we have

d
Erep (e¥°) = /ﬁ(z)” (dLZb) dLeb.

Remark 4.1.4. In [I] it is not shown that ¢t — p(L(t)) is strictly convex in a real

neighbourhood of 0. However, the proof of Proposition [4.1.3 is much the same
as that of Proposition [3.1.3, and in particular the claimed strict convexity follows
the observations that p(L£(t)) equals the leading eigenvalue A(¢) of L£(t) for ¢ small
enough, that \”(0) = o2, and that g not being an L?(u)-coboundary with respect
to T implies that o > 0 (for this last claim see [79, Lemma 2.5]).

With ¢ as in Proposition @ one therefore has a CLT and LDP for {goT*}%°
on the probability space ([0, 1], Leb) with associated variance ¢ and rate function
ry. Since z +— L(z) is induced by a twist, in order to deduce the stability of these
parameters via an application of Theorem @ it remains to verify . We will
now gather some important properties of Vg(.X), and of £ acting on V(X), for this
purpose. The first result shows that we may take [||| /1, to be the weak norm |-|
for Vg(X).

Proposition 4.1.5 ([94, Proposition 3.3]). The closed, unit ball in Vg(X) is pre-

compact with respect to |||l 11 o) -

Since L is Markov one obtains !KL2E for £. In later sections we will prove
that |(KL3) holds for certain perturbations of £ by using the fact that £ satisfies a

Lasota-Yorke inequality itself, as confirmed by the following proposition.

Proposition 4.1.6 ([94] Lemma 4.1]). Provided that ny is small enough, there exists
v <1 and D < oo such that for each f € Vz(X) we have

ILflg <A1flg+ DI L

Remark 4.1.7. In [94] the space Vz(X) consists of real-valued functions only and
so the proof of [94, Lemma 4.1] only applies to real-valued f € Vg(X). Examining
the proof of [94] Lemma 4.1], we note that the same conclusion holds for complex-
valued f after minor modifications to the arguments. In particular, the essential
infimum in [94] Proposition 3.2 (iii)] must be replaced by an essential supremum and
consequently the resulting essential supremum term that appears when bounding
Rgl)(x) must be bounded by |f(y;)| + osc (f, B(y;, s€)). The rest of the argument

holds mutatis mutandis.

47



Remark 4.1.8. We will always assume that 7y is small enough so that Proposition

4.1.6 holds.

We have therefore confirmed that it is possible for|(KL)|to hold for perturbations
to L. Thus we obtain the stability of the 03 and ry as a corollary to Theorem [2.2.1
and Proposition 4.1.3.

Theorem 4.1.9. Let T : X — X be a topologically mixing multidmensional piece-
wise expanding map, p be T s unique ACIP, Ly be the Perron-Frobenius operator
induced by T, {L:}es0 be a family of operators satisfying and g € BV be a
real-valued observable such that [gdu = 0. There exists 0,€ > 0 so that for each
e € [0,€') and z € Dy the operator L.(z) is quasi-compact and simple with leading
eigenvalue \.(z) depending analytically on z. Moreover, we have stability of the

following statistical data associated to T and {g o T*}ren as € — 0:

1. The variance is stable: lim_,o A (0) =07
2. The rate function is stable: for every compact subset U of the domain of r,

there exists a closed interval V' such that

lggigg(sz-—lnlke(ZN)==7@(s)

uniformly for s € U.

Remark 4.1.10. More can be said in this context. In particular, in Theorem |4.1.9
one has stability of the ACIP in the following sense: for sufficiently small €, £, has
||, = 0. This

claim follows from [38, Proposition 2.4, Remark 2.5], whose hypotheses are verified

an eigenvector v, with [v.dLeb = 1 and so that lim._, ||vE —

due to the convergence of eigenprojections in Theorem [1.2.2.

In the sections that follow we will develop some perturbations to £ that satisfy
, and to which Theorem @ can therefore be applied. Before doing so we
finish this section by recalling one last result on the quasi-Holder space on the
continuity of inclusion of V(X)) into L>(m).

Proposition 4.1.11 ([94] Proposition 3.4]). Let v, denote the measure of the m-
dimensional unit ball i.e. v, = Leb(B(0,1)). For every f € Vg(X) we have

MWH .
Vil 7

£l e < (o |15+ £l o) <

Umg"
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4.2 Stability under stochastic perturbations

We now consider the case where the Perron-Frobenius operator is perturbed by
convolution with a stochastic kernel, which naturally arise when considering i.i.d.
additive perturbations to a fixed system (see e.g. the exposition in [I0, Section

2.7).
Definition 4.2.1. We say that {q.}c~o C L'(R™) approzimates the identity if

1. Each g, is non-negative and satisfies ||q||,. = 1.

2. For every 6 > 0 we have

lim ¢e(x)dz = 0.

Suppose {¢c}eso € L' (R™) approximate the identity. We define the correspond-
ing stochastically perturbed Perron-Frobenius operators by £, = (¢. * £)xx i.e. for
f € Vz(X) we have

JLLH W)z —y)dy = € X,
0 r ¢ X.

(Lef)(x) =

Our main result for this section is the following.

Theorem 4.2.2 (Stability of statistical parameters under stochastic perturba-
tions). Suppose that T : X — X be a topologically mizing multidmensional piece-
wise expanding map with Perron-Frobenius operator Ly. Let {qc}eso approzimate
the identity, and let {L:}e>o0 be the corresponding stochastically perturbed Perron-

Frobenius operators. If

1 1
(1 + 5 Sup 7" Leb(B(0X, n))) < ;,

VUmTo 0<n<no

where the constant v is from Proposition |4.1.6, then {L.}e>o satisfies . Con-
sequently, the conclusion of Theorem[4.1.9 holds.

Remark 4.2.3. It is not obvious when one might have

sup 17 Leb(B(0X,n)) < co.

0<n<no

This is the case if, for example, X is convex [55, Theorem 6.6].

We prove Theorem {4.2.2 by showing that {L }.>o satisfies
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Proposition 4.2.4 ((KL1)| for stochastic perturbations). If {g.}eso0 approzimates
the identity and {L }c>o denotes the corresponding stochastically perturbed Perron-
Frobenius operators, then

lim [|£. — Lol = 0.
e—0

Proof. We have

e~ coll < s [ [ I€nE - - En@latdydr (@

Let § € (0,7m9). We break the inner integral in (4.1)) into two parts: the component
where y € B(0,6) and the component where y € R\ B(0,6). If f € Vg(X) then
by the definition of ||-|[; we have

/ / (LF) (@ — ) — (£F)(@)] gu(y) dy da < / ose (Lf, B(z,5)) dz
x JB(0,5) X (4.2)
<& |Lf,.

On the other hand, Proposition [4.1.11] we have
L] en = = EH) ) dyds
X JR™\B(0,5)

< 2[|Lf] 1 /X/Rm\Bm)qe(y) dy dz (4.3)

max 1,77/3
(Y
UmT) R™\ B(0,6)

m'io

By combining (4.1]), (4.2) and (4.3)) we obtain

max 1,775
e~ coll < o7 e, + 2 ey [ gy
Ul R™\B(0,6)

m'io

As {qc}es0 is an approximation to the identity, taking € — 0 yields
limsup [|£c — Lo[| < 67 [|£] -
e—0
We conclude the proof by recalling that § may be chosen to be arbitrarily small. []

The proof of [(KL2)| follows from the observation that each L. is Markov on

L'(X), and so is therefore also a contraction on L'(X).
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Proposition 4.2.5 ((KL2)| for stochastic perturbations). If {g.}eso0 approzimates
the identity and {L }c>o denotes the corresponding stochastically perturbed Perron-

Frobenius operators, then for each € > 0 and n € Z* we have ||L]|;, < 1. In
particular, {L}e>o satisfies |(KL2),.

We now pursue [(KL3), which requires the following preparatory lemma.
Lemma 4.2.6. If {q.}c>o approzimates the identity and {L}.>o denotes the corre-

sponding stochastically perturbed Perron-Frobenius operators, then for every e > 0
and f € V3(X) we have

sup 1~ Leb(B(OX, n))) 1,

VmTo 7 0<n<no

L], < (1 n

e (s X ) 151

VmTlo™ \0<n<no

Proof. Fix € > 0 and n € (0,7]. Since

osc (Lef, B(w,m)) = esssup [(ge* £)(y2)xx (Y1) — (g * £)(y2)xx (v2)]
y1,y2€B(z,n)
we consider three (not necessarily distinct) cases when bounding osc (L. f, B(x,n)).
Depending on how many of the characteristic function terms contribute to the

essential supremum, we either have osc (L. f, B(x,n)) =0,

osc (Le, B(z,m)) = esssup |(ge = L)(f) (1)l (4.4)
OSC (£6f7B(x>77)) = 08C (QG* ('Cf)aB(I’n)) (45)

As the support of f is a subset of X, if z € R™\ B(X,n) then osc (L.f, B(x,n)) = 0.
By a similar argument, if (4.4]) holds, (4.5) does not hold, and osc (L. f, B(x,n)) # 0,
then x € B(0X,n). Hence,

/ osc (L.f, B(x,n)) dzx S/ osc(qex Lf, B(x,n)) dx

(4.6)
—i—/B esssup |(qe * Lf)(y1)| dz.

(0X,m) y1€B(z,n)
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We now bound the quantity (4.4). As [|[£]|;: <1 and by Proposition |4.1.11{we have

|(ge * L) ()] =

/mqe(y)(ﬁf)(yl —y)dy

< LSl <

I
LFfl,+ ).
Vm%n(no [Lfls+11f1l0)

Hence,

/ esssup [(ge * Lf)(y1)] dz <
(0Xm)

yleB(I,T])

FRCED 6 kel + 111 (@)

Alternatively, to bound (4.5) we note that

osc(qe *x (Lf), B(z,m)) = esssup

y1,92€B(x,n)

/mqe(y)((ﬁf)(yl —y) — (L) (y2—y))dy
< [ awosc(£s. B - y.m) dy

By changing variables and applying Fubini-Tonelli we obtain

[ osctaes @n.Beaar < [ [ adpose (s Bla—yon) dyao
< [ ([ ato =) osctes. B ay (49
S/mOSC(ﬁf,B(y,n)) dy.

Applying (4.7)) and . to . 4.6|) yields

/mosc (Lcf, B(z,n)) dx S/mosc (Lf,B(z,n)) dx

Leb(B(0X
1 LbBOXD) 12 p £,

VMo

Thus,

’ﬁe,ﬂﬁ S |‘Cf|5 +

(s o Leb(BEX.)) (1671, + 1)

m!lo \0<n<no
which is the required bound. O

Proposition 4.2.7 ((KL3)| for stochastic perturbations). Under the hypotheses of
Theorem |4.2.2 there exists o € (0,1) and C3 > 0 such that for every ¢ > 0,
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f€Vs(X) and n € ZT we have

ILEf s < @™ 1flls+ Csllfllr -

Proof. By Lemma [4.2.6, and Propositions |4.1.6 and 4.2.5, for each ¢ > 0 and
f € Vs(X) we have

[Lefls < alfls+ Ol fllL (4.9)
where 5
a=vy|1+ n_om sup 17 Leb(B(0X,n))
VmTlo™ 0<n<no
and 5
D 1
C=D+ %—Z ( sup 77_5 Leb(B(0X, 17))) )
VmTo 0<n<no

Note that o« < 1 by the hypotheses of Theorem [4.2.2. By iterating (4.9) and
applying Proposition 4.2.5, for each n € Z* we have

n n C
L2 fly < |f|g+m||f||u-

Finally, recalling the definition of [-[|; and then applying Proposition [4.2.5 again
yields

C
12, < o™ 1], + (1 " T) 1l

11—«

]

Proof of Theorem[.2.2. By Lemmal4.2.6 each L, is in L(Vz(X)). By Propositions
[4.2.4,[4.2.5 and 4.2.7 the family of operators {L.}e>o satisfies |(KL)l The required
result then follows from Theorem 4.1.9. O

4.3 Stability under Ulam perturbations

We will now prove that the numerical approximations of the Perron-Frobenius oper-
ator arising from Ulam’s method satisfyon V5(X). As a corollary to Theorem
[4.1.9 we then obtain the stability of the rate function and variance with respect to
Ulam’s method. While is simple for Ulam’s method, (KL1) and |(KL3) re-
quire significantly more work. In particular, the proof of is quite long and

depends critically on the geometry of the partitions inducing the Ulam approxima-

tions, so we defer its proof to Section [4.3.1. The class of partitions we consider is

the following.
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Definition 4.3.1. For k > 1 let P(k) be the collection of finite measurable parti-
tions (Q of X satisfying the following conditions:

1. The elements of Q) are compact and convex polytopes with non-empty interiors.
2. For every I € @Q we have diam(Q) < rkdiam(By), where By is a ball of

mazimal volume inscribed in I and diam(Q)) = max jeq diam(.J).

Each @) € P(k) induces a conditional expectation operator Eg on L*(X) that
is given by
Eqf = Z f X1,

IeQ

where f Kk denotes the expected value of f on a Borel set K i.e.

A 1
fx = ) /deLeb.
We adopt the convention that fx = 0 if Leb(K) = oco. As in Section the Ulam
approximation of £ induced by @ is the operator Ly := EgL. If {Qc}es0 C P(k)
is a sequence of partitions then we define the corresponding sequence of perturbed
Perron-Frobenius operators by £, = Eq L, with £y := L.

Theorem 4.3.2 (Stability of statistical parameters under Ulam approximations).
Suppose that T : X — X be a topologically mixing multidmensional piecewise ex-
panding map with Perron-Frobenius operator Ly. Let {Q}e=o0 € P(k) be such that
lim,odiam(Q.) = 0, and let {L.}c>0 be the corresponding Ulam approzimations of

the Perron-Frobenius operator. If

B

2 1
2m 1+—Fd < -,

m/3
i1 0
where the constant v is from Proposition [{.1.6, then there exists eg > 0 such that

{L }o<e<e, satisfies|(KL). Consequently, the conclusion of Theorem|4.1.9 holds.
Example 4.3.3. Let X = [0,1]™. For each n € Z" the set

Qn:{X+b:b€(Zﬂ[O,n))m}

n

is a measurable partition of X consisting of hypercubes congruent to [0,1/n|™. It is
straightforward to show that @,, € P (y/m) for every n € Z*. Thus, Theorem |4.3.2
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applies to any multidmensional piecewise expanding map 7" : X — X such that

Proposition 4.3.4 ((KL1) for Ulam approximations). If {Q.}cs0 C P(k) satisfies
lim o diam(Q.) = 0, then there exists €1 > 0 such that for every e € [0, €] we have

I£e = Lolll < 2diam(Qc)” [[£]l-

In particular {L }o<c<e, satisfies|(KL1)

Proof. The statement is clearly true for € = 0, so we may assume that e > 0. One
has

IEq, —1d|l = sup Y / )fz—f\ dLeb. (4.10)

| | =1 IeQ
Fix I € Q.. Let f,. and f; be the real and imaginary parts of f € Vg(X), respectively.

By linearity of integration and the triangle inequality we have

J

Applying this to (4.10) yields

d Leb.

fi- sl arev < [|id, - .

dLeb"‘/j‘(ﬂ)I—f@‘

IEq. —1d]| < 2sup{

> [l oo Saph

TeQe

Let f € V3(X) be real valued and fix x € I. Then for almost every y1,y2 € I we

have

[f(y1) = f(y2)| < osc (f, Bz, diam(Qc))) -

Taking the expectation with respect to y; over I we find that

’f fly2)] <

< Ty 1) = Pl din < ose (/. Bl diam(@,).

for almost every yo € I. Taking the expectation with respect to both y, and x over

I we then obtain

/I]fz - f) dLeb < /Osc (f, B(z, diam(Q.))) dz.

1
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As lim o diam(Q.) = 0 there exists ¢; > 0 such that diam(Q.) < no for all € €
(0, &1]. Recalling the definition of [|-|| 5, for each € € (0, ¢;] we have

3 /I‘fl ~ ] aLeb < /Rmosc (/. Bz, diam(Q.))) dz < diam(Q.)° || f]],

I1eQe.

which, when applied to (4.11)), then yields
[Eq, —1d]| < 2diam(Q.)".
We conclude the proof by noting that [|£. — L[| < [[Eq, — Id[| [[£]| . O

The proof of |(KL2) in this case follows easily from the fact that both £ and Eg,

are Markov operators on L'(X).

Proposition 4.3.5 ((KL2)| for Ulam approximations). If {Q.}e~0 € P(k) is a

sequence of partitions, then for each € > 0 and n € Z* we have ||L?||;. < 1. In

particular, {Lc}e>o satisfies |(KL2),.
We will now verify for the Ulam approximations. The main technical

requirements are the following two lemmas, which we defer the proofs of to Section
431

Lemma 4.3.6. If {Q:}e=0 C P(k) satisfies lim.,odiam(Q.) = 0 then there exists

€s > 0 such that
B

2
sup |Eq. |z <2m | 1+ !

0<e<en n{/E —1
2

Lemma 4.3.7. If Q € P(k) then Eg € L(Vs(X)).

With these lemmas in hand we obtain |(KL3)|

Proposition 4.3.8 ((KL3) for Ulam approximations). Under the hypotheses of
Theorem |4.3.2 there ezists o € (0,1) and C3 > 0 such that for all f € Vz(X),

n € Z* and € € [0, €3] we have

1LEflls < @ 1flls+ Csllfll -

Proof. By Proposition |4.1.6 we have

|£f|5 §7|f|5+D||f||L1>
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where v < 1 and D < co. Let €; be as in Lemma [4.3.6. If € € [0, €3] then

|‘Cef|[)’ < | sup [Eq. 8 |£f|5 §a|f|ﬁ+0”f”L17 (4.12)
0<e<en
where
B B
2 2
a=v2m |1+ —L | andc=2mD |14+ 2"

i yi-t
Note that o < 1 by the hypotheses of Theorem [4.3.2. The remainder of the proof

is the same as that of Proposition [4.2.7, with Proposition |4.3.5 being used in place
of Proposition 4.2.5. O

Proof of Theorem[.53.2. With €; as in Proposition [4.3.4 and ey as in Proposition
[1.3.8, set €o = min{ey, &2}. By Lemma [4.3.7 and Propositions [4.3.4, 1.3.5 and [4.3.8
the family of operators {L.}o<c<c, satisfies The required result then follows
from Theorem [4.1.9. O

4.8.1 The proofs of Lemmas|4.53.6 and|4.5.7

Before discussing our strategy for proving Lemmas [4.3.6 and 4.3.7 we must discuss

the relationship between the space V(X) and the seminorm |-[ ;. It is noted in [69)]
that while Vi5(X) is independent of 7, the seminorm |-|; is obviously not. However,
changing 7, preserves the topology induced by the relevant seminorm, which will

be critical to proofs in this section. The following lemma gives the relevant bounds.

Lemma 4.3.9. For ¢ >0 and f € L*(R™) let

|f|g,¢ = sup n " /mosc (f,B(x,n)) dz.

0<n<¢

If0 <t <s then

o < Flgs < S(E5) gy

where S(t,s) denotes the minimal number of balls of radius t required to cover (up

to a set of measure 0) a ball of radius s.

Proof. The inequality |-|5, < ||5, is trivial. Let f € L'(R™). If
sup 17" [ ose (. Ban) do = sup 7 [ ose (5. Blen) do, (413
0<n<t m 0<n<s m
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then, as S(t,s) > 1, we clearly have |f|;, < S(t,5)|f],. Alternatively, if (4.13)
does not hold then

sup 177 [ ose(f, Bla,) do < sup o7 / ose (f, B(z,n)) d.
0<n<t m t<n<s m

By the definition of S(t, s) there exists {c,} ) C R™ and a set N of measure 0

such that
S(t,s)

B(z,s)\ (N + x) UBm—f—c,,

=1
for every x € R™. Hence, for any n € (¢, s] and € R™ we have
S(t,s)
osc (f, B(x,n)) < osc(f, B(z,s)) Zoschijcz, t)).

=1

After integrating, taking the supremum and applying the definition of |-| 5, we obtain

sup " /mosc(f,B(x,n)) dr < S(t,s)t‘ﬁ/ osc (f, B(x,t)) dz

t<n<s m

S(t,8) [flge s

completing the proof. O

We obtain Lemmas |4.3.6 and [4.3.7 as corollaries to the following result.

Proposition 4.3.10. If Q € P(k) satisfies diam(Q) < 1o, then

8
. 2K
[Eqly < S(no — diam(Q),mo) [ 1+ —F—] - (4.14)

m/3
/i

We prove Proposition 4.3.10| by using Lemma 4.3.9 to extend a bound for
SUp) s 1 |EQf|B’n07diam(Q) to a bound for [Eqgl;. We do this by combining two

bounds for

n’ /OSC (Eqf, B(x,n)) dLeb
over i € (0,19 — diam(Q)]:

1. We obtain the ‘big’ n bound by scaling the n-balls in osc (-, B(-,n)) up to
n + diam(Q) balls. This bound is useful for large 7, but grows unboundedly
as n vanishes. We obtain this bound in Lemma |4.3.12]
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2. We obtain the ‘small’ 7 bound by using the geometry of the elements of )
to quantify the decay of the measure of the support of osc (Eqf, B(-,n)) as
n vanishes. This bound is used for n arbitrarily close to 0. Obtaining this
bound is more complicated and is developed in Lemmas [4.3.13] and
4.3.15]

Before proving these bounds we derive an expression for [osc (Eqf, B(x,n)) d Leb.

Lemma 4.3.11. Let Q € P(k), define Q" = Q U {X°}, and for each n > 0 and
xr e R™ et

N(z,n)={J €@ : B(x,n)NJ#0}.

For eachn >0, f € Vg(X) and S C Q' let

Ms(f) = max

fJ_fK‘ and Ag,={r €R™: N(z,n) =S}

Then each Ag,, is measurable, and for every x € R™ we have

osc (Eqf, B(z,m)) = My(zm(f)- (4.15)
Hence,
/ osc(Eqf, Bz ) dr = 3 Leb(As,) Ms(f). (4.16)
SCQ’

Proof. For every J € () the equality

{x €R™: B(z,n)NJ # 0} = | Bly,m),

yed

implies that both sets are open, and therefore measurable. Recalling from Definition

4.3.1 that @ is finite and noting the equality

:(ﬂ{xeRm;B(x,n)mJ;é@})ﬂ (| {zeR™": BNk =0},

Jes KeQ'\s

we conclude that each Ag,, is measurable. Considering the definition of N(z,n), we
note that the family of sets {Ag, : S C @'} partitions R™. Hence,

/OSC(EQf, (x,m) da:—Z/ osc (Eq f, B(z,n)) dz,

scqr Asm
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where we note that the sum on the right side is well defined as only finitely many
terms are ever non-zero. Thus, in order to prove (4.16) it suffices to prove (4.15]).
If N(xz,n) =S then

Eof)(Bla,n) = {fs: I Bla.nm) #0} = {fs: Te s},

which is finite as @)’ is finite. By applying the definition of osc, we find that

osc (Bqf, B(z,1)) = max | f; — fi| = Ms(f),
which is exactly (4.15)). O

We may now obtain the ‘big’ n bound.
Lemma 4.3.12. If Q € P(k) then for each f € V5(X) and n > 0 we have

/mosc (Eqf, B(z,n)) dz < / osc (f, B(xz,n + diam(Q))) dz. (4.17)

m

Furthermore, if diam(Q) < no and n € (0,ny — diam(Q)] then

B
| fls- (4.18)

7 [ oseBor, Bem) ds < (1+ (D)

Proof. Fix x € R™. By Lemma [4.3.11] we have
fr— fx

osc (Eqf, B(x,n)) = max

J,KEN (z,n)

Suppose that y € I for some I € N(x,n)\ {X}. By the definition of N(z,n) there
exists z € I such that |z — x| < n. Since |z —y| < diam(Q) we have |y — x| <
n + diam(Q). Hence

J 1< B(z.n+diam(Q)). (4.19)
TeN(zm)\{X°}

Now suppose that J, K € N(z,n). In the case where J, K € N(z,n)\ {X¢} the
inclusion (4.19) implies that for almost every (y1,y2) € J x K we have

[f(y1) = f(y2)| < osc (f, B(z,n + diam(Q))) -
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By taking expectations with respect to y; over J and gy, over K we obtain

)f] — fK‘ <osc(f, B(z,n+ diam(Q))) . (4.20)

Alternatively, if one of J or K is equal to X¢ then

~

fi

fJ - fK‘ = maX{‘fJ) )

fK’} < max
IeN(zn)\X¢

(4.21)

< esssup  |f(y)|,
y€B(z,n+diam(Q))

where we obtain the last inequality by using (4.19). Noting that the set B(x,n +

diam(Q)) N X has non-zero measure, we have

esssup | f(y)] < ose (f, Blz,n + diam(Q)) (4.22)
y€B(z,n+diam(Q))

By combining (4.21)) and (4.22) we obtain (4.20) for the case where one of J or K
is equal to X¢. As J and K were arbitrary elements of N(x,n) this implies that

osc (Eqf, B(z,n)) = L

fi = Js| < ose (£, Bw,n + diam(Q)))

By integrating with respect to x over R™ we obtain (4.17). We will now prove

(4.18). If diam(Q) < no and 7 € (0,19 — diam(Q)] then n + diam(Q) € (0,n0] and
so the definition of ||, implies that

| s, Blan + diam(@)) do < (n+ diam(@))° 1.
Thus

" /mosc (Eof, B(x,n)) dr < n—ﬂ/ osc (f, B, + diam(Q))) dx

m

iam g
< <1+¢QT@) |f’ﬁ

We will now pursue the ‘small’ 7 bound.

Lemma 4.3.13. Let Q € P(k) and let S C Q' satisfy |S| > 1. If [ € S\ {X°} and
n >0 then Ag, C B(0I,n).
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Proof. The claim is trivially true if Ag, is empty, henceforth we assume that it
is not. Let 2 € Ag,. We distinguish between two cases: either x € I or z ¢ I.
Suppose that € I. As |S| > 1 and N(x,n) = S there exists some J € Q' \ {/}
such that B(x,n) NJ # (. Actually, as the closure of the interior of J is J, we
have B(z,n) Nint(J) # 0. In this case let y € B(z,n) Nint(J); as J and I are
convex elements of a measurable partition we have JNIT C 9J NIl andsoy ¢ I.
Alternatively, if ¢ I, then let y € B(x,n) N I, which is non-empty by a similar
argument. In both cases we have a pair of points in Ag,: one in I and the other
not. Recalling that elements of @)’ have non-empty interior and then considering
the line segment that joins x and v, it is straightforward to verify that there exists
some z € OI on this line segment. Clearly |z — z| < n and so x € B(dI,n), which
completes the proof. O

Lemma 4.3.14. Let Q € P(k). Ifn > 0 and S C Q' is such that |S| > 1 and
Leb(As,) > 0, then for each f € V(X)) we have

MS(f) < max ([]OSC (f,B<x,77+d1am(Q>)) dz

~ JKeS Leb(J)
JAK

osc (f, B(z,n + diam(Q)))
* /K Leb(K) dx) |

Proof. Let J, K € S be partition elements satisfying
Ms(f) = |f1— fx

We may assume that J # K, as this case does not contribute to the maximum. Let
us first consider the case where X¢ € {J, K'}; without loss of generality let K = X°.
For every j € J we have J C B(j,n+ diam(Q)). Hence, as B(j,n + diam(Q)) N X¢
has non-empty interior, and therefore non-zero measure, for almost every j,j" € J
and k' € B(j,n+ diam(Q)) N X we have

LFGN=1£G") = f(K)] < osc(f, B(j,n + diam(Q))) -

Taking expectations with respect to j’ and j over J yields

Ms(f) = de,

. osc (f, B(xz,n + diam(Q)))
fi 5/, Leb(J)
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which implies the required conclusion. Alternatively suppose that neither J nor K is
equal to X¢. Fixj € Jand k € K. For any j' € J we have |j — j'| < diam(Q) and so
j' € B(j,n+diam(Q)). Similarly, for every k' € K we have k¥’ € B(k,n+ diam(Q)).
As Leb(Ag,,) > 0, we know that Ag, # (). For z € Ag, the intersection B(z,n)NJ
is non-empty and so z € B(j,n + diam(Q)). Similarly, z € B(k,n + diam(Q)).
Hence, for almost every j' € J and k' € K,

FG) = FR) < G = £+ 1F ) = £(2)]
< osc (f, B(j,n + diam(Q))) + ose (f, B(k,n + diam(@Q)))

By taking the expectation with respect to j' over J and k' over K, we find
[y = fe| < ose (£, BG.n + diam(Q)) + ose (f, Bk,n + diam(Q)). (4.23)

Since (4.23) holds for every j € J and k € K, we may take expectations again to

obtain

fr—Jx

osc (f, B(x,n + diam(Q))) osc (f, B(x,n + diam(Q)))
= /J Teb(J) do + /K Teb(K) de.

We obtain the required inequality by taking the maximum over all distinct pairs of

JKeS. ]

Combining the previous two results yields the ‘small’ 7 bound.

Lemma 4.3.15. Let Q € P(k). If diam(Q) < no, n € (0,10 — diam(Q)] and
f e Vg(X) then

nﬁ/mosc (Eof, B(z,n)) dz < (%( %ﬁf)ﬂ)) (HCM‘%@)BW}.

Proof. By Lemma [4.3.11] we have

/mosc (Eqf, B(z,n)) do = Z Leb(As,) Ms(f). (4.24)

5cQ’

Let G={S CQ :|S| > 1,Leb(Ag,) > 0}. Since Leb(As,)Ms(f) =0if S ¢ G we
may restrict the sum in (4.24) to S € G i.e.

/mosc (Eqf, B(z,n)) do = Z Leb(As,) Ms(f). (4.25)

SeG
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Applying Lemma [4.3.14] to each of the terms in (4.25)) yields

/mosc (Eqf, B(z,n)) dz

0SC fJB Z, -I—dlam Q
< X Leb(dsy) , ( / (1.5 o @) . -
osc (f, B(z,n + diam(Q)))
! /K Leb(K) dm)-

By rearranging the terms in (4.26) to sum over elements of () we obtain

/mosc (Eqf, B(z,n))dx
Z D seq,res Leb(Asy)

2 Leb(l) /Iosc (f, B(x,n + diam(Q))) dx

< (IPGEBC ZSEG,feSbI(J;;)(AS,n>) /mOSC (f, B(x,n + diam(Q))) dz,

where we omit the case of I = X, as it does not contribute to the sum. Since the
sets {Ag,}scq are disjoint, Lemma |4.3.13| implies that

Y Leb(As,) < Leb(B(9I,7)).

SeG,Ies
Thus,
| ose o, Blan) ds
Leb(B(01
< (may ") [ oseth,Ban + diam(@) .
The required inequality follows by applying the definition of || 5 ]

Before proving Proposition we require a technical lemma for an inequality
from convex geometry. For U,V C R™ the Minkowski sum of U and V' is denoted
by U+ V and equal to {u+ v :u € U,v € V}; for basic properties we refer to [55,
Section 6.1].

Lemma 4.3.16. If [ is a compact convex polytope then for every n > 0 we have

Leb(B(81,n) N I) < Leb(B(d1,n) N I°).
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Proof. Let Leb,, 1 denote m — 1 dimensional Lebesgue measure. By Steiner’s for-
mula [55) Theorem 6.6] there exists a polynomial p; with positive coefficients and
of degree m such that Leb(B(I,n)) = p;(n). The constant coefficient of p; is
clearly Leb(7), while the coefficient of the linear term is Leb,,_1(01) i.e. the surface
area of 1. Note that Leb(B(9I,n) N I¢) = p;(n) — Leb(I). We aim to prove that
Leb(B(0I,n) N I) < nLeb,,—1(0I). Since p; has degree greater than or equal to 2

and positive coefficients, it would then follow that
Leb(B(0I,n) N I) < nLeby,,_1(0I) < p;(n) — Leb(I) < Leb(B(dI,n) N I°),

which would complete the proof.

Let F(I) denote the set of set of facets of I. Clearly

Leby,1(01) = > Leby,(
FeF(I)

Let y € B(0I,n) NI and denote by F the (possibly not unique) facet in F(I)
that minimises the distance from y to 0I. Let x be the point on F attaining said
minimum. If x — y is not normal to F' then the ball B(y, |z — y|) is not tangent to
F and so there exists z € B(y, |z —y|) N I°. The line segment from y to z must
intersect 0 at some point that is strictly closer to y than z, which contradicts x
minimising the distance from y to dI. Hence, x — y must be normal to F' and so
y € F +[0,nnp, where np is the inward facing unit normal vector to F. This
implies that
BOImNIC () F+[0,nnp

FeF(I)

and so Leb(B(91,n) N 1) <0 pe ) Lebp_1(F) = nLeb,,_1(91) as required. [

The proof of Proposition [{.3.10. We begin by bounding
|S‘“p IBQ 15 0 diam(@) -
fls=1

Let b: R — R be defined by
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By taking the minimum of the bounds in Lemmas |4.3.12[ and [4.3.15| we have

fpg MO b1,

. Lemma |4.3.16| implies that for any I € @

EQflsm-diam(@) < SUp min

Leb(B(901,1))

We will now bound max;cg Leb(1)

we have

Leb(B(0I,1)) < 2Leb(B(01,n) N I°)
Leb([I) - Leb([I)

Noting that B(9l,n) N I1¢= B(I,n)\ I and B(I,n) =1 + B(0,n), we obtain

Leb(B(dI,n)) < Leb(I + B(0,7)) — Leb(I)
Leb([I) - Leb(I) '

(4.28)

Let B; be a ball inscribed in I of maximal volume. Then, by scaling and pos-

sibly translating by some vector v; € R™, we find that B(0,1) C ml + vy.

Consequently

Leb (I + B(0,n)) < Leb ([+ ﬁ?lg[)[) = (1 + ﬁ?B;)) Leb(I). (4.29)

Applying (4.29) to (4.28), and recalling that 1/diam(B;) < k/diam(Q) (since
Q) € P(k)), we find that

Leb(B(01,1)) < 2(

2n " 2Km "

By applying (4.30) to (4.27]) we obtain

. 26 \"
ol sy < 510 min { (2 (1 " dT@)) - 2) b(n), b<n>} s
(4.31)

It is clear that b is monotonically decreasing. Note that
2 1+2i m—1 b(n) =2n~" 1+ﬂ m—1 (n + diam(Q))”
diam(Q) = diam(Q) 1 '
(4.32)

The map n +— (1 + diam(Q))? is clearly monotonically increasing on (0,7]. As
m > 2 and € (0, 1], the map

o (0 i) )
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is monotonically increasing on (0, 7] too. Thus the left side of is monotoni-
cally increasing. Since both b and the left side of are continuous on (0, 7], b
is monotonically decreasing and the left side of is monotonically increasing,
it follows that if ' € (0, 00) solves

2(1+ﬂ,>>m—2=1, (4.33)

then

{2 2l 2o s

Solving (4.33)) yields
diam(Q) 2K

p = .
m/3
n \/;_1

By substituting this into (4.31)) we obtain the bound

|EQf|B,n0—diam(Q) < |1+ F | flg-
3

Applying Lemma [4.3.9 yields the required bound. O]

With Proposition [4.3.10| in hand we may now prove Lemmas 4.3.6 and [4.3.7.

Proof of Lemmal{.3.6. As lim._,diam(Q.) = 0 there exists e, > 0 such that for
every € € (0, €s] we have diam(Q.) < 19 and

1+ diam(Q.)/(no — diam(Q.)) < /m/(m — 1).

By [17, Section 8.5, page 236], this implies

51,1+ diam(Qc)/(no — diam(Qc))) = S(no — diam(Qc), 1m0) < 2m.

The desired conclusion follows by Proposition {4.3.10! O
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Proof of Lemma[{.3.7. If diam(Q) < 1o then |EQ’6 < oo by Proposition 4.3.10|
Alternatively, if diam(Q) > 7o, then repeatedly applying Lemma [4.3.9 yields

Eql, = sup |Eqf|
P P
< Sup{|Eq 52 4iam(q) * | f1p.2diam(@) < S (0, 2 diam(Q))}
< 5(7707 2dlam(Q)) |EQ|ﬁ,2diam(Q) )

which is finite by Proposition {4.3.10| applied to the seminorm |-|5 5 4um(g) (i-6. When
no = 2diam(Q)). In either case we have [Eg[, < oo and so, as [|[Eq|[,, = 1, we have
”EQHB < 00 too. As () partitions X, for every f € V3(X) the support of Eqf is a
subset of X. Hence Eq f € V(X)) for every f € V3(X) and so Eg € L(V(X)). O
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Chapter 5

Application to Anosov maps

It is classical that topologically transitive Anosov diffeomorphisms have a unique
SRB measure and satisfy a CLT and LDP for sufficiently smooth observables; such
results were first established by using Markov partitions to reduce to the case of
subshifts of finite type (see e.g. [85]88] for proofs of the CLT and LDP in this way).
In this chapter we apply the theory of Chapters [1] and [2] to deduce the stability of
these statistical properties: the SRB measure, the variance of the CLT and rate
function of the LDP. In particular, in Section we use the functional analytic
setup of Gouézel and Liverani [54] to confirm that {g o T*},cy satisfies [NG) for
a C™™! Anosov map T and appropriate observables g, where > 1. Theorem @
then yields stability of the variance and rate function to perturbations of type|(KL).
For the remainder of the chapter we develop some classes of perturbations satisfy-
ing for Anosov maps on tori. In Section we propose a numerical method
for approximating the statistical data of an Anosov map that uses a combination
of mollification and Fourier approximation. In Section we then consider per-
turbations arising from non-local stochastic perturbations, which include numerical
approximation via a Fejér kernel method. Having verified for these pertur-
bations, in Section we then use these methods to compute estimates of various

statistical properties for a perturbation of Arnold’s cat map.

5.1 Anisotropic Banach spaces adapted to Anosov maps

We begin by reviewing the functional analytic setup of [54], before moving on to
discussing how may be verified for Anosov maps. For the sake of exposition
we defer all proofs to the end of the section. Let m > 1 and X be a m-dimensional,
C>, compact, connected Riemannian manifold and 7' € C"™'(X, X) be an Anosov
map for some r > 1. In [54] the metric on X is replaced by an adapted metric

x + (-, ), such that T" exhibits strict contraction and expansion in the stable and
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unstable directions, respectively. More specifically, if « + |[|-||, denotes the norm
induced by the adapted metric, and = — Fy(z) and x — E,(x) denote the stable
and unstable bundles, respectively, associated to T', then there exists v, 1, v, € (0,1)

such that

sup HDxT
zeX

< v, and supHDIT_l}Eu(I)H qujl.

B2 (@) zeX

Following [21] Proposition 5.2.2], we review the construction of such a metric in
Section [5.3.2 as the specific choice of metric will later simplify some arguments. Let
2 denote both the Riemannian measure on X induced by the adapted metric and
the linear functional f — [fdQ. The transfer operator £ : C"(X,R) — C"(X,R)
associated with T' is defined by

(Lh)-udQ= [h-(uoT)dQ, (5.1)
/ /

where u, h € C"(X,R). For L to have ‘good’ spectral properties it is necessary to
consider it as an operator on an appropriately chosen anisotropic Banach space. We
now describe the construction of such a space from [54]. Core to this construction
is a set X of ‘admissible leaves’: small submanifolds of bounded curvature that are
uniformly close to the stable directions of T'; see [54], Section 3] for the full definition.
For each W € ¥ we denote the collection of C" vector fields that are defined on a
neighbourhood of W by V"(W), and by Cd(W,R) the set of functions in C?(W,R)
that vanish on a neighbourhood of OW. For h € C"(X,R), ¢ > 0, p € Nwith p <r
letl!

|All,, = sup sup sup /(vl...vph) -~ dQ.
WES v,..0,€V" (W) peCl(WR) JW
viler <1 lolea<1
Then
Ibllg = S0 by = s il (5.2

is a norm on C"(X,R). Denote by BP9 the completion of C"(X,R) under this
norm. As the naive Nagaev-Guivarc’h method requires a complex Banach space,
we consider the complexification B2? of the spaces BP9. When endowed with the
normP

|7y +ihil|, , = max{]|h,

»,q ”hi”pg}? (53)

1Tn an abuse of notation we also let © denote the induced Riemannian measure on the sub-
manifold W.
*We abuse notation and denote the norm on BZ? by ||-[|,, .-
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B{4 is a complex Banach space. It is on this space that the operator £ is quasi-

compact.

