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Abstract

In this thesis, we present new systematic methods to synthesize non-decentralized
and decentralized robust feedback control systems for classical and quantum dy-
namical systems. For the decentralized case, we assume that the interconnections
between subsystems are known and thus, we do not treat them as uncertainties.
We employ a differential evolution (DE) algorithm to solve nonconvex nonlin-
ear constrained optimization problems arising in the feedback control syntheses
for those systems. As a class of evolutionary algorithms, the DE algorithm is
equipped with variation operators: mutation and recombination, and selection
operator. In addition, we also apply a penalty-based fitness test procedure as
a link between the DE algorithm and the particular controller design algorithm
being considered.

Regarding classical systems, we are concerned with robust H> control for a
class of nonlinear uncertain systems via a stable nonlinear output feedback con-
troller. Structured uncertainties and nonlinearities in the system are required
to satisfy integral quadratic constraints and global Lipschitz conditions, respec-
tively. Applying this controller, we aim to achieve closed loop absolute stability
with a specified disturbance attenuation level. The controller is constructed us-
ing stabilizing solutions to algebraic Riccati equations parameterized by scaling
constants associated with the uncertainties and nonlinearities. A decentralized
version of this control problem is also considered.

For quantum systems, we deal with coherent quantum feedback control for
a class of quantum systems represented in terms of linear quantum stochastic
differential equations. Synthesis algorithms are provided to construct physically
realizable quantum controllers, which are used to solve quantum entanglement
and quantum robust H* control problems. In particular, we are interested in

synthesizing a strict bounded real quantum robust H* controller for an uncertain

Vil



quantum system. This quantum controller is applied to obtain a strict bounded
real closed loop quantum system with a specified disturbance attenuation level.
The controller matrices are formed using stabilizing solutions to complex alge-
braic Riccati equations parameterized by scaling constants corresponding to all
uncertainties in the quantum system. The same type of quantum controller is

used to solve a decentralized quantum robust H> control problem.
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Chapter 1
Introduction

This chapter is intended not only to describe the background and motivation for
all topics discussed in this thesis, but also to highlight the main contributions of
our research. That is, we aim to present new systematic methods to synthesize
non-decentralized and decentralized robust feedback control systems for both
classical and quantum dynamical systems. An introduction to the notions of
feedback control considered is thus briefly provided in Section 1.1. Then, a short
discussion on evolutionary optimization methods is presented in Section 1.2 where
we also describe our motivation for applying this method to solve our control
problems. Moreover, specific considerations and features of our main results from

Chapter 3 to Chapter 8 are presented in separate sub-sections within Section 1.3.

1.1 Feedback Control

In this section, we present a brief overview of the basic concepts of feedback
control. Our purpose is to provide a general understanding of what we are con-
cerned with in our research to develop algorithms to synthesize robust feedback

controllers for both classical and quantum dynamical systems.

1.1.1 Basic concepts

Feedback control is a common strategy used to ensure stability and performance
when a dynamical system is performing certain tasks. This strategy is imple-

mented in a closed loop scheme as shown in Figure 1.1, where the system being
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Disturbances
Noise Noise

n i+ i i+ Output
Actuators Plant Sensors

Controller Filter

Reference
commands

Figure 1.1: Closed loop feedback control; see [1].

controlled (plant) is interconnected and interacts with other systems so that the
plant behaves as intended. In this case, sensors are used to fully or partially cap-
ture information about the plant dynamics, but unfortunately, the sensor outputs
are usually contaminated by noise. We then feed back the acquired information
through a filter with which noise effects are removed considerably. Having the
filter outputs as controller inputs, we employ an algorithm to generate control
commands, which drive the plant via actuators to compensate any deviation from
a desired operating point with particular properties.

Often, we can make the plant work well by only applying an open loop control
without feedback. This approach, however, is at times unrealistic and risky
because the plant may be unstable and is not free from perturbations such as
exogenous disturbances, a changing environment and undesirable noise. Another
concern is that, due to incomplete knowledge of the plant dynamics and modeling
errors, we often have an uncertain plant model based on which a controller is
designed. Thus, it is essential to synthesize a feedback control mechanism, which
not only achieves prescribed control objectives effectively and efficiently, but also
is robust against the uncertainties and perturbations.

Applying feedback control is certainly beneficial to cope with the concerns
mentioned above, but we should also be mindful of its potential drawbacks; e.g.,
see [1,9]. As shown in Figure 1.1, feedback control usually requires additional
components: sensors and filters, which in turn augment the dimensionality and
complexity of the closed loop system. It is also inevitable that sensors are accom-
panied with noise, which reduces measurement accuracy. Moreover, a carelessly

designed feedback system may give rise to oscillations and instability. All these
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issues indicate that feedback cannot be realized arbitrarily and is not merely
about having a closing loop. Thus, appropriate systematic methods are neces-
sary to design feedback control systems, which are capable of providing robust

stability and performance; e.g., see [10].

1.1.2 Classical feedback control

The idea to build feedback control systems originated for more than twenty cen-
turies ago; e.g., see [11,12]. One of the first significant inventions in industrial
era was a flyball governor, which was successfully used to control the speed of a
James Watt’s steam engine in the 18th century. Feedback control applications
at the present time are much more pervasive and ubiquitous in various techno-
logical artifacts such as computers, automobiles, aircraft, robots, telescopes and
chemical processes. We can even find feedback control applied to non-engineering
systems such as biological systems, ecosystems and economics; e.g., see [1]. We
thus could say that feedback control has become an indispensable aspect in tech-
nology development; e.g., see [13].

Along with the above applications, feedback control theory has also achieved
great advancements, which provide various mathematical methods to rigorously
analyze and synthesize feedback control systems. Among others, several well-
known controller design methods are proportional-integral-derivative (PID) con-
trol, linear quadratic Gaussian (LQG) control and H* control; e.g., see [14-17].
These methods were in fact developed to design feedback controllers for dynami-
cal systems governed by the principles of non-quantum physics. In this sense, we
thus consider them as classical feedback control methods.

In this thesis, we apply a linear robust H* control method as described in [2]
to synthesize a controller, which absolutely stabilizes an uncertain system with
a specified disturbance attenuation level (see Chapter 3 — Chapter 5). The class
of uncertain systems being considered is illustrated in Figure 1.2. This model is
referred to as a linear fractional transformation (LFT), where a nominal plant
is separated from all uncertainties ¢;(-), ¢2(+),. .., ¢x(+) in feedback interconnec-
tions; e.g., see [18]. In order to be admissible, each uncertainty ¢;(-) (for all

j=1,2,... k) is required to satisfy an integral quadratic constraint (IQC):

[ lg@ira< [CiGoPdd, 40 (L)
0 0
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&r(t) Gr(t)

()

fg (f) CQ(t)

&(t) Gi(t)

—

Nominal Plant
w(t) ——————> > z(t)

u(t) y(t)

Controller

Figure 1.2: An uncertain system with structured uncertainties; see [2].

provided these integrals exist; see [2]. Note that ||-|| is the Euclidean norm.

Characterizing the structured uncertainties in terms of IQCs, we can include
not only time-varying, norm bounded uncertainties, but also dynamic nonlinear
uncertainties, which may appear due to unmodeled dynamics. In this case, the
class of uncertainties satisfying IQCs of the form (1.1) is richer than that of un-
certainties satisfying only norm bound conditions. Moreover, a natural stability
notion for an uncertain system satisfying IQCs is referred to as absolute stability,
which directly ensures the stability of the system trajectories and also implies
asymptotic stability; see [2].

From a game viewpoint, a robust H> controller can be view as a minimizing
player, which provides absolute stability and maintains the closed loop system
at a specified performance level in the presence of uncertainties. In contrast,
each uncertainty in the plant can be considered as a mazimizing player, which
tends to impair the performance of the closed loop system; see [16]. This per-
spective allows us to treat the robust control problem as a constrained minimax
optimization problem. Moreover, using S-procedure results, we can convert the
given constrained optimization problem into an unconstrained optimization pro-
blem by applying scaling constants corresponding to the IQCs; see [2]. In this

case, the S-procedure is indeed analogous to a Lagrange multiplier method in
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convex optimization; e.g., see [19]. However, the scaling constants used in the
S-procedure are such that there exist stabilizing solutions to algebraic Riccati
equations parameterized by the constants. Riccati equations are involved because
the unconstrained optimization problem is treated as an H°° control problem cor-
responding to a scaled system. In this regard, the absolute stabilization problem
is thus related to the H* control problem; see [2].

An optimal H®® controller is the one that minimizes an induced norm ||, ||
of a linear map from the disturbance input w(t) to the controlled output z(t) of
the closed loop system with zero initial condition (see Figure 1.2). Here, ||T. ||

is defined as

[2(-)]2
[Tz loo == Sup (1.2)
w()eLa(0,00), ()220 10 () |2

where ||-||2 is the Ly-norm. Despite its optimality, finding this controller is often
difficult and expensive from a numerical perspective; e.g., see [18]. Thus, in
practice, we are usually more interested in having a suboptimal controller, which

guarantees a certain performance level
[Twzlloo <7, v >0 (1.3)

of the closed loop system; e.g., see [2,18].

1.1.3 Quantum feedback control

Rigorous theoretical studies on the topic of quantum control started about three
decades ago and were documented in some initial publications e.g., [20-22]. These
results serve as important references in the quantum control literature and form
the foundation for later investigations. Although quantum control is a relatively
young discipline, it has set a path for quantum mechanics to move from abstract
scientific concepts into real applications. This allows us to employ quantum
mechanics as a fundamental framework not only to explain quantum phenomena
in our physical world, but also to govern future quantum technology development.
Currently, the need for comprehensive theoretical and experimental research on
quantum control systems grows rapidly and becomes more compelling. This
rising interest is particularly driven by recent advancements in high-precision

and nanoscale engineering, which undoubtedly lead us into quantum realm; e.g.,
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see [23,24].

Quantum feedback control has been acknowledged as a key factor, which will
play a significant role in the development of quantum technology and quantum
information. Potential applications of quantum control can be found in many
areas such as quantum metrology, quantum computation, quantum communica-
tion, quantum optical interferometry and quantum electronics; e.g., see [23-26].
Such pervasive applications pose immense challenges to the quantum control dis-
cipline to build a unified framework, which can be used in analysis and synthesis
of quantum control systems; e.g., see [27-29]. In particular, there has been sig-
nificant interest in focusing research on developing mathematical models and
feedback control methods for linear quantum systems; e.g., see [30-34]. This par-
ticular quantum system is commonly found in the field of quantum optics (e.g.,
see [35-37]), which widely appears in the above applications.

Keeping up with this situation, many researchers have exploited knowledge
of classical control theory to formulate systematic methods to analyze and syn-
thesize quantum control systems; e.g., see [38]. In particular, the development of
quantum control theory has greatly benefited from the well-established classical
stochastic control theory; e.g., see [39]. It has also been found that experience
in the classical domain appears to provide a better comprehension of the nature
of quantum mechanical problems; e.g., see [24,40-42]. Although the classical
stochastic control is a sensible starting point, it should be noted that this ap-
proach is based on classical probability theory, which is considered as a special
case of noncommutative or quantum probability theory; e.g., see [43-46].

Unlike a classical stochastic system, the physical variables in a quantum sys-
tem do not commute. This feature prevents us from having effective and accurate
simultaneous observation of a quantum system due to the limitations imposed
by Heisenberg’s uncertainty principle; e.g., see [41]. Thus, the non-commutative
property presents a challenging obstacle if we want to regulate a quantum plant
using closed loop feedback control and classical measurements. Also, we cannot
perform classical measurements without disturbing the quantum plant and de-
stroying quantum information; e.g., see [25,40,47]. Such delicate circumstances
then motivate the emergence of quantum measurement and filtering theory, which
becomes an essential foundation for developing quantum feedback control meth-

ods; e.g., see [33,46,48-53].
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Despite the fact that a quantum system is non-commutative, the inclusion
of classical measurement devices in a quantum feedback control system is often
useful as we can still partially observe the dynamics of a quantum plant. Ap-
plying classical measurement indeed allows us to exploit the state-of-the-art of
the classical control methods to stabilize and provide good performance to the
closed loop quantum system; e.g., see [24,40-42,47,54-61]. In this case, the mea-
surement outputs are processed and fed into a classical controller, which can be
built using analog or digital electronics. The controller outputs are then applied
to the quantum plant through actuators. This approach, in particular, forms an
important class of linear quantum control systems involving classical feedback
loop; e.g., see [33,34,62-65].

To circumvent the quantum mechanical limitations of the system being con-
trolled, we can avoid applying classical measurement to the quantum plant and
allow the controller to be a quantum system instead. This approach gives rise
to another type of quantum control methods referred to as coherent quantum
feedback control. In this case, the quantum controller is directly interconnected
with the quantum plant; e.g., see [30,31,66-73]. The use of coherent quantum
feedback control can be more appealing than classical feedback control in some
applications due to its ease of implementation. Also, a coherent quantum con-
troller operates on higher speed and potentially provides better performance than
a classical controller; e.g., see [34]. These promising features have raised our inter-
est in developing systematic methods to synthesize two classes of linear quantum
controllers. In the first class, we are concerned with constructing a quantum con-
troller, which has the same structure as the quantum LQG controller presented
in [72] (see Chapter 6). Then, in the second class, we aim to build a robust quan-
tum controller, which is capable of attenuating exogenous disturbance inputs in
the presence of uncertainties in the quantum plant, via an H* control approach
as described in [70, 73] (see Chapter 7 and Chapter 8).

To apply the coherent quantum feedback control strategy, physical realiz-
ability of the quantum controller is an important concern. This is because the
quantum controller is required to exhibit meaningful dynamics at all times ac-
cording to the principles of quantum mechanics. Thus, the representation of the
quantum controller cannot be arbitrary and is not as flexible as that of a classical

controller, but has to satisfy physical realizability conditions; e.g., see [70,72,73].
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Recently, the results in [74-76] provide a systematic method to physically con-
struct a linear quantum controller using serial connections of optical devices such
as optical cavities, optical amplifiers, optical squeezers, beam splitters and phase
shifters. To apply the method in [74], the quantum controller should be rep-
resented by linear quantum stochastic differential equations (QSDEs), which is
decomposed into real and complex quadratures as considered in [70,72]. This im-
plies that the linear QSDEs of the quantum controller will have real coefficients
and the order of the quantum controller will be twice that of the quantum plant.

Another approach is given by [77] to physically construct a linear quantum
controller using only passive optical elements such as optical cavities, beam split-
ters and phase shifters. The parameters of such a quantum controller can be
synthesized using the method in [73]. Even though the method in [77] is simpler
than that in [74], the former is only applicable to a particular class of quantum
systems represented by linear QSDEs with complex coefficients and in terms only
of annihilation operators; see [73]. Further generalization of the physical realiz-
ability conditions in [73] is given by [78], which provides necessary and sufficient
conditions for the physical realizability of the linear complex QSDEs written in
terms of annihilation and creation operators. These conditions can be related to

those in [70] via unitary transformation.

1.2 Evolutionary Method

In this section, we briefly describe the circumstances which lead to the emergence
of evolutionary methods as numerical problem solvers. We then discuss general
properties of evolutionary algorithms and particular applications of evolutionary
methods in feedback control systems for both classical and quantum dynamical
systems. Moreover, we also explain our motivation for applying an evolutionary

approach in our research.

1.2.1 Background

There has been a long history of numerical method development in order to solve
various real-world optimization problems found in, for example, the economy, the
environment, transportation, communications and manufacturing industry. As

scientific knowledge progresses, we become more able to improve existing methods
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and to create new computational tool in software and hardware. This increases
our opportunity to obtain better solutions with more efficient methods. Also, the
introduction of more powerful computers continuously speeds up and increases
our capacity for problem solving using optimization methods; e.g., see [79].

Alongside this advancement, real-world optimization problems have escalated
in scale and complexity during the last century. This undoubtedly lifts the
demand on experts to deliver problem solvers (algorithms) with more reliable,
efficient and versatile features. The primary goal is to obtain a good quality so-
lution within a reasonable time frame so as to achieve optimality for the problem
being considered. Moreover, parallelism also becomes a rising trend in both the
problem and methodology domains. Ultimately, these scenarios pose immense
challenges to mathematicians, computer scientists and engineers to yield high
performing optimization algorithms; e.g., see [79,80].

We are hardly able to keep up with the rapid growth in the need for sound
problem-specific optimization algorithms because of the time it takes to con-
duct comprehensive studies; e.g., see [79]. Despite these limitations, a promising
breakthrough was offered by the so-called evolutionary algorithm (EA) when its
first prototypes appeared in the late 1950s; e.g., see [81,82]. This algorithm is
commonly referred to as a numerical algorithm inspired by the notions of survival
of the fittest and genetic evolution in biological science; e.g., see [79,80,83-85].

Historically, there were four main streams in the course of early EA devel-
opment, namely evolutionary programming (EP; see [86]), evolution strategies
(ES; see [87,88]), genetic algorithms (GA; see [89,90]) and genetic programming
(GP; see [91]). A more complete overview of early EA history can be found in
e.g., see [85,92] and the references therein. Despite the differences among these
EAs, they have common operators, namely mutation, recombination and selec-
tion, which then become the basic ingredients of other variants of EA developed
later; e.g., see [79]. These EA operators are usually governed by certain stochastic
processes. Thus, EA can be classified as a stochastic search method as shown in
Figure 1.3. In addition to those operators, EA also needs a routine to evaluate the
fitness of all candidate solutions to a problem under consideration. The outcome
of this routine is fitness information associated with each candidate solution and

is then exploited by the EA operators to perform their tasks.
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Figure 1.3: Search method classification; see [3].

1.2.2 EA properties

EA becomes attractive because of its favorable features, which may be absent
from many analytical and conventional numerical optimization solvers; e.g., see

[79,80,84,85,93]. In the following, we list some of advantageous EA properties:

1. EA accommodates many different types of data structure such as binary,
integer, real, symbolic or finite state values. This gives EA a large degree
of versatility and flexibility as a solver for various classes of optimization

problems.

2. EA works with a population of individuals, which serve as potential can-
didate solutions to a given problem. These individuals are generated ran-
domly and spread over a search space defined by boundary constraints on
the decision variables. This feature liberates EA from dependency on suit-
able initial points to start its evolution and also enables EA to cope with
a large and discontinuous search space. Moreover, operating on a popula-
tion, EA is then able to provide a set of feasible solutions in one run and is
compatible with parallel computing because each individual can be assessed

independently.

3. EA is equipped with variation operators: mutation and recombination,
which maintain population diversity at a high level. This makes EA much
less susceptible to stagnation and premature convergence, especially when

EA is used to solve nonconvex problems. Moreover, EA also brings about



1.2.  Evolutionary Method 11

competition among candidate solutions, which is triggered by a selection
operator based on the fitness information of each individual in the popu-
lation. In the selection process, EA is allowed to capitalize on low fitness
and/or infeasible individuals to guide an evolutionary search toward a de-
sired global solution. This is also useful to increase population diversity,

especially at an early stage evolution.

4. EA yields Pareto-optimal solutions when it is used to handle constrained
multi-objective problems where there may be conflicting objectives. More-
over, EA can also be implemented together with other numerical methods
in order to enhance the performance of both sides as we can exploit good

properties of all parties. This will result in a hybrid EA.

In spite of the useful EA characteristics, it is wise not to take them for granted
when implementing EA. There are indeed some technical issues to which users
should pay attention because they may greatly affect EA behavior. Among other
things, these issues concern population diversity, constraint handling and param-
eter setting, which are left for discussion in Chapter 2. Furthermore, EA usually
takes a long computational time to accomplish a whole evolution cycle. This is
due to its stochastic evolutionary nature and the fact that all individuals in the
population have to undergo fitness evaluation in each cycle. In particular, this
concern is critical if EA is applied to real-time applications with fast dynamics.
An alternative way to speed up the computation process is by applying parallel

computing to which EA is adaptable; e.g., see [85,94].

1.2.3 Existing EA-based control applications

In the literature, we can find a multitude of EA applications in different fields,
including engineering; e.g., see [95-99]. In particular, automatic control engineer-
ing has benefited from EA development in the areas of single- and multi-objective
optimization; e.g., see [94,100-103]. Here, we mention some controller synthesis

and analysis algorithms based on evolutionary methods as follows:
e Linear control such as PID, LQG and H* control: e.g., see [104-115];

e Nonlinear control such as Lyapunov’s direct method, sliding mode, nonlin-

ear dynamic inversion and nonlinear PD control: e.g., see [116-123];
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Stochastic control such as Monte Carlo probabilistic and stochastic traffic
control: e.g., see [124-128];

Adaptive control: e.g., see [129-131];

Evolutionary control: e.g., see [132-135];

Quantum control: e.g., see [136-139]

All of these control system algorithms are mainly constructed using ES, GA
and GP, which are part of the four major classes of EAs. The pervasive success
of EAs in control applications give further confirmation that EAs are reliable and
effective in dealing with difficult engineering problems. This obviously becomes
an impetus to enhance existing EAs and to find new evolutionary methods with
better performance and efficiency. As a result, one of the recent EAs to appear
is the differential evolution (DE) algorithm, which was initially designed to solve
real-valued problems; e.g., see [4,140].

Since its first appearance, DE has drawn a lot of attention from EA experts
and users because it tends to outperform many preceding EAs. Hence, the DE
algorithm immediately became popular as it is also relatively simple and easy
to implement. When applied to continuous space optimization problems, DE is
a formidable competitor for ES and GA; e.g., see [4]. However, this is not to
suggest that DE is the most superior EA for any kind of problem (e.g., see [141])
because, according to no free lunch theorem, such an EA simply does not exist;
see [142]. A more detail discussion about DE and its components is presented in
Chapter 2.

Recently, DE has also been applied to various types of linear and nonlin-
ear control applications for both classical and quantum dynamical systems; e.g.,
see [143-151]. It is demonstrated in those references that the DE approach is
relatively more successful and efficient as compared to other EAs when searching
for an optimal real-valued solution. This fact indeed confirms previous empirical
studies about the performance of the DE algorithm in comparison with other EAs;
e.g., see [4]. Considering the capability of the DE algorithm, we are confident
to apply this algorithm to solve optimization problems arising in our research to

develop new methods for synthesizing robust feedback controllers.
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1.2.4 EA-based robust control methods

We wish to clarify our motivation to develop EA-based algorithms for construct-
ing robust feedback control systems. We begin with specifying the classes of
control problems being considered. In our research, we consider both classi-
cal (Chapter 3 — Chapter 5) and quantum (Chapter 6 — Chapter 8) dynamical
systems. We assume that each dynamical system has structured uncertainties,
except the quantum system in Chapter 6.

We refer to the robust H* control methods presented in [2] to synthesize
non-decentralized and decentralized robust H> controllers for classical uncertain
systems in Chapter 3 — Chapter 5. Using these controllers, we aim to absolutely
stabilize the closed loop uncertain system with a specified disturbance attenuation
level. In the controller synthesis algorithms, we assign a scaling constant to each
structured uncertainty in the uncertain system so that the constrained robust
H® control problems can be transformed into the unconstrained standard H*
control problems. These formulations then lead to solutions, which are given in
terms of stabilizing solutions to algebraic Riccati equations parameterized by the
scaling constants.

In Chapter 6, we deal with a class of quantum systems with real coefficient
QSDEs as considered in [70,72]. In this case, we are concerned with stabilizing
a closed loop quantum system with a physically realizable linear quantum con-
troller. The physical realizability condition for the quantum controller is then
represented by a complex algebraic Riccati equation. We also allow particular
control objectives to be incorporated in the quantum controller design algorithm
in addition to the closed loop stability and physically realizability requirements.

Meanwhile, in Chapter 7 and Chapter 8, we are concerned with a class of
uncertain quantum systems with complex coefficient QSDEs as considered in [73].
Here, we aim to synthesize non-decentralized and decentralized quantum H*
controllers, which robustly stabilize the closed loop uncertain quantum systems
with a specified disturbance attenuation level. Here, the idea of introducing
scaling constants to the structured uncertainties is also applied when designing
the quantum controllers. This approach allows us to apply the results in [73] to
obtain solutions to the given quantum control problems. The quantum controllers
are then constructed in terms of stabilizing solutions to complex algebraic Riccati

equations parameterized by the scaling constants. Also, we require the resulting
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quantum controllers to be physically realizable.

In order to solve the controller design problems presented in Chapter 3 —
Chapter 8, we consider them as nonconvex nonlinear constrained optimization
problems. From a numerical computation perspective, it is difficult to obtain op-
timal solutions for such problems due to the functional nonsmoothness inherently
arising in our control problems. This issue has been discussed in e.g., [152-154]
with an observation that regular linear matrix inequality (LMI) and algebraic
Riccati equation techniques are often inapplicable to solve these problems. For
some cases, there have been numerical algorithms proposed by [72,155-157] to
solve this type of controller design problems based on a rank constrained LMI
approach given in [158]. However, those algorithms tend to result in compli-
cated formulations and strongly depend on a suitable initial point in order to be
effective. Furthermore, it has also been shown in [153,159] that numerous con-
ventional optimization methods based on, for example, quadratic programming
(e.g., see [160]), augmented Lagrangian (e.g., see [161,162]), gradient sampling
(e.g., see [163]) and bilinear matrix inequality (e.g., see [164, 165]) techniques
often encounter numerical difficulties or even fail when used to handle particular
nonconvex H* synthesis problems.

In fact, when dealing with a nonconvex problem, a feasible initial point is
often difficult to obtain prior to numerical iteration. This is because we have
very little information about a numerical environment where the optimization
takes place. Unfortunately, there is no reliable systematic method to find such
an initial point that can efficiently direct an iteration process toward an optimal
solution. Also, in the approaches mentioned above, we can only evaluate one
point as a potential candidate solution in one iteration cycle. If the given point is
infeasible, it is immediately discarded and the iteration process is terminated. A
new initial point is then required to begin new iteration cycles. Even if a feasible
solution is found, premature convergence is likely to happen. In other words, it is
very unlikely to escape from a local optimum because the iteration process only
relies on information from the current search path. Hence, those approaches tend
to have low success rates and often lead to unsatisfactory solutions if they are
applied to solve difficult nonconvex problems.

Based on this observation, we are motivated to find another approach, which

allow us to solve the controller design problems above with less dependence on
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a particular initial point and in a more straightforward manner. Having these
concerns and considering the properties of EA discussed in sub-Section 1.2.2, we
then propose to apply an evolutionary optimization approach to design feedback
control systems as described in Chapter 3 — Chapter 8. In particular, we opt to
use the DE algorithm, that is drift-free DE /rand/1/either — or (see Chapter 2),
as it is simple and reliable in solving constrained optimization problems with real-
valued decision variables. Note that our approach can also be applied to other
related previous works in [2,6,8,70,73,166] for which computational algorithms

have yet to be provided.

1.3 Thesis Organization

We now outline the organization of this thesis. In Chapter 2, we briefly discuss
general structure and technical issues associated with an EA and basic elements
of the DE algorithm. As mentioned previously, robust H> controller synthesis
algorithms for classical uncertain systems are presented in Chapter 3 — Chap-
ter 5. In Chapter 6, we discuss the construction of a physically realizable quan-
tum controller for a quantum system represented in terms of real and complex
quadratures. Then, in Chapter 7 and Chapter 8, we introduce algorithms for de-
signing physically realizable robust quantum H> controllers for linear complex
uncertain quantum systems. Conclusions and potential future work are given in
Chapter 9. Moreover, to emphasize the significance of our main results, we de-
scribe the background, main ideas and contributions from Chapter 3 to Chapter 8

in the following sub-sections.

1.3.1 Chapter 3: Nonlinear robust H* control

An unstable controller is not desirable in many applications because it is sensi-
tive to actuator and sensor failures and to plant uncertainties and nonlinearities.
It may also lead to implementation problems and impair the closed loop sys-
tem performance in tracking reference signals and rejecting disturbances; e.g.,
see [167-169]. These concerns have motivated many control system experts to
develop algorithms for constructing stable controllers. Such a control problem is

usually referred to as a strong stabilization problem.
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Here, we mention some relevant previous results which address this partic-
ular control problem. In the literature, there have been characterizations of
strong stabilizability for both single-input single-output (SISO) and multiple-
input multiple-output (MIMO) systems based on, for example, a parity interlac-
ing property (e.g., see [170,171]) and a notion of stable range (e.g., see [172,173]).
Also, the inclusion of a strong stabilization requirement into the H® control
framework has led to various parameterization techniques; e.g., see [167-169,174—
177]. However, they deal only with linear control problems and do not consider
robustness issues in controller design.

There is a similar interest in the use of a stable nonlinear controller for robust
stabilization of nonlinear uncertain systems. Although many nonlinear controller
synthesis methods are available in the literature such as [178-181], they do not
necessarily lead to a stable nonlinear controller. This fact has motivated us to
propose a new approach to solve a nonlinear robust H* control problem via a
stable nonlinear output feedback controller. A related discrete-time approach can
be found in [182] for the finite-time horizon case without a controller stability
requirement. Also, a method to construct a stable linear robust H* output
feedback controller has been presented in [7], but it requires that any known
nonlinearity in the system be treated as an uncertainty. In contrast to the latter
approach, we do not directly consider the known nonlinearity as an uncertainty in
order to obtain a stable nonlinear controller, which can provide better disturbance
attenuation performance; e.g., see [6].

In Chapter 3, we consider a class of nonlinear uncertain systems where ad-
missible uncertainties and nonlinearities are described by integral quadratic con-
straints (IQCs) and global Lipschitz conditions (GLCs), respectively. A system
of this type has also been considered in [6] for a guaranteed cost control problem,
but without a controller stability requirement. There are two main ideas under-
lying our approach to synthesize a stable nonlinear controller for this system.
Firstly, we modify a standard IQC approach to robust H* control by adding
a copy of each known plant nonlinearity to the controller so that it is able to
exploit the nonlinearity. This technique has also been used in the designs of li-
near parameter varying controllers (e.g., see [183]), fault detection systems (e.g.,
see [184]), nonlinear observers (e.g., see [185]) and nonlinear observer-based con-

trollers (e.g., see [186]). Secondly, all known nonlinearities and their copies are
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combined into the plant and characterized by extra IQCs derived from the GLCs.
Thus, we can apply the method in [187] to achieve an absolutely stable closed
loop system with a specified disturbance attenuation level.

In order to guarantee controller stability, we first solve a state feedback con-
trol problem and then introduce an additional uncertainty to form an artificial
uncertain system. For a certain value of the additional uncertainty, the artificial
uncertain system reduces to the original uncertain system. If a suitable controller
for the artificial uncertain system exists, then the same controller also solves the
absolute stabilization problem with a specified disturbance attenuation level for
the original uncertain system. Moreover, for another value of the additional un-
certainty, the artificial uncertain system reduces to a specific open loop system
such that any suitable controller must be stable. This approach, therefore, pro-
vides only sufficient conditions and gives rise to conservatism to some extent due
to the additional uncertainty; e.g., see [7].

Our algorithm to construct the stable nonlinear controller involves stabilizing
solutions to algebraic Riccati equations parameterized by scaling constants corre-
sponding to all IQCs. With this formulation, we introduce nonconvex nonlinear
constraints to the nonlinear H> controller synthesis problem. To find a solution
to this problem, we may apply the rank constrained LMI method, which was also
used in [157] to construct a stable linear H* controller. However, this approach
tends to be complicated and adds more constraints to the original controller de-
sign algorithm, which makes the problem even harder to solve. Thus, to obtain a
more straightforward solution and to avoid unnecessary complication, we trans-
form this problem into a constrained nonlinear optimization problem and then
solve it using an evolutionary optimization method, namely the DE algorithm as

given in Chapter 2.

1.3.2 Chapter 4: Decentralized state feedback robust H*

control

In real-world control applications, one of the great challenges is how to control
a large-scale system efficiently. The large-scale system may have a particular
structure and limited communications between subsystems so that it is not al-
ways possible to share complete information with the entire control system. This

imposes constraints on the controller structure in order to accomplish a control



18 Chapter 1. Introduction

task with a prescribed performance level; e.g., see [188]. A reasonable approach to
cope with this situation is to apply a decentralized robust control strategy, which
allows us to obtain a control system with reduced complexity. This approach is
advantageous from a computation and implementation perspectives. Neverthe-
less, we should also beware that a simple architecture usually leads to a loss of
performance because it relies only on limited (or even inaccurate) information;
see [189]. Another important aspect of these problems is to consider how easy
it is to implement a decentralized control system; e.g., see [190]. All of these
concerns make the problem of designing a decentralized robust controller for a
large-scale system an interesting research area.

It is very common to view a large-scale system as consisting of interconnected
subsystems and that their interactions are sometimes uncertain. Thus, in many
previous results (e.g., see [191-193]), the interconnections between subsystems are
considered as sources of uncertainties in addition to uncertainties in each subsys-
tem. Naturally, the main goal is to design a decentralized robust controller that
is also capable of alleviating interconnection effects when attaining a prescribed
performance level. To achieve this goal, one can take an approach that either
ignores or takes into account the interconnections in the controller design; e.g.,
see [194-196]. In both paradigms, the interconnections are seen as the parties
which contribute to the performance degradation of the overall system. A con-
trasting viewpoint to the previous one is that the interconnection structure may
have a positive contribution to the decentralized control system, especially when
the number of decentralized controllers is less than the number of subsystems;
e.g., see [197].

As the main contribution of Chapter 4, we present a new method for design-
ing a decentralized state feedback robust H* controller, which can exploit the
interconnections between subsystems. Here, we assume that the interconnections
are fully (or partially) known and hence, we do not treat them as uncertainties.
Instead, we neglect off-diagonal blocks in a full state feedback gain matrix and
consider them as uncertainties; e.g., see [198]. This approach yields a block-
diagonal state feedback control law, which is also robust against perturbations in
the controller itself. Thus, this idea is also related to non-fragile controller design
methods; e.g., see [199-201].

Here, we are concerned with a class of large-scale linear uncertain systems in
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which the uncertainties are described by 1QCs. This uncertainty description is
more general than those in e.g., [202-206]. Thus, we wish to construct a decentra-
lized state feedback robust H* controller that is capable of absolutely stabilizing
the closed loop system while achieving a certain disturbance attenuation level.
This idea is based on the results in [187] and therefore, the resulting controller
design algorithm involves solving an algebraic Riccati equation parameterized by
scaling constants. A stabilizing solution to the Riccati equation is then used to
construct the decentralized state feedback controller.

The scaling constants are associated with the system uncertainties and norm
bounds on the size of the neglected off-diagonal blocks of the controller gain
matrix as in [156,198] for a guaranteed cost control problem. This formulation
leads to a nonconvex nonlinear optimization problem, which is often difficult to
solve using regular optimization methods. In the approach of [156], a noncon-
vex optimization problem also arose and was solved using a rank constrained
LMI method; see [158]. However, in Chapter 4, we are solving an H> control
problem rather than a guaranteed cost control problem and it turns out that
the rank constrained LMI approach can no longer be easily applied. Moreover,
we may reformulate this optimization problem in terms of bilinear matrix in-
equality (BMI), which can be solved using an algorithm based on, for example,
homotopy methods (e.g., see [207]), cross decomposition (e.g., see, [208]), a sep-
aration procedure (e.g., see [209]) and cone complementarity linearization (e.g.,
see [160,210]). However, like the rank constrained LMI algorithm, the success
of the BMI approach is dependent on feasible initial parameters, which is usu-
ally unknown beforehand, to determine a suitable path toward a desired optimal
solution. Considering these facts, we thus employ an evolutionary optimization
approach, namely the DE algorithm (see Chapter 2), to find an optimal solution
to the decentralized controller synthesis problem. In doing so, we need to satisfy

nonconvex nonlinear constraints related to the parameterized Riccati equation.

1.3.3 Chapter 5: Decentralized nonlinear robust H* con-
trol
There have been a great variety of algorithms proposed to synthesize decentra-

lized robust control systems, which provide sufficient margins of stability and

performance robustness for a large-scale dynamical system. The strategy used
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in each of these algorithms is very much dependent on the information structure
available for feedback, the control objective and also perturbations in the system
model. These conditions have led to either a linear or a nonlinear decentralized
controller design algorithm, which is only suitable to solve a robust control pro-
blem for a particular class of large-scale system. Thus, to confine the scope of our
discussion, we only focus on a decentralized nonlinear robust H* control problem
for a large-scale nonlinear uncertain system where admissible uncertainties and
nonlinearities satisfy IQCs and GLCs, respectively; e.g., see [6]. This particular
interest originates from what we have done in Chapter 3 and Chapter 4.

A brief survey about some relevant previous research on the topic of decen-
tralized control for large-scale nonlinear uncertain systems is given as follows.
Both nonlinear state feedback and output feedback decentralized controllers can
be constructed by applying methods such as Lyapunov-based nonlinear control
(e.g., see [211,212]), nonlinear adaptive control (e.g., see [213-215]), nonlinear
H®> (Ly-gain) control (e.g., see [216,217]), observer-based nonlinear control (e.g.,
see [218-223]) and sliding mode control (e.g., see [224]). Apart from these non-
linear control techniques, there is also interest in applying linear feedback con-
trol to large-scale dynamical systems where the nonlinearities appear only in
the interconnections. This latter approach can be applied using methods such
as feedback domination with a growth condition (e.g., see [225,226]), a Luen-
berger observer-controller synthesized using solutions to algebraic Riccati equa-
tions (e.g., see [227]) and LMIs (e.g., see [228,229]), and linear dynamic controllers
(e.g., see [230]).

In those references, interconnections between subsystems are mainly consid-
ered as uncertainties and assumed to induce performance degradation of the
large-scale system. This paradigm leads to a decentralized controller, which is
capable of mitigating interconnection effects while achieving a prescribed con-
trol objective. This approach is suitable for decentralized control problems with
unknown interconnections. Moreover, the stability of the decentralized dynamic
controller does not appear in the discussions of the references above and hence,
is not taken into account in the proposed controller design algorithms. This in-
dicates that the issue of the controller stability have been less important in the
decentralized nonlinear control literature. However, strong stabilization has been

considered in some decentralized linear control problems; e.g., see [166,231,232].
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These observations then inspire us to look at decentralized nonlinear control
problems from a different perspective. In this case, we believe that the intercon-
nections can be exploited for control purposes if we have sufficient knowledge of
how the subsystems are interconnected. This is beneficial whenever we can only
assign direct feedback control action to a limited number of subsystems. Adopt-
ing this idea in our approach, we thus do not consider the interconnections as
uncertainties, but rather as useful information to facilitate robust stabilization
with a certain performance level for the large-scale system (see Chapter 4). In
addition, we also include the requirement in Chapter 3 that the decentralized
nonlinear controllers must be stable.

Therefore, as the main contribution of Chapter 5, we present a new method
to solve a robust H*° control problem for a large-scale nonlinear uncertain system
using a stable decentralized nonlinear output feedback controller. In this method,
the discrepancies between non-decentralized and decentralized controllers consti-
tute a set of nonlinear error systems, which are required to be absolutely stable
and considered as additional uncertainties; e.g., see [166]. Moreover, to guar-
antee the stability of the decentralized controllers, we first solve a state feed-
back H* control problem and then introduce another additional uncertainty to
form an artificial uncertain system. The latter system is used to synthesize an
artificial stable output feedback controller with which we construct the decentra-
lized nonlinear controllers. This approach, however, inherently gives rise to some
conservatism; e.g., see [7].