Theorem 5.1.1 ([54, Theorem 2.3)). If p € Z* and q > 0 satisfy ¢ +p < r then
the operator L : BE? — BE? is bounded with spectral radius one. In addition, L
is quasi-compact with pess(L) C {w € C : |w| < max{y, P, vi}}. Moreover, the
eigenfunctions corresponding to eigenvalues of modulus 1 are distributions of order
0, i.e. measures. If the map is topologically transitive, then 1 is a simple eigenvalue

and no other eigenvalues of modulus one are present.

Remark 5.1.2. Some clarification is required about the sense in which one may
consider an element of BZ? to be a measure. Let D/(X) denote the distributions
of order ¢ on X. Each h € C"(X,C) induces an element of D;(X) defined by
hoyx) + ¢ € CUX,C) — Jxh-¢dQ. Asis described in [54] Section 4] the mapping

h + hp,(x) is continuous with respect to |-, ,, and so may be extended to all of

BY by taking limits. By [54, Proposition 4.1T’?chis mapping is an injection, and so
we will say an element of B{? is a probability measure exactly when it induces a
probability measure in D, (X).

Remark 5.1.3. Recall that a T-invariant probability measure is said to be an SRB
measure if it has absolutely continuous conditional measures on unstable manifolds.
It is well-known that topologically transitive C? Anosov diffeomorphism possess a
unique SRB measure, which we shall denote by u. In view of the preceding theorem
and remark we deduce that the unique fixed point of £ in B&? N {h : Q(h) = 1}
maps to g under the injection from BE? to D,(X). We will also denote this fixed

point by wu.

The first main technical result of this section is Proposition [5.1.5, which verifies
[(NG) in the present setting. As 1 € BE?, for any g € C"(X,R) we may define
e* by the power series > o z"g"/kl. We define M, : C — L(BE?) by setting
M,(z)(h) = e*9h for h € C"(X,C) and then passing to B? by density.
Proposition 5.1.4. Let p € Z%, ¢ > 0 satisfy p+q < r. If g € C"(X,R) and
M, : C — L(BYY) is defined by My(z)(f) = e*f, then M, is a compactly |-||

bounded twist.

p—1,g+1"~

Recall that g € C"(X,R) is called a L?(u)-coboundary with respect to T if there
exists a ¢ € L?(u) so that g=¢ — o T
Proposition 5.1.5. Suppose that T € C"Y(X,X), r > 1, is a topologically tran-
sitive Anosov map with unique SRB measure p and that g € C"(X,R) satisfies
Jgdu =0 and is not an L*(u)-coboundary with respect to T. Let p € Z* and ¢ > 0
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satisfy ¢ +p < r and for z € C let L(z) be defined by L(z)f = (L o My(2))(f) =
L(e*9f). Then z — L(z) is analytic (in the operator norm on L(BP?)) and if
¢ € BP is a probability measure then {g o T*}ren, when considered on the prob-
ability space (X, (), satisfies with coding (z — L(z),Q,(). In particular, if
Sp = ZZ;& goT* then for every z € C we have

Ec (e*%) = / L(2)"¢ dS.

With Proposition [5.1.5 in hand, by Theorems [2.1.1 and [2.1.2 we immediately
obtain a CLT and LDP (on appropriate probability spaces) for {goT*}1cn whenever
g € C"(X,R) satisfies [gdu = 0 and is not an L?(p)-coboundary. Since z — L(z)
»1,4+1-bounded twist, if we can verify for some
class of perturbations then the stability of the variance and rate functions will follow
from Theorem [2.2.1. By [54, Lemma 2.1] the unit ball in BE? is relatively compact
in [|-||,_; 441+ The following result from [54] shows that £ satisfies [(KL2)|and |(KL3)|

in the present setting.

is induced by a compactly ||-||

Lemma 5.1.6 ([54, Lemma 2.2]). For each p € N and q > 0 satisfying p+q < r,
there exist A, 4, B, 4 > 0 such that, for each n € N,

1£"hll, < llAllo,, V€ Be?,

||£nh||p,q S Apyq maX{]/g V_p " ||h||p,q + ||h||p—1,q+1 Vh S B(Ié’q'

)

Hence it is possible, in principle, to obtain the stability of the variance and
rate function for perturbations to Anosov maps via Theorem [2.2.1. While we will
devolp more perturbations satisfying in later sections, for the moment we give
an application on the stability of the rate function for deterministic perturbations
to topologically transitive Anosov maps, which are known to satisfy as per
[54], Section 17]. This result should be compared to [54, Theorem 2.8, Remark 2.11].
For y € R we denote by 7, the map z — x + y.

Theorem 5.1.7 (Stability of the rate function under deterministic perturbations).
Let T € C'([0,1],C™ (X, X)) be such that T(0) is a topologically transitive Anosov
diffeomorphism. Let p € Z and q > 0 satisfy p + q < r. Fiz a probability
measure ( € BP? and suppose that g € C"(X,R) satisfies [gdp = 0 and is not
an L*(u)-coboundary. There exists € > 0 and, for each t € [0,€|, a number A,

and map r; - J — Ay — R, where J is an open real neighbourhood of 0, so that
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{goT(t)k — A;}ren satisfies a LDP on (X, () with rate function ry, Ay — Ay = 0

and ry 0 T_y, — 19 compactly on J.

We now prove Propositions [5.1.4 and [5.1.5, and Theorem [5.1.7.

The proof of Proposition[5.1.4. 1t is clear that M,(0) is the identity. For each k € N
let P, : C"(X,C) — C"(X,C) be defined by P,f = ¢g*f. Multiplication by g
is continuous on B{? by [54, Lemma 3.2] and so P, € L(Bg?) for each k € N.
Moreover, as || P, , < [IP1]ls .
convergent in the ||-||, - operator norm, with limit My(2). Hence z — M,(2) is a

for each z € C the series > -, z* Py is absolutely

well-defined analytic map taking values in L(B2?). The same argument holds when
B%% is replaced with B "™ and so z +— M, () is analytic on L(B% ") too. In

particular, it is compactly ||| -bounded. O

p—1,g+1

From the beginning of [54, Section 4|, for each h € BP? and ¢ € C%{(X,R) we

have

\ / hqﬁdﬂ‘ <Ol 16ler

for some C' > 0 independent of h and ¢. It is straightforward to show that the
same inequality holds for h € B{? and ¢ € C4(X,C) (although with a different C,
which is inconsequential). Hence, the functional €2 is in (Bf?)*. Let ¢ € BP? be a
probability measure (i.e. the image of ¢ under the injection from BP? to D, (X) is a
probability measure) and h € C"(X, C). Since C"(X,R) is dense in B??, there exists
{CG}icz+ C C"(X,R) such that ¢; — ¢ in BP?. As BP is continuously injected into
D, (X) it follows that (; — ¢; in D,(X). Note that ¢ € C"(X,R) naturally induces
a measure, which we will also denote by ¢, so that [fdy = [ fpdQ for each Borel
measurable function f: X — C. Hence,

Q(h¢) = lim Q(h(,) = lim /h(n dQY= lim [ hd(, = /h dc. (5.4)

n—00 n—00 n—r00

Proposition 5.1.8. Let g € C"(X,R), S,(9) = S.i—agoT" and ¢ € B» be a

probability measure. Then for each n € N and z € C we have

/ezsn@) d¢ = Q(L(2)"¢).

Proof. For h € C"(X,C) we have £h = (h|detT|™") o T~'. It is straightforward
to verify that for every fi, fo € C"(X,C) we have L(fi o T - fo) = f1L(f2). By

[54, Lemma 3.2], multiplication by f; is continuous on BZ?. Hence, by passing to
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the completion we may take fo € B{?. Setting fi = e* and fo = ¢, and then
inductively using this identity, it follows that for each n € N and z € C we have
L(z)"¢ = L" (ezsn@g). Upon integrating, and using (5.4) and that £ preserves

Q-integrals, we have

QL(2)"¢) = Q (L7 (552000 ) = Q (75 0)¢) = /ezsn(g) ac.

The proof of Proposition|5.1.5. The expectation of g o T* with respect to ( is
fromscmloor 0 -ale 0

By our assumptions, £ = £(0) is a simple quasi-compact operator on B¢ with
p(L) = 1. Let £L¥ = II + N* be the quasi-compact decomposition of £*. As yu is
T-invariant and QL = ), it follows that II(f) = Q(f)u. Hence, as N¥ — 0 and ¢
is a probability measure, we have £5¢ = Q(¢)u + N* — p in B2?. Using and
the fact that Q € (BE?)* we have

tin [gorhdc = in [g-(£4)d2 = 2ug) = [ =0
It follows that lim,,_. E¢(S,)/n = 0. By Proposition [5.1.4 the map z — My(z) is
analytic and so z — L£(z) must be analytic too (both with respect to the operator
norm on L(Bg?)). That z — Inp(L(z)) is strictly convex follows (as in Remark
from the fact that p(L(t)) equals the leading eigenvalue A(¢) of £(t) for t in a
small real neighbourhood of 0 and as g not being a L*(u)-coboundary with respect
to T implying that \”’(0) > 0 (see e.g. [92, Lemma 6]). Thus {g o T*} ey satisfies
on the probability space (X, () with coding (z — L£(2), €, (). O

The proof of Theorem[5.1.7. For t € [0,1] let £, denote the Perron-Frobenius oper-
ator induced by T'(t). By [54] Theorem 2.3], topological transitivity of 7°(0) implies
that Lo is a simple quasi-compact operator on Bg? with p(Ly) = 1. By [54] Sec-
tion 7], there exists some t' > 0 for which {£;};cp satisfies on BE? with
| = IIll,_1 4+1- Applying Theorem @ to {g o T*}ren, which satisfies (NG) by
Proposition [5.1.5, we obtain # > 0 and € € (0,#) so that whenever ¢ € [0, €] and
z € Dy the operator £,M,(z) is quasi-compact and simple with leading eigenvalue

A¢i(z). In particular, 1 is a simple eigenvalue of L; for ¢t € [0, €] and so T'(t) has
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a unique SRB measure y; in BZY. By [38, Proposition 2.4, Remark 2.5], for each
t € (0,€) there exists an eigenvector v; of £; associated to the eigenvalue 1 such

that v; — p in Bé_l"ﬁ'l as t — 0. By simplicity of the eigenvalue 1, for sufficiently

small ¢ we have pu; = % and so the continuity of f +— [ fdQ on Bg_l’qﬂ implies
that y; — pin B2 5 too.

Fix t € [0,¢]. Let A, = [gdu: and g = g — A, As multiplication by g is
continuous on Bfé_l’qﬂ [54, Lemma 3.2] and 2 € (Bé_l’qﬂ)*, we have lim;_,q A; =
limy 0 Q(gpe) = Q(gp) = [gdu = 0. Note that e*A L, My, (z) = L,M,(z) for every
z € C, and so L£;M,(2) is quasi-compact exactly when £;M,(z) is. In particu-
lar, £;M,,(2) is a simple quasi-compact operator for every z € Dy with leading
eigenvalue ky(z) = e *)\(2). From the material in this section and the last,
it is routine to verify that {g; o T'(t)"},en satisfies [NG) on (X,(¢) with coding
(z — LMy, (2),9,(). Hence, by Theorem @ the sequence {g; o T'(t)*}ren satis-
fies a LDP on (X, () with rate function r; : J; — R defined by

ri(s) = sup (sz —In|ki(2)]).
z€(—0,0)

Recall from (2.3) that r; has domain

- (a0,

As ky(2) = e*4 )\ (z), we therefore have J, = Jy — A, and

ri(s) = sup ((s+ Az —In|\(2)]).
z€(—0,0)

By Theorem [2.2.1, for each compact U C J, there is a closed interval V' C (—6,0)
so that the map s — sup,cy (sz — In|A\(2)|) converges uniformly to 79 on U. Since

the map z — In |\ (2)| is convex on (—6,6), by the arguments from the proof of
Theorem [2.2.1 we have

ri(s — Ay) = sup(sz — In [A(2)]).

zeV

Hence, ry o 7_4, — 19 compactly on Jy. O
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5.2 Approximating the statistical data of Anosov maps

In this section we introduce a scheme for approximating the spectrum of the Perron-
Frobenius operator associated to an Anosov map on the m-dimensional torus T,
which we identify with R™/Z™. The scheme proceeds by convolving the Perron-
Frobenius operator with a compactly supported mollifier, and then approximating
the smoothened operator using Fourier series. A similar idea is developed in [14],
where Ulam’s method is considered instead of Fourier series and convergence of the
SRB measure and variance are obtained. We note that [14] did not include any
computations (as we do, in Section nor did they consider the stability of the

rate function.

Throughout this section we adopt the setting, assumptions and notation of Sec-
tion and fix p € Z* and ¢ > 0 satisfying p + ¢ < r. Let Leb denote the
normalised Haar measure on T™. For some ¢; > 0, suppose that the family of

stochastic kernels {gc}ec(,;) € C(T™, R) satisfies the following conditions:

(S1) g > 0 and [g.dLeb = 1;
(S2) The support of ¢, is contained in B(0, €).

For such a family we define operators @, : C"(T™, C) — C"(T™,C) by Q.f =
f * ge. Recall that convolution is defined with respect to the Haar measure Leb on
T™, which may differ from the measure €2 that is induced by the adapted metric.
It is evident, however, that the Radon-Nikodym derivatives d;“;;b and d(i%b both
exist, and are elements of C>°(T™ R). As a consequence we obtain the following

characterisation of Q).:
Lemma 5.2.1. Q). extends to a bounded operator Q). : BE? — C>(T™,C). Con-
sequently, Q. is compact as an element of L(BE?,C*(T™,C)) for every k € Z7.
Moreover, Q. is compact as an element of L(B?) and, for each ki, ky € ZT, as an
element of L(C* (T™,C),C*(T™,C)).

Let Lo = £ and, for each € € (0,¢;), let L. = Q Ly, which is in L(Bg?) by virtue
of the previous lemma.

Lemma 5.2.2. There exists €2 € (0,€1) so that {Lc}ecio,e,) satisfies[(KL) on BE?
with |- = |-y g11-

By Lemma [5.2.1, for each € € (0,¢;) the operator L, is compact and, for every
k € ZT, maps the unit ball of B%? into a bounded subset of C*(T™,C). For

this reason L. may be approximated with Fourier series for each € > 0. For ¢ =
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(b1,...,4g) € Z™ we set ||k||,, = max;|(;] and [[€]], = >, [¢i|. For each n € Z*
define II,, : C(T™,C) — C(T™,C) by

(L f) ()= > e,
tez™
1€l oo <m0
where f denotes the Fourier transfor of f. For every € € (0,¢1) and n € Z™ let
Le, = II,L.. To simplify our notation, we set L., = L. Our main technical result

for this section is the following.

Proposition 5.2.3. There exists €3 € (0, €2) and a map N : [0,€3) - NU{oo} with
N~Yo0) = {0}, so that for any map n : [0,€3) — NU {oco} withn > N the family
of operators {Le (e }eelo,e) satisﬁes on Bgt with |-| = |I-|l,_y 411

Remark 5.2.4. By Proposition [5.2.3 we may apply the results in [71] (see Section[L.1]
for a review) to {Len(e) }eco,e;)- A careful examination of the proof of Proposition
@ shows that the o term in [(KL3) for {Lcn(e) }ecio,e;) may be taken to be any
number in (max{v?, v, 7}, 1). Hence, all the isolated eigenvalues of £ with modulus
strictly greater than max{v{, v, 7} are approximated by eigenvalues of L. ), with
error vanishing as e — 0. When such an eigenvalue of £ is simple, we additionally
have that the corresponding eigenprojection and eigenvector are approximated by
those of L. (¢ in ||| and |-|, respectively (see [38 Proposition 2.4, Remark 2.5] for
an extension of this idea).

Remark 5.2.5. From the proof of Proposition [5.2.3 it is clear that asymptotic be-
haviour of n(e) as € — 0 is determined by the family of stochastic kernels {¢g.}e=o-
By restricting to a specific family of kernels one could more explicitly describe the
dependence of € on n(e). This is exactly what is done in [14] Section 2.6]: in their
scheme it is shown that n(e) = O(e™") for an exponent r > 0 that may be estimated
in terms of dynamics, where n represents the maximum size of a polytope used in
an Ulam discretisation, and e represents the dilation of a fixed stochastic kernel ¢

(i.e g(z) := e *q(e7'x)). See [14], Section 2.6] for more details.

Propositions [5.2.3 and [5.1.5 allow us to apply Theorem [2.2.1 to obtain the

stability of the invariant measure, variance and rate function. We note that Anosov

diffeomorphisms on tori are automatically topologically transitive [66, Proposition
18.6.5], and so T has a unique SRB measure pu, and 1 is both a simple eigenvaue of
L and the only eigenvalue of £ of modulus 1 ([54, Theorem 2.3]).

3Specifically, f(£) = [y f(x)e 7" d Leb(x).
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Theorem 5.2.6. Suppose that T € C™(T™ T™), r > 1, is a topologically transi-
tive Anosov diffeomorphism with unique SRB measure p, and that g € C"(T™,R)
satisfies [gdu =0 and is not a L*(p)-coboundary with respect to T. Let N,n satisfy
the conditions of Proposition[5.2.3. There exists 6,€ > 0 so that for each € € [0,¢)
and z € Dy the operator L. () is quasi-compact and simple with leading eigen-
value A\ (z) depending analytically on z. Moreover, we have stability of the following

statistical data associated to T and {go T*}ren as € — 0:

1. The invariant measure is stable: there exists eigenvectors ve € BE? of Len(e)
for the eigenvalue A(0) for which lim o |[ve — pll,_; .41 = 0.

2. The variance is stable: lim_,g A\ 0) = o2,

3. The rate function is stable: For each sufficiently small compact subset U of

the domain of the rate function r there exists an interval V- C (—6,0) so that

limsup(sz — log |\(2)]) = r(s)

e—=0 ey

uniformly on U.

Remark 5.2.7. In Section we aim to estimate the statistical properties of an
Anosov map T using Lemma [5.2.2, Proposition [5.2.3 and Theorem [5.2.6. However,
these results concern the stability of the spectral data of the transfer operator asso-
ciated to an Anosov map 1" on the m-dimensional torus T equipped with an adapted
metric. In particular, this operator, say Lq, is defined by duality with respect to
the adapted Riemannian measure ). From a computational perspective one would
much rather approximate the transfer operator Ly, that is defined by duality with
respect to Leb, the Haar probability measure on T™, since this removes the need to
compute any quantities that depend on the adapted metric. Luckily, the relation-
ship between these operators (and their twists) is simple: they are conjugate and
therefore have the same spectrum (see Proposition |5.4.1). Hence an approxima-
tion of the spectrum of Lyep(2) is also an approximation of the spectrum of Lq(z).
However, it is not clear from the proofs in this section that if {IL,)QcLa}ecp,e)
satisfies due to Proposition @ then so too does {I,,()QcLreb }ecpo,e) i-€. a
numerical scheme that is valid for Lo may not be valid for Lpe,. In Section [5.4.4
we show that this obstruction does not occur, at least not in the current setting;

the relevant results are Propositions [5.4.1,5.4.2 and [5.4.3.

The remainder of this section is dedicated to the proofs of the aforementioned

results.
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The proof of Lemma[5.2.1. Let € € (0,¢1), £ € N™ and f € C"(T™,C). Denote

% by 9. From the beginning of [54, Section 4] the map h + [hdQ is
1 -0Tm

bounded on B&?. Moreover, multiplication by C" functions is bounded on B by

[54, Lemma 3.2]. These facts, together with standard properties of convolutions,

imply that there exists a constant C' independent of f,¢ and € such that

sup |(9e(ge * f))(x)| = sup

@i st Leb<y>\

z€Tm z€Tm
d Leb
= sy | [0 - 1) 5 ) a0)
zeT™
d Leb
S C f Hék%ﬂCq'
d€} o
Since dc{“éb € C>®(T™ R), using the continuity of multiplication by C" functions
again yields
d Leb
1Qcfllcner, < C 1 £11,.q 1ellcaien,
dQ e

for some appropriate constant C’. Hence, ). extends to a bounded operator
Q. : BET — C*(T™,C) for every k € Z*. Tt follows that Q. also extends to a
bounded operator Q). : B&Y — C>(T™,C). As bounded sets in C>*°(T™, C) are
compact in C*(T™,C) for every k € ZT, each operator Q. : B¥? — C*(T™,C) is
therefore compact. That Q). : BE? — Bf? is compact follows from the continu-
ous embedding of C"(T™,C) into B%? [b4, Remark 4.3]. It is then standard that
Q. € L(Ck(T™,C),C*(T™,C)) for each ki, ko € Z*. O

The proof of Lemma|5.2.2. For each y € T™ let T,, : T™ — T™ be defined by
T,

(defined by duality as in (5.1))). Let h € C"(T™,C) and =,y € T™. Let 7, : T™ — T™
denote the translation map induced by y. As D,T, = (Dy7,)(D;T") we have

(r) = T'(xz) +y, and let L7, denote the transfer operator associated with Tj,

(Lh)(x —y) = ((h |det DT\_I) o T_l) (x —y)

= (hoT; ) () ‘det Dyoi T, " |det(Dy_yry) !

= (Lg,h)(z) |det D7, | .
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Hence,

(C.h)(x) = / 4:(y)(Lh)(z — y) d Leb(y)

(5.5)
- / qe(y) |det D7y | (L7, h)(x) d Leb(y).

For € € (0,¢€1) let A, be defined by

(An)@) = [a(5)(Lrh)(z) dLebly)

Set Ag = L and, for each € € [0,¢€1), let F, = L. — A.. We aim to apply Proposition
1.3.1 to {Ac}ecpo,e;) and {Fe}ecio,e,), which would imply the required result as £, =
A+ F..

We begin by proving that {A.}ccp.,) satisfies Note that {Ac}ecjoe) is a
perturbation of the kind considered in [54]. Specifically, we take T™ to be their
(2, the Haar measure Leb to be their p, and set g(w,x) = ¢.(w). Therefore, by
the discussion between Corollary 2.6 and Theorem 2.7 in [54], there exists some
€ € (0,€) such that {Ac}ecpo,e) satisﬁeson Bg with || = [|-]|,_, .4, provided
that

(C1) For a fixed, small, open (in the C"™!(T™, T™) topology) neighbourhood U of
T we have T, € U whenever y € B(0,€); and
(C2) lime0 [qe(y) der+1(T,, T) d Leb(y) = 0.

The condition is derived from [54], equation (2.5)] by setting g(w, z) = ¢.(w),
and observing that x — ¢.(w) is constant and so has CP*? norm |g.(w)| = g.(w).
The other term in [54, equation (2.5)] is 0 since [g¢(w)dLeb(w) = 1. As T™ is
compact and T € C™(T™,T™), the map = — D*T is uniformly continuous for
each 0 < k <7+ 1. It then follows from the definition of 7}, that

lim sup der+1 (7, T) =0.
e—0 y€B(0,¢)

Recalling that ¢, satisfies |(S1)| and |(S2)} it is clear that there exists € € (0,¢€1) so
that {Ac}ecpo,e) satisfies both [(C1) and [(C2), and therefore also [(KL)!
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We will now prove that { F, }ccjo,y satisfies the requirements of Proposition|(1.3.1.
For y € T™ let f, : T™ — R be defined by f,(z) =1 —det D,7_,. One verifies that

(Fuh)(z) = / 0.(), () (L, h) () d Leb(y)

From the definition of [|-||, , and we obtain

1Ebl, < a4+ (Enh)],, dLebly).

As multiplication by C" functions is continuous on BE? ([54, Lemma 3.2]), using
(S1)| there is some C' > 0 such that

1B,y <€ sw e, [a0) 15l dLebw) (56)

YESUpP ge

As mentioned at the beginning of [54] Section 7|, the estimates in |54, Lemma
2.2] apply uniformly to every map in U and so there exists some 1 > 0 such that
SUPyeB(0,) ”ETpr,q < oco. Since det Dy, = 575 (v + ) 55 (@), and 15, 57 €
C*(T™,R), we have lim,_,o f, = 0 in C"(T™, R). Applying these facts and |(S1) to

(5.6) vields

lim || Fe||,, , < C'limsup sup nyHCT sup HETyH (5.7)
e—0 €B(y, B(0,e

e—0 Yy

The same argument applies when estimating || F,|| and so there exists €’ €

p—1l,q+1’
(0,€') so that {Fi}ccp,e satisfies the requirements for Proposition [1.3.1.

Hence Proposition [1.3.1 applies to {Ac}ecp,ery and {Fe}ecjo,ery. Namely, there

exists € € (0,€”) so that {Ac + F.}ecjo,e,) satisfies ((KL). Since A, + F, = L., this
completes the proof. O

We require the following classical result on the convergence of Fourier series on
T™ (see e.g. [90, Proposition 5.6 and the proof of Theorem 5.7]).

Proposition 5.2.8. For each k € N we have I1,, — 1d strongly in L(C*" el ,CR).

The proof of Proposition[5.2.5. By Lemma [5.2.2 the family of operators {Lc}ccpo.c,)
satisfies |(KL){on Bg? with |-| = ||-[|,_, ,,,- We plan to find N : (0, e2) — N so that
we may apply Proposition [1.3.1 with A, = £, and B, = L. y(¢) — L..
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By Proposition [5.2.8, I, — Id strongly in L(C™* "3 1,¢"). As the unit ball
of ¢ i compact in C"" (MTH}, Proposition @, the uniform boundedness
principle and standard estimates imply that II,, — Id in L(C""" [ ] ,C"). As C"
embeds continuously into BZ? [b4, Remark 4.3], there exists C' > 0 so that, for each

€ € [0,e2) and n € N, we have
_ < _
[ Len £5||p7q < O, Id||L<Cr+1+[m+rl" ,CT) HQ€HL<B@‘1,CT+I+[EF1> ||£||p,q-

Hence, as || Q|| is finite by Lemma [5.2.1, for each € € (0, €3) there
L(B?

-4 CT+1+ ’VWTH—‘
Cc

exists Ni(e) so that [[Len — Lel|,, < € whenever n > Nj(e). The same argument
produces for each € € (0,e2) an Na(e) so that ||Len — Lell,;,,, < € whenever
n > Ny(€). To summarise, if N(¢) := max{Ny(¢), N2(e)} and n : (0, €) — N is such

that n > N, then lim,_. ‘ Len(e) — Epr,q =0 and

sup ) Hﬁe,n(e) — EEH < 00. (5.8)

—1,q+1
e€(0,e2 p at

Hence for each map n > N we may apply Proposition [1.3.1 as planned to produce
an €, € (0,€) so that {Le e }eco,e,) satisfies (KL) on Bg? with |-| = [
Examining the proof of Proposition [1.3.1, we observe that €, may be chosen inde-

pendently of n since limo supys n(e) [|£ee — Lell, , = 0 and

sup sup || Lee— Le| 00.

<
—1,g+1
e€(0,e2) {>N(e) b=

]

The proof of Theorem[5.2.6. Hence, by Proposition @, the sequence {goT"}1en
satisfies on the probability space (X, () with coding (z — £(2),,(). Since
{Len(e) Feclo,es) satisfies we have verified all the requirements of Theorem @,
and so all the claims in the statement of Theorem [5.2.6 follow, with the exception
of the stability of the invariant measure. This claim follows from [38, Proposition
2.4, Remark 2.5], whose hypotheses are verified due to the convergence of eigenpro-

jections in Theorem |1.2.2. L]
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5.3 Statistical stability for some Anosov maps under non-local

stochastic perturbations

The main goal of this section is to show that the statistical properties of some
Anosov maps on the m-dimensional torus T™ may be approximated using (weighted)
Fourier series by realising the Fejér kernel as a stochastic perturbation. More gen-
erally, our results expand upon the stability to stochastic perturbations results of
[54] (see [54] Theorem 2.7]) by allowing the stochastic kernel to be supported on all
of T™ at the cost of additional requirements on the dynamics. As a consequence of
this generalisation, we no longer require a mollifier to estimate the spectral and sta-
tistical properties of Anosov maps as in Section [5.2] which improves computational

potential of our theory.

We adopt the setting, assumptions and notation from Section and fix p € Z*
and ¢ > 0 satisfying p + ¢ < r. Our main assumption on the dynamics is that the

associated transfer operator £ satisfies

sup max{||7, L, , 7L, 1 4413 < 00, (5.9)
where 7, denotes the translation operatorﬂ induced by y € T™. In Section @ we
show that implies for non-local stochastic perturbations (i.e. for stochas-
tic kernels supported on all of T™), which then yields the stability of the invariant
SRB measure, variance and rate function to such perturbations. In Section[5.3.2 we
then provide conditions for a map to satisfy . For example, Proposition @
implies that holds for an iterate of T" provided that T is close to a hyperbolic
linear toral automorphism. Lastly, in Section [5.3.3 we verify these conditions for a

family of perturbations to Arnold’s cat map.

5.8.1 |(KL) for non-local stochastic perturbation

For some €, > 0, suppose that {¢.}cc(,;) € L' (Leb) is a family of stochastic kernels
satisfying |(S1)| and
(S3) For every n > 0, we have lim,_,q me\B(O ;e dLeb = 0.

The condition [(S3)] replaces [(S2)] from Section [5.2, and consequently allows the

support of each ¢. to be all of T™. Also note that we place no regularity requirements

4 Throughout this section we treat 7, as both a composition operator and map.
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on the kernels ¢.. For € > 0 define L, := ¢.x L, and let Ly := £. Our main technical
result for this section is the following.

Proposition 5.3.1. If holds then there exists ea € (0,€1) so that {Lc}ecpo,er)
satisfies on Bgt with |-| = |||, -1 411

Remark 5.3.2. The same comments as those in Remark [5.2.4 apply to the family
of operators {£6}56[0752). That is, the spectral data associated to the eigenvalues of
Ly with modulus strictly greater than max{v?, v, ?} are well approximated by the

spectral data of associated to eigenvalues of L., with error vanishing as ¢ — 0.

As noted before the statement of Theorem [5.2.6, since T' is an Anosov diffeo-
morphism on a torus, £ is a simple quasi-compact operator on Bg?. Thus, if
holds then Propositions [5.3.1 and [5.1.5 allow us to apply Theorem [2.2.1 to obtain
the stability of the peripheral spectral data, invariant measure, variance and rate

function with respect to the class of stochastic perturbations in consideration. The
proof is the same as that of Theorem [5.2.6.

Theorem 5.3.3. Suppose that T € C"TH(T™, T™), r > 1, is a topologically transitive
Anosov diffeomorphism with unique SRB measure u, and that the Perron-Frobenius
operator L associated to T satisfies (5.9)). Further suppose that g € C"(T™,R)
satisfies [gdu = 0 and is not an L*(w)-coboundary. There exists 0,€¢ > 0 so that
for each € € [0,€') and z € Dy the operator L.(2) is quasi-compact and simple with
leading eigenvalue \.(z) depending analytically on z. Moreover, we have stability of

the following statistical data associated to T and {g o T*}en:

1. The invariant measure is stable: there exists eigenvectors v. € B&4 of L, for
the eigenvalue A\c(0) for which lim o [[ve — pl,_ o1 = 0.

2. The variance is stable: lime_o A\ (0) = 2.

3. The rate function is stable: For each sufficiently small compact subset U of

the domain of the rate function r, there exists an interval V- C (—80,6) so that

limsup(sz — log |\(2)|) = r(s)

e—=0 ey
uniformly on U.

A key application of the results in this section is the rigorous approximation

of the spectral and statistical data of some Anosov maps using Fourier series. We
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define the nth 1-dimensional Fejér kernel K,,; on T' = R/Z by

- E T
Koa(t)= ) (1 - n|_+|1) Q2mitt

{=—n

The nth m-dimensional Fejér kernel K, ,,, on T™ is defined by

Kmm(t) = H Kn,l (tz’),

where ¢; is the ith component of ¢ € T™. It is well known that the 1-dimensional

Fejér kernels satisfy |(S1) and |(S3)| as n — oo (they are a summability kernel; see

[67, Section 2.2 and 2.5]). It is routine to verify that the m-dimensional kernels
consequently satisfy the same conditions, and so we may apply Proposition [5.3.1
with ¢/, = Ky m. A straightforward computation yields

Z ﬁ (1 . n|i_|l> o2 Et)7

tez™ =1
l[€ll oo <
and, therefore, convolution with the Fejér kernel may be represented using weighted

Fourier series:

(Ko )= > ] (1— n'i’l) Fk)e2mtbs, (5.10)

tezm i=1
1€l e <m0

By the above considerations, Proposition|5.3.1 and Theorem [5.3.3 we obtain the

following stability result for stochastic perturbations induced by the Fejér kernel.

Corollary 5.3.4. Assume that T', L and g are as in @ Forn € N let Ly, ==
Ky, * L, where K, , is the m-dimensional Fejér kernel, and let Lo = L. There
exists N > 0 so that the family of operators {Lin}n>n satisfies on BE? with
[l = 1"ll,1 441~ Consequently, we have stability of the invariant measure, variance,
and rate function associated to T and {g o T*}ren as in Theorem @

The operators L/, are finite-dimensional and leave the span of {e2mitthe)

14|l < n} invariant. Therefore, we could compute all of the spectral data of
L1/, Vvia its matrix representatlon with respect to the basis {e?™&®) . ||¢|| < n}

and use Corollary [5.3.4 to estimate the statistical properties of T'.
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Remark 5.3.5. The comments made in Remark [5.2.7 also apply here: the stability
results in Proposition[5.3.1, Theorem [5.3.3 and Corollary [5.3.4 apply to the transfer
operator Lq that is associated to T' via duality with respect to €2, rather than the
transfer operator L., that is associated to T via duality with respect to Leb. In
Section [5.4.4 we show that these operators, and their twists, are conjugate, and
therefore have the same spectrum, and that if Proposition [5.3.1, Theorem [5.3.3 and
Corollary [5.3.4 apply to Lq then they also hold true when Lq is replaced by Lyep.

Proof of Proposition[5.3.1. For each n € (0,1/2) let s, be the characteristic func-
tion of B(0,n). For ¢ > 0 let acy = [qesydLeb, A, = aZ}(qes,) * £ and
Bey = (q(1 —aZ)sy)) * L. Set Ay, = L and By, = 0. Our goal is to apply
Proposition [1.3.1 by showing that for some n > 0 there exists ¢ € (0,¢€) so that
{Ac}ecp,ey satisfies , and then proving that {B.,}ecjo,) satisfies the neces-
sary requirements of Proposition [1.3.1. As L. = A, + B., this yields the required

statement.

Since {a;}]qgsn}ee(oﬂ) satisfies the perturbation {Ac;}ecpo,,) is similar to
the (convolution type) perturbation considered in Lemma @ We will explain
how to modify the proof of Lemma [5.2.2 to obtain the required result. Examining
the proof of Lemma [5.2.2, we note that it was not important that the family of

kernels was in C*, indeed it is sufficient for the kernels to be contained in L'(Leb).

We must verify the conditions [(C1) and [(C2)| and a different argument is required

here since {a,qes,}e>0 does not satisfy |(S2)l By choosing 7 sufficiently small we
may make the support of every a_,ges, small enough so that for every e € [0, €;)
and y € supp ¢.s, the map Ty (z) := T'(x) + y is in the set U from in Lemma
[.2.2. This verifies in our setting; we will now verify |(C2). By |(S1)| and |(S3)|
for {gc}e>o we have lim,_, a;%, =1 for every 1’ € (0,7]. Hence, for every ' € (0,7)

we have

lim [ a_}g(y)sy(y)|der+1(T,, T)d Leb(y) = lim qe(y)der+1(T,, T) d Leb(y)
e—0 e—0 B(0,n)

= lir% (/ qe(y)der+1(T,, T) d Leb(y) + / qe(y)der+1 (T, T) dLeb(y))
P NIBOm\BO7) B(0.1")

<lim sup der+1 (T, T) / ¢(y)dLeb(y) + sup der+1(T,,T)
yeB( (0,7") T™\B(0.1")

=0 0,m)\B yeB(0,7)

= sup dewi (T, T),
y€B(0,1')

(5.11)
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where we have used both [(S1)|and |(S3)l Since lim,y o sup,cpo.,) der+1 (T, T) = 0
we obtain |(C2) from (5.11). It remains to provide an alternative proof of the
convergence of F, — 0 from ({5.7) i.e. that the operators

Foihes / 030 (y)59(4) £, (x) (L1, h) () d Leb(y)

converge to 0 in L(BP9) and L(BP~"4*1) as e — 0, where f, =1 —det D,7_, as in
the proof of Lemma|5.2.2. Using|(S3)|and the fact that lim._,a_} = 1 we have for
each ' € (0,n) that

ity [ a:30.(6)5(0) |l dLeb(y)
<t ([ alle diei) + [ ) 1A aLeb ) )
‘ B(0.1) B(0,m\B(0,1")

< sup ||fy||cr+1im(/ qe<y>dLeb<y>) sup 1fylor
B(0,n)\B(0,1") y

yeB(0,1') =0 €B(0.7)

= sup |fyller-
y€B(0,1')

(5.12)

Since lim, o || fy||o- = 0, by letting " — 0 in (5.12)) we can conclude that the left
side of (5.12)) is 0. Recalling that T, € U for every y € supp ¢.s,, it follows that

SUPy esupp QeSy H'CTy Hp,q < 0o. Hence

iy 17, <t sup (2], [t (w)s,6) Il dLebly) =0,

YESUPD GeSn

which proves (5.7) in our setting. The comments made in the sentence following

(5.7) apply here too. Hence the arguments in Lemma [5.2.2 apply to {Ac,}ecpo.e1),

and so { A }eejo.e) satisfies |(KL) on B! with [-] = [|-|,_; .1

We will prove that lime o B, = 0 in both L(BP?) and L(BP~1t1) as this
readily implies the same for L(B2?) and L(B% ™). Let h € C"(T™,R), k < p
be a non-negative integer, W € X, {v;}F_; C V(W) with [lv;]lo < 1, and ¢ €
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CIH (W, R) with ||| ars < 1. With u., = q.(1 — a_ysy), we have

‘ /W<”1 co k) (e * LR)(2) - p(x) dQ(2)

< [ sl [ 0o, £0)0) - o) d02) | ALy
< (sup 1L, ) 1l [ fucal dLebio)

Hence,

| Beall,q < (ys&% |yTyL||p7q) /T tte| dLeb(y)

(5.13)
< (sgrp ||ry£||p,q) / 4(w) |1 — aZts, ()| dLeb(y).
ye™

Since lim,_,¢ a., = 1, using |(S3)| we have

lim [ qc(y) |1 —a_,s,(y)| dLeb(y)

| < lim (/qe(y)(l — sy(y)) dLeb(y) + /qe(y)sn 1 —ag,

e—0
) —0,

Together (5.9), (5.13) and (5.14) imply that lime o | Beyll,, = 0. The same argu-

v1.q41 = 0, and so there exists ¢ € (0,€) so that
SUP.c(0,e) | Bell,_1 401 < 00 We have verified the conditions of Proposition [1.3.1,
concluding the proof. O

dLeb(y)> (5.14)

< lim (/ qe(y) dLeb(y) + |1 — a;%
T\ B(0,7)

e—0

ment proves that lim._o || B.,||

5.3.2 A class of maps satisfying Proposition |5.5.1, Theorem|5.3.3, and Corollary
5.3.4

Our main result for this section, Proposition [5.3.6, gives conditions for 1" to have an
iterate satisfying (5.9). For instance, we will deduce that Proposition |5.3.6 applies

to Anosov maps that are sufficiently close to hyperbolic linear toral automorphisms.

In [54] Section 3] the usual Euclidean metric on T™ is replaced by an equivalent
adapted metric. The choice of adapted metric will be crucial to our arguments in
this section, so we begin by reviewing the construction of such metrics, following [21]
Proposition 5.2.2]. Let ||z denote the usual Euclidean norm on the tangent space

of T™. Let E*(x) and E"(x) denote the stable and unstable directions, respectively,
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of T" at x, and let 7} and 7 be the projections induced by the splitting 7, T™ =
E*(x) ® E*(z). Let my = dim E*(z) and m, = dim E*(z). Since T is Anosov,

there exists C' > 0, Ay € (0,1), and A, > 1 so that ‘DJ;T" Bs( )) < CA} and
z) |gm
‘DxT_”’Eu( ) < OA\," for every n € N. Recall v, and vy from Section and
z) |gm

N+1

that Ay < vy, < 1 < v, < A,. Let N be such that max{%,;“;\,ﬁ} < 1/C. For
v® € F*(z) and v* € E"(x) we define

N

N
lo*lg = Y v ¥ | DT 0%y, and [[0*llg = Y vy [ DT 0", -
k=0 k=0

Note that HDxT . H < vy and HDxT_l‘ ., H < vt For v € T,T™ we define
Es@) ||, Ev(z)||q v

lolly = /llmoll2 + ol

and, since |-||, satisfies the parallelogram law, we may recover a metric (-,-)o via
the polarisation identity. Note that £E*(x) L E*(x) with respect to (-, -)o. However,
since x +— (-, )¢ is not necessarily smooth (and so T™ equipped with (-,-)q would
not be a C* Riemannian manifold), for each sufficiently small £ > 0 we instead
consider a smooth metric (-, -)¢ (with corresponding norm denoted ||-|.) such that
(M1) sup,epm Sup vwer,t (v, w)e — (v, w)o| < &;

[[ollgsllwllo<1

< vg and “DxT_1|Eu(x)" < vl and
'3

(M2) HDxT )
e
(M3) E®(x) and E*(z) are &-orthogonal: for wy € E®(x) and w, € E"(x) with
Jwslle s lwalle <1 we have |(ws, wy)e| < €.

A metric is called adapted if it satisfies ((M2)l For sufficiently small £, metrics
satisfying (M3)| can be constructed by approximating (-, -)o (see e.g. [59]).

Let £ > 0. For z € T™ we denote by I'S and I'* the orthogonal (with respect to
(-,-)e) projections onto E*(x) and E*(z), respectively. Although I'} clearly depends

on &, we suppress this from our notation. Define

Cre= sup ||Dgc7'y||5 and Or¢= sup HFnyDwTy—(DxTy)Fi
z,ycTm z,yeTm

|- (5.15)
Note that both C.¢ and ©7, are finite. The key hypothesis for this section’s main
result is that C7 5> Or1,. Roughly speaking, this condition ensures that translated
leaves never lie in the unstable direction of 7' (recall that leaves are approximately

parallel to the stable directions). One way to see this is by computing the quantities
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C-o and Opg when ||-||, is the usual Euclidean norm (ignoring the issue of whether
the Euclidean norm is adapted). In this case, C;y = 1 and ©rpy measures the
angle between E*(z + y) and E®(x). If this angle is everywhere close to 0 then
the translate of a leaf will be approximately parallel to the stable direction of T

regardless of the translate.

Our main technical result for this section is the following. We note that in our
proof we select a specific adapted metric to both streamline our arguments and
strengthen our results; although in doing so we impact the definition of the set of

141
leaves %, and hence also the spaces B&? and BE 7,

Proposition 5.3.6. If
C,;S > @T707 (516)

then there exists N € Z*, an adapted metric (-,-), and a set of leaves 3, inducing

BE7Vso that L is quasi-compact on BRY, with the same spectral

spaces B2Y and
data associated to eigenvalues outside of the ball of radius max{v, P v?} as when

considered as an operator on Bg?, and so that

S;Tp maX{HTyﬁNHM , ||Ty,CNHp_17q+1} < 0. (5.17)
y m

We make two comments regarding the applicability of Proposition[5.3.6. Firstly,
maps satisfying exist as O = 0 whenever T is a linear hyperbolic toral
automorphism. Secondly, the condition is open in C"H(T™, T™). To see this,
suppose that T satisfies , and let (-,-) be the metric one obtains by applying
Proposition @ to T. The following comments apply to all 7" in a sufficiently
small C""!-neighbourhood of T: T” is Anosov map, (-,-) is an adapted metric for
T’, and the stable and unstable directions for 1" and 7" are everywhere close in the
Grassmanian. It follows that 7" also satisfies provided that it is sufficiently
close to T in the C"*! topology. In Section @ we will construct a family of non-
linear Anosov diffeomorphisms satisfying by following this line of reasoning;
in particular, we will consider a family of non-linear perturbations of Arnold’s cat
map.

The proof of Proposition[5.3.6 occupies the remainder of this section. The idea of
the proof is the following: to bound the left side of one must control integrals
along the translate of a leaf in 3. Taking large enough powers of £ corresponds
to applying powers of T~! to the translated leaf. Since 7! is expansive along

the stable direction of T', and contractive along the unstable direction of T, if
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the translated leaf does not lie anywhere close to the unstable direction of 7' (e.g.
the condition (5.16)) then applying a sufficiently large iterate of 7! will ‘pull’
the translated leaf towards the stable direction of T" so that it may be covered by
untranslated leaves. One can then replace the integral over a translated leaf by the
sum of integrals over leaves in X, which yields the claim. Making this idea rigorous
is arduous: we break it into three main steps. In step 1 we begin by constructing
the adapted metric (-, -). In step 2 we define a set of leaves 3, which induce spaces
B{é’q and Bg_l’ﬁl, and prove the claim in Proposition @ regarding the spectral
properties of L. Finally, in step 3 we prove that translated leaves may be covered
by the image under TV of finitely many leaves in % for some large N; this result is
the core of the proof, and then easily follows from the adaption of arguments
from [54]. Steps 2 and 3 lean heavily on the setting in [54] Section 3]. We have

maintained the notation used in [54] whenever possible.

Step 1: Constructing the adapted metric (-,-). For sufficiently small £ > 0, as T is
a C"™*! diffeomorphism and T™ is compact, the quantity D¢ := sup,eqm [| DT,
is finite. Moreover, as [|-[|; — [|-[|, uniformly, it follows that D¢ — Dy. As E°(x)
and " () are §-orthogonal with respect to (-, )¢, one easily verifies that [, ]|, =
T35 < & What is less obvious, but still true, however, is that

I lle = ITET2 e = 1(0d =T5)(Ad =TF)[l = |(Id =I5 (d =T5)[| < €.

We refer the reader to the proof of Theorem 2 in [23] for details. For £ > 0, x € T™
and k € (0,1) we define the stable cone by

Ce(r, k) = {u € T,T" : [|(Id =I3)ull < & [IT5ull}-

The following lemma is classical; we reprove it here to emphasise the quantitative

estimate (5.18)).

Lemma 5.3.7. For every J > 0 there exists £; > 0 so that for every & € (0,&,),
v €10,J) and x € T™ we have

(D,T7Y) Celw,v) C Ce (T, v ) (5.18)
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Proof. Let & > 0 and suppose that u € C¢(x,v). As D, T (E*(x)) = E5(T 'z), it
follows that

(Id _F;fl(x))DmTilu = (Id —FsTfl(w))Dfol(Id —I')u.
Consequently,

H(Id T ) DT

’5 < || DT T (1d T

+ | DT (1d =Ty (Id =T ul

As [[(Id =T3)(Id =TI3)[| < € and u € Ce¢(z,7), it follows that

H(Id —r‘;l(%))z)gcT—lzLH§ < (HDxT‘l\Eu(x) Hé : HDxT‘1||E> 1(1d =T2 yu

<7 (HDlelEum §+fHDxT1Hg) I3l

Similarly,

s -1 s —11s
D sy DaT | > |[Dsy DT T

’ - ‘ Tty DT (1 =T (1d —P;)UH
3

- Hffr—l(x)r?r—wx)DwT_l(Id —FZ)U’L

3

> (HDmT )

-1
=2 0., ) Il

< v,

For sufficiently small & we have HDxT* < v, ! and HDJCT
13

1
‘E“(x) Es(ac)Hg
Hence, as sup,cpm [| DT '||; = D¢ — Dy, there exists £; > 0 so that for every

€ €(0,&,) we have

HDIT‘

1|E“(w) ¢ +£HD$T_1H5 <v

and, for all v < J,

HDxT

~1
Es(2) || -2y ”DwT_ng = Vs_l'

In view of the above, whenever £ € (0,&;) we therefore have

H(Id —F%_l(z))DxT_luH <yt Hl—‘%_l(m)DxT_luH

3 3
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for every u € C¢(v,z). Thus D, T *Ce(x,y) C Ce (T a,yvsv,t) for every € €
(0,£7), x € T™ and v < J, as required. ]

We aim to select £ so that € §1 > O, and so that we can apply Lemma|5.3.7 for
some appropriate J. As the adapted metric (-,-)¢ uniformly approximates (-, -)o,
we have limg_,o C 51 = C, 5. However, upon examining the definition of O7, we
observe that the projections I'j depend on (-, -)¢, and so the behaviour of O7, as

& — 0 is not clear. We address this now.

Lemma 5.3.8. We have lim¢_,0 ©r¢ = Orp.

Proof. Let 72 and 7% be the projections induced by the direct sum 7, T™ = E*(z)®
E"(x). We have

105 = malle = I1(T% = m)mlle + (05 — mp)mzlle = (05 = Id)mg e + [Tyl

Since I'; = Id on E*(z), [[(I'; — Id)m; || = 0. Let v € T,T™. As E°(x) and E"()
are {-orthogonal and I'Y is an orthogonal projection (both with respect to (-, -)¢),

we have

Timole = /I(Temto, mve] < \f€ ITamsol Imzlle < VE Il

Thus || —7T;H5 < \/EHﬁfﬂg Let P: = sup,cpm
triangle inequality yields

Tylle. For any z,y € T™ the

D,1, — (D,1,)T; ||7rfc+y Ty (DaTy Hg

ez, R e P o e [

+ [ (Dary )5 — Wx)”g
< 2\/€C, ¢ P

It follows that

Ore — sup HT(' D,1, — (D,7y)

z,yeT

¢| < 2VEC¢P. (5.19)

T+y

As 7% is independent of &, we have P, — Fy. Since E®(z) L E"(z) with respect

to (-, )0, the projections 7% and 72 are orthogonal with respect to (-,-)g. Thus the
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uniform convergence of (-, )¢ to (-, )¢ implies that

lim sup Hﬂfc +y

S _ S S —
limy sup D,t, — (DxTy)ﬁsz = sup |75y Doty — (DzTy)WxHO = O7y.
z,yel™ z,yel™

r+y
(5.20)
Hence, as C.¢ — C;, by letting £ — 0 in (5.19) and applying ([5.20) we have

. 1 s _ S —
g Or =l sup 7, Dur, ~ (D) = O

as required. O

We now fix, once and for all, the metric that is used in Proposition [5.3.6. As
C’;& > Op, Cre = Crp, and, by Lemma [5.3.8, O7¢ — Or, there exists £ > 0 so
that

inf (C7} —Or¢) >0, and sup Org < oc. (5.21)
£€[0,€] ’ £€[0,€]

We apply Lemma |5.3.7 with

su ©
J=1+- Peefo,g) OT¢

5.22
infecoe) (Cre — Ore) (522)

to produce an adapted metric (-,-) := (-, )¢, which may replace the metric defined
in [54] Section 3] after possibly shrinking £ further. Until the end of this section
we only deal with the metric just constructed, and so we drop references to & and

&€ from our notation.

Step 2: Defining the set of leaves ¥ and the spaces BX? and B2 "', Our task is

4t g6 that the spectral

now to define a set of leaves & and spaces Bé’q and B(’é_l
properties of £ on B%? and B%? are identical. Tt is necessary to understand how
leaves are defined; to this end we reproduce material from the beginning of [54]
Section 3]. After fixing the metric, in [54] a small x > 0 satisfying various properties
is fixed; in particular it is required that D,T~! expands the vectors in C(z, ) by
at least v;'. We now choose a smaller value of x, as follows. Let C;, = C,¢ and
Or = Ore. By (5.21) and (5.22), there exists £ < min{x,1/2} and n > 1 such
that

Or + (C; + O71)2k'n
C7t—Or(1 +2x'n)

C='>0r(1+2+7n), and < J. (5.23)

We redefine the original s to be x/, noting that this does not alter the validity of
any arguments in [54] (in [54] it is only requires that x is sufficiently small, so we

are free to make it as small as we require). Two components of this construction
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appear, at first glance, arbitrary: the constant 1 and the inequalities ([5.23]). They

appear so that later we may cover translated leaves by the image under some iterate
of T' by finitely many leaves (Lemma [5.3.10]).

As in [54], one may construct finitely many C> charts {1;}5_,, each respectively
defined on (—r;, ;)™ C R™, so that

B1) Dgyvy; is an isometry;

(B1)
(B2) (Dots)(R™ x {0}) = E*(¢3(0));

(B3) The C"*! norms of ¥; and ;' are bounded by 1 + k;
(B4) There exists ¢; € (k,2k) such that the cone

Ci={u+veR"|ueR™ x{0},ve {0} x R™ |v|gm < ¢lulgn}t (5.24)

satisfies the following property: for any « € (—r;,r;)™, C(¢i(x)) C (Dy;)C;
and (Dy,@)T~")(Daty)Ci € C(T! (¢i(x))); and
(B5) T™ is covered by {t;((—r;i/2,7:/2)™)},.

We require that the charts satisfy the following additional property concerning
the distortion of the cones C; under D, .
Lemma 5.3.9. There exist charts {1}, satisfymg and so that for any
x € (—r;,r;)™ we have

(Da1i)Ci € C (i), mei)

where n > 1 is the constant appearing in (5.23)).

Proof. By compactness it is sufficient to construct for each y € T™ a chart 1, :
(—ry, 7)™ — T™ that satisfies all of the given requirements and for which 1, (0) = .
As noted immediately before the statement of [54, Lemma 3.1], for each y € T™
one can construct a 1, satisfying conditions @-@ and so that ¢,(0) = y.
Let C, denote the corresponding stable cone (from (5.24)) and ¢, € (k,2x) denote
the constant corresponding to ¢;. Let w4+ v € C, so that v € R™ x {0} and
v € {0} x R™. Then by [(B1) and [(B4) we have

||(Id _FZ)DOQ/)y(u‘FU)H = H(Id _FZ)DO@DyUH < Jvlpm < ¢y |tlgm

and
75 Doty (u + v) || = || T3 Dotbyul| = Julpn -
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Hence (Dy;)C, C C (y, c,). Hence, using the compactness of the closed unit ball in
R™ and the uniform continuity of ¢, on (—r,,7,)", v — I') on T™, u +— ||lul| on the
tangent space of T, u +— |u|gm on (—ry, 7)™, we may shrink r, so that (D,;)C, C
C (¥y(x),nc,) for every x € (—ry,1,)™. Thus v, satisfies all the requirements of the

lemma, and we may conclude using the compactness of T™. O

We are now able to construct our modified set of leaves & and spaces ng and
B2~ and prove the claim in Proposition @ regarding the spectral properties
of L. Using the metric (-, ) constructed in step 1 of the proof of Proposition @,
the constant k defined immediately following , and the charts from Lemma
@, we may define the set of leaves ¥ exactly as in [54] Section 3]. Recall that
p € Z* and ¢ > 0 satisfy p + ¢ < r. In exactly the same way that the set of
leaves ¥ from [54] induces spaces B2? and BE 9" (see [54, Section 3]), our set
of leaves ¥ induces spaces B%? and B2 "', The proofs of [54, Lemma 2.2] and
[54, Theorem 2.3] hold verbatim for £ on B2?. Thus the essential spectral radius
of £ on B%? is bounded by max{v;? v9}. As per [54, Remark 2.5], the spectral
data of £ associated to eigenvalues outside of the ball of radius max{y,?,v?} are
the same on B%Y and B2, and in particular the generalised eigenspaces of all such

: il D,q D4
eigenvalues lie in Bx" N By,

Step 3: Obtaining the inequality . Key to establishing is the following
lemma, which extends [54, Lemma 3.3] to include translated leaves. Throughout
this step of the proof we assume the reader is familiar with the definition of the set
of leaves ¥ from [54, Section 3.

Lemma 5.3.10. There exists N, M,C > 0 such that for any y € T™ and W € %,
with associated full admissible leaf W, there exists {W;}™, C ¥ with m < M so
that

LT NW+y) CUL, W, CTNW +y).
2. There are C" functions {p;}™, so that each p; is compactly supported on
Wi, 2oipi =1 on T-N(W +y), and ||piflcrrn < C.

We will now give a brief, non-technical overview of the strategy for proving
Lemma [5.3.10, Most of the proof is dedicated to finding leaves {W;}!™, which

verify the containment

TNW +9y) C U W +1).
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Let us consider the case where y = 0, which is the subject of [54] Lemma 3.3]. In
this case the idea is to use the expansion and regularisation of 7! in the stable

direction to prove that T-!(W) is locally ‘leaf-like’. One then picks certain subsets
of T=1(W), and proves they are leaves that cover T-(W). The main issue resulting
from translation by a non-zero y is the possibility that the translated leaf will not be
‘Qeaf-like’. Specifically, while all leaves in ¥ lie approximately parallel to the stable
manifold, the translate of a leaf may well lie very near an unstable manifold. Our
main hypothesis, the inequality , will imply that translated leaves do not lie
too close to the unstable manifold, which allows for the aforementioned distortion

to be corrected using the regularisation of 7" for some large n.

We require some preliminary lemmas before proving Lemma|5.3.10] The follow-
ing gives an estimate of the distortion that stable cones experience under translation,
and is where it is crucial that C,07 < 1.

Lemma 5.3.11. If v > 0 satisfies C71 > Op(1 + ) then for each x,y € T™ we

have

(Dy1y)C(x,v) CC (a: + 1, Cry 4 Or(1 + 7)) .

Crl—0Or(l+9)

Proof. Suppose that u € C(z,7). We have

|05, ) (Do )u < ][4 —T5, ) (D U] + [[(1d T

T4y

)(Da7y)(1d _FZ)UH ~
(5.25)

We begin by estimating the first term on the right side of (5.25). By the triangle

inequality we have

)

Tty

|(1d T

T+y

)(DwTy)FiuH < H(Id _Pi+y (DwTy)u”

+||d =15, )(T5,, Dary — Dor T3 )ul| -

The first term on the right side is 0, whereas the second term may be estimated
using the definition of O (see (5.15))), yielding

|(1d —T

2) (D) Tsu|| < Or luf -
As u € C(x,7), we have

|(1d T

2) (D) Tiu| < O1(1 +7) [IT5ul]. (5.26)
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We turn to estimating the second term on the right side of ([5.25). Using the
definition of C and as u € C(x,7), we have

|(1d -T2

r+y

) Doy (1d =T ul| < | Doy [ |(1d =T3)ul] < Coy [IT5ull . (5.27)

Applying (5:26) and (5.27) to (5.25) vields
|10 -3, ) (Damull < (Or(1+7) + Cor) [T (5.28)
Alternatively, the reverse triangle inequality yields

HFierDmTyuH > || Demy Lhul| — ”(Fier

D,7, — D7, TS|
Using a similar process as in the estimation of (5.28), we obtain

I

r+y

(Dary)ul| = [ Deryiull = Or [lul = (€71 = ©2(1+ ) [Toull . (5.29)

By our assumptions C-! > O7(1 ++), and so we may combine (5.28) and (5.29) to

obtain
CT’}/ + @T(l

C-1 — @T(l

T

|(1d —r

T s
LD < e A

T+y

as required. O

In the following lemma we show that the distortion of the stable cones experience

under translation may be corrected by applying T~ for n large.

Lemma 5.3.12. Recall the cones C; from|(B4). There exists Ny > 0 such that for

every x,y € T™, where x € ¢; ((—r;,m;)™), we have
(Dm+yT_N1)(DwTy)(Dwgl(z)¢i)Ci cc (T_Nl (93 + y), "’f) .
Moreover, if TN (z +y) € ¥, ((—r;,7;)™) then
(DT*Nl (z+y)¢j_1)(Dx+yT_Nl)(DwTnyw;l(x)@bz‘)Ci C Cj'

Proof. Recall from !B4! that ¢; < 2k. Lemma [5.3.9 implies that (Dwfl(x)@bi)Ci C
C (z,2nk). By (5.23) we have C! > O7(1 4 2nk), and so Lemma [5.3.11 yields

(D) (D1 ¥i)Ci € € (x +y Or+ (C; + @T)Q,m) |

T Col— O — Or2kn
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Let Ny € Z* be large enough so that

YN~ Or + (C; + O7)2kn <
v O 1 @T — @TQI{?]

By the definition of the adapted metric (-, -) from step 1 of the proof of Proposition
5.3.6, the second inequality in (5.23]), and Lemma [5.3.7, it follows that

(Dm+yT_N1)(DzTy)(Dw;l(z)%)Ci CC(T™™M(x+y),~).

Since all our estimates are uniform in x and y we obtain the first claim. The second

claim follows from |(B4). O

Recall that T-! is expansive along leaves in X, since all leaves are approximately
parallel to the stable direction of T". In the proof of Lemma we will require
that a version of this property holds for translated leaves as well. Up until now
we have considered how translation affects the stable cones, and how applying 7!
corrects for any distortion in the cones. In the following lemma we apply the
same idea to show that T~" is expansive along translated leaves provided that n is
sufficiently large.

Lemma 5.3.13. Let Ny be as in Lemma[5.3.12 and set H = inf,erm ||D,T|. I
n > Ny and v;" "M H-N > 1 then for any W € S and y € T™ the map T~

expands distances on W +y by at least v; "N H-N

Proof. Let 1; be a chart whose image contains W and for which the tangent space
of 1, 1(W) is contained in C;. Suppose a,b € W +y and that v : [0,1] — T~"(W +y)
is a distance minimizing geodesic from T~"(a) to T~"(b). Define ~, := T" o v and
note that 7, is a differentiable curve from @ to b lying in W + y. For n > N; we

have

1
A i) (T"(0), T () = / IDery | dt

/ (D109 T~ ) (Dryy T~ (D) || it
(5.30)

where V; is the constant from Lemma [5.3.12] Since the image of ~,, is a closed sub-
manifold of W +y and the tangent space of W at w is contained in (Dy-1(u)¥)C;s, the
image of Dy, is contained in (D., 5)—yTy)(D(y-10r_ 0qn)¥i)Ci- Thus, by Lemma
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5.3.12| we have (D, (yT ™) (Diyn) C C(T~N (1n(t)), k). As DT~ expands vectors
in stable cones by at least v, we may bound ([5.30) as follows

1
renge (T, T0) 2 15705 [ (D0 TP
1
>0 N [ D) dt
0

> VS_”J“NlH_NldWJFy(a,b).

Hence T~ expands distances in W +y by a factor of at least v H=N provided
that n > Ny and v;" P M H-M > 1. O

The following lemma quantifies the regularisation that leaves experience under
T-1, and is a strengthening of [54] Lemma 3.1]. Whereas the previous results
were concerned with the regularisation of the first derivative of the leaves (via the
contraction of stable cones), the forthcoming result concerns the regularisation of

the higher derivatives of leaves.

Lemma 5.3.14. For L >0 and i € {1,...,S} let G;(L) be the set defined imme-
diately before [54, Lemma 3.1], and let

ToT o) (W) e Gy(L

R(L):=infq L: (W5 e o ¥i)(W) € G, (L) .
for every W € G;(L) and 1 <1i,j < S

For every K sufficiently large the following holds: after possibly refining the charts

{4 }2, from Lemmal5.5.9, for each L > 0 there exists N(L) € Z* so that for each

n > N(L) we have R"(L) < K.

Proof. The finiteness of R(L) and the fact that R(L) < L for L sufficiently large
follow from [54, Lemma 3.1]. Our more general claim is a classical consequence
of the uniform hyperbolicity of T" and the regularisation of the associated graph

transform, so we will only sketch the ingredients of the proof.

Suppose that W € G;(L) is the graph of x : B(x, A§) — (=74, 7;)™*. As outlined
at the beginning of [66, Section 6.4.b], using the exponential map, [66, Lemma 6.2.7]
and after possibly refining the set of charts {1;}7_, so that each r; is sufficiently
small, one may apply the arguments from [66, Theorem 6.2.8] to conclude that
(7' o T™ o 4y;)(W) is the graph of some map ' : U C (—rj, ;)™ — (—rj,r;)™
(refer to steps 3 and 4 of the proof of [66, Theorem 6.2.8] for context, and to step 5

for the relevant argument). Due to the uniform convergence of the graph transform
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as outlined in step 5 of the proof of [66, Theorem 6.2.8], there exists some L' < L
so that [|x/||orr1 < L' for every such x provided that L is sufficiently large (i.e.
bigger than K). Hence R(L) exists and satisfies R(L) < L for L large enough.
Further examining the proof of [66, Theorem 6.2.8] yields the stronger claim that
for sufficiently large K we have

R(L)

sup — < 1,
ing L

which immediately yields the required claim. O]

Before we prove Lemma |5.3.10] we recall a quantitative version of the inverse

function theorem.

Lemma 5.3.15 ([73, XIV §1 Lemma 1.3]). Let E be a Banach space, U C E be
open, and f € CY(U,E). Assume f(0) =0 and f'(0) = Id. Let r > 0 and assume

that B(0,7) CU. Let s € (0,1), and assume that

1/(2) = fi(@)] < s

for every z,x € B(0,r). If y € E and |ly|| < (1 — s)r, then there exists a unique

xz € B(0,7) such that f(z) =y.

The proof of Lemma[5.53.10. Let A be the constant in [54) equation (3.1)], and let
§ be the constant defined immediately afterwards. Let W € X. Denote by W
the associated full admissible leaf, and by y : B(TA(S) — (=2r;/3,2r;/3)™ the
map defining W i.e. W = 4; o (Id, x)(B(x, A9)). Fix z € B(zx,d) and note that
B(z,(A — 1)) C B(x,Ad). For any n € Z* and y € T™ let {(n,y) be an index
for which T7"(¢;(2, X(2)) + Y) € Yeny) ((—Teny)/2: Teny)/2)™) (vecall (B5)). Let
7 : R™ — R™s be the projection onto the first mg components, and 7* : R™ — R

the projection onto the last m, components. Note that

(wz?}v,y) oTNo 7, 0 ;0 (I1d, x))(B(zx, A9))

is the union of finitely many disjoint, path-connected subsets; let Qn C B(z, Ad)
denote the pre-image under 1/15(]1\,’y) oT N o1, 01;0(Id, x) of the particular subset
containing (%_(le,y) oTNor,0t;0(Id, x))(2). Define Fy := @Z)z_(le,y) oTNor,0th0
(1d, X)| on' We will show that for sufficiently large N one can use Fly to construct
an admissible leaf W, so that v¢;(z) € T"(W,) and T"(W,) C W + y.
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Step I: The invertibility of m° o Fy in a neighbourhood of (7° o Fn)(z). Let Ny
be the constant from Lemma and recall H = inf,erm || D, T|| from Lemma
As remarked in the proof of [54, Lemma 3.3] both ¢; " and vy, are
(1 + k)-Lipschitz. Let No > N; be such that v;"* M H~M > 1 whenever n > Nj.
By Lemma , if n > Ny then 77" expands distances on W + y by at least
v, "M H"M Tt s clear that 7,7' is Cp-Lipschitz by the definition of C, and

that d((Id, x)(a), (Id, x)(b)) > d(a,b) for every a,b € B(z, Ad). Using the above

estimates to bound the Lipschitz constant of F' ]§1 for N > N, we obtain
d(Fx(a), Fy(v)) > v,V (HNC(141)%) 7 Va,be Q.

As in [54, Lemma 3.3] we have |7°(v)|gm, > (1 + cﬁ(z\hy))’l/2 |0|gm Whenever v €
Cy(ny)- Since sup; ¢; < 2k and, for N > Nj, the tangent space of Fly is contained

in Cyn,y), for every N > N, we have

VS—N—FNl

Am o En)ta). (meo EV)O)) 2 e T

(5.31)

provided that a, b are sufficiently close. Since v, < 1 there exists N3 > N, so that
for each N > N3 the map 7, o Fiy locally expands distances by at least

l/s_N+N1 A

> ,
HNMC (14 r)2/1+4k2 ~ A—1

from which it follows that D, (7% o Fyy)™! exists for every (7° o Fy)(w) € Qx and

satisfies

A-1
| Do (7 0 Fy)7H| < vX"M(HMCL(1+ £)*V1 + 4k2) < — (5.32)

We will now obtain a lower bound on the size of (J5. Note that the tangent
space of y being a subset of C; implies that that (Id,y) is (v/1 + x2)-Lipschitz.
Let P = sup,cpm || DT, From these estimates, as well as those in the previous
paragraph, we may conclude that Fiy is (PYC, (1 + k)?v/1 + x2)-Lipschitz. Let

Ly = min {(A —1)8, (PYC(1 4 k)*V1 + k2) ! mjinrj/2} .
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We will prove that B(z, Ly) C Qn. If w € (—r;, 7)™ NB(z, Ly) then w € B(z, Af)

i.e. w is in the domain of y. Moreover,

d((T™ o7y 0 ;0 (Id, X)) (w), (T~ o 7 0 1; 0 (Id, X)) (2))

(5.33)
< PYC,(1+r)V1+ K2 ||w—z|.

Since Fy(z) € (—Tuny)/2,Teng/2)" it follows that () is well defined on
B (Fy(z),min; 2). Since ¢,y is (14 k)-Lipschitz and a bijection (onto its range),

we have

Vo) (B (FN(Z),Hljin %)) > B ((T—N o, 0o (Id, X)) (2), min 2(1’"—15)) .

(5.34)
From and we deduce that if w € B(z, Ly) then Fx(w) is defined and
in (—=ryny), Tew,y)) ™. Moreover, F,,(B(z, Ly)) is path-connected, being the image
of a path-connected set under a continuous function, and so B(z, Ly) C Qy. Let
Sy @ B(0, Ly) — R™s be defined by

Sy(w) = (D,(7* o Fy))™ - (7% o Fy)(w + 2) — (7° 0 Fiy)(2)).

Our goal is to apply Lemma [5.3.15( to Sy, and then deduce the existence of (7° o
Fy)™! on some neighbourhood of (7* o Fiy)(2) that is not too small, but this will

take some work. For any a,b € B(0, Ly) we have

1DaSn — DpSn |l < [[(Dx(7° 0 F)) ™Y || | Dasx(7° © Fiy) = Dyyo (7 0 Fy)||

< H(DZ(WS © FN>>_1H | Day2Fn — Dy Fiv| (5.35)
<'|a — blgm sup HD?UFNH = la — blgm I,
wWERN

where we have used (5.32)) and the fact that w +— D,7* is constant and a contrac-
tion. Note that

1—+/1—8AdJy, || D.(75 0 Fn,) 1| _ 2A0 || D.(7% o Fy,)7!|

4N, 1+ /1 —8A8 ]y, [|D.(75 0 Fn,)~ 1|
(5.36)

In the definition of ¥ we may assume that d is as small as we like. Thus, in view of
(5.32) and (5.36]), by choosing § sufficiently small we may guarantee that

_ 1= /18455, [D.(7" 0 Fiv,) ']

0
4y,

< L. (5.37)
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If (5.37)) holds then there exists s € (0, Ly,) so that
(1—=2Jn,8)s > A || D.(7° 0 Fy,) 7| - (5.38)

To summarise, we have proven the following

1. Sy, is well-defined on B(0, s) as s < Ly,;
2. Sn,(0) =0 and Sy (0) = Id; and
3. By (5.35) we have ||D,Sn, — DypSn,|| < 2sJy, for every a,b € B(0, s).

Thus we may apply Lemma|5.3.15(to S, on B(0, s) to conclude the existence of an
inverse Sy that is defined on B(0, (1 — 2Jy,s)s). Using the definition of Sy, and

(5.38)) we recover the existence of an inverse (7% o Fi,)~! on B((7* o Fi,)(2), Ad).

Step II: The definition and properties of leaves covering T*N(W +vy). We may
define a map xo : B((7% o F,)(2), AJ) — R™ by

Xo=m"0Fy, o (r° o Fy,) .
Note that the graph of xo is a subset of Fy,(B(z,s)) by construction. Since the
tangent space of Fly, is contained in Cy(n, ) it follows that || Dxo|| < oy, Hence,
for w € B((w® o F,)(z), Ad), we have

Ixo((7° 0 Fiv)(2)) = Xo(w) || < canvy ) A9 (5.39)

Recall from the line before (5.23) that x < 1/2, and from (B4E that ¢y, ) < 2k.
Thus, as A0 < min,;r;/6 (see the sentence following [54, equation (3.1)]), from

(5.39) we have
Ixo((m* © Fiv;)(2)) = Xo(w)|| < mint;/6.

As (m*oFp,)(2) € (77“[(53’”, W(gg’y) )™= it follows that yo(w) € (7217?3’”, QTZ(g3’y) )
Thus the image of xp is a subset of (—27(n; ) /3, 27e(Ns,y)/3)™ . Since the C"+! norm
of Fy, may be bounded independently of y € T™, z € B(z,6) and W € %, by the
inverse function theorem there exists some absolute Y so that for any xo produced
by the construction just carried out we have ||xol/z+1 < Y. Thus the graph of xg

belongs to Gy, (Y) (recall the definition of the sets G;(K) from [54, Section 3]).

The issue at this stage is that ||xo||.-+: may not be bounded by the constant /
set in [54, Lemma 3.1] and so may not define a leaf in 5. Instead, we show that

Xo may be covered by the image of higher-regularity leaves under some iterate of
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T. The following construction is very similar to the one in the proof of [54, Lemma
3.3].

For each j € Z* we define x; inductively as follows, starting with j = 1.
As the graph of x;_1 is in Gynytj-14)(R7HY)), by Lemma the image of
wf_(]lv3+j7y) o TV othyNgtj—1,) © (Id, xj=1) 18 In Gynytjy) (R (Y)) and is therefore the
]1V3+j,y) o T=Ws+9) o 7, 0 4h; o (2,x(2)). Using

the expansivity of 7! as in [54, Lemma 3.3], one deduces that the domain of X

graph of a map xj which contains @Z)Z_(

contains the set

B(Yynyysy) © T~ 0 1y 0.4 0 (2, x(2)), A9). (5.40)

We define x; to be the restriction of x} to (5.40). By Lemma [5.3.14{ we have
XNy € Gong1nyy) (), where Ny denotes the constant N(Y') given by Lemma|5.3.14
and K is the constant from [54, Lemma 3.1]. Thus the image of

B( o T—(Ns+N4) o Ty O W; 0 (Z, X(Z)), 5)

1
wf(N3+N4,y)
under Yy(n,+nyy) © (Id, xn,) is a leaf in .

Step 111: Concluding. We may apply this construction to any z € B(z,d) to pro-
duce a leaf W, € % such that TVs*N4(W,) € W + y. Moreover, the constants Nj
and N, are independent of y € T™, z € B(z,8) and W € X. Set N = N3 + N,.
By varying z we observe that the set of such leaves covers T-N(W + y). As in
the end of [54, Lemma 3.3|, the claim that the number of leaves required to cover
T~V (W +y) may be bounded independently of W and y follows from [61, Theorem
1.4.10], as too does the existence of partitions of unity satisfying all of the required
properties. Hence we have verified all the conclusions of Lemma [5.3.10} O

By using Lemma [5.3.10] and adapting arguments from [54. Section 6] we may
now prove (|5.17), which completes the proof of Proposition |[5.3.6. Let N be the

constant from Lemma |5.3.100 We will show that HTyLN Hpq can be bounded inde-

pendently of y. The argument for bounding HTyLN || is identical. Moreover,

P—17Q+1
we will only derive the inequality (5.17) for the spaces BP? and BP~14%1 since it is
straightforward to then derive the corresponding inequality for their complexifica-

tions. We begin by bounding HTyﬁN”;q. Let h € C"(T™ R), W € &, ¢ € C{(W,R)
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satisfy ||¢|l., <1, and y € T™. Let Jy7_, denote the Jacobian of 7_, : W+y — W.
Then

/TyﬁNh-cde:/ LD por_y - Jwr,do. (5.41)
w

W4y

Recall that £Nh = (h |det DTNFI) o T~V and let Jy ., TV denote the Jacobian of

TN :T-N(W +y) = W +y. Let {W;}_,, {p;})_, satisfy the conclusion of Lemma
5.3.10] By changing coordinates and applying Lemma [5.3.10| to ([5.41]) we obtain

/ ENh-goor_y-JWT_de
Wty

= / h - |det DTN|‘1 (poTyoTN) (Jwr_y) o TN - Jyyry, TN dQ
T=N(W+y)

J
:Z/ h-|det DTN| ™" (pory o TV) - (Jwr_y) o TN - py - Jy i, TV Q.
i=1 /Wi
(5.42)

By the definition of |||, , the final expression in (5.42) is bounded above by

J
-1
1Al Z |ldet DTN (@ o my o TY) - (wry) o TN - By T

Recall that ¢ < r—1. Since T is a C" diffeomorphism and T™ is compact, it follows
that the CY(W;) norms of Jy., TV and |det DTV }_1 are bounded independently of
W and y. Using continuity and compactness, we observe that sup, ,cpm HD’;TyH is
finite for every positive integer k. Thus the C(W;) norm of po7_,0T% is bounded
independently of y and ¢ (provided ||| cawy) < 1). Similarly, it is clear that the
C1(W;) norm of (Jy7_,) o TV is bounded independently of W and y. Recall from
Lemma that j and sup;, ||p;||., are bounded above independently of W' and

y. Hence, as ||-[|cqy, is sub-multiplicative, there exists some Cp4 > 0 such that

< 0041

J
3 H ldet DTV ™"+ (p o7y 0 TN) - pi - Jyryy TV
i=1 ca(Wa)

for every choice of W,y and ¢ with [|¢[|,, < 1. Thus, by taking supremums of the
terms in (5.41]) we have
||Ty£Nh\\(;q < Cogllhllg, - (5.43)

We turn to bounding ||Ty£N]’LH;q+k for 0 < k < p. Let h, W and y be as before.
Suppose that ¢ € CI™* (W, R) satisfies ||¢]|pex < 1 and that {v;}, C V(W) is
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such that ||v;[|o < 1. Then
/ (v1 ... 0R) (1, LR - pdQ = / 7y (U1 - DLV R) - 0 dQ,
W W

where 9; () := (Dyp_y7,)vi(x — ). With Jy7_,, {Wi}_, and {p;}._, as before we

have

/ Ty(ﬁl,y Ce ?71’k,CNh) . gOdQ = / (’lN}Ly N IN)Lk,CNh) CPOT_y JwT_y dQ
w Wy

j (5.44)
Z/ (Dry - 1 LVR) o1y pio TN Jyyr_, dQ.
=1 TN(W)

Since the C4** norms of ¢ o 7_, and Jy7_, are bounded independently of ¢, y
and W, we may replace ¢ o7_, - Jy7_, by some ¢ € Cg+k(W, R) with C?** norm
bounded independently of ¢, y and W. Additionally, the C" norm of each 7;, may
be bounded independently of y and W due to the sup, ,cpm HDiTyH being finite for
each positive integer ¢. Upon replacing ¢ o 7_, - Jyy7_, with ¢, the expression on
the right side of is exactly in the form of [54], (6.4)]. Using the arguments

from [54, Lemma 6.3], one then obtains a bound of the form

\ [t 0 900 < G bl + s 11

for some C), 4, Cp—1,441 > 0 that are independent of h, W, k, y, ¢ and each v;. By

the definition of [|-[[, ., and as ||-|| ,  dominates |- we therefore have

p—1l,q+1?

17 LVB[,, o < (Cog + Comrgin) 1B, (5.45)

The required bound follows by considering (5.43), (5.45)) and the definition of |-, .
Thus we have established ({5.17]), which completes the proof of Proposition [5.3.6.