A solution to the decentralized nonlinear control problem is given in terms
of stabilizing solutions to algebraic Riccati equations, which are parameterized
by scaling constants corresponding to all of the uncertainties involved. This
brings nonconvexity into play when solving this problem. Thus, a numerical
algorithm used to compute the solution has to cope with the nonconvex nonlinear
constraints emerging in the proposed method. This motivates us to apply the
DE algorithm in Chapter 2 to find an optimal solution to a constrained nonlinear

optimization problem arising in our control problem.
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1.3.4 Chapter 6: Coherent control of linear quantum sys-

tems

In Chapter 6, we are interested in developing a computational method to synthe-
size a linear coherent quantum feedback controller for a class of linear quantum
systems represented in terms of QSDEs with real coefficients; see [70,72]. The
quantum controller has the same structure as a coherent quantum LQG controller
in [72] and is required to satisfy the algebraic physical realizability condition given
in [72]. Apparently, the coherent quantum control problem with such a constraint
is nonconvex. Solving this problem numerically is a challenging task because its
solution is often difficult to obtain using conventional optimization methods.

The authors of [72] propose to use a rank constrained LMI approach (see [158])
to synthesize a physically realizable coherent quantum LQG controller. This
approach, however, is applied only to solve a relaxed feasibility version of the
original quantum control problem. Therefore, the original quantum control pro-
blem, which is a nonconvex nonlinear optimization problem, remains to be solved.
Moreover, the success of the rank constrained LMI method is strongly dependent
on a suitable initial point, which is usually unknown, to begin a numerical itera-
tion. In addition, when dealing with higher order quantum systems, the approach
of [72] will lead to excessively complicated rank constrained LMI problems.

These concerns have motivated us to develop a more straightforward algorithm
to solve the linear coherent quantum control problem reliably. Thus, as the
main contribution of Chapter 6, we propose to use the DE algorithm described
in Chapter 2, under which the given quantum control problem is reformulated
as a constrained nonlinear optimization problem. In particular, the physically
realizable condition is transformed into a complex algebraic Riccati equation,
which serves as one of equality constraints. This optimization approach provides
us a framework to solve various linear quantum control problems, which include
the coherent quantum H> and LQG control as presented in [70,72]. Thus, we
are quite flexible to determine a particular objective function to optimize and the
constraints involved.

To demonstrate our DE-based approach, we carry out a case study involv-
ing entanglement enhancement for a quantum optical network using a coherent
quantum controller. The quantum network consists of two optical parametric

amplifiers (OPAs), which are directly interconnected through an optical field and
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driven by quantum noise. An initial entanglement of this network is then en-
hanced by applying a coherent quantum controller in place of the optical field
interconnecting the two OPAs. This case study is motivated by the results in [233]
where the authors successfully increase and preserve the entanglement level of a
quantum optical network using both a homodyne detector and a classical feed-
back control gain. Also, we note the significance of entanglement as a unique
physical phenomenon in quantum mechanics, which becomes a fundamental re-
source required in quantum information processing.

Although the notion of quantum entanglement seems to be less than fully com-
prehended, it is true that entanglement is useful to increase speed and security
of some applications in, for example, quantum cryptography, quantum computa-
tion, quantum teleportation and quantum communication; e.g., see [25,234,235].
However, entanglement is susceptible to decoherence because of inevitable inter-
action between a quantum network and its environment. It is indeed a challenging
problem to prevent entanglement from decaying or disappearing so that we can
exploit entanglement for application purposes; e.g., see [236,237]. This has given
rise to the emergence of various control techniques to generate, preserve and
restore entanglement within a quantum network; e.g., see [61,233,238-244].

There are many ways to measure the entanglement level depending on prop-
erties of the quantum states; e.g., see [245,246]. In our case, we have Gaussian
quantum states, and thus, the entanglement level can be measured in terms of
the logarithmic negativity as a function of the covariance matrix of the quantum
network; e.g., see [233,247-249]. The covariance matrix can be obtained as a
solution of a Lyapunov equation associated with the quantum network. Then,
applying our DE-based algorithm to synthesize the coherent quantum controller,
we can consider the logarithmic negativity as an objective function to maximize
while satisfying an entanglement criterion. This in turn leads to a physically
realizable quantum controller, which is capable of stabilizing the quantum net-
work with an enhanced entanglement level. It should also be noted that the

logarithmic negativity is a nonconvex functional; see [250].

1.3.5 Chapter 7: Coherent quantum robust H* control

In practice, it is often assumed that a quantum system is subject to perturba-

tions generated by noises, exogenous disturbances and uncertainties (e.g., model
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mismatch and unknown dynamics). This situation imposes an essential task on a
quantum feedback controller to maintain sufficient margins of stability and per-
formance of the closed loop system in the presence of those perturbations. Thus,
as in the classical control theory, robustness against perturbations also becomes
a central issue in quantum control studies; e.g., see [64,70,251-255]. Taking
perturbations into account, we then represent them explicitly in a mathematical
model of the quantum system being controlled.

In Chapter 7, we consider coherent quantum robust H* control for a class of
linear complex quantum stochastic systems with norm-bounded structured uncer-
tainties. The dynamics of an uncertain quantum system in this class is determined
only by annihilation operators and described in terms of QSDEs with complex
coefficients; e.g., see [33,73]. The aim of applying coherent quantum robust H>
control strategy is to achieve a strict bounded real closed loop uncertain quantum
system with a specified disturbance attenuation level. It is certainly possible to
solve this quantum control problem based on the quantum H* control methods
presented in [70, 73] by lumping all uncertainties in the quantum system into a
single unstructured uncertainty. However, these methods may result in a con-
servative quantum H controller, which is not always stable and strict bounded
real. Hence, the quantum controller may not be physically realizable.

As the main contribution of Chapter 7, we thus propose a new method to con-
struct a stable and strict bounded real coherent quantum H° controller, which
is guaranteed to be physically realizable. The coherent quantum H*° controller is
of the same order as that of the plant. The underlying main idea of our approach
is to introduce an additional uncertainty to form an artificial uncertain quantum
system, based on which the desired quantum controller is designed. This idea is
taken from the classical control approach in [8]. The additional uncertainty has
specific properties that for one particular uncertainty value, the artificial uncer-
tain quantum system reduces to the original uncertain quantum system and thus,
any suitable coherent quantum H controller will also lead to the satisfaction of
the H control objective for the original uncertain quantum system. Also, for
another uncertainty value, the artificial uncertain quantum system reduces to a
particular open loop configuration such that the coherent quantum H®° controller
must be stable and strict bounded real, and hence, is physically realizable. Thus,

we only provide sufficient conditions to construct such a coherent quantum H
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controller. Also, it should be noted that the inclusion of the additional uncer-
tainty will introduce some extra conservatism in the quantum controller design
process.

To reduce controller conservatism, we introduce scaling parameters to exploit
the structure of the uncertainties. Along with the formulation in [73], this ap-
proach leads to a solution to the quantum robust H* control problem, which is
given in terms of stabilizing solutions to parameterized complex algebraic Riccati
equations. This implies that we have to deal with nonconvex nonlinear con-
straints, which are difficult to satisfy when solving the given quantum control
problem using conventional optimization methods. Thus, we apply the DE al-
gorithm in Chapter 2, which is a reliable way to find an optimal solution to a
difficult nonconvex optimization problem.

The class of quantum systems under consideration includes quantum opti-
cal systems with purely passive optical elements such as optical cavities, beam-
splitters and phase-shifters; e.g., see [73]. Thus, to demonstrate the efficacy of
our DE-based algorithm, we consider an example of stabilizing a quantum optical
system using a quantum H° controller, which cannot be solved using the method
in [73]. We also show that the resulting quantum controller can be physically con-
structed using an algorithm in [77] as a cascade of n generalized m-mirror cavities

using the passive optical components.

1.3.6 Chapter 8: Decentralized coherent quantum robust

H® control

Given the current progress of quantum technology development, we would expect
large-scale quantum systems in future applications of quantum information and
computation; e.g., see [23,234,256]. When a quantum system is of high dimension
and complexity, applying a non-decentralized coherent quantum controller may
not be feasible due to the high cost of computation and implementation. These
issues have also been considered in Chapter 4 and Chapter 5 for the classical
decentralized control system. Meanwhile, rigorous investigation on how to control
large-scale quantum systems in a decentralized manner is still in its infancy.
This situation provides us an opportunity to develop new methods to design a
decentralized coherent quantum control system.

In Chapter 8, we consider decentralized coherent quantum robust H> control
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for a class of large-scale linear complex quantum stochastic systems with norm-
bounded structured uncertainties. The dynamics of a quantum system in this
class is determined only by annihilation operators and represented in terms of
QSDEs with complex coefficients as in Chapter 7. Moreover, the H* control
objective is to obtain a closed loop uncertain quantum system, which is strict
bounded real with a specified disturbance attenuation level.

The underlying main idea to synthesize the decentralized quantum controller
is similar to that in Chapter 4 and Chapter 5. In this case, we view a large-
scale quantum system as consisting of interconnected quantum subsystems. We
then assume that interconnections between quantum subsystems are known and
hence, they are not treated as sources of uncertainties. Instead, we neglect the
off-diagonal parts of the transfer function matrix of a non-decentralized quantum
controller and consider them as additional uncertainties to the quantum plant;
e.g., see [166]. This implies that the non-decentralized quantum controller has
to be stable. Moreover, this approach also allows the decentralized quantum
controller to exploit the interconnections, which is very useful when the number
of controllers is less than that of the subsystems; e.g., see [197].

We then propose two systematic methods to synthesize decentralized quan-
tum controllers. A direct extension of the results in [73] lead to the first method,
but it does not immediately yield a physically realizable decentralized quantum
robust H* controller. Therefore, we must check the physical realizability of the
controller before it can be implemented. We are indeed able to guarantee the de-
centralized quantum controller to be physically realizable by applying the results
in Chapter 7. This approach then gives rise to the second method and hence,
yields a stable and strict bounded real decentralized quantum controller. How-
ever, the use of additional artificial uncertainty in the second method introduces
some extra conservatism to the controller design process. Also, we need more
constraints to ensure that the physical realizability condition is satisfied.

In both methods, we apply scaling constants to exploit the structure of the
uncertainties involved in the quantum system in order to reduce conservatism
of the resulting controller. Thus, solutions to the decentralized quantum con-
trol problem are given in terms of stabilizing solutions to parameterized complex
algebraic Riccati equations. This formulation leads to nonconvex nonlinear con-

straints, which are difficult to satisfy when we solve the given control problem.
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We then employ the DE algorithm in Chapter 2 to compute all scaling parameters
necessary for constructing the decentralized quantum controllers.

To demonstrate the DE-based controller design algorithms, we consider an
example of a quantum optical network for each method. We also show that
for a particular network, the first method fails to yield a physically realizable
decentralized quantum controller, whereas the second method succeeds in doing
so. Moreover, using an algorithm in [77], the resulting decentralized quantum
controller can be physically constructed as a cascade of n generalized m-mirror
cavities using passive optical components such as optical cavities, beam-splitters

and phase-shifters.
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Chapter 2
Differential Evolution

In this chapter, we present a brief description of the notion of evolutionary
algorithms together with some important technical issues. We then provide a
short discussion about a particular class of evolutionary algorithm, namely the
differential evolution algorithm. The latter is applied to solve various controller
design problems for both classical and quantum dynamical systems in subsequent
chapters. Moreover, along with the characterization of principal operators of the
differential evolution algorithm, we also touch on the issues of constraint handling

and parameter setting.

2.1 Evolutionary Algorithm

The evolutionary algorithm (EA) operates on a population of candidate solutions,
which is generated randomly according to a certain probability distribution func-
tion. Thus, the EA is considered as a population-based stochastic numerical
solver. An initial population with sufficient diversity is necessary to begin a nu-
merical evolution because it affects the success of the EA in returning a desirable
solution. In general, a candidate solution consists of decision variables, which
can be represented in various data formats such as a binary string, a real-valued
vector, a symbolic expression, a finite state machine and a tree structure; e.g.,
see [79,80]. In some cases, it may also be a mixture of these possibilities; e.g.,
see [85,257]. It should be noted, however, that not all representations are suitable
for a particular EA.

Given a population of candidate solutions, it is natural that they may not fit
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Algorithm 2.1 Evolutionary Algorithm

1: Initialization: randomly generate an initial population
2: Fitness evaluation

3: while Termination criterion is not satisfied do

4 Parent selection

5:  Recombination

6 Mutation

7 Fitness evaluation

8:  Select the next generation candidate solutions

9: end while

10: Return

equally into the numerical environment defined by the constraints and/or objec-
tive function involved. An EA then requires an appropriate fitness assessment as
a routine to rate the quality of each candidate solution and as a link to a problem
under consideration. The fitness information is very important as it will affect
the quality of the new population formed through evolution and selection pro-
cesses. The higher the fitness of a candidate solution is, the more probable it is
chosen to propagate its genetic codes (parameter values) to the next generation.

A new candidate solution (offspring) is produced by recombining two or more
candidate solutions (parents) chosen from the current population. There are
many ways to choose the parents randomly such as fitness proportional selection,
ranking selection, tournament selection and stochastic universal sampling; e.g.,
see [79]. Due to the random selection, it is then possible that one of the par-
ents has a poor fitness. However, this is beneficial in the early stage evolution
as it keeps the population diversity high so as to avoid premature convergence.
Also, an offspring may undergo mutation where its genetic codes are perturbed
randomly. Both recombination and mutation follow particular probability distri-
bution functions. Having recombined and mutated the population, we also need
to assess the fitness of its members. It is logical to expect that the offspring
will have a better fitness rate as compared to their parents. Thus, recombination
and mutation is usually referred to as an adaptation process to match with the
environment; e.g., see [79]. Now, on the basis of their fitness quality, all members
in the parent population have to compete with those in the offspring population
in order to survive and be selected as members of a new population. The evo-

lution processes are repeated until a termination criterion is satisfied. A general
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pseudocode of EA is illustrated in Algorithm 2.1; e.g., see [79,258,259].

2.1.1 Evolutionary algorithm and optimization

One of the most popular EA applications is to solve an optimization problem with
constraints; e.g., see [258,260-262]. In general, this problem can be formulated
as follows (e.g., see [19,263,264]): Find an optimal solution ¥* to solve

mﬁin f(0) (2.1)
subject to

g(¥) =0, for j=1,2,...,a;
he(0) <0, for k=1,2,...,b (2.2)

where ¥ € C"; f : C" — R is an objective function to be minimized; gj : C" —
CP*? is an equality constraint function; and h, : C" — C"** is an inequality
constraint function. Here, a and b are the total number of equality and inequality
constraints, respectively. In practice, the optimization problem (2.1), (2.2) does
not always have nice properties from a numerical perspective so that this problem
is considered as a hard problem to solve.

The EA is widely used to solve various difficult optimization problems (from
a conventional perspective) with a satisfactory success rate. This is particu-
larly true when we are dealing with an optimization problem under unfavor-
able circumstances such as a non-differentiable and time-varying objective func-
tion, a disjoint and nonconvex feasible space, a multimodal and noisy landscape,
highly nonlinear and discontinuous constraints and an uncertain model; e.g.,
see [79,80,92,94,265,266]. Although a rigorous mathematical analysis of EA is
difficult to obtain (e.g., see [79,85,267]), it is often empirically evident that the EA
is capable of delivering a good solution. This is often acceptable when obtaining
a global optimal solution is arduous and computationally difficult, if not impossi-
ble, using, for example, fixed-point methods, bracketing methods, gradient-based
methods or even stochastic direct search methods; e.g., see [79,80,261].

In real-world applications, the EA is recognized as a flexible and versatile

approach toward an optimization problem at hand (e.g., see [79,80,94]), which
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is also evident in our results from Chapter 3 to Chapter 8. These characteristics
are beneficial for practitioners who might have to deal with a complex problem
without an appropriate mathematical formulation and yet, a reasonably good
solution is required. Hence, the EA is a legitimate choice, especially when a
proven exact solver does not exist. On the other hand, if we are solving a convex
optimization problem and an efficient problem-specific method is available, then
applying an EA is not recommended as it is very unlikely for the EA to return a
better result; e.g., see [79].

Considering recent advancements in computational technology (software and
hardware), we can further exploit the capabilities and properties of EA when
implemented through parallel computing for solving a large-scale optimization
problems with high complexity; e.g., see [3,102,268-271]. If such complex prob-
lems can be divided into several sub-problems and efficient exact methods are
available for some of them, it is possible to combine an EA with those methods
in order to obtain a better solution. This combination then leads to a hybrid EA;
e.g., see [272,273]. Another celebrated application of EA is for solving multi-
objective optimization problems; e.g., see [269,271,274,275|. In practice, we may
find that one objective function is in conflict with other ones. In this case, the
EA will result in a so-called Pareto front, which is a set of all non-dominated

solutions defining the best trade-off among all objective functions.

2.1.2 Technical issues

Despite the favorable properties and versatility of EA, it has some technical issues
about which we need to be cautious. If we fail to anticipate their influence, EA
performance will be degraded. This indicates that EA implementation is by no
means trivial, although it is acknowledged as a generic numerical solver. Such
concerns are worth considering no matter which type of EA is used. Here, we

mention several critical aspects by which the performance of EA is affected:

1. It is important to ensure that the initial population has sufficient diversity,
which the recombination and mutation operators should maintain during
the numerical evolution. If the initial population lacks of this diversity, we
could find that the EA converges prematurely due to stagnation in a small
search space. Conversely, an overly large population size and/or search

space is used at the expense of computational time; e.g., see [80,257].
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2. Since a priori information about a search space is often not available, we
should aim for a balance between exploration and exploitation. Otherwise,
the search process could either be too long due to an extensive exploration
over the search space or be trapped in a local optimum due to an intense
exploitation in the neighborhood of some good candidate solutions. Despite
their importance, it is not immediately clear which operators of an EA are
responsible for these tasks. However, in general, many users would agree
that exploration is done by the recombination and mutation operators,

while exploitation is done by the selection operator; e.g., see [85,276].

3. Regarding the stochastic nature of EA, defining suitable probability distri-
bution functions to generate an initial population and to govern the recom-
bination, mutation and selection operators is somewhat delicate. A careless
choice of these functions and their parameters can lead to a poor solution
or even no solution at all. Therefore, it is important to have an appropriate
representation of the distribution functions because the recombination and
mutation characteristics are related to the data structure of the candidate
solutions; e.g., see [80,84,277].

4. Many practical problems are inherently constrained. If an EA is applied to
solve such problems, it should be realized that the EA machinery does not
anticipate how to handle the constraints properly. This concern is crucial as
it determines how we examine the fitness of each candidate solution. Hence,
a large number of direct and indirect constraint handling techniques have
been proposed to restore and to improve EA capabilities in the presence of
the constraints; e.g., see [260,261,278,279].

5. The EA performance robustness may be sensitive to the choice of EA pa-
rameters such as the population size, the recombination probability, the
mutation probability and the number of iteration cycles. It is indeed a
time-consuming effort to find a proper set of parameters before starting
the numerical evolution. This has become an impetus to the emergence
of various parameter control techniques, which change the EA parameters

dynamically when the EA is running; e.g., see [280-282].

There are also reciprocal relationships among those issues so that it is nec-

essary to address them effectively at a minimum expense. As it is not easy to
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find a comprehensive solution to these problems, we need to be mindful regarding
the advantages and disadvantages of any technique proposed in the EA litera-
ture. In this regard, no free lunch principle is at work because no EA performs
equally well on every optimization problem; see [142]. However, this opens an

opportunity for EA enhancement and development.

2.2 Differential Evolution Algorithm

Solving a general global optimization problem with real-valued variables remains
a challenging topic, especially because the size and complexity of such a problem
are steadily increasing. We often find that this problem is extremely difficult to
solve using conventional optimization methods. In this situation, a direct search
approach often turns out to be a useful technique used to find a global optimal
solution. In particular, the EA has demonstrated its reliability as one type of
stochastic direct search methods.

Among early generation EAs, evolution strategies and genetic algorithms have
probably been the most widely used algorithms to solve the real-valued optimiza-
tion problems, often with remarkable success. Yet, a requirement for a simpler
and more powerful EA undoubtedly remains. Thus, in 1995, Kenneth V. Price
and Rainer M. Storn promoted a new EA referred to as the differential evolution
(DE) algorithm; e.g., see [140]. This invention was motivated by some require-

ments found in practical minimization tasks as follows:
1. Capable of dealing with ill-conditioned cost functionals;

2. Suitable for parallel computation to solve large problems on an affordable

time scale;
3. Only needs a small number of EA parameters, which are easy to choose;
4. Less sensitive to EA parameter variation;
5. Have a reliable convergence behavior.

The DE algorithm is a self-reliant EA as it only employs information from
within an initial population to start a numerical evolution. More precisely, it

does not rely on any prescribed probability distribution function to drive its
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machinery, namely the recombination, mutation and selection operators. The
DE algorithm only has three parameters, that is, the population size Np, the
mutation factor F' and the recombination rate Cg; e.g., see [140]. It is quite
simple to choose the values of those parameters and the inventors also claimed
that the DE algorithm has a good robustness against their variation. However,
later investigations showed that this claim is not accurate and there are indeed
some issues regarding their roles in driving the search process; e.g., see [283,284].

One way to assess the merit of DE is done by comparing its performance with
that of other stochastic algorithms, which are assigned to solve a given global
optimization problem. It has been reported in [140] that the DE algorithm out-
performs other stochastic global optimization methods (e.g., simulated annealing
(see [285]) and stochastic differential equations (see [286])) and EAs (e.g., breeder
genetic algorithm (see [287]) and an evolutionary algorithm with soft genetic op-
erators (see [288])) when solving some benchmark unconstrained optimization
problems. We may also find empirical results in e.g., [4,289,290] which show
that the DE algorithm exhibits higher success rate and more efficient, robust,
accurate and consistent as compared to, for instance, random search algorithm,
evolution strategies, particle swarm optimization and genetic algorithms.

Also, there have been investigations into the DE behavior when it is applied
to handle constrained optimization problems with nonlinear constraints, mixed-
variables and multiple objective cost functions; e.g, see [201-296]. The conclu-
sions are that the DE algorithm is reliable, competitive and more likely to return
better results in a consistent manner than those given by other EAs. However,
when the DE algorithm is applied to optimize noisy cost functionals, it does not
perform as well as a standard EA, which incorporates stochastic properties in
its design; e.g., see [141]. Also, many experiments have been done to compare
the performance of different DE variants; e.g., see [207-299]. These results offer
useful guidance for users to recognize the strengths and weaknesses of the DE
algorithm.

The structure of a standard DE algorithm is consistent with the one in Algo-
rithm 2.1. The core DE components, constraint handling and parameter setting
are briefly described in the following sub-sections. Moreover, a detailed account

on the DE algorithm and its applications can be found in [4].
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2.2.1 Population

A candidate solution ¥;; is defined as a D-dimensional vector of real-valued

decision variables, which is modeled as follows:

T

Vij = |Vijn Vijo2 - Yijp (2.3)

where i is the population index (: = 1,2,...,G) and j is the individual index
(j=1,2,...,Np). The k-th element of ¥, ; in (2.3) is confined to an interval

Lk Sﬂi,j,k S Uk, for k = 1,2,...,D (24)

where Lj, is a lower bound and Uy, is an upper bound. An initial population of
size Np is generated randomly and distributed uniformly within a search space
defined by the lower and upper bounds on all decision variables. Thus, the k-th

element of an initial candidate solution ¥, ; is given as
1k = ajr (Up — Li) + Ly, Vi, k (2.5)

where «; is a uniformly distributed random number in [0, 1].

Each individual 9; ; of the i-th population is referred to as a target vector.
Applying the mutation and recombination operators to a target population, the
DE algorithm produces a new potential candidate solution called the trial vector.
Both the target and trial vectors are then involved in a competition in order to
survive as a member of the next generation population. The competition is

determined by the selection operator based on the fitness of both vectors.

2.2.2 Mutation and recombination

The DE mutation and recombination on each individual ¥J; ; can be carried out
element-wise. These operations depend on two parameters: the mutation factor
F € [0,1] and the recombination rate Cr € [0,1]. Thus, a trial vector & ; is

formed according to the following rule:

Viag +F (Vipe — Vier), i Bije < Cr or k=i
ijk = { ’ ’ (2.6)

Di ks otherwise



2.2.  Differential Evolution Algorithm 37

where a, b, ¢ are random indexes sampled from {1,2,... Np} and j # a # b # ¢;
Bijk is a uniformly distributed random number in [0,1]; and 7, ;5 is a random
index sampled from {1,2,...,D}. It is possible that F' > 1, but this tends to
reduce the convergence rate and result in a less reliable solution; see [4]. Moreover,
if & ;.1 exceeds the lower bound Ly, or the upper bound Uy, we regenerate &; ;1 as

follows:

Via ij —Viar), if & ;
@,j,kz{ o G U i) S 0 (27)

Viak + Gk (L —Viak), i &k < Ly

where (; ;1 is a uniformly distributed random number in [0, 1].

Vijo

Vija
Figure 2.1: The DE mutation and recombination with two-dimensional ¥J; ; result in

),
1,7

three potential trial vectors: fgj), ffj) or £ e.g., see [4].

In the rule (2.6), recombination occurs if f; j, < Cg or k = 7, 4. That is,
the k-th element &; ;i of the j-th trial vector equals the k-th mutated element
ik + F (Vipg — Vicr)]. In this case, ¥; 4 is the k-th element of the a-th base
vector ¥; ,, which is perturbed by the scaled k-th element F' (1, — 0;.) of the
difference vector (9;, — ;). We introduce 7; 5 in (2.6) in order to prevent a
trial vector &, ; from inheriting all elements of a target vector ¥; ;. Thus, at least
one element of §; ; is different from those of ¥; ;. This process is illustrated in
Figure 2.1 for two-dimensional mutation and recombination.

The DE algorithm with the mutation and recombination scheme in (2.6) is
considered as a standard variant denoted by DE/rand/1/bin (see Algorithm 2.2).
In this variant, 'rand’ means that v; , is chosen randomly; "1’ means that only

one difference vector (¢;), — ;) is required for mutation; and ’bin’ means that
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Algorithm 2.2 Standard DE algorithm: DE/rand/1/bin

1: Parameter inputs: Np, F,Cgr, D, G, Ly, Uy,

2: Initial population: ¥y ji = ajx (Ux — Lg) + Lg, V5, k
3: Fitness evaluation of the initial population

4: Population index: i =1

5: while i < G do

6: for j=1to Np do

7: Mutation & recombination:

8: for k=1to D do

9: Random sample: a,b,c € {1,2,...,Np} and j #a#b+#c
10. €= { Viak +F (Dipp —Vick), if Bijx < Cr or k=",

' bk Vi jies otherwise

11: if fi,j,k > U, then
12: Diak + Cijk (Ux — Viar)
13: end if
14: if 57;7]'7],3 < Lk then
15: Viak + Gk (L — Vian)
16: end if

17: end for

18: Fitness evaluation of the i-th trial population

19: Select the next generation candidate solutions:
20: Divr; = { Sgr 1 (&) < (i)

’ ¥, j, otherwise

21:  end for
22: 1=1+1
23: end while
24: Return

a binomial recombination is used. In general, this shorthand notation takes the
form of DE/x/y/z; see [140]. Here, x denotes how ¥; , is chosen; y denotes the
number of difference vectors (v¢;, — ;) required for mutation; and z denotes

which type of recombination is applied.

2.2.3 Selection

The standard DE algorithm in [140] only aims to handle an unconstrained op-
timization problem. Thus, a criterion to select the trial vector §;; in favor of

the target vector ¢, ; (or vice versa) to be a member ;.4 ; of a next generation
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population is as follows:

: (2.8)
U otherwise

9 _{ gy if F(&) < F(Wiy)
i+l =

2,7

where f(+) is an objective function (to be minimized) of the optimization problem
being considered.

If the DE algorithm is applied to solve a constrained optimization problem
(e.g., see [292,294-296, 300, 301]), we then select the trial vector &; ; in favor of

the target vector v; ; whenever the following selection criteria are satisfied:
1. & ; is a feasible candidate solution, while ¥; ; is an infeasible one; or
2. (&) <f(9;;), when both & ; and ¥, ; are feasible; or

3. & ; has a smaller number of constraint violations and/or a lower cost due

to the violations than ¥; ; does, when both §; ; and ¥, ; are infeasible.

The feasibility of a candidate solution informs us about its fitness with respect

to all constraints involved in the optimization.

2.2.4 Constraint handling

When applying the DE algorithm to solve a constrained optimization problem, it
is important to pay attention to the constraint handling task as it is related to the
selection operator; e.g., see [292]. There are many ways to accomplish this task in
order to obtain one or more optimal solution(s); e.g., see [279,300,301]. Through
a constraint handling scheme, we acquire information about the fitness of each
candidate solution with respect to all constraints. For our controller synthesis
application, we employ an indirect constraint handling technique by counting the
number v of constraint violations and assigning a penalty function p(-) to an
infeasible candidate solution, where p : C* — R. The function p(-) is associated
with a constraint gj(-) < 0 or hy(-) = 0 in (2.2), which is directly violated by a
target vector ¥; ; or a trial vector & ;.

In particular, we apply a static penalty function, which has the following form:

p(o) = (a(0))° (2.9)
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where o can be a target vector ¥, ; or a trial vector &;;; and s > 1 is a power
constant; e.g., see [95,259,279]. The function q(-) is not necessarily the same as
g;(-) or h(-), but it can be another function, which represents a desired property
of gj(-) or hy(-). In this case, q(-) can also be interpreted as a metric, which
penalizes the distance from an infeasible target vector ¥;; or trial vector &; ; to
the violated constraint. Moreover, if there is no constraint violation (v = 0), we

have
p(o) = f(o) (2.10)

where f(+) is the objective function in (2.1).

This penalty-based approach is simple, but it involves an extra parameter:
power constant s, which may affect the overall DE performance. Thus, in prac-
tice, we can take s = 2 or s = 3, because a large s may lead to a high pressure
selection process. This is not beneficial during early stage numerical evolution
since it tends to reduce population diversity and cause exploration-exploitation
imbalance. With these concerns in mind, we realize that there are always advan-
tages and disadvantages associated with each constraint handling technique; e.g.,
see [261,279]. Note that since the objective function f(o) in (2.10) (see Chapter 3
— Chapter 8) may also involve power constants, we then have the same concern
about them as in the case of the power constant s for q(o) in (2.9).

We also assume that a constraint violation at a lower level implies those at
the higher levels. This assumption is made in order to have an efficient fitness
test routine. In fact, the levels in this routine are introduced because we have
some technical assumptions to satisfy for each particular controller design method

presented in Chapter 3 — Chapter 8.

2.2.5 Drift-free mutation and recombination

As explained in [4,5], DE/rand/1/bin with 0 < Cg < 1 is not rotational invari-
ant because its performance is dependent on the orientation of the coordinate
system where the candidate solution ¥, ; is defined. Thus, the positions of some
potential trial vectors will be rotated when rotational misalignment occurs be-
tween the coordinate system of the candidate solution vJ; ; and that in which an
optimization problem is defined (see Figure 2.2). As a priori information about

the coordinate system orientation is generally unavailable, this drawback may
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Figure 2.2: For 0 < Cr < 1, the potential trial vectors 55? and 52-(?;) are rotated due
to misalignment between the DE coordinates (191,]-,1, v, j’g) and the problem coordinates

(19;7]}1’792,3‘,2); e.g., see [5].

cause DE /rand/1/bin to drift and return a biased solution or no solution at all.

Considering the illustration in Figure 2.2, we notice that DE/rand/1/bin is
rotational invariant only when C'r = 1, which implies that the numerical variation
is only determined by mutation without recombination. In this case, we only have
one potential trial vector 51»(;-) whose position does not change due to rotation.
Setting C'r = 1, however, may degrade the performance of DE /rand/1/bin when
this algorithm is applied to solve a multimodal optimization problem; e.g., see [4].
Thus, a remedy to the shortcoming of DE /rand/1/bin is given by an alternative
DE algorithm: DE/rand/1/either — or, which is rotational invariant; see [4]. In
the latter algorithm, the standard mutation-binomial recombination scheme in

(2.6) is replaced by the mutation-arithmetic recombination scheme:

(2.11)

€= Vi + F10p.c, it n;; < Chus
" Vi + F5 (0 — 20, ), otherwise

where 0y :=V;p — U;0; F1, Fy € [0,1]; and n; ; is a uniformly distributed random
number in [0, 1]. Note that the recombination rate Cg in (2.6) is also replaced
by the mutation rate Cy; € [0,1] in (2.11).

Nevertheless, further investigation on DF/rand/1/either — or shows that

this algorithm does not have a center-symmetric distribution, which also causes
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Algorithm 2.3 Enhanced DE algorithm: Drift-Free DE /rand/1/either — or
1: Parameter inputs: Np, F,Cy, D, G, Ly, Uy
2: Initial population: ¥y ji = ajr (Ux — Lg) + Lg, V5, k
3: Fitness evaluation of the initial population
4: Population index: i =1
5: while i < G do
6: for j=1to Np do

7 Mutation & recombination:

8: Random sample: a,b,c,d € {1,2,...,Np}, j#a#band j#c#d
. _J Ui+ Fopg, if 7;; < Chus

5 $ij = { Vij + VD (e €ca) Eca, otherwise

10: for k=1to D do

11: if gi,j,k > U, then

12: Viak + Gijk (Ux — Vo)

13: end if

14: if fi,j,k < Lk then

15: Giak + Cijk (L — Vi)

16: end if

17: end for

18: Fitness evaluation of the i-th trial population

19: Select the next generation candidate solutions:

20: Dorr = Eig, 1 £(&y) < F(Uiy)
' b ¥;;, otherwise

21:  end for
22: 1=1+1
23: end while
24: Return

drift in the numerical variation; see [5]. To cope with this drawback, another
modification is done to the arithmetic recombination in (2.11). This results in a
drift-free DE/rand/1/either — or (see Algorithm 2.3) in which the trial vector

&, is formed according to the following rule (see [5]):

(2.12)

5 _ ,197':.7 + Féb,C? lf 7774’.] S CM7
v Vi + VD (O - €ca) Eca, Otherwise

where a,b,c,d are random indexes sampled from {1,2,...,Np}; j # a # b;
j # c#d; and

Vie +Via — 20,
Eed -

- . (2.13)
|0ic + Vg — 20, 4]
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Note that (dp. - €cq) is a dot product of d. and e.4. The scheme in (2.12) is
immune against drift bias due to coordinate rotation and a distribution, which is

not center-symmetric; see [5].

2.2.6 Parameter setting

The setting of the DE parameters (Np, F', Cr or C)y) is important because
it affects the robustness, efficiency and convergence rate of the DE algorithm.
Extensive studies on this issue have been conducted in e.g., [283,284,298,302,303].
An inappropriate choice of the DE parameters can lead to inadequate population
diversity, stagnation, premature (or slow) convergence and inaccuracy. These are
critical risks which may happen due to poor parameter setting. Many approaches,
therefore, have been proposed to facilitate DE parameter tuning and parameter
control; e.g., see [304-309]. They aims at reducing the occurrence probability of
those risks while maintaining high probability of success of the DE algorithm.

To set the DE parameter values for the drift-free DE /rand/1/either — or, we
follow a strategy proposed in [5]. That is,

F=1; Cy=05 N,=k[(1-Cy)D*>+2CyD] (2.14)

where k € {2,4,8,...,D}. Note that the strategy in (2.14) is presented in [5] as
a result of empirical studies about how the variations of the DE parameters (Np,
D, F, Cy) affect the number of function evaluations per success. Applying this
strategy, we can start with a small k, and if the results of the numerical evolution
are not good enough, we can increase the value of £ < D. If this does not lead to
satisfactory results either, we can gradually reduce the value of C'y; and then F'.
Also, we fix the number of iteration cycles G prior to running the DE algorithm
as a stopping criterion. Besides this procedure, it is also possible to determine
the values of those parameters adaptively as presented in e.g., see [305,307-310].
This approach allows the DE parameter values and stopping criterion to vary

dynamically according to the evolution progress of the population.
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Chapter 3

Nonlinear Robust H* Control
via a Stable Nonlinear Output
Feedback Controller

3.1 Introduction

This chapter aims to present a systematic method to design a stable nonlinear
robust H* output feedback controller for a class of nonlinear uncertain systems.
The admissible uncertainty and nonlinearity in the system are required to satisfy
an integral quadratic constraint and a global Lipschitz condition, respectively;
e.g., see [2,311]. Applying such controller, we aim to obtain an absolutely stable
closed loop nonlinear uncertain system with a specified disturbance attenuation
level.

There are two underlying main ideas in our method to solve this control
problem. Firstly, we include a copy of each known nonlinearity of the plant in the
controller in order to enable the controller to exploit the plant nonlinearity (see
[6]). Secondly, we use a state feedback gain matrix and introduce an additional
uncertainty used to form an artificial uncertain system (see [7]). The purpose
of this construction is to guarantee that any suitable output feedback controller
for the artificial uncertain system is always stable and also solves the original
absolute stabilization problem. The resulting controller matrices are given in
terms of the stabilizing solutions of parameterized algebraic Riccati equations.

We propose to apply an evolutionary optimization method, namely the dif-
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ferential evolution (DE) algorithm, to compute all required controller design pa-
rameters. This is motivated by the fact that our control problem is subject to a
set of both nonconvex and nonlinear constraints, which is often difficult to solve

using regular optimization methods.

3.2 Problem Statement

A nonlinear robust H* control problem is presented in this section, which begins
by describing a nonlinear uncertain system under consideration and the notions
of admissible uncertainty and absolute stabilizability. Additional notation is also
defined in order to transform the given nonlinear control problem into a standard

form based on the approach in [6].

3.2.1 System description and definitions

We are concerned with a class of nonlinear uncertain systems, which can be

represented as follows:

i(t) = Az(t) + Biw(t) + Boul(t) + Z By () + Zg: By ipi(t)

2(t) = Chx(t) + Dygu(t);
Cl (t) = Hl’lx(t) + Gl,lu(t);

Gr(t) =
1241 (t) =

Hy px(t) + Gy pu(t);
H 1[L’(t) + GQJU(t);
ve(t) = Haga(t) + Gagu(t);

y(t) = Cgl'(t) + Dglw + Z Fl sgs + Z F2 z,uz (31)

The variables involved in the state equations (3.1) are the state z € R", the
control input v € R™, the disturbance input w € RP, the controlled output
2z € RY, the measurement output y € R!, the uncertainty input & € R"™, the
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uncertainty output ¢, € R” (for s = 1,2,..., f), the nonlinearity input u; € R

and the nonlinearity output v; € R (for i = 1,2,...,g). All coefficient matrices

in (3.1) are assumed to have compatible dimensions with those of the signals.
The relation between each nonlinearity input p;(¢) and nonlinearity output

v;(t) is given by the following scalar-valued nonlinear function ;(-):

Mz(t) :¢z (Vz(t))’ Vi = 172,79 (32)

where each nonlinear function ;(+) is required to satisfy 1;(0) = 0. The nonlin-
ear function 1;(+) is assumed to be known and is required to satisfy the global
Lipschitz condition (GLC)

[Wi(v(t) = ¢s(0(t)] < Bilv(t) —o(E)], 6 >0 (3.3)

for all pairs of (v(t),7(t)) and ¢ = 1,2,...,g9. Meanwhile, each structured uncer-

tainty in the system (3.1) is described as follows:

fs(t) :¢8 (t7C8(t))’ vs: 1727’f (34)

where ¢4(-) may be considered as a nonlinear time-varying and dynamic func-
tional; see [2]. A structured uncertainty is said to be admissible if it satisfies the

integral quadratic constraint (IQC) stated in the following definition:

Definition 3.1. (Integral Quadratic Constraint; e.g., see [2].) An uncertainty of
the form (3.4) is an admissible uncertainty for the system (3.1) if the following
conditions hold: Given any locally square integrable control input «(-) and locally
square integrable disturbance input w(-), and any corresponding solution to the
system (3.1), (3.2), (3.4), let (0,t,) be the interval on which the solution exists.
Then there exist constants dy; > 0,...,d; s > 0 and a sequence {;}7°, such
that t, — t,, tx > 0 and

/ Pt < / GIPdt + d (3.5)

0 0

for all k£ and for all s = 1,2,..., f. Here, || - || denotes the standard Euclidean
norm and L, [0, 00) denotes the Hilbert space of square integrable vector valued

functions defined on [0, 00). Note that t; and ¢, may be equal to infinity. The
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class of all such admissible uncertainties £(-) = [&(+), ..., &f(+)] is denoted by =.