5.3.8  Stability for perturbations of the cat map

We now give a concrete family of maps satisfying the conditions of Proposition
5.3.6. For § € R let Ts : T? — T? be defined by

Ts(x1,x2) = (221 + T2, 11 + x2) + 0(cos(2mzy), sin(4dmwxy + 1)).

Note that Tj is Arnold’s ‘cat map’ — a linear hyperbolic toral automorphism — and

so it satisfies Proposition |5.3.6. Moreover, since ¢ + Ty is smooth it follows that T}
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is Anosov and satisfies the conditions of Proposition [5.3.6 for sufficiently small 4.
The main result of this section is an explicit range of § for which T is an Anosov
diffeomorphism and satisfies .

Proposition 5.3.16. If 0 < < 0.0108 then Ty is an Anosov diffeomorphism and
satisfies the conditions of Proposition [5.5.6.

Hence Proposition [5.3.1, Theorem [5.3.3, and Corollary [5.3.4 apply to 175 when-
ever 0 € [0,0.0108). The proof of Proposition [5.3.16| is broken up into Lemmas
15.3.17} [5.3.19| and [5.3.22] Throughout this section we denote the Euclidean norm

on R? (and the associated operator norm) by |-/, and the usual Euclidean inner

product by (-,-). We begin by proving that T} is a diffeomorphism for sufficiently

small & by using a quantitative version of the inverse function theorem (Lemma

53.15).
Lemma 5.3.17. If 6 € [0,0.0108) then Ty is a diffeomorphism.

Proof. We have

2 — 270 sin(2mzy) 1
D(:c1,:c2)T5 = 5
1 1 + 47 cos(dmae + 1)

and

det Dz, 4p)Ts = 14876 cos(4mma+1) — 278 sin(2may ) —87°6% sin(27xy ) cos(dmwa+1).

(5.46)
In particular, Do 75 is invertible if |§] < 1/(87). Denote by Tj : R? — R? the lift
of Ts. Define S5 : R? — R? by

Ss (1. y2) = (Do,0yTs) " (Ts(yr, y2) — T5(0,0)) .

Note that S5(0,0) = 0 and Do)Ss = Id. For z € R let Z denote the equivalence

class containing z in T = R/Z. We will estimate

| Dyr)S5 = Diwnwn)Ss| = |(D100)T5) ™ (D i) Ts — Do s Ts )| -

We clearly have
| D) Ts — D amy Ts| < 876]. (5.47)
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Use the fact that the Frobenius norm dominates the Euclidean operator norm, we

have

| Di0,0)Ts| <:\/6+-uf+475cod1»2‘
‘det D(070)T5} o ‘det D(O,O)T(Sl

Thus, by (5.46), (5.47) and (5.48),

|DooyTs | =

(5.48)

8 (5] /6 + (1 + 4md cos(1))?
|D(y1,y2)s5 - D(w17w2)S5} < v 1— 876

= S.

If |0] < 0.0108 then s < 1. Then Ss verifies the conditions of Lemma [5.3.15{and has
an inverse S5 : B(0, (1 — s)r) — R?, where r > 0. Since there is no dependence on
r in the above procedure, we may extend 55_1 to R%. Thus T} is invertible, and so

Ts is invertible too. It is standard that T(;_1 and Ts have the same smoothness. [

Let z € T?. The eigenvalues of D,T, are A = _3—2\/5 < 1and \! = 3+2\/5 -1

Let E*(x) be the span of <1, = 5”1) and E"(x) be the span of <1, %) Note that

E*(z) and E*(x) are the eigenspaces of A and A%, respectively. It is trivial that the
spaces E"(z) and E*(z) depend continuously on z, and that E*(z) ® E*(z) = T,T?
for every x € T?. Let IT4 II* : R? — R? denote the orthogonal projections onto
E*(z) and E*(x), respectively. Since Ty is symmetric, E*(z) L E*(z) and so
Id —II° = II*. For a > 0 define

K!(z) = {v € T,T? : |Il%| < o |IT*v]}, and K(z) = {v € T,T? : |II*v| < o [IT¥|}.

To prove that Ts is an Anosov diffecomorphism it remains to prove that T? is a
hyperbolic set for T5. We do this by verifying the conditions of the following result,
which we have adapted to our setting for simplicity.

Proposition 5.3.18 (|21, Proposition 5.4.3]). If there exists a > 0 such that for

every x € T? we have

(A1) (D, T5)(K(x) € Kg(Ts(x)) and (DT ) (K5 () € K3(T5 (), and
(A2) |D,Tsv| < |v| forv e Ki(x)\ {0} and | DTy v| < |v| for v e Ki(x) \ {0}.

Then there are constants v,5 > 1 and 0 < v,5 < 1, and for each x € T?, subspaces
Ei(z) and Ej(x) such that

1. T,T? = E§(z) ® Ef(x);

2. (D, Ty ) (E5(x)) = E*(Ty () and (D, T5)(E§(x)) = E*(T5(x));
3. ’Dng Eg(ac)’ <5 and ‘DwTa_l‘Eg(x)’ < l/u_%,‘ and

4. E3(z) C K:(x) and Ef(z) C K¥(x).
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In particular, Ts is Anosov.

Lemma 5.3.19. If§ € [0,0.0108) then Ts is Anosov and the conclusion of Propo-
sition [5.3.18 holds with o = 0.11872.

Proof. We first diagonalise D, Ty as R, ARy, where A is a 2 x 2 diagonal matrix
with the vector [A,1/A] on the diagonal, and Ry is clockwise rotation by angle
6 = tan~'((1 — v/5)/2). Note that D,T5 = D, Ty + A, where A, : R? — R? is
defined by the matrix

A — —2m0 sin (27, ) 0
v 0 A cos(dmay +1) )

We use the shorthand 6; = —27d sin(27rz) and dy = 470 cos(4mxs + 1). In order to

satisfy the second part of [(A1)|of Proposition [5.3.18] we require that A + RpA, R,!
preserve K := {(3,7)" € R? : |3] < |y|a}. One may confirm that

01 cos® 4 dasin” 0 (1/2)sin(260)(d2 — 51)) : (5.49)

RoA. R, =
(1/2) 8111(26)((51 — (52) (52 COS2 0 + (51 Sin2 0

Multiplying A + RpA,R," with the vectors (a,1)" and (—a,1)T we see that a

sufficient condition to preserve K} is that

! !/
A+0)a+9 <
I/JAN=§—=8a —
where ¢’ = max{sup, d1,sup, 62} = 47d. Since 1/A—§ —da > 0 for 0 < § < 0.1862
we may rearrange the above in terms of § to obtain

a(l/A —\)

~An(a+1)2 (5:50)

Since 0 € [0,0.0108), by Lemma [5.3.17| the map Ty is a diffeomorphism. To
satisfy the first part of |(Al)| of Proposition [5.3.18] using the notation above, we
note that
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and that for the purposes of cone preservation we need not consider the determinant
factor. Therefore, (D, T5)™! = (1/det(D,T5))((D,Ty)~! + A’), where

5
Al = ( 2 O) . (5.52)
0 &

The cone preservation condition will be implied by the preservation of K :=
{(v,8)" € R? . || < |y|a} by D, T;*. Multiplying A=t + RyA’ R, with the
vectors (1,a)" and (1, —a)" yields an identical set of calculations to those for K¥,
resulting in the same bound for § as in . Substituting o = 0.11872 into this
bound yields a numerical upper bound for ¢ of 0.0169, which is larger than the value

reported in the proposition statement.

To verify [(A2)| we demonstrate contraction for elements of K2; the same con-

tractions occur in the original (unrotated) cones K?(z) and K(x) under D,Ts and

A+ b
DxT(;l, respectively. Writing A—i—RgAzRgl = ¢ g and multiplying
c T+
by the unit vector (1/4/1+ 82)(1,5)" for —a < 8 < a, the square of the norm of
this vector is (A+a)? +0?8%+2(A+a)bB+c*+ (A1 +d)?B2+2c8(A 1 +d)) /(1 +52).
We require the above expression to be strictly less than 1 for contraction. Grouping

terms to obtain a quadratic in § we wish to show
B+ AT +d)? -1 +28((N+a)+c A+ d) + (A +a)+ —1) <0 (5.53)

for —a < 8 < a. This quadratic has a local minimum since A™' > 1 4 |d| when-
ever 6 € [0,0.1288); therefore the maxima are at § = +a. Using the fact that
max{|a|, |b|,|c|,|d|} < ¢ one may readily check that contraction occurs at § = +«
for ¢’ € [0,0.6734) or, equivalently, for 6 € [0,0.0536).

The contraction of vectors in K% under D,T; ' follows similarly. With the
notation above, one easily verifies 1 — (5/2)8" — (§')?/2 < det(D,Ts). Replacing
the two ‘1’s in (5.53) with the factor 1 — (5/2)¢" — (§")?/2, one verifies as above that
the polynomial has positive leading term for § € [0,0.1288) and is negatively
valued for —a < f < « provided that § € [0,0.0293). Thus vectors in % are

contracted under DzT(;_1 for ¢ in the advertised range.

As we have verified all the conditions of Proposition [5.3.18| for T5 whenever
5 € [0,0.0108), it follows that Ts is an Anosov diffeomorphism for § in the same

range. [
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To complete the proof of Proposition it suffices to prove that Ty satisfies
the conditions of Proposition [5.3.6. Denote by 7% (resp. 7%) the projection onto
E3(x) along E}(x) (resp. Ej(x) along Ej(x)). Let ws and w, be the unit vectors in
the rays defined by (1, _‘/25_1> and (1, ‘/52_1), respectively. Let w,(z) and wy(x) be
the unit vectors in E$(z) and Ej(x) for which (w,(z),w,) > 0 and (w,(x), ws) > 0.
For v € R? we denote by v+ the vector obtained by rotating v anticlockwise by /2

about the origin. In particular, wl = w, and wy = —w,. For v € T, T? let

lolly = /msol? + [reol.

We can recover a Riemannian metric from |-||, by the polarisation identity. By
-1 -1
D,T; Eg(x)‘ < v, and ‘DxT(; |Eg(x)‘ < v} Thus the

metric induced by ||-||, satisfies (M2) and is adapted. In the following two lemmas

Proposition |5.3.18| we have

we collect some useful inequalities, before proving that T satisfies the conditions
of Proposition @ for all 0 € [0,0.0108) in Lemma The first such bound
follows from basic trigonometry.

Lemma 5.3.20. If v; € K:(z), i = 1,2 with |v;] = 1 and (v1,v9) > 0, then

ﬁ Similar statements hold for v; € K" (x).

Lemma 5.3.21. If a < 1, then for every v € T, T? we have

|’U1 — '1)2‘ <

V(1 —a?)? — B(a)

1—0a2

V(1 —a?)?+ B(a)

1 —a?

ol < ollp <

ol

where

B(a) == vV2a(3a + V2 + 3a2)\/1 + av2 + 3a?.

Proof. Let v € T,T? with |v| = 1. By writing v = mSv + 7% we find that

lolly = /Imsof? + [mevf> = /T — 2{mg0, 720y, (5.54)

. s wy (z)t 0 u ws(z)L v
One verifies that 75v = %ws( ) and wiv = qu@) Hence

(ws(2), wu(@)) (wy(2)7, v) (wa(z) ", v) |

et = | ey (5:59)
Since wy(z) € Ki(x) and w,(z) € K!(z), basic trigonometry yields
[{(ws(x), wy(x))] < cos (g - Qtan_l(a)> =1 j_aa2. (5.56)
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Alternatively, as w,(z)* € K%(z),

1 —a?

[(ws(2) ", wy(x))| > cos(2tan™"(a)) = T

(5.57)

The same argument yields the same lower bound for ‘(wu(x)L,ws(:p)>|. Writing

v = Aw,(z) + Bwy(z)*, we have
(ws(@), v){wa(2)™,v) = B(=A + (wy(z) " +ws(2),v)).

Since w,(z) and w,(z)* are orthogonal and |v| = 1, we have |B| = /1 — A2. On the
other hand, by Lemma [5.3.20|and Cauchy-Schwarz we have |(w,(z)* + w,(z),v)| <

2c

i Upon substituting we have

L 1 3 2
}(ws(:v) , V) (wy () ,U>’ <v1i-A (|A[+m>. (5.58)

We may bound the right side of (5.58) from above by differentiating with respect
to A and solving the resulting quadratic equation (noting that we only have to

consider the case where A > 0 due to the symmetry about A = 0 in the right side

of (5.58)). In particular, (5.58) is maximised when

—a+ V2 + 302
2v1+ a?

which, when substituted into ((5.58)), yields

Al =

300+ v2 + 3a2)V1 + av2 + 3a2

we(x) 7, v)(wy(z)*, v <( 5.59
st o)) )| < e (5.59
Applying (5.56)), (5.57) and (5.59) to (5.55) yields
. a(Ba+v2+ 302V 1 + a2 + 302
|(miv, miv)| < . (5.60)
V(1 — a2)?
Hence, upon substituting ([5.60)) into (5.54) we obtain
(1 —a*)? - 5(e) (1 —a?)?+ B(e)
VU2 PO < oy, < YEZSEHOD,
as announced. O]
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Lemma 5.3.22. In the setting of Lemma |5.3.19 and Proposition [5.3.18 we have
CT,O@T5,0 < 1.

Proof. Since a < 1 the conclusion of Lemmal5.3.21| holds. Since D,7, is an isometry

with respect to the usual Riemannian metric on the tangent space of T2, by Lemma

[5.3.21] we have

sup ||ch7—yv||o <
flollg<1

Thus

(1—-a?)? = p(a)

We turn to bounding O, o. Since 77 and 7} are complementary orthogonal projec-

Crp < \/(1 — o)+ bla) (5.61)

tions with respect to the inner product associated to ||-||, we have

S S
Or, 0 = sup H?TernyTy - (DxTy)wao.
x,y€T?

By using Lemma |5.3.21| in the same way as when bounding C- we find that

(1 B 042)2 + 6(0&) s s
Or0 < \/(1 ~ a2 = Bla) Isylg)r2 ‘ﬂ'eryD;pTy — (DxTy)ﬂ'z| .
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Let v € T, T? with |v| = 1. Recalling the definition of 7% and then applying the

triangle and Cauchy-Schwarz inequalities we have

(7 a:+yD Ty — (D7) 3) 0]
<wu(3j + y)J—v U)

- ‘ e+ L+ Y T L w oy
(walz + )", v) ety
S’<wu<ac+y)l,ws@:+y>>7““s<9“"+y> on@ ) L@y “”‘
@t o @t
‘<wu<x+y>i,ws<x+y>> ) )L )y “’)‘
(@) @t
+‘< @@ Y T @ wna)y
e+ )-) — (@) )
S 9L w @+ )
n |(wu(:1c—|—y) wy(z +y)) — (w U(x)J_vw5(x)>|
Twale + 5) L, w,@ + )} wa(@) L w, (@)
e + ) — w,(2))
(@) (@)
(5.62)

We will bound the various terms on the right side of (5.62). By Lemma [5.3.20| we

have

N 1 2c 2a
}<wu(x +y)7,v) — (wu() ,U>| < \/ﬁ’ and [w,(z +y) — w,(z)| < %)

By definition we have (w,(z)*, ws(z)) < 0 for every z € T?. More precisely, by
using Cauchy-Schwarz and (5.57)) we find that

1< (@), w(@) <
— wy(x), ws(x)) < )
- 14 a?
Hence,
2
(wa( +y)" ws(z + ) — (wa (@) we(2))| < ——. (5.64)
’ ’ 1+ a?
Using ((5.64) and (5.57) to bound the second term of (5.62), we obtain
u + L7 s + - u L, s 2 1 2
(e + ) e+ 9) = @) )| @Prad)

[{wu (@ +y) = ws (@ + ) (wa(x)F, ws(@)] = (1= a?)?
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Using (5.63)) and (5.57)) to bound the first term of (5.62]), (5.64]) and (5.57) to bound
the second term, and the bound (5.65)) yields

201+  o*(1+ )  2avV1+a?

i gl < TTEE L) 20T
< 4a(l — a®)V1+a? + a?(1+ a?)
= 1= a2 |
Thus,
(1—0a2)2+ B(a) ) [4a(l —a®)V1+a?+a?(1+a?)
Or0 < (\/(1 e 5(04)) ( 1= a2 ) . (5.66)

Combining (5.62)) and (5.66) yields
(1—a2)?+ B(a)) <4a(1 —0)VI+a? +a2(1+ a2)>

Cr0O9715,0 < <<1 —a?)? — B(«) (1—a?)?

So if o < 0.11872 then C; (O, o < 1. O

5.4 Estimation of the statistical properties of Anosov maps

In this section we implement the numerical schemes described in Sections [5.2] and
.3l As in these previous sections we consider a C'*' Anosov diffeomorphism 7" on

the m-dimensional torus T™. Before describing these methods we recall a complica-

tion that was discussed in Remarks|[5.2.7 and [5.3.5. Namely, the numerical methods
proposed in Sections [5.2] and apply to the Perron-Frobenius operator Lo of T'

induced by duality with respect to the Riemannian volume €2, while it is desirable

from a computational perspective to estimate the Perron-Frobenius operator Ly
induced by duality with respect to the normalised Haar measure on T™. Indeed, es-
timating Lo would require knowledge of the adapted metric inducing €2, which itself
depends on the dynamics. We address this complication in Section [5.4.4, wherein
it is shown that Lo and Ly, (and their twists) are conjugate, and therefore have
the same spectrum. In addition, it is shown that whenever one of the perturbations
from Sections and satisfies when approximating Lq, the same pertur-
bation also satisfies when used to approximate Lr.,. We defer these technical
details to the end of the section, and first describe how our methods may be applied
to the perturbed cat maps of Section [5.3.3. The methods we consider are:
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Fourier approximation of mollified transfer operators. Proposition [5.2.3 says that
if we convolve the (possibly twisted) transfer operator Lq with a locally supported
stochastic kernel (parameterised by €), Fourier approximations (of order n = n(e))
of this mollified transfer operator satisfies as € — 0 when considered as a family
of operators in L(Bg?) with weak norm ||-||,_; ;. That the same holds for Ly,
follows from Proposition [5.4.3. The Fourier approximations of Ly, are numerically
accessible and Theorem [5.2.6 and Proposition [5.4.3 then guarantees convergence
of the SRB measure (in the || - ||,—1,4+1 norm), convergence of the variance of a
C" observable, and uniform convergence of the rate function for C" observables, as

e — 0.

Direct Fourier approximation via Fejér kernels. Corollary |5.3.4 states that if we
convolve the (possibly twisted) transfer operator Lo with a Fejér kernel (param-
eterised by n), this sequence of operators in n satisfies [(KL)| as n — oo when
plgrl- That
the same holds for Ly, follows from Proposition [5.4.4. The Fejér kernels directly

arise from Fourier projections and this second numerical scheme requires only direct

considered as a family of operators in L(Bg?) with weak norm ||-||

Fourier approximation of the transfer operators Lr.,. Theorem [5.3.3 and Propo-
sition [5.4.4 guarantees convergence of the SRB measure (in the || - ||,—1,4+1 norm),
convergence of the variance of a C" observable, and uniform convergence of the rate

function for C" observables, as n — oo.

For the remainder of this section we will only deal with the operator Liep,
its twists Lren(2) and approximations of both these two operators i.e. Lyep, and

Lieb.e(2). To simplify notation we drop the reference to Leb.

5.4.1 General setup

We note that L£.(z) arising from both (i) the convolution with a locally supported
stochastic kernel ¢. and (ii) convolution with a Fejér kernel, can be considered as
operators on L*(T?) without changing the spectrum of the operators. A numer-
ical approximation L.(z) of the twisted transfer operator £(z) can be formed in
a number of ways, detailed below, but each of these will be based on Fourier ap-
proximation. This is a natural approach as we have a periodic spatial domain and
the map and observable are smooth. First, we set up the Fourier function basis
and L2-orthogonal projection of the action of £, on these basis functions. Using
the usual L? inner product (f,g) = [.f-gdLeb, for z € T? and j € Z?, define a
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complex Fourier basis fj(z) = ™% so that g = > iez2{9 i) fi = D 5e2 9() £ To
obtain a representation of £, in this basis, we compute:

Lhgi= Cdef) = [ ([ ale - e g atenn ) G dtess)
= /T 2 ( /T 2q€(x — Ty)e* W fi(y) d Leb(y)) fi(x) dLeb(x)
= /T 2 ( /T ac(x = Ty)fi(w)d Leb(x)) ¥ fi(y) d Leb(y)
= /T 2 ( /T ac(w)e7 T Leb(m)) e fi (y) d Leb(y)

= /ﬂ‘2<q€’ fj>€*2ﬂij'(Ty)ezg(y)fk(y) d Leb(y)
= (g fi)(fjoT €7, fx)
= 4.()- (e T e™)(-k) (5.67)

Notice that (5.67) only involves Fourier transforms of trivial objects (e.g. composi-
tion of a basis function with the map, exponential functions, the stochastic kernel,
and the basis functions themselves). To obtain spectral information for L£.(z) :

L? — L? we may solve the generalised eigenvalue problem L (2)v.(z) = A (2)ve(2).

5.4.2  Discrete Fourier transform

To numerically approximate the above Fourier transforms, we first truncate the
Fourier modes so that j € {-n/2 +1,...,—1,0,1,...,n/2}?, where n = 2" for
some n' € Z*. Corresponding to this frequency grid is a regular spatial grid on T?
of the same cardinality; we call these frequency and spatial grids “coarse grids”.
The L? inner products are estimated using MATLAB’s two-dimensional discrete
fast Fourier transform (DFT) ££t2 on equispaced spatial and frequency grids with
cardinalities N = 2V for some integer N’ > n’; these grids will be referred to as
“fine grids”. The DFT is a collocation process, and by using N > n, we evaluate
our functions on a finer spatial grid and produce more accurate estimates of the
(lower) frequencies in the coarse grid. One may also think of the DFT as a type of
interpolation; for fixed n, as N increases we achieve increasingly accurate estimates
of the L? inner products. The cardinality n? of the coarse grid determines the size
of the n? x n? matrix L. ,)(z) (if convolving with stochastic kernels) or L, (z) (if
convolving with Fejér kernels), while the cardinality N? of the fine grid determines
the computation effort put into estimating the inner products via the DFT. In our

experiments we will use n = 32,64, 128 and N = 512.
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The kernel ¢. will be either:

1. A stochastic kernel given by an L!'-normalised C* bump function with support
restricted to the disk of radius € centred at 0. The particular bump function
we use in the numerics is a well-known transformed version of a Gaussian
given by ¢ (z) = (C/e*) exp(—1/(1 — ||z /€||*)) for x € B(0,¢), where C is a
fixed L'-normalising constant.

2. The square Fejér kernel of order n. Because of the special form of the square
Fejér kernel we have that ¢,(j) = (1—j1|/(n/2+1))(1—|j2|/(n/2+1)), which
may be inserted directly into . Another advantage of the Fejér kernel

is that no explicit mollification is required, with the “¢” slaved to the coarse

resolution n.

In our experiments, given a coarse frequency resolution n, we will try to select € so

that the stochastic kernel “matches” the Fejér kernel. We do this by choosing € so

that minger_n 041, n/212 [Ge(§)| = minjeq_pn/ot1,. n/2y2 [Gn()]-
5.4.8  Numerical results

The specific map T : T? ¢ on which we carry out our numerics is a small pertur-

bation of a linear toral automorphism:
T(x1,22) = (2x1 + 29 + 20 cos(2mxy), 1 + X9 + 0 sin(4dmas + 1)),

with 6 = 0.01. By Proposition we have that 7" is an Anosov diffeomorphism
and satisfies the conditions of Proposition [5.3.6, which is required in order to rigor-
ously estimate the statistical properties of T" using the Fejér kernel as per Corollary
[5.3.4. The observable we use when computing the variance and the rate function is
g(x1,x9) = cos(4mxy) + sin(2mx,), displayed in Figure

Estimating the SRB measure

Transitive Anosov systems possess a unique Sinai-Ruelle-Bowen (SRB) measure
[107, Theorem 1], which is exhibited by trajectories beginning in a full Lebesgue
measure subset of T2. A trajectory of length 1.5 x 10° initialised at a random
location is shown in Figure [5.2] To create a numerical approximation of the SRB
measure we compute the leading eigenvector of L, (the matrix associated with the
Fejér kernel). Figure illustrates the results of using n = 128, N = 512. The left
panel of Figure|5.3|is shaded so that higher “density” is indicated by darker shading.

Note that this compares very well with the density of points in the trajectory shown
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Figure 5.1: Graph of the observable used in the variance and rate function calcu-
lations. Left: view from above. Right: view from the side with fine N x NN spatial
mesh visible (N = 512).

0 0.2 0.4 0.6 0.8 1

Figure 5.2: A trajectory of length 1.5 x 10° initialised at a random location.

in Figure , and that Figure (left) captures many structures more clearly than
the trajectory image. The right panel of Figure [5.3|shows the same image as the left
panel, but rotated and with the density plotted along the vertical axis. The high
degree of smoothness of the estimate of the SRB measure along unstable directions
is evident. Reducing n from 128 to n = 64 or n = 32 has little effect on the image in
unstable directions as these slow oscillations are still well-captured by lower order
Fourier modes, but the higher frequency oscillations in stable directions will not be

captured as well and the image will be “smoothed” in the stable directions.

As a non-rigorous comparison, we form an Ulam matrix using a 512 x 512
equipartition of boxes {Bjy, ..., Bus} on T?. We compute a row-stochastic matrix
Ps1y as [Ps12);; = Leb(B;NT ' B;)/ Leb(B;), where the entries [Psy2);; are estimated
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Figure 5.3: Approximations of the SRB measure computed as the leading right
eigenvector of Lisg (Fejér kernel of order 64), using a fine grid cardinality of N = 512
to evaluate the Fourier transforms. Left: Darker regions indicate higher “density”.
Right: The same image rotated and represented in three dimensions with the ver-
tical axis indicating “density”.

by uniformly sampling 1600 points in each box and counting the fraction of points
initialised in B; that have their image in B;. The Ulam estimate of the SRB measure
is then obtained as the leading left eigenvector of Psi5. The images corresponding
to Figure [5.3| are shown in Figure In comparison to Figure two things are

Figure 5.4: Approximations of the SRB measure computed as the leading left eigen-
vector of Psjp (Ulam grid of size 512 x 512). Left: Darker regions indicate higher
“density”. Right: The same image rotated and represented in three dimensions
with the vertical axis indicating “density”.

noticeable. Firstly, Figure left) appears to produce a finer representation of the
SRB measure than Figure (left), and secondly, the estimate in Figure (right)
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is rougher in unstable directions than the estimate in Figure [5.3] Each of these
observations is relatively easy to explain at a superficial level through the different
approximation bases used. In terms of regularity of approximation basis the Ulam
method is very low order (piecewise constant) because it uses a basis of indicator
functions on the 512 x 512 grid. On the other hand, the approximation basis for
the Fourier approximation of very high order (analytic). The Ulam basis is thus
very flexible and can adapt well to the roughness of the SRB measure in stable
directions, but has no apriori smoothness in unstable directions. In contrast, the
Fourier basis is less flexible in stable directions, requiring more modes to capture
rapid oscillations, but is extremely efficient at approximating smooth functions and
easily captures the smooth variation in unstable directions. A recent alternative
non-rigorous collocation-based method of SRB measure approximation has been
explored in [100] for certain families (Blaschke products) of analytic Anosov maps.
In the case of analytic expanding maps, [L00] proves that this method produces the
true absolutely continuous invariant measure in the limit of increasing numerical

resolution.

Estimating the variance

To estimate the variance of a centred observable g : T? — R we employ the method
described in Section [2.3] of Chapter [2] and Section [3.2.1 of Chapter [3] We use the

representation of the (approximate) variance derived from (2.17):

o2 = 22(0) = /292vn(0) +2¢(Id — £,(0)) 7 £,(0)(gvn(0)) dLeb.  (5.68)
T
The main difference to the calculations in Chapter [3| is that here we use Fourier
approximation, whereas in Chapter 3| we used Ulam’s method, which was better
suited to the piecewise expanding maps considered there. The key computational
component in ([5.68]) is the solution of a single linear equation to obtain an estimate
for (Id—L,,(0)) " £,,(0)(gv,(0)), which is Lv,,(z) at z = 0. Because our approximate
transfer operator L, (z) is represented in frequency space, we set up and solve this
linear equation in frequency space, yielding the DFT of d%vn(z) at z = 0. This
Fourier transform is then inverted with the inverse DFT to produce the required
spatial estimate. Similarly, the DFT of v,(0) is computed as the leading right
eigenvector of L,,(0) and inverted with the inverse DFT to obtain a spatial estimate
of v,(0). These two spatial estimates (analytic functions consisting of a linear

combination of Fourier modes) are then evaluated on the fine spatial grid and the
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integral in ((5.68)) is computed as a simple Riemann sum over the fine spatial grid.
The Ulam-based variance estimates are calculated identically to those in Chapter
Bl In Table[5.1] we report variance estimates over a range of coarse grid resolutions

to roughly indicate the dependence of the estimates on grid resolution.

Coarse grid
resolution n n =32 n = 64 n =128 n = 256
Stochastic kernel | 0.9359 0.9342 0.9337
(e =0.0693) | (e =0.0378) | (¢ =0.0210)
Fejér kernel 0.9447 0.9395 0.9366
Ulam 0.9320 0.9307 0.9348

Table 5.1: Variance estimates from the two Fourier approximation approaches and
Ulam’s method. For the two Fourier approximation methods we use a fine frequency
grid resolution of N = 512 and for Ulam’s method we use 1600 sample points per
box.

Estimating the rate function

We numerically estimate the rate function r,(s) = sup,cy(sz — log |A(2)]) for a
centred observable g : T? — R using the Fejér kernel approach. We create the Fejér
kernel estimate L,(z) of the twisted transfer operator and compute the leading
eigenvalue \,(z) and eigenvector v, (z) of L,(z). The leading eigenvector v,(z) is
converted from frequency space to a function on T? by evaluating the linear com-
bination (according to the entries of v,(z)) of the n associated Fourier modes on a
fine N x N spatial grid for N = 512. For a given s, we are now in a position to find
the minimum of —(sz—log |\.(2)]) as a function of z. We used MATLAB’s fminunc
routine (unconstrained function minimisation) with the default quasi-newton op-
tion, which takes around four to five iterates to converge to the minimum within a
preset tolerance of 1075, We asked for the values of 7,(s) for s between 0 and 1.8
in steps of 0.1, and initialised the search for the optimal 2z value using the optimal
z from the previous value of s. The results are shown in Figure for coarse grids
of size n = 32 and n = 64, with fine grid collocation and function evalution using
N = 512. Note that the range of g is [—2,2] (see also Figure [p.1)), and that g
is already centred with respect to Lebesgue measure on the 2-torus. In the rate
function computations we centre g according to our estimate of the SRB measure,
but do not expect the range of g to vary significantly. The large values of r,(s) as

s approaches 2 are consistent with this observation.
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Figure 5.5: Estimates of the rate function r, using Fejér kernels with n = 32,64
and N = 512.

5.4.4 Spectral stability results for Lien

In this section we prove the claims made in Remarks and regarding
the relationship between the operators Lq(z) and Lre,(2), and that the spectral

stability results for Lqo(z) from Sections and imply the spectral stability
results for Lpen(2).

Proposition 5.4.1. Let R : BR? — B2 be defined

dQ

Rh = h- TLeb

Then R, R~' € L(B%?) N L(BX ™) and for every z € C we have
Lo(z) = R Lre(2)R. (5.69)
Hence 0(Lqo(z)) = 0(LLev(z)) for every z € C.

Proof. The fact that R € L(B29) N L(BZ"*") follows from multiplication by
C"(T™,R) functions being continuous on B%? and B "' [54] Lemma 3.2]. Since

dd{“—gb € C"(T™ R), the same argument implies that R~! exists and is an element of
L(B%%) and L(BE M7t
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Let f,h € C"(T™,C). By definition we have

/LZQ(f)-thz/f-(hoT)sz/(f%) -hoTdLeb

dQ \ dLeb
_/ﬁLEb (deeb)' aq frde

= / (R™'LrepR)(f) - hdQ2.

Hence (R~ 'Ly,R)f = Lof for all f € C"(T™,C), and so the same identity holds
on BZ? by density. The conjugacy relation (5.69) holds for the twisted operators
due to the untwisted conjugacy relation and the definition of the twist M, (see
Proposition [5.1.4). One has 0(Lq(2)) = 0(LLeb(2)) immediately from (5.69). [

Proposition 5.4.2. Let {kc}eco,e) € L' (Leb) be an L' (Leb)-bounded family. Set
Loe=kex Lo and Liepe = ke * Lren. Let Loog = Lo and Lieno = Lien. Suppose
that {Laq.c}eco,e) satisfies|(KL) and that one of the following conditions holds.

(K1) For everyn > 0 there exists €, such that supp k. € B(0,7) for every e € (0,¢,).
(K2) Lq satisfies (5.9) and for every n > 0 we have lim_ f’ﬂ‘m\B(O,n)‘k€| dLeb =0

Then {Lieb,efec(oe) satisﬁesfor some € € (0, €).

Proof. We have
ELeb,e = R‘CQ,eR_l + ('CLeb,e - R‘CQ,eR_l) = Ae + Fe'

We will prove that {Ac}ccjo.e,) satisfies (KL), and that there exists € € (0, ¢) such
that {F}ccp) satisfies the conditions required by Proposition |1.3.1, which will

then imply that {Lreb,e}ecjo,e,) satisfies for some €; € (0, €).

It is straightforward to confirm that {A}ecjo,) satisfies [(KL) by using |(KL)
for {Lq,c}ecio,e0), the conjugacy identity (5.69) and the properties of the map R as
given in Proposition [5.4.1. For example (KL1) follows from the estimate

lAc — Lranll = | R(Lae — L) R < 1Rl yggp-raes) 1 €0 — Lall | R,

BRY) -

The proofs of (KL2) and (KL3) follow from similar arguments.

We will now prove that there exists ¢ € [0,€y) such that {F,}.coe satisfies

the conditions required by Proposition |1.3.1. For brevity let s = %. Let h €
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C"(T™,R), k < p be a non-negative integer, W € I, {v;}f_| C V(W) with [|v;]|or <
1, and ¢ € CZF (W, R) with ||¢|pger < 1. Since

we have

(F.RR)(x) =s(x) / Eo(y)(Lah)(@ — y) d Leb(y)
- / ko (y)s(x — y)(Lah)(x — y) dLeb(y)

— [ ks (Lah)(o ~ v) s(z) = st 1) dLebi).

Hence, as multiplication by C" functions is continuous on B4 there exists a Cyy such

that

/W vy ... 0 (FeRh) () - () do
_ / k(1) < /W o1 (g Lah - (s — 7y8)) (&) - () dx) dLeb(y)
< [IK@)rtah- (s = )], dLebly)

<Gy /!ke(y)l |7y Lahll,, ls = T—ysllor dLeb(y),
and so
IERRl,, < Co 1K) I7-sLabl, s = sl dLebly). (570

We will bound the right side of (5.70]) differently depending on whether (K1) or
holds.

The case where |(K1) holds. Recall from ({5.5) that (7_,Lqh)(z) = (det D7) -
(La,r,h)(x) where Lqrp, denotes the transfer operator associated to T, := T +y

by duality with respect to Q. If we denote x — det D,7_, by ¢, then t,(z) =

iep (x4 y) 45 (x). Since ;15,9582 € C"(T™, R) we have

sup ||ty := C1 < 00,
yeT™

As noted at the beginning of [54, Section 7], there is a C"*1(T™, T™) open neigh-
bourhood U of T such that [54, Lemma 2.2] applies uniformly to every S € U, and
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SO

sup || Losll,, = C2 < o0.
SeU

Hence, by |(K1), there exists an € € (0,¢€) such that H£Q7Tpr7q < (4 for every

€ € (0,€) and y € supp k.. Since multiplication by C" functions on B%? [54, Lemma

3.2] is continuous there exists a Cs independent of h and y such that

I—yahll,, = It - Loz, D], , < Cslltylle

LQ,Tthpﬁq .

Setting C" = CyC1C>C3 and applying these estimates to ((5.70) yields

HERMHSU(/ kw&mdhﬂw) sup s = 7yslor
Supp KRe

yEsupp ke

provided that € € (0, ¢€'). Since t, € C>*(T™,R), by [(K1) we have

lim sup |[s—7_4,8|.. =0.
e—0 yesupp ke || Y ||CT

Recalling that {k}ec(o,) is L'(Leb)-bounded, we therefore have

limsup [|F.R|,,, < C'limsup </ |ke(y)] dLeb(y)) sup ||s — 7—ys||.. = 0.
e—0 ’ e—0 supp ke yesupp ke
As R € L(BZ?) is invertible it follows that lim.,o Fi = 0in L(Bg?). The same argu-
ment can be used to conclude that lim, o F, = 0 in L(Bgl’qﬂ), and so {F}eejo,e)

satisfies the requirements of Proposition [1.3.1.
The case where |(K2) holds. By (j5.9) we have

sup max{||7,Lall ., |7 Lall =y < 0.

-1, )
yeTm p q

p,q’|

Applying this to (5.70) yields

IFeR]], , < 0004/\ke(y)\ Is = 7ysllcr dLeb(y). (5.71)
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Fix n > 0. By splitting the integral in (5.71) according to the partition T™ =
B(0,n) U (T™\ B(0,7n)) we obtain

/Ik’e(y>| Is = 7yslle, dLeb(y) < kel sup s —7ys]le.

y€B(0,n)

s =yl [ k()] dLeb(y),
yZB(0,) T™\B(0,m)

By we have

e€(0,¢0) y€B(0,n)

lims(;lp | FeR[,, < CoCy < sup erHu) ( sup ||s — TySHCT> ) (5.72)
e—

where the right side is always finite by virtue of the L'(Leb) boundedness of
{ke}ec(o,c0)- Since s € C*, letting n — 0 in (5.72) yields lim_,o HFERHM =0 in
L(Bg?), which implies that lim. o || %[, , = 0 by the invertibility of R. As before,
the same argument can be used to conclude that lim. o F, = 0 in L(B% "), and

so there exists some € € (0,€) such that {F,}ecpo,) satisfies the requirements of
Proposition [1.3.1. O

Using Proposition [5.4.2 we may now confirm that our spectral stability results
for Lg from Sections [5.2] and also apply to Liep.
Proposition 5.4.3. If Proposition[5.2.3 applies to Lq then it applies to Liep too.
Hence Theorem [5.2.6 holds verbatim if Lq is replaced by Liep.

Proof. Suppose that {gc}ec(o,e) € C(T™,R) is a family of kernels satisfying
and |(S2). Recall the definition of @), from the beginning of Section By Lemma
5.2.2 there exists €, € (0, €y) so that {QcLaq }fecjo,e,) satisfies|(KL)| Since {ge}ee(0,e) 18

L*(Leb)-bounded (by|(S1)) and satisfies by Proposition|5.4.2 we may conclude
that there exists €, € (0, €;) such that {QcLieb fec)o,e,) satisfies too. The proof

of Proposition [5.2.3 holds verbatim with L replaced with Ly, as does that of
Theorem [5.2.6. 0

Proposition 5.4.4. If Proposition|5.53.1 applies to Lq then it applies to Ly, too.
Hence Theorem [5.5.3 and Corollary[5.5.4 hold verbatim if Lq is replaced by Lyep.

Proof. Let {gc}eco,e;) € L*(Leb) be a family of stochastic kernels satisfying |(S1)

and |(S3)l Since Lq satisfies ((5.9)), by Proposition|5.3.1 there exists some €3 € (0, €;)
such that {ge * Lo }eepo,e,) satisfies [(KL). The family {ge}ec(o,e;) is L' (Leb)-bounded
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by . This, together with and the fact that holds for Lg, means that
we can apply Proposition [5.4.2 to conclude that there exists 3 € (0, €2) such that
{ge * Lreb}eepo,e;) satisfies too. The proofs of Theorem @ and Corollary
[5.3.4 are the same as before. ]
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Part 11

Random Systems
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Chapter 6

Preliminaries and conventions

In this chapter we recall some preliminary theory that will be extensively used
throughout |[Part II of this thesis. Section [6.1|reviews the Grassmannian associated

to a Banach space, while Section serves as a primer on the theory of Saks spaces.

We now fix some conventions for the remainder of We shall only consider
Banach spaces over C. If X; and X, are Banach spaces then L(X;, X5) denotes the
set of bounded operators from X; to X5. When ||-|| is a norm on a vector space
X we denote the associated closed-unit ball by either B or, when unambiguous,
Byx. If X; and X5 are topological vector spaces then we write X; — X5 to mean
that X; is continuously included into X5. We denote the spectrum of an operator
A € L(X) by o(A), the spectral radius by p(A), and the essential spectral radius
by pess(A). When (Y, d) is a metric space the Borel o-algebra on Y is denoted By

6.1 Graphs and the Grassmannian

This section summarises some old, but not particularly well-known, material for
the reader’s convenience, and has been collated from [65, Chapter IV, §2 and §4],
[15, Section 2.1], [43], Section 2], and [87, Appendix A.2]. If (X, ||-]|) is a Banach
space then the set of closed subspaces of X is called the Grassmannian of X, and

is denoted by G(X). It is a complete metric space when equipped with the metric

dp(E, F) = maxq sup inf fle— fl[, sup inf fe — f|

ee fer €
llell=1 l/lI=1 I[£ll=1 llell=1
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The metric dy is hard to work with directly. Instead, it is convenient to work with

the gap between two subspaces:

Gap(FE, F) = sup inf |le — f]| .
P(5F) = up ot le 1
e||=1

We can work with the gap in place of dg due to the following inequality

max{Gap(E, F'),Gap(F, E)} < dy(E,F) < 2max{Gap(E, F), Gap(F, E)}. (6.1)

We say that F, F' € G(X) are topologically complementary subspaces if £+ F =
X and ENF =0, in which case we will write £ & F = X. Denote by Ilgr the
projection onto £ and parallel to F (i.e. the image and kernel of Il r are E and
F, respectively), and note that Ilgp € L(X) by the closed graph theorem. For
every d € ZT we denote by G4(X) and G4(X) the sets of closed d-dimensional and
d-codimensional subspaces, respectively. The sets G4(X) and G¥(X) are closed for
every d € Z". For each F' € G(X) the set

N(F)={E€G(X): Ea F =X}

is open in G(X), and has a convenient representation in terms of certain charts.
Specifically, for any E € N (F) we define ®per : N(F) — L(E, F) by

Opor(E) = (gye|,,) " —1d.

We call ®pqp the graph representation of N'(F) induced by E & F. The following

lemma, which is an easy exercise, confirms that ®ggp is well-defined.

Lemma 6.1.1. If F € G(X) and Ey, E, € N(F) then llgr : E; — Ey is invert-
ible.

We summarise the properties of the graph representation in the next proposition.

Proposition 6.1.2. If E & F = X then the associated graph representation ®pep

is a homeomorphism. Moreover, for every E' € N (F) we have
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and for every A € L(FE, F) we have

Dk p(A) = (Id+A)(E). (6.3)

The identities (6.2) and (6.3) follow from straightforward algebraic manipu-
lations. That ®gqp is a homeomorphism is a consequence of the following two

lemmas.

Lemma 6.1.3. I[f E® F =X and Ay, Ay € L(E, F) then
dH((I)EégF(Al% (I);EéBF(AQ)) <2 HHEHFH HAl - Az” .
Proof. For every € > 0 there exists u; € @54 (A1) with [lug|| = 1 such that

Gap(®5h (A1), Bhp(Ar) S e+ il — sl
ugE‘I)E@F(Ag

Since A; = (HEHF}@_l

EQF

-1
(m)) —1d, by taking u = Ipyrus and upy = (Id +A;)u we
get

Gap(®5hp(A1), D5l p(As)) < e+ [|(Id +Ar)u — (Id +Ay)ul|
et [[Ar = Ao || Tgyr| -

Since € was arbitrary the same inequality holds for ¢ = 0. The same bound clearly

holds Gap(®psp(As2), @5er(A41)), and so we obtain the required inequality from

(6D). =

Lemma 6.1.4. [f E® F = X and Ey, Ey € N(F) then

1P per(EL) — ®per(Es)|| < min { ||y g, || | Ley)r|

d ||HFHE2H HHElHFH} dH(Ela Ez)-

Proof. By ([6.2)) we have g, |p = (Id +®ggr(L£;)) g for i = 1,2, and so U, —
Hgr = Pper(L;) on E. Thus

1®per(EL) — Ppor(Ba)ll = ||Teyr — Meyr| = [Trje ey r|| < HHFHEl |k,

[T ]
For w; € E; with ||| = 1, ¢ € {1,2}, we have

[ Teye, || lluz = wll > || Teype, (wa — w)|| = || Ty ey 2|
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Taking the infimum over u; and then the supremum over uy yields

inf ur — sl > (|[Trys ||) HH |
uigg? uigE? HU1 u2H — ( F||E; ) FlE1| g,
[|uz||=1 [Jui]|=1

> (/[T | [T ]) 1@ par(Br) — ®per(Es)]l.

We obtain the required inequality upon noting that the roles of E; and Ey may be

swapped in the above argument, and then recalling the definition of dy. O

Suppose that X7, X, are Banach spaces with E; & F; = X; for i € {1,2}, and let
S € L(Xy,X3) and d € ZT. Then S induces natural actions on G4(X;) and G(X3),
defined by Vi € G4(X1) — S(V}) € G(X3) and Vy € G(X,) — S7H(Vh) € G(X,),
respectively. If dim(FE;) = d = dim(FEs;) then these mappings induce actions on
the graph representations of N (Fy) and N (Ey). If U € L(FEy, Fy) is such that
g, rS(Id+U)| g, £ — By is invertible then we define the forward graph trans-
form of U by S to be

S*U =gy g, S(1d+U) (HE2HF25(Id +U)|E1) ’

in which case S*U € L(FEs, Fy). Alternatively, if g, p,(Id —=Ullg,g,)S : By — Es
is invertible for U € L(F;, E») then backward graph transform of U by S is defined
to be

-1
S.U = (Mg, (1l ~UTlpy )8, ) (Ui, — TS,

Using Proposition [6.1.2, a quick calculation confirms that S* and S, agree with the

usual action of an operator on a subspace.
Proposition 6.1.5. Fiz S € L(X;, X3) and suppose that E; & F; = X; for i =1,2
where dim(F,) = d = dim(Es) for some d € Z™.

1. For any E' € N(Fy) such that U g, p,SU g p : By — E5 is invertible we have
S(E') = Cpar, (S (Pran (E)).
2. For any F' € N(Es) such that g, g, S : By — E5 is invertible we have

S_l(F,) = (I)E‘11@E1<S*((DF2®E2(F/)))'
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6.2 A Saks space primer

In this section we review the basic theory of Saks spaces, and prove some new
results of relevance to dynamical systems. In particular, Saks spaces provide a
unified abstract framework for many of the concepts from e.g. the strong
and weak norms of Keller-Liverani perturbation, and Lasota-Yorke inequalities.
More a thorough introduction we refer the reader to [26] Chapter 1]. Throughout

this section X will denote a vector space.

Lemma 6.2.1 ([26, Lemma 3.1]). Let X be a vector space, T be a locally convex

topology on X, and ||-|| be a norm on X. Then the following are equivalent:

1. By is T-closed;

2. |||l is lower-semicontinuous for T;

3. |||l = sup{¢ : ¢ is a T-continuous seminorm with ¢ < ||-||}.
Definition 6.2.2 (Saks space). Let (X, ||||) be a normed space and T be a Hausdorff
locally convex topology on X such that By is T-bounded and any of the conditions
from Lemma [6.2.1 are satisfied. Denote by ~[||-||, 7] the finest linear topology on
X that coincides with T on By. . The tuple (X,||-||,7) equipped with the topology
Y-l s 7] is called a Saks space; when clear we simply denote this space by X and
the topology by v. We say that X is complete (resp. compact, pre-compact) if B
is T-complete (resp. T-compact, T-pre-compact).
Remark 6.2.3. If X is complete as a Saks space then (X, ||-||) is a Banach space.
The converse is false.
Remark 6.2.4. Sometimes one produces a tuple (X, ||-|| , 7) satisfying the Definition
6.2.2 bar for the conditions in Lemma [6.2.1. In such a case we could instead
consider the Saks spaces (X, ||-||',7), where ||-||" denotes the Minkowski functiona
associated to the 7-closure of ||-]]. We do not lose any continuous linear maps by
performing this procedure [26] Lemma 3.3].
Remark 6.2.5. As outlined in [26, Chapter 1, Section 3.6], there is a canonical com-
pletion of a non-complete Saks space (X, |||, 7). Let X, denote the 7-completion
of X, and define ||-||. to be the Minkowski functional of the 7-completion of By
in X.. If X denotes the linear span of By, then (X,|-[|,,7) is a complete Saks

'If K is a balanced, convex body in a vector space X then the Minkowski functional of K is the
map pg : V — [0,00) defined by px(x) = inf{\ € [0,00) : \x € K}. The Minkowski functional of
a balanced, convex body is always a seminorm, and if K has non-empty interior then it is also a
norm.

135



space: the Saks space completion of (X, ||-||, 7). We refer the reader to [26, Propo-
sition 3.8] and the discussion at the end of |26, Chapter 1, Section 3.6] for further
properties of the Saks space completion.

Example 6.2.6. Let (X,||-||) be a Banach space, and let 7 denote the weak-star
topology on X*. Then (X*, ||-||", 7) is a compact Saks space by the Banach-Alaoglu
Theorem. Actually, every compact Saks space has this form (see Proposition.
Example 6.2.7. Suppose that (X, ||-||,), ¢ € {1, 2} are Banach spaces with X, — Xj.
Hence By, is ||-||,-bounded, however it may not be the case that By, is [|-||;-closed.
If we let ||-]|; denote the Minkowski functional of the [|-||,-completion of By, then
(X, [I-1I5, 1141l,) is a Saks space per Remark @ The relevance of this construction
to the functional analytic approach to dynamical systems was recognised in [14]

Section 2.7]; in addition, in [14] a formula for |-||, was obtained:

[vlly = liminf{[lew]l, : Jw = vll, < 8} (6.4)
For a Saks space (X, |||, 7) it is possible to give an explicit description of a
topological basis for v[||||, 7]. If (Up)nez+ denotes a family of absolutely convex

T-open neighbourhoods of 0, then all the sets of the form

U(UlﬂBH'H +"'+Unﬂ2n_lBH.”) (6.5)

n=1
form a neighbourhood basis about 0 for a locally convex topology on X. By [26]
Proposition 1.5], this locally convex topology is the 7[||-||, 7] topology.
Remark 6.2.8. Any Banach space (X, ||-||) induces a Saks space with the structure

(X, Il , [I])- From the definition of the neighbourhood basis for |||, ||-]|], it is
clear that the ||-||-topology is equivalent to ¥[||-||, ||-]|]-

Let (X, |||, 7) be a Saks space. Despite X being a locally convex vector space,
for practical purposes it is better to forget this characterisation and adopt the
following philosophy: provided that one works on ||-||-bounded sets, the topological
properties of v are the same as 7. The following three propositions demonstrate
this principle.

Proposition 6.2.9 ([26, Proposition 1.10]). Suppose (z,)nez+ € X and z € X.
Then (z)nez+ 18 y-convergent to z if and only if (x,)nez+ s ||-||-bounded and -

convergent to x.

Proposition 6.2.10 ([26, Proposition 1.11, 1.12]). If V C X then:
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1. V is vy-bounded if and only if it is ||-||-bounded.
2.V is y-compact (resp. ~y-pre-compact) if and only if it is ||-||-bounded and
T-compact (resp. T-pre-compact).
Proposition 6.2.11 (|26, Corollary 1.6]). If (X, |||, 7) and (X, |-||,7') are Saks
spaces then |||, 7] and ~[||-]| , 7'] are equivalent if and only if T and 7' are equiv-

alent on Bj.).

Having described the basic theory of Saks spaces, we mention a few more con-
crete examples.
Ezample 6.2.12. Let P denote the set of strictly increasing finite sequences in S!
(the circle). Fix p € [1,00). For f € LP(S') the p-variation of f to be

n 1/p
Var,(f) = inf ( sup Y |g(a:) —g(l‘i—l)|p> 1g=fae.

{2} 0€P
The set of functions of bounded p-variation on S* is
BV,(S') = {f € L'(S") : Var,(f) < oo}.

Functions of bounded p-variation have been used to study the statistical properties
of piecwise expanding dynamical systems: for p = 1 see [9, Chapter 3] or [20],
while for general p see [69]. On BV, (S') the map f — Var,(f) is a seminorm and
lower-semicontinuous with respect to ||-||,,. It follows that BV,(S') is a Banach
space when endowed with the norm |||y, = [|-l;» + Var,(-), and is also a Saks
space with structure (BV,(S%), [lgv, s [Ilz»). In fact, standard arguments show
that (BV,(S1), [[lgv,, » [IIz») is a compact Saks space [69)].

Ezample 6.2.13. Fix p € [1,00). The Sobolev space W'?(S!) is defined by

WhP(SY)y = {f € LP(S") : ' exists in the weak sense and ||f'[|;, < co}.

Each W'?(S') becomes a Banach space when equipped with the norm || f||y1, =
11l + 1 f1l»- It is well-known that W11(S?) coincides with the set of absolutely
continuous functions on S', and that Whr(S') C Whi(Sh). Hence every f €
WhP(S') is Riemann integrable. A short calculation then shows that Var,(f) =

1N, and so ||fllgy = IIfllys for every f € WHP(S'). By Example [6.2.12] it
follows that (W'P(SY), |I/ly1s s [I-|l;») is & pre-compact Saks space. In fact, it is
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a straightforward exercise to show that (BV,(S?), Illgv, - [I-lz») is the Saks space
completion of (WH(S), [[-llys Il »)-

An obvious question at this stage is whether ~[||-||, 7] is metrisable, since a
positive answer would reduce the study of Saks spaces to that of classically studied

objects. For interesting examples, however, this is never the case.

Proposition 6.2.14 ([26, Proposition 1.14]). If ¥[|||| , 7| is metrisable then T and

|-|| are equivalent, in which case (|||, 7] and ||-|| are equivalent too.
We now specialise to the case where 7 is induced by a norm |-|. In this case
we call (X, ||||,|-]) a normed Saks space’l Normed Saks spaces are also known as

two-norm spaces, due to the series of papers by Alexiewicz and Semadeni (see e.g.
[2, 13, 14]). If Saks space (X, ||]|,|]) is a normed Saks space such that |-| < ||-|| then
we say (X, |||, ]-]) is normal. Since By is |-|-bounded we can make any normed

Saks space normal after rescaling either |-| or ||-||.

We turn our attention to continuous linear maps between normed Saks spacesﬂ.
Let (X, [||l;»1-;), ¢ € {1,2}, be Saks spaces. Let Lg(X;,X2) denote the set of

continuous linear operators from X; to Xy, ||-|| denote the strong operator norm:

[All = sup [JAf]],,
I1£1l,=1

and |[||-||| denote the triple norm:

Al = sup [Af],.
I £ll,=1

Proposition 6.2.15. (Ls(X1, Xa), |||, I]ll) is a Saks space.

The following two result are used to prove Proposition [6.2.15]
Proposition 6.2.16 (|26, Proposition 1.9]). Suppose that By is T-metrisable, then
a linear mapping from (Xi, ||-||,7) into a topological vector space Xs is continuous
if and only if it is sequentially continuous.
Lemma 6.2.17. If (X, |-||,,|:,), ¢ € {1,2}, are Saks spaces then Lg(X;, X2) C
L(X1, Xs).

2This terminology should cause no confusion in view of Proposition |6.2.14
30ur approach here is based on [25, Chapter 1, Section 3.11] rather than on [26, Chapter 1,
Section 3.16], which is the equivalent section in the second edition.
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Proof. As A is continuous it maps [||||, , |-|;]-bounded sets to ¥[||-||, , |-|5]-bounded
sets. As By, is Y[||[|; , |[;]-bounded it follows that A(B,) is ¥[[|-|5 , |-]|,]-bounded.
Proposition says that the |||y, ]||y]-bounded sets are exactly the |-||,-
bounded sets, and so A(Bj.,) is ||-[[,-bounded. Thus A € L(X;, X). O

The proof of Proposition [6.2.15. Without loss of generality we may assume that
both X; and X5 are normal Saks spaces. By Lemma we have Lg(Xq, X3) C
L(Xy,X5). Since [|-[| < ||| it follows that ||-||| is finite on Lg(X7y, X3), and that
By is [|]-bounded. It remains to verify one of the conditions from Lemma [6.2.1:
we will show that By is [||-|[[-closed. Suppose that {A,},cz+ € By N Ls(Xy, Xs) is
a ||-|l-convergent sequence with limit A € Lg(X7, X3). For every € > 0 there exists
fe € Xy with ||fc]|; = 1 such that ||A| < ||Afe|l, + €. Since lim,_, || A, — A|| =0
we have lim,,_, [(4,, — A) fc|, = 0. Moreover, ||A,fc||, < 1 for every n € Z*. Since
(X2, ||Il5, |],) satisfies each of the conditions in Lemma [6.2.1 we have [|Af|, <1,
which implies that ||A|| < 14 € for every € > 0. Hence ||A]| <1 and so A € By
i.e. By is [|||[-closed in Lg(X1, X3). It follows that (Lg(Xy, X2), |||, |[-]|) is a Saks

space, as claimed. O

We note that Lg(X7, Xs) is not necessarily equal to L(X7, Xs), although the
proof of Proposition also implies that (L(X7, Xo), |||, [I]l) is a Saks space.
The following proposition gives such a quantitative characterisation of Lg(X7, X3),
as well as a characterisation of equicontinuous families of operators in Lg(X7, X5).
Proposition 6.2.18. Suppose (X, |||, |-];), ¢ € {1,2} are Saks spaces, that A is
an index set, and that for each o € A there exists a linear map A, : X1 — Xs.
Then {Aa}aca is an equicontinuous subset of Ls(X1, Xs) if and only if {Aa}aca is
an equicontinuous subset of L(X1, Xs) and for every n > 0 there exists C,, > 0 such
that for every a € A and f € X1 we have

[Aafly < max{n [ f]l,, Cy[f],}- (6.6)

The proof of Proposition is quite long, and so we defer it to the end of
this section. Proposition allows one to work with the inequality in place
of open sets of the form in , which often leads to conceptully simpler proofs,
such as that of the following proposition.

Proposition 6.2.19. Suppose that (X, |||, .|];), ¢ € {1,2} are Saks spaces. If
(X2, [|lly 5 |5) @s complete then Lg(Xy, Xs) is complete.
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Proof. Suppose {4, }nez+ C Lg(Xy,X5) is ||-]-bounded and |||-||-Cauchy. Then
for every f € Xj the sequence {A, f}nez+ is ||||,-bounded and |-|,-Cauchy, and
so there exists ¢ € X, such that A,f — ¢ in ¥[||l,,]|5). Define A : X; —
Xy by Af = lim,_,, A, f, and note that ||A — A,|| — 0 due to the fact that
{An}nez+ € Lg(Xy, X3) is |||-||-Cauchy. We will use Proposition to prove

that A € Lg(X;, X2). Since ||-|| is lower-semicontinuous for ||-|| we have

sup ||Af]| < sup liminf || A, f]| < sup ||A.],
i i " e

and so A € L(Xy,X3). Fix n > 0. For every f € X; and n € Z" we have
[Afly < Anfly + A0 = AllIAL -

By Proposition and as {4, }nez+ C Lg(X1, X3), for each n € Z* and k > 0
there exists D, , such that for every f € X; we have |A, f|, < & |[|f|l; + Dun |fl;-
Thus

[Afly < (5 + 140 = AID ANl + D [f15 -

Suppose that n is large enough so that [|A, — Al| < n/4. Set k = n/4 and C, =
2D, ,,. Then

n n
Afly < DAL+ Do 71, < 2max {2171, Do 11, } = masn 1, . €y 1)
Hence A € Lg(X;, X3) by Proposition [6.2.18] O

We finish this section with some results on compact Saks spaces. Compact Saks

spaces frequently appear in dynamical systems literature due to their use in the
Ionescu-Tulcea—Marinescu Theorem, which is also known as Hennion’s Theorem
due to a later strengthening by Hennion.
Theorem 6.2.20 (A Saks space version of the Ionescu-Tulcea-Marinescu Theorem
[57]). Suppose that (X, |||, |-|) is a (pre-)compact Saks space, and that A € L(X).
If there exist sequences of real numbers {ry}nez+ and { Ry }nez+ such that for each
n€Z" and f € X we have

A" FIl < [ F 1T+ B [ £ (6.7)

then pess(A) < liminf, ri/m

140



Recall that an operator A € L(X) is said to be quasi-compact if pess(A) < p(A).
One approach to studying the statistical properties of a dynamical system 7' : M —
M, where M is some Riemannian manifold, is by finding a Banach space X on which
the Perron-Frobenius operator is quasi-compact and such that C*°(M) — X <
(C>*(M))". The typical route for proving quasi-compactness is via Theorem
i.e. by endowing X with the structure of a (pre-)compact Saks space and obtaining
an appropriate Lasota-Yorke inequality, as in (6.7)). This connection prompts some

questions about Saks spaces with high relevancy to dynamical systems:

(Q1) What Banach spaces permit the structure of a compact Saks space?
(Q2) Given a Banach space that permits a compact Saks space structure, is this
structure unique in any sense?

(Q3) If (X, |I-Il, |-]) is a compact Saks space, to what extent does |[|-|| determine |-|?

The first question has a very satisfactory answer: a Banach space may be made
into a compact Saks space if and only if it has a predual. We state the result for
the case where the Banach space permits the structure of a normed compact Saks
space and refrain from giving all the relevant definitions (see [26, Proposition 3.9]
and 26, Chapter 1] for more details).

Proposition 6.2.21 ([26, Proposition 3.9]). Let (X, ||-||,7) be a Saks space. Then

the following are equivalent:

1. By 1s compact and metrisable with respect to T.

2. X is the Saks space projective limit of a sequence of finite dimensional Banach
spaces.

3. X has the form (F*,||-||,o(F*, F)) for some separable Banach space F, where
o(F*, F) denotes the weak-x topology on F*.

4. By is compact and normable with respect to T i.e. there is a norm |-| on X

such that |-| and T are equivalent on By..

We answer and in the following two theorems.

Theorem 6.2.22. Suppose that (X, |||) is a Banach space, T is a locally convex
topology on X such that (X, |||, 7) is a compact Saks space and that D is a Haus-
dorff topological vector space such that (X,7) < D. Then v[||-||, 7] is unique up
to D i.e. if 7' is a locally convex topology on X such that (X, |||, 7') is a compact
Saks space with (X, 7") < D then ~|||-||, 7] = ~IlIIl , 7]
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Proof. We will prove that the set of ¥[||-||, 7]-convergent nets coincides with the set

of v[||-]| , 7']-convergent nets. Suppose that {f,}aca is a ¥[|||| , 7]-convergent net
and, for a contradiction, that {fa}aeca is not ¥[||||, 7']-convergent. By continuity,
{fa}taeca must be convergent in D. Since (X, ||-||,7’) is a compact Saks space and

SUDae 4 || fall < 0o there exists a 7/-convergent sub-net { f, }ac.a, which accumulates
away from the 7-limit of {f,}aca. But {fa}taca can only accumulate in D at the
accumulation point of {fa}aca, and so the two accumulation points must be the

sale. 0

Theorem 6.2.23. For a bounded countable family of functionals ® = {@, }nez+ €
L(X,C) we set
1flle = sup (/)]
ped

and
lo=2_ 27" len(F)]-
nezt
If (X015 1) is a compact Saks space then there exists ® = {pp}tnez+ € L(X,C)
such that ||pn|| =1 for every n € Z*, ||-|| is equivalent to ||-|| o, and |-| is equivalent
to |-|g on ||-||-bounded sets. In particular v[||-||,|-|] and ¥[||-|l¢ |-l are equivalent.

Proof. By Proposition there exists a separable Banach space F' such that
(XSS 1D = (B I, o (F™*, F)). Specifically, o(F*, F) and |-| are equivalent on
By, Since both |||
topology on F*, it follows from the closed graph theorem that ||-|

 and ||| are stronger than o(F*, F'), which is a Hausdorff

 and ||| are
equivalent (see [101, Proposition 1]). Since F' is separable, there exists a ||| -
bounded family ® = {©,}nez+ € F* N F that is ||-|| ;-dense in 0By, and so that
I|

|-| is equivalent to |-|, on Bj. Suppose that {fi}rez+ € B is a |-|-convergent

e = |I'llg- Thus ||-||; and [|-|| are equivalent, so it only remains to prove that

sequence with limit f € By.. Fix € > 0. Since { fi}rez+ € Bj. there exists N such
that

[e.9]

Y 2" ealf - fo)l <e

n=N-+1

Hence

o) N
1f = flo =D 27" [a(f = ) <D 27" [oulf = fi)| +e.
n=1 n=1

Viewing f — fr as an element of F*, each ¢, as an element of F', and using the

equivalence of o(F™, F') and |-| on By, we observe that limsup,_, |f — fils < €
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Thus, as € is arbitrary, we have limy_,o |fx — fls = 0. On the other hand, if
{fr}trez+ C By is instead |-|4-convergent then we must have ¢, (f — fi) — 0 for
every n € Z*. Since ® is [|-|| p-dense in dB ., we have (f — fi)(x) — 0 for every
v e Fie f— fpino(F* F). Since o(F™, F) and |-| are equivalent on By, and
o(F*, F) is metrisable on B, it follows that f — f; in |-|. Hence |-| and ||, are

equivalent on Bj.|, as required. Thus, v[||-|,|-]] and ¥[||-||s, |-|] are equivalent by
Proposition [6.2.11] O

We finish this section with the proof of Proposition [6.2.18

The proof of Proposition|[6.2.18. We prove the reverse implication first i.e. that
for every 7|[||-|l5,||5]-open neighbourhood U of 0 there exists a ~[|-||;,|-|,]-open
neighbourhood V' of 0 such that A,(V) C U for every a € A. If U is such a neigh-
bourhood then, after recalling the form of the neighbourhood basis for v[||-||5, ||,]

from (|6.5]), we observe that U contains a set of the form

U E 2 B N2k 1B
[l II-1l5
n=1

k=1

o

for some sequence {(;}2, C R, where By

denotes the open unit |-|,-ball. By as-
sumption we have sup,, ||A4|| < co and so there exists N > 0 such that A, (B,) €
2NBH.||2 for every a € A. For the moment fix £ > N, and let us suppose that

fe 2VkBO| ﬂ2k_N_lB||.||1 for some v, € R. Then A, f € Qk_N+N_lB||.H2 = Qk_lB”.”2

Il

for every a € A. In addition, by we have for every n > 0 and a € A that
|Aaf], < max{n2tN-1 ¢, 27

so that if we set ny = 2Nk and take 2 = C, v, 2% then |4, f], < 2% for

every a € A. Thus for every a € A and k > 1 we have
Aa(2Vka|l N 2k_N_lBH.||1) - 2£kB|?‘l N 2k_lBH.||2.

Set

00 n+N
v=_J ( > 2By, N 2k_N_13|-||2> 7
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and note that V' is open per (6.5). Moreover, for every a € A we have

%) n+N
Av)=J ( > Ad27BYp, ﬂzk_N_lB-nz))

n=1 \k=N+1
00 n+N
l o k—1
- U < Z 2 kBHl N2 B||.2> CcU.
n=1 \k=N+1

Thus {A, }aca is equicontinuous in Lg(X7, Xs).

We now prove the opposite implication. Let U be a v[||-||, , |-|]-neighbourhood
of 0. Since {As}aea is equicontinuous in Lg(X7, X3), by [95, 4.1] the set V =
AacAAZ () i3 A1y [y Fopen. As Vs |-y, | |yJ-open and By, is 1[Iy -
bounded, there exists A > 0 such that By, € AV. Hence Ay(Bj,) € AU for
every a € A and so U, 4 Aa(By,) is Y[l ll5 , |-|,]-bounded. By Proposition
it follows that (J,c4 Aa(Bj,) is ||-|[,-bounded i.e. there exists M > 0 such that
Aa(By,) € MB,, for every a € A. Hence {As}aeca is bounded in L(X;, X3),

which implies that { A, }aca is equicontinuous as a subset of L(X;, X»).

It remains to prove . Fix n > 0. Since {Ay}aca is an equicontinuous
subset of Lg(Xy, X3) and ||, is v[[|-||5, |-|,]-continuous there exists a ~[||-||,,|-|;]-
neighbourhood of 0, say U,, such that if f € U, and o € A then |A,(f)|, <n. By
construction U, contains a set of the form 2% Bﬁll N By, for some £, € R. For any

non-zero f € X; we have

/
max{2=+1 £, | I, }

c2B° NB
1, 11y 5

and so for every o € A we have

<.
2

)
Aq
’ (maX{2f”“\f|1,||f||1}

In particular, if we set C,, = n2~%*! then for every f € X; and o € A we have

[Aa(f)ly, <max{n | fll,,Cylfl},

as required. O

144



Chapter 7

Saks space stability for hyperbolic splittings of

Lasota-Yorke cocycles

Our main result for this chapter, Theorem [7.1.7, concerns the stability of hyperbolic
splittings (Definition for operator cocycles satisfying a Lasota-Yorke inequal-
ity (Definition and certain Saks space equicontinuity conditions (Definition
[7.1.2). In Section we state the main definitions and results for the chapter.
Section contains a number of basic results that are used throughout the proof

of Theorem [7.1.7, which is split over Sections [7.3], [7.4] and

7.1 Definitions and main results

Let us fix some notation for this chapter. Let 2 be a set, and o : 2 — € be

an invertible map. For each w € Q let (X, ) be a normal Saks space,

Il Tl
with each (X,,]||,) being a Banach spacd’] We will consider the vector space
bundl X = |pealw} x X,. Let m : X — € denote the projection onto €2, and
for each w € Q let 7, : 7' (w) — X, be defined by 7,(w, f) = f. We say that
P : X — Xis a bounded linear endomorphism of X covering o if mo P =0 om and
if f = Tow)(P(w, f)) is in L(X,, Xo(w)) for every w € Q. We denote the set of all
bounded linear endomorphisms of X covering o by End(X,c). Whenn € N, w € Q,

and P € End(X, o) we denote the map f — 7, (P(w, f)) by P, and set

Poniyo---oFR, ifn>1,
P’ =
Id if n=0.

Clearly P € L(X., Xsn() for every n € N and w € Q. Unless required we

will frequently drop the subscript w from ||-||, and |-| . We denote the norm on

Tt will be important later that L(X,,) is complete.
2Note that we do not endow X with a topology.
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L(Xw, Xo(w)) by ||, the norm on L((Xu, ||,): (Xo@), [*5()) by ||, and the norm
on L((Xe, [I[l), (Ko@), o)) by Il
Definition 7.1.1. Suppose that P € End(X,0), d € Z*, 0 < u < A, (E,)weq €

[LocqGa(Xy) and (Fi)weco € [l,cq GUX,). We say that (E,)ucq and (F,),cq
form a (u, A, d)-hyperbolic splitting for P, and that P has a hyperbolic splitting of
index d, if there exists constants Cy,C,,© > 0 such that:

(H1) For every w € Q we have E,, ® F, = X, and

maX{HHle\Ew ) HEwHFwH} <60. (7.1)

(H2) For each w € Q we have P,E, = E,y. Moreover, for every n € Z* and
f € E, we have

IPZFI = O™ [I£1]- (7.2)

(H3) For each w € Q we have P, F, C Fy ) and for every n € Z+ we have

We call (Ey)weq and (F,)ueq the equivariant fast and slow spaces for P, respec-

Pj}\FwH < Cop. (7.3)

tively.
We now define the elements of End(X, o) that are ‘equicontinuous in the Saks
space sense’.

Definition 7.1.2 (Saks space continuous endomorphisms). We call P € End(X, o)
a Saks space equicontinuous endomorphism if sup,cq || Pu|| < oo and if for each

n > 0 there exists C,, > 0 such that for every w € Q0 and f € X,, we have

[PofI <0l + Cylf]- (7.4)

We denote the set of all Saks space equicontinuous endomorphisms in End(X, o) by
Ends(X, o).

Remark 7.1.3. Proposition justifies the characterisation of the condition
in Definition [7.1.2 as an equicontinuity condition. Indeed, when all the spaces
(Xu, Il » |-],) are equal to a fixed space (X, |||, ]-|), then P € Endg(X, o) if and
only if { P, },eq is equicontinuous in Lg(X).

Remark 7.1.4. Endg(X, o) admits an interesting alternative characterisation. For

(fw)weﬂ € HweQ X, let ||(fw>wEQ”oo = SUPy,cq ||fw||w and |(fw)weﬂloo = SUPyecq |fw|w'
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The set
XKoo = {(fw)weﬁ S H X, ||(fw)weQ||oo < OO}

weQ

is a Banach space when equipped with ||-|| _, and a normal Saks space when given the
structure (Xoo, |||l || )- For P € End(X, o), one can show that P € Ends(X, o)
if and only if the map (f,)weq — (Pofu)wen is in Lg(Xo).

We will only consider endomorphisms that satisfy a uniform Lasota-Yorke in-
equality.
Definition 7.1.5 (Lasota-Yorke class). For Cy,Cy,r, R > 0 we let LY(C4, Cy,r, R)
denote the set of P € End(X, o) such that for every w € Q, f € X, and n € Z* we

have

IPSFI < Cur™ |1l + CoR™ | 1. (7.5)

Remark 7.1.6. If P € LY(Cy,Cy,r, R) admits a (u, A, d)-hyperbolic splitting with
p > r and fast spaces fast spaces (E, )yecq (as in Theorem then for any w € €2,
f € E,\{0} and n € Z* one has

O [IfI] < Cur ([ £l + C2R™ [ £] -

Since r < p < A, by taking n — oo it follows that A < R Hence r < R, and so upon
setting where C3 = C; + Cy we have for every w € Q and n € Z* that

|| < Cir™ + CoR™ < C3R™ (7.6)
Finally, if P € Endg(X, o) then for € > 0 we set

O.(P) = {S € End(X,0) : sgg 1P — Sull < e} :

The main result of this chapter is the following.
Theorem 7.1.7. Fiz u,\,C1,Co, R>0, with 0 <r <u <\, d € Z*, (E,)weqn €
[Lco9a(Xs) and (F.)wea € [1,ca GHX,). If P € Endg(X,0) N LY(Cy, Cy, 1, R)
has a (u, A, d)-hyperbolic splitting composed of fast spaces (E,)ucq and slow spaces
(Fio)wea- There exists € >0 so that

1. If S € LY(Cy,Cy,1m, R) N Ou(P) then S has a hyperbolic splitting of index d.
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2. If (ES)weq € [1oeq Ga(Xw) and (FS)weq € [1,cq G%(X.) denote the equivari-

ant fast and slow spaces for S then
sup {HHE:?HFE” cweNSeLY(C,Cyr,R)N Og(P)} < 00. (7.7)

Moreover, for every B € (0, (A — u)/2) and § > 0 there exists egs € (0,€') and
Cg > 0 so that if S € LY(C1,Ca, 7, R) N O, 5(P) then

1. We have the estimates

sup ||| Tgs ) ps — M e ||| <6, (7.8)
we
and
supdy (F), F,) < 6. (7.9)
weN

2. The spaces (ES),ecq and (F5)uecq form a (p+ B, X — B3, d)-hyperbolic splitting
for S. More specifically, for every w € Q and n € Z we have

and, for every v € ES, that

S2es | < Catu+ By, (7.10)

1S5oll > C5 (A= B)" o]l - (7.11)

Remark 7.1.8. In principle one could compute explicit bounds on the various quan-
tities in the statement of Theorem @, such as €g 5 or the supremum in . We
opted not to pursue such bounds for the sake of simplicity.

Remark 7.1.9. Tt is possible to obtain an estimate on the distance between £ and
E,, in the Grassmannian distance on (X, |-|,) from by using [38, Proposition
2.4].

The strategy behind the proof of Theorem [7.1.7 is reminiscent of the usual
proof that the class of Anosov maps is open [21 Corollary 5.5.2], and is quite
similar to the overall strategy of [16]. We start by collecting some preliminary
estimates and results in Section [Z.2l In Section [7.3] we construct invariant ‘fast’
cones of d-dimensional subspaces, defined in terms of the graph representation of
the hyperbolic splitting of P, and show that the forward graph transform induced
by an iterate of the perturbed cocycle is a contraction mapping on these cones.

We then prove that perturbed fast spaces approximate, in a Saks space sense, the
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unperturbed fast spaces. Once the fast spaces have been constructed we may use
similar arguments to construct and prove the stability of the slow spaces, which
is the subject of Section In Section we bring together the results of the
previous sections to complete the proof of Theorem [7.1.7.

Remark 7.1.10. For the remainder of this chapter P will refer to an element of
Ends(X, o) N LY(Cy, Cy, 7, R) which satisfies all the hypotheses of Theorem [7.1.7.
7.2 Preliminary estimates and lemmata

The following estimate forms the backbone of the proof of Theorem [7.1.7.

Proposition 7.2.1. For every 5 € (0,(\ — p)/2) there exists Nz and for each
n > Ng an €, > 0 so that if S € LY(C1,Cy, 7, R) N O, ,(P) and w € Q then

il || < e+ By, (7.12)

and if v € E, then

015, iy ST 2 A= B o (7.13)

The proof of Proposition [7.2.1 is split over the following lemmas, all of which

are of independent interest.

Lemma 7.2.2. There exists K such that for every w € Q and v € X, we have
e ipv]| < K [Meyr 0 -

Proof. From and we have
ON [T o] < [P e || < Cor™ Mo + CoR” Mg o] (7.14)

Since A > r there exists N such that C\AY — CirY > 0, from which the claim
follows upon rearranging ([7.14]). ]

Lemma 7.2.3. For every n > 0 there exists C,, > 0 such that for every w € Q and
v € X, we have

Mg im]| < nlloll + Cy o]

149



Proof. By (7.1), (7.2)) and (7.5) we have

N Mo < [ PETg ]| = HHannFan(w) o

] < OC," |[u]|[+OC, R [u] .

Since A > r, by taking n large enough we may ensure that ©C1r"A\™" < n, from

which the result follows upon rearranging. O]

Remark 7.2.4. Since |-| < ||-||, by Lemma [7.2.3 and Proposition [6.2.18 we have
Hg, e, U, g, € Ls(Xy) for each w. It is interesting to note that we did not use
the fact that P € Endg(X, o) in the proof of Lemma [7.2.3.

The next lemma is an easy exercise.
Lemma 7.2.5. If R,S € Endg(X,0) then RS € Endg(X,0?%). Hence if R €
Ends(X, o) then R € Endg(X,0") for every n € Z*.
Lemma 7.2.6. For every n € Z* and € > 0 there exists k > 0 so that if S €
LY(C1,Co,r, R) N O(P) then

sup [[ P — SEl < e. (7.15)
weN

Proof. For S € LY(Cy,Cy, 7, R) we may write
n—1
Pr—-Sn=Y" Pt ) (Pokw) = Sokw)) S0
k=0

Since P € Endg(X,0), Lemma [7.2.5 and (7.6) imply that for every n > 0 there
exists C,, such that for every w € Q and S € LY(Cy,Cs,r, R) N O, (P) we have

-1
IS = SEll < Y (0 1Pory = Sore | + Calll oty = Sorn ) 155
k=0

n—1

< C3 ) (203Rn + kCp) RF < nCs (2C3Rn + kCy) max{1, R"}.
k=0

3

We obtain (7.15)) by choosing 7 so that n2C% Rnmax{1, R"} < ¢/2, and then taking
r small enough so that nCsxC, max{l, R"} < ¢/2 O

The proof of Proposition|7.2.1. We prove ([7.12)) and (7.13)) separately.
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The proof of (7.12). By telescoping we have

Jsclie | < P2t + |z = sl |
no1 (7.16)
< ‘ PLL‘FW + Z ‘ S:I;Jrlclzul,)(Pak(w) - Sak(w))Pu’j}Fw
k=0
Since S, P € LY(C4,Cy, 1, R), by and we get
n—1
|z =81, || < X2 OGR4 o[ Py = Soriol) || P,
k=0
(7.17)

Combining (|7.16)) and ([7.17)), and then applying (7.3) yields

201033 (_)"’“
0

S H <CLp" + Cup” Z

Yo ko
+C wZ— (_) 1Pk = Sorn ]
T\

By Lemma [7.2.6 and as u > r, for any n € Z* there is a ¢, > 0 so that if
S e, (P)NLY(CL,Cyr, R) then

< [2C,C5R (r\""Y oy (R 3C1C5R -,
3 (2R (2)™ 1 (1) e - sl ) < 208
k=0

Thus if S € O, (P) N LY(Ch, Co,r, R) and w € Q then )S[j|Fw < OL(C + D

Setting N3 = In(C,C")/In(1 + /p), we therefore get (7.12) whenever n > Np,
SeO, (P)NnLY(Cy,Cyr,R) and w € Q.