Considering the nonlinear uncertain system (3.1), (3.2), (3.5), we are con-
cerned with solving a problem of absolute stabilization with a specified level
of disturbance attenuation in the presence of uncertainties and nonlinearities.
Besides closed loop system stability and performance, we are also interested in
achieving controller stability. This requirement is motivated by the fact that a
stable controller is preferable in many applications because it is much less suscep-
tible to sensor and actuator failures, and to system uncertainties and exogenous
disturbances when it is implemented in a real system; e.g., see [7,167-169]. This
particular control problem is often referred to as a strong stabilization problem.
Thus, to solve this control problem, we apply a stable nonlinear output feedback

controller, which can be represented as follows:

do(t) = Agwo(t) + Buy(t) + Z Lifu(t);  2c(0) = ae;

u(t) = Ce ()
ﬂl(t) - Ccz,1xc<t>;

Dg(w = Ccz,gxc(t) (36)

where

The presence of (3.7) in the controller state equations (3.6) is to include a copy
of each known nonlinearity (3.2) into the controller as depicted in Figure 3.1(a).
This is to enable the controller to exploit each known nonlinearity of the nonlinear
uncertain system (3.1), (3.2), (3.5).

To solve the problem of constructing a stable nonlinear controller of the form
(3.6), (3.7) for the nonlinear uncertain system (3.1), (3.2), (3.5), we use the
approaches presented in [7] and [187]. Thus, we first need to reformulate the state

equations (3.1) by incorporating the nonlinearities (3.7) into the plant description

such that
oy fu®)]
y@)_[ﬂ(ﬂ], “(”‘[m)]’ (33
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Figure 3.1: (a) Nonlinear uncertain system with nonlinear controller. (b) Nonlinear
uncertain system and linear controller with repeated nonlinearity. Here, ¢ () is a known
nonlinearity and ¢(-) is an uncertainty; see [6].

~ . Ce,
fir (1) n(t) i .,
T S T A R e
fig(t) Ug(t) C...
B.=|B. I, -- Lg]. (3.9)

and obtain a configuration as shown in Figure 3.1(b). Indeed, this step has also
been considered in the controller design method presented in [6] (but without
imposing the controller stability requirement). Then, using the expression in

(3.8) and (3.9), we can rewrite the controller state equations (3.6) as

a(t) = Coxo(t). (3.10)

This indicates that the problem of controlling the nonlinear uncertain system
(3.1), (3.2), (3.5) using the nonlinear controller (3.6), (3.7) is transformed into
that of controlling the nonlinear uncertain system (3.1), (3.2), (3.5), (3.7) using

the linear controller (3.10). The purpose of applying such controller is to achieve
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an absolutely stable closed loop nonlinear uncertain system with a specified dis-
turbance attenuation level.

The notion of absolute stabilizability for the nonlinear uncertain system (3.1),
(3.2), (3.5) is defined as follows:

Definition 3.2. (Absolute stabilizability; e.g., see [2].) The nonlinear uncertain
system (3.1), (3.2), (3.5) is said to be absolutely stabilizable with disturbance
attenuation level 4 > 0 via a stable nonlinear output feedback controller (3.6),
(3.7) if there exists constants ¢; > 0 and ¢y > 0 such that the following conditions
hold:

1. For any initial condition (z(0),z.(0)), any admissible uncertainty inputs

&(4),...,&(-) and any disturbance input w(-) € Ly[0, 00), we have
[2(:), we(4),ul(-), &1(4), .., & (4)] € La[0, 00) (3.11)
(hence, t, = c0) and
f
23 + llzeCE + Il + D €3

/
< e [ (O)F + eI + ()3 + ) dis| - (3.12)

2. The following H* norm bound condition is satisfied: If z(0) = 0 and
z.(0) = 0, then for w(-) € Ly[0,00) and &(-) € E (for all s =1,2,..., f)

!
=00 =2 Sy i

J = supsup (3.13)

w() £() |w(-)]I3

Here, ||q(+)||2 denotes the Ly[0,00) norm of a function ¢(-). That is, ||q(-)||3 :=
Jo Na(@®)]*dt.

3.2.2 Robust H* control

As we intend to apply the results of [7] and [187], the nonlinearities (3.2) and

their copies (3.7) need to be characterized using IQCs. For this purpose, we refer
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to the GLCs (3.3), which imply that
(a(t) = fu(t))” < 57 (wilt) — (t))*;
(:(1))* < BF (7(1))” (3.14)
foralli =1,2,...,¢. It then follows from (3.14) that we have the following IQCs

/otk (i (t) — fua(t))* dt S/tkﬁz? (vi(t) — (1)) dt + doy;

/ ﬁ</g¢% 2 dt + da;
0

17
/ dt</ B2 (:())? dt + dy, (3.15)
0

which are to be satisfied for all i = 1,2,...,¢; and for all {t; > 0}2,. We
note that do; > 0, d3; > 0 and dy; > 0. The extra IQCs (3.15) impose more
constraints in addition to those in (3.5). However, the description of the system

state equations (3.1) can be simplified as follows:

F
() = Az(t) + Byw(t) + Byilt) Z E&(t)

f
§(t) = Cox(t) + Doyw(t) + > F.(t) (3.16)

)= p®)]; <O =|v@); SO =1] 1+ |; <B=] ¢ |5 (317
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pa(t) vi(t)
:u(t) = ; V(t) = ) BQ = [BQ 0n><gi| ) D12 = [D12 0q><gi| ;
ig(t) vy(t)
N _ . ~ Co
E=|B ... B|=|E, - By Ba o Bay Oueli Ca= ;
0g><n
- - N F ... F F R 2 0
P [F1 f] _ 1,1 1,f 2,1 2,9 Ixg :
Og><r1 0g><7‘f 0g><1 0g><1 Ig><g
Fh [ H, Hiyq Hsyq
o . . ~ Dy,
H - . - H2 ) Hl - . ) H2 - ) D21 - )
- Ogxp
| f_ _Og><n Hl,f HQ g
é1 [ Gi1 Opxg G G2
G=|:|=|G Opgl: Gi=| 1 |; Ga=1|: |. (3.18)
_éf_ Ogsm Igxg Guf Gayg

We now rewrite all IQCs in (3.5), (3.15) into the following form
177 ~ 170 - ~
[ éeraiwis [l RAwdd, Vil f (39
0 0

and for all {t;, > 0}52,. Note that f = f +3g and d; > 0. Also, the constants (32
corresponding to v;(t) and 7;(t) in (3.15) are accordingly included in R; in (3.19).
The set of all admissible uncertainty inputs & (+) for the uncertain system (3.16),
(3.19) is defined in the same way as in Definition 3.1 and denoted by =.

To solve the H> strong stabilization problem for the uncertain system (3.16),
(3.19) using the results of [7] and [187], we need to introduce a vector A of scaling
constants A\; € R, \; > 0 (see [187, Theorem 3.1})

T

Ai= A Ay o A

; (3.20)

so that we can define weighting matrices Q(\) > 0 and R()\) > 0, and a constant

d(X) > 0 as functions of \. That is,

i i i
QN =D NQji RO =Y NRi d\):=> N, (3.21)
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where A\ belongs to the set
A;:{AeRf:Ajzo,Vj:1,2,...,f}. (3.22)

This implies that the IQCs (3.19) lead to the satisfaction of an IQC parameterized
by scaling constants defined in (3.20). Thus, it follows from (3.19) that

/0 CEOTONE) dt < / CETRVNE(E) dt + d() (3.23)

for all {t;, > 0}22,. For our purposes, we only consider a subset A C A such that
Q()\) > (0. Then, for each A € A, the quantities defined in (3.21) can be written
as

Q) = QN QM) R(\) = R(\)TR(A) (3.24)
where Q(A) = QN = Q(A)2 > 0 and R(\) is a rectangular matrix. For
convenience, R()\) can be chosen as a square matrix such that R(\) = R(\)T =
R(M\)z > 0. Thus, using the notation in (3.24), the IQC (3.23) can be written in

a more compact form as

/0 €] dt < / IR de + d(N) (3.25)

for all {t, > 0}¢2, with

£(t) = QE);  C(t) == RC(E):  d(A) = d(N). (3.26)

Furthermore, using (3.26), (3.17) and (3.18), we can also represent the system
(3.16) as

#(t) = Ax(t) + Biw(t) + Byi(t) + EQA)'E(h);

2(t) = Cha(t) + Dypiu(t);

¢(t) = RO\ Ha(t) + R(\)Ga(t);

j(t) = Cox(t) + Dynw(t) + FQX)E(1) (3.27)

which satisfies the IQC (3.25). Thus, the desired stable nonlinear controller will
be constructed based on the uncertain system (3.27), (3.25).
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3.3 Stable Nonlinear Controller Design

In this section, we provide sufficient conditions under which a controller of the
form (3.10) not only achieves absolute stabilization with a specified disturbance
attenuation level v > 0 when applied to the uncertain system (3.27), (3.25), but
also is stable. To meet this stability requirement, we introduce an additional
uncertainty term to form an artificial uncertain system, which is then employed
to synthesize the desired controller. Although the additional uncertainty is only
required to be an unknown constant uncertain parameter, this approach gives rise
to some degree of conservatism. However, this conservatism can be reduced by
applying scaling multipliers to exploit the structure of the additional uncertainty;
e.g., see [2,7,187].

Using a state feedback gain matrix obtained in a preliminary step, the artificial
uncertain system is constructed in such a way that for one particular value of
the additional uncertainty, the artificial uncertain system reduces to the original
nonlinear uncertain system (3.1), (3.2), (3.5). Therefore, if we can find a suitable
controller for the artificial uncertain system, this controller will also solve our
original problem of absolute stabilization with a specified disturbance attenuation
level v > 0. Also, for another value of the additional uncertainty, the artificial
uncertain system reduces to a particular open loop configuration, which will
ensure that the same controller must be stable. Moreover, as we follow standard
results of H* control theory in [187], the solution to our nonlinear robust H>
strong stabilization problem are obtained in terms of the stabilizing solutions to
a pair of parameterized algebraic Riccati equations. This approach results in a

controller which has the same order as that of the plant.

3.3.1 State feedback control problem

Solving a state feedback control problem for the uncertain system (3.27), (3.25) is
one of preliminary steps required in our approach to synthesize the required stable
output feedback controller. This approach aims to guarantee the stability of any
suitable controller of the form (3.10), which absolutely stabilizes the artificial
uncertain system with specified disturbance attenuation level v > 0. Based on
S-procedure type results (see [187, Theorem 3.1 ]), we introduce a scaling constant

k > 0 corresponding to the IQC (3.25) so that the state equations of the system
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(3.27) can be rewritten as

Dayii(t) (3.28)

Using a vector A = A € A and a scaling constant x > 0 in (3.29), we exploit the
structure of the uncertainty in the uncertain system (3.27), (3.25) and transform
a constrained robust H* control problem into an unconstrained one such that it

can be solved using the results of standard H* control theory; e.g., see [187].

Assumption 3.1. Given a vector A € A and constants B1>0,...,8, >0,k>0,
the uncertain system (3.27), (3.25) is assumed to be such that J = DL, Dy, > 0.

Lemma 3.1. Let a vector A € A and constants 3 > 0,...,8, > 0 be given.
Suppose that the uncertain system (3.27), (3.25) satisfies Assumption 3.1, and
1s absolutely stabilizable with disturbance attenuation level v > 0 wvia an output
feedback controller of the form (3.10) (but which is not necessarily stable). Then,

there exists a constant kK > 0 such that the algebraic Riccati equation
. L N\T . o
<A - B2J_1D1TQC’1> X+ X <A - BQJ_1D1T201>
+X (Blé;f - BQJ*B;:F) X+ CT (I = DypJ ' D5) Gy =0 (3.30)

has a stabilizing solution X > 0. Moreover, if the condition (3.30) holds, the un-
certain system (3.27), (3.25) is absolutely stabilizable with disturbance attenuation

level v > 0 wvia the state feedback controller

a(t) = Kz(t) (3.31)
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where

K= [ ] =g (B{X + D1T201> . (3.32)

Proof. If the uncertain system (3.27), (3.25) satisfies Assumption 3.1, and is
absolutely stabilizable with disturbance attenuation level v > 0 via an output
feedback controller of the form (3.10), it follows from the proof of Theorem 4.1
in [187] that there exists a constant x > 0 such that the controller (3.10) solves
the H>° control problem defined by the system (3.28) and the H* norm bound

condition

> 120113
J = sup —= < L. (3.33)
B(-)ELa[0,00),2(0)=0,z0 (0)=0 [0 (-)[|3

Then, it follows from a standard result on H> control (e.g., see [312, Theorem
3.3]) that there exists a state feedback control law (3.31) that stabilizes the system
(3.28) and leads to the satisfaction of (3.33). Moreover, it follows from the H>
control theory (e.g., see [312, Corollary 3.1]) that the Riccati equation (3.30) has
a stabilizing solution X > 0 and that the state feedback control law (3.31), (3.32)
stabilizes the system (3.28) and leads to the satisfaction of (3.33). Then, using
similar arguments to those in the proof of [187, Theorem 4.1], it follows that
the state feedback control law (3.31), (3.32) absolutely stabilizes the uncertain
system (3.27), (3.25) with disturbance attenuation level vy > 0. O

3.3.2 Artificial uncertain system

We now suppose that the vector A € A and constants 3; > 0, .. .. By = 0,k>0
as stated in Lemma 3.1 are given. Then, the state feedback gain matrix K
defined in (3.32) can be constructed in terms of the stabilizing solution X > 0
to the algebraic Riccati equation (3.30). Using the matrix K and introducing an

additional uncertainty, we form an artificial uncertain system as follows:

@(t) = Azx(t) + Biw(t) + Boti(t) + Ei&(t) + Exs(t);
z(t) = Cl$(t) -+ Mlgg(t) + b 12&(t),
Cy(t + GLa(t);
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where

A=A+ 1IBK, B,= [%BQ OnXg:| . Ey=EQ\)Y; Ey=DB,NY

Cy=C1+3DK,; My = DN~ Dy = [%Dl? qufl} )

_Hl + %GlKu G1

Hl = R()\) HQ + %GQKu ; M2 = R()\) GQ N_l;
L OQXW 0g><m
-%Gl Oh><g

lGQ Og><g ; Hy= %NKU) Gy = —iN |:Im><m 0m><gi| )

2

_Og><m IQXQ

Fl = FQ()\)_I, FQ == O(l+g)><m. (335)

Here, N is any m X m non-singular scaling matrix and A = X\ € A. Note that
the uncertainty input &, (¢) and uncertainty output (;(¢) are related according to
the IQC (3.25) with £(¢) and ((t) replaced by &,(t) and (;(t), respectively. The
IQC (3.25) is also extended to include the additional uncertainty input & (t) and
uncertainty output (5(t). That is,

/0 eI dt < / N dt + du(N) (3.36)

with d,(\) > 0 for all v = 1,2 and for all {t, > 0}°,, and &(t), (»(t) € R™.

We consider two special cases of the uncertainty input &(¢) in order to show
that any suitable output feedback controller of the form (3.10) for the artificial
uncertain system (3.34), (3.36) is indeed stable and solves the original control
problem as stated in Section 3.2. In this case, the relation between & (t) and

(o(t) is described as
E(t) = A () (3.37)

where A € R is an unknown constant uncertain parameter satisfying

IA] < 1. (3.38)

Special case I: A = 1. In this case, we have that &(t) = G(t) = LK, (t) —

tu(t). It is clear that this uncertainty input satisfies the IQC (3.36) and that
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with this &(t), the state equation (3.34) becomes

#(t) = (A+ BoK,)z(t) + Biw(t) + EQ(X)'E(1);
2(t) = (C1 + D1 K,)x(t);
¢(t) = ROV(H + GK)x(t);
j(t) = Cou(t) + Dyyw(t) + FQN)T'E(t) (3.39)

where the IQC (3.25) is also satisfied. It then follows from (3.17), (3.18) and
(3.26) that we can further decompose the state equations (3.39) as

i(t) = (A + BaKy)a(t) + Biuw(t) +ZEIS£S +ZEWZ

Z(t) = (Cl + D12Ku)$(t);
Gi(t) = (Hiqp + Gia Ky )x(t);

Cr(t) = (Huip + GrpKy)z(1);
vi(t) = (Hag + Goi Ky)z(t);

Vy(t) = (Hayg + Go g Ku)x(t);

y(t) = Cyz(t) + Dogw(t) + Z Fi &4(t) + Z Fi (1), (3.40)

where the IQCs (3.5) and GLCs (3.3) are satisfied. The state equations (3.40)
represent the closed loop nonlinear uncertain system, which is obtained when
the state feedback controller (3.31), (3.32) is applied to the original nonlinear
uncertain system (3.1), (3.2), (3.5). Thus, it follows from the construction of the
matrix K and Lemma 3.1 that the closed loop nonlinear uncertain system (3.40),
(3.2), (3.5) is in fact absolutely stable with disturbance attenuation level v > 0.

Through Special case I, we will show that the output feedback controller (3.10)
designed using our method is indeed stable. We now suppose that the artificial
uncertain system (3.34), (3.36) is absolutely stabilizable with disturbance atte-
nuation level v > 0 via the application of any suitable output feedback controller

of the form (3.10), which may not be stable. It then follows from Special case
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(a) Special case I (b) Special case II

Figure 3.2: Block diagrams corresponding to Special case I and Special case II; see [7].

I that for this particular additional uncertainty input & (¢) and output (5(t), we
will obtain a closed loop system which has an open loop configuration as shown
in Figure 3.2(a). Moreover, we also notice that the system (3.40) is not affected
by the control input w(t), which is the output u(t) of the controller (3.6), (3.7).
Here, the block iv is the absolutely stable closed loop system (3.40) and the
block 3. is the output feedback controller (3.6). As we require the entire closed
loop system to be absolutely stable, then the output feedback controller (3.10)
must be stable.

Special case II: A = —1. From this case, we have that &(t) = —(u(t) =
—3K,x(t) + su(t), which satisfies the IQC (3.36) and that the state equations
(3.34) becomes (3.27). Based on (3.17), (3.18) and (3.26), it is straightforward
to further decompose (3.27) into the system (3.1) with the IQCs (3.5) and GLCs
(3.3) satisfied. It is clear that the artificial uncertain system (3.34), (3.36) reduces
to the original nonlinear uncertain system (3.1), (3.2), (3.5).

Thus, it follows from this case that when the controller (3.10) is applied to
the artificial uncertain system (3.34), (3.36), the resulting closed loop system
is equivalent to the one obtained by applying the controller (3.6), (3.7) to the
nonlinear uncertain system (3.1), (3.2), (3.5) as shown in Figure 3.2(b). Here, the
block ¥, is the original system (3.1) and the block X. is the controller (3.6). This
implies that the controller (3.10) indeed solves the original problem of absolute
stabilization with disturbance attenuation level v > 0.

As the additional uncertainty satisfying the IQCs (3.36) overbounds the scalar

uncertainty (3.37), (3.38), we conclude from both special cases that the controller
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(3.10) obtained by applying the method in [187] to the artificial uncertain system
(3.34), (3.36) is indeed a stable controller solving the original problem of absolute
stabilization with disturbance attenuation level 4 > 0 for the nonlinear uncertain
system (3.1), (3.2), (3.5). This fact allows us to apply the method in [187] in order
to obtain our main result involving the stabilizing solutions to parameterized

algebraic Riccati equations.

3.3.3 Stable nonlinear H* controller

Introducing scaling constants 71 > 0 and 7 > 0 for the uncertainties satisfying
the IQCs (3.36), we can rewrite the state equations (3.34) as follows:

(3.41)
where r = 25217"3; F=r+2¢ h=h+2g;
v w(t) z(t)

o) = |VAL®)|: 20 = [VEGW|: Bi= |y B AT B R B
V&) VGt

01 i 0q><p Oq><f \/%Ml
By =By; C;= VvriHi|: D= Oy Ojier TMs |
\/F2H2_ Omxp Ome Ome

D1y
Dyp = \/T_lél i Dy =
VT2 G2

VD AR VRTR|. (3.42)

Since a Dy, term explicitly appears in (3.41), the standard H* control theory
cannot immediately be used to obtain a solution to our control problem. Thus,
it is necessary to apply a loop shifting transformation so that the Dy term can
be eliminated from (3.41). In order to achieve this, we first need to impose the
following assumption in order that our H* control problem is non-singular and
well-defined; e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2].
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Assumption 3.2. Given a vector A\ € A, constants 5, > 0,....8, =2 0,11 >
0,7 > 0 and any non-singular scaling matrix /N, the artificial uncertain system
(3.34), (3.36) is assumed to be such that Dy, DT, < I.

We can now define
&:=1-DLDy >0, ®:=1-DyD >0 (3.43)
and also
W(t) = dra(t) — 3D, (C’lx(t) + f)ma(o) :
2(t) = d 3 (C’lx(t) n b12a(t)) . (3.44)
From the relationships in (3.44), it is straightforward to show that
w(t) = o 30 (t) + dLDT, (él$(t) n f)lza(t)) (3.45)

and
12015 = ll@@)]5 = 25 — o). (3.46)

Then, assuming Assumption 3.2 and substituting (3.45) into (3.41), we can

rewrite the state equations (3.41) as

(t) = Ax(t) + B (t) + Byi(t);
3(t) = Cha(t) + Dyoti(t);
J(t) = Cox(t) + Doyt (t) + Dayi(t) (3.47)
where 5 S 5 . )
A = A—I—BlD{leilCl; B; = qu)_i;
Eg = BQ—FBlDﬂé_lDlQ; él = (i)_%él;
Cu’2 = C~12‘1‘1521[7{1&)_1@1; D12 = éf%blz; (3.48)
Dyy = 152115{1@711512; Dy = D21®_%7
J1 = D1T2D12; Jy = DQIDgl

Furthermore, we also define

v

y(t) == g(t) — Dagu(t) (3.49)
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to eliminate the Dy term from (3.47). Hence, the state equations (3.47) can be

rewritten as

i(t) = Ax(t) + By(t) + Boa(t);
2(t) = Cha(t) + Dyot(t);
g(t) = Cox(t) + Dayid(1). (3.50)

a(t) = Cox.(t). (3.51)

If we interconnect the controller (3.51) to the system (3.50), the resulting closed

loop system is required to satisfy the following H* norm bound condition

A~ . 2
J = sup H%( )z < 1. (3.52)
() €L [0,00).2(0)=0,z+ (0)=0 [ (")]]

A solution to this standard H* control problem is given in terms of solutions

to the parameterized algebraic Riccati equations:
(4~ szllfjgc“q)T)? £ X (A= BT D)
+ X (Bléf - EQj;IBQT) X4cr <I - ijflbg) Ci=0. (353
(A= BiDLI ) Y 7 (A~ Blbgljzlég)T
Y (éfél - égjglég) V4B (11— D§1j2—1b21> BT =0 (3.54)
such that
A= B DG+ (BuBE — a7 BE) X s Hurwits
2. A— Blbgjgl@ +Y (C’lTé'l — C‘;—”jf@) is Hurwitz;
3. The spectral radius p()u( f/) of the product XY is strictly less than one.

The Riccati equations (3.53) and (3.54) are solvable if .J; and .J, are non-singular

matrices. Thus, we need to impose the following assumption; e.g., see [187,312].
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Assumption 3.3. Given a vector A\ € A, constants 3, > 0,....8, =2 0,11 >
0,7 > 0 and any non-singular scaling matrix /N, the artificial uncertain system
(3.34), (3.36) is assumed to be such that J; > 0 and J, > 0.

Theorem 3.1. Let vectors A\, A € A and constants By > 0, ... , By > 0 be given.
Suppose that there exists a constant k > 0 such that the uncertain system (3.27),
(3.25) satisfies Assumption 3.1 and the algebraic Riccati equation (3.30) has a
stabilizing solution X > 0, and let

K=—J! (BQTX + DITQ(31> .

Also, suppose that there exist a non-singular scaling matrix N and constants
71 > 0 and 7 > 0 such that the artificial uncertain system (3.34), (3.36) satisfies
Assumptions 3.2 and 3.3 and that both Riccati equations (3.53) and (3.54) have
stabilizing solutions X>0andY > 0, and the spectral radius of the product
XY satisfies p(XY) < 1. Then the nonlinear uncertain system (3.1, (3.2), (3.5)
1s absolutely stabilizable with disturbance attenuation v > 0 via a stable nonlin-
ear output feedback controller of the form (3.6), (3.7). Moreover, the controller

matrices are given as follows

G, = —Jt (B X ng) . (3.55)

Proof. It follows using similar arguments to those in the proof of Theorem 4.1
in [187] that the artificial uncertain system (3.34), (3.36) is absolutely stabilizable
with disturbance attenuation level v > 0 via a controller of the form (3.10) if
and only if there exist constants 7, > 0 and 75 > 0 such that the controller
(3.51) solves the H* control problem defined by (3.50) and (3.52). Moreover,
it follows from the results of H> control theory (e.g., see [18,312]) that the
H® control problem defined by (3.50) and (3.52) has a solution if and only if the
algebraic Riccati equations (3.53) and (3.54) have stabilizing solutions X > 0 and
Y >0, respectively, such that the spectral radius of the product XY satisfies
p(X }v/) < 1. Moreover, if all conditions of the theorem hold, the controller
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(3.51), (3.55) will absolutely stabilize the uncertain system (3.34), (3.36) with
disturbance attenuation level v > 0. Then, using arguments for the two special
cases discussed above, it follows that the controller (3.51), (3.55) is indeed stable
and absolutely stabilizes the nonlinear uncertain system (3.1), (3.2), (3.5) with

disturbance attenuation level v > 0. O

3.4 A Differential Evolution Approach

The stable nonlinear controller design method presented in Section 3.3 involves

several design parameters, which constitute a vector of decision variables
. _qT
= [fy k 11 1 AMNT (3.56)

where 9 € RY, f = 2(f +3g) +4; and X, X are as defined in (3.20). All elements
of ¥ are positive real numbers. As 19 may have a large dimension, we need to
apply an optimization method to determine the value of each element of ¥ in
order to satisfy all constraints arising in the controller design algorithm. This
condition leads us to formulate our controller design problem as a constrained
nonlinear optimization problem stated as follows: Find an optimal vector ¥* of

design parameters to solve

min f(9) (3.57)
subject to
gi(¥) =0; h(¥) <0 (3.58)

for j = 1,2,...,a and k = 1,2,...,b. Here, f(J) is an objective function to
be minimized; and g;(¥)) and h(9) are the equality and inequality constraints,
respectively.

Considering the controller design algorithm presented in Section 3.3, we in
fact deal with an optimization problem that is subject to both nonconvex and
nonlinear constraints. To find an optimal solution ¥* to such a problem, we
apply the differential evolution (DE) algorithm as described in Chapter 2. Since
we are concerned with an H* control problem, a suitable cost function f(+J) to
be minimized is chosen as

f0) =~ (3.59)
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where n > 1 is a power constant used to help the DE algorithm to return an
optimal v > 0. Moreover, the equality constraints are
. . -\T . -
g (9) = (A - BQJ—lpg(Jl) X+ X (A - BQJ—lpgol)
+X (Bléf’ - BQJ—lég) X+ CT (I = DypJ DL Gy = 0;
o O ov v u\T o v VP
g:(0) = (A~ BJ7'DLC) X + X (A= Bodi ' DlyCh)
4 X (BuBT = B BY) X+ CF (1= DuJi DY) &y =0
e e u N e e /e e um U AT
gs(V) = (A~ BIDLJ;'Co) Y 4V (A= BIDEJ;'Cs)
and the inequality constraints are

hi(¥) = —Q(X) < 0; hy(9) = —R()) < 0;

hs(¥) = —J < 0; hy(¥) = —X < 0;

hs(0) = —Q(X\) < 0; he(6) = —R()) < 0;

h7(9) = D1V1D1T1 —1<0; hs(d) = _Jil <0; (3.61)
ho() = —J3 < 0; hio(v) = =X <0

hu(9) = =Y <0; hio(9) = p(XY) =1 <0;

hi3(9) = emaxyr (Ax) <05 hiu(9) = emax,(Ax) <0

his(9) = emaxr(Ay) <0

where p(M) and epax (M) denote the spectral radius and the largest real part
of the eigenvalues of the matrix M, respectively; and

Ax = A~ ByJ 'DLC, + (B’lBlT - BQJ*BQT) X

Ay = A= By DGy + (B! — Bud7 B 4

Ay = A= BIDLJ'Cy 4V ((i*lTél - ég“j;@) . (3.62)
The constraints in (3.60) and (3.61) are used to evaluate the fitness of each

candidate solution in a population. For a given 1, the fitness test proceeds

according to the following steps:

1. Compute the eigenvalues of Q()\), R(\) and J in order to check if the
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8.

constraints hy (1), ho(¢) and hz(¢) are satisfied.

Use the constraint g;(¢) to obtain a solution X to the Riccati equation
(3.30).

If the Riccati equation (3.30) has a solution X, we need to verify whether
it is a positive definite stabilizing solution through the evaluation of the
constraints hy(¢) and hy3(?).

Compute the eigenvalues of Q(N), R(\), (D DY, — I), J; and J, in order
to check if the constraints hs(0), he(0), h7(0), hg(f) and hg(f) are satisfied.

Use the constraints go(9) and gs(1) to obtain solutions X and Y to the
Riccati equations (3.53) and (3.54).

. If the Riccati equations (3.53) and (3.54) have solutions X and Y, we need

to verify whether they are positive definite stabilizing solutions through the
evaluation of the constraints hyo(6), hi1(0), hi2(0), h14(0) and hy5(0).

Compute the spectral radius of the product XY to verify if the constraint
hio(¥) is satisfied.

Compute the value of the objective function f(¢) in (3.59).

Through the fitness test routine above, we acquire information above how

many constraints have been violated by a candidate solution and how much

penalty is incurred. Thus, from the constraints in (3.60) and (3.61), we can

derive a set of penalty functions corresponding to those constraints. That is,

p1(¥) = lemn(Q@N)I* p2(V) = |emin(R(N))[;

P3(¥) = [emin(J)|*; ps(9) = p(Cx)™;

P5(V) = |emin(X)[*; pe(V) = emax,r(v~4X)s6;

pr(0) = lemn(QN))I; Ps(f) = lemn(R(N))*;

po(V) = €max(l?11f)1T1 =17 pro(¥) = |emmn(J1)[*; (3.63)
P11(¥) = [emin(J2)[H; pi2(V) = p(Cx)*%;

pi3(V) = p(Cy)*; P1a(V) = |emin(X)[*;

P15(9) = [emin(Y)[*; P16(V) = emaxr(Ax)™;

P17(Y) = Cmar (Ay)?7; pis(¥) = (p(XY) = 1)

pro(v) = ()
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where s, > 1 for r = 1,2,...,18. Here, epin(M) and ey (M) denote the small-

est and the largest eigenvalue of the symmetric matrix M, respectively. If the

Sr

matrix M is required to be positive definite, we assign |eyi,(M)[* as a penalty
because when this requirement is violated, the matrix M can be either negative

(semi)definite or indefinite. Moreover, Cx, C4 and Cy are defined as

C

3.5 Illustrative Examples

In this section, we consider two examples to demonstrate the stable nonlinear
controller design method presented in Section 3.3. Through these examples, we
will show that if a continuous time version of the method in [182] is applied to the
problem under consideration, the resulting nonlinear controller is not necessarily
stable. Furthermore, we also show that our stable nonlinear controller allows for
better disturbance attenuation performance as compared to its linear counterpart
which can be synthesized using the method in [7]. Thus, in order to fit into
our nonlinear robust H* control framework, we modify the nominal models of
both examples by adding several terms corresponding to disturbance input w(t),
controlled output z(t), uncertainty input £(¢) and output (), and nonlinearity
input p(t) and output v(t). All parameters required in the controller design are

computed using the DE method as described in Section 3.4.

Example 3.1. The nominal model of the following example taken from [175] is
also considered as a benchmark problem in [177]. This example is defined by the

following matrices:

[ o 17321 01 —0.1
; By =
17321 0

Eyy = _1?7] ; O = [062 _01] ; Dig = [(1)] ; Hyp = [0 1] ; Hyy = [0 1} ;

Cy=[10 115470] 5 Doy = [0.7071 070715 Fiy =0 1], (3.65)
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The uncertainty and nonlinearity of the nonlinear uncertain system are respec-

tively described as follows:

& 1A _
£(t) = Lz(t) = A, ¢(t);
p(t) =(v(t)) =sinv(t). (3.66)

Thus, the IQC corresponding to the uncertainty is given by

/ (Gt)+&(t)) dt g/ Ct)ydt+dy, dp >0 (3.67)
0 0
and the GLC corresponding to the known nonlinearity ¢(-) is given by

Isinv(t) —sino(t)| < Blv(t) — o(t)). (3.68)

From the first derivative of the nonlinear function ¥ (v(-)) with respect to v(-),

we obtain
dsinv(-)
dv(-)
which implies that § = 1. Moreover, the corresponding [QCs derived from the
GLC (3.68) are as follows:

' = |cosv(’)| <1, Wv()eR (3.69)

/Ooo<sm v(t) —sin(t))? dt < /Ooo(u(t) — ()2 dt + dy;
/oo(sin v(t)*dt < /OO V2 (t) dt + ds;
/Oo(sin p(t)*dt < /OO 72 (t) dt + dy (3.70)

where dy, d3,dys > 0. Note that ji(t) = sin () represents the copy of the known
nonlinearity v (-) included in the controller (3.6).

We first solve the nonlinear H* control problem for this system using the
continuous time version of [182] to show that this method may not lead to a

stable controller. In this case, the required parameters are obtained as

v = 3.1375; r = 0.1035; A1 = 208.4058;

(3.71)
No = 981.5735; Ay = 207.1877; A, = 498.0892
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with Aj,..., Ay are respectively corresponding to the IQCs (3.67) and (3.70).

Then, the resulting controller matrices are

.| 03249  0.4270]
A.=10" x ;

| —3.9584 —5.2037]

_ [_0.2939 —0.4896
B, = 10* x ;

| 35792 5.9622]

C

. |-12.6141 —31.3799
C [ ] (3.72)

- 0 0.6634

Since the plant nonlinearity (3.66) is represented by a sine function, the stability
of the corresponding nonlinear controller (3.6) can be investigated through linea-
rization around the equilibrium point z} = 0, that is when f(t) ~ 2(¢). In this

case, the linearized controller matrix A, is obtained as follows:

(3.73)
—3.9584 —4.8081

i AﬁiLiCCQ,Z- 10 [ 0.3249 0.3945] |
i=1
The eigenvalues of A, are e; = 9.9399 and e, = —4.4833 x 10°, which implies that
A, is unstable. Thus, the corresponding nonlinear controller is also unstable.
We now apply our main result in Theorem 3.1 to construct a stable nonlin-
ear output feedback controller for the nonlinear uncertain system (3.65), (3.66),

(3.67). The required parameters obtained using the DE method are

v = 34.7286; r = 0.0806; 71 = 0.4314; T = 1.0057;

3.74
A1 = 117.9752; Ay = 928.1436; A3 = 216.6302; A\, = 743.8695 ( )

where A = A = \. Thus, the resulting controller matrices are obtained as

)

—0.0842 —0.0974

[1.3769 x 10° 1.1773 x 10*
8.4136 x 10°  721.3153

- [=9.0071 —34.3064
C = (3.75)
0 0.5551

A =106 x [—1.3780 —1.5946]

I
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and the corresponding linearized controller matrix A, is

(3.76)

A — 106 x [—1.3780 —1.5881]

—0.0842 —0.0970

with eigenvalues e; = —0.2862 and e; = —1.4750 x 10°. This indicates that the
controller is at least locally stable around the equilibrium point =} = 0.

In order to verify that the controller is globally asymptotically stable, we will
check the stability of A, and the H* norm ||7};5(s) || of the transfer function from
the nonlinearity input fi(t) to the nonlinearity output (). The eigenvalues of A,
are e; = —1.3075 and e; = —1.4754 x 10%, and the H* norm ||T};5(s)||oo = 0.7812.
Thus, using the small gain theorem (e.g., see [18, Section 9.2]), we conclude that

the nonlinear controller (3.75) is indeed stable.

0.81 N

0.6- b

z, (1)

0.4r b

Time (sec.)

Figure 3.3: The controlled output z;(¢) for different values of A; and As.

The performance of the stable nonlinear controller (3.75) is demonstrated
through a closed loop simulation using Simulink for several values of A; €
{—1,-0.5,0,0.5,1} and A, is set to be equal to A;. The initial conditions of the
system and the controller are set to be zero. The closed loop system is perturbed
by an exogenous unit step function w(t), while wy(t) = 0. The response of the
corresponding controlled output z;(¢) is shown in Figure 3.3 and indicates that
the stable nonlinear controller (3.75) absolutely stabilizes the closed loop system

with a sufficient attenuation against the disturbance input ws (t).

Example 3.2. In this example, we solve a problem of designing a stable nonlinear
controller for a flexible link robot. The nominal model of this system is taken

from [313], which has also been considered in [186], and is defined by the following



3.5.  Illustrative Examples 71

matrices:
[0 1 0 0 0 0 0
—486 —1.25 486 0 0 921.6 1
A= §B1— ;32: ;E11— ;
0 0 0 1 0 0 ’ 0
(195 0 —195 0 1 0 0
[0
0 0010 0
By = 0= . D= Hu=0o 10 0
2,1 O 1 [0 0 0 O] 12 [1] 1,1
| -3.33

Hm:[o 01 o]; Cy =

1000 0.1 0
i Do = ; Fiq = 3.77
010 0] N [o] . [o.J 370

where the uncertainty and nonlinearity of the system (3.77) are similarly de-
scribed as in the Example 3.1. Applying the DE approach presented in Section

3.4, we obtain all parameters required for controller design as follows:

v = 0.1866; k = 0.0116; 71 = 0.0116; 7 = 2.9542;

3.78
A1 = 14.7055; Xy = 1925.5322; A3 = 74.0920; A, = 38.3448 ( )
where \= A= \. T hus, the nonlinear controller matrices are given as
_—185.6621 9.8266 44.0019  —54.9750
4 = 974.2362 —134.3833 —169.6195 300.7635|
‘c 797.5493 —16.6491 —189.7179 237.3781|
_—945.3289 —85.1382 210.8858 —283.8434
[ 114628 —23.9149 —3.1943
B — —101.2022  203.8707  30.6886 |
| —47.8036  81.8149 14.0482]°
i 60.9064 5.4548 —208754
- [=30.1101 —3.0441 8.2684 —9.0469
C. = . (3.79)
I 0 0 0.9807 0

Through the same analysis as in the Example 3.1, the nonlinear controller (3.79)

is at least locally stable around the equilibrium point ) = 0 since the eigenvalues
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of A, are

e = —614.2753; ey = —0.9460;
s = —133.6701; e4 = —30.9376. (3.80)

Moreover, A, in (3.79) is also Hurwitz with eigenvalues

e = —630.5257; ey = —0.9175;
s = —136.7811; e4 = —25.3824 (3.81)

and the H*> norm |7;5(s)|l« = 0.5636. Thus, using the small gain theorem
(e.g., see [18, Section 9.2]), we conclude that the nonlinear controller (3.79) is
globally asymptotically stable. The performance of the closed loop system is
then simulated using Simulink under similar conditions as in the Example 3.1.
That is, we assume that £(t) = A((t), where A € {—1,-0.5,0,0.5,1}. The

response of the controlled output z(¢) is shown in Figure 3.4.
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Figure 3.4: The controlled output z;(¢) for different values of A.

If we apply the linear controller design method in [7] to this example, the

required parameters are obtained as

v=0.2352; 7 =0.2112; 75 = 2.0932;
71 = 0.1669; 7o = 2.9655; T3 = 4.3449 (3.82)
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and the corresponding controller is defined by the matrices as follows:

[ 01142 0.0486  0.0041  0.0268
L |—04892 —0.2076 —0.0098 —0.1141
A. = 10" x ;
—0.8237 —0.3503 —0.0295 —0.1929
| -3.0730 —1.3040 —0.1121 —0.7206
[_0.0406 —0.0420
0.1676  0.1785
B. = 10" x :
0.2925  0.3032
1.0932  1.1289
C.= |—54683 —0.8526 0.7404 —1.5737] . (3.83)

The eigenvalues of A, in (3.83) are

e; = —8.3973 x 10%; ey = —0.5988;

. , (3.84)
e3 = —18.1361 + i17.1584; e, = —18.1361 — i17.1584

and therefore, the controller is stable. Comparing the value of v = 0.1866 ob-
tained with the nonlinear controller (3.79) to that of v = 0.2352 obtained with
the linear controller (3.83), we notice that the nonlinear controller (3.79) allows

for a significant improvement in disturbance attenuation performance.

3.6 Conclusions

We have presented a systematic methodology to design a stable nonlinear robust
H*> output feedback controller for a class of nonlinear uncertain systems. All
admissible uncertainties of the systems are described in terms of IQCs and each
known nonlinearity of the systems has to satisfy a GLC. The underlying main idea
of our method is to add a copy of each known plant nonlinearity to the linear part
of the controller. We then characterize the nonlinearities and their copies with
extra IQCs derived from the GLCs. The nonlinear controller is synthesized based
on existing results of robust H* control theory applied to an artificial uncertain
system, which is formed using a state feedback gain matrix and an additional
uncertainty. This approach is used to guarantee that the resulting controller is

stable and achieves absolute stability of the closed loop system with a specified
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disturbance attenuation level. The solution to this control problem involves the
stabilizing solutions to algebraic Riccati equations, which are dependent on a set
of scaling parameters. We then reformulate the absolute stabilization problem
into an optimization problem with those parameters as decision variables and
subjected to nonconvex nonlinear constraints. This latter problem is solved using
an evolutionary optimization method, namely the DE algorithm.

To demonstrate the merit of the proposed nonlinear controller design method,
we have also shown through Example 3.1 that our method indeed results in a sta-
ble nonlinear output feedback controller. Such a controller may not be achievable
if we apply the nonlinear robust control method in [182] because controller sta-
bility is not required. Moreover, as shown in Example 3.2, the stable nonlinear
controller synthesized using our method may have better disturbance attenua-
tion performance than that synthesized using the method presented in [7]. This
is because we do not directly treat known nonlinearities of the system as un-
certainties, but rather exploit them as useful information for control purposes.
Despite beneficial features of our method, we note that introducing additional
artificial uncertainty to impose controller stability may give rise to some degree

of conservatism in the controller design process.



Chapter 4

Decentralized State Feedback
Robust H° Control

4.1 Introduction

The main contribution of this chapter is to present a new method for designing
a decentralized state feedback robust H* controller for a large-scale linear un-
certain system, which consists of interconnected subsystems. In this case, the
interconnections between subsystems are not treated as uncertainties. Instead,
we neglect the off-diagonal blocks in the controller gain matrix and consider them
as uncertainties; e.g., see [156,198], which also use this approach for a guaranteed
cost control problem. This approach thus yields a block-diagonal state feedback
controller, which is able to exploit the interconnections between subsystems and
is also robust against perturbations in the controller itself.

We are concerned with a class of linear uncertain systems in which the uncer-
tainties are described by the integral quadratic constraints. For these systems,
we aim to construct a decentralized state feedback robust H* controller that
is capable of absolutely stabilizing the corresponding closed loop system while
achieving a certain disturbance attenuation level. The solution to this control
problem is given in terms of a stabilizing solution to an algebraic Riccati equa-
tion parameterized by a set of scaling constants.

The required scaling constants are associated with the system uncertainties
and norm bounds on the size of the neglected off-diagonal blocks of the controller

gain matrix. This formulation leads to a nonconvex nonlinear optimization pro-
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blem which is often difficult to solve using regular optimization methods. Thus,
we employ an evolutionary optimization approach, namely the differential evo-
lution (DE) algorithm (see Chapter 2), which is a population-based stochastic
optimization method. The DE approach is used to find an optimal solution to a

suitable objective function for the decentralized controller synthesis problem.

4.2 Problem Statement

We consider a decentralized state feedback robust H°° control problem for a large-
scale linear uncertain system of the type described in [187]. The state equations

of this system are given as follows:

#(t) = Ax(t) + Biw(t) + Bou(t) + Y B &a(1);

z(t) = Chz(t) + Digu(t);
G (t) = Fra(t) + Gyu(t);

where z(t) € R" is the state, w(t) € RY is the disturbance input, u(t) € R™ is
the control input, z(#) € RY is the controlled output, ¢;(t) € R™,... (i (t) € R
are the uncertainty outputs and & () € R™, ..., §:(t) € R are the uncertainty
inputs.

All of the uncertainties in this system are described by a set of equations of

the form
&) = o (,G0)), fors=1,2...k (4.2)

where ¢(-) is a nonlinear time-varying and dynamic functional; see [2]. Those un-
certainties are said to be admissible if they satisfy the following integral quadratic
constraints (IQCs).

Definition 4.1. (Integral Quadratic Constraint; e.g., see [2]) An uncertainty of
the form (4.2) is an admissible uncertainty for the system (4.1) if the following
conditions hold: Given any locally square integrable control input «(-) and locally

square integrable disturbance input w(-), and any corresponding solution to the
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system (4.1), (4.2), let (0,¢,) be the interval on which the solution exists. Then
there exist constants d; > 0,...,d, > 0 and a sequence {; }511 such that ¢; — 1.,
t; > 0 and

/ et < / lG(0)]2dt + d, (43)
0 0

for s =1,...,k and Vj. Note that ¢; and ¢, may be equal to infinity. The class
of all such admissible uncertainties £(-) = [£1(), ..., &(+)] is denoted by Z.

We assume that the large-scale system (4.1) comprises p interconnected sub-
systems. Thus, the state vector z(¢) € R™ can be partitioned into p components

as follows:

z(t) = (4.4)

where z;(t) € R™ and n = >_7_ n;. If the large-scale uncertain system (4.1),
(4.3) is to be controlled using a decentralized state feedback controller, then the

decentralized control input u(¢) € R™ also has p components as follows:

()
a(t) = uQ:(t) (4.5)
()

where 4;(t) € R™ and m = Y ", m;. Each component ,(t) is dependent only
on the corresponding state component z;(t) although no assumptions are made
concerning the structure of the system matrices A and B,. Thus, each local

controller @;(t) can be written as

where K; is the i-th diagonal block of the state feedback gain matrix K. Indeed,
the decentralized control input (4.5) can also be considered as a special case of

the non-decentralized state feedback control input of the form

u(t) = Kx(t) (4.7)
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such that the matrix K has a block-diagonal structure.

Moreover, when constructing the decentralized state feedback controller (4.5),
(4.6), we do not treat interconnections between subsystems as uncertainties. This
approach then allows us to exploit any useful structural information of the large-
scale uncertain system (4.1), (4.3); e.g., see [197,229]. The purpose of applying
the decentralized state feedback controller (4.5), (4.6) is to achieve an absolutely

stable closed loop system with a specified disturbance attenuation level.

Definition 4.2. (Absolute stabilizability; e.g., see [2]) The large-scale uncertain
system (4.1), (4.3) is said to be absolutely stabilizable with disturbance attenua-
tion level 4 > 0 via the state feedback controller (4.7) if there exists constants

g1 > 0 and €5 > 0 such that the following conditions hold:

1. For any initial condition x(0), any admissible uncertainty inputs
&(4), ..., &() and any disturbance input w(-) € Ly[0, 00), we have
(), &1(4), ..., &(+)] € L0, 00) (hence, t, = oo) and

23+ Y 16 OIE < ex |z + w3+ ds| - (4.8)

2. The following H* norm bound condition is satisfied: If x(0) = 0, then for
w(-) € Ly[0,00) and &(-) € = (for all s =1,2,..., k)

k
HZ(>H% — &2 Zs:l ds < ,.)/2' (49)

J = supsup
w() &() lw ()3

4.3 Decentralized Controller Design

In this section, we present a systematic procedure to synthesize a decentralized
state feedback controller (4.5), (4.6) for the large-scale uncertain system (4.1),
(4.3). The key idea of our approach is to partition a non-decentralized state
feedback gain matrix K according to the partition of z(¢) in (4.4) and a(t) in
(4.5). That is,

Ky Ky ... Ky,

Kgl KQQ sz

K = (4.10)

Ky Kp ... K,
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The off-diagonal blocks of matrix K are then neglected and treated as additional
uncertainties, which are added to the uncertainties in the original uncertain sys-
tem (4.1), (4.3). This implies that the decentralized state feedback gain matrix
K is constructed by taking only diagonal blocks of the matrix K. That is,

K 0 0

_ 0 K 0

K=| = (4.11)
0 0 K,

Accordingly, a sequence of uncertainty matrices is then obtained from the
off-diagonal blocks of the matrix K in (4.10) as follows:

Aif = K2 Kiz Ky Klp )
Ag = |Ka K Ky K2p )
Ag = |K31 Kz Ky K3p )
A; = _Kpl Kp2 Kpg Kp(p—l) . (412)

Also, we define an additional uncertainty input £(¢) and uncertainty output ¢}*(¢)

corresponding to each A¥ in (4.12) as

§Ht) = =AYt (1) = F'a(t) (4.13)
fori=1,2,...,p. The matrices F{, Fy', ..., F}' are expressed as follows:
Flu - Oﬁlxnl [’Fllxﬁq i| 7
e — ‘[ﬁl—IXﬁl—l Oﬁz—1><nz 0ﬁz-1Xflz ] .
[ )
L OleXﬁl,1 OﬁlXTLl IleXle
F; = [’ﬁp,1><’ﬁp,1 Oﬁp,lxnp :| (414)

for I = 2,...,p — 1. Here, n;

S ny and 72; = n — @;. Then, using the

construction of the matrix K in (4.11), we can use the relationships in (4.7) and
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(4.13) to express the decentralized control input (4.5) as

a(t) = Ka(t +ZJ“ u( (4.15)

where
0.-
[m m e Om m
Jf:[ B e I A R I BECRTD
mi1Xmi Impxmp
OﬁLlel
forl=2,...,p— 1. Here mz:ZZ:lmk and m; = m — m;.

Now, it follows from the above formulation that if we apply the decentralized
state feedback controller (4.15) to the large-scale uncertain system (4.1), (4.3),
we will obtain the same closed loop system as if we apply the non-decentralized

state feedback controller (4.7) to the following uncertain system:
k
i(t) = Ax(t) + Biw(t) + Boul(t) + Z By & (t) + > Bs&i(t)
Z(t) = Clilf( +D12'LL +ZD12JU u

Gi(t) = Fia(t) + Gru(t) + Z Gy JEEN(t)

Gi(t) = Fra(t) + Gru(t) + Y GpJL €l (t);

G (t) = Fla(t)

Cu(t) = FUz(t). (4.17)

Also, for a given matrix K, we define constant (3; > 0 to bound the size of each
additional uncertainty AY defined in (4.12). That is,

|AY]? < B;, fori=1,2,...,p. (4.18)



4.3.  Decentralized Controller Design 81

Here, || - || denotes the induced matrix norm and each A¥ is defined as in (4.12).
From (4.18), it follows that the uncertainty input £(t) and output ¢*(t) will
satisfy an IQC of the form

/ lere) 2t < / ’ BICH O Pdt + d (4.19)
0 0

with di > 0 for all {t; > 0}52, and for all i =1,2,...,p.

In order to construct a state feedback controller for the uncertain system
(4.17), (4.3), (4.19) based on the state feedback interpretation of Theorem 4.1
in [187], we first apply S-procedure type results (see [187, Theorem 3.1]) by
introducing scaling constants 71 > 0,..., 741, > 0 corresponding to the IQCs
(4.3), (4.19) so that the state equations (4.17) can be represented as

i(t) = Az(t) + Byi(t) + Boul(t);
2(t) = Cra(t) + Dyyib(t) + Digul(t) (4.20)

B, = ’y_lBl Bg Bg]7 BZZBZ;
By=| A 'Bsy ... A "B |
By = | i BTt ... 1/—Tk+p—1B2J;];

Cy
\/T_lFl Dy
qug 0q><r quQ \/7—_16;11
Gy = Vi Fr i Din= | Ohxg Onxr Gu ; Dy = : ;
V ﬁlTkJrl Flu Oﬁxg Oixr  Onxm \/T_ka
Oﬁxm
| 6ka+p F;f i
Dﬁ = [ \/Tk+1_1D12Jf \/Tker_lDlZJ;)L ] ;
7'1111 G Jy ... T&p G Jy
G, = : : : ; (4.21)
S Gl [ Gy
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Yu(t) (1)
NGO VG

w(t) = | va&®) |5 2O =] VGl |- (4.22)
\/Tﬂgib(t) V B1Thr1 Cf(t)

LV Tk+p 5;@) ] LV BpTh+p ¢ (t) ]

Here, h = Z§=1 he, 7 = Zle rs, =y ¢ N+ ni—1 (Mg =0 and n, = 0).

As a D;; term appears in (4.20), we cannot immediately apply the state
feedback results of [187] to synthesize a state feedback controller of the form
(4.7) for the system (4.20). To eliminate the Dy, term, it is necessary to impose

the following assumption:

Assumption 4.1. Given constants 74 > 0,..., 754, >0, 81 > 0,...,3, > 0, the
uncertain system (4.17), (4.3), (4.19) is assumed to be such that Dy, DT, < I.

Now, we are able to apply a loop shifting transformation (e.g., see [16, Sections
4.5.1 and 5.5.1] and [18, Section 17.2]) to the system (4.20) by first defining

KA

=1 — DEDH > 0;
(I) =1 — Dllbﬂ > O,
Oiq(t) — o DL (C’lm(t) + f)lgu(t)> :

— (C’lx(t) n [)mu(t)> . (4.23)

From (4.23), it is straightforward to verify that

w(t) = & 3a(t) + & LDT, (éla:(t) + Dlgu(t)> (4.24)
and
1205 = lo@)l5 = 1215 — llo@)]f5- (4.25)

Hence, the state equations (4.20) can now be rewritten as

i(t) = Ax(t) + Byw(t) + Byu(t);
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where

A= A+ BDLOCy,

B, = B,®3;

By = By + B D, ® 7 Dyy;

Cy = :Cy;
Dip = & 2Dy, (4.27)

The results of [187] involve solving an H* control problem corresponding to the

system (4.26) and the H* norm bound condition

(. 2
J = sup 12O (4.28)
@(-)€L2[0,00),2(0)=0 [Jw ()l

The solution to the H* control problem defined by (4.26), (4.28) is then given in
terms of the stabilizing solution to the parameterized algebraic Riccati equation
defined as follows: Let 74 > 0, ..., 74, >0, 31 > 0,..., 3, > 0 be given constants.
The Riccati equation is then written as (e.g., see [187])

(A= ByE'DL,CN)"X + X(A — BoE~'D,Ch)
+ X (Bi1Bl = BoE7'By) X+ C[ (I — DisE'D,)C1 =0 (4.29)

where F = DﬂDlz.

We now present our main results relating the Riccati equation (4.29) to the
problem of absolute stabilization with a specified disturbance attenuation level
via a state feedback controller. Here, we only provide sufficient conditions for
absolute stabilization via a decentralized state feedback controller because the
main results only hold for a specific realization of the additional uncertainties
defined by (4.12), (4.13). To solve the Riccati equation (4.29), we need to impose
the following assumption; e.g., see [187,312].

Assumption 4.2. Given constants 74 > 0,..., 754, >0, 81 > 0,...,3, > 0, the
uncertain system (4.17), (4.3), (4.19) is assumed to be such that DT, Dy, > 0.

Theorem 4.1. Suppose 3 > 0,...,8, > 0 are given constants such that the
uncertain system (4.17), (4.3), (4.19) is absolutely stabilizable with a specified
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disturbance attenuation level -y > 0 via a controller of the form (4.7)
u(t) = Kx(t).

Then there exists 71 > 0, ..., Tp1p > 0 such that conditions in Assumption 4.1 and
Assumption 4.2 hold, and the Riccati equation (4.29) has a stabilizing solution
X > 0. Moreover, if these conditions hold, then the state feedback gain matriz K
given by

K =—-EYBIX + DLC)) (4.30)

15 such that the resulting closed loop system is absolutely stable with disturbance

attenuation v > 0.

Proof. If all conditions of the theorem hold, then it follows from the proof of
Theorem 4.1 in [187] that there exist constants 71 > 0,..., 7,4, > 0 such that
conditions in Assumption 4.1 and Assumption 4.2 hold, and the controller (4.7)
solves the H* control problem defined by the system (4.26) and the H* norm
bound condition (4.28). Also, standard results on H> control (e.g., see Theorem
3.3 and Corollary 3.1 in [312]) confirm the existence of a stabilizing solution
X > 0 to the Riccati equation (4.29). Moreover, if the Riccati equation (4.29)
has a stabilizing solution X > 0, then the state feedback control law (4.7), (4.30)
absolutely stabilizes the uncertain system (4.17), (4.3), (4.19) with disturbance
attenuation level v > 0 (see the proof of Theorem 4.1 in [187]). O

Theorem 4.2. Let 7y > 0,...,741p >0, 81 > 0,...,8, > 0 be given constants
such that Assumption 4.1 and Assumption 4.2 hold, and the Riccati equation
(4.29) has a stabilizing solution X > 0. Also, suppose that the state feedback
controller gain matriz K defined by (4.30) is such that the neglected off-diagonal
blocks of K defined by (4.12) satisfy the bounds (4.18). Then the uncertain system
(4.1), (4.3) is absolutely stabilizable with a specified disturbance attenuation level
v > 0 via a decentralized state feedback controller of the form (4.15)

a(t) = Kz(t)

where K is the decentralized state feedback gain matriz of the form (4.11) with
block diagonal elements of the full state feedback gain matriz K given by (4.30).

Proof. If all conditions of the theorem hold, then it follows from Theorem 4.1
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that the uncertain system (4.17), (4.3), (4.19) is absolutely stabilizable with dis-
turbance attenuation level v > 0 via the state feedback controller of the form
(4.7), (4.30). Also, if the full state feedback gain matrix K defined by (4.30)
is such that the neglected off-diagonal blocks of K defined by (4.12) satisfy the
bounds (4.18), then the uncertainties (4.13) satisfy the IQCs (4.19). Moreover,
from the construction of the uncertain system (4.17), (4.3), (4.19), the closed loop
system obtained by applying the decentralized controller (4.15) to the original
uncertain system (4.1), (4.3) is identical to the closed loop system obtained by
applying the controller (4.7) to the uncertain system (4.17), (4.3), (4.19) when
the uncertainties (4.13) are applied. Therefore, it follows that the original un-
certain system (4.1), (4.3) is absolutely stabilized with a specified disturbance

attenuation level v > 0 via a decentralized state feedback controller (4.15). [

4.4 A Differential Evolution Approach

From the decentralized controller synthesis method presented in Section 4.3, we
can reformulate the decentralized state feedback control problem stated in Section
4.2 as a nonlinear optimization problem with nonconvex constraints. It involves

a decision variable

T
Y= Y T1 T2 ... Tk4p 61 ﬂg Bp] . (431)

where the dimension of ¥ is k& + 2p + 1. All elements of ¥ are positive real
numbers and they correspond to the parameterized algebraic Riccati equation
(4.29). To compute their values, we then propose apply an evolutionary opti-
mization method, namely the differential evolution (DE) algorithm, as described
in Chapter 2. Thus, we aim to find an optimal vector J* of design parameters to

solve

mﬁin f(0) (4.32)

that is subject to
g(0) =0, h(¥) <0 (4.33)

for j = 1,2,...,a and k = 1,2,...,b. Here, f(9) is an objective function to
be minimized, and g;(¢) and hy(J)) are the equality and inequality constraints,

respectively.



86 Chapter 4. Decentralized State Feedback Robust H> Control

As we are concerned with a decentralized robust H* control problem as for-
mulated in Section 4.2 and Section 4.3, a suitable objective function to be mini-

mized is

p
f(0) = noy™ + Z mis;" (4.34)
i=1

This objective function f(J) is defined in order to obtain a decentralized state
feedback controller that absolutely stabilizes the closed loop system with a spe-
cified disturbance attenuation level v > 0. Here, 19,7n; > 1 are weighting factors
used to set priority between v and each f3; term in (4.34). The Y P | m;6 term is
used to force the DE algorithm to produce a state feedback gain matrix K such
that each of its off-diagonal blocks are small. Moreover, the power constants
Ko, k; > 1 are chosen such that the numerical iteration evolves toward an optimal
solution ¥* at a considerable rate.

In addition to the objective function f(¢) in (4.34), we also define a set of
constraints parameterized by ¢, which are defined using the assumptions and

main results in Section 4.3. In this case, the equality constraint is
gl(’ﬁ) = (A — BQE_IDQCH)TX + X(/_l — BQE'_IDTQC—H)
+ X (BiB] = B2E'By) X+ C[ (I — DixE'D{,)Cy =0 (4.35)
and the inequality constraints are

hi(¥) = Dy DT, —1<0;  hy(¥) = —E < 0;
hs(9) = =X <0; hs(9) = emaxr(A) <0; (4.36)
hsi(0) = [|AY? — 8 <0

fori =1,2,...,p. Here, emax(A) denotes the largest real part of the eigenvalues

of the matrix A defined as follows:
A:=A— B,E'D{,C, + (B1B{ — B.E~'Bj) X. (4.37)

Based on the constraints (4.35), (4.36), we then form a penalty-based fitness test
procedure through which all candidate solutions in the population are evaluated.

Thus, the fitness test proceeds as follows:

1. Compute the eigenvalues of (D1 DT, — I) and E in order to examine if the
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constraints h; () and hy () hold.

2. Compute the solution of the Riccati equation (4.29) using the constraint

g1(9) in (4.35).

3. Evaluate the constraints h3(?) and hs(¢) in (4.36) to check if the solution

X to the Riccati equation (4.29) is a stabilizing positive definite solution;

4. Evaluate the constraints hs; () (for i = 1,2,...,p) in (4.36) to check if the
i-th off-diagonal block of the matrix K satisfies the norm bound condition
in (4.18).

5. Calculate the value of the objective function f(¢J) in (4.34).

Through this routine, we acquire information about how many constraints have
been violated by each candidate solution and the accompanying violation cost or
the value of the objective function if no constraint violation has occurred. We
also assume that a constraint violation in a lower level implies the one(s) in the
higher level.

The penalty functions corresponding to the violation of each constraint in

(4.35), (4.36) are as follows:

pl(ﬁ) - emax([)llf){l _I)nl; p2(19) - ‘emin(E)’n2;

pal) = p(C)" ) = leaiaOs o
P5(V) = €maxs(A)™; Pe(V) = > i D

pr(¥) = (V)

for njym; > 1 for j = 1,2,...,5 and ¢ = 1,2,...,p. Here, p(M) denotes the
spectral radius of the matrix M; emin(M) and eyax(M) denote the smallest and
the largest eigenvalue of the symmetric matrix M, respectively. If the matrix M
is required to be positive definite, we assign |emin (M)|" as a penalty for the case
when this requirement is violated. Here, the matrix M can be either negative

(semi)definite or indefinite. Moreover, C and D; in (4.38) are defined as follows:

C:=CT (I - DE'D],) Cy;
B { |AY1%, if hs;(9) is violated;

Di . .
0, otherwise.

(4.39)
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Each penalty function in (4.38) has a positive value and is evaluated only when

a violation occurs.

4.5 An Illustrative Example

To demonstrate the controller design method in Section 4.3, we consider a decen-
tralized robust H* control problem for two inverted pendulums interconnected
by a spring. The linearized and normalized model of this system is adjusted from

that in [230] and is given as follows:

0 10 0 10 00
(1) = 8'1 8 8'9 (1) () + 8 (1) w(t) + (1) 8 u(t) + | 8 £(t):
__0.9 0 0.1_ 0 0 0 0 1 0.1
-l a2 ]
€=y o o0 (1.0)

Since the system (4.40) consists of two interconnected subsystems, both the state
x(t) and the control input u(t) are partitioned into two components (p = 2) so
that n; = 2 and m; = 1 for + = 1,2. The interconnection between subsystems is
assumed to consist of 90% known linear part and 10% unknown nonlinear part.
The latter is then considered as uncertainty in the system. The relationship
between the uncertainty input £(¢) and the uncertainty output ((¢) in the system
(4.40) is represented as

—1

§(t) = A(p)C(t),  Alp) = p [ .

1
1] , for —05<p<05  (4.41)

with ||A(u)||* < 1 such that the following IQC is satisfied. That is,

| leora s [Cicwravd vizo (1.42
0 0

Applying Theorem 4.1 and the DE approach to this problem, we obtain the
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disturbance attenuation level v = 0.5181 and other constants as follows:

= (00200 00153 00400 0.0401]; = 00536 0.0903].  (4.43)

Given these parameters, we solve the Riccati equation (4.29) and use its stabi-
lizing solution X > 0 to construct the non-decentralized and decentralized state

feedback gain matrices K and K , respectively. That is,

o |53 —0.9078 01178 0.1985]
B | 02255 0.1985 —5.4123 —0.9461 |
~ [=5.3744 —0.9078 0 0 |
K= (4.44)
0 0 ~5.4123  —0.9461

where ||A¥]|? < 0.0536 and [|AY* < 0.0903. It thus follows from Theorem 4.2
that the decentralized state feedback controller @(t) = Kz (t) absolutely stabilizes
the uncertain system (4.40), (4.42).

For comparison purpose, we apply the method in [191] to synthesize a decen-
tralized state feedback robust H* controller for the same interconnected pen-
dulums as in (4.40). Here, we consider the interconnection between the two
subsystems as uncertainty. Thus, the linearized model of this uncertain system

is written as follows:

010 0 10 0 0
1000 0 0 10
xz(t) = x(t) + w(t) + u(t
®) 0001(>01<)00()
00 1 0] 0 0 01
0 0] [0 0
“1 0 10
+ t) + t);
0 06() O077()
0 —1 01
(10 0 0 02 0
z(t) = x(t) + u(t);
®) 00 1 0] (®) 0 02 (®)
(1 0 0 0
t) = x(t 4.45
¢(t) _0010_() (4.45)
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where 7(t) is an uncertainty input due to interconnection effect on each subsys-
tem. From [191,230], the uncertainty inputs £(¢) and n(t), and the uncertainty
output ((t) in (4.45) are related according to

€)= AC(t); n(t) =AC(t); for 0 <A<, (4.46)

Thus, the following IQCs

/0 et ae < / e de + o
/ TP dt < / TIC) de + d (4.47)

0 0

are satisfied for any dj,ds > 0. Note that the paper [191] does not provide
a numerical algorithm for computing the required parameters. Thus, in this

example, we also apply the DE method to this problem and obtain

v = 05308 T — [0.3609 0.3526} L = [0‘3427 0.3592 (4.48)

where 0 is a vector of scaling constants associated with uncertainty due to in-
terconnection. Given the constants in (4.48), we then use them to compute
stabilizing solutions to two Riccati equations of the form (4.29) corresponding
to the two inverted pendulums in (4.45). Thus, the decentralized state feedback

gain matrices are obtained as follows:

—8.9995 —3.8592 0 0

K =103 x .
0 0 —6.8909 —2.9499

(4.49)

Having the numerical outcomes above, we notice that our method results in
a smaller disturbance attenuation level v than that given by the method in [191].
This fact confirms that our knowledge about the interconnection between sub-
systems is useful to improve the disturbance attenuation level v and to reduce
conservatism of the resulting decentralized controller. Moreover, the decentra-
lized state feedback gains in (4.44) are much smaller those in (4.49). This is
a consequence of our method which involves reducing the size of the neglected
off-diagonal blocks of the non-decentralized state feedback gain matrix K. Small

decentralized state feedback gains are indeed preferable in practice because they
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are less likely to cause control input saturation, noise amplification and instability

due to unmodeled dynamics.

Time (sec.) Time (sec.)

(a) (b)

Figure 4.1: Controlled outputs 21 (f) and z2(t).

To demonstrate the performance of the decentralized state feedback controller
K in (4.44), we simulate the resulting decentralized control system using Simulink
for different A(p) as defined in (4.41). The closed loop system is only perturbed

by an initial condition
T
z(0) = [1 0 1 O} . (4.50)

The trajectories of both controlled outputs z;(t) and z9(t) are then shown in
Figure 4.1. Moreover, the H*> norms of the closed loop transfer function matrix

T (s) from w(t) to z(t) for different values of p are obtained as follows:

poo | -05 —02 0 02 05
|Tux(5) ]l | 04776 0.4801 0.4818 0.4834 0.4859

(4.51)

and the maximum singular values o, of the closed loop system are shown
in Figure 4.2. It is evident from (4.51) that the decentralized state feedback
controller K in (4.44) results in the closed loop H* norms which are less than
the specified value of v = 0.5181. These results show that the closed loop system
is absolutely stable and the decentralized controller is capable of maintaining good
disturbance attenuation performance of the closed loop system in the presence of

uncertainties.

Remark 4.1. We compare our method with that in [191] because the latter

also applies an [QC-based framework to solve the decentralized state feedback
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(dB)

g
max

10° 107 10° 10" 10° 10°
Frequency ( rad/sec )

Figure 4.2: Maximum singular value oy, .

robust H* control problem. Here, we show that the (partially) known inter-
connections between subsystems can be exploited to improve the performance
of the decentralized controller. Moreover, when there is an unstable subsystem
which cannot be controlled directly, our method still can be used to synthesize
an absolutely stabilizing decentralized controller provided the interconnections
are known. However, this latter case is not solvable using the method in [191]
since the interconnections are considered as uncertainties rather than as useful

structural information which can be exploited for control purposes.

4.6 Conclusions

We have presented a new method for constructing a decentralized state feedback
robust H* controller for a large-scale linear time-invariant uncertain system with
IQCs. The main idea is to treat the neglected off-diagonal blocks of the controller
gain matrix as uncertainties. This approach enables the controller to exploit
the interconnections between subsystems. Moreover, the decentralized controller
is required to provide an absolutely stable closed loop system with a specified
disturbance attenuation level.

We have also applied an evolutionary optimization approach, namely the DE
algorithm, to solve a nonconvex nonlinear optimization problem arising in the
proposed decentralized controller synthesis method. The decentralized controller
is then constructed using a stabilizing solution to an algebraic Riccati equation,
which is dependent on a set of scaling constants. These constants correspond to

the system uncertainties and norm bounds of the neglected off-diagonal blocks.
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An example with numerical and simulation results is presented in order to
demonstrate the efficacy of the proposed decentralized controller design method.
Through this example, we also provide a comparison with another relevant 1QC-
based method as presented in [191]. It is evident that our decentralized state
feedback controller has better features as compared to that constructed using the
method in [191] whenever the interconnections between subsystems are (partially)

known and can be exploited for control purposes.
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Chapter 5

Decentralized Nonlinear Robust
H° Control

5.1 Introduction

Combining the ideas in Chapter 3 and Chapter 4, we propose a new method
to synthesize stable decentralized nonlinear robust H> controllers for a class of
large-scale nonlinear uncertain systems. The structured uncertainties and known
nonlinearities in the system are characterized in terms of integral quadratic con-
straints (IQCs) and global Lipschitz conditions (GLCs), respectively. It is com-
mon to view a large-scale system as consisting of interconnected subsystems. We
assume that the interconnections are well known and are therefore not treated as
uncertainties because they may provide useful structural information about the
large-scale system being controlled. On the basis of this perspective, we allow
the decentralized control system to exploit the interconnections while achieving
absolute stability with a specified disturbance attenuation level.

Each decentralized controller is assumed to be dependent only on the mea-
surement output of the corresponding local subsystem although no assumptions
are made regarding the structure of the large-scale system. However, we can-
not simply ignore the influence of the measurement outputs of other subsystems
as in the case of controlling a large-scale nonlinear system using a single non-
decentralized nonlinear controller of the same structure. This then results in
nonlinear error systems, which originate from the difference between the decen-

tralized and non-decentralized nonlinear controllers. Thus, in constructing the
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decentralized nonlinear controllers, we consider the nonlinear error system cor-
responding to each decentralized controller as an additional uncertainty for the
original nonlinear plant. Consequently, the decentralized nonlinear controllers
are required to be stable and robust against both the plant and additional un-
certainties. In fact, decentralized controllers with these features have also been

considered in [166] for a linear robust H> control problem.

I v

3 ¢

P

w 5| Nominal Linear Plant >z

1

Linear Controller

r—--
Il
1

1/)() o Linear Controller i

(a) (b)

Figure 5.1: (a) Large-scale nonlinear uncertain system with decentralized nonlinear
controller. (b) Large-scale nonlinear uncertain system and decentralized linear con-
troller with repeated nonlinearity. Here, ¢(-) is a known nonlinearity and ¢(-) is an
uncertainty; see [6].

A particular way to obtain our decentralized nonlinear controllers is through
the addition of a copy of the plant nonlinearity to the linear part of the con-
trollers as shown in Figure 5.1(a). The aim of this inclusion is to enable the
decentralized controllers to exploit the plant nonlinearity without directly treat-
ing it as uncertainty such that we can obtain decentralized nonlinear controllers
with better disturbance attenuation performance. As we use the results on linear
robust H* control in [187] to solve our decentralized control problem, the copy
of the nonlinearity is then incorporated into the plant (see Figure 5.1(b)) and it
is required to satisfy extra IQCs derived from the GLCs. Therefore, the solution
to the decentralized nonlinear control problem is given in terms of the stabilizing
solutions to algebraic Riccati equations, which are dependent on a set of scaling

parameters.
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This approach to designing decentralized nonlinear controllers only provides
us with sufficient conditions. Moreover, it also results in a numerical algorithm,
which involves parameterized nonconvex nonlinear constraints. We realize that
this type of numerical problem is often difficult to solve using regular optimization
methods. Thus, all design parameters are computed using an evolutionary opti-
mization method, namely the differential evolution (DE) algorithm as described
in Chapter 2.

5.2 Problem Statement

In this section, we introduce the nonlinear uncertain systems being considered
and formulate a corresponding decentralized nonlinear control problem. This
formulation includes all necessary notation and definitions, which closely follow

those in previous chapters.

5.2.1 System description and definitions

We are concerned with a decentralized nonlinear robust H* control problem for

a class of large-scale nonlinear uncertain systems represented as follows:

fﬂ(t) = Al‘(t) + Blw( + B2u Z El sfs ZE2 zluz iL’(O) = Zo;

2(t) = Chx(t) + Dygu(t);
Cl(t) = HLll'(t) —|— GLlu(t);

Cr(t) =
v (t) =

(t) + G pult);
133'(t) + GQJU(t);

vy(t) = Hogx(t) + Gagu(t);

f g
y(t) = Con(t) + Dyw(t) + Y Fi&(t) + Z Fyapa(t) (5.1)
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where € R" is the state, u € R™ is the control input, w € R is the disturbance
input, z € RY is the controlled output, y € R' is the measurement output,
& € R™,...,& € R are the uncertainty inputs, ¢; € R",... {; € R" are
the uncertainty outputs, u; € R,...,uy, € R are the nonlinearity inputs, and
1 € R,...,v, € R are the nonlinearity outputs. All coefficient matrices in (5.1)
have compatible dimensions with those of the signals.

The relationship between the nonlinearity input j;(¢) and nonlinearity output

v;(t) in the system (5.1) is described as

and satisfies condition ;(0) = 0. Each nonlinear function ;(-) is assumed to be

known and satisfies the global Lipschitz condition written as

[¥i(v(t)) — ¢i(w(D)] < Bilv(t) —w(8)], Vi=1,2,....g (5:3)

for all (v(t),7(t)) and 3; > 0. Moreover, the uncertainty input &(¢) and uncer-
tainty output (s(¢) in the system (5.1) are related as follows:

és(t) = (bs (t, <s<)|€]) ) Vs = 17 27 s 7f' (54)

where ¢4(+) can be a nonlinear time-varying and dynamic functional; see [2]. The
uncertainty input &,() is said to be admissible if it satisfies the integral quadratic

constraint defined as follows:

Definition 5.1. (Integral Quadratic Constraint; e.g., see [2]) An uncertainty of
the form (5.4) is an admissible uncertainty for the system (5.1) if the following
conditions hold: Given any locally square integrable control input u(+) and locally
square integrable disturbance input w(-), and any corresponding solution to the
system (5.1), (5.4), let (0,t,) be the interval on which the solution exists. Then
there exist constants dy; > 0,....d; s > 0 and a sequence {t;}32, such that
ty — t,, t > 0 and

| ek < [P a. (55)
0 0

for all £ and for all s =1,2,..., f. Note that ¢, and ¢, may be equal to infinity.
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The class of all admissible uncertainties £(-) = [&(+), ..., &(+)] is denoted by =.

We wish to synthesize a stable decentralized nonlinear controller for the non-
linear uncertain system (5.1), (5.2), (5.5) based on the results in Chapter 3. In
this case, the general form of a nonlinear robust H* output feedback controller

is given as follows:

Fe(t) = Na(t) + My(t) + Z Lifie,(t);  2e(0) = Ty

Ve, (t) = Pyzc(t) (5.6)
where z. € R™ and

ﬂCi(t) :% (DCz(t)) for i = 1727---,9- (57)

Indeed, the nonlinear controller (5.6), (5.7) is of n-th order and is constructed
by adding a copy of each nonlinearity (5.2) to the linear part of the controller.
The purpose of this inclusion is to enable the controller to exploit the plant
nonlinearity while achieving a desired control objective.