The proof of (7.13)). As || <], for each v € E,, we have

HHEJ% | Fym ) s U ‘ > ‘HE (o1 Fon ey Fs U )HEJn(w)HF n (B0 = S5l (7.18)

Using Lemma [7.2.2, (7.2]) and the fact that PJv € E ., we get

T P2V = B[P0 > KO0 o] (7.19)
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On the other hand, by Lemma [7.2.3 we have for every n > 0 that

n n
’HEU”(W)HFan(w) <Pw - SOJ)U

< (2GR + Gyl B3 = S (vl (7.20)

Applying (7.19) and (720) to (7.18) vields

T8 iy ST | = (B 1O = 290G B — P2 = S201) ol

For each n let  be small enough so that 27703KC’)\_1R" < A"/4. By Lemma [7.2.6
there is a €, 4 so that if S € O, ,(P)NLY(Cy, Cs, 7, R) then KC,C{ || P2 — Sk <
A"/4. Thus if S € O, ,(P) N LY(Cy,Cy, 7, R) then

00 S| = 2E) 1 COX o]
Setting Ny = In(27'K~'Cy)/In(1 — B/A), we observe that if n > Nz and S €
O, ,(P)N LY(Cy, Cy, 1, R) then (7.13) holds. ]

7.3 Stability of the fast spaces

In this section we will construct perturbed fast spaces (ES)ueq € [[,cqG%(Xw)
when S € LY(Cy,Cy,r, R) N O (P), and then show that these spaces approximate
(E.)weq in a Saks space sense. We will construct (E5),cq as the fixed point of the
forward graph transform of an iterate of S by applying the contraction mapping the-
orem on certain cones of subspaces. Specifically, for U = (U,)weq € [ [ cq L(Fo, Eb)

such that g, 17,n, S0 (Id +Uy)| s invertible for every w € Q we define (S")*U
E
by

w

((S")U)w = (Sg—n(w))*Uo*"(w)’

where the forward graph transform has domain L(£,-n (., Fy-n(y)) and codomain
L(E,, F,). For each w €  and a > 0 we define

Coo=1{U € L(E,, F,) : ||U|| < a},

and set the fast cone field to be C, = [] .o Cu.a- For each a > 0 the fast cone field

we) YW,
C, is a complete metric space with the metric inherited from [] .o L(E.,, F.,). Our

weN
first main result for this section is the following.
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Proposition 7.3.1. There are ag, €9 > 0,n9 € Z* so that if S € LY(Cy,Cy,r, R)N
O (P) then (5™)*Coy C Coy. Moreover, there exists co € [0,1) such that for every
UV €C, and w € Q2 we have

10S5°)" (V) = (S5°)* (V) I < co [[Ue = Vil (7.21)

i.e. (S™0)* is a contraction mapping on Cq,.

If S satisfies the hypotheses of Proposition @ then we let U € C,, denote
the unique fixed point of (5™)* and define E = &', (U3) = (Id+US)(E,).
By Proposition @ the sequence (E3)ueq € [[,cqN(FL) is fixed by S™ ie.
SmES = ES,, (w) for every w € Q. Our second main result for this section confirms
that if € is sufficiently small then (E%),cq satisfies the estimate and that

(ES)ueq and (E,).eq are close in a Saks space sense.

Proposition 7.3.2. We have
SUP{HHEEIIFWH tw e QS e LYC,Cor,R)NO(P)} < 0. (7.22)

Moreover, for every 8 € (0,(A—p)/2) and 6 > 0 there is egs5 € (0,€) and Cz > 0
such that if S € LY(C1,Cy, 1, R) N O, ;(P) then

sup | agyr, — Maue[| <6, (7.23)
we
and if, in addition, we have w € Q, v € ES and n € Z* then

IS5l = C5H (A = B)" [lv]l.- (7.24)

We will focus on proving Proposition [7.3.1 first.

Lemma 7.3.3. Fiz § € (0,(A— u)/2) and a > 0. There exists constants Mg and,
for each n > Mg, €, 54 > 0 such that if S € LY(C1,Cy, 1, R)N O, , . (P), w e
and U € C,, 4 then 15 o)1 Fr St(Id+U) : E, — Eon( is invertible with

-1
Ew)

<(A—pB)™ (7.25)

(HEan(w)HFon(w) SZ(Id +U)
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Proof. By Proposition [7.2.1 there exists Mg and, for each n > Mg, €, 5 > 0 such
that for all w € Q and S € LY(Cy, Cy, 7, R) N O, ,(P) we have

-1
Ew)

On the other hand, since E o)1y ) P'U = 0 and by Lemma [7.2.3 we have for
every n > 0 that

2\ — B)". (7.26)

n
H HEO‘”(L/J)HFU'"’(M) SW

HHE”"(“’)”F ro S = HHEUWHF LG L (7.27)
< 2anC3R" 4 aC,||S. — P
By fixing n = AEaC—Rn and applying Lemma 7.2.6 we find €npa € (0,€,5) such that

if S € LY(Cy,Cy,r, R)N O, ,.(P) then aC,||SE — P < (A — B8)"/2. Applying
these bounds to (7.27) implies that if S € LY(C1,Co, 7, R) N O, , . (P), w € Q and
U € C,, then

HHEanmnFan(w)SSU‘E H <(A=pB)" (7.28)

By combining (7.26) and (7.28) we confirm that lg,_, (0,50 (d+U)|  is in-

E.

vertible, and that the estimate ([7.25)) holds. O

Lemma [7.3.3 implies that for each a > 0 and n sufficiently large there exists
€a;n > 0 such that if S € LY(Cy,Co,r, R)N O, (P), w € Qand U € C,, then
(SM)*U is well defined.

Lemma 7.3.4. For sufficiently large n there exists a,,e, > 0 such that if S €
LY(Cy,Co, 1, R)N O, (P) and w € § then (S2)*Cua, € Con(w)a

Proof. Fix 8 € (0,(A — p)/2). For a > 0 let Mg and €, 3, denote the constants
produced by Lemma [7.3.3. By Lemma [7.3.3, for every S € LY(Ci,Cy, 7, R) N
Ocs.(P), w € Qand U € C,, we have (S5)*U € L(Esn(), Fonw)). By the
estimate (7.25)) and the definition of (S!*)* we have

12U < ([t e S+ | 3 = 8)
Let N and €, 3 denote the constants produced by Proposition [7.2.T and set €, =

min{e, g, €,.5.4}. Then for n > max{Ng, Mg}, S € LY(Cy,Cy,1, R) N O, (P) and
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U € C,,, we have

115, S20A+D) | < © (20 + o

vl <e (e (525) +a(555) ). (7.29)

Since f € (0,(A — pn)/2), it follows from ([7.29)) that if n is large enough so that
O(u+ )™ < (A= p)" and we set a, = OC3R" (A — B)" — O(u + B)")~! then
|(Sm*U|| < ay, for every U € C,, 4, and S € LY(Cy, Cy,r, R) N O, (P). O

Sl ||) < © (GR +alu+ 5)").

and so

Lemma 7.3.5. Suppose that n is large enough so that Lemma|7.3.4 may be applied,
and let a,, and €, denote the produced constants. For any such n there exists € €
(0,€,], kK € ZT and ¢ € [0,1) such that for every w € Q, S € LY(Cy,Cy,r, R) N
Ou(P) and Uy, Uy € C, 4, we have

[(S55)" () = (&8 (W) || < cl|Uh = Thl

Proof. For brevity we set 2, = Il g, and I'y, = Ilg_r,. By the definition of

(S")* we have

—1
(S (Uh) = (S8 (U2) = Zprny S5 (Ur = Up) (Tomi S 1A +T7)| )
-1
 ((SEEY V) (T S (U = 1)) (Tos S 1A +TY) )
(7.30)

Fix n large enough so that Lemma [7.3.4 may be applied. If S € LY(Cy, Co,r, R) N
O, (P) then for every k € Z* we have (S2%)*Cyya, C Coni(i).0,, and s0 ((SIF)*Us) <
ay,. Thus, ((7.30) becomes

(CORCARERNEA

(1+an@‘

ST HH gy S (1A +T7) |, HHU1 AP

Fix 8 € (0,(A—pu)/2). By Proposition|7.2.1 and Lemma(7.3.3 for every k sufficiently

large there exists €, > 0 such that if S € LY(C1,Cy, 7, R)N O, ;. (P) then
p+ B\
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By taking k large enough we may ensure that ¢ := ©(1+a,)(u+8")/(A—B)"* < 1,
and so we obtain the required inequality from ((7.31]) upon setting ¢ = €. ]

The proof of Proposition[7.3.1. Suppose that n is large enough so Lemmas [7.3.4
and|[7.3.5 may be applied, and let a,, €, k, and ¢ denote the produced constants. Set
ag := ap, ng := nk, ¢g ;= € and ¢y := ¢. By Lemma@we have (5™)*C,, C Cq,
for every S € LY(C1, Co,r, R)N O, (P). The estimate is exactly the content
of Lemma [7.3.5. O

We turn to the proof of Proposition [7.3.2. Recall that U° € C,, denotes the
unique fixed point of (S™)*, and that ES = @' .. (US) = (Id +US)(E.).
Lemma 7.3.6. We have

sup {HHEEIIFLUH cweQSeLY(C,Cor,R)N (’)EO(P)} < 00.

Proof. By Proposition 6.1.2 we have Igs)r, = (Id +US) g, ||, Hence, as US €
Cay, it follows that ||Tgs) g, || < ||[1d+US || ||k || < (14 a0)©. O

Lemma 7.3.7. For every 6 > 0 there exists 5 € (0,€)] so that for every S €
LY(Cy,Cyyr, R) N O, (P) we have

sup [|[Mggyr — Moy [f] < 6
weN
Proof. By Proposition [6.1.2 we have Igs |z, = (Id +U2)Ig, |k, and so
legye, = Moy Il < NOS IMeiie | < OYITEI- (7.:32)

For any k € Z* we have

O3 <[220 [ S22 Ui — (S0 (33
By Proposition [7.3.1 we have
H(S"E’Zok(w) US oy = (S2%000,) 70| < chao. (7.34)
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We fix k large enough so that cfap < §/(30). Since (P"Eﬁok( )>*O = 0 and

Ur, e, P ok

Pk )Hngnok(w)Hanok(w) = 0, after a short calculation we find that

-1
Eo'nok(w)>

Hence, by Lemma [7.2.3, Remark|7.2.4 and (7.2)), for every n > 0 there exists C,, > 0
such that

(S”SIZO,C w)) 0= HF | Ew (S ,liok () P”Efok( )> (HEW|FWP:O§07€(W)

[

Sn—nok(w P —”Ok(w)

+ O)\ Sn*'nok P 7n0k(w)

(w)

<CTIATE (277031-2% S ok — P

Since k is fixed there exists n such that 2nCsCy'R"™ A" < §/(30). Then, by

Lemma [7.2.6, there exists €5 € (0, €] such that if S € LY(Cy,Cy,r, R) N O, (P)
then

(@)

CpCy ATk, ) — P

7n0k(w ‘ S %

Thus, if S € LY(Cy,Cy, 1, R) N O, (P) then m S"’fnok ‘ < 2§/(30), and so

|HU5 }H < §/O by . We obtain the required mequahty upon recalling (|7
O

Lemma 7.3.8. For each 8 € (0, (X — u)/2) there exists kg € Z* and eg > 0 such
that for every S € LY(C1,Cy, 1, R)NO,(P), w € Q, U € Cpy, and v € ES we have

kgno
w

of = (= g ol

Proof. Since || < ||-|| we have

S0} = |SEov] = [P Mg e o] = [(S570 = P5™) W] = (ST ey 0]
(7.35)
Using Lemma [7.2.2 and we find that

[ PE T, 0] = KON [T, o).
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Since v € ES = (Id+U,)(E,) and U, € C,, we have ||HFW||EM’UH < ay ”HEMHFWUH
and so (1+ag) ™ ||v|| < ||Hg,r,v||- Hence becomes

IsEou]) = (14 a0) " KX — O sk — pi| -

[ |]) ol

(7.36)

Let kg := k be sufficiently large so that
(14 ag) 'K rC\MFem0 > 2(\ — p)kemo, (7.37)

and so that Proposition [7.2.1 and Lemma [7.2.6 may be applied with n = kgng to
produce eg so that if S € LY(C1, Cy, 7, R) N O, (P) and w €  then
20

(7.38)
Applying ((7.37) and ([7.38]) to (7.36]) yields the required inequality. ]

()\ _ ﬁ)kﬁno

(A = Byt
20 '

kgno kgng kgno
Swﬁ wB - SwB

< (u+ B)Femo < and

<

w

The proof of Proposition|7.3.2. The estimates ([7.22)) and (7.23)) are proven in Lem-
mas |7.3.6 and [7.3.7, respectively. Thus to finish the proof it suffices to demonstrate

([7-24).

For 8 € (0, (A —p)/2) let kg and eg be the constants produced by Lemma|7.3.8.
For n € Z* write n = mnokg + j where m € N and j € {0, ... ,nokg — 1}. For any
we N Se LYy, Cr,R)NO,(P) and v € ES we have Sookey e BS

and E° mnokﬂ( (Id +US mnoks )> Eamnokﬂ(w). Hence, as Ufmnokﬁ
by Lemma [7.3.8 we have

By repeating this argument we deduce that
Therefore, as R > A\ — 3,

mn()kﬂ( )

S Co-m"()kﬁ (w),ao y

o] = (= gyt o).

(@)

S(m+1)n0k6 SnOk:B Smnokg
w

o-m"OkB (w) w

v ‘ > ()\ _ B)nokzg HSLnnokﬁv

(m+1)no k’ﬂ

n nokg—j m+1 nok‘ﬁ )\ - /8 nOkﬁ n
I e I e e e N M L
nokg
and so we obtain the required claim by setting Cz = C3 (%) . O]
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7.4 Stability of the slow spaces

In this section we will construct and characterise the perturbed slow spaces for
S € LY(Ch,Cq,r, R) N O(P) when € is sufficiently small. These perturbed slow
spaces will be the fixed point of a backwards graph transform associated to S,
although our approach is slightly different to that of the previous section since we
may capitalise on the existence of fast spaces for S. Once constructed, we show
that the slow spaces are stable in the Grassmannian, and verify the estimate ([7.10)).
Let ng and €y be the constants produced by Proposition [7.3.1, and suppose that
S € LY(Cy,Co,r,R) N Of(P). For V € L(F,,EY) recall that (S”Qno( ).V s
well-defined if (Igs| g, — VHFWHES)SZEno(w) : Ef,no(w) — E9 is invertible. Since
Sno ES = E5 it follows that

=0 (w) om0 (w)

(HEEIIFw - VHFWIIES)SZEHO(@ Bs = Sngno(w) 5s )

o~ "0 (w) o "0 (w)

which is always invertible. Hence (S”Sno( )) L(F,,ES) = L(F,-no (), E _no(w))

well defined and satisfies

1
(S22, )V = (snono s ) (VTTk g = Tmgiie) Soto
"0 (w)

Finally, let S7° : ], cq L(Fy, ES) — [1,cq L(F., E3) be defined by
(57°V)w = (SLLO)*VU"O(w)-

Proposition 7.4.1. There exists k € Z+, ¢ € [0,1) and €1 € [0,€y) such that for
any S € LY(Cy,Ca,r, RYN O (P), w € Q and V1,V € L(F,,, EY) we have

H(Sngﬁok(w ) (VI) (Sngﬁok(w ) (VQ)

<c|Vi =V

Hence S7% is a contraction mapping on [, .q L(F., E3).

If S satisfies the hypotheses of Proposition[7.4.1 then we denote the unique fixed
point of S7% by V¥ € [] .o L(Fl., ES), and set F = @Fl@Es(vs) (Id+V5)(F,).
Note that, since ST preserves [] .o L(F.,, EZ), we must have STV = V5. More-
over, by the definition of the graph representation we have F° € N(EY), so

that X = F5 @ ES. Our second main result for this section confirms that the
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spaces (FY),cq are equivariant slow spaces for S™* and that (F),cq approxi-

mates (F,)ueq in the Grassmannian.

Proposition 7.4.2. We have
sup {HHESHFEH tw e QS e LY(Ch,Cor,R)N O, (P)} < o0, (7.39)

and SFY C FSnO for every w € Q. Moreover, for every f € (0,(A — pn)/2) and
d > 0 there is eg 5 € (0 e1] and Cg > 0 such that if S € LY(C1,Ca, 7, R) N O, 5(P)
then

sup dpg (FJ, Fl,) <6, (7.40)
we
sub ks s — ez ||| < 6, (7.41)

and if, in addition, we have w € Q) and n € Z* then

|5zl ]| < Cotia+ " (7.42)
To fix some notation, we let
M := sup {”HEEIIFWH tweN,SeLYC,Cor,R)NO(P)}, (7.43)

which is finite by Proposition [7.3.2.

The proof of Proposition[7.4.1. Let 8 € (0,(A — u)/2). By Proposition [7.3.2 there
exists €5 € (0, ¢) and Cg > 0 so that for every S € LY(C1, Cy, 1, R) N O, (P) and
k € Z* we have

nok
777,0]6 w)

-1
) < Cy(\ — B) ok, (7.44)
*”0’“( )

Fix k large enough so that ¢ := Cs(M +1)(u+ )% /(A—3)"* < 1. By Proposition
1 there exists ez € (0,€5) so that for S € LY(Cy, Cy, 1, R) N O, (P) we have

Snok

—nok )

< (u+ ). (7.45)

o0k (W)
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Set € := €5,. By Proposition |6.1.5 we have for every k € Z* that

(S0 ) (V1) = (S22 ) <(V2)

nok
(S ROV

We obtain the required statement by applying (7.43)), (7.44), and (7.45) to the
previous equality, and then recalling that ¢ € [0,1). ]

-1
. ) (Vi = Vo)L s S0 %o o)
om0k (w)

Fa*nok@,)

The proof of Proposition [7.4.2 is broken into a number of lemmas.
Lemma 7.4.3. For every w € Q and S € LY(Cy,Cy,r,R) N O, (P) we have

SFS C Fou
Proof. Since (S™0), VSnO @) = = V¥ we have
SeFy = S (1A +V;)(F)

= S5 (Id (S5 Voho ) (FL)

_an n ng

= SUJO (Id+ (SWO}EE}‘) <V "O(UJ)HF no(w)HE "0 (w) - HEfno(w)||Fan0(w)> SUJ ) Fw

g n
((Id HE HO(W)HF ”O(w)) + Vo‘"O(w)HF no(W)HE ”0(@) SWOFw

= (Id+V3 oo () HE om0 @)1 BSng )SLLO(Fw)

(Id +V oo (w))(Fo'"O (w)) — ano (w)

Lemma 7.4.4. We have

sup { || gs|rs|| : w € Q, 5 € LY(Cy,Ca,r, R) N O, (P)} < 0. (7.46)
Proof. By Proposition[6.1.2 we have Il ps) gs = (Id +VWS)HFM||E5 and so HHFJ?IIEE H <
(1+ HVwSH) HHFWHEEH' In view of it therefore suffices to bound HVwS” uni-

formly in w and S. By Proposition [7.4.1 we have for every w € () that

Ve < H (S2F). VS ) (sgok)*(o)HJrH(sZok 0)| < CHV”O’“

(S50 (0)]]
from which it follows that
supHVSH <(1—-¢)” supH (529%),(0)]] -
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Since

(Sn0k> (O) _ <Sn0k| >_1 I Snok
w ¥ - w |ES ES F w

o'"Uk(w)H UnOk(‘*’)

the bounds used in the proof of Proposition [7.4.1 imply that

Hence for every S € LY(Cy,Cs, 1, R) N O, (P) we have sup,cq ||[V7]| < ¢(1—¢)7,
which completes the proof. O

-1
-0 = | (2 1a) | e s

onok (w)

nok
o S ‘FwH<C'

Lemma 7.4.5. For all 6 > 0 there is 5 € (0,¢€1] so that if S € LY(Cy,Cy,r, R) N
O, (P) and w € Q then |V7|| < 6.

€5

Proof. Since V% = (Snokm) VS

m0km (1) for every m € Z*, we have

1
S nokm S nokm
Vw - (Swo |E§> (Va'nokm(w)HFanokm(w)lEasnokm(w) B HEUSnOkm(w)HFanokm(w)) S(UO |Fw'
(7.47)
Fix 8 € (0, (A — p)/2). By Proposition [7.3.2 there exists €5 € (0, ;] and Cj so that
if S € LY(C1,Ca, 1, R) N O, (P) then for every m € Z* we have

Je) | < oo a0

Let Ng be the constant produced by Proposition [7.2.1 and fix m > Ng/(nok) large

enough so that
1+ M nokm
Cy (% + M) (%) <94 (7.49)

By Proposition [7.2.1 there is €5 € (0, €5] such that if S € LY(Cy, Ca,r, R) N O, (P)
then

Recalling from the proof of Lemma|7.4.4 that HVWS” < ¢(1—c¢)7!, and then applying
(7.48), (7.49) and (7.49) to (7.47) yields the required inequality. O

suotm | | < G+ gyt (7.50)

Lemma 7.4.6. For all 6 > 0 there is 5 € (0,¢€1] so that if S € LY(Cy,Cq, 7, R) N
O, (P) and w € Q then dy(F5, F,) <.
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Proof. Since ®p gps(F,) =0, by Lemma 6.1.3 and (7.43)) we have

(P51 < 2 g s | IV — @cms(B) | < 200 1) V]

Y

and so the required inequality follows immediately from Lemma [7.4.5. O

Lemma 7.4.7. For every 6 > 0 there exists ¢5 € (0,€e1] such that for all S €
LY(Cy,Coyr, R) N O, (P) one has

sup [|[Tes ipg — Mrye ||| < 0.
weN
Proof. By the triangle inequality we get
IMrszs = Wraye || < [Mrsyes — Troyesll + [Megie - Tege |- (7:51)
By Proposition [6.1.2 and we have
Mesimg = Wres]| < (VI [Trs ]| < (M + D) V]

Hence by Lemma [7.4.5 there exists €51 € (0, €] such that if S € LY(Cy, Cy, 7, R) N
O, (P) then

€5,1

sup | s s — Mgy s || < 0/2. (7.52)
we
On the other hand, by Proposition [7.3.2 there exists €52 € (0,¢€o] such that if
S e Ey(Cl, OQ,’I“, R) N 06572 (P) then
sup M gs)m, — Weye ||| < 6/2. (7.53)
we
Upon setting €5 = min{es 1, €52} we may conclude by applying (7.52) and (7.53)) to
([751). O

Lemma 7.4.8. For § € (0,(\ — p)/2) there exists €5 € (0,€1] and m € Z* such
that if S € LY(C1,Ca, 1, R) N O (P) and w € Q then

S (M+ 6)nokm'

nokm
S s

Proof. We have

nokm
S| s

|

SSOkm{FwH—}_HS‘ZOkm” dH(Fuan) < ‘

S [ CoRr (L, ),
(7.54)
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By Proposition [7.2.1 there exists eg; € (0,¢1) and m € Z* such that if S €
LY(C,Cy,r, R)N O, (P) and w € Q then

|

By Lemma [7.4.6 there exists ego € (0,¢5) such that if S € LY(Cy,Cy,r, R) N
O, ,(P) then

- (N_i_ﬂ)nokm.

nokm|
S || < 5

(7.55)

S . /1J+5 nokm
supdy(F,, F)) < (2C3) — : (7.56)
wel R

We obtain the required inequality by setting e = min{es 1, €g2} and then applying

[F55) and (F50) to (T5D). 0

The proof of Proposition|[7.4.2. Lemma [7.4.4 proves (7.39), while it follows from

Lemma|[7.4.3 that SI°F C Fi, ,, for every w € Q. We get (7.40) and (7.41)) from
Lemmas |7.4.6 and [7.4.7, respectively.

Thus it remains to prove , which we will do using Lemma @ With
the notation of Lemma @ set n; = nokm. For n € Z" write n = fn, + j where
¢€Z"* and j € {0,...,n; — 1}. By Lemma [7.4.8 and the equivariance of (F),cq
we have for S € LY(C1, Cy,r, R) N O, (P) that

S s < (u+ B,

g(inl ) (w)

-1
<II|su
1=0

S
Fg(inl)(w)

and so ,
. . R\’
n ] n n
[821eg]) < 8t 52 sl < 0 (55 ) e+ 1
ni—1
Since p+ < R we obtain ((7.42) upon setting Cz = Cs (ﬁ) ) O

7.5 Completing the proof of Theorem

We have assembled most of the ingredients that are required to complete the proof
of Theorem [7.1.7. Indeed, all of the conclusions of Theorem [7.1.7 are verified by
Propositions [7.3.2 and [7.4.2, except for the following result.

Proposition 7.5.1. There exists € € (0,¢;) such that if S € LY(Cy,Cy, 1, R) N
Ou(P) then the fast spaces (E3)weq € [ eqGa(Xw) and slow spaces (F3)ueq €
[T.cq 6% X.,) produced by Propositions|7.5.1 and|7.4.1, respectively, form a hyper-
bolic splitting of index d for S.
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Proof. Fix € (0,(A — u)/2). By Propositions [7.3.2 and [7.4.2 there exists € > 0
and Cjy such that if S € LY(Cy,Cy,1r, R) N Ou(P), n € Z* and w € Q then

|

and if, in addition, v € E then

So s || < Cotut )"

S50l = 5t (A = B)".

Hence, it suffices to prove that for every w € Q we have S, E° = Ef(w) and S, F° C
FS

o(w

) We will prove these separately.

The equivariance of (F),eq. If S,FS & Ff(w) then there exists f € FY such that
|fll=1and S,f ¢ Ff(w). Thus codim(Ff(w) @ span{S,f}) = d — 1, and so there
exists e € Esw) N(F3 | @ span{S,f}) with |e|| = 1. Write e = aS,,f + f' where a

o o(w)
is a scalar and f’ € F'¥ . For every n € Z* we have

o(w)

)\_ n
% < |ISsiwell < lal S5+ Srw Nl < Colut8)" (lal (e + B) LI+ 1F1D) -

Since A — 3 > u + [ we obtain a contradiction by taking n — oo.

The equivariance of (ES),eq. If S,ES # Ef(w) then there exists e € ES such
that |le]| = 1 and Spe ¢ Ef(w). Recall that for the constant ny produced by

Propositions |7.3.1 we have S(fl"rﬁno Ef,mno(w) = Ef for every m € Z*. Hence,

(w)
for each m € Z™" there is a unique vector e,, € Ef_mno @) satisfying S”"70. (0)fm =

e. Since S?"n?noﬂ(w)Ef_mnoﬂ(w) — Ef(w
Thus dim(Ef,mnOH(w) @ span{S,-mno(y€m}) = d + 1, and so there exists f,, €
(Ef,mnoﬂ(w) @© span{Sy-mno () €m}) N Ff,mnoﬂ(w) with ||f]] = 1. Writing f,, =

U Sg—mno () €m + gm for some scalar a,, and g, € Ef_mn0+1(w), we have

= “amSTnﬁno (w) em + S?n£;01+1(w)gm H

) we must have Sy—mno (.)€ ¢ Ef_mn0+1(w).

mngo—1
O.fmn0+l(w) fm

Co(p+B)mm" >

o
-1

—1
> max ‘ Zbﬁgnoﬂ(“)gm‘ HHEf(u)llspan{Swe} 11
mn
|am| o'*?f)mo(w)em‘ ‘Hspan{swe}HE‘g(w)
()\ _ B)mno—l »
> T, max {|a;| (A — B) [lenll s [|gmll} Hﬂspan{swe}l\Efm H '
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Since fin = @mSy—mno(w)m + gm and || fr|| = 1 we have 1 < |ay| CsR ||len|| + || gm ],

and so

-1

ot . (A= B)mmo ||ng|
Cs(u+p) 12Tmax (A — 5) N gmll HHSPaH{Swe}HE

o(w)

For any value of ||g,,|| we have

m A—
maX{O\ 5) ||g | ol mH} W)\Bﬁ

Thus (A—B)
— mno —1
C mng—1 > H 7
5(:“ + B) = QOﬂ(CgR TA-B) span{Swe}|| B,
and so we obtain a contradiction by sending m — oo. O]
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Chapter 8

Application to random linear systems

In this chapter we will use Theorem [7.1.7 to prove the stability of the Oseledets
splitting and Lyapunov exponents of certain random linear systems. In Section
8.1 we recall some notions from multiplicative ergodic theory, discuss their relation
to the material of the previous chapter and then state this chapter’s main result,
Theorem [8.1.8. The proof of Theorem [8.1.8 is divided across Sections and
B.4 The main ideas of the proof are contained in the former two sections, while
Section contains some miscellaneous results on the measurability of certain

intermediate constructions.

8.1 Definitions and main results

In order to properly formulate our results we need some language from [47] (although

we note the existence of alternatives, such as [15], 43]).

Definition 8.1.1. A separable strongly measurable random linear system is a tuple
Q = (2, F,Po,X,Q) such that (2, F,P) is a Lebesque space, o :  — Q is a
P-preserving transformation of (0, F,P), X is a separable Banach space, and the
generator Q@ : Q — L(X) is strongly measurable i.e. for every x € X the map
w— Qu(x) is (F, Bx)-measurable where Bx is the Borel o-algebra on X. We say

that Q has an ergodic invertible base if o is invertible and P-ergodic.

Remark 8.1.2. We will frequently use an alternative characterisation of strong mea-
surability from [47, Appendix A]: in the context of Definition @ this condition
is equivalent to ) being (F,S)-measurable, where S is the Borel o-algebra of the
strong operator topology on L(X).

Definition 8.1.3. Let Q = (Q,F,P,0,X,Q) be a separable strongly measurable
random linear system. Suppose that there exists kg € ZT, constants \1g > Ao >
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c > Mg, > g, a map Fg @ Qe G(X), and for each i € {1,...,kq} a positive
integer d; o and a map E; g : Q0 — Gg, ,(X), such that

1. For a.e. w we have
X=|PEiqow) | @ Fyw), (8.1)
i=1

and each of the projections associated to the decomposition (8.1)) is strongly
measurable.
2. For every i € {1,...,kg} and a.e. w € Q we have QL E; g(w) = E; g(o(w)),

and for each non-zero v € E; g(w) one has
lim, = o Q2] = ) 82)
Jim —Inf|QGv]| = Aie: .
3. For a.e. w € one has Q,Fg(w) C Fy(o(w)) and

1
lim —In
n—oo M,

HQZ}FQ(‘U) < pQ- (83)
Then we call (8.1) an Oseledets splitting for Q of dimension d = fol dig. The
numbers {)\@Q}ffl are called the exceptional Lyapunov exponents of O, and we say
that d; ¢ is the multiplicity of N\ig. The spaces E;o(w) and Fg(w) are called Os-
eledets subspaces of Q. For convenience we set \p,11,0 = pg- Finally, the Lyapunov

exponents of Q counted with multiplicities is the sequence

/\LQ, B ,/\LQ, )\27Q B ,A27Q, )\37Q, cee )‘kQ,Q7 (84)

where each \; g occurs d;q times. For { € {1,...,d} we set vy, to be the (th
element of (from left to right).

Remark 8.1.4. It follows from Lemma @ that for every i € {1,...,kg} the map
w = E;g(w) is (F, Bg(x))-measurable. It is not clear if the same is true for the
slow space F(w).

Remark 8.1.5. The existence of an Oseledets splittings may be guaranteed by a mul-
tiplicative ergodic theorem. There are now a plethora of such theorems, starting
with [86] and being generalised in a number of directions, but for our desired appli-
cation we are only concerned with semi-invertible multiplicative ergodic theorems

on Banach spaces. The semi-invertibility of such a result refers to the requirement
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that o is invertible, but that no invertibility assumption is placed on the gener-
ator (). In an infinite-dimensional Banach space there is also a requirement that
the random linear system being considered is quasi-compact, which, roughly speak-
ing, implies that the iterates of the cocycle become increasingly close to a compact
cocycle. We refer the reader to [47, 48] [15,143] for precise statements of various semi-
invertible multiplicative ergodic theorems. Finally, we note that a semi-invertible
multiplicative ergodic theorem for compact cocycles on a continuous field of Banach
spaces was recently developed [105], in which case the Banach space is allowed to
vary fiber-wise. This setting is quite similar that of Chapter [7| and suggests the

possibility of generalising the results of this chapter to cocycles on Banach fields.

To a separable strongly measurable random linear system (Q, F,P, o, X, Q) we
may associate a canonical bounded linear endomorphism of X = | | _o{w} x X,
which we also denote by (), that is defined by

Qw, f) = (0(w), Quf).

To apply Theorem [7.1.7 we require a hyperbolic splitting for () when considered as
an element of End(X, o). The following definition makes precise this requirement

in the context of Oseledets splittings.
Definition 8.1.6. Suppose that Q = (0, F,P, 0, X, Q) is a separable strongly mea-

surable random linear system with an Oseledets splitting of dimension d as in Def-
inition @ For each i € {1,...,kq} let Uig(w) = @,; Eigw) and V,q(w) =
<®j>i Ej,Q(w)> ® Fp(w). We say that Q has a hyperbolic Oseledets splitting up to
the dimension d if there exists a o-invariant set Q' C Q of full P-measure such that
for each i € {1,... kq} the families of subspaces {U; o(w)}weer and {V; o(w)}uwear
form the equivariant fast and slow spaces, respectively, for a hyperbolic splitting of
the restriction of Q to X' = |
End(X, o).

weariw} x X when Q is considered as an element of
Remark 8.1.7. Unpacking the various requirements in Definition [8.1.6, we observe
that the Oseledets splitting of Q being hyperbolic is equivalent to the existence
of a o-invariant set ) C Q of full P-measure, constants ©,C > 0 and n <
21 ming<j<k, {Ai,g — Ai+1,¢} such that for every i € {1,...,kg}, w € Q" and n € Z*

we have

Ny o@ivnewl } < ©, (8.5)

< Ce”(&'ﬂ,@‘*‘ﬂ)’ (8.6)

max { || Ty, 4 (@)1v; o )

e

Vi,oWw)
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and
< Clemiem), (8.7)

H <QZ Uz‘,Q(w)> h

Before stating our main result for this chapter we require some notation. Sup-

pose that Q@ = (Q, F,P, 0, X, Q) is a separable strongly measurable random linear
system with Oseledets splitting of dimension d. Rather than indexing the projec-
tions onto Oseledets spaces with the index of their Lyapunov exponents, it will be
more convenient to state our perturbation results by indexing projections by collec-
tions of Lyapunov exponents. If I C R is a open interval such that I C (ug,o0) and
OIN{Nig:1<i<kg}=0then we say that I separates the Lyapunov spectrum of
Q. When [ separates the Lyapunov spectrum of Q we may define II; o(w) € L(X)

D Eio

to be the projection onto

i:)\i,QEI
according to the decomposition (8.1). Finally, if (X, |]|,|:]) is a Saks space and

€ > 0 then, as in Chapter [7] we set

0.(Q) = {P Q= L(X) ‘ P is strongly measurable with esssup ||Q., — P.||| < e} :

weN

Our main result for this chapter is the following.

Theorem 8.1.8. Suppose that (X, ||-]|,|:]) s a Saks space, with (X, ||-||) being a
Banach space, that Q = (Q, F,P, 0, X, Q) is a separable strongly measurable random
linear system with ergodic invertible base and a hyperbolic Oseledets splitting of di-
mension d € Z*, and that Q € LY(C1, Cs,r, R)NEndg (X, o) for some C1,Cy, R > 0
and r € [0,e'?). There exists €g > 0 such that if P = (Q, F,P,0, X, P) is a sepa-
rable strongly measurable random linear system with P € LY(C1,Ca, 1, R)N O (Q)
then P also has an Oseledets splitting of dimension d. In addition, there exists cy <
27 ming<i<p, {Ni,g — Ait1,0} such that each I; = (N g —co, max{\; o, In(01;R) } +co),
ie€{l,...,kq}, separates the Lyapunov spectrum of P, and the corresponding pro-

jections satisfy
Vi € {1, ceey /{ZQ}, a.e. w € rank(HIi,p(w)) = di,Q, (88)
and

sup {ess sup [, p(w)|| : P € LY(C1,Co,r, R) N O (Q),1 <i < kQ} < o00. (8.9)

wes
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Moreover, for every v > 0 there exists €, € (0,¢) so that if P € LY(Cy,Cq, 1, R) N
O, (Q) then

sup |vi.q — vi.p| <, (8.10)
1<i<d
sup esssup |11, () — Ty, p ()| < (8.11)
1<i<kq weQ
and
esss;zlp di(Fro0W), Frpp(w)) < v (8.12)
we

Remark 8.1.9. Contrary to what one might expect given Theorem [7.1.7, in Theorem
B.1.8 we cannot conclude that P possesses a hyperbolic Oseledets splitting. The
obstruction is the following: if Q has a Lyapunov exponent \; o with d; o > 1 then
after perturbing the cocycle one expects the exponent to immediately split into
d; o distinct exponents. None of the hypotheses of Theorem @ may be used to
control the angle between the Oseledets spaces for these new Lyapunov exponents,
which prevents us from concluding these splittings are hyperbolic. All this is not
to say, however, that the Oseledets splitting for P exhibits no hyperbolicity at all.
For each i € {1,...,kqg} let

Ji = (A%Q — CQ,ID(R) + C())

and set U; p(w) and V; p(w) to be the image and kernel, respectively, of I1;, p(w). In
the course of the proof of Theorem|8.1.8 it will be shown that for each i € {1,...,ko}
there exists a o-invariant set ' C 2 of full P-measure such that {U; p(w)}weq and
{Vi.p(w)}weqr are the equivariant fast and slow spaces, respectively, for a hyperbolic
splitting of P over . This implies, in particular, that if every Lyapunov exponent
of @ has multiplicity 1 then the Oseledets splitting for P is hyperbolic.

Remark 8.1.10. Note that II;, o(w) is simply the projection onto E; o(w) according
to the Oseledets splitting of Q.

Remark 8.1.11. By possibly rescaling |-|, without loss of generality we may assume
that the Saks space (X, [|-||,|-|) in Theorem [8.1.8 is normal.

Remark 8.1.12. Theorem[7.1.7 may be considered a generalisation of Keller-Liverani
perturbation theory [71]. Indeed, in the case where 2 is a singleton we obtain a
version of the results of [71]. We note that one condition from [71] has been substan-
tially weakened, namely condition (2) from [71] is generalised to the requirement
that @ is a Saks space equicontinuous endomorphism (see Proposition ,
and Remark , which we only require for the unperturbed endomorphism (),
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and not for any perturbation. In addition, the convergence of the slow spaces in
the Grassmannian as in (8.12)) is new. We did not pursue Hélder bounds on the
| ||-error between the perturbed and unperturbed projections as in [71]. It is nat-

ural to conjecture that the conclusion of Theorem [8.1.8 (and Theorem could
be strengthened to obtain Holder error bounds in (8.10)), (8.11) and (8.12) under

the additional assumption that esssup,q |Qu| < c0.