It is assumed that the large-scale nonlinear uncertain system (5.1), (5.2),
(5.5) consists of p interconnected subsystems. This structure then leads to a

decomposition of the measurement output y(¢) € R! into p components as follows:

y(t) =", (58)
Yp(t)

where the output y;(t) € RY, for j = 1,2,...,p, is only available to the controller
for the j-th subsystem. Therefore, an output feedback control input @, (t) for j-th
subsystem is assumed to be dependent only on the measurement output y;(t).

This assumption leads to a decentralized control input @(t) € R™, which also has
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p components as follows:

~ Us(t
u(t) = ' (5.9)
Up(t)
where @;(t) € R™ for j = 1,2,...,p. The assumption on the relation between

y;(t) and u;(¢) is made regardless of the structure of A, By and Cs in (5.1).

The structure of j-th decentralized nonlinear output feedback controller is the
same as that of the non-decentralized one as shown in (5.6), (5.7). Thus, each
decentralized controller can be viewed as a special case of its non-decentralized

counterpart. That is,

i, (1) = Nag, (£) + Myy;(t +de 74,(0) = @,

70

u(t) = Kjxa,(1);
I;d1 (t) = pliL‘dj (t),

P4, () = Pyza (t) (5.10)

where 74, € R" and
fia,(t) = ¥i (74, (¢)) (5.11)

for y =1,2,....,pand i = 1,2,...,g. The purpose of applying the decentrali-
zed controller (5.10), (5.11) to the large-scale nonlinear uncertain system (5.1),
(5.2), (5.5) is to obtain an absolutely stable closed loop system with a specified

disturbance attenuation level.

Definition 5.2. (Absolute Stabilizability; e.g., see [2]) The nonlinear uncertain
system (5.1), (5.2), (5.5) is said to be absolutely stabilizable with disturbance
attenuation level y via the decentralized stable output feedback controller (5.10),
(5.11) if there exist constants ¢; > 0 and ¢ > 0 such that the following conditions
hold:

1. For any initial condition [2(0),z4,(0),...,24,(0)], any admissible uncer-

tainty inputs &;(-),...,&s(-) and any disturbance input w(-) € Ly|0, c0),
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then [z(-),z4,(-),...,2q,(-),u(-),& (), .., & ()] € L[0,00) (hence, t, =
o0) and

(- ||2+Z||xd M3 + [lu( ||2+Z||£s )3
1| l=(0 |!2+Z|!:vd (O + flw:) Hfrzdls- (5.12)

2. The following H* norm bound condition is satisfied: If z(0) = 0 and

2q,(0) = ... = 24,(0) = 0, then for w(-) € Ly[0,00) and &(-) € Z (for all
s=1,2,...,f)
J := supsup 120015 — e Xus s <2 (5.13)
w) &() lw()I3

When constructing a decentralized control system, it is common to consider
the interconnections between subsystems as uncertainties in addition to those of
the plant under consideration; e.g., see [216,219,220,224]. This is in contrast to
our approach where they are assumed to be known and hence, not considered as
additional sources of uncertainties for the whole large-scale system. The same
assumption has been introduced in Chapter 4. It is based on an observation
that in some applications, the interconnections may provide useful structural
information for the entire decentralized control system. This paradigm allows
the decentralized controllers to exploit the interconnections while achieving the
control objective. However, we need to take into account the influence of other
components of y(t) apart from y;(¢) on j-th decentralized nonlinear controller.
Thus, they are considered to give rise additional uncertainties in the plant. Using
this approach, the resulting decentralized controller is expected to be robust

against uncertainties in itself and of the plant.

5.2.2 Nonlinear error system

Although the decentralized control input ;(¢) depends only on the measurement
output y;(t), the other components of y(t) may also affect the dynamics of j-

th decentralized controller as it is a nonlinear output feedback controller. This
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situation constitutes a difference between the non-decentralized control input

u;(t) and the decentralized control input @;(¢), which can be described as
Auj(t) = u;(t) — u;(t) = Kj (z(t) — zq,(t)) (5.14)

for j =1,2,...,p. The error signal Au;(t) is considered as an output of the j-th

nonlinear error system defined as follows:

Tt Tt [ (t
O Oy 4 |2
T, (t) x4, (t fia(t)
i e h
Auy(ty = K | |
|4, (1)
e (t [ 2(t) |
Vd(t) _J]dj(t)_
where
C[vool M (e o] [P o]
lo N|TT My T o L] o P|]
K=|zK ~zK|: M= M - M| L=|L - L]
Kl Pl Hey (t) Ky (t>
K = 3 P = ’ ﬁc(t) - ; /ld(t) - 3
_KP Pg Iu’cg (t) 'U’dg (t)
(e, (1) va, (1)
~ . . ~ . . ‘[l1><l1 Ol1><i1 .
Vc(t) - . ) Vd(t) - . ) ‘/1 - 3
00 O
l1><l1 l1><l1
_ch (t) Vdg (t)
_O[b—1X[b—1 0Zb—1><lb OZb—IXib 0; 7 07 .
p—1Xip—1 p—1Xlp | .
% - Olel_b,1 [lelb Ole[b ’ ‘/p - 0[ i Il I ] !
pXlp— pXlp
L OZle_b,1 O[leb OibX[b '

Zl - |:Im1><m1 Omlxml} ; Zb = |:Omb><mb,1 Immeb Ombxmb} )

Zy = [Ompxmp,l ]memp] (5.16)
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for b=12,3,...,p—1and j = 1,2,...,p. Note that [; = Zizllk; l} =1-1;
m; = 30_ my and m; = m — m;.

The nonlinearity input and output in (5.15) are represented as follows:

: fia(t : va(t
pg(t) 15(t)
with g = 2¢g and therefore,
pal) = Ya(ma(t)), 6a(0) =0, fora=1,2,....g. (5.18)

The nonlinear function 1,(-) in (5.18) is also required to satisfy the GLC as

follows:

[Ya(n) = ®a()| < Baln—1l,  Ba = 0. (5.19)

Note that §; = fy4; for i = 1,2,...,¢g. From the GLCs in (5.19), we can define

an additional set of IQCs as follows:

Amefﬁééﬂﬁ%wfﬁ+@a (5.20)

with d5, > 0, for all @ = 1,2,...,g and for all {t; > 0}32;. The set of all
admissible uncertainty inputs p,(-) is analogously defined as in the Definition 5.1
and denoted by Z=..

Moreover, we define a constant d; > 0 associated with the j-th nonlinear error
system (5.15), (5.20) such that the following H* norm bound condition

Au;(VZ =259 ds,
Tej 1= sup sup 18w, ()llz 8]2‘1:1 5 <(5J2 (5.21)

Y(-)EL2[0,00) pa(-)€Ze ()13

is satisfied for all p,(-) € Ze, a given constant £; > 0, 2.(0) = 0 and 4,(0) = 0.
The condition (5.21) then imposes an absolute stability constraint on the j-th

nonlinear error system (5.15), (5.20) and thus leads to the following lemma:

Lemma 5.1. Let 3, > 0,...,8, > 0, 6; > 0 be given constants. Suppose that
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Ay, is stable and there exist constants 0,1 > 0,...,0;5 > 0 such that
| Ce,(s] — Ae,) 'Be, |loo <1, forj=1,2,....p (5.22)
where Ao, = N;
5 [ M O Ly . O, L, 0o o,
T oMY 0 0 V0igi1n L1 .. /05 Ly
[ ZK ~Z,K ]

B/ 01 P 0

Ce, = |By/054 P, 0 . (5.23)

0 Briy/0.g+1 P2

0 ﬁg Qj’ng |

Then, the H* norm bound

Jej = sup w <1 (5.24)
55 () ELa[0.00) e (0)=0.24, (0)=0 |75 ()3
is satisfied, where
(Sj (t) A'LLJ'
(1) = ‘93',1. p1(1) . AG = Biy/bj1m () . (5.25)

Vi p5(t) Bav/0.315(t)

Moreover, if this condition holds, then the j-th nonlinear error system (5.15),
(5.20) is absolutely stable with disturbance attenuation level 6; > 0. Hence, the
H> norm bound (5.21) is satisfied.

Remark 5.1. The proof of this lemma follows via the same arguments as the
sufficiency proof of Theorem 4.1 in [187]. Since the j-th nonlinear error system
(5.15), (5.20) is such that A, is stable, then we can always find a constant d; > 0
such that (5.22) is satisfied.
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5.2.3 Equivalent nonlinear uncertain system

To solve the decentralized nonlinear control problem described in sub-Section
5.2.1 using the stable nonlinear controller design method presented in Chapter 3,
we first need to form an equivalent nonlinear uncertain system. For this purpose,
we consider the error output Aw;(t) in (5.15) as an additional uncertainty input
£} () to the original nonlinear uncertain system (5.1), (5.2), (5.5). Then, referring

to (5.14), we can write () as
(1) = uy(t) + &5 (1) (5.26)

for j = 1,2,...,p. According to (5.15), the additional uncertainty input &¥(t)

and uncertainty output ¢'(t) can then be defined as follows:

i (t) = —Auy(t);

G () = y(t) (5.27)
for j =1,2,...,p. Now, we can rewrite the decentralized control input @(t) as
P
a(t) =u(t) + Y JrEE) (5.28)
j=1
where, for b=2,3,...,p—1,
Ju o [m1><m1
1 )
_Oﬁl1><m1
_Omb—lxmb_
Jl? - [mmeb )
L Ofanmb i
Om —1Xm
J' = poime 5.29
! ]mpxmp ( )

Applying the decentralized control input @(t) in (5.28) to the nonlinear un-
certain system (5.1), (5.2), (5.5), we obtain the same closed loop system as if we

apply a non-decentralized control input u(¢) to an equivalent nonlinear uncertain
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system defined as follows:

= Ax(t) + Biw(t) + Bou(t) + BaJu&u(t) + Er€(t) + Eppu(t);

Crz(t) + Digu(t) + DiaJuéu(t);

+ Ghu(t) + G1Jubu(t);

+ Gau(t) + GaJ,&u(t);

I [Cox(t) + Dyw(t) + Fi&(t) + Fou(t)];

y(t) = Cox(t) + Doyw(t) + F1&(t) + Fou(t) (5.30)

where

s Ha, Gy Gayg I
Fy = Fip - Fl,f} ;o = [Fm SRR W I
I; = Iy (5.31)
for all j = 1,2,...,p. Note that [ is the dimension of the measurement output

y. Each pair of additional uncertainty input £(¢) and output (}'(¢) as defined in
(5.27) has to satisfy an IQC of the form

/0 ler(n)|? dt < / ¢ ()2 dt + d (5.32)

0

with df > 0, for all j = 1,2,...,p and for all {t;, > 0}32,. It then follows from

Definition 5.1 that an admissible uncertainty input £(¢) belongs to a set Z,,.
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5.2.4 Robust H* control

Following from the construction in sub-Section 5.2.3, we transform the problem
of designing a stable decentralized nonlinear controller of the form (5.10), (5.11)
for the original nonlinear uncertain system (5.1), (5.2), (5.5) to that of designing
a stable non-decentralized nonlinear controller of the form (5.6), (5.7) for the
equivalent nonlinear uncertain system (5.30), (5.2), (5.5), (5.32). Then, in order
to construct the stable non-decentralized nonlinear controller (5.6), (5.7) using
the results in Chapter 3, we first incorporate all copies of the nonlinearities (5.7)
into the plant description (5.30). This step allows us to rewrite the nonlinear
controller (5.6), (5.7) as

u(t) = Kz.(t) (5.33)
where
v K] y(t)
M= M L) K__P,gm)_bwr
o _u(t) o /11:(75) o 51:(15)
u(t) = o) aity=1 + |; o)=1 + |. (5.34)
) _ﬂg(t) A0

Furthermore, referring to the GLCs (5.3), the nonlinearities (5.2) and their copies
(5.7) can be characterized in terms of the IQCs:

tx tg

/ (alt) — is(8))2 dt < / B (us(t) — 24(8)) dt + o

Otk " 0

/ (ualt))? dt < / B2 (va(8))? dt + ds;

Otk Otk

/(m@f&g//f@@fﬁ+@¢ (5.35)

0 0
with do; > 0, d3; > 0 and dy; > 0, and for all + = 1,2,...,¢ and for all
{tk > 0}/?;1-

Using the expressions in (5.34) and (5.35), we can further simplify the equiva-

lent nonlinear uncertain system (5.30), (5.2), (5.5), (5.32) into a linear uncertain
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system as follows:

§(t) ¢(t)
: pt) | - v(t) || 5 3
1) = ) = ;B:[B On];E:[E By 0,0 Byl
g( ) ﬂ(t) C( ) ﬁ(t) 2 2 Xg 1 2 Xg 2
&u(t) Cu(t)
_ _ - 07
Dy = [Du qug:| ) Di]2 = [quf D12Ju:| ; Gy = e 3
1Dy
Hl Gl 0h><g Ohxr 0h><g 0h><g Glju
H _ H2 , G _ G2 0g><g : G—,J _ Og><7“ 0g><g Og><g G2Ju :
Og><n Ong ]g><g Og><7‘ ngg ngg Ong
_ICQ Opl><m 0pl><g IFI jF2 Opl><g 0pl><m
o] D R F Oy O
02 _ 2 : D21 _ 21 : F— 1 2 Ixg Ix . (537)
_ngn Og><d ngr 0g><g ]g><g 0g><m

The uncertainties of the system (5.36) are represented by rewriting all IQCs in
(5.5), (5.35), (5.32) in the following form:

/Otk )T QE() dt < /Otk C(t)TRLC(t) dt + do (5.38)

with d, > 0, for all @ = 1,2,..., f and for all {t, > 0}3>,. Note that f =
f+ 39+ p, and Q, and R, are symmetric matrices. Also, the constants 5]2- in
(5.32) and (37 in (5.35) are accordingly included in R, in (5.38) corresponding
to (j'(t), vi(t) and 7(t), respectively. The admissible uncertainty input £(+) is an
element of = as defined in Definition 5.1.

However, we notice that the IQCs (5.38) are not expressed in the standard

form as given in (5.5). Therefore, it is necessary to introduce scaling constants
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Ao > 0, A\, € R corresponding to each IQC in (5.38) as we use the results of [187]
to solve our control problem. This approach allows us to define weighting matrices
Q(\) >0 and R(\) > 0, and a constant d(\) > 0 as functions of

T
A:[M Ay - M}- (5.39)
That is,
) i i f ) i
QN =) AaQai RO =D AaRa; d(N) = Nada (5.40)
a=1 a=1 a=1

where A\ belongs to the set
A;:{AeRf:Aazo,\m:1,2,...,f}. (5.41)

This implies that the IQCs (5.38) lead to the satisfaction of an IQC parameterized
by scaling constants as defined in (5.39). It then follows from (5.38) that

tA%SWF@cwéawﬁsaé%éaﬂ¥%»§@wﬁ+wﬂm (5.42)

for all {t, > 0}%2,. Using this formulation, we are particularly interested in a
subset A C A such that Q()\) > 0. Then, for each A € A, the weighting matrices
defined in (5.40) can be written as

(A) = RIWTR(N) (5.43)
where Q(A) = Q(A\)T = Q(A\)z > 0 and R()) is a rectangular matrix. However,

R()) can be chosen as a square matrix such that R(\) = R(\)T = R(\)z > 0.
The IQC (5.42) can then be reformulated as

| gl ae< [Cicol? - de) (5.44)
0 0
for all {¢, > 0}72, with

E(t) == QE): (1) := ROC(1);  d(A) = d(A). (5.45)
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Using the expressions in (5.45), the state equations (5.36) can be rewritten as

y(t) = Cox(t) + Dayyw(t) + FQ(X) (). (5.46)

The stable decentralized nonlinear controller (5.10), (5.11) will then be con-
structed based on the uncertain system (5.46), (5.44).

5.3 Stable Decentralized Controller Synthesis

Based on the decentralized nonlinear control problem stated in Section 5.2, we
present an algorithm to synthesize a stable decentralized nonlinear controller
(5.10), (5.11) for the nonlinear uncertain system (5.1), (5.2), (5.5). For this
purpose, we apply the results in Chapter 3 where we first solve a state feed-
back control problem for the uncertain system (5.46), (5.44) using the approach
of [187]. The resulting state feedback gain matrix is then used to introduce an
additional uncertainty to the uncertain system (5.46), (5.44) in order to form an
artificial uncertain system. Any suitable output feedback controller for the arti-
ficial uncertain system is guaranteed to be stable and provides absolute stability

with a specified disturbance attenuation level for the closed loop system (see [7]).

5.3.1 State feedback control problem

Solving a state feedback control problem for the uncertain system (5.46), (5.44)
using the results of [187], we expect that the resulting closed loop system be
absolutely stable with a specified disturbance attenuation level v > 0. To achieve
this goal, we first need to introduce a scaling constant x > 0 corresponding to
the IQC (5.44). This allows us to rewrite the state equations (5.46) as follows:

i(t) = Ax(t) + Byw(t) + Bou(t);
2<t) = 01$(t) + Dll?l_J(t) + Dlgﬂ(t),
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where
I 27105 N R () - - .,
S I :[ Oyxa \/E‘ID{QQ(AW]
L VERRE]T T [ VERRWNG, RNG,QMN) T
> Diy Dot — |~-1D 157 \)-1
Dyy = _\/ER()\)G ; Doy = [’Y Doy VE FQ(N) } : (5.48)

Note that A = A € A. In (5.47), a Dy term appears explicitly so that the results
of [187] cannot be applied immediately. However, this term can be eliminated via
a loop shifting transformation so that (5.47) can be written in a non-singular H>
standard form; e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2]. Thus,

to perform this transformation, we need to satisfy the following assumption.

Assumption 5.1. Given a vector A € A and constants 3 > 0,...,8, > 0,
9 > 0,...,0, > 0, K > 0, the uncertain system (5.46), (5.44) is such that
DHDE < I.

On the basis of Assumption 5.1, we define

H(t) =672 (ny(t) + Dlgﬂ(t)> (5.49)
such that

@(t) = 0 2w(t) + DT, (Clx(t) + [)mﬂ(t)> :
12117 = [l@@)]* = [|2O)]1° — [la)]. (5.50)

Applying the relations in (5.49) and (5.50) to (5.47), we then obtain

i(t) = Ax(t) + Bi(t) + Bot(t);
2(t) = Cha(t) + Dyguf(t);
§(t) = Cox(t) + Doyt (t) + Doii(t) (5.51)
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where 5 I . _ 1
A = A+ B DLOe"1C;; By = B1©72;
By = By+ BDRO D G = 674y (5.52)
Cy = Cy+ Dy DT,671CY; Dis = ©72Dyy; '
Doy = Doy D167 Dyy; Dy = Dyn©7:.

The solution to our state feedback control problem involves a stabilizing solution
to a parameterized algebraic Riccati equation, which is solvable if the following

assumption is satisfied; e.g., see [187,312].

Assumption 5.2. Given a vector A € A and constants 3, > 0,...,8, > 0,
9 >0,...,0, > 0, kK > 0, the uncertain system (5.46), (5.44) is assumed to be
such that J = D{zblg > 0.

Lemma 5.2. Let a vector A\ € A and constants 3, > 0,....8, = 0, 61 >
0,...,0, > 0 be given. Also, suppose that the uncertain system (5.46), (5.44)
satisfies Assumption 5.2, and is absolutely stabilizable with disturbance attenua-
tion level v > 0 via a controller of the form (5.33) (but which is not necessarily
stable). Then, there exists a constant k > 0 satisfying Assumption 5.1 and such

that the algebraic Riccati equation

(A= By ' DL X + X (A= B, ' DLCy)
+ X (B1B{ — ByJ'B}) X + CT (I — DyoJ'DY,) Cy = 0. (5.53)

has a stabilizing solution X > 0 (see [187]). Moreover, the uncertain system
(5.46), (5.44) is absolutely stabilizable with disturbance attenuation level y > 0

via the state feedback controller
u(t) = Kx(t) (5.54)
where

K, . o
K= [[_( ] =—J" (B3 X + D},C). (5.55)

Proof. The proof of this lemma follows similar arguments to those in the proof
of Lemma 3.1 in Chapter 3. O]
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5.3.2 Artificial uncertain system

Considering Lemma 5.2, we suppose that the vector \ € A and constants 3; >
0,...,8, 20,6 >0,...,0, >0, K > 0 have been obtained such that As-
sumptions 5.1 and 5.2 are satisfied, and the algebraic Riccati equation (5.53)
has a stabilizing solution X > 0. Then, using the state feedback gain matrix K
in (5.55) and adding an additional artificial uncertainty, an artificial uncertain

system is formed based on the uncertain system (5.46), (5.44) as follows:

i(t) = Az(t) + Biw(t) + Byti(t) + Fr&y(t) + Eqo(t);

2(t) = Cha(t) + Dati(t) + D& (t) + Wiks(t);

G (1) = Hyz(t) + Guw(t) + Gra(t) + G & (t) + Waks(1);

(o(t) = Hax(t) + Gou(t);

§(t) = Cox(t) + Dagw(t) + F1& (1) + Fobo(t) (5.56)

where

A=A+ iBK,; By = [lB2 0nXg:| . Er=EQW\) T Ey=BUY;

2

C,=C + %D12Ku; D, = [%Du Ong] . Dy =D,Q(\) " Wy =DpU™h

-Hl + %Glf(u %Gl 0h><g
| Ho+IGK, | . 1Gy 0 S
o= roy | TR A Ry | 272 Y| Gl = BOYG:
0 0 1
7g><n gxm gxg
i ]Og Ople 0pl><g
- G
_ G N o - _
Wo=RO\) | 2 | U™ Gy=RNGQNY Hy = UK,
0g><m
_Oplxm
é2 - _%U [[me 0m><gi| 3 Fl = FQ<)\)_17 FQ - O(l+g)><m- (557)

Here, U is any m xm non-singular scaling matrix and A = XA € A. The uncertainty
input & (t) and uncertainty output ;(¢) are related according to the IQC (5.44)
with &, (¢) = £(t) and (;(t) = ((t). Moreover, the IQC (5.44) is also extended to

include the additional artificial uncertainty input &(#) and uncertainty output
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(2(t). That is,
[ el < [C1c e e ao (5.5%)
0 0

for all v = 1,2 and for all {t; > 0}°,, and &(t), (2(t) € R™. An output feedback
controller of the form (5.33) is then synthesized for the artificial uncertain system
(5.56), (5.58). We then consider two special cases to show that any absolutely
stabilizing output feedback controller for the artificial uncertain system (5.56),
(5.58) is indeed stable and solves the robust H* control problem for the equiv-
alent nonlinear uncertain system (5.30), (5.2), (5.5), (5.32). Thus, we suppose
that the relation between & (¢) and ((t) is given by

&(t) = AG(t) (5.59)
where A € R is an unknown constant uncertain parameter satisfying
Al <1 (5.60)

such that the IQC (5.58) holds.

Special case I: A = 1. In this case, we have that &(t) = ((t) = s K,z (t) —
fu(t). Therefore, using the expressions in (5.36), (5.37) and (5.45), it follows that
the state equations (5.56) can be decomposed into

i(t) = (A+ BoK,) 2(t) + Biw(t) + E1&(t) + Eoplt) + BaJ & (t);

2(t) = (C1 + D12K,) 2(t) + DiaJuu(t);

C(t) = (Hi + G1Ky) 2(t) + Gy Ju&u(1);

v(t) = (Ha + G2 K,) x(t) + GaJyu();
Cu(t) = T [Com(t) + Dyyw(t) + Fi&(t) + Fop(t)] ;

y(t) = Cox(t) + Dyw(t) + F1&(t) + Fopl(t) (5.61)

where the IQCs (5.5), (5.32) and the GLCs (5.2) are satisfied. We notice that in
fact, the state equations (5.61) represent the closed loop system when the state
feedback controller (5.54), (5.55) is applied to the uncertain system (5.46), (5.44).
Thus, it follows from the construction of the matrix K, in (5.55) and Lemma 5.2
that the system (5.61) is absolutely stable with the disturbance attenuation level
v > 0.
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(a) Special case I (b) Special case II

Figure 5.2: Block diagrams corresponding to Special case I and Special case II; see [7].

Moreover, for Special case I, if we can find a suitable output feedback con-
troller of the form (5.33) for the artificial uncertain system (5.56), (5.58), the
resulting closed loop system will have an open loop configuration as shown in
Figure 5.2(a). Apparently, the output u(t) of the controller does not affect the
system to be controlled. Here, the block ¥, is the absolutely stable system (5.61)
and the block ¥, is the output feedback controller (5.33). As we require that the
entire closed loop system to be absolutely stable with disturbance attenuation
level v > 0, then the output feedback controller (5.33) must be stable.

Special case II: A = —1. For this case, we have that &(t) = —((t) =
—3K,z(t) + u(t) and the state equations (5.56) reduce to (5.46). Furthermore,
using (5.36), (5.37) and (5.45), we are able to decompose (5.46) into the equivalent
nonlinear uncertain system (5.30) with the IQCs (5.5), (5.32) and the GLCs (5.2).
Thus, if we can find an absolutely stabilizing output feedback controller Y. of
the form (5.33) for the artificial uncertain system (5.56), (5.58), then the same
controller will also absolutely stabilize the equivalent nonlinear uncertain system
(5.30), (5.2), (5.5), (5.32) with a specified disturbance attenuation level v > 0.
The resulting closed loop system is as shown in Figure 5.2(b), where ¥, denotes
the system (5.30).

Given the fact that the additional artificial uncertainty satisfying the 1QC
(5.58) overbounds the scalar uncertainty (5.59), (5.60), we can infer from both
special cases that the nonlinear output feedback controller (5.6), (5.7) is indeed

stable and absolutely stabilize the equivalent nonlinear uncertain system (5.30),
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(5.2), (5.5), (5.32) with a specified disturbance attenuation level v > 0. How-
ever, we should note that the additional artificial uncertainty may result in some

additional conservatism to the controller design process.

5.3.3 Stable output feedback controller

To construct the output feedback controller (5.33), we introduce scaling constants
71 > 0 and 75 > 0 corresponding to the IQCs (5.58) and then rewrite the state
equations (5.56) as

_l’_
2(t) = Cra(t) + Dy (t) + Dygia(t);
y(t) = Cou(t) + Dyyid(t) (5.62)
where 7 = 7 + m;
[ yw(t) 2(t)
w(t) = |ym&at) | 20 = |yra)];
VT2 () VT2 G(1)
B1=[7_131 Vi By & 'B|; By= By
O] O VT Dy 2 Wi
C’lz ﬁf{l ; DH: '7_1\/7?1Gw GJ %WQ ;
_\/7T2H2_ Om><d Omxf' Om><m
C b ]
Dy, = VTGl Dy = |77 'Dy NaGaa \/7_2_1F2}- (5.63)
VT2 G

Moreover, we again apply a loop shifting transformation so that the Dy, term
in (5.62) can be eliminated and the state equations (5.62) can be transformed
into a non-singular H* standard form; e.g., see [16, Sections 4.5.1 and 5.5.1]
and [18, Section 17.2].

Assumption 5.3. Given a vector \ € A, constants 3 > 0,...,8, >0, 6 >
0,...,0, >0, 7 >0, 75 >0, and any non-singular scaling matrix U, the artificial
uncertain system (5.56), (5.58) is assumed to be such that Dy, DT, < T.
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Assuming that Assumption 5.3 holds, we can define

®:=1— DDy > 0;

(i) :[_Dllbfl >O7
w@);:@%w@y—¢—5bﬁ(Cydw-kbuaag;
5@)?:@_%<éydﬂ—+i%ﬂﬂﬂ> (5.64)

such that
w@):qr%wu)+¢r3ﬁﬂ(Cymw-FDma@»;
127 = o) = 217 = ). (5.65)
Therefore, the state equations (5.62) can be rewritten as
i(t) = Az(t) + By (t) + Byu(t);
5(t) = Cha(t) + Dyoti(t);
G(t) = Cox(t) + Daytb(t) + Dozia(t) (5.66)
where y S y R )
A = A+BlD,{1q)_101 Bl == qu)_§;
ég = Bg—FBlDﬁ@_l[}lg; él = CE*%C&;
62 = C’2+D21D1T1CI>7101; Eu = é_%ﬁu; (5.67)
Dyy = D21D1T1CI)_1D12; Dy = ﬁ21@_%'
']1 = D,{QDI% J2 = Dlegl'
Furthermore, the Dy, term in (5.66) is also eliminated by defining
J(t) == y(t) — Daygt(t). (5.68)

Hence, the state equations (5.66) can be rewritten as

i(t) = Ax(t) + Byb(t) + Byu(t);
5(t) = Chz(t) + Dyotu(t);
J(t) = Cox(t) + Doyyid(t)

(5.69)
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and the output feedback controller for (5.69) is of the form

a(t) = Kao(t). (5.70)

If the controller (5.70) is applied to the system (5.69), the resulting closed loop

system is required to satisfy the following H* norm bound condition

v 120113
J = sup — < L. (5.71)
() €L [0,00).2(0)=0,z.(0)=0 |0 ()[[3

The solution to this standard H* control problem is given in terms of the

solutions X > 0 and Y > 0 to the algebraic Riccati equations given as
. v v svm v \T o o [y U v 4 v v
(A - szngz;Cl) X4+ X (A - ngle;—gcl)

+ X (BlélT - Eijlég) X o7 <I - Dujflbg) Ci=0; (572

(A= BiDY I C) ¥ +V (A= BuDGJ; 1@)
+f/(éfél CT s 102)? ( 1D21> BT =0 (5.73)

such that

V) v % v

1. A— ég f D C (éléf‘f - égjflég> )z' is Hurwitz;
2. A— Blbglj;l@ +Y (é’lTé'l — égjglég) is Hurwitz;
3. The spectral radius g()u( Y/) of the product XY is strictly less than one.

To solve the Riccati equations (5.72) and (5.73), we require the following assump-
tion to be satisfied; e.g., see [187,312].

Assumption 5.4. Given a vector A\ € /~\, constants 3 > 0,...,8, > 0, 6; >
0,...,0, >0, 7 >0, 72 >0, and any non-singular scaling matrix U, the artificial
uncertain system (5.56), (5.58) is assumed to be such that J; > 0 and J, > 0.

Theorem 5.1. Let vectors \, A € A and constants (3, > 0,....,8, 2 0, & >
., 0, > 0 be given. Also, suppose that the uncertain system (5.46), (5.44) sat-

isfies Assumption 5.2 and that there exists a constant k > 0 such that Assumption
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5.1 is satisfied and the Riccati equation (5.53) has a stabilizing solution X > 0;
and let K be given as in (5.55). Moreover, suppose that there exist constants
71 > 0 and 75 > 0, and a non-singular scaling matriz U such that Assumption
5.3 and Assumption 5.4 are satisfied and the Riccati equations (5.72) and (5.73)
have stabilizing solutions X >0 and Y > 0 such that the spectral radius of the
product XYy satisfies g()v( Y/) < 1. Then the equivalent nonlinear uncertain system
(5.30), (5.2), (5.5), (5.32) is absolutely stabilizable with disturbance attenuation
level v > 0 via a stable nonlinear output feedback controller (5.6), (5.7), where

the controller matrices are given as follows:

K=—J (BQTX + f)gél) . (5.74)

Proof. It follows using similar arguments to those in the proof of Theorem 4.1
in [187] that the uncertain system (5.56), (5.58) is absolutely stablizable with
disturbance attenuation level v > 0 via a controller of the form (5.33) if and only
if there exist constants 74 > 0 and 7 > 0 such that the controller (5.33) solves
the H* control problem defined by (5.62) and the H* norm bound condition

- 120113

J = sup =
W(-)€L2[0,00),2(0)=0,x(0)=0 ||w()||%

< 1L (5.75)

Moreover, using a loop shifting transformation, the H* control problem defined
by (5.62), (5.75) has a solution if and only if the Riccati equations (5.72) and
(5.73) have stabilizing solutions X > 0and Y > 0 such that the spectral radius
of the product XY satisfies o(XY) < 1. Thus, a controller of the form (5.33)
solving the H* control problem (5.62), (5.75) is defined by (5.74).

If all the conditions of the theorem hold, the controller (5.33), (5.74) is abso-
lutely stabilizing with disturbance attenuation ~ > 0 for the artificial uncertain
system (5.56), (5.58). Then, from the arguments in the two special cases given
above, it follows that the controller (5.33), (5.74), or equivalently (5.6), (5.7),

is indeed stable and absolutely stabilizing for the equivalent nonlinear uncertain
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system (5.30), (5.2), (5.5), (5.32) with disturbance attenuation v > 0. O

As described in Section 5.2, the equivalent nonlinear uncertain system (5.30),
(5.2), (5.5), (5.32) is formed such that if a stable nonlinear controller of the form
(5.6), (5.7) is absolutely stabilizing with disturbance attenuation v > 0 and is such
that the nonlinear error systems (5.15), (5.20) satisfy the bound (5.21), the stable
decentralized nonlinear controller (5.10), (5.11) is also absolutely stabilizing with

disturbance attenuation v > 0. This argument leads to the following theorem.

Theorem 5.2. Let vectors \, A € A and constants B >0,...,8, =0, 61 >
0,...,0, >0 be given. Also, suppose that there exists a constant k > 0 such that
Assumptions 5.1 and 5.2 are satisfied and the Riccali equation (5.53) has a stabi-
lizing solution X > 0. Moreover, suppose there exist constants 7, > 0 and 7 > 0,
and a non-singular scaling matriz U such that Assumption 5.3 and Assumption
5.4 are satisfied and the Riccati equations (5.72) and (5.73) have stabilizing solu-
tions X >0 and Y > 0 such that the spectral radius of the product XYy satisfies
o(XY) < 1. Also, suppose that the stable nonlinear controller defined by (5.6),
(5.74) is such that the nonlinear error systems defined by (5.15), (5.20) satisfy the
bound (5.21) as guaranteed by Lemma 5.1. Then the corresponding stable decen-
tralized nonlinear output feedback controller defined by (5.10), (5.11) is absolutely
stabilizing with disturbance attenuation level v > 0 for the large-scale nonlinear
uncertain system (5.1), (5.2), (5.5).

Proof. If the conditions of the theorem are satisfied, then it follows from Theo-
rem 5.1 that the equivalent nonlinear uncertain system (5.30), (5.2), (5.5), (5.32)
is absolutely stabilizable with disturbance attenuation level v > 0 via a stable
nonlinear controller of the form (5.6), (5.7), (5.74). Moreover, if the controller is
such that the nonlinear error systems defined by (5.15), (5.20) satisfy the bound
(5.21) as guaranteed by Lemma 5.1, then it follows that the corresponding un-
certainties defined by (5.27) satisfy the IQCs (5.32). Also, as described in the
construction of the equivalent nonlinear uncertain system (5.30), (5.2), (5.5),
(5.32), the closed loop system obtained by applying the decentralized controller
(5.10), (5.11), (5.74) to the large-scale nonlinear uncertain system (5.1), (5.2),
(5.5) is equivalent to the closed loop system obtained by applying the controller
(5.6), (5.7), (5.74) to the equivalent nonlinear uncertain system (5.30), (5.2),
(5.5), (5.32) when the uncertainties defined by (5.27) are applied. Hence, it fol-
lows that the decentralized nonlinear output feedback controller (5.10), (5.11),
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(5.74) is stable and absolutely stabilizing for the large-scale nonlinear uncertain
system (5.1), (5.2), (5.5) with disturbance attenuation level v > 0. O

5.4 A Differential Evolution Approach

The decentralized nonlinear controller design method presented in Section 5.3
involves a set of design parameters corresponding to uncertainties, nonlinearities
and disturbance attenuation level. All of these parameters can be collected into

a single vector defined as
. T
V= [7 k1 1 ATNT 5] (5.76)

where

o=[6 & .. 5,,}T (5.77)

for j =1,2,...,p; and A\, \ are as defined in (5.39). All elements of ¢ in (5.76) are
positive real numbers and the dimension of ¢ is 2(f 4 3g) + 3p+ 4. To determine
the values of these parameters, we propose to apply an evolutionary optimization
method, namely the differential evolution (DE) algorithm, as described in Chap-
ter 2. This means that we consider the stable decentralized nonlinear controller
design problem as the following optimization problem subject to nonconvex non-

linear constraints: Find an optimal solution 9* to solve
mﬂinf(ﬂ) (5.78)

subject to

for j = 1,2,...,aand k = 1,2,...,b. Here, a and b are the total number of
equality and inequality constraints, respectively.

It follows from Section 5.2 that our control objectives are to achieve an ab-
solutely stable closed loop system with a specified disturbance attenuation level

v > 0 and to bound the H* norm (5.21) of the nonlinear error systems (5.15),
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(5.20). Thus, a suitable objective function to be minimized is
p
f(9) = coy™ + Z c;d;’ (5.80)
=1

where ¢, > 1 is a weighting factor and ny > 1 is a power constant for q =
0,1,2,...,p. Moreover, the equality constraints are given by algebraic Riccati

equations as follows:

g1<19) = (A — ng_llv){QC’l)TX + X (A — B2J—1D¥;Crl)
+ X (BB} = BoJ 'By) X + Cf (I = DipJ ' DY) Cy = 05

From all assumptions and conditions to be satisfied, we also obtain the inequality

constraints as follows:

hi(¥) = —Q(X) < 0; hy(9) = —R(X) < 0;
hs(9) = DuDf, — 1 <0; hi(9) = —J <0;
hs(¥) = —X <0; he(9) = —Q(X) < 0;
h7 () = —]?(5\) <0 hs(d) = D1V1D1T1 — 1 <0; (5.82)
ho(¥) = —J; < 0; hio(¥) = —Jy < 0;
hu(¥) = =X < 0; hia(¥) = =Y <0;
his(¥) = o(XY) —1<0; hi4(¥) = emaxy (Ax) < 0;
hi5(0) = emax,r(-’le) < 0; his(V) = emax,r(-/ZtY> <0
and
hiz;(9) = || Ce,(sI — Ae,) ' Be, [Joo — 1 < 0 (5.83)

for y=1,2,...,p. Here, we have

AX = A — B2J71D{2C¥1 —|— (Blgf — ngilég) X, (584)
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Ay = A= ByJ; DGy + (BuBT = Bl BY)
Ay = A= BRI Cy 4 ¥ (CTC, - U ¢) (5.85)

and o(G) and epax(G) denote the spectral radius and the largest real part of the
eigenvalues of the matrix G, respectively.

All constraints in (5.81), (5.82) and (5.83) are included into a fitness test
procedure, which is used to evaluate the fitness of each candidate solution 4.

Thus, for a given 9, the fitness test proceeds as follows:

1. Compute the eigenvalues of Q(\), R()\), (DyyDT, — I) and J in order to
check if the constraints hy (), ho(1), hs(¢) and hy () are satisfied.

2. Evaluate the constraint g; (1)) to obtain a solution X to the Riccati equation
(5.53).

3. If the Riccati equation (5.53) has a solution X, we need to verify whether
it is a stabilizing positive definite solution through the evaluation of the
constraints hs () and hy4(19).

4. Compute the eigenvalues of Q(A), R(N), (D1 DT, —1I), J; and J in order to
check if the constraints hg(), h7(1), hg(¥), ho(¥) and hyo(?)) are satisfied.