The proof of Theorem [8.1.8 is broken into a number of steps. In Section [8.2
we produce an Oseledets splitting of dimension d for P, and then we relate this
Oseledets splitting to various hyperbolic splittings produced by Theorem [7.1.7.
Once this is done, in Section we characterise and then prove the stability of the

Lyapunov exponents.

However, before embarking on the proof of Theorem [8.1.8, we will discuss its
relation to the [16, Theorem 1.10], to which our result bares a strong resemblance.

The primary differences are the following:

1. In [I6] it is required that convergence in and is uniform in w, while
we only require the weaker bounds and (8.7)).

2. The perturbations in [16] are required to be asymptotically small: (i) each
iterate of the perturbed cocycle must converge uniformly in the strong opera-
tor topology to the corresponding iterate of the unperturbed cocycle, and (ii)
there exists s € (Arg+1,0) Mko,@) and N € Z* such that for every n > N there
is €(n) so that for all € € (0,¢(n)) and a.e. w € € one has

1QL — PLLHL(X) <e".

We compare (i) to closeness in the Saks space sense in Proposition
and show that our hypotheses are weaker for pre-compact Saks spaces, which
is a common setting for Perron-Frobenius operator cocycles. On the other
hand, the condition (ii) is not directly comparable to any of our hypotheses,
although it is comparable ‘in spirit’ to our requirement that the perturbed
cocycle lies in a Lasota-Yorke class: the exponent s plays a similar role to the
r term in our Lasota-Yorke inequalities, in that one cannot conclude anything
about the stability of any Lyapunov exponents of modulus smaller than s in
[16], or In7 in Theorem [8.1.8.

3. Due to the weaker requirements of our result, our conclusions on the stability

of the Oseledets spaces are weaker than that of [16].
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4. We require the additional hypotheses that the unperturbed cocycle is a Saks
space equicontinuous endomorphism, which presupposes that X admits a Saks
space structure. However, (pre-)compact Saks spaces are commonly used to
study the statistical properties of dynamical systems via Perron-Frobenius

operators, and so these hypotheses are natural for our primary application.

Proposition 8.1.13. Suppose that (X, |||, |:|) is a (pre-)compact Saks space, and
that {Qn}nez+ C Ls(X) is an equicontinuous subset of Lg(X) which converges in
the strong operator topology to Q@ € Lg(X). Then Qn — Q in (Ls(X), [|*[[ iy« IFlID-

Proof. That {Q,}ncz+ is bounded in L(X) follows from Proposition [6.2.18] Let
G. C B be a finite set such that inf) ;- infye |f — g| < €. Then

@Qn — QI < sup [[(@n — Q)gll + Sup inf [(@n —Q)(f —9)|

9€Ge |fll=19€GCe

Since {Q} U {Qn}nez+ is equicontinuous in Lg(X), by Proposition [6.2.18 we have
for every k > 0 a C, such that for every n € Z*

1Qn — QII < sup [[(Qn — Q)gll + 2k + Cre.

g€Ge

Sending n — oo yields

limsup [|@r — Q| < 2k + Cie. (8.13)

n—oQ

By first choosing x to be very small, and then shrinking e appropriately, we may
make the right side of (8.13) as small as we like. Hence lim,,_, [|Q, — Q|| =0. O
8.2 Characterising the perturbed Oseledets splitting

Recall n and €’ from Remark |8.1.7, and let 5y > 0 satisfy

27 min Ao — Mito.
N+ Bo < ggéQ iQ — Ait1.0

Foreachi € {1,...,kg} we apply Theorem|7.1.7 to ) with respect to the hyperbolic
splitting composed of fast spaces {U; o(w)}weor and slow spaces {V; o(w)}weqr to

173



produce €y, Cy, 09 > 0 so that if P € LY(Cy,Cy,r, R) is strongly measurable and
satisfies
sup [|Qu — Pulll < €o (8.14)

wel)Y
then P has a hyperbolic splitting of index ), ; djq (in the sense of Definition|7.1.1).
Moreover, if we denote the fast and slow spaces of these splittings by {U; p(w) }wear

and {V; p(w) }weqr, respectively, then for every n € Z*, i € {1,...,kg} and w € &

we have
max { ||y, p@)vi p@) || [0 p @i @)} < o, (8.15)
‘PZJ Vi || = Coe"Pirvatmtho), (8.16)
and, for every v € U; p(w),
|Phv|| > Cqlemie=m=5o) |ly|| (8.17)

Remark 8.2.1. If, rather than (8.14)), we just have that P € O (Q), then we may
instead consider the following construction. Let Q2p € F have full P-measure and

satisfy
sup [[Qu — Bulll < €.

wENp

By perhaps replacing Qp with (1, ., 0" (£2p) we may assume that (2p is o-invariant.

Let P: Q— L(X) be defined by

~ Pw iwaQ’ﬂQp,
P

)., otherwise.

Since P, = P, a.e. and (Q, F,P) is a complete measure space it follows that P is
strongly measurable. By construction holds with P in place of P, and P e
LY(Ch, Ca, 1, R) since ' N Qp is o-invariant. Thus Theorem [7.1.7 may be applied
with P, which produces fast spaces U, ﬁ;(w)}wegl and slow spaces {V ]s(w)}wegl for
P, which restrict to fast and slow spaces for P when considered on 2p. Moreover,
we obtain (3.17)), and for P and w € Qp (i.e. for a.e. w € Q). We will
not discuss this technical point any further, and simply carry out of constructions

a.e. for P.
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For each i € {1,...,kg} set

ULP(W) 1= ]-7
G@p(&)) =
U@p(bd) N ‘/z‘_l’p<w) 1< < k?Q.
and
%,P(w) L= 17
H;p(w) =

Vip(w) @ Uis1p(w) 1 <i< k.

Note that dim(G; p(w)) = codim(H; p(w)) = d; o and X = G, p(w) & H; p(w) for

a.e. w and each i € {1,...,kg}. Moreover, for a.e. w we have
X = @ Gi,P(W) D VkQ,p(W). (818)
1<i<ko

It is clear that G, ¢(w) = E; o(w), and so we will consider G; p(w) to be perturbation
of E;g(w). Our first main result for this section makes this idea rigorous, and is
a straightforward application of Theorem [7.1.7. Later we will see that, in general,
G p(w) is not an Oseledets space for P, but rather a direct sum of finitely many

Oseledets spaces of P.

Proposition 8.2.2. With ¢y as at the beginning of this section, we have
PeLY(C1,Ca,r, R)NO.
sup {ess Sglllp ||HGi,P(w)HHi,P(W)H S 119?9@)0 O(Q)} < 0 < . (8.19)
we

Moreover, for every v > 0 there exists €, € (0,¢) so that if P € LY(Cy,Cq, 1, R) N
O, (Q) and i € {1,... kg} then

es8 Sup [Tz, w11 o0) — Mo pieli || < 7 (8.20)
and
esssgp dir(Vig,@W), Vig.p(w)) < v. (8.21)
we

Proof. By (8.15)) we have

sup {ess sup HHUZ',P(W)HVZ’,P(W)H Pe £y((]1,02,r, R) N OEO(Q), 1 S 7 S ]{JQ} S @0.

we
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Since for 1 < ¢ < kg we have

He, p@)i: p@) = Ho, p@)vi p@) vy p@)1Ui1 p (@) (8.22)

we may therefore bound the left side of ([8.19) by max{©y, ©2} = ©2, since Oy > 1

necessarily.

We will now prove (8.20]), for which we note that it suffices consider each
i € {1,...,kg} separately. By Theorem [7.1.7 there exists ¢, > 0 so that if
P e Ey(Cl, Cy,r, R) N OEU(Q) then

esiesgp ’HHULQ(UJ)HVLQ(OJ) - HUl,P(W)HVl,P(W)m sV

which yields (8.20) for i = 1. Now assume that 1 < i < kq. If P € LY(Cy, Cy,r, R)N
O (Q) and 1 < i < kg then by (8.22)) we have for a.e. w that

1T E, o @)1 ow) — o, pe)im,»w)]]
<M, 6 @10 (M 0@l Ui so@) = iy p@ive o) ||
+ (M, o @)Vio @) = M @)1V @) Wiy p@)lits—s pe) |-

(8.23)
Lemma [7.2.3 implies that for every x > 0 there exists C} such that
1T, o @)1vie @) (i s gt 106 = Wiy st 1 p@) |
<k v, o @)U 0() — Hvlpwmmlpwm
0@V 1.0 — iy @101
<3“90+C7mﬂm @010 = iy p@)Uisp@ |||
Thus from (8.23) we obtain
T, gt o) — U, pe)lim o) ||
<2600 + Cr|||Tlv;_, o @)U 06) = Wiy p@ivis p ||| (8:24)

+@0’HHU w)llVi,@w) — HUi,P(W)HVi,P(w)‘H'

Fix k = 1&-. By Theorem|7.1.7, there is €, € (0,€9) so that if P € LY(Cy,Cy, 1, R)N
O, (Q)and i e {1,...,kg} then

14
esssup ||y g(u)iviow) — Mo, (8.25)

i, P (W)|Vi,p(w) H| < m
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Thus by applying (8.25) to (8.24) we obtain (8.20)). Finally, we obtain (8.21]) due
to our application of Theorem [7.1.7 with respect to the hyperbolic splitting of X

into equivariant fast spaces {Us,,q(w)}weo and slow spaces {Vi, (W) fweor- O

The second main result of this section confirms that the perturbed cocycle P
has an Oseledets splitting, and that this Oseledets splitting refines the splitting in
(8.18)).

Proposition 8.2.3. With ¢y as in Proposition @, if P e LY(Cy,Cyr,R) N
O, (Q) then P has an Oseledets splitting of dimension d and if for each i €
{1,... kg} we set

S(Z) = {j Z d&Q < Z dg,p < Z d&Q}

1<0<i 1<e<y 1<0<i

then for a.e. w we have

Gir(w) = P Ejr(w), (8.26)

JeS()
and Fp(w) = Vi, p(w).

The idea behind the proof of Proposition [8.2.3 is rather simple: since each
family {G; p(w)}weq consists of d; o-dimensional subspaces and is invariant under
the action of P we are essentially in the setting of the classical multiplicative ergodic
theorem of Oseledets [86]. Unfortunately, actualising this idea requires the strong
measurability of several constructions, the proofs of which are rather tedious. As
such, many of the purely technical proofs have been deferred to Section [8.4]
Lemma 8.2.4. For every i € {1,...,kq} the map w — Iy, ()i pw) 5 Strongly

measurable.

Proof. From the construction of {U; p(w)},eq in Proposition|7.3.1 and by Proposi-
tion [6.1.2 there is ng € Z* such that almost uniformly we have

v p@)vigle) = 1m <Id +( ?’i?no(w))*(o)> I oI viq@):

where the graph transform (P, (w))* maps L(U; g(o7™"(w)), Vig(o7™™(w))) to

L(U;g(w),Vig(w)). By 47, Lemma A.5] the map w — P™° is strongly measur-

o—mng (w)

able for each m. Hence, as w +— iy, o(o=mm0 (w))|1Vi.g (om0 (w)) A W = Ly, o (w))vi o (w)
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are strongly measurable, by Proposition [8.4.1 the map
w (Id +(F, ?%)no@))*(o)) v g@)vio@)
is strongly measurable for every m € Z*. By Proposition @ we have
ess sup ||y, w1 o | < 00,

and so Lemma [8.4.7 implies that w — Iy, , ()i o(w) 18 strongly measurable.

From the construction of {V; p(w)},eq in Proposition [7.4.1 and by Proposition
6.1.2 there exists ny € ZT such that almost uniformly we have

My, @) Viptw) = M (Mo, p@)vi g = (P2« 0y, o @)t p @) »

m— 00

where the backwards graph transform (P7"), maps L(V; o(6"" (w)), U; p(c"™"* (w)))
to L(Vio(w), Usp(w)). As w = Ty, p(gmm @))|viglomm (w)) and @ = Ty, o w)v; g(w)
are strongly measurable, by Proposition [8.4.1 the map

w = Iy, p@)view) — (B «(0)Ily; o (w))v; p(w)

is strongly measurable for all m. By (8.15) we have esssup,cq HHUi,P("-’)HVi,P(w)H <
00, and 80 w > Iy, ,(w)|vi p(w) 18 strongly measurable by Lemma [8.4.7. O]

Lemma 8.2.5. For each i € {1,... kq} the map w — Ilg, pw)|H, pw) 5 strongly

measurable.

Proof. The cases where 7 = 1 is covered by Lemma 8.2.4. For 1 < ¢ < kg we have

He, p@)im p@) = Ho, p@)vi p@) vy p@)1Ui1 p (@) (8.27)

and so w = Ilg, ,(w)||H, p(w) is strongly measurable by Lemma|8.2.4 and [47, Lemma
A5 O

A key tool in the proof of Proposition[8.2.3 is the following result on the existence
of measurable change of basis maps;a similar construction is carried out in [76,
Chapter 7]. We defer the proof to Section .
Lemma 8.2.6. If (2, F,P) is a Lebesgue space, X is a separable Banach space,

d e Z" and w — 11, is a strongly measurable map such that each 11, is rank-d
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projection and esssup,cq |[IL,|| < oo then for every e > 0 there exists a strongly
measurable map A : Q — L(X,C?) such that AW|H x) I,(X) — C% is a bijec-

-1
tion, ker(A,) = ker(Il,) for a.e. w, and the map w — (AW}H (X)> is strongly

measurable. Moreover,

2 d—1 1
esssupHAw|Hw(X)H < (1 —e) , and esssup ’(A"J|HW(X)> H < V. (8.28)

weN weN

The proof of Proposition|8.2.3. For each i € {1,...,kg} let A;, denote the map
produced by applying Lemma 8.2.6 to w — llg, ,(w)|H; pw) With € very small, and

set
-1
P, = Ai,U(w)P"J (Ai’w‘Gi,P(w)> '

Then P; = (Q, F,P,0,C%2 w s P,,) is a separable strongly measurable random
linear system with an ergodic invertible base. Moreover, by (8.17) and the estimates
in Lemma [8.2.6 for every n € Z* and i € {1,...,kg} we have

-1

n \ —1
H (PrL) Gi,pw(w)))

-1
< ||Az,w|| H (PZ;L’GZ.‘P(“,)> H H (Ai,o"(w)

9 d—1
< CO\/E < ) e_n()\i,Q_n—ﬁo)'

1—c¢

(8.29)

On the other hand, by (8.16) and the estimates in Lemma [8.2.6 for every n € Z*
and 1 < i < kg we have

-1
1220 < e[| 2 o | (Al )
) N1 (8.30)
< Co\/g (1 > e”()\i,Q+7I+BO)7
— €
while for ¢ = 1 we have
9 d—1
1P| < CoCsvd (1 - 6) R". (8.31)

Thus In* HPZile € LY(Q, F,P), and so by Oseledets’ Multiplicative Ergodic Theo-
rem [86], each P; has an Oseledets splitting of dimension d, o given by

kpi
C'=EPEnw). (8.32)
j=1
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By pulling back these Oseledets spaces to X we obtain for each i € {1,...,kg} and
a.e. w the splitting

' -1
Gip(w) =P (Az',w\gi’,,(wﬂ Ej.p,(w),
j=1
and so in view of (8.18)) we have
kq kPi 1
x=P|P (AW GLP(W)) Eip () ] | @ Vig.r(w). (8.33)
=1\ j=1

Let kp = S22 kp. For 1 < € < kp set h(f) = max{>'_ kp, : S'_ kp, < 0},

g(f) = ¢ — h({) and

-1
Epp(w) = (Ah<e>,w|gh(@7p(w)> Eg(). B0y (W)-

If we set Fp(w) = Vi,,p(w) then we may rewrite (8.33) as

X = (é E&p((ﬂ)) @Fp(w) (834)

We claim that (8.34]) is an Oseledets splitting for P of dimension d.

The strong measurability of the Oseledets projections. The projection onto Fp(w)
according to (8.34)) is strongly measurable by Lemma [8.2.4. The projection onto
each E, p(w) according to the decomposition (8.33)) is given by

<Ah<e>,w\gw),,,(w>> o), 00w A w1l ) p @)1 i, p )

where Iy n(e) denotes the projection onto Ey) p, (w) according to the splitting
in . Thus the projection onto Ey p(w) according to the decomposition ({8.34)),
being the composition of strongly measurable maps, is strongly measurable by [47,
Lemma A.5].
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The properties of the fast Oseledets spaces. 1t is easily checked that for any ¢ €

{1,...,kp} and a.e. w we have

-1

PE ) = 2 (A0l ) B )
-1
- (Ah(f)ﬁ"(w)|Gh(e)7p(gn(w))> Eg(0),Puey (0"(w)) = E¢p(c"(w)).

In addition, due to the bounds (8.28)) we have for a.e. w and every non-zero v €
Ey p(w) that Ape) v € Ey0),.Pue (w) and so

1
lim —In ||P)v||
n—oo N

1
= lim —In
n—oo N,

-1
(Ah(é)vrf”(w) ‘Gh([%P(an(w))) (P () ,w | Eq(6), Py (w)) An() v

= )‘g(f),Ph(e) .

The ordering of the Lyapunov exponents. For every ¢ € {1,...,kp} we set \jp =
Ag(),Pypy SO that A¢ p is the Lyapunov exponent associated to {Eip(w)}ueq. Clearly
Aty p < Mg, p whenever ¢4 > ¢y and h({y) = h({ls), since then g(¢;) > ¢(¢») and
SO Agy.p = )\g(gl)7ph(£1) < )\g(gg)ywz) = Mg p. On the other hand, if ¢; > ¢, and
h(€y) # h(l3) then since 1+ By < 27" miny<ij<p, { N0 — Niv1,0} we may use (8.29)
and to conclude that

A < e, + 1+ Bo < Anea),o — 1 — Bo < Ay P

Thus /\LP > )\Q,P > e > Akvp.

The properties of the slow Oseledets spaces. That P,Fp(w) C F(o(w)) a.e. follows
from our application of Theorem |7.1.7 in the construction of Vi, p(w). By (8.30)
we have a.e. that

1
lim —In
n—,oo N,

Pilve, p|| 7= 12 S Mori + 1+ fo. (8.35)

By (8-29) we get Aip,p > Mg, —1— Bo- Since n+ Gy < 27  miny<i<p, { N0 — Ait1,0}
it follows that up < Ag, p.
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The identity (8.26). If we set s(i) = Y., kp, then

EB a(e), P (W (8.36)

Then for j € {1,...,kp} we have

Yoodep=| Y dep |+ (Z ds(i)JrZ,P)

1<0<j+5(3) 1<e<5(3) 1<0<j

= Z Z ds(t)+m,P +(Z ds(i)+e,P>-

1<t<i 1<m<kp, 1<4<y

(8.37)

Since dy(t)4m,p = dm,p, We get

S>> dipeme =Y dig, and 0< Y dypeep <dig.  (8.38)

1<i<i 1<m<kp, 1<t<i 1<e<y

Thus by combining (8 and we see that j + s(i) € S(i). Running our
argument in reverse, we observe that if ¢ € S(i) then h({) = s(i) and so { =

g(0)+s(i) with g(¢) € {1,...,kp }. Thus we obtain (8.26| by re-indexing the direct
sum (|8.36]). [

The first part of the proof of Theorem[8.1.8. If P € LY(C1,Cy,r, R)NO,,(Q) then,
as per Proposition[8.2.3, P has an Oseledets splitting of dimension d. Set ¢y = By+1.
From the proof of Proposition @, and in particular the estimates ,
and (8.31), we have for every i € {1,...,kqg} that

Ajp:jeS)} CL = (Ng— co,max{\. g, In(0;1R)} + co). (8.39)

Moreover, by and the ensuing discussion, we have I; C (up,o0) for each i.
Thus, 01;, NOI;, = () whenever iy # iy. Asforevery j € {1,...,kp} we have j € S(7)
for some ¢ € {1,...,kq}, it follows that 0L N {\;jp : 1 < j < kp} = 0 for every
i. Hence each I; separates the Lyapunov spectrum of P. In view of Proposition
@ we therefore have I, p(w) = Ilg, p(w)|H. pw), and so we obtain (8.8) upon
recalling that dim(G; p(w)) = d; g for a.e. w € Q. We get and from
and (8.20), respectively, in Proposition @ Finally, as Vi, o(w) = Fg(w)
and Vi, p = Fp(w) we obtain from in Proposition [8.2.2. O
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8.3 Convergence of the Lyapunov exponents

In this section we focus on the proving the estimate . A key tool in our proof
will be a generalisation of the determinant to operators on Banach spaces, which
we will use to access the Lyapunov exponents of P. When E € G(X) is finite
dimensional we denote by mg the Haar measure on F, normalised so that mg(Bg)

has the measure of the dim(FE)-dimensional Euclidean unit ball. For each d € Z*
we define a map det : L(X) x G4(X) — R by

magp(A(Br))

det(A, E) :=det(A|F) = i (Bp)

(8.40)
We refer the reader to [15, Section 2.2] for an overview of the basic properties of
the determinant.

Lemma 8.3.1. Recall ¢y from Proposition|(8.2.2. If P € LY(Cy,Cy,r, R)N O, (Q),
neZt and l € {1,... kp} then the maps

-1

-1
w > Indet(P}|Eyp(w)), w — In ‘ (Pg‘EeP(w)>

P£|E2’P(W)H and w — In

are (F,Bgr)-measurable and in L'(Q, F,P).

Proof. Fix n and {. Define ¢ : Q — L(X) x Gy, ,(X) by ¥(w) = (P}, Ey,p(w)). The
map w +— P is strongly measurable by [47, Lemma A.5]. On the other hand, the
projection onto Ey p(w) is strongly measurable since it is an Oseledets space, and so
w — Eyp(w) is (F, Bg(x))-measurable by Lemma [8.4.2. Thus ¢ is (F,S x Bg(x))-
measurable. That w — Indet(y(w)) is (F, Br)-measurable follows from Proposition
8.4.8, while the (F,Bgr)-measurability of w ln‘ P

[47, Lemma B.16]. To see that w — In

. -1
|(ret)” -

where Ilg, ,(on()) denotes the projection onto Eyp(c™(w)) according to the Os-

is a consequence of
‘E@p(w) H q‘

-1
(PJ}| Fer (w)> is measurable we note that

. (8.41)

-1
(HEAP(U"(W))PS|EZ’P(W)> g, p (o w)

Eqp(o™(w))

-1
eledets decomposition for P. The map w — (HEZ’P(Jn(w))Pj‘E&P(w)) HE, p(on(w))
is (F, Br)-measurable by Proposition|8.4.6. Hence the right side of (8.41)) is (F, Bg)-
measurable by |47, Lemma B.16], which of course implies that the left side of (8.41)

is (F, Bgr)-measurable.
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Since

_q—t
H (P w \E[,P(w)> B, ponw) © Bi B, pw) © ‘

P“T’L‘EZ,P(W) BEK’P(Jn(w)%

we have
In (Pw |EZ’P(W)> H < o ndet (P Eep()) < n ‘ P |EZ’P(W)H . (8.42)
By (8.17)) and Proposition [8.2.3 we have
_11—1
Co—len()\kQ,Q_n_fBO) S H <PLZJI}E15 p(u))) <843)
On the other hand, since P € LY(Cy, Cy, 7, R) we have
( Py | < R (8.44)

As (Q, F,P) is a probability space, by combining (8.42), (8.43]) and (8.44) we get
-t

that w +— Indet(P}|E;p(w)), w — ln‘ P£|E/P(w) <P5|E/P(w)>

are all contained in L'(Q, F, P). O

and w — In

Proposition 8.3.2. Recall €y from Proposition|8.2.2. For all P € LY(Cy,Cy,r, R)N
O,(Q),neZt and L € {1,...,kp} we have

b — / Indet(P"|E, p(w)) dP, (8.45)
Q

nae.p

P }E&P(W)H dP, (8.46)

. 1
(P"J ‘EZ,P(W))

Proof. Recalling (8.42)) from the proof of Lemma [8.3.1, we have for every j € Z*
that

/m

1
= lim — ln‘
m—oo M Jq

-1

dP. (8.47)

1
= lim — [ In
m—oo 1M, Q

dP.

1 nj
AP < fln det(Pwd |Eg7p(w)) dP < /ln ‘
L,P

) -1 )
(P‘:L] |Ee,P(w)> ity ‘EZ,P(W)
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Hence it suffices to prove that

. 1 m -1
hrrrlzljolip - an P ‘Ee, ’ dP < M p < hnilorgfa an (Pw ‘Ez,p(w)) dP,
(8.48)
and that
/ In det( P By p(w)) dP — / Indet(P"| By p(w)) dP.  (8.49)
njdep ndep Jo

The identity (8.49). Since the determinant is multiplicative [15, Proposition 2.13]

we have

j—1
/ In det(P29 |y p(w)) dP = 3 / I det(Py | B p(o™ (@) B, (8.50)
=0
Since P is o-invariant, for i € {0,...,j — 1} we have
/m det(Pl | o p(0™ () dP = /m det(P"|Ey p(w)) dP. (8.51)

Combining (8.50) and - 8.51)) yields (8.49]

The first inequality in (8.48). By Lemma [8.3.1 we have

{w = | P2,

} C LY(Q, F,P).
mezZ+

Since {w — In PLT‘E,_; )

ergodic, by Kingman’s subadditive ergodic theorem we have for a.e. w that

} is subadditive with respect to o and as o is P-
mezZt

! . 1 m
Wllliréoaln P’ |E2’P(w) Jim an‘ P’ ‘E&P(w) (8.52)
Fix a normalised Auerbach basis {vz} for Eyp(w), and for each m let v, €
Eyp(w) satisty ||w,| = 1 and HPLT‘Egp(w) = ||Plwy|. If we write w,, =

d
Sty @i mu; then

‘ P

>
W By p(w)

de,p
( max ||va,||)2|azm|
ie{l,...,
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Since {v;}°" is Auerbach, by [87, Corollary A.7] we have 307 |a;m| < dy.p, and

SO

1
max (hmsup—ln(HPg‘viH)) = \o.p,
m

1
lim —ln‘ <
i€{l,....de,p} \ m—oo

m—o0 M,

which, in view of (8.52)), yields the first inequality in (8.48]).

PLT ‘Eg’p(w)

The second inequality in (8.48)). The proof is very similar to the one in the previous
paragraph. By Lemma|8.3.1 we have

{w — In (PLH{ELP(“;)>_1

-1
(Pw ’EZ,P(W)>
is invertible and P-ergodic, by Kingman’s subadditive ergodic theorem we have for

} C LY(Q, F,P).
meZ+

} is subadditive with respect to o, and as o
mezt

Since {w — In

a.e. w that
1 1 -1
lim —In o (w) = lim — [In (P:)”’ ) dP.
m—+00 M, Eq¢ p(o—™(w)) m—+00 M, Eq p(w)

(8.53)

Fix a normalised Auerbach basis {UZ}?if for By p(w), and for each m let w,, €

Ey p(w) satisty ||w,,| =1 and

~1
P,
"( 7 ELP@’“%WD)

: d
If we write w,, = > ;57 aimv; then

-1
< max (Pgmm(w) > v
iE{l ..... dz}p} EZ,P(Uim(w))

Since {vz}fif is Auerbach, by [87, Corollary A.7] we have Zfif aim| < dpp, and

SO
—1
Ez,P(U_m(w)))

) 1
< max limsup—In ('

1
)
B p(o~™(w))

-1

de,p
) S ol
=1

P
( oW Ee,P(Um(w)))

1
lim — In
m—oo 1M

<RTWM

i€{l,....de,p} m—oo MM

)

—1
)
Ey p(o=™(w))

(wam

= —A\o.p,
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which, in view of (8.53)), yields the second inequality in (8.48]). ]

Throughout the proof of Theorem [8.1.8 we will use the following corollary of
Lemma 7.2.2, which is obtained by applying Lemma[7.2.2 to P € LY(Ch,Ca, 7, R)N
O (Q) with the hyperbolic splitting consisting of fast spaces {Uy,,p(w)}wea and
slow spaces {Vi,,p(W) }wea-

Lemma 8.3.3. Recall ¢y from Proposition [8.2.2. There exists K > 0 so that for
every P € LY(Cy,Co,1r, R) N O (Q), a.e. w and every v € @fjl E; p(w) we have
[o] < K Jol.

We may now finish the proof of Theorem [8.1.8. For the sake of brevity, through-
out the proof we use Ilg, , (. to denote the projection onto Ej;g(w) according to
the Oseledets splitting of @, and Ilg, () to denote the projection onto G p(w)
according to the splitting in (8.18]).

The second part of the proof of Theorem[8.1.8. It remains to prove . Let ¢ €
{1,...,d} and note that it suffices to produce for each v > 0 a ¢,, such that if
P e LY(Cy,Cyr,R)N O, ,(Q) then |y p —v,0| < v. By Proposition @ we
have v, 0 = A\ for some ¢ € {1,...,kg} and . p = A;p for some j € S(i).
Recalling from the proof of Lemma @ we have for each n € Z" and a.e.
w that

-1

1
—In <

n

n -1 . 1
(Pw |Ej,P(W)> Indet(F}|Ejp(w)) < - In ‘

Since |-| < ||| and by Lemma 8.3.3, we get

P‘Z} | E; p(w)

najp

In inf |Plv| | < d;llg det(P}|E;p(w)) <In K +1In sup |Plu| | . (8.54)
'L)GEj’p(w) ’ UEE]',P(LU)
loli<1 i<t
The rest of the proof will run as follows: we will first pursue some technical bounds,

which we will then use to obtain lower and upper bounds in terms of A; ¢ for the

left-most and right-most terms, respectively, in (8.54)).
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Some technical bounds. For every v € Ej; p(w) N B we have

QZHz w)V oy ™ n "
'w |P Ul HQ 1_[E Q(w } ‘P UH

| Pl

(8.55)

H\and 1,0, 0 | + 192 = P21

| Pl

By (8.17), Lemma 8.3.3, and as n + By < 27* miny<i<k, {Ai,@ — Ait1,0}, we have
1P|t < K| Pl ' < KCpe ™Mette, (8.56)

By Lemma [7.2.5 we have Q" € Endg(X, o), and so for every n € Z* and x > 0
there exists C\, ,, such that

|lQzad —n1g gl

Q26 ) — T o)
<K HHGi,P("J) - HEi,Q(w) H (8'57)
+ Cﬁ,n‘HHGi,P(w) - HEi,Q(w) |H’

where we also used the fact that Ilg = Id | B, p(w) From the proof of

@ g )

Proposition [8.2.2 we have HHGZ-,P(w) - HEi,Q(‘*’)” < 20¢. Thus, by applying (8.56)),
to we obtain
|M

P 1| < KCpe "™a+1? (260 + Cron | T, ) — M, ||| + 1@ — P2 -

Fix v > 0 and take x = K ~'e"*@+19 /(402C,). By Propositions [7.2.6 and [8.2.2,
for every n € Z* there exists e,, > 0 so that if P € LY(C1,Cs, 7, R) N O, (Q)
then

KCoe™™ 0" (O[T i) = Mg || + 192 = PN < 5.

and so

-1 <.

|QZHEi,Q(W)U ‘
| Pl

Hence

In (|P2v]) — In (|QMIE, owv])| < max{In(1+7),—In(1 — )} :=e(y). (8.58)
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We finish this part of the proof by deriving a lower bound for HH Ei’Q(w)UH when
v € Ejp(w) N By. By Lemma 8.3.3 and as E; p(w) C G; p(w) we have

HHEi,Q(W)v” 2 |HEi,Q(W)U‘ 2 }HGLP(W)U‘ - |HHG1‘,P(W) - HEi,Q(W)M
> K~ ||,y - e

0,0 (W) H

Thus by Proposition [8.2.2 there exists some €' such that if P € LY(Cy,Cq, 7, R) N
O.(Q) then ||Ig, ,@v|| = 1/(2K). We assume that e, < ¢ without loss of

generality.

An upper bound for the right side of (8.54]). From (8.58]), Proposition |8.2.2, and
as HHELQ(W)UH # 0 for v € Ej p N By, we get

| sup  [Fju[] < sup <IH<HQZHE“QMUH>+ID(HHE1~Q<w>”H))+6(7)
veE; p(w) veE; p(w) ||HE1',Q(W)U|| 7

loll<t llvll<1

<In (HQZ‘EZQ‘D +In(63) + e(y).

From ({8.54) we deduce that if P € LY(C},Cy, 7, R) N O, (Q) then

/det(Pg\Ej,P(w)) dP < %/m (HQﬂEm H) dP + % (In(KO2) + e(7)) .

na;p

Applying Proposition [8.3.2 we see that for every v we may take n to be very
large and v sufficiently small to produce €, (depending on « and n) so that if
P e Ey(Cl, Cy,r, R) N Oyl(Q) then

1
N = o [ Aet(PBypl) P < A+ v

na;p
Hence

Yep —Ve,Q = Ajp— Aig S V. (8.59)
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A lower bound for the left side of (8.54). From (8.58)), Lemma [8.3.3, and as
||HEZ,7Q(W)UH > 1/(2K) we get

. n . }QZHELQ(W)U’
o gty ) = o, (o (] ) ) -

lvl|<1 lvlI<1
71 -
Ei,Q(W)>

Zln(

Thus by (8.54) for P € LY(C1,Cy, 7, R) N O, (Q) we have

(@ ) ~In(K) -~ In(2K) — e(7).

-1t In(2K2) + e(v)
Ei,Q("")) ‘ ) dP - n '

ndlj,P /det(P£|Ej,p(w))dP > %/m (H (QZ

Applying Proposition [8.3.2 as in the previous step, we see that for every v > 0 we
may take n to be very large and ~ sufficiently small to produce €,, (depending on
v and n) so that if P € LY(Cy,Cy, 7, R) N O, (Q) then \j p > A\; p — v. Hence

Ve = Ver = Aig — Aep S . (8.60)

Setting v = min{vy, 11}, and then combining (8.59) and (8.60) yields |v¢.r — .0l <
v for P € LY(Cy,Cy,1m, R) N O, (Q). As discussed at the beginning of the proof,
this suffices to prove (8.10]), which completes the proof of Theorem [8.1.8. m

8.4 Technical proofs for Sections [8.2] and

In this section we prove some technical results on the existence, continuity and

measurability of certain maps used in the proof of Theorem [8.1.8.

Throughout this section (X, ||-||) will denote a separable Banach space. Note
that, as X is separable, when restricted to the bounded sets of L(X) the strong
operator topology is metrisable. In addition, the map (S,7") — S o T is continuous
with respect to this restricted topology. We will use this fact frequently throughout
this section. Let Ay = {4 € L(X): A2 = A and rank(A) = d} denote the space of

bounded d-dimensional projections on X, and set

Ag = {(A,Hth) € L(X) x Agx Ay | Ty IT;(X) — II(X) is invertible } .

Al |
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Let I'* : Ay — Ay be defined by
(A, 11, 11p) = (Id +A*(0))11,,

where A* is understood as the forward graph transform from L(I1;(X), ker(II;)) to
L(I15(X), ker(Ily)), and let I', : Ay — Ay be defined by

F*(A, Hl, HQ) - H1 - A*<O)(Id —Hl),

where A, is understood as the backward graph transform from L(ker(Ily), II5(X))
to L(ker(IIy), 11 (X)).

The first result we will focus on proving is the following.
Proposition 8.4.1. Suppose that (2, F,P) is a Lebesque space, X is a separable
Banach space, and Y : Q — L(X)? is a (F,83)-measurable map with Y (Q) C Ay.
ThenT* oY and I'y oY are (F,S)-measurable.

We require a number of intermediary lemmas before proving Proposition 8.4.1.

Lemma 8.4.2. The map V : Ay — G4(X) defined by W(II) = II(X) is continuous

with respect to the strong operator topology on Ay.

Proof. Fix a normalised Auerbach basis {v;}&, for W(II) i.e. a normalised basis
such that
Vie{l,...,d} dist(v;,span{v; : j #i}) = 1.

For n > 0 set

d
Sy = Aa N (ﬂ {II" € L(X) « [|(IT = IT)wi| < 77}> ,
i=1
and note that each S, is open in the strong operator topology. Set ¢ = 27972 and
let NBS(X) denote the set of e-nice bases for d-dimensional subspaces of X (see
[47, Definition 2] for the relevant definition). Note that {v;}%, € NBS(X). By [47,
Lemma B.8] there exists n > 0 so that if {w;}¢_, satisfies sup; ||v; — w;|| < 1’ then
{w;}¢, € NB5(X) too. Hence if II' € S, then {II'v;}2, is a e-nice basis for II'(X).
Moreover, the map II' +— {II'v;}{ ; is continuous from S, to NBS(X). Thus by
[47, Corollary B.6] the map II' — span{Il'v;}{ ; = II(X) is continuous from S, to
Ga(X). 0
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Lemma 8.4.3. For every s > 0 the set AgN (SBL(X))3 s open in the restriction of
the strong operator topology to (sBrx))>.

Proof. 1t suffices to prove that if {(A¢, 11 ¢, Iy () }eso € (SBL(X))3 converges strongly
to (A(), HLO’ H270) € Ad N (SBL(X))S then

lim sup
e—0

(Mo, ) | = | (Bl ) |- o0

By definition, for each v € II; (X) with ||v| = 1 there exists w € II; o(X) with
|lw|| = 1 such that ||v — w|| < dy(II;(X),II;¢(X)). Hence, for every such v and

w,

Mo Acv]| > o A — [T Ao — w)]

) (8.62)
> My eAcw]| — s7dpg (T (X), 1 (X)).
Focusing on the first term yields
_111
[ HgcAcw|| > H (HQ,OAO}HLO(X)> ’ — |(HgpAg — Ty cAc) I | - (8.63)

Hence ||(II20A¢ — 2 Ae) ITy o]| — 0, since IT; o(X) is finite-dimensional and there-
fore has a compact unit ball. Combining this fact with and yields
a lower bound for |[II; Acv| that is uniform in v € II; (X) with |v|| = 1. By
applying Lemma [8.4.2 we see that lime o ITy ((X) = ITj o(X) in Gq(X), and so this

-1
(a0l x))

Lemma 8.4.4. Let =: Ay — L(X) be defined by

as € — 0. O

lower bound converges to

-1
(AT, 1) = (LAl ) T,

For each s > 0 the restriction of = to Ag N (sBL(X))3 15 continuous in the strong

operator topology.

Proof. Fix (Ao, 1,1o0) € AqN(sBrx))*. By there exists a neighbourhood
U C AgN (sBrx))® of (Ag,II;9,I1) that is open in the strong operator topology
and such that

sup {||2(A, 1y, ITL) || : (A,11;,115) € U} < . (8.64)
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Thus Z(U) is bounded in L(X), and L(X) is therefore metrisable on Z(U). Hence,
to prove that Z is continuous at (Ag,Il;0,1l2) it is sufficient to show that if
{(Ae, T ¢, Mo ) Yeso € Aa N (sBrx))? converges to (Ag, 1o, Ip0) € Ag N (sBrx))?
then Z(A., I ., [Iy ) = =(Ao, 111 0, Is). Fix v € X with ||v]| = 1. We have

HE(A07 H1,07 HQ,O)U - E(A€7 Hl,ﬂ HQ,e)UH

-1 -1
< Hﬂl,e (HZ,OAO‘HLO(X)> Iy v — <H2,5A5|H17€(X)> I, v

-1
+ H(Id _Hl,E)Hl,D (H270A0|H170(X)> HQ,OU .
(8.65)
We of course have
y_{%H(Id —H1,5)H1,0 <H2,0A0|H1’0(X)) I 0v
(8.66)

-1
= H(Id _HI,O)HLO (H2’0A0|H1,0(X)> HQ,OU =0.

On the other hand we have

-1 -1
I e (Hz,vo‘HLO(X)> v — <H2,6A6‘H175(X)) s v

=Z(A, I o, o) (o ALy o — o g Aol o) =(Ag, i 0, o o) — o (Id —1I59)) v.