5. Evaluate the constraints g,(1)) and gg(1)) to obtain solutions X and Y to
the Riccati equations (5.72) and (5.73).

6. If the Riccati equations (5.72) and (5.73) have solutions X and Y, we need
to verify whether they are stabilizing positive definite solutions through the
evaluation of the constraints hyq (1), hia(9), hi5(9) and hig(19).

7. Compute the spectral radius of the product XY to verify if the constraint
hy3(0) is satisfied.

8. Compute the decentralized controller matrices (5.74) and check if j-th non-

linear error system satisfies the constraint hy7 ;(0).
9. Calculate the value of the objective function f(¢) in (5.80).

As a penalty-based fitness test is applied, we have to pay for a penalty incurred

for each constraint violation by a candidate solution. Referring to the fitness
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test procedure above, the penalty functions are then formed according to the
constraints in (5.81), (5.82) and (5.83). That is,

Pr() = |emn(QN)[*; P2(V) = |emim(R(N))[*;

P3(0) = emax(DuDy — 1)%*; pa(V) = [emin(J)*

ps(9) = o(Cx)*; Ps(V) = lemin (X))

pr(¥) = emax,(Ax)™; ps(¥) = lemin(Q(N)[*;

Po(¥) = |emin(R(N))[*; P10(¥) = emax(D11 D]y — I)%0;
P (9) = [emin () p12(V) = |emin(J2)["2; (5.86)
pis(¥) = o(Cx)™; pua(d) = o(C )514

Pi5(¥) = [emin(X)[*%; P16(¥) = |emin(Y)[*5;

P17(Y¥) = emaxs(Ag)™7; P18(V) = emaxy(Ay)™;
pro(V) = (o(XY) — 1)=; p2(V) = >34_, D

pa1(J) = f(J)

where s,,m; > 1 for r = 1,2,...,19 and j = 1,2,...,p. Here, eyn(G) and
emax(G) denote the smallest and the largest eigenvalue of the symmetric matrix
G, respectively. If the matrix G is required to be positive definite, we assign
|emin<g>

can be either negative (semi)definite or indefinite. Moreover, Cx, Cx, Cy and D;

Sr

as a penalty because when this requirement is violated, the matrix G

are defined as follows:

1T(] Dlgj_ng) Ol,
f (] Dlgjl_lbg> él;

. él - DLJy 1D21> BT,

(5.87)

otherwise.

{ (ST = Ae)) By, [loo, if hys;(9) in (5.82) is violated;

5.5 An Illustrative Example

To demonstrate the decentralized stable nonlinear controller design method pre-
sented in Section 5.3, we consider an example of a nonlinear uncertain system
comprising of two inverted pendulums interconnected with a nonlinear spring.

This example is adapted from an example presented in [314]. In this case, the
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nonlinear uncertain system being considered has two subsystems and can be rep-

resented as follows:

0 1 0 0 10 0 0
002 —01 —002 0 0 0 10
z(t) = x(t) + w(t) + u(t
(t) ) 0 0 ) (t) 01 (t) - (t)
—0.02 0 002 —0.05 0 0 01
3 ; g
02 0 0.98
1 £) + £):
- &(t) . ()
(002 0 0.98]
(1 0 0 0 01 0]
z(t) = x(t) + u(t);
®) 00 1 0] (®) [oo.1_ (®)
(1 0 0 0
t) = x(t);
¢(t) 001 0 (t)
(1 0 -1 0
v(t) = z(t);
(t) Lo O]()
(100 0 01 0
t) = x(t) + w(t 5.88
y(t) _0010] (t) [0 0.1] (t) (5.88)

The interconnection between the two pendulums consists of both linear and non-
linear parts, which are assumed to be known. The uncertainties in the system
(5.88) are modeled as follows:

Ay 0

=1 A

¢(t) (5.89)

where A; € R, |Ag] < 1forall s = 1,2 and hence, the uncertainties (5.89) satisfy
the IQCs (5.5) for any d; s > 0. Moreover, the nonlinearities in the system (5.88)

are given as

i (1) = i (v(t)) = sinvy(t) (5.90)

and satisfy the following GLCs
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with 6; > 0 for ¢ = 1,2. From the first derivative of sin(v;(-)) with respect to

v;(+), we obtain

‘dsinl/i(-)

dvi(") ':|COS”%‘('>|§17 vu() € R (5.92)

which implies that §; = 1. From the GLCs (5.91), the nonlinearities (5.90) and
their copies can be characterized in terms of IQCs as described in (5.35).

We now can synthesize two decentralized nonlinear controllers of the form
(5.10) for the nonlinear uncertain system (5.88), (5.89), (5.90) using the decen-
tralized controller design method developed in Section 5.3. The required design
parameters were computed using the DE approach presented in Section 5.4 and

are then given as follows:

v = 0.4520; k=1.3951 x 1074 7 = 1.4495 x 1074 75 = 0.0194;
61 = 0.7245; 8y = 0.6593; A1 = 1603.5095; Ao = 992.3272;
A = 944.4646; Ay = 1615.9850; A5 = 142.0642; X = 357.4983;
A\r = 1746.6423;  \g = 731.8955; Ao = 1371.3715; Ao = 745.8950;
A = 1544.7904; Ay = 701.6927; A3 = 1877.8732; Ay = 587.5819;
s = 163.0875; g = 400.8780; A7 = 388.7251; s = 71.1934;

Ao = 1404.8656; Ao = 1279.2498.
(5.93)

Note that (A1, A2), (As,..., As) and (Mg, A1g) correspond to the IQCs (5.5), (5.35)
and (5.32), respectively, for A = XA and A\ = X in (5.93). Using these parameters,
we can compute coefficient matrices of both decentralized nonlinear controllers,

which are given as follows:

[ 6222520 —25.2206 12.7291  5.4402 467.2367

v | 80260342 —347.0460 1016167  70.1597| . |5982.3074
T | —B97382  —1.3785 —157.9092 —35601| | 49.7723|’

| —1029.8417  —27.5612 —1938.9203 —61.1766 839.2038

[ 11.7370 8.0600 —0.0306

207.0494 106.5139 0.1770

127.1357 0.8242 1.2636

1531.0732 14.0880 17.1505
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K, = _—19.5962 —5.2182 2.1814 0.6503};

K, = 2.1615 0.6469 —17.6790 —4.6460};

P = 08285 0 —0.8285 o}; P = [—0.8919 0 0.8919 o]. (5.95)

In order to show that both decentralized nonlinear controllers are stable, the
stability of their equilibrium points: zj = 0 and zj, = 0 are examined by
following the same steps as those in Section 3.5. As the plant nonlinearities
are represented by sine functions, we have [i;(t) ~ ;(t) around the equilibrium

points. Therefore, we can have

g
N:=N+> LP, (5.96)

i=1

where N is the linearized controller system matrix around the equilibrium point

xy =y, = 0. The eigenvalues of the matrix N are given as follows:
ep = —938.0871; ey = —213.8854; e3 = —14.4219; ey, = —14.8412 (5.97)

which indicate that both decentralized nonlinear controllers are locally stable
around the equilibrium points. Furthermore, to verify that they are globally
asymptotically stable, it is necessary to examine the stability of the matrix N
and the H* norm [T,z (s)| of the transfer function of the j-th decentralized
nonlinear controller from the nonlinearity input fi;(¢) to the nonlinearity output

v;(t) (for j = 1,2). The eigenvalues of the matrix N are
ep = —944.1716; ey = —214.9509; e3 = —14.4212; e, = —14.8411 (5.98)
and hence, the matrix /N is Hurwitz. Meanwhile,
| Ty, (9)|loo = 0.0064; || Ty, (S)]|0c = 0.0049. (5.99)

Then, using the small gain theorem (e.g., see [18, Section 9.2]), we conclude that
both decentralized nonlinear controllers are globally asymptotically stable.
Interconnecting the nonlinear uncertain system (5.88), (5.89), (5.90) and the

decentralized nonlinear controllers (5.94), (5.95), we then simulated the resulting
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closed loop system using Simulink for different values of A; and A,. In this
simulation, we take Ay = Ay = A € {—1, —0.5, 0, 0.5, 1}. The initial conditions
of both subsystems are set to be z1(0) = x2(0) = [—2 O]T and w(t) = 0 for all
t > 0. The time responses of the controlled outputs z;(t) and z»(¢) depicted in
Figure 5.3 show that the decentralized nonlinear controllers (5.94), (5.95) have a

good performance in the presence of perturbations.

z, (1)
z, (1)

3 4 5 0 1 2 3 4 5
Time (sec.) Time (sec.)

(a) (b)

Figure 5.3: Time responses of z1(t) and z9(t) for different values of A; and As.

For comparison purpose, we apply the method in [166] to synthesize decen-
tralized stable linear robust H* controllers to absolutely stabilize the nonlinear
uncertain system (5.88), (5.89), (5.90). In this case, each nonlinearity ;(:) in
the system is necessarily considered as an uncertainty and thus, we only need to
solve a linear robust H* control problem. This approach, however, may result in
decentralized linear controllers with a degraded performance in attenuating ex-
ogenous disturbances w(t) as compared to the performance of the decentralized
nonlinear controllers (5.94), (5.95). This is indicated by the disturbance atte-
nuation level v = 0.4932 obtained using the method in [166] and it is apparently
larger than v = 0.4520 obtained using our method.

5.6 Conclusions

In this chapter, we have proposed a new method to synthesis stable decentrali-
zed nonlinear robust H* controllers for a class of large-scale nonlinear uncertain
systems. The admissible uncertainties and nonlinearities in this system are char-

acterized by IQCs and GLCs, respectively. We assume that the large-scale non-
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linear system consists of interconnected subsystems and their interconnections
are well known. Thus, we do not consider the interconnections between subsys-
tems as uncertainties, but rather as useful structural information on the entire
large-scale system. With this approach, the decentralized nonlinear controllers
are able to exploit the interconnections although no assumption is made on how
all subsystems are interconnected.

The H* control objective is to guarantee an absolute stability for the resulting
closed loop large-scale nonlinear uncertain system with a specified disturbance
attenuation level. Along with this objective, we require the decentralized non-
linear controllers to be stable. The controller stability requirement is imposed
because we consider all nonlinear error systems arising from the discrepancies
between the decentralized and the non-decentralized nonlinear controllers as ad-
ditional uncertainties. These error systems are also required to have bounded H*°
norms. Thus, the resulting decentralized nonlinear controllers have to be robust
against not only the plant uncertainties, but also the additional uncertainties due
to the nonlinear error systems.

To guarantee the controller stability, we first solve a state feedback control
problem for the given nonlinear uncertain system. Then, using the resulting state
feedback gain matrix and introducing an additional artificial uncertainty, we form
an artificial uncertain system for which a robust H* output feedback controller is
designed. If there exists a suitable controller for this latter system, we argue that
this controller must be stable and also solves the original decentralized nonlinear
control problem. Therefore, we only provide sufficient conditions for synthesizing
the stable decentralized nonlinear controllers as our approach involves particular
realization of nonlinear error systems and artificial uncertain system. However,
we should note that the additional artificial uncertainty may give rise to some
extra conservatism to the controller design process.

The solution to our control problem is then given in terms of the stabilizing
solutions to algebraic Riccati equations, which are dependent on a set of scal-
ing parameters. This formulation leads to a nonconvex decentralized nonlinear
control problem, which is generally difficult to solve using regular optimization
methods. We thus propose to use an evolutionary optimization method, namely
the DE algorithm, to compute the required design parameters.

Moreover, we have shown through an example that our method is capable of
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resulting in a decentralized nonlinear controller which allows for a better perfor-
mance in attenuating exogenous disturbances as compared to its linear counter-
part designed using the method in [166]. This is achievable because we do not
directly treat the admissible known nonlinearities in the system as uncertainties

so that we can exploit them for control purposes.



Chapter 6

Coherent Control of Linear

Quantum Systems

6.1 Introduction

This chapter presents a computational algorithm to solve a coherent quantum
feedback control problem for a class of non-commutative linear quantum stochas-
tic systems. It has been pointed out in [70,72,73] that a coherent quantum con-
troller must satisfy a physical realizability condition in order to exhibit meaning-
ful dynamic behavior according to quantum mechanical principles. This require-
ment in turn leads to a coherent quantum controller synthesis problem, which
involves a constraint that is naturally nonconvex and nonlinear. From numerical
perspective, it is often considered to be difficult to solve this problem. Thus,
inspired by the results of [72] on coherent quantum LQG control, we propose to
use an optimization approach to solve a coherent quantum feedback control pro-
blem. In particular, we apply an evolutionary optimization method, namely the
differential evolution (DE) algorithm, as presented in Chapter 2. The main ideas
of our approach are to obtain a straightforward and less complicated algorithm
and to avoid a critical dependence on a suitable initial point to start a numerical
iteration.

We then demonstrate our DE-based approach through a case study on the
problem of quantum network entanglement control. This problem has drawn a
lot of attention in the quantum information and computation literature. This is

due to the fact that entanglement is a fundamental property used in quantum
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information processing; e.g., see [25,234,235]. Thus, entanglement generation,
preservation and restoration have been extensively studied and many techniques
have been proposed to attain these goals; e.g., see [61,233,238-244]. For our
purposes, we consider a simple ideal quantum network consisting of two cascaded
optical parametric amplifiers interacting through an optical field. This quantum
network has been entangled, but we aim to increase its entanglement level using
a dynamic coherent quantum controller to replace the simple optical field con-
nection. Thus, the quantum controller is required not only to satisfy the physical
realizability condition (e.g., see [70,72]), but also to drive the controlled quantum
system so that an entanglement criterion is satisfied.

There are many ways to measure the entanglement level depending on prop-
erties of the quantum states; e.g., see [245,246]. In our case, we have Gaussian
quantum states, and thus, the entanglement level can be measured in terms of
the logarithmic negativity as a function of the covariance matrix of the quantum
network; e.g., see [233,247-249]. The covariance matrix can be obtained as a
solution of a Lyapunov equation associated with the quantum network. Thus,
applying our DE-based algorithm to synthesize the coherent quantum controller,
we can consider the logarithmic negativity as an objective function to maximize.
This in turn leads to a physically realizable quantum controller, which is ca-
pable of stabilizing the quantum network with an enhanced entanglement level.
Moreover, it should also be noted that the logarithmic negativity is a nonconvex
functional; see [250].

We use the following notation throughout this chapter. If M = [my;] is a
p X ¢ complex matrix, then M*, M7 and M denote the operation of taking the
complex conjugate of each entry of M, the transpose of M, and the complex
conjugate transpose of M, respectively. That is, M* = [m},.], M T = [my,] and
M' = [mj,] = (M*)". Moreover, if M is an operator matrix, then M* denotes

the operation of taking the adjoint of each entry of M.

6.2 Linear Quantum Stochastic Systems

As a preliminary discussion, we recall a linear quantum stochastic system modeled
in terms of its real and imaginary quadratures, which has been described in

[70,72] on the basis of quantum probability theory; e.g., see [46]. This model
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is used to represent a non-commutative quantum system, which may consist
of both quantum and non-quantum components. Moreover, we also define the
physical realizability of this quantum system in terms of the realization of an

open quantum harmonic oscillator.

6.2.1 Non-commutative model

The linear non-commutative quantum stochastic system under consideration is
described in terms of linear quantum stochastic differential equations (QSDEs)

as follows:

dz(t) = Ax(t)dt + Bdw(t); z(0) = xo;
dy(t) = Cx(t)dt + D dw(t) (6.1)

where the matrices A, B, C' and D are real matrices belonging to R™*" R™*"w,

R and R™*™  respectively. We assume that n, is even and n,, > n,; see [70].

T
Moreover, z(t) = [xl(t) xn(t)} is an n x 1 vector of non-commutative
system variables whose initial condition x(0) satisfies the following commutation

relation

2(0)z(0)" — (z(0)z(0)")" = 2i6 (6.2)
where © is a real skew-symmetric canonical commutation matrix defined as
© :=diag(J, J,...,J). (6.3)

Note that diag(-) denotes a block diagonal matrix; the zero matrix in (6.3) is an

m X m matrix with 0 < m < n; and J is a real skew-symmetric matrix

01
J = [_1 0] . (6.4)

The linear quantum system (6.1) is driven by an n,, X 1 vector of input signals

w(t), which is assumed to be decomposed as follows (see [70,72,73]):
dw(t) = By(t) dt + dw(t). (6.5)

Here, (3,,(t) and w(t) are respectively the self-adjoint adapted process and quan-
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tum noise components of w(t). A rigorous description of the notion of adapted
process can be found in [43,44,46]. The adapted process [3,(t) can be used to
represent variables of other systems interacting with the quantum system (6.1).
This leads to our assumption that (3,,(f) commutes with z(¢) and w(t) for all
t > 0 because they live in different Hilbert spaces; see [70,72].

The self-adjoint quantum noise w(t) is characterized by the Ito table
di(t)dw(t)" = Fydt (6.6)

where the Ito matrix Fy; is a non-negative Hermitian matrix; e.g., see [44,49].
It is also common to consider the quantum noise w(t) as a vector of self-adjoint
operators belonging to a particular Fock space; e.g., see [44,50,70]. The relation

in (6.6) leads to the following non-commutative relation

did(t)did(t)T — (di(t)di()T)" = 2Ty dt (6.7)

where Tj; = 1 (Fz — FL) is a Hermitian commutation matrix. As in [70], we

assume that Fj; is canonical
Fg =1+ idiag(J, J,...,J) (6.8)

and hence, n,, must be even.

Since the dynamics of the quantum system (6.1) is represented in terms of a
linear QSDE, the integral operation with respect to dw(t) is a quantum stochastic
integral. This operation then results in an evolution x(¢) of the linear quantum
system (6.1), which depends only on the past input signal w(s) for 0 < s < ¢.
Thus, z(t) is also a quantum adapted process which commutes with the Ito

increment dw(t); see [70].

6.2.2 Physical realizability

In order to be physically realizable, the representation {A, B, C, D} of the quan-
tum system (6.1) cannot be arbitrary as it is subject to the requirement that it

has to preserve the canonical commutation relation

r(t)z(t)" — (x()z(t)")T =2i0, ¥Vt >0. (6.9)
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According to Theorem 2.1 in [70], the relation (6.9) is equivalent to
iA© +i0A” + BT; BT = 0. (6.10)

This property is well described by an open physical system unitarily evolving
for all time; e.g., see [36,70]. Thus, we relate the physical realizability of the

quantum system (6.1) to the realization of an open quantum harmonic oscillator.

Definition 6.1. (Open quantum harmonic oscillator; see [70, Definition 3.1])
The quantum system (6.1) with 5,(t) = 0 is said to be an open quantum
harmonic oscillator if © is canonical and there exists a quadratic Hamiltonian
H := 32(0)"Rz(0) (R € R™" is a symmetric Hamiltonian matrix) and a cou-

pling operator L := Az(0) (A € C™*" is a coupling matrix) such that

8
B
—~

~
SN—

Il

—~

~
SN—

Vk=1,2,...,n;

"k (0) U(2)
* Vi=1,2,...,n,. (6.11)

u(t) = U @) w(t)U(t)

Here, {U(t);t > 0} is an adapted process of unitary operators satisfying the fol-
lowing QSDE

dU (1) = <—z’H dt — 1L + [—LT LT} wa(t)) U@), U0 =1 (6.12)
where

T =P, s diag,, ;»(M);
11

M L 6.13
2 [1 —z'] o1

and P, /o is an n, X n, permutation matrix satisfying

T T
P, /2 [al anw] :[al as ... GQp,-1 Q2 a4 ... an] ) (6.14)

Thus, for the quantum system (6.1),

A=20 (R+S(AN); B =26 |-AT AT|T; (6.15)
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A+ A*
— pT ; = = _
C =P, ,»diag(Z, =) iA +iA® = [Inyxny Ony x (s —r1y) (6.16)
where Z := [l(ny/Q)X(ny/z) O(ny/g)x((nw/g),(ny/Q))} and (-) denotes an imaginary

part of (-).

Definition 6.2. (Physical realizability; see [70, Definition 3.3]) The quantum
system (6.1) is said to be physically realizable if © is canonical and (6.1) represents

the dynamics of an open quantum harmonic oscillator.
Lemma 6.1. (see [70, Theorem 3.4] or [72, Theorem 1]) The quantum system
(6.1) is physically realizable if and only if

iAO +i0A" + BT; BT = 0;

Inyxny

B

= 00" diag,,o()); D= |Lyen, Onpxiucny| — (6.17)

O(”w —ny) XNy

where Ty := idiag(J,...,J). Moreover, if © is canonical, the Hamiltonian matriz

R and the coupling matriz A are uniquely given by

1
R=(-04+476);

1 .
A=y O 2x0r2) Tinas2peinesy] (177 BTE, (6.18)

Remark 6.1. Considering a coherent quantum feedback control problem, we
do not include in this section a discussion about the degenerate canonical case,

which can be found in [70,72].

6.3 Quantum Feedback Control Problem

We consider a linear quantum system described by the following non-commutative

stochastic dynamic model in terms of QSDEs:

dz(t) = Az(t)dt + Bdu(t) + B, dw(t); x(0) = x;
dy(t) = Cz(t) dt + D,, dw(t) (6.19)
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where z(t) is a vector of non-commutative system variables; w(t) is a quantum
Wiener process; u(t) is a control input; and y(t) is a system output. The dimen-
sions of x(t), w(t), u(t) and y(t) are compatible with those of the plant coefficient
matrices whose entries are real numbers. That is, A € R"™", B € R"* ",
B, € R (' e R™*™ and D, € R™*"™ . A detailed account of the linear
quantum stochastic system (6.19) can also be found in [70] and [72].

The control input u(t) of the quantum system (6.19) is modeled as

du(t) = Bu(t) dt + da(t) (6.20)

where [3,(t) and @(t) denote signal and quantum noise components of wu(t), re-
spectively. Moreover, 3,(t) is considered as an adapted, self-adjoint process com-

muting with z(¢) and therefore,

ﬁu(t)x(t)T - (x(t)ﬁu(t>T)T =0. (6'21)

The quantum noise @(t) is independent of w(t) as they belong to different Fock
spaces. The corresponding Ito matrices Fj; and F,, are non-negative Hermitian
matrices. Moreover, it is also assumed that the initial condition z(0) of the
quantum system (6.19) is a non-commutative process satisfying (6.2).

For the quantum system (6.19), we intend to construct a dynamic coherent
quantum controller, which is also assumed to be a non-commutative quantum
stochastic system. Plant-controller coherency means that a closed loop quantum
system is formed without direct measurement of the system variables as in the

classical control case. A general dynamic quantum controller is written as

2
dr(t) = Agae(t)dt + Y B, dwi(t) + Bi, dy(t);  c(0) = 24

j=1

du(t) = Cga(t)dt + dwg, (t) (6.22)

where x.(t) is a vector of self-adjoint operators (controller variables) and each
wg;, (t) (for j = 1,2) is a non-commutative quantum Wiener process, which is
also independent of w(t). The quantum controller (6.22) is assumed to be of n-th
order, and hence Ay € R"*". Also, B, has the same dimension as Ay, and B,

has the same number of columns as the rows of C. The initial condition z.(0) =
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T, of the quantum controller (6.22) is also assumed to be a non-commutative

process. Therefore,
2c(0)2,(0)" — (2,(0)z.(0)")T = 2i0x (6.23)

where O is a real skew-symmetric commutation matrix of the quantum con-
troller (6.22). Moreover, we assume that there is no initial coupling between the

plant and the controller. That is,
2(0)2.(0)" — (2,(0)2(0)")" = 0. (6.24)

Unlike its classical (non-quantum) controller counterpart, a quantum con-
troller of the form (6.22) has to be physically realizable as the representation
in (6.22) does not necessarily lead to a meaningful physical system governed by

quantum mechanics principles. This requires the canonical commutation relation
Ttz () — (ze(t)z ()T = 210k (6.25)

to be preserved for all ¢ > 0; e.g., see [70,72]. Thus, referring to the notion
of physical realizability of a quantum system as in Definition 6.2, the quantum
controller (6.22) is said to be physically realizable if it represents the dynamics
of an open quantum harmonic oscillator as defined in Definition 6.1.
Consequently, based on Lemma 6.1, the physical realizability condition of the

quantum controller (6.22) can be stated as follows:

Corollary 6.1. (see also [70,72]) Let Ok be a given real skew-symmetric commu-
tation matriz. Then the coherent quantum controller (6.22) is physically realizable

if and only if its coefficient matrices: Ay, Bg,, Bk,, Br, and Ck are such that

3
AOx + Ok A%+ B T;Bi, =0; (6.26)
j=1

where I'; := diag, ,(J) for j = 1,2,3; and n; is the dimension of wy; with
wies () = y(t).

Remark 6.2. The physical realizability condition (6.26), (6.27) given in Corol-
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lary 6.1 can be derived from Lemma 6.1 with the following notation:

A=Ag; B=[Bx, By, Bx|;i C=Cr

T
D= [Inuxnu 0]; w = [w% W, yT] : (6.28)

Remark 6.3. To construct a coherent quantum controller, we could require that
Ok is a canonical commutation matrix, which implies that each of its diagonal
blocks is equal to J as in (6.3). However, in our approach, we allow O to
be a general skew-symmetric matrix. A suitable similarity transformation can
then be applied to the quantum controller (6.22) to obtain ©k in canonical or
degenerate canonical form; see also [72]. Moreover, the equality condition (6.26) is
a nonconvex nonlinear constraint, which poses difficulty if we solve the quantum
controller synthesis problem using a regular optimization method. It has also
been claimed in [72] that an analytical solution to this problem has not yet been

developed.

Interconnecting the quantum controller (6.22) with the open loop quantum

system (6.19), we obtain a closed loop quantum system written as

dn(t) = An(t)dt + Bdw(t) (6.29)
where
7 t
(1) w(t)
n(t) = s wlt) = Jwk, (1) |
xe(t)
B WK, (t)
A BCk] B B
A= Uk ; — v O (6.30)
Bi,C'  Ax | Bx,Dw By, Br,
Here, (3,(t) = Ckx.(t) and u(t) = wg,(t). The closed loop quantum system

matrix A in (6.29) is required to be Hurwitz.

6.4 Coherent Quantum Controller Synthesis

In this section, we present a computational algorithm in order to systematically

obtain a solution to the coherent quantum control problem presented in Section
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6.3. This is a nonconvex nonlinear problem as the stabilizing coherent quantum
controller (6.22) is required to satisfy the physical realizability condition (6.26).
This characteristic has also been pointed out, for example, in [72], where a cohe-
rent quantum LQG control problem is addressed using the rank constrained LMI
algorithm (see [158]). However, this approach tends to become very complicated
if it is used to solve a higher dimension quantum control problem. Also, as with
many nonconvex problem solvers, the success of the rank constrained LMI ap-
proach is strongly dependent on the initial point from which a numerical iteration
is started. Then, as an immediate consequence, the numerical iteration tends to
become unreliable and less tractable.

Those concerns above have motivated us to propose an alternative method
to solve the coherent quantum controller synthesis problem using a population-
based stochastic optimization method, namely the differential evolution (DE)
algorithm, as described in Chapter 2. Interestingly, it is straightforward to adapt
the DE algorithm to the original coherent quantum control problem to be solved.
This fact indicates a potential application of DE-based methods to other classes
of coherent quantum control problem such as those presented in [70,72,73].

Based on the DE approach, we then reformulate the coherent quantum control
problem described in Section 6.3 as a constrained nonlinear optimization problem.

That is, we want to find an optimal solution K* to solve

m}cinf(lC) (6.31)
subject to
gr(K) =0; h(K) <0 (6.32)

fork=1,2,...,aandl =1,2,...,b, where a and b are the total number of equal-
ity and inequality constraints, respectively. In this case, f(K) is the objective

function to be minimized, which is a function of
K= (AK7 BK17 BK27 BK37 OK) . (633)

Moreover, applying the DE approach, we in fact have some flexibility to define
the objective function f(K) in accordance with a particular quantum control pro-
blem to be solved. Since the physical realizability condition (6.26) is an essential

property of the coherent quantum controller (6.22) and the closed loop quantum
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system (6.29) is required to be asymptotically stable, we then have

3
g1(K) = AxOx + Ok AL + Y By T;BE =0; (6.34)

=1

hy (K) = emaxr(A) < 0 (6.35)

where epax(A) denotes the largest real part of the eigenvalues of A. The con-
straints (6.34) and (6.35) must always be taken into account and satisfied in the
synthesis of the quantum controller (6.22).

For a second order quantum system, we only need to solve a quadratic equa-
tion to obtain a solution O to (6.34). However, for a higher order quantum
system, this is generally not the case. Hence, we transform (6.34) into a complex
algebraic Riccati equation in order to obtain a solution O to (6.34). We first
substitute (6.27) into (6.34) and then multiply by ¢ = v/—1. This leads to a

complex algebraic Riccati equation
ArYg + Sx AL + SgCET Ok Sk + B, T2 B%, + Bg,T3BE, =0 (6.36)

where

Si=iOk; S =Yg Tji=ily; TH=T, (6.37)

J

for j = 1,2,3. Thus, we can replace the constraint (6.34) with (6.36). That is,
g1(K) = AgSg + S AL + Xk CET 1 Cx X i + B, To B, + By, T3 B, = 0. (6.38)

To compute the solution to the Riccati equation (6.38), we use an approach based
on an invariant subspace of a Hamiltonian matrix corresponding to (6.38), which

is defined as

AT CET Ok

H = ~ ~
_ <BK2F2BIT<2 + BK3FSB[7;3> — Ay

(6.39)

Thus, the existence of a solution to the Riccati equation (6.38) is characterized

in the following lemma.

Lemma 6.2. (see [18, Theorem 15.1 and Theorem 15.5]) Let V C C*™ be an n-

dimensional invariant subspace of the Hamiltonian matriz (6.39) and let X, €
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C™*™ be two complex matrices such that

Y =Im [;1 : (6.40)

Then,

1. If X is invertible, then Y = YX ! is a solution to the Riccati equation
(6.38) and o(AL + CLT\CxXk) = o (H|y). Furthermore, the solution Yy

is independent of a particular choice of bases of V.

2. Ifer, +ef #0, Vk, 1 =1,2,...,n, ex,e; € 0 (H|y), then X*Y is Hermitian,
that is, X*Y = (X*Y)". Moreover, if X is nonsingular, then Y = YX !

1s Hermitian.

Here, Im(M) denotes the image of the matrix M; and o(M) denotes a set of

eigenvalues of the matriz M.

Remark 6.4. A particular choice for the bases of the H-invariant subspace V

can be taken as the (generalized) eigenvectors of the Hamiltonian matrix (6.39).

If the conditions in Lemma 6.2 hold, we are assured that there exists a Her-
mitian solution Xk to (6.36) although it is not a unique solution. However, we
need to confirm that Xk is a purely imaginary solution as defined in (6.37). The

following lemma and theorem provide conditions to obtain such a Y.

Lemma 6.3. (e.g., see [18, Lemma 2.7]) Consider the Lyapunov equation
AX + XA =B (6.41)

where A, B € C™™. There exists a unique solution X € C™" to (6.41) if and
only if ex(A) +ef(A) #0 forall k,l=1,2,... n.

Theorem 6.1. Suppose that the complex Riccati equation (6.36) has a Hermitian
solution X = O + ill such that

ek(AK)_FeT(AK) 7é0, VIf,l: 1,2,...,71 (642)

where /NlK = Ag — HKC’};IHCK. Then, Xk 1s indeed an imaginary solution, that

is X = illy, which satisfies the physical realizability condition (6.26).
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Proof. Suppose that a Hermitian matrix Y5 = ® g + il satisfies (6.36), where
® e is a real symmetric matrix and Ilg is a real skew-symmetric matrix. Then,

substituting Yk into (6.36), we obtain

(Ax — K CET C) B + D (A — Mg CET Ck) " + i (ATl + T AL
+0xCrT 1Ok — N CRT1Crllg + B, 2 Bj, + B, I'sBj,) = 0. (6.43)

The left-hand side of (6.43) is equal to zero if and only if its real and imaginary

parts are equal to zero. That is,

(A — TIgCET Cx) B + D (A — TcCETC)' = 0; (6.44)
Al + T AL + & CLT Cre® g
— HxCLT1Cxllg + B, Iy Bje, + By, I's B, = 0. (6.45)

It follows from Lemma 6.3 that if condition (6.42) is satisfied, then ®x must
equal to zero in order that the real part (6.44) holds. Therefore, Xk is indeed an
imaginary solution, that is, ¥ = ill. Furthermore, the imaginary part (6.45)
will lead to the satisfaction of the physical realizability condition (6.26). That is,
Ok = k. O
Note that e, (M) denotes the k-th eigenvalue of the matrix M and e (M) denotes

the complex conjugate of the [-th eigenvalue of the matrix M.

Remark 6.5. Although a coherent quantum LQG control problem as described
in [72] is not particularly addressed in this chapter, we can also use the DE-based
approach to solve this quantum control problem. In this regard, when solving the
same example as in [72], our DE-method is capable of returning a cost function
value f(K*) = 4.0801, which is smaller than f(K*) = 4.1793 as given in [72].
These numerical results indicate that, apart from being more straightforward,
our DE-method is likely to outperform the rank constrained LMI method used
in [72]. This fact then becomes an impetus for us to demonstrate the efficacy of
our DE-method when it is used to design a coherent quantum controller of the
form (6.22) for solving a more general linear quantum control problem with a
higher dimension. Thus, in the next section, we apply the DE-method to solve a
quantum entanglement control problem, which is considered as one of essential

aspects in quantum technology development.
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6.5 Case Study: Entanglement Control

We utilize a dynamic coherent quantum controller designed using the method
developed in Section 6.4 to increase quantum entanglement level of two cascaded
optical parametric amplifiers (OPAs) (e.g., see [37]) interacting through an ideal
optical field as shown in Figure 6.1. This particular application is motivated
by [233] where the OPAs are referred to as damped optical cavities. The entangle-
ment control mechanism used in [233] is applied to avoid finite-time entanglement
sudden-death as well as to enhance entanglement level. It is attained through
direct measurement feedback from a homodyne detector to control the dynamic
behaviour of both OPAs using a static gain controller. This is in contrast to our
approach where we apply a coherent quantum controller without a feedback loop

to achieve enhanced entanglement as shown in Figure 6.2.

wy [ opa1l | =12 [ opA2

—_— « .
ay a2

Figure 6.1: An ideal quantum network of two cascaded OPAs.

Wi | opAl [ U1 Coherent U2 | OPA 2
ay Quantum Controller Qg

Figure 6.2: Dynamic entanglement control.

The dynamic model of the first OPA is described in terms of complex linear
QSDEs (e.g., see [78]):

ddl(t) = X1 CALT (t)dt — K1 dl(t)dt — ZAl dl(t)dt + vV 2%1 dlz}l (t),

and that of the second OPA is

where, for each OPA, a is an annihilation operator with a* as its corresponding
creation operator; w and u are the input signals; ¢ is the output signal; y := a+i(3
is a complex coupling constant; A is a detuning parameter; and x is the loss rate

of the OPA. The dynamic models (6.46) and (6.47) can also be found in [37].
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We can decompose the annihilation and creation operators, and the input
and output signals in (6.46) and (6.47) into amplitude and phase quadratures as

follows:

e Amplitude quadrature:

v R v R (6.48)
Y = Y1+ U Uy = Ug + Uy
e Phase quadrature:
pro= g0 —ai); pe o= 5(ar — 63); wip o= —i(dy — @Y); (6.49)
Y12 = —l(gl — @ik), U929 = —Z(ﬂg — 7:6;)

Based on the expressions in (6.48) and (6.49), the dynamic models (6.46) and
(6.47) can then be written in the form of QSDEs (6.19) with the system matrices:

oy — k1 =B+ A 0 0 0 0
A . —51 - Al a1 — KRy O 0 . . 0 0 .
0 0 —ay — Ky =B+ As|’ N
| 0 0 —ﬁg - AQ g — Ko 0 \/K/_Q
_\/H_l 0
0 -2 0 0 0
Bw - \/H_l ) C - \/hj_l ) Dw == ]QXQ (650)
0 0 0  —2r 0 0
0 0

and the system variable vector x, control input vector u, quantum noise vector

w and output vector y are defined as follows:

T U9 w11 Y11
= la p g pg]; ur:[ ]; wz:[ ]; y::[ ] (6.51)

U2 W12 Y12

To consider the same example as in [233], we take the parameter values of the

quantum system (6.50) to be:

a=0; f=-04; kKi=1, kKe=1;, A =06; A,=0.6. (6.52)
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6.5.1 Direct connection

We first examine the quantum entanglement level of two OPAs (6.50), which are
directly connected through an ideal optical field. That is, when the output y
of the first OPA becomes the control input u to the second OPA as depicted in

Figure 6.1, we obtain

dz(t) = Ax(t) dt + Bdw(t) (6.53)
where
—1 — KR —61 + Al 0 0 \//1_1 0
A— —ﬁl—Al a1 — R 0 0 . B— 0 \/li_l
—2~//€1/€2 0 —Qy — K9 —52 + Ag 7 \//{_2 0 '
0 —2\/K1K2 —B2 — Ay ay— Ky 0 \//i_z
(6.54)
Definition 6.3. (Entanglement criterion) A quantum system
dz(t) = Ax(t) dt + B dw(t) (6.55)

is said to be entangled if there exists a complex vector d. = d, + id; such that

N :=d Md. <0 (6.56)
where
M=V+-Q M=M, Q:= (6.57)
2 0 —J
and V is the solution to a Lyapunov equation
AV + VA" + BBT =0. (6.58)

Remark 6.6. Since all eigenvalues of the Hermitian matrix M in (6.57) are
real numbers, the entanglement condition (6.56) implies that at least one of the
eigenvalues of M has to be a negative real number. In this case, the complex

vector d. can be taken as the corresponding eigenvector of M.

Since the system variable vector = in (6.53) is Gaussian, the entanglement

of the cascaded OPAs (6.53) can be measured in terms of logarithmic negativity
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(e.g., see [233,247-249)):

€ = max{0, —In(2v)} (6.59)
where
iV, 1
= : = —\/ V¥ — /U2 —4det(V); 6.60
N I A V) (6.60)
U = det(V}) + det(V3) — 2det(V5). (6.61)

From (6.59), we infer that if the quantum system (6.53) is entangled, then € > 0.
Otherwise, £ = 0. The logarithmic negativity (6.59) is defined as a function of
the covariance matrix V', which can be obtained as a solution to the following

Lyapunov equation (e.g., see [233])
AV + VA" 4+ BB" = 0. (6.62)

Thus, for the cascaded OPAs (6.53), we need to choose suitable parameter values
such that A is Hurwitz, BBT > 0 and therefore, the Lyapunov equation (6.62)

has a unique solution V' > 0 as stated in the following lemma.

Lemma 6.4. (see [315, Lemma 12.1]) If Q > 0 and A is stable, the linear
equation
ATP+PA+Q=0 (6.63)

has a unique solution P > 0.

With the parameter values in (6.52), the quantum system (6.53) directly
connected through the optical field is entangled with

N = —0.0892; & =0.2256 (6.64)

and a corresponding complex vector d. in (6.56) is

T
—0.3084 +40.4196 0.5410 — 0.2104 0.0827 —i0.2942 —0.5463| . (6.65)
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6.5.2 Controlled entanglement

It is possible to increase the quantum entanglement level given in (6.64) by ap-
plying a coherent quantum controller (6.22) such that the controlled quantum
system has a configuration as shown in Figure 6.2. The problem of designing
this quantum controller can be considered as an optimization problem and then
solved using the DE algorithm described in Chapter 2. Thus, based on Definition

6.3, the objective function to be minimized is taken as
f(KC) = o(M)" (6.66)

where (M) is the smallest eigenvalue of the matrix M as in (6.57); and n > 1
is a power constant. The constraints related to f(C) are (6.38), (6.35) and

g (K) = AP + PA" + BB = 0;

hy(K) = —P < 0;

g3(K) = R(Xk) = 0;

gi(K) =Sk -2k =0 (6.67)

where the matrices A and B are of the form (6.30); and

Py Py
PL Py

Note that R(X ) = ®x is the real part of matrix X as in Theorem 6.1.
Considering all constraints involved, we form a fitness test procedure to rate

the fitness of each candidate solution K as follows:

1. Evaluate the stability of the controlled quantum system A by referring to
hy(KC) in (6.35);

2. Compute the solution X to the Riccati equation represented by g;(K) in
(6.38);

3. Evaluate g3(K) and g4(K) in (6.67) to check if the solution ¥ is of imagi-

nary Hermitian;
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4. Compute the solution P of go(K) in (6.67) and ensure that hy(K) in (6.67)

is satisfied;
5. Calculate the value of the objective function f(K) in (6.66).

Along with this fitness test routine, we also form a set of penalty functions, which
correspond to the violation of each constraint in (6.38), (6.35) and (6.67). That

is,

pl(K:) = emax,r<AK>Sl; pQ(IC) = Hog (det(‘)())|52 ; .

() = s RERD®s pall) = b (S =) )
ps(K) = emax (BBT)™; P6 () = lemn(P)[*;

pr(K) = f(K)

where s, > 1 for r = 1,2,...,6. Here, epax,(M) denotes the largest real part
of the eigenvalues of the matrix M; en.x(M) denotes the largest eigenvalue of a
symmetric matrix M; and £y, (M) denotes the largest magnitude of all elements
of the matrix M. Moreover, we are particularly concerned with the penalty
function py(K) in (6.69), which is applied whenever X is very close to singularity,
that is, 0 < |det(X)| < e < 1. In this case, € is a sufficiently small real positive
number and X" is as defined in Lemma 6.2.

We now can apply the DE algorithm solve the quantum entanglement problem
for the quantum system (6.50), (6.51), (6.52). The quantum controller matrices

are then obtained as follows:

[—007.6167 —344.0940 —86.2280 —97.4048
Ay — 236.9691 —963.4073 —377.8802 —78.7616 :
—145.2300  219.1872 —=904.0325  392.0398
| 10.1165 —33.0976 —517.4231 —987.2990
(143498 —81.5469 29.3006 —60.5369
Br, = —4.7526  28.2512 ; o — —33.2270  28.8097 ;
—5.7654 0.6262 18.6475 4.8260
| —66.3267 —12.5105 —28.5866 —54.1088
Cro — -3.3050 —1.9170  3.1872 17.3733 ; (6.70)
| 10.2118  —10.3368 —4.5259 —1.0752
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Bk, =

Alternatively, if By

obtained as:

(120745 —5.7322 —26.4841 —15.6115
—6.7239 —3.2510 —14.7481 —8.7313
—13.5743 —5.2675 —14916 —3.2254
| 71492 -29682 —8.0450 —5.2009
[0 —0.6382 —0.6076 —4.6528
0.6382 0 —0.0264 1.7524
0.6076  0.0264 0  0.1545
4.6528 —1.7524 —0.1545 0

I

(6.71)

is assumed to be zero, the quantum controller matrices are

Ck =

O =

[097.6993 —212.1764 —38.0205 —89.1340
24.6918 —903.4779 —181.4780 —129.7399|
—55.2244  23.8663 —925.4836 —100.2914]’

| —25.7120  40.2243  47.9460 —888.8602

(31086 10.7631 6.7045 —7.0180
13.9274 —8.6766| _|-14.1398 —3.9128
13.3195 —3.1036] —7.7089 —7.0357

|—9.8868  1.3991 7.3145  6.3358

[ _48.8473 —43.8428 —50.7859 —28.7381 '

—101.7984  3.2332 —83.3746 —75.7597|

[ 0 —0.1264 —0.1381  0.1055
0.1264 0 0.0746 —0.0681
0.1381 —0.0746 0 —0.0129

|—0.1055  0.0681  0.0129 0

(6.72)

The assumption that Bk, = 0 is based on the experience of [72] where By, has

very small entries. Therefore, it has an insignificant effect on the performance of

the controlled quantum system.

In our example, we also find that the entanglement levels of the controlled

quantum systems obtained by applying controllers (6.70), (6.71) and (6.72) are

the same. That is, in both cases, we obtain

N =—0.1237;

£ =10.2944

(6.73)
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and the corresponding complex vectors d. are

T
[—0.0669 +140.4613 —0.4932 +:0.1997 —0.0010 + 20.4652 0.5322} ;

T
[—0.0694 +10.4609 —0.4921 +:0.2023 —0.0017 + 20.4655 0.5319} (6.74)

for the quantum controllers (6.70), (6.71) and (6.72), respectively. In particular,
from (6.70) and (6.71), we notice that B, is not necessarily small or equal to
zero. However, this example does not show that any improvement in the objective
function can be obtained by using a nonzero Bg,. This is consistent with the
example presented in [72].

Another interesting aspect of this example is that we obtain approximately
30% entanglement improvement in terms of logarithmic negativity through the
application of a coherent quantum controller as opposed to the direct intercon-
nection of the two OPAs. This result is not surprising because it is hard to
drastically enhance the entanglement level of this type of quantum network as
reported in [233]. However, our method has shown a potential approach to im-
prove the entanglement level of a realistic quantum network using a dynamic

coherent quantum controller.

Remark 6.7. Besides the objective function in (6.66), another possible objective

function to be minimized is
f(K) = (In(2v))" (6.75)
which is subject to (6.38), (6.35), (6.67) and
h3(K) = emin(M) < 0 (6.76)

where eyin(M) denotes the smallest eigenvalue of the Hermitian matrix M as
defined in (6.57). Having an additional constraint h3(K), we thus need to include
an additional step in the fitness test routine to ensure that the entanglement
criterion (6.56) holds before calculating the value of the objective function (6.75).

The penalty function corresponding to the violation of (6.76) is

p7(K) = emin(M)* (6.77)
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where s; > 1. Thus, if there is no constraint violation by a candidate solution
throughout the fitness test, the objective function (6.75) will be

ps(K) = f(K). (6.78)

Applying this algorithm to solve the same entanglement control problem as the
one discussed above, we obtain approximately the same amount of entanglement
level (with or without Bp,), that is, & = 0.2954. This fact implies that both

algorithms have a comparable performance.

6.6 Conclusions

We have presented a new method to solve a linear coherent quantum control
problem based on a DE approach. The solution to this problem involves the
solution to a complex algebraic Riccati equation. As a case study, we consider
a quantum entanglement control problem for two cascaded OPAs. Applying a
suitable coherent quantum controller, we show that the entanglement level can
be increased. This result indicates that our method can have potential future
applications to realistic quantum networks. Interestingly, with or without the
By, term in the quantum controller, we obtain the same amount of entanglement
in terms of logarithmic negativity. This fact motivates a further investigation on
the significance of the inclusion of B, in the realization of a dynamic coherent

quantum controller.



Chapter 7

Coherent Quantum Robust H
Control via A Strict Bounded

Real Quantum Controller

7.1 Introduction

In this chapter, we consider coherent quantum robust H* control for a class
of linear complex quantum stochastic systems with norm-bounded structured
uncertainties. The corresponding quantum H* control objective is to achieve
a strict bounded real closed loop uncertain quantum system with a specified
disturbance attenuation level. It is possible to solve this quantum control problem
based on the quantum H* control methods presented in [70,73] by lumping all
structured uncertainties into a single unstructured uncertainty. However, this
may lead to a conservative quantum H> controller and these methods do not
necessarily lead to a stable and strict bounded real quantum controller. Hence,
the resulting quantum H® controller may not be physically realizable.

This concern has motivated us to propose a systematic method to construct
a stable and strict bounded real coherent quantum H*> controller, which is guar-
anteed to be physically realizable. The underlying main idea of our approach is
to introduce an additional uncertainty to form an artificial uncertain quantum
system, based on which our quantum controller is to be designed. A similar
idea has also been applied in [8] for the classical robust H* control problem.

The additional uncertainty has specific properties such that any suitable cohe-
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rent quantum H* controller solves the original quantum control problem and is
also stable and strict bounded real. The resulting quantum controller then must
be physically realizable and is of the same order as that of the quantum plant.
However, the additional uncertainty also introduces some extra conservatism to
this controller design method.

An algorithm to synthesize such a quantum robust H* controller involves
finding the stabilizing solutions to complex algebraic Riccati equations parame-
terized by a non-singular scaling matrix and scaling parameters; e.g., see [8]. The
Riccati equations then constitute nonconvex nonlinear constraints, which are of-
ten difficult to satisfy, in our quantum control problem. Therefore, to compute a
solution, we apply an evolutionary optimization method, namely the differential
evolution (DE) algorithm, as presented in Chapter 2.

As both complex and operator matrices are involved in this chapter, we then
use the following notation: M = [my], M* = [m%], M" = [my;] and MT =

[mj;] = (M*)" to denote the same operations as those explained in Section 6.1.

7.2 Linear Complex Quantum Systems

In this section, we briefly recall some preliminary results on linear complex quan-
tum systems. Instead of the quadrature representation of a linear quantum sys-
tem presented in Chapter 6, we are concerned with a linear complex quantum
stochastic system modeled in terms of annihilation operators as presented in [73].
This formulation is described using quantum probability theory to characterize
the non-commutative nature of the quantum system; e.g., see [46]. Moreover, the
physical realizability condition for these quantum systems is presented in relation

to the realization of a complex open quantum harmonic oscillator.

7.2.1 Non-commutative model

We now consider a particular class of linear quantum stochastic systems described

in terms of linear quantum stochastic differential equations (QSDEs) as follows:

da(t) = Fa(t)dt + Gdw(t); a(0) = ap;
dy(t) = H a(t) dt + J dw(t) (7.1)
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where the matrices F', G, H and J are respectively complex matrices in C"*",
Ce  CM*™ and C™ ™. Moreover, a(t) := [al(t) an(t)]T isann x 1
vector of annihilation operators; and w(t) is an n,, x 1 vector of input signals.
Here, we assume that n,, is equal to n,. As described in Section 6.2, we also

assume that w(t) can be decomposed into two components as follows:
dw(t) = By(t) dt + dv(t) (7.2)

where (3,,(t) and v(t) are respectively adapted process and quantum noise parts of
w(t). As the quantum system (7.1) may interact with other systems, the variables
of those systems determine the adapted process ,(t). Thus, we assume that
Bw(t) commutes with a(t) and v(t) for all ¢ > 0 because they are operating on
distinct Hilbert spaces; e.g., see [70,72,73]. The notion of an adapted process is
rigorously described in [43,44,46].

Moreover, the quantum noise v(t) is a vector of operators on a Fock space,
which is characterized by the Ito table

dv(t)dv(t) = F, dt (7.3)

where the Ito matrix Fj; is a non-negative Hermitian matrix; e.g., see [44,49].

This leads to a commutation relation of the form
dv(t)dv ()t — (dv(t) dv(t)T)" =T, dt (7.4)

where T, is a Hermitian commutation matrix.

Since the dynamic equation of the quantum system (7.1) is expressed as a
linear quantum stochastic differential equation, integration with respect to dw(t)
is a quantum stochastic integral. Therefore, the evolution of a(t) in (7.1) depends
only on w(s) for 0 < s < ¢ and is then adapted. Moreover, the annihilation

operator a(t) also commutes with the Ito increment dv(t); see [70].

7.2.2 Physical realizability

For a quantum system (7.1), the realization {F, G, H, J} cannot be arbitrary be-
cause it may not represent meaningful dynamics governed by quantum mechanical

principles. In order to be physically realizable, the quantum system (7.1) has to
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satisfy the following commutation relation
atyat)! — (a(tya(t)")" = © (7.5)

for all ¢ > 0, where © is a complex commutation matrix; see [70,73]. Referring

to [73, Theorem 4.1], the commutation relation (7.5) is equivalent to
FO +OF" +GT,G" = 0. (7.6)

This condition is satisfied by a complex open quantum harmonic oscillator evolv-
ing unitarily; e.g., see [36,46, 70, 73]. Thus, the physical realizability of the
quantum system (7.1) is then defined in relation to the realization of a complex
open quantum harmonic oscillator.

If © is canonical, we have that © = I, F,, = I and T, = I. In this case, the

commutation relation (7.5) holds if and only if
F+F 4+ GG =0. (7.7)

However, if © is generalized canonical, we have that © is a positive definite
Hermitian matrix, F,, = I and 7, = I. In this case, the commutation relation
(7.5) holds if and only if

FO+OF +GGT =0. (7.8)

For this latter case, we are always be able to find a similarity transformation

a = Sa such that the transformed quantum system
F=SFS™t G=8G;, H=HS"Y J=J (7.9)

satisfies (7.7) with © = I, F, = I and T, = I; see [73].

A complex open quantum harmonic oscillator is characterized by a Hamil-
tonian operator ‘H and a coupling operator C, which are respectively defined as
follows:

H:=a'Ma; C:= Aa. (7.10)

Here, M is an n x n complex Hermitian matrix; and A is an n,, X n complex

coupling matrix. Using the quantum Langevin equation and Lindblad generator,
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the dynamical equations of a complex open quantum harmonic oscillator can be
written as follows (e.g., see [73,316,317]):

da(t) = —0 (iM + LATA) a(t) dt — OAT dw(t);
dy(t) = Aa(t)dt + dw(t). (7.11)

Therefore, matching (7.1) with (7.11), we obtain
F=-0(iM+IAA); G=-06A, H=A J=1 (7.12)

Definition 7.1. (Physical realizability; see [73, Definition 5.1 and Definition 5.2])
A linear complex quantum system (7.1) is said to be physically realizable if it sat-
isfies the commutation relation (7.5) for (generalized) canonical © and represents

the dynamics of a complex open quantum harmonic oscillator (7.11).

Lemma 7.1. (see [73, Theorem 5.1]) A linear complex quantum system (7.1) is
physically realizable if and only if there exists © = OT > 0 such that (7.8) and
(7.12) hold.

7.2.3 Bounded real property

We also need to consider the bounded real property of the linear complex quantum
system (7.1). This will enable us to relate the physical realizability condition
given in Definition 7.1 and Lemma 7.1 to the realization of a coherent quantum

H*° controller discussed in subsequent sections.

Definition 7.2. (Dissipativity; see [70, Definition 4.1] and [73, Definition 6.1])

Given an operator-valued quadratic form

1 a 1 a*
— Z |4 T ~ |, T T
(a,Bu) = [a 51”}7% NES [a w}R[ﬁ;] (7.13)
where
_ Ry Ry (7.14)
Ry Ry

is a given complex Hermitian matrix, we say that the quantum system (7.1) is

dissipative with supply rate t(a, 3,) if there exists a positive operator-valued
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quadratic form
V(a) = ta' Xa+ La” Xa* (7.15)

(where X is a positive definite Hermitian matrix) and a constant A > 0 such that

(V(a(t))) +/0 (t(a(s), Buw(s)))ds < (V(a(0))) +At, Vt>0 (7.16)

for all Gaussian state g for the initial variables a(0). Note that we use (-) to
denote a quantum expectation over all initial variables and noises. We say that
the quantum system (7.1) is strictly dissipative if there exists a constant ¢ > 0
such that the inequality (7.15) holds with the matrix R replaced by the matrix
R +el.

Definition 7.3. (Bounded real; see [70, Definition 4.3] and [73, Definition 6.2])
The linear complex quantum system (7.1) is said to be bounded real with distur-

bance attenuation v > 0 if the system (7.1) is dissipative with supply rate

(0, Bu) = 5 (010~ 72BL5) + 5 (876: — 1652

oo [EE EY a
[a ﬁ“’} JH gt —~21| | 8,

G | o | A R

N | —

N | —

JTH* JTJ* — BZ)

where 3, := Ha(t) + J (,(t). Moreover, The linear complex quantum system
(7.1) is said to be strictly bounded real with disturbance attenuation v > 0 if the
system (7.1) is strictly dissipative with the supply rate (7.17).

Definition 7.4. (Minimal realization; see [73, Definition 6.4] and [318]) The

quantum system (7.1) is said to be minimal if the following conditions hold:
1. Controllability: a'F' = Xa' for some A € C and a'G = 0 implies that a = 0.
2. Observability: F'a = Aa for some A € C and H a = 0 implies that a = 0.

Definition 7.5. (Lossless bounded real; see [73, Definition 6.3] and [319, Chapter
7]) The linear complex quantum system (7.1) is said to be lossless bounded real

if the following conditions hold:
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1. F' is Hurwitz.

2. The transfer function matrix Q(s) := H(sI — F)~'G + J satisfies
Q(iw)'Q(iw) =1, VYweR. (7.18)

Lemma 7.2. (see [73, Theorem 6.4 and Theorem 6.5] and [319, Theorem 6.4 and
Theorem 6.5]) Suppose that the quantum system (7.1) has a minimal realization
{F,G,H,J}. Then, it is lossless bounded real if and only if there exists X =
XT >0 such that

XF+F'X+H'H =0,
H'J =-XG,;
JI =1 (7.19)

Furthermore, the minimal realization {F,G,H,J} of the quantum system (7.1)
18 physically realizable if and only if it is lossless bounded real with J = I.

Lemma 7.3. (Complex bounded real lemma I; see [13, Theorem 6.1]) The quan-
tum system (7.1) is bounded real with disturbance attenuation vy > 0 if and only

if there exists a Hermitian matriz X > 0 such that

FIX+XF+H'H G'X+JH

7.20
XG+H'J JIJ =21 | (7.20)

Lemma 7.4. (Complex bounded real lemma II; see [73, Theorem 6.2] and [319,
Chapter 7]) Suppose that the quantum system (7.1) has a minimal realization
{F,G,H,J} and satisfies v 1—J1.J > 0 fory > 0. Then, the following statements

are equivalent:

1. The quantum system (7.1) is bounded real with disturbance attenuation .
2. F is Hurwitz and |[H(sI — F)7'G + J|| < 7.

3. The complex algebraic Riccati equation
FIX+XF+HH+(XG+H'J) (*T - JUI) " (GTX + JTH) =0 (7.21)

has a positive definite Hermitian solution X .
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Lemma 7.5. (Complex strict bounded real lemma I; see [13, Theorem 6.3]) The
quantum system (7.1) is strictly bounded real with disturbance attenuation v > 0
if and only if v*1 — JTJ > 0 and there exists a Hermitian matriz X > 0 such that

FiIX+XF+H'H G'X +JH

7.22
XG+H'J JTT — 21 (7.22)

Lemma 7.6. (Complez strict bounded real lemma I1; see [73, Theorem 6.3 ], [312,
Theorem 2.1] and [320]) For the quantum system (7.1), the following statements

are equivalent:

1. The quantum system (7.1) is strictly bounded real with disturbance attenua-

tion v > 0.
2. F is Hurwitz and ||H(sI — F)7'G + J||» < 7.

3. v2I — J'J > 0 and the complex algebraic Riccati inequality
FIX 4 XF+HH+ (XG+H) (1= J10) 7 (61X + J1H) <0

(7.23)

has a positive definite Hermitian solution X.

4. ¥*I — J'J > 0 and the complex algebraic Riccati equation
FIX+XF+H H+(XG+ H'J) ("1 — J'0) " (GIX + JTH) = 0 (7.24)

has a stabilizing solution X > 0.

Furthermore, if these statements hold, then X < X.

7.3 Quantum Robust H* Control Problem

In this section, we describe the quantum robust H* control problem for a class
of linear uncertain complex quantum systems. Applying a coherent quantum
H®° controller to solve this control problem, we require this quantum controller
to be physically realizable. Also, the resulting closed loop uncertain quantum
system has to satisfy an H* control objective. These issues are considered in the

following sub-sections.
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7.3.1 Linear uncertain complex quantum system

We consider a class of linear complex quantum stochastic systems with structured
uncertainties (see [70,72,73]):

da(t) = F a(t)dt + Gy dv(t) + Gy dw(t) + Gy du(t) + Z G ; d&(t); a(0) = ap;

dz(t) = Hy a(t)dt + Jio du(t);
d§1 (t) = L1 a(t)dt + M1 du(t),

dy(t) = Hy a(t)dt + Joo dv(t) + Joq dw(t) (7.25)

where a is an n x 1 vector of the plant annihilation operators; v is an n,, X 1 vector
of quantum noises; w is an n,, X 1 vector of disturbance inputs; u is an n,, x 1 vector
of control inputs; &; is an n,, X 1 vector of uncertainty inputs (for j = 1,2,...,k);
(j is an ny; X 1 vector of uncertainty outputs (for j =1,2,...,k); zisann, x 1
vector of controlled outputs; and y is an n, x 1 vector of 'measurement’ outputs.
All coefficient matrices in (7.25) are complex matrices, which have compatible
dimensions with those of the operators and signals in (7.25). Quantum systems
of this form, defined only in terms of annihilation operators, can be used to
represent interconnections of linear passive optical components such as optical
cavities, beam-splitters and phase-shifters; e.g., see [73,77].

The disturbance input w(t) and the control input u(¢) in (7.25) are represented

respectively as

dw(t) = Bo(t) dt + du(t); (7.26)
du(t) = Bu(t) dt + dp(t) (7.27)

where (3,,(t) and (3,(t) are adapted processes; and dv(t) and du(t) are the noise
parts of (7.26) and (7.27). Meanwhile, dv(t) represents an additional quantum
noise in the plant. The quantum noises dv(t), dv(t) and du(t) have corresponding

Hermitian Ito matrices F,, F, and F),, and Hermitian commutation matrices 7,
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T, and T,,, which are assumed to be

F,=F,=F, =1 (7.28)
T,=T,=T,=1. (7.29)

The j-th structured uncertainty in (7.25) is modeled as an additional unknown

linear time-invariant complex quantum stochastic system:

da;(t) = A;a;(t) di + B; d¢;(t);  a;(0) = ao,j;

with A; Hurwitz and transfer function matrix
Aj(S) = Cj(S[ — Aj)_lBj + Dj (731)
which is required to satisfy
1A;(s)]|oe <1 (7.32)

forall j =1,2,... k.

7.3.2 Coherent quantum H™> controller

We aim to control the uncertain quantum system (7.25), (7.30), (7.31), (7.32)
using a coherent dynamic quantum H* controller, which is assumed to be a
non-commutative quantum stochastic system. A general form of this quantum

controller can be written as

de(t) = Fec(t)dt + Gy dwe, (t) + Ge, dw,, () + Gedy(t);  ¢(0) = co
du(t) = H. c(t)dt + dwe,(t) (7.33)

where ¢ is an n x 1 vector of the controller annihilation operators; w., and w,,
are respectively n., x 1 and n., x 1 vectors of non-commutative quantum Wiener
processes. For the quantum H® controller (7.33), we assume that the Ito matrices

chO and ch1’ and commutation matrices Twco and Twc1 of w., and w,., are
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respectively

Fuoy = Fuo, =1

€0

Toey = T, = 1. (7.34)

€0

Also, at time ¢t = 0, it is assumed that a(0) and a(0) commute with ¢(0). More-
over, the quantum H° controller (7.33) is required to be stable and strict bounded
real, which will imply that it is physically realizable. Therefore, referring to [73],
we present a physical realizability condition for the quantum H*° controller (7.33)

in terms of its bounded real property.

Definition 7.6. (Physical realizability of a quantum controller; see [73, Definition
7.1]) The realization { F., G, H.} is said to define a physically realizable quantum
controller of the form (7.33) if there exist matrices G, G.,, H, and H., such

that

co

de(t) = Foe(t)dt + G, dwe, (t) + Ge, dwe, (1) + G dy(t);  ¢(0) = co;

du(t) H. dwe, (t)
duy(t)| = | He, | c(t)dt + | dw,,(t) (7.35)
dus(t) H, dy(t)

is physically realizable according to Definition 7.1 when

T, = JooTyJdy + Jn T, J3, = I. (7.36)

Lemma 7.7. (see [13, Theorem 7.2]) Suppose that {F.,G., H.} is a minimal
realization of the quantum controller (7.33). Then, the quantum controller (7.33)

18 physically realizable if and only if F. is Hurwitz and
|He(sI — F.)'Gelloo < 1. (7.37)

This implies that the quantum controller (7.33) is bounded real.

Remark 7.1. (see [73, Theorem 7.2]) The matrices G., and H., can be set to
zero as the exogenous quantum noise dw,, term is not needed in the realization of

the quantum controller (7.33). Moreover, an immediate consequence of Lemma
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7.7 is that a strict bounded real quantum H* controller of the form (7.33) must

always be physically realizable, where F, is Hurwitz and || H.(s] —F.)"'G.||o < 1.

7.3.3 H™ control objective

Interconnecting the quantum controller (7.33) with the uncertain quantum sys-

tem (7.25), (7.32), we obtain the following closed loop uncertain quantum system

da(t) (F+G3sDL) (GoH.+ GsDMH,) GsC| |a(t)
de(t) | = G.H, F. 0 c(t)| dt
da(t) BL BMH, A a(t)
GO (GQ + G3DM) 0 dU(t) G1
+ GCJQO Gco Gcl dw(:o(t) + GCJ21 dw(t)a
0 BM 0 dw,, (t) 0
a(t) du(t)
ax(t) = [Hy JH. 0| |e(t) | dt+ [0 T 0] [dug () (7.38)
a(t) dw, (t)
where
-ddl(t) Ml Ll
dao(t M. L
da(t) := a2'( ) M= '2 ;L= '2 :
_dCNLk(t) Mk Lk
(A, 0 - 0 B, 0
0 Ay, --- 0 0 B
A= 7 |y B=|. ;
0 0 Ak L 0 0 Bk:
(¢, 0 Dy 0
0o ¢ 0 D
C = N |y D= i ;
(0 0 o [0 0 Dy,

Gy = [G?),l Gso - Gagl- (7.39)



7.4. Quantum H* Controller Synthesis 165

We require the closed loop uncertain quantum system (7.38) to satisfy the fol-

lowing H*° control objective

/O (2(s)2(s) + z(5)"2(5)* + € (n(s)"'n(s) + n(s)"n(s)*)) ds
< (2 —-&Y) /0 (Bu(8) Bu(8) + Bu(s) Bu(s)*) ds + 1 + mat (7.40)

where ¢, 1, > 0 are real constants and

dn(t) = [da(t)T de(t)” d&(t)T]T. (7.41)

This objective is attained if the closed loop quantum system (7.38) is strict

bounded real with a specified disturbance attenuation level v > 0; see [70,73].

7.4 Quantum H* Controller Synthesis

An algorithm to construct a coherent quantum H> controller of the form (7.33)
has been provided in [70,73]. However, these algorithms do not guarantee that
the resulting quantum controller is stable and strict bounded real, and hence, the
controller may not be physically realizable. Thus, we are motivated to provide a
new systematic method to synthesize a stable and strict bounded real quantum
H®> controller based on the approach used in [8]. In this case, we force the
quantum H° controller to be physically realizable.

The main idea of our approach is to introduce an additional uncertainty to
form an artificial uncertain quantum system based on which the desired coherent
quantum H controller is to be designed. Thus, this approach only provides a
sufficient condition such that any suitable quantum controller of the form (7.33)
will lead to a strict bounded real closed loop uncertain quantum system with
disturbance attenuation v > 0 when applied to the original uncertain quantum
system (7.25), (7.32). Moreover, the same quantum controller must be stable
and strict bounded real when it is applied to a particular open loop uncertain
quantum system while achieving the closed loop H* control objective. These
properties hold even when the quantum controller is detached from the open
loop quantum system; see [8].

In order to apply this idea, we first consider the following uncertain quantum
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system:
k
da(t) = Fa(t)dt + Godv(t) + Gy dw(t) + Z G d&;(t);  a(0) = ap;
j=1
k
dz(t) = Hyalt)dt + Jy dw(t) + > Jo, d&(t);
j=1

k
d¢(t) = Hay a(t)dt + Ky dw(t) + Y Ly dé;(t);
j=1

k
dG(t) = Haypalt) dt + Ky dw(t) + > Ly dé;(t). (7.42)

Here, the j-th structured uncertainty in (7.42) is modeled as an unknown quan-

tum system:

d@](t) = Aj &](t) dt + Bj de (t), Elj (0) = d07j;
dé;(t) = Cja;(t) dt + Dy d¢;(t) (7.43)

with /Ij Hurwitz and transfer function matrix

Aj(S) = éj(S[ — Aj)iléj -+ Dj (744)
which is required to satisfy
1A;(s)lloe <1 (7.45)

forall j =1,2,..., k. Now, we present the following lemma, which is required in

subsequent sub-sections.

Lemma 7.8. Consider the uncertain quantum system (7.42), (7.43), (7.44),
(7.45) and let 7, > 0,..., 7 > 0 be given constants. Suppose that F in (7.42) is

Hurwitz and the scaled quantum system

da(t) = Fa(t) dt + Go dv(t) + Gy di(t);
d3(t) = H a(t) dt + J div(t) (7.46)
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where

élz [7_1 Gy \/T_1_1G2,1 ﬁ_1G2,2

H, v dw(t) dz(t)
V11 Hap VT dé(t)
= | VRt dist) = |vada)|: a0 = | ymdol)
/7 o g (0|
[y A e VT e Ve o]
vt VT Lia %ng e :_;Ll,k
J=[7" VT2 K %Lz,l Los - :_iLZk
_771 VT Ky = Lka E TR Lk |

is such that JJT < I and strict bounded real with

HFI(SI e JH <1

(7.47)

(7.48)

Then, the uncertain quantum system (7.42), (7.43),(7.44), (7.45) is strict bounded

real with disturbance attenuation v > 0.

Proof. The proof of this lemma follows from the proofs of Proposition 8.6 ((i)
to (iii)) and Proposition 9.9 ((c) to (a)) in [321], and also from [73, Theorem 7.2]

(Lemma 7.6). That is, suppose that all conditions in the lemma are satisfied and

|t =Pt d| =T [l = PG+ I T <1

where
I o0 - H, v o
0 0 - /T Hy YKy Lga

(7.49)
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We also let P : Ly[0,00) — L5[0,00) be the time-invariant bounded operator
corresponding to the transfer function matrix H(sI — F)~'G; + J. That is, P

represents a classical linear time-invariant system

i(t) = Fa(t) + Giw(t);
Z(t) = Hx(t) + Jw(t) (7.51)
where
yw(t) Z(t) H, ’)/_1 Ji JQ’l JQ,Q - Jz,k
&1(1) Gi(t) Hj, YKy Ly Lip ... Ly
w(t) = §Q(t) ,f(t) = Cg(t) ;H = H272 ; j = ’771 K2 L271 L272 s LQJC
| &(t) | Cr(t) | | ok | 77Kk Ligy Lo oo Lig]
Gl — ’771 Gl G271 G272 Ce G27k . (752)

For the system (7.51), the relationship between the uncertainty input &;(¢) and

output (;(t) are represented by an unknown linear system as follows:

pi(t) = Asp;(t) + B;¢(t);
§i(t) = Cip;(t) +D;¢(1) (7.53)

with ; Hurwitz and transfer function matrix
U(s) = € (sT — ;)" B, + D, (7.54)

which is required to satisfy
144 (8)][ o0 < 1 (7.55)
forall j =1,2,... k.
It then follows from (7.49) that

|1TPT16(t)|; < (1—0)llo(t)]3 (7.56)
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for any ¢(t) € Ls[0,00) and some § > 0. Furthermore, we can rewite (7.56) as
[7Pe@)l; < =9I Tv@ll; (7.57)

or equivalently

|7Pe)]; - ITv @I, < -0 [Twl, (7.58)
where 9 (t) := T 1¢(t), (t) € L[0,00). From (7.58), we obtain that
(w(t), (PMT'TP —TT)¥(t)) <0 (7.59)

where (f, g) denotes the inner product [~ f(t)Tg(t)dt for f(-),g(-) € L2[0,00);
and thus,

PITITP -T'T <0. (7.60)
Now, we define
Lo oo 0
T = o To= | (7.61)
0 7
0 - 7
and for some € > 0, (7.60) leads to
.|l 0| = 1—¢e)l 0
0> P p_ |19 (7.62)
0 7 0 T

which implies that

05 (|7 @O] ST 0| 5 [yul)
N\« | o T £(t)

= [l = 2*(1 = &)l + > 7 (IS5 — I€@)13) (7.63)
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where

)= | <O)=| 1 |. (7.64)
&k (t) Cr(t)
Since (7.55) is satisfied, (7.63) results in

0> [[z()l; = 7*(1 — €) [[w(t)ll3
> [l2()ll; —* w13 (7.65)

which implies that
|Hy (s = F)" G+ | < 1. (7.66)

Using Lemma 7.6, we conclude that the uncertain quantum system (7.42), (7.43),
(7.44), (7.45) is strict bounded real with disturbance attenuation v > 0. O

7.4.1 Artificial uncertain quantum system

Prior to forming an artificial uncertain quantum system based on the original
uncertain quantum system (7.25), (7.30), (7.31), (7.32), we need to construct a

matrix K such that (F' 4 G2 K) is Hurwitz and the uncertain quantum system

da(t) = (F + G2 K) a(t) dt + G dv(t) + Gy dw(t) + Z Gs; d&(t); a(0) = ap;

dz(t) == (Hl -+ leK) a(t) dt;
d¢i(t) = (Ly + M, K) a(t) dt;

dy(t) = Hya(t) dt + Joo dv(t) + Jo dw(t) (7.67)

with (7.30), (7.31), (7.32) is strict bounded real with disturbance attenuation
v > 0. This requirement is satisfied under a condition, which is dependent on
the existence of a solution to a parameterized algebraic Riccati equation defined

as follows: Let k1 > 0,...,kr > 0 be given constants and consider a complex
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algebraic Riccati equation

—. A\ T .
(F - GgEflJLHl) X+ X <F - GzEflJlTQHl)

+ X (GiGL = GoB ' GL) X+ ] (1= JuB V) By =00 (7.68)
where
G, = [’Y_l Gy \/5_1_1G3,1 \//f_k_lGS,k} ;
H, Ji2
i = \/F"_:ILI L T = ‘/F"_I:Ml . By = Jhn (7.69)
NG VER My,
Assumption 7.1. Given constants k1 > 0,...,k; > 0, the uncertain quantum

system (7.25), (7.30), (7.31), (7.32) is assumed to be such that FE; > 0.

Lemma 7.9. Let k1 > 0,...,k; > 0 be given constants. Suppose that the un-
certain quantum system (7.25), (7.30), (7.31), (7.32) is such that Assumption
7.1 is satisfied and the complex algebraic Riccati equation (7.68) has a stabilizing
solution X > 0. Then, there exists a matriz K such that the uncertain quan-
tum system (7.67), (7.30), (7.31), (7.32) is strict bounded real with disturbance
attenuation v > 0. That is, (F' + G9K) is Hurwitz and

[(Hy + JioK) (sI — (F 4+ GoK)) ™ Giloo < (7.70)
where
K=—F;! (G;X + jjﬁl) . (7.71)
Proof. Consider the uncertain quantum system (7.25), (7.30), (7.31), (7.32) and
let k1 > 0,..., Kk > 0 be given constants. Also, suppose that the scaled quantum
system

da(t) = F a(t)dt + Godv(t) + G diw(t) + Go du(t);
dz(t) = Hy a(t)dt + Jyo du(t) (7.72)

is such that Assumption 7.1 is satisfied and the complex algebraic Riccati equation
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(7.68) has a stabilizing solution X > 0. Then, we let K = —E; (G X + JI,H,)
be such that

da(t) = (F + Gy K) a(t)dt + Gy dv(t) + Gy dw(t);

is strict bounded real with (F' 4+ G3K) Hurwitz and
[(Hy + Ji2K)(sI — (F + G2K)) "Gyl < 1. (7.74)

Moreover, X > 0 is also a stabilizing solution to the following complex algebraic

Riccati equation
(F+GyK) X + X (F+G3K) —|—XG1GIX—|—(H1—i—Jng)T(Hl—i—Jng) =0. (7.75)
It then follows from Lemma 7.6 that there exists a matrix P > 0 such that
(F4GoK) P+ P(F+GyK) 4+ PGiGiP+ (Hy + J1o K) (H, + Ji15K) < 0 (7.76)

where X < P. Thus, together with Lemma 7.8, we conclude that the uncer-
tain quantum system (7.67), (7.30), (7.31), (7.32) is strict bounded real with
disturbance attenuation v > 0. [

Using the matrix K as described in (7.71) and introducing additional un-
certainty input d€.1(t) and uncertainty output d(x.1(t), we form an artificial

uncertain quantum system as follows: (see [8])

k+1
da(t) = Fa(t)dt + Godv(t) + Gy dib(t) + Godu(t) + Y Gs;d&;(t);

j=1

dz(t) = Hya(t) dt + Jio du(t) + Ny d€pq (t);
d¢i(t) = Ly a(t) dt + My du(t) + Ny d€yiq (t);

dCe(t) = Ly a(t) dt + My du(t) + Ny d€pin (t);
dCopr(t) = Lis1 a(t) dt + Myyq du(t) + P di(t);
dy(t) = Hya(t) dt + Jag dv(t) + Joy dii(t) + Nyyq dEpsr () (7.77)
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where a(0) = ag; di(t) = By (t) dt + di(t);

dwl(t)] dse) = dz (t)

d(t) = ; F:F+%G2K;

dws(t) dzs(t)
G = [G1 0] ;o Go = %Gz; G311 = [Gz 00 0} R

H ~ J 0 -1 0 0
' ;o Jio = % o ; No= R
V1 0 0 I 0

0
Ly=Li+ MK, ML = 1My Ny = [Ml 0 0 0] R

_1
o =1

Lp=Li+ MK, My=10My Ny = [Mk 0 0 o} R

K —1I 0 O
- H ~ J 0 0
Lisi = 3R " N5 Miga = 3R ;; P=3R| ol

Hy 0 Jor —1

Oy =3Hy, Jo =3 [J21 ]} ;o Ny = [0 00 _[} R (7.78)

Note that R is any n, X n, non-singular scaling matrix, where n, = 2n, +mn, +mn,;
wy and 29 have the same dimensions as those of y and u, respectively.

In (7.77), the uncertainty input d¢;(t) is related to the uncertainty output
d¢;(t) according to (7.30) for j = 1,2,...,k. Also, the additional uncertainty
input d€;.1(t) is related to the additional uncertainty output d(x,1(¢) according

to
d&k41(t) = Apy1 dGra(t) (7.79)

where Ay € R is a real unknown scalar uncertain parameter satisfying |Ag. | <
1. Moreover, the H* control objective for the artificial uncertain quantum system
(7.77), (7.30), (7.31), (7.32), (7.79) is as follows:

/0 (Z(s)T2(s) + 2(s)"2(5)" + £ (n(s)Tn(s) +n(s) n(s)*)) ds
< (1- ¢ /0 t <Bw(s)fﬁw(s) n Bw(s)TBw(s)*> ds + m + ot (7.80)

where ¢, 7y, ™5 > 0 are real constants.
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Now, we consider two special cases for A, to verify that any suitable cohe-
rent quantum controller of the form (7.33) for the artificial uncertain quantum
system (7.77), (7.30), (7.31), (7.32), (7.79) is indeed stable and strict bounded
real, and solves the original quantum control problem.