Hence, as

limsup [|((Hg,c Al e — o0 AoI o) Z(Ag, 10, 1o 9) — o (Id —1IIs)) v|| = 0,

e—0

by applying (8.61]) from the proof of Lemma [8.4.3 we have

-1 -1
timsup |11y (oAl ) Taov = (ToeAdy, ) Mol =0 (8.67)

e—0 ’ €
We obtain the required claim by applying (8.66]) and (8.67)) to (8.65]). O]
Lemma 8.4.5. For every s > 0 the maps I’ (sBLix))® and I, (3B VT continuous

with respect to the strong operator topology.

Proof. We will just prove that I'*

(sBrx))? is continuous, since essentially the same
L(X

proof applies to I', Fix (Ag, I, I120) € (sBpx))®. An argument simi-

(sBrx))3®”
lar to that at the beginning of Lemma [8.4.4 shows that there is a neighbourhood
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U C AgN (sBpx))? of (Ag, I, I5) that is open in the strong operator topol-
ogy and such that I'*(U) is bounded. Therefore, to show that I'* is continuous
at (Ao, L ,115p) it suffices to prove that if {(Ac, i, o) }es0 € Ag N (sBrix))?
converges to (Ao, Iy o, Iz o) then I'(A., Ty ., 1T ) — (A, 11 0, II50). By the def-

inition of the forward graph transform we have

-1
F* (A67 H1,67 HZ,E) - F* (A(b Hl,Ou H2,0) = H2,6 + (Id _HQ,G)AE (H2,6A6|H1’E(X)> H2,6

-1
Tl — (1d~Th0) Ao (T Aoy, 1)) Tz
Applying Lemmas |8.4.3 and [8.4.4, and (8.61) yields
-1 -1
(Id _H2,6)Ae (H2,EAE Hl,e(X)> HZ,& — (Id _HQ,O)AO (HZOAO}HLO(X)) H2,0
in the strong operator topology, which completes the proof. O

The proof of Proposition|[8.4.1. We will just prove that oY is (F,S)-measurable,
since the same proof works for I',oY. Let U C L(X) be open in the strong operator
topology. Then

(8.68)

1
I (”BL(X>)3> <U) '

5 1s continuous in the strong operator topology

neZ*

By Lemma|8.4.5, the map '™

(nBr(x)) i
(nBL(X))3> (U) = Un N Ad N (TLBL(X))3 for some
U, € Bi(x) that is open in the strong operator topology. Since Y (§2) C A, we have

for every n € Z*, and so (F*}

YU, N AN (nBrix))?) =Y (U, N (nBrx))?). (8.69)

Since (nByy X))3 is a separable metric space, for each n € Z* there exists countably
many rectangles {R;, X P, X Q;n}icz+ C (Brx))® such that R;,, P, and Q;,

are open in the strong operator topology on By x) and so that

Un N (NBL(X))3 = U (Rl’n N TLBL(X)) X (Pz-,nnBL(X)) X (Qz,n N nBL(X)). (870)

i€Zt
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By [47, Lemma A.2] we have nBrx) € S, and so U, N (nByx))? € S*, being
the countable union of sets in & by (8.70). Since Y is (F,S*)-measurable, by

(8-68), (8-69) and we may conclude that (T* oY) "} (U) € FieI* oY is
(F,S )—measurable. O

By arguing in the same way, we can deduce the measurability of the map = from
Lemma [8.4.4.
Proposition 8.4.6. Suppose that (2, F,P) is a Lebesque space, X is a separable
Banach space, and that Y : Q — L(X)? is (F,8%)-measurable with Y () C Ag.
Then ZoY is (F,S)-measurable.

Proof. The proof is identical to that of Proposition [8.4.1, but with Lemma [8.4.4
used in place of Lemma [8.4.5. O

Lemma 8.4.7. Suppose that (2, F,P) is a Lebesgue space, X is a separable Banach
space, that { fn}nez+ is a sequence of strongly (F,S)-measurable functions, and that
f:Q = L(X) with f, — f almost uniformly and esssup,cq ||f|| < co. Then f is
(F,S)-measurable.

Proof. Let r > esssup,cq || f||. By changing each f,, on a set of measure 0 we may
assume that limsup,,_,., sup,cq || fn(w)|| < r and that there exists g : @ = rBpx)
with f = ¢ a.e. and such that f, — ¢ uniformly. Since f, — ¢ uniformly there
exists N > 0 such that f,(Q2) C rBpx) for every n > N. By [47, Lemma A.2]
we have rBrx) € S and so f, is (F, S,,)—measurable for n > N, where S, denotes
the Borel o-algebra associated to the restriction of the strong operator topology to
rBr(x). Since X is separable, the strong operator topology on rBy,x) is metrisable.
Thus g is (F,S,)-measurable, being the pointwise limit of measurable functions
with values in a metric space. For U C L(X) that is open in the strong operator
topology we have UNrBrx) € S,, and so g7'(U) = ¢~ (UNrBrx)) € F. Thus g
is (F,S)-measurable. Since f = g a.e. we have that f is (F,S)-measurable too. [

We now prove the Lemma |8.2.6, which concerned the existence of measurable

change-of-basis maps with controlled distortion.

The proof of Lemma|8.2.6. By Lemma [8.4.2 the map w + II,(X) is measurable.
By [76, Corollary 39] for every € > 0 there exists measurable maps ¢; : Q@ — X,
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1 <i < d such that span{e;(w),...,eq4(w)} = I1,(X) and for each 1 <i < d—1 we

have |le;(w)]| =1 and
dist(e;(w), span{e;(w) : 7 > i}) > 1 —e.

Let {v;(w)}%_, denote the dual basis to {e;(w)}¢, in II,(X). For every w we have
vi(w)ej(w) = 6;; and so each w — v;(w)e;(w) is measurable. For (ay,...,aq) €
Q4 +iQ? set ¥(ay, ..., aq)(w) = Zle a;e;(w). We of course have

Y

) = sup '”i<W><¢<a1»---,ad><|w>>|

(@1,..,aq)€EQL+iQ? W(al, .- -ad)(w)
(al ----- ad)#(o ..... O)

and that each of the maps

vi(w) (@ (ar, - . -, aq)(w))]
[V(ay, ..., aq)(w)]

W =

is measurable. Hence w — ||v;(w)]| is measurable, being the supremum of countably
many measurable maps. By [76, Proposition 40], each v; may be extended to a
strongly measurable map v; : Q@ — L(X,C) without increasing ||v;(w)||. Define
¢ X = C? by
PV = (n(W)(v), ..., va(w)(v)),

and set A, = ¢,I1,. We clearly have ker(A,) = ker(Il,), and that A"J|Hw x) is a
bijection. The map w — ¢, is strongly measurable as each of component maps
w — v;(w) is strongly measurable, and so w — A, is strongly measurable, due to
it being the composition of strongly measurable maps [47, Lemma A.5]. Moreover,

we have

d
-1
(AW‘HW(X)> (Gl,...,ad) :Zaiei<w),
i=1

—1
which implies that (Aw’n ( X)> is strongly measurable.

We may now prove the estimates in (8.28]). For the second estimate we simply
note that if v € II,, then

d d 1/2
lo]] < Z vi(w)ol < Vd (Z !Vi(W)v\2> = Vd | Al
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Obtaining the first estimate in (8.28)) is more involved. For every v € II,(X) one

has

ol > mast {[|Tapanesryispantes | | Mapmne i spmntesrsn ||} - (8:71)

1<i<d

For each 7 € {1, o ,d} set Hi,w = Hspan{ei(w)}HSpan{ej(w):j>i} and Fi,w = 1Id _Hi,w'
Note that

i—1
Hspan{ei(w)}Hspan{ej (w):j#i}y — Hi,w (H Fij,w) )
j=1

and 50 [|Tlapangen (o)} spante, ()53 | < 2 TTiy 1T/l Tn addition we have for each
ie{l,...,d—1} that

1L 0 (v e;i(w
”Hi,wH = sup M — sup M

vespan{e;(w):j>i} ||U|| v'espan{e;(w):j>i} ||€Z(W) - U/H

= dist(e;(w), span{ej(w) : j >i}) ' < (1—€)7,
while it is clear that ||I1;,| = 1. Thus, for every i € {1,...,d} we have

|| Mspanges (@) | spanfe; ()i | < 29711 =€)~

Since Hgpan{e; (@)} span{e; (w):ji}V = Vi(w)(v), from (8.71]) we obtain

d—1

ol > (li_e)d_lmaxww)(v) asisdz (1) Il
Il

Our final main result for this appendix concerns the measurability of the deter-
minant map, which is crucial for the proof of stability of Lyapunov exponents in
Section [8.3] We refer the reader to [15, Section 2.2] for an overview of the basic
properties of the determinant.

Proposition 8.4.8. Suppose that (2, F,P) is a Lebesgue space, X is a separable
Banach space, and that' Y : Q — L(X) x Ga(X) is a (F,S x Bg,(x))-measurable
map. Then w— det(Y(w)) is (F, Br)-measurable.

Lemma 8.4.9. Suppose that X is a separable Banach space. For every d € 7"
and s > 0 the map det : L(X) x G4(X) — R is continuous with respect to strong
operator topology and the usual Grassmannian topology on Gq(X) when restricted
to sBrxy x Ga(X).
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Proof. 1t suffices to prove that if {(A,, E,)}nez+ € sBrx) x Ga(X) converges to
(A, E) then det(A,|E,) — det(A|E). Let FF € G4X) be such that E @ F = X.
Since E, — E and N(F) is open in G4(X), without loss of generality we may
assume that F, @ F = X for every n. Moreover, by Proposition [6.1.2 we have
Hg, 7 — g e in the operator norm topology. Since {A,},ez+ is bounded in

L(X) it follows that A,Ilg, | — A in the strong operator topology.

The case where det(A|E) = 0. If det(A,|E) = 0 eventually holds for all large
n € Z* then we are done. Otherwise we may pass to a subsequence such that
lim sup,,_, ., det(A,|E,) is unchanged and det(A,|E) # 0 for every n € Z*. In
particular, we may assume that An‘ 5, 18 injective for every n. Since det(A|E) =0
there exists f € ker(A!E) \ {0}. Let G be a complementary subspace for span{ f}
in B. Let f, =g, rf and G, = g, |rG. As E,, E € F by Lemma@we have
that HEnHF|E is invertible. Thus E,, = span{f,} & G,, and
Mapant oG = Mol ip Dapantyic (Meae] ) -

Hence as F,, — E we have limsup,,_, HHSpan{fn}HGnH < HHspan{f}HGn < 0. Since
each A, is injective, by [15] Lemma 2.15] there exists C; > 0 such that

det(A,|E,) < Cydet(A,|span{f,}) det(A,|Gn) | Mspani 31160 || - (8.72)

On one hand we have det(A,|span{f,}) < ||AuIlg, 7 f|| — 0, while on the other we
have det(A4,|G,) < [|4,]|*". Thus by (8.72) we have det(A,|E,) — 0 = det(A|E),

as required.

The convergence of A, E, to AE. Henceforth we shall assume that det(A|E) # 0,

and so A’  has trivial kernel. A quickly calculation verifies that

sup dist(Af, Anf) < /(4 = Al )] o | (41,
lAfl=1

It follows that lim,,_,~ H(A — A llg, F)‘ EH = ( since E is finite-dimensional and
therefore has compact unit ball. Hence lim,,_,, Gap(AE, A, E,,) = 0. By [65, IV §2,
Corollary 2.6] it follows that dim(AE) < dim(A,E,,) for sufficiently large n. Since
A‘E has trivial kernel we have dim(AF) = dim(E) = dim(E,) > dim(A4, E,) and so
dim(AF) = dim(A,E,). By [15, Lemma 2.6] we therefore have Gap(A, E,,, AE) —
0, and so A, E, — AE in G4(X) by (6.1)).
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The case where det(A|E) #0. Let F' € G4(X) be such that AE @ F' = X. Since
A, E, — AFE, without loss of generality we may assume that A, FE, & F' = X
for every n and that I, g, rm — Ilagr. By Lemma@ the map HAnEnIIF/|AE
is invertible, and so the pushforward of m,p under Il4, g, is a well defined,
translation invariant measure on A, FE,. Since the Haar is unique up to scaling we

get

ma, g, (Ba,E,)

) (Bag) se) )

ma, B, = (mag o (I, g, 5

map((Ia, g, p

For notational convenience we set I', = (Il g, 7 | " E)_l. By (8.40) one has

|mp(Bg)| |det(A|E) — det(A,|E,)|

ma,g,(Ba,g,) map(l'nA.(Bg,))

map(ABg) map(LyBa,g,) map(TnAlg,  rBg)

(8.73)

" Bup CTw(Ba.g,) C ||ITn|| Bap we have

As || Ta, 10| |l

AEHidmAE<BAE) < map(Tn(Ba,g,))) < ||Fn||dmAE(BAE). (8.74)

1T, 5,1

Since A, E, — AFE we have ||I', —Id|| — 0 by Proposition [6.1.2 and the defini-
tion of the graph representation of N'(F”). Applying the facts that mag(Bag) =

el = 1, and |To|| = 1 to (B.74) yields

. ma,g,(Ba,z,)
lim L e =1. 8.75
A (T (Bav) 57
By a similar argument we find that
r,A,Il B
mag( ALY (8.76)

n—00 mAE(FnAnBEn)
Note that

[map(A(BE)) — map(TnAullp,r(Be))|

me(Bg)] = |det(A|E) — det(T, A,Tlg, p|E)]
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Since FnAnHEnHF‘E € L(E,AE) for every n, we have I',A,Ilg ||r » — Ain the

operator norm on L(F, AE). Hence by [15, Lemma 2.20] we have

lim det (T, A,I15, | E) = det(A|E).

n—oo

Combining this with (8.73)), (8.75) and (8.76) completes the proof. O

The proof of Proposition|8.4.8. The proof is similar to that of Proposition [8.4.1,

but we include it for completeness. For every open U € R we have

{widet(Y(w) eU} =Y < U {(A,E) € nBpx) x Ga(X) : det(A|E) € U}) :

(8.77)
By Lemma (8.4.9 for each n € Z™ there exists a set U, € nBpx) x G4(X) that is
open in the product of the relative strong operator topology and the Grassmannian

topology, and such that
U, = {(A, E) € nByx) X Ga(X) : det(A|E) € U}.

Since nBrx) and G4(X) are both are separable metric spaces (for the later claim see
[47, Lemma B.11]) we may write U, N (nBrx) x G4(X)) as the union of countably
many rectangles {(R,; N nBr(x)) X Qn;}ticz+, where R, ; is open in the strong
operator topology on L(X) and @, is open in the Grassmannian topology. We
have nBpx) € S by [47, Lemma A.2|, and so R,,; € S for every i,n € Z*. It follows
that each U, is a countable union of sets in & x Bg,(x), and so U, € S x Bg,(x)
for every n. Thus (J,cy+ Un € S X Bg,(x). Since Y is (F,S x Bg,(x))-measurable,
it follows that the left side must be in F. Thus w — det(Y (w)) is (F, Br)-

measurable, as required. O
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Chapter 9

Application to random dynamical systems

In this chapter we demonstrate the application of Theorems [7.1.7 and [8.1.8 to

cocycles of Perron-Frobenius operators associated to random dynamical systems
consisting of C¥ expanding maps on S*, with & > 2. We will consider two types
of perturbations to such maps: fiber-wise ‘deterministic’ perturbations to the ran-
dom dynamicsﬂ and perturbations that arise via numerical approximations of the
Perron-Frobenius cocycle. Section contains the main definitions and results for

this chapter, while the proofs of our main results are deferred to Section

9.1 Definitions and main results

Fix a Lebesgue probability space (2, F,P), and an invertible, P-ergodic map o :
Q — Q. We will consider random dynamical systems taking values in the following

sets.

Definition 9.1.1. For k> 2, a € (0,1) and K > 0 we set
LY (o, K) = {T € C*(S",S") : inf |[T| > o™ " and dex(T,0) < K} .

We say that T : Q — LY (o, K) is measurable if it is measurable with respect to F
and the Borel o-algebra on C¥(S1, S1).

Suppose k > 2, a € (0,1), and K > 0. A measurable map 7 : Q — LY(«, K)
induces a random dynamical system (RDS) over o whose trajectories are of the
form

z, To(x), T2(z),..., T(2),. ..

'In this rather unfortunate oxymoron, a fiber-wise ‘deterministic’ perturbation simply means
that the random maps are fiber-wise perturbed to nearby maps.
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where T, := T (w) and T} := Ton(y 0 - -0 T,,. To study the statistical properties of
such a RDS one is lead to study the associated Perron-Frobenius operator cocycle.
If T € LY,(o, K) then we denote by Ly : L'(S') — L'(S') the associated Perron-
Frobenius operator, which is defined by duality via

/ﬁTf-gdLeb:/f-gonLeb Vfe LY(SY), g e L>(SY). (9.1)

In a slight abuse of notation, whenever 7 : Q — LY(a, K) is measurable, we
denote by L7 : Q — L(L') the map defined by L7(w) = L7(,. The Perron-

Frobenius operator cocycle associated to 7T is given by:
(n,w) ENX Q> Longyo-- 0L, € L(L'(SY).

As one might expect given the deterministic case, studying the Perron-Frobenius
cocycle on L'(S?) yields little information about the quenched statistical properties
of the RDS. Instead, the regularity of maps in LY (a, K) suggests that we should
consider how their Perron-Frobenius operators act on objects with some smoothness
rather than on L'(S'). For k € N the Sobolev space W"1(S1) is defined by

Whi(gl) = {f e /(5 f© exists in the weak sense and } |

||]‘“(Z)||L1 < oo foreach 0 </ <k

Each W#1(S') becomes a Banach space when equipped with the norm

Hf”wkl = HfHLl + Hf(k)”U .

For each k& > 1 the embedding of W’“l(Sl) into W‘“‘l’l(Sl) is compact by the
|| = Var(f*=1) and so by follow-

ing the arguments in Examples|6.2.12|and |6.2.13| we conclude that |||« is upper-

semicontinuous with respect to ||-||yyr—1,.. Thus (WELSY), | lyea s | lyr-ia) is a
pre-compact Saks space, and therfore compatible with the perturbation theory de-
veloped in Chapters [7|and . We remind the reader that each W*1(S!) is separable
as a Banach space.

Proposition 9.1.2. If T : Q — LYy (a, K) is measurable for k > 2, a € (0,1) and
K >0, then (Q, F,P, o, WE=LL(SY) L) is a separable strongly measurable random
linear system with ergodic invertible base. Moreover (0, F,P, o, WFL1(SY), Lr) has
an Oseledets splitting of dimension d > 1 with A\ 7 = 0.
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We will now make precise our first type of perturbation. For measurable maps
S, T :Q— LY(a, K) we set

di-1(S,T) = esssupdei-1(S(w), T (w)).

wes

For € > 0 and measurable 7 : @ — LY (a, K') we set
Ockorx(T) = {S : Q= LYg(a, K) | S is measurable with dj_1(7,S) < e} )

The next result concerns the stability of the Oseledets splitting and Lyapunov
exponents of cocycles of Perron-Frobenius operator associated to maps in LY («, K)
under perturbations which are small in the d,_; metric. We adopt the notation of
Chapter [§ aside from frequently replacing £ (resp. Ls) with 7 (resp. §) in
various subscripts.

Theorem 9.1.3. Fix k > 2, a € (0,1) and K > 0, and suppose that T : Q —
LY (o, K) is measurable, and that (Q, F,P,o, W*=L1(SY) L) admits a hyperbolic
Oseledets splitting of dimension d with (k—1)Ino < pg,. There exists € > 0 such
that if S € Ocpar(T) then (Q, F,P, o, WFL1(S1) Ls) has an Oseledets splitting
of dimension d. In addition, there exists co, Ry > 0 such that each I; = (N7 —
co, max{A; 7, In(01,Ro)} + co), i € {1,...,kr}, separates the Lyapunov spectrum of
(Q, F,P,o, WrF-L1(SY), Ls), and the corresponding projections satisfy

Vie{l,....kr}, ae. weQ rank(ll, s(w)) =d; 7,
and
sup {esiesgp HHIZ,,S(M)HL(W,C,M) S€0kar(T)1<i< kT} < 00.
Moreover, for every > 0 there exists ez > 0 so that if S € Oeg,k,a,K(T) then

sup |V — Yis| < B,
1<i<d

sup esssup ||, 7(w) — Iy, s (W) et pr—zay < B,
1<i<kr we '
and

ess sup diy (Fr(w), Fs(w)) < 8.

weN
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Our second application concerns the numerical approximation of the Oseledets
splitting and Lyapunov exponents associated to a Perron-Frobenius operator cocy-
cle. For each n € Z* the nth Fejér kernel J,, : S* — C is defined by

& k i)
Ju(t) = Z (1 — —n‘—i-‘ 1) ikt
k=—n

Convolution with the nth Fejér kernel corresponds to taking the Cesaro average of

the first n + 1 partial Fourier series, so that for each f € L'(S) one has

(Ju* f)(x) = n#“ (Z f<j>ew> == (1 - n%) f)exier,

=0 \j=—4 l{=—n

where f(0) = [ f(z)e~?"** d Leb. The following proposition, which is well-known,

summarises the relevant properties of the Fejér kernel in our setting.

Proposition 9.1.4. For n € Z" let J, : L'(S') — L'(S') denote the operator
defined by

For every n,k € Z* the operator J, is Markozﬂ and restricts to a contraction in
L(WHL(SY)). In addition, if k > 1 then

nh_{& Hjn - IdHL(WIc,l’Wk—l,l) = 0. (92)

When 7 : Q — LYy(«, K) is measurable and n € Z* we define L7, : Q —
LWHFLYSY)) by L7,(w) = JLr(w). Note that each L, (w) has finite rank
and preserves the span of {e?* : —n < ¢ < n}. Hence, by a constant change of
basis we may view (Q, F,P, o, W L1(SY) L1,) as a matrix cocycle on C*"*1. One
could then use this matrix representation to approximate the Oseledets splitting
and Lyapunov exponents of the original cocycle by computing the singular value
decomposition of very large iterates of the matrix cocycle, as in [44] or [84]. While
a completely rigorous proof of convergence for such an algorithm is outside of the
scope of this thesis, we believe that the following theorem is a substantial step in

the direction of such a result.

Theorem 9.1.5. Fix k > 2, a € (0,1) and K > 0. If T : Q — LY(a, K) s
measurable and (2, F,P, o, W*L1(SY) L) admits a hyperbolic Oseledets splitting

2That is, the positive cone in W*1(S1) is invariant under J,,, and J,, preserves integrals.
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of dimension d with (k—1)Ina < ug,, then there exists N such that if n > N then
(Q, F,P, 0, WrF-LL(SY) Lr.,) admits an Oseledets splitting of dimension d. In addi-
tion, there exists co, Ry > 0 such that each I; = (\; 7 — co, max{\; 7, In(01;Ro) } +co),
i € {1,...,k7}, separates the Lyapunov spectrum of (Q, F,P,o, W'H(SY), Lr,),

and the corresponding projections satisfy
Vie{l,...,kr}, ae. weQ rank(Il; o, (W) = diT,

and

sup {ess sup HHI@ET,TL(W)HL(Wk—m) n>N,1<i< /{:7} < 00.
weN

In addition, for every B > 0, there exists Ng > N such that if n > Ng then

Sup |Yier = Vier.| <6,
1<i<d

1;“ng esgesglzlp HHI@',ET (OJ) - H[i7£T,n (w) HL(kal,LwlcfQ,l) < ﬁa
and

ess S(lzlp du(Fr(w), Frp, (w)) < B.
we

Before proving the results described thus far we describe some concrete settings

in which they may be applied. We note that the chief difficulty in applying The-

orems [9.1.3 and [9.1.5 is not proving the existence of an Oseledets splitting (recall
Proposition [9.1.2), but verifying that the splitting is hyperbolic.
Ezample 9.1.6. Fix k > 2, o € (0,1) and K > 0. For each T' € LYy(«, K) we

may consider the constant random dynamical system given by w + T'. In this case

the associated Perron-Frobenius operator L7 is quasi-compactff|on W*~11(S?) with
Pess(L7) < af71 < p(L7) = 1. Tt follows that (Q, F,P,o, WF11(SY) w s Lr) ad-
mits a hyperbolic Oseledets splitting with g > Ina*~1: for any such p € (Ina*~1,0)
the fast Oseledets spaces are just direct sums of the eigenspaces of Lr associ-
ated to eigenvalues of modulus greater than e (of which there are finitely many),
and the Lyapunov exponents are {In|A| : A € o(Lr),|A| > Inpu}. We refer the
reader to [72] and [99] for examples of expanding maps on S' with non-trivial

eigenvalues with modulus in (a*71 1), and note that the different choice of Banach

3We remind the reader of the proof. One bounds the essential spectral radius by using Theorem

6.2.20| and Proposition Since L preserves integrals we have p(Lr) > 1. If p(Lr) > 1 then
L7 has an eigenvalue of modulus greater than 1 on W*~11(S1), which must also be an eigenvalue
for L7 on L(S'); but Lr is a contraction on L'(S!) and so no such eigenvalue can exist.
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space in either paper is inconsequential due to [11, Section A.2]. We may there-
fore apply Theorem [9.1.3 to (Q, F,P,o, W L1(SY), w + L) with perturbation
(Q, F,P,o, WF11(S), Ls) whenever S : Q — LY, («, K) is measurable and such
that esssup,cq dex-1(S(w), T) is sufficiently small.

FExample 9.1.7. If, in the setting of Example @, there exists 4 € (Ina®1,0)
such that for every r > Inu the set {\ € o(Lr) : |A\| = r} contains at most
a single element, then every Lyapunov exponent of (Q,F,P, o, WE-LL(SY) w
L) has multiplicity one. Thus, by Remark @, it follows that if S : Q —
LY (a, K) is measurable and ess sup,,cq der—1(S(w), T) is sufficiently small then the
Oseledets splitting for (2, F,P, o, W 11(S1) Ls) that is produced by Theorem
9.1.3 is hyperbolic. Thus both Theorem [9.1.3 and Theorem [9.1.5 may be applied
to (Q, F,P, o, Wk=L1(S1) Lg).

9.2 Proofs

We begin by pursuing the proof of Proposition [9.1.2, which requires some prepara-
tory results. Many of these results are well-known, but do not have full proofs in
a collected place and so we reproduce the details here. The next proposition sum-
marises the basic properties of Perron-Frobenius operators associated to maps in
LY« (a, K).

Proposition 9.2.1. There exists Cy_1 0x > 0 such that for every T € LY (o, K)
and f € Wk11(S1) we have

L2 fllyr-sa < & f lsorn + Crotanr 1 F llypr-an (9-3)

Hence {Lr : T € LYy(a, K)} is an equicontinuous subset of Lg(W* Y1) where
WH=LL(SY) has the Saks space structure (W LH(SY) -l ypre-ia s | ez )

To prove Proposition [9.2.1 we need the following lemma, whose’s proof is an

easy exercise and widely known (see e.g. [0, the proof of Theorem 2.5]).

Lemma 9.2.2. For every k € N there exists multinomials Gy : RF - R, ¢ €
{0,...,k}, such that for every T € LY (v, K) and f € W' we have

k
(Lrf)®) = Ly ((T’)?’“ > Gr(T,. . TR f“’) . (9.4)
/=0

_ .k
Moreover Gy (1, ..., Tp41) = 7.
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The proof of Proposition[9.2.1. For brevity denote Gy_14(T",...,T®) by G147
By Lemma9.2.2 and as L1 is Markov we have

2o, - / cT( WS G 1)

|fk 1)| n—2(k—1)
dLe b+z s NNGrorer| |£© dLeb

d Leb

k—1
o Fllyneia + (Za Y D0 |G MTHLOO> [
0=¢

where Dj,_5, denotes the norm of the embedding of W*=21(S1) into W%1(S!). Let

k—1
Ci-taxk =1+ sup (Z Oé2(k_1)Dk—2,£ ”Gk—l,l,THLoo) ;

TELY k(0. K) \ 0=,

and note that Cj_1 o x < 0o0. Since L7 is Markov on L'(S') we therefore have

H‘CTfHWk*lvl = H‘CTfHLl + H(‘CTf)(k_l)HLl < ak_l ||f||Wk71,1 + Ok—l,a,K ||f||Wk—2,1 s

which yields (9.3)). Since the embedding of W*~11(S1) into W#~%1(S") is bounded,
also implies that {L7 : T' € LY(a, K)} is a bounded subset of L(Wk=11(S1)).
For k > 2 the same argument shows that {Lr : T" € LYg(«, K)} is a bounded
subset of L(W*=21(S')), while if & = 2 then {L : T € LY.(a, K)} is bounded
in L(W*=21(S")) since each L is Markov on W*21(S1) = LY(S'). That {Lr :
T € LY,(a, K)} is an equicontinuous subset of Lg(W*=11(S1)) then follows from
Proposition [6.2.18] O

Proposition 9.2.3. Let W* ! = || _{w} x WF L1 There exists Ri—1,0x >
1 and Ag_10x > 0 such that if T : Q — LYi(o, K) is measurable then L €
LY, Ay, Ry 0,x) N Endg (W o).

Proof. That L € Endg(W*~1 o) follows trivially from Proposition [9.2.1. Let

Ri—1,0,x = max{1l, sup{[|Lr || pr-21y : T € LY)(c, K) }},
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and note that Rj_1 o k is finite by Proposition|9.2.1. By Proposition9.2.1, for every
feWkLl(S1) w e Qand n € Z* we have

[(L7on @y © 0 Lr@)f ||yprera S [(Lrn-10p) 0+ © L7y fll

+ Chmra ke B [l

Iterating the above inequality yields

H(ﬁﬂcr"(w)) 0.0 ﬁfr(m)f'

Wk—1,1

Cr-1,0,K — bl 7
< @ by + G R (X () ) W
Ri_10,K “ \ Br-1,0,K

<

Cri-1.0.x R
S Oén(kfl) HfHkal,l + « k—1,0, K

1 bz -

Rk—l,a,K — okl

We obtain the claim upon setting A 105 = Ch1.ax(Re_1.0x — 1)L O

The proof of Proposition[9.1.2. To show that (Q, F,P,o, WE=11(SY) L) is a sepa-
rable strongly measurable random linear system with ergodic invertible base it suf-
fices to the map A : LY (o, K) — L(W*=11) defined by A(T) = Ly is measurable
with respect to the Borel o-algebras on C%(S*, S1) and L(W*~11) where the later
space is equipped with the strong operator topology. We will do this by showing that
A is continuous: for every f € W* 1! we will show that [|(Lr — Ls) f|lyr-11 — 0
as dex(T,S) — 0. By [10, (C1) of Lemma 2.4], for every g € C*1(S!) we have
(L = Ls)fllor—r — 0 as dex (T, S) = 0. Fix f € W* ! and for each € > 0 let
fe € CF1(SY) satisty || f — fellye—ra < €. Then

||(,CT — LS)f”kal,l < ||(£T - »CS)feHWk*Ll + H(‘CT - ‘CS)(f - fE)HW’“*lvl

< (Lr = L) fellgr-r +26 sup Lyl yqpn-in
TELYk(a,K)

52 sup Lol
TELY (o, K)

as de2(T,5) — 0. The set {Lr : T € LYy(, K)} is bounded in L(W*~11) by
Proposition [9.2.1, and so we obtain the required claim by sending ¢ — 0.

We will sketch the proof that P = (Q, F,P,o, W 11(SY), L) has an Os-
eledets splitting. We aim to verify the hypotheses of [47, Theorem 2.10] i.e. that

the index of compactness k% of P is less than the maximal Lyapunov exponent

208



Ny of P (see [47, Definition 2.3]). Our proof of this roughly follows the argu-
ment laid out in [47, Lemma 3.16]. Recall from Proposition [9.2.3 that L €
LY(1, Ag10.1, 0" Ri10.k). By [A7, Lemma C.5], it follows that x5 < Ina*! <

0. On the other hand, since each L7, is Markov, we have

[(Lron@y © 0 Lr@)|ypara = [[(Lrenen o+ 0 Lre)l|| = 1,

and so Ap > 0. Thus P has an Oseledets splitting with A\; 7 = A5, > 0 by [47, Theo-
rem 2.10]. We will now show that A\; 7 = 0. Let P’ = (Q, F,P, o, WH'(S1), L7), and
note that the arguments of the previous paragraph imply that P’ has an Oseledets
splitting with %, < Ina < A% and that AL, > 0. However, the Lasota-Yorke
inequality obtained for P’ from Proposition @ has Ry_14,x = 1, and so

sup sup || LT (on(w) © 0 L)
n€Z+ wes

||L(W1»1) < 00,

which implies that A5, < 0. Thus A5, = 0. In the language of [49, Appendix A], P
is a dense restriction of P’. As A}, > max{x}, x5} by [49, Theorem 37] we have
N = Xp = 0. O

Proposition 9.2.4. There ezists Qpa,x > 0 such that for every S,T € LY (o, K)

we have
HﬁT_ESHL Wh=11 Wk=2,1) = Qka[(dck 1(5 T)

Proof. The case where k = 2 is known: upon recalling from Example [6.2.13] that
1 fllgv = | fIlyy1a for f € WL, the result is given by [78, Example 3.1]. We therefore
focus on the case where k£ > 2, although we use the k = 2 case during our argument.
Let f € Wk=21(S1) and g € L*°(S'). For brevity, if R € LY (a, K) then we will
write Gg_o, g in place of Gy_o (R, ..., R* =), By Lemma @ we have

/ (Lrf — Lsf)*?gdLeb

k—2 k—2
Gr_aer - f¥ Grous - fO
- / (ﬁT (Z (T")2(h~2) —Ls Z (S)202) ~gdLeb

=0 0 ( )

S 9.5
Gr_2471 " O
:/(ET—ES) (ZW 'gdLeb
=0
k—2 G G
k— 2€T k727€’s é
+ZO/< 2(k— 2)_(S/)2(k2))'f()'gOSdLeb,
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To bound the first term we apply the inequality for £ = 2, which is valid since
dcl (S, T) < dckfl (S, T), yielding

G
/ (Lr — Ls) (Z ’“T“jgfk f ) gdLeb
=0
k—

< Q20,5 |9l o (Z

G- 2eT f()H
0

) der—1(S, T).

Wil

If we let Dj_;, denote the norm of the embedding of W*=11(S1) into W51(S') and
define Zy ¢k = Z by

Z = sup ((Dk—l,z +02(k = 2)K + Di—1041) [|Gr—2,67]| oo + D=1, ||G;€_2,Z,THLOO> ,
TELY 4 (0, K)

then by the product rule, the definition of |-||;;1.: and as a < 1 we have

k—2

Gk 2£T f(é

T n2k—2)

k—
Z Zi ok ||l -
=0

Thus
k—2
Gropr - f
/ (Ly — Ls) (Z Ty |9 d Leb

k—2
< QZ,a,K (Z Zk,@,a,K) ”gHL‘X’ HfHWk—l’l dck_l(Sa T)

=0

(9.6)

On the other hand,

Gr—au1 Gr_245 ¢
/ ((T/)2(k—2) - (S/)2(k—2)> ) f( ). goSdLeb
Groer  Gr2us
(T1)2-2) — (57)2(k~2)

Since each of the multinomials G_s ¢ is Lipschitz on [- K, K]k and G241 (reSD.

< Di—1,6 |9l oo 1 lppn—1
LOO

G—24,5) only contains derivatives of T (resp. S) of order less than k — 1, for each
¢ e€{0,...,k— 2} there exists Vi, such that for every S, T € LY (a, K) we have

Gr—201 Gr-24.
(T7)2(k~ 2) (51)2(k—2)

S Vk,gdckfl (S, T)
Lo
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It follows that

k—2

Gk 2,0,T Gk—Q,&S ’
Z/( T7)2(=2) (S/)Q(k—2)> - f® . goSdLeb
B (9.7)

k—2
< Dy (Z Vk,ﬁ) HQHLoo HfHWk—Ll dex—1(S,T).

=0

Applying (9.6) and (9.7) to (9.5)), and then taking the supremum over g € L*(S?)
with ||g|| - =1 yields
k2
|(Lrf - Lf)*=2 |, < (Z Di—1,Vie + QQ,a,KZk,Z,a,K> | fllye-ra dere-1(S,T).

=0

Thus, by using the case where £ = 2 again, we obtain

||£T - LSHL(W’“_Ll,Wk_z’l)

k-2
< Q20,8 Dr—1,1der—1(S,T) + (ZDk 1szz+Q2aKZHaK> der-1(S,T),
(=0
as required. 0

The proof of Theorem[9.1.3. By assumption (Q, F, P, o, Wk=11(SY) L) is a sepa-
rable strongly measurable random linear system with ergodic invertible base and
a hyperbolic Oseledets splitting of dimension d. We have £7 € Endg(W*~1 o) N
LY(1, A1 0x, @1 Ry 0x) by Proposition @, and so all the requirements
of Theorem [8.1.8 are verified for (2, F,P,o, W¢=11(S1), £7). For measurable S :
Q — LY(, K) we get that (Q, F,P, o, W 11(S1), Ls) is also a separable strongly
measurable random linear system by Proposition [0.1.2 and by Proposition [9.2.3 we
have Ls € LY(1, Ax_1.0.5, 0" Ri_1 0.5). For any € > 0 we may ensure that

ess sup H£7—(w) — <€,
we

S(w) HL(W’@’—l’l,W’C—QJ)

by making dy_1(7,S) small and then using Proposition [9.2.4. Thus, we obtain
the conclusion of Theorem [8.1.8 for the perturbation (2, F,P,o, W+ 11(Sh), Ls),

as required. O

Proof of Proposition[9.1.4. Tt is well known that the Fejér kernels approximate the
identity [67, Section 2.2 and 2.5]. Thus J, is Markov, as claimed. Since convolution
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and differentiation commute, for each f € W"1(S1) we have

1T s = 1T fllx + [ TG < Wl + NP0 = 1 s

and so 7, restricts to a contraction in L(W"!(S")). For z,y € S* define g, , : S* —
R by

Xz—yz Y <z,
Gey =
Xx,a:—y T < Y.
Using Fubini-Tonelli and the fact that every f € Wh! is absolutely continuous, we

have

|Tnf = fll = // y) |f(x —y) — f(x)| d Leb(y) d Leb(x)
/ / / Y)9z4(2) |f(2)] dLeb(z) d Leb(y) d Leb(x)

= ([t dLeb<y>) T

Since {Jy, fnez+ approxnnates the identity we have [J,(y)|y| dLeb(y) — 0 as n —
00, which yields (9.2) for £ = 1. The claim for k£ > 1 follows from the case where
k =1, the fact that differentiation commutes with 7, and the fact that W*!(S?)
continuously embeds into W*=11(S1) and Wh1(S?). O

The proof of Theorem[9.1.5. The proof is very similar to that of Theorem[9.1.3. By
assumption (Q, F, P, o, Wk=11(S1) L) is a separable strongly measurable random
linear system with ergodic invertible base and a hyperbolic Oseledets splitting of
dimension d € Z". We have L7 € Endg(W*™ 1 ) N LY(1, Aj—1.0.5, ", Rk—1.0.x)
by Proposition [9.2.3) and so all the requirements of Theorem [8.1.8 are verified for
(Q, F,P,o, WrF-L1(S) L£7). Since the composition of strongly measurable maps is
strongly measurable ([47, Lemma A.5]), and the constant map w — 7, is strongly
measurable, for each n € Z* we have that (2, F,P,o, W 11(S1), L7,,) is a separa-
ble strongly measurable random linear system. Since 7, is a contraction on W*=11,
from the Lasota-Yorke inequality we have for every f € WFLL(SY) n e Z*
and w €  that

| T L) fllyrrn < & fllwiorn + Coctar 1 f lyx-zn -
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By using the fact that 7, is a contraction on W*=21(S1) and repeating the argument
made in Proposition @, we deduce that L7, € LY(1, Ax 10,0 Y Re_1.0.x)
for every n € Z*. Thus, after using from Proposition @ we obtain the
conclusion of Theorem @ for the perturbation (Q,F,P, o, WH(Sh), L7 ,,), as
required. O]
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