Special case I: A, ; = 1. With this value of Ay, it immediately follows
that the QSDEs (7.77) become

k
da(t) = (F + G2K) a(t) dt + Gy du(t) + Gy dw (t) + Z G dE;(t); a(0) = ap;

dzy(t) = v du(t);
d¢i(t) = (L + My K) a(t) dt;

with (7.30), (7.31), (7.32). We notice that the uncertain quantum system (7.81),
(7.30), (7.31), (7.32) is the same as the uncertain quantum system (7.67), (7.30),
(7.31), (7.32). Hence, the uncertain quantum system (7.81), (7.30), (7.31), (7.32)
is strict bounded real with disturbance attenuation v > 0 according to the con-
struction of the matrix K in (7.71) and Lemma 7.9. It is apparent from the
QSDEs (7.81) that the control input u(t) does not affect the quantum plant, but
only affects the controlled output z5(t). Also, the measurement output y(t) is
not affected by the quantum plant but is only affected by the disturbance in-
put wy(t) and the quantum noise v(¢). This situation is shown in Figure 7.1(a)
where the coherent quantum controller 3, of the form (7.33) is detached from
the uncertain quantum system (Sq, A(+)) defined by (7.81), (7.30), (7.31), (7.32).
It thus follows from the block diagram in Figure 7.1(a) and the closed loop H>
control objective (7.80) that the coherent quantum controller ¥, must be stable
and strict bounded real.

Special case II: A,y = —1. It is straightforward to show that with this
value of Ay, the QSDEs (7.77) reduce to the original QSDEs (7.25) with (7.30),
(7.31), (7.32). Thus, if the coherent quantum controller ¥, of the form (7.33) is
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§ ¢ § ¢
A() A()
5 w—s v ——2
W ——> S R it > 21 Wy --—-> @ -——= 29
U u Yy
Wy—s 3, v 2 Y

(a) (b)

Figure 7.1: Block diagrams corresponding to special cases I and II; see [8].

applied to the artificial uncertain quantum system (7.77), (7.30), (7.31), (7.32),
(7.79), we will obtain a closed loop uncertain quantum system as shown in Fig-
ure 7.1(b) where (X,, A(+)) corresponds to the original uncertain quantum system
(7.25), (7.30), (7.31), (7.32). This implies that the coherent quantum controller
of the form (7.33) indeed solves the original quantum control problem where the
closed loop uncertain quantum system (7.38), (7.30), (7.31), (7.32) is required to
be strict bounded real with disturbance attenuation v > 0.

From both cases, we conclude that if there exists a suitable coherent quantum
controller of the form (7.33), which stabilizes the artificial uncertain quantum
system (7.77), (7.30), (7.31), (7.32), (7.79) such that the resulting closed loop
uncertain quantum system is strict bounded real with disturbance attenuation
~v > 0, then this quantum controller also provides the same closed loop properties
when it is applied to the original uncertain quantum system (7.25), (7.30), (7.31),
(7.32). Also, the quantum controller itself must be stable and strict bounded real.

7.4.2 Strict bounded real quantum H* controller

Along with the results in [73], we use the approach of robust H> control theory
presented in [187] and Lemma 7.8 to synthesize a coherent quantum controller of
the form (7.33) for the artificial uncertain quantum system (7.77), (7.30), (7.31),
(7.32), (7.79). To proceed with this approach, we need to introduce scaling
constants 77 > 0,...,7kr1 > 0 so that we can rewrite the QSDEs (7.77) of the
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artificial uncertain quantum system as follows:

da(t) = Fa(t)dt + Gy dv(t) + Gy dw(t) + G du(t);  a(0) = ag;
dx(t) = Hya(t)dt + N d(t) + Jip du(t);
dy(t) = Hya(t) dt + Jog dv(t) + Joy dii(t) (7.82)

Gy = |y 1Gy \/77171G3,1 \/Tk+171G3,k+1} ;

Joy = _’Y_l j21 0 -0 \/Tk+171Nk+1] ;
~ di(t) dz(t) H,
T1d&(t T d((t y L
aioy = | VPO gz | YOO g | YRR
| /Thr1 A€y (2) Vi1 dCria () Tt L
i 0 0 -+ 0 71 'No|
Ji2. 0 0 -0 [N
. VT My . . . . :
Jlg(t) = . ; N = : : : : (783)
s 0 0 --- 0 [T N\
V Tk+1 My 11 The1 P
_7_1, [Tkl P 0 --- 0 0 |

The H* control objective corresponding to the quantum system (7.82) is

/0 (2(s)"2(s) + 2(5)"2(s)" + e (n(s)Tn(s) +n(s)"n(s)")) ds

< (1-¢? /Ot (B () Bu(8) + Bu(s) Bu(s)") ds + m1 + mot (7.84)

where g, 71, m > 0 are real constants. Since an N-term in (7.82) leads to a
non-standard H>° control problem, we apply a loop shifting transformation to
eliminate this term; e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2].

This can be done by first imposing the following assumption:

Assumption 7.2. Given constants 7 > 0,...,7,1 > 0 and any non-singular
scaling matrix R, the uncertain quantum system (7.77), (7.30), (7.31), (7.32),
(7.79) is assumed to be such that NNT < I,
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Then, we can define
d:=I-NN>0;, &:=1-NN'">0 (7.85)
and also
dib(t) == ®3di(t) — @2 NT [Hy alt) dt + Jip du(t)] ;
dz(t) = &3 [Hy alt) dt + Jyp du(t)] . (7.86)
From (7.86), it is straightforward to verify that
di(t) = ®~2dw(t) + N [Hy a(t) dt + Jis du(t)] ;
le@)lz = 1Z@)113 = @@ — 12013 (7.87)
Now, we can rewrite the QSDEs (7.82) as
da(t) = F a(t)dt + Go dv(t) + Gy di(t) + Go du(t);  a(0) = ap;
dz(t) = Hy a(t)dt + Jys du(t);
dy(t) = Hy a(t)dt + Joo dvo(t) + Joy did(t) + Jag du(t) (7.88)
where di(t) = [, (t)dt + di(t);
F = F + leNTqv)ilﬁl; él = Glé_%,
ég = ég + GlNTCi)_lju; Ij.fl = (i)_%ﬁl; (7 89)
Hy = Hy+ Jy N1y Jiz = &3 Jy; '
j22 = jleTé_ljm; j21 = jglq)*%.
Furthermore, we also define
dij(t) = dy(t) — Jo du(t) (7.90)
and substituting (7.90) into (7.88), we obtain
da(t) = F a(t)dt + Go dv(t) + Gy di(t) + Go du(t);  a(0) = ap;
dz(t) = Hy a(t)dt + Jys du(t);
dij(t) = Hy a(t)dt + Joo dv(t) + Joy did(t). (7.91)
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The H* control objective corresponding to the quantum system (7.91) is

/0 (2()'2(s) + 2(s)"2(s)" + € (n(s) ' (s) +n(s) " (s)") ) ds
<(1-¢% /Ot <Bw(s)TBw(s) + ﬁw(s)TﬁAw(s)*> ds + m + mat (7.92)

where €, 1, m > 0 are real constants.

The solution to the coherent quantum H* control problem for the linear
quantum system (7.91) is given in terms of solutions to the parameterized complex
algebraic Riccati equations:

A JUN A A N\T A NN A A PN
(F - GgEflleQHl) X+ X (F - GQEflJngHl)
+X (éléi — GzEflég) X+ Hf (I — ij;lleQ) H, =0;
A POV N N ~ [ A A A oA ~NT
(F= Gl By ) Y+ ¥ (F = Gyl By )
+Y (ﬁml - IS@EQ‘lE&) Y+ Gy <I - ngEgljzl) Gl=0 (7.93)
such that the following conditions hold:

L F =GBl + (GiGl = GoB ' GE) X is Hurwitz,
2. F— @1j§1EQ_1ﬁ2 +Y (ﬁfﬁl — f[gE’;lfI2> is Hurwitz;
3. The spectral radius p(XY) of matrix XV is strictly less than one.

To obtain the solutions to the Riccati equations (7.93), we require the following

assumption to be satisfied.

Assumption 7.3. Given constants 77 > 0,...,7;1; > 0 and any non-singular
scaling matrix R, the uncertain quantum system (7.77), (7.30), (7.31), (7.32),
(7.79) is assumed to be such that

1. El = jIleg > 0;
2. EQ = jgljgl > 0.

Theorem 7.1. Suppose that there exist constants k1 > 0,..., Kk > 0 satisfying
Assumption 7.1 such that the complex algebraic Riccati equation (7.68) has a
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stabilizing solution X > 0 and let
K=—E" (G;X n jlgﬁl) .

Also, suppose that there exist a mon-singular scaling matrix R and constants
71 > 0,...,7k1 > 0 satisfying Assumption 7.2 and Assumption 7.3 such that
the complex algebraic Riccati equations (7.93) have stabilizing solutions X>0
and Y > 0 such that the spectral radius p()AQA/) < 1. Then the closed loop uncer-
tain quantum system obtained by applying the coherent quantum controller (7.33)
with

F.= Fc - chzzﬂc;

Fo=F 4 GoH, = Golly + (G = Godu ) GIX;

G - (1- m)‘l (VA}+ Gl B

He= B (GIX + J, ) (7.94)

to the uncertain quantum system (7.25), (7.30), (7.31), (7.32) is strict bounded

real with disturbance attenuation v > 0.

Proof. It follows from loop shifting arguments in the classical H> control the-
ory (e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2]) that the H>
quantum control problem (7.82), (7.84) has a solution if and only if the complex
Riccati equations in (7.93) have stabilizing solutions X >0and Y > 0 such that
p(XY) < 1. Moreover, a coherent quantum controller of the form (7.33) (but
not necessarily stable and strict bounded real), which solves the H* quantum
control problem (7.82), (7.84) is defined by (7.94).

Therefore, if the conditions of the theorem are satisfied, it follows from the ar-
guments in the proofs of Theorem 4.1 in [187] and of Theorem 7.1 in [73] that the
closed loop uncertain quantum system obtained by applying the coherent quan-
tum controller (7.33), (7.94) to the artificial uncertain quantum system (7.77),
(7.30), (7.31), (7.32), (7.79) is strict bounded real with disturbance attenuation
~v > 0. Moreover, it follows from the construction of the artificial uncertain quan-
tum system (7.77), (7.32), (7.79) that the coherent quantum controller (7.33),
(7.94) must be stable and satisfy condition (7.37). Thus, if this controller is ap-
plied to the original uncertain quantum system (7.25), (7.30), (7.31), (7.32), the
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resulting closed loop uncertain quantum system is also strict bounded real with

disturbance attenuation v > 0. O

Remark 7.2. Although the coherent quantum controller (7.33), (7.94) is guar-
anteed to be physically realizable, the additional uncertainty in the artificial
uncertain quantum system (7.77), (7.30), (7.31), (7.32), (7.79) introduces some

conservatism to the design process.

7.5 A Differential Evolution Approach

We recognize from Section 7.4 that the problem of designing a strict bounded real
quantum controller (7.33) involves several parameter dependent nonlinear con-
straints. To find a solution to this problem, we propose to apply an evolutionary
optimization method, namely the differential evolution (DE) algorithm, as given
in Chapter 2. Thus, we reformulate the quantum controller design problem into
an optimization problem, which is subject to nonconvex nonlinear constraints.
The required parameters form a vector of decision variables defined as

T
V= [fy Ki *++ Kp Ti +°° Thgl (7.95)

where the dimension of ¥ is 2(k + 1) and each element of 9 is a positive real
number. Then, the optimization problem can be stated as follows: Find an

optimal solution 9¥* to solve

rnﬁinf(ﬁ) (7.96)
subject to
g(v) =0; he() <0 (7.97)

for j = 1,2,...,a and k = 1,2,...,b. Here, a and b are the total number of
equality and inequality constraints, respectively; and f(}) is an objective function
to be minimized.

Since we deal with an H* control problem, a suitable objective function is
f(v) =" (7.98)

where n > 1 is a power constant. Referring to Section 7.4, we determine the
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equality constraints as

g1 (9) = (F - GzEllJlgﬂl)T X+X <F - GQEflleQFh)
X (GiG] = B GL) X + ] (1= T BT ) Hy =0,
g:(0) = (F - GoF 1J12H1) X4 X (F =Gl L)
+X (G‘lGﬁ — (?2137;1(?5) X +H] (I - J]QE;leZ) H, = 0;
() = (F = LB L) ¥+ (P = Gl B )|
Y (HjHl HiES A ) VG (1 - j§1E51j21> Gi=0 (7.99)

and the inequality constraints as

hi(v) = —F; <0 hy(¥) = —X < 0;
hs(¥) = NNt — T <0; hy(¥) = —F;, < 0;
hs(9) = —E5 < 0; he(¥) = —X < 0;
5(7) o 6(0) < (7.100)
hy(¥) = —V < 0; he(9) = p (XY) _1<o0;
h9(19> = Cmax,r (AX) <05 th(ﬁ) = Cmax,r (-AX) < 0;
h11(19> = €max,r (AY) < 0.

Note that p(M) and epax, (M) denote the spectral radius and the largest real
part of the eigenvalues of the matrix M, respectively. Moreover, we define Ay,

Ay and Ay as follows:

Ay = F — G By Hy + Y (HTﬂl HiEy 1H2> (7.101)

We employ the equality and inequality constraints defined in (7.99) and
(7.100) to examine the fitness of each candidate solution ). Thus, the fitness

evaluation proceeds as follows:
1. Compute the eigenvalues of E; to verify if hy(¢) is satisfied.

2. Evaluate g;(¢) to obtain a solution X to the Riccati equation in (7.68).
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7.

8.

. Verify if X is a stabilizing positive definite solution through the evaluation

of hy(¥)) and hg (7).

Compute the eigenvalues of (NNT — 1), E; and By to verify if hs (1), hy(¥)
and hs(1) are satisfied.

Evaluate go(19) and gs(1) to obtain solutions X and Y to the Riccati equa-
tions in (7.93).

. Verify if X and Y are stabilizing positive definite solutions through the

evaluation of hg(1), h7(9), hio(?) and hy1(99).
Compute the spectral radius of the product XY to verify if hg (1) is satisfied.

Evaluate the objective function f(¢}) in (7.98).

Having the fitness test routine above, we also define a set of penalty functions

corresponding to the violation of each constraint in (7.99) and (7.100). That is,

P1(V) = lemin(E1)[™; p2(¥) = p(Cx)*%;

P3(Y¥) = lemin(X)[*; Pa(V) = mar (Ax)™

ps(V) = emax(NNT = pe(d) = |emn(E1)[*;

pr(¥) = |emin(E2)[*"; ps(V) = P(Cx)sf; (7.102)
po() = p(C )Sga P1o(V) = [emin(X)[*;

P11(¥) = |emin(Y)*"; p2(V) = emaxA,TA(AX)Sm;

P13(¥) = emaxs (Ap)™; pua(v) = (p(XY) — 1)

pi5(V) = f(V)

wheres, > 1forr=1,2,...,14. Here, €5,;n(M) and ey, (M) denote the smallest

and the largest eigenvalue of a Hermitian matrix M, respectively. If the matrix

M is required to be positive definite, we assign |epi, (M)

Sr

as a penalty. This is

because when this requirement is violated, the matrix M can be either negative

(semi)definite or indefinite. Moreover, we also define Cx, Cx and Cy as follows:

Cx = (1 T B J12> i
CX = f{ir (I - jlgE;1j1r2> ];[17
Cp =Gy (1 ( ji }1> Gl (7.103)
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7.6 An Illustrative Example

To demonstrate the coherent quantum controller design method presented in
Section 7.4, we consider an example of designing a strict bounded real coherent

quantum controller for a first order optical cavity; see [70] and [73]. That is,

da(t) = — 2 a(t) dt — \/ky dv(t) — ks dw(t) — /Fs du(t)
2(t) = \/k_gat dt + du(t);
dy(t) = Vkya(t) dt + dw(t) (7.104)

[\'J

where £y = 2.25, ks = 1.00, k3 = 1.00 and g = k; + ko + k3. We assume
that the optical cavity (7.104) does not have an uncertainty term. If we follow
the quantum controller design algorithms proposed in [70] and [73], we do not
necessarily obtain a stable and strict bounded real coherent quantum controller.
In particular, for this example, we have that k; > ky + ks, but k1 < ks + k3.
This implies that the standard quantum H® controller will not be physically
realizable as has been pointed out in the example of [73].

Applying the DE approach to solve this control problem, we obtain v = 0.9132
and 73 = 1.6641 (corresponding to an additional artificial uncertainty). Then,

the coherent quantum controller is obtained as
F.=-11.0014; G.=—-0.0118; H.= —0.4566 (7.105)
with the corresponding H* norm
|H.(sI — F.)"'Ge| oo = 0.0005. (7.106)

Thus, it is clear that the coherent quantum controller (7.105) is physically reali-
zable because it is stable and strict bounded real.

From Lemma 7.4, we know that there exists X, > 0 such that
FiX.+ X.F.+ X.GGIX.+H H,=0. (7.107)

That is, X. = 0.0095, which can be used to determine G., and H,., as in (7.35).
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Figure 7.2: Closed loop quantum system.

Thus, for the quantum controller (7.105), we have that
Ge, = — X 'H! =48.1908; H,, := —GIX, = 0.0001 (7.108)

such that the quantum controller is physically realizable (see Definition 7.6) and
the conditions in (7.19) hold for J = I. Meanwhile, we set G, =0 and H., =0
as they are not required in the realization of a coherent quantum controller; see
Remark 7.1.

Now, using (7.105) and (7.108), we can apply the algorithm presented in [77]
to physically construct our coherent quantum controller as a generalized 2-mirror

cavity because it has two inputs and two outputs. That is,

F = —11.0014: G, = [4.6007 —0.0011] . H, =

—4.6907
0.0011

] (7.109)

which can be constructed using passive optical devices such as optical cavities,
beam-splitters and phase shifters; see [77]. Interconnecting the coherent quantum
controller (7.109) with the quantum system (7.104), we obtain a closed loop
quantum system as shown in Figure 7.2 with k., = (4.6907)%, k., = (0.0011)?
and F, = —3(ke, + ke,).
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7.7 Conclusions

We have presented a systematic method to synthesize a physically realizable
coherent quantum robust H> controller for a class of linear complex quantum
stochastic systems with norm-bounded structured uncertainties. The quantum
controller is required to be stable and strict bounded real. The main idea of
our approach is to introduce an additional uncertainty, which is a real unknown
scalar uncertain parameter, in order to form an artificial uncertain quantum
system, based on which the desired quantum controller is designed. However, the
additional uncertainty introduces some additional conservatism to the controller
design process.

As our method involves a particular additional uncertainty, we only provide
a sufficient condition, which guarantees the resulting quantum controller to be
physically realizable and solves the original quantum control problem. The aim of
applying such a quantum controller to the open loop uncertain quantum system
is to achieve a strict bounded real closed loop uncertain quantum system with
a specified disturbance attenuation level. The solution to this quantum control
problem is then given in terms of the stabilizing solutions to the parameterized
complex algebraic Riccati equations. Also, through an example involving the
control of a first order quantum optical cavity, we have shown that our method

effectively leads to a strict bounded real coherent quantum controller as required.
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Chapter 8

Decentralized Coherent Quantum
Robust H° Control

8.1 Introduction

Extending the ideas in Chapter 4 and Chapter 5 to quantum feedback control
systems, we present two systematic methods to synthesize decentralized quantum
robust H> controllers for a large-scale uncertain quantum system. The decen-
tralized quantum controllers are defined in terms of the stabilizing solutions to
complex algebraic Riccati equations. In these methods, the structure of the
quantum plant uncertainties is exploited by assigning a scaling constant for each
one of them. We assume that each structured uncertainty is an unknown linear
time-invariant complex quantum system, which satisfies a norm-bound condition.
Moreover, the H* control objective is to achieve a robustly stable closed loop
uncertain quantum system with a specified disturbance attenuation level.

A large-scale system in real-world applications is naturally comprised of in-
terconnected subsystems. To construct a decentralized feedback controller for
this system, we often find that the interconnections between subsystems are
simply considered as uncertainties in addition to the plant uncertainties; e.g.,
see [195,212,322]. However, in practice, we may have partial or full knowledge
on the interconnections, and hence, in our approach, we do not treat them as un-
certainties. This will allow us to exploit the interconnections in order to enhance
the performance of the decentralized controller; e.g., see [166].

The main idea of our approach is to treat as additional uncertainties, the ne-



188 Chapter 8. Decentralized Coherent Quantum Robust H* Control

glected off-diagonal blocks of the transfer function matrix of a non-decentralized
linear coherent quantum H controller; see [166]. To proceed with this idea, the
non-decentralized quantum controller is required to be stable, which is immedi-
ately satisfied if the quantum controller is physically realizable; e.g., see [70,73].
Thus, the proposed methods lead to a physically realizable decentralized quan-
tum controller, which is robust against both quantum plant uncertainties and the
additional uncertainties.

Physical realizability is an essential concern when synthesizing a quantum con-
troller as it has to exhibit meaningful dynamics according to quantum mechanical
principles; e.g., see [70,72,73]. In the first method, we do not immediately obtain
a physically realizable decentralized quantum controller and the physical realiz-
ability of the controller must be checked before it can be implemented. This is
because a physical realizability condition is not directly included in the quan-
tum controller design algorithm. On the other hand, the second method always
leads to a physically realizable decentralized quantum controller as we force the
controller to be stable and strict bounded real using the approach in Chapter 7.
However, the latter method inevitably leads to a more conservative decentralized
quantum controller due to the use of an artificial uncertainty to ensure the phys-
ical realizability of the controller. This method then involves more constraints
and design parameters than the first method, and therefore, may need more
computational time to solve the quantum control problem being considered.

Since scaling constants are introduced for all uncertainties, the decentralized
quantum control problem we consider then involves nonconvex nonlinear con-
straints. It is often difficult to find an optimal solution to this problem in the
presence of such constraints. Thus, to determine the required design parameters,
we apply an evolutionary optimization method, namely the differential evolution
(DE) algorithm, as presented in Chapter 2. This approach has also been used
in the previous chapters. Two examples are presented to show that the DE ap-
proach is applicable to synthesize a decentralized quantum H® controller for a
quantum optical system. In these examples, we also apply an algorithm in [77] to
show that an n-th order decentralized quantum controller with m inputs can be
physically constructed as a cascade of n generalized first order m-mirror optical
cavities. This is an m-input-m-output interconnection, which consists only of

passive optical devices such as optical cavities, beam splitters and phase shifters.
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8.2 Problem Statement

In this section, we describe the decentralized quantum control problem under
consideration along with the quantum H control objective. We also define the
notion of physical realizability for a decentralized quantum H controller and
necessary notation for the controller synthesis algorithm presented in subsequent
sections. As both complex and operator matrices are involved in our derivations,
we then use the following notation: M = [my], M* = [m}.], M" = [my;] and

M = [mi;] = (M*)T to denote the operations as explained in Section 6.1.

8.2.1 Uncertain linear complex quantum system

We are concerned with a class of large-scale linear complex quantum stochastic
systems with structured uncertainties, which are described in terms of linear

quantum stochastic differential equations (QSDEs) as follows:

da(t) = Fa(t)dt + Go dv(t) + Gy dw(t) + Gadu(t) + Y Gsyd&(t); a(0) = ao;

dz(t) = Hya(t)dt + Jio du(t);
dGi(t) = Pra(t)dt + Qi du(t);

dGy(t) = Py a(t)dt + Qy du(t);
dy(t) = Hya(t)dt + Joo dv(t) + Joq dw(t) (8.1)

where a is an n x 1 vector of the plant annihilation operators; v is an n,, X 1 vector
of quantum noise; w is an n,, X 1 vector of disturbance inputs; « is an n,, x 1 vector
of control inputs; & is an n,, x 1 vector of uncertainty inputs (for l = 1,2, ... k);
(; is an ng, x 1 vector of uncertainty outputs (for [ = 1,2,... k); zisann, x 1
vector of controlled outputs; and y is an n, x 1 vector of 'measurement’ outputs.
All the coefficient matrices in (8.1) are complex matrices, which have compatible
dimensions corresponding to the dimensions of the operators and signals in (8.1);
see [70,72,73].

The disturbance input w(t) and the control input u(t) in (8.1) are represented
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respectively as follows:

dw(t) = Bo(t) dt + du(t); (8.2)
du(t) = Bu(t) dt + dpu(t) (8.3)

where (3,,(t) and (3,(t) are adapted processes; and dv(t) and du(t) are the noise
parts of (8.2) and (8.3). Meanwhile, dv(t) represents an additional quantum
noise in the plant. The quantum noises dv(t), dv(t) and du(t) have corresponding
Hermitian Ito matrices F,, F, and F),, and Hermitian commutation matrices 7,

T, and T, which are assumed to be

F,=F,=F, =1 (8.4)
T,=T,=T,=1. (8.5)

The [-th structured uncertainty in (8.1) is modeled as an additional unknown

linear time-invariant complex quantum stochastic system:

day(t) = Ayay(t) dt + Brdq(t);  @(0) = aoy;
d&(t) = Cray(t) dt + Dy dG(1) (8.6)

with A; Hurwitz and transfer function matrix
Al(8> == C[(S[ - Al)_lBl + Dl (87)

which is required to satisfy
INOINES! (3.8)

foralll =1,2,... k.
We assume that the large-scale quantum system (8.1) consists of p intercon-
nected linear quantum subsystems. Thus, the output dy(t) can also be decom-

posed into p components as follows:

dy: (t)

dy(t) = (8.9)

dyp (t)



8.2. Problem Statement 191

If we wish to control the large-scale quantum system (8.1) with a decentralized

quantum controller, the decentralized control input du(t) also has p components.
That is,

du(t)= | i (8.10)

duy(t)

Here, du;(t) is an n,, x 1 vector of control inputs, which is only dependent on
the corresponding dy;(t) for j = 1,2,...,p. In this case, we do not make any
assumption on the structure of the quantum system matrices F', Gy and Hy in

(8.1). Thus, a decentralized quantum controller can be written as

de(t) = Fe, ¢;(t)dt + Glg,, e, (t) + G, , dwe, (t) + Ge, dy;(t); ¢;(0) = coy;
du;(t) = H.,; ¢;(t)dt + dw,,,(t) (8.11)
where ¢; is an n x 1 vector of the annihilation operators, and we, ; and w,, ; are

non-commutative quantum Wiener processes. The [to matrices and commutation

matrices of w, ; and w,, ; are respectively assumed to be

We j Weq j )
vy, =Ty, = 1. (8.12)

At time t = 0, it is also assumed that a(0) and @(0) commute with ¢;(0). More-
over, F,, is Hurwitz and the decentralized quantum controller (8.11) has a transfer
function matrix

Tjj(s) = He, (s — F.

J

)G, (8.13)

J

8.2.2 Physical realizability and the H*> control objective

As mentioned in Chapter 7, the realization {I,,G.,, H.,} of the decentralized
quantum controller (8.11) cannot be arbitrarily chosen because it does not neces-
sarily represent a physically realizable quantum dynamical system; see [70,72,73].
Thus, a physical realizability condition for the decentralized quantum controller

(8.11) is presented in the following definition and lemma.
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Definition 8.1. (Physical realizability of a decentralized quantum controller; see
[73, Definition 7.1]) The matrices F¢;, G, and H., are said to define a physically
realizable controller of the form (8.11) if there exist matrices Gwco,j’ Gwcw, H,,
and H., ; such that

d;(t) = Foy &(1)dt + G, dwgy ,(8) + G, duwey (1) + Gy dyj(1);

du;(t) H,, dwe, ,(t)
duy;(t)| = |He,, ¢;(t)dt + dwe, ()] ¢;i(0) = co (8.14)
da2,j (t) HCQ,]' dy] (t)

is physically realizable according to Definition 7.1 when
T,, = Jao Ty, 3 + Jorj T Iy = 1 (8.15)

for all j =1,2,...,p. Note that Jy;, Jo1,5, To; and T, are the j-th partition of
Joo, Ja1, T, and T,,, which follow the partition of dy(t) in (8.9).

Lemma 8.1. (see [73, Theorem 7.2]) Suppose that {F.
realization of the decentralized quantum controller (8.11). Then, it is physically
realizable if and only if Fi, is Hurwitz and ||T};(s)||c < 1. This implies that the

decentralized quantum controller (8.11) is bounded real.

5 Gey He, b s a minimal

Remark 8.1. (see [73, Theorem 7.2]) The matrices Gy,  and H,, ; can be set
to zero as the exogenous quantum noise dwy, ; is not needed in the realization of

a decentralized quantum controller of the form (8.11).

Applying the decentralized quantum controller (8.11) to the large-scale un-
certain quantum system (8.1), (8.8), we obtain a closed loop uncertain quantum

system such that the H* control objective:
t
/ (2(5)12(s) + 2(s)"2(s)" + € (i(s)"0(s) +(s)"77(5)") ) ds
0
t
< (2 —€Y) / <ﬁw(s)Tﬁw(s) + ﬂw(s)Tﬂw(s)*> ds + m + mot (8.16)
0
is satisfied for some real constants e, 7, mo > 0 with

ant) = [da®) des(®)" - e, da(®" - da®)?] . 617)
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8.2.3 A special case of quantum robust H> control

The decentralized quantum controller (8.11) can also be considered as a special

case of a non-decentralized quantum controller of the form

de(t) = F. c(t)dt + G, dwe,(t) + Gu,, dwe, (1) + Gedy(t);  c(0) = co;
du(t) = H. c(t)dt + dw,,(t) (8.18)

where F,. is Hurwitz and which has a transfer function matrix
T(s) = Ho(sI — F.)"'G. (8.19)

with a block-diagonal structure. This special case motivates us to construct the
decentralized quantum controller (8.11) based on the general non-decentralized
quantum controller (8.18) designed using the algorithm in [73].

Suppose that the general non-decentralized quantum controller (8.18) has a
transfer function matrix 7'(s) as in (8.19) and 7'(s) is partitioned according to
the partition of du(t) and dy(t) in (8.10) and (8.9):

Ti(s) Tia(s) ... Ti(s)
T(s) = Tzl_(s) T22.(8) - TQP.(S) (8.20)
Ta(s) Tpa(s) ... Tpp(s)

Then, the transfer function matrix of the decentralized quantum controller (8.11)

can be formed by taking only the block-diagonal parts of T'(s): (see [166])

TH(S) 0 R 0
6 O . Tpp.(s)

As the off-diagonal blocks of T'(s) are not included in T'(s), they are considered
as additional uncertainties in the large-scale uncertain quantum system (8.1),
(8.8). This is precisely the main idea of our approach where we do not treat

the interconnections between quantum subsystems as uncertainties, but rather
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the neglected off-diagonal blocks of T'(s); e.g., see [166]. Thus, a sequence of

additional uncertainty transfer function matrices can be defined as follows:

Bi(s) = [Tls) Tuls) - Ti(s)];
Bo(s) = [Tuals) Taa(s) ... Tupls)]:
Byls) = [Toa(s) Tinls) o Typon(s)] - (8.22)

Note that A;(s) (j = 1,2,...,p) is stable because F, is Hurwitz. The j-th
additional uncertainty input d;(¢) are then defined as

da;(t) = A; a;(t)dt + B; dg;(t);

d&;(t) = —Cj a;(t)dt (8.23)

where flj = I, Bj and C’j are sub-matrices of G. and H, in (8.18), respectively,
for j =1,2,...,p. Also, the additional uncertainty output d¢;(t) are defined as

_ T
A1) = |dya(®)T dys(®)T -+ dy (07|
= Mla(t dt + Ngovld'l}(t) + Ngl,ldU)(t);

_ T
A6o(t) = [ (D)7 dyo(t)” - dygn (1)
= Mya(t)dt + Nog ,dv(t) + Noy pdw(t). (8.24)
Here, M, Ms, ..., M, are sub-matrices of matrix Hs; Nog1, Naos, ..., Nag,p are
sub-matrices of matrix Joo; and Naj 1, Naio, ..., Noip are sub-matrices of matrix

Jo1. Then, we can rewrite the decentralized control input du(t) in (8.10) as

du(t) = du(t) + i L; d&;(1) (8.25)
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where

I'n, XN ”u( —b XTLUj Oﬁ Xn
Ll — 0 " o ; Lj - ]nu.xnu. ) Lp - ) e (826)
My XNuyg

Inup XNy,

for y = 2,3,...,p — 1. Note that n, = Z?Zl Ny,; M, = Zfl:l Ny,; and 7, =

Ny — Ty, for j=1,2,...,p.

8.2.4 An equivalent uncertain linear quantum system

If we apply the decentralized control input du(t) to the large-scale uncertain
quantum system (8.1), (8.8), we will obtain the same closed loop system as if
we apply the non-decentralized control input du(t) to the following equivalent

uncertain linear quantum system:
k P B
da(t) = Fa(t)dt + Godv(t) + Gidw(t) + Gadu(t) +>_Gsyd&(t) +Y_GaL;dg(t);
=1 j=1

dz(t) = Hy a(t)dt + Jip du(t) + > JioL; d§;(t);

j=1
p
dG(t) = Pya(t)dt + Qi du(t) + > Q1L; d&;(t);
j=1
dGi(t) = Py a(t)dt + Qudu(t) + > QiL; d&;(1);
j=1
dy(t) = Hy a(t)dt + Joo dv(t) + Jo1 dw(t) (8.27)

together with d¢;(¢), . .., d(,(t) as defined in (8.24) and an initial condition a(0) =
ag. Moreover, for the j-th additional uncertainty A;(s) as given in (8.22), we

define a constant 3; > 0 so that
18; ()% < B, Vi=1,2,....p. (8.28)

If we apply a coherent quantum robust H* controller of the form (8.18)
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to the equivalent uncertain quantum system (8.27), (8.24), (8.8), (8.28), the

corresponding H> control objective is then given as follows:

/0 <Z(S)TZ(S) + 2(s)T 2(s)* + ¢ (ﬁ( Vi(s) +n(s)” )> ds
< (2 —€Y) /0 <ﬁw(s)Tﬁw(s) + ﬁw(s)Tﬁw(s)*> ds + 71 + mot (8.29)

where ¢, 1,y > 0 are real constants and

T
ai(t) = |da(t)” de(t)” dan(t) - dag(t)” dan(t)” - day(t)”]
(8.30)
Here, a;(t) is a vector of the annihilation operators corresponding to the addi-

tional uncertainties defined in (8.23) for j = 1,2,...,p.

8.3 Ordinary Decentralized Quantum H* Con-

troller

In this section, we present an algorithm to synthesize a decentralized quantum
H® controller as formulated in Section 8.2. Here, we only provide sufficient
conditions because particular additional uncertainties in (8.28) are involved in
our approach. To compute required design parameters, we apply an evolutionary
optimization method, namely the differential evolution (DE) algorithm. Also, an

example is considered to demonstrate the proposed algorithm.

8.3.1 Synthesis algorithm

Referring to Lemma 7.8, we then introduce two sets of scaling constants 7 >
0,...,7% >0and d; >0,...,9, > 0 corresponding to the structured uncertainties
(8.8) and the additional uncertainties (8.28), respectively. Thus, we can rewrite
the uncertain quantum system (8.27), (8.24), (8.8), (8.28) as

Fa(t)dt + Gy do(t) + Gy dw(t) + Go du(t);  a(0) = ap;
dz(t) = Hy a(t)dt + Jyo do(t) + j di(t) + Jig du(t);
dy(t) = Hy a(t)dt + Joo do(t) + Joy div(t) (8.31)

&

/-\
~

~—
I
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where di(t) = 3, (t)dt + di(t);

[y dw(t) ] [ dz(1)
VT d& (1) VT dGi(t)
dw(t) = | /md&(t) | 5 dZ(t) = | /Tedle(t) | ;
\/5_1d§1(t) V0151 dGi(t)
| /0y d6p(t) ] /03 G (1)
Gy = [771G1 \/77171 Gsq - \/T_lf1 Gk \/5_1_1 GoLly -~ \/@_1 GQLp] X
[ H, | [ 0 | [ Ji2 |
VT P 0 NGX%
H=| V&P |; Jw= 0 Do Ji= | VT Qk|
V0181 My V0181 Noo 1 0
|V 519517 Mp_ LV 5pﬁp N20,p_ L 0 |
I 0 0 -+ 0 V& Sl - /8, JiL,]
0O --- 0 \/7'1/(51@1[/1 \/Tl/éleLp
j11: 0 0O --- 0 \/Tk/(lekLl \/Tk/ékaLp )
Y BB Nary 0 - 0 0 0
_7—1 /(5pgp N21,p 0O --- 0 0 - 0 |
Jog = [7711]21 0O --- 00 --- ()] ) (8.32)

If we apply a coherent quantum robust H* controller of the form (8.18) to

the quantum system (8.31), the corresponding H* control objective is

/0 (2()15(5) + 3(s)75(5)" + € (i(s)1i(s) + () (s)°)) s

< (1-¢? /Ot <Bw(s)Tﬁ~w(s) + Bw(s)TBw(s)*> ds + my + mot (8.33)
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where ¢, 1, Ty > 0 are real constants. Moreover, since the QSDEs (8.31) are not
in a standard H* form, we apply a loop shifting transformation to eliminate the
Ji1 term from (8.31); e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2].

Thus, it is necessary to impose the following assumption:

Assumption 8.1. Given constants 74 > 0,...,7 > 0, 6; > 0,...,9, > 0,
B >0,...,05, > 0, the uncertain quantum system (8.27), (8.24), (8.8), (8.28) is
assumed to be such that .J;; j{fl < I

Now, we can define
S:=1—JJ1>0; d:=1—J1J,>0 (8.34)
and also

dib(t) = dEdw(t) — &3, [ﬁl a(t) dt + Ju du(t)] :

Q
N>
—~
~
N—
I
P@“
1\3\»—-

Hy a(t)dt + Jis du@)} . (8.35)
Using (8.35), it is straightforward to verify that

di(t) = D2 div(t) + DL, [155 a(t) dt + Ju du(t)] :
lo@®)I5 = 1215 = [lo@)]l5 = 1213 - (8.36)

Therefore, we can rewrite the QSDEs (8.31) as

da(t) = F a(t)dt + Go dv(t) + Gy di(t) + Go du(t);  a(0) = ap;
d2(t) = Hy a(t)dt + Jya du(t):
dy(t) = Hy a(t)dt + Joo dv(t) + Joy did(t) + Jop dul(t) (8.37)
where di(t) = B, (t)dt + di(t);
F = F+G1J11 Ui G, = G0,
GQ = G2+G1J11(I) J12; Hl = &37%];[1,
. S s s - . - - (8.38)
Hy = Hy+ JoyJ|, 9 Hy; Jiz = P72 J5;
Joz = J21J1qu)_1=]12 Jor = Jy @73

Note that the Ji term is automatically eliminated when we apply the loop shift-



8.3. Ordinary Decentralized Quantum H® Controller 199

ing transformation to the quantum system (8.31). Furthermore, defining
dij(t) == dy(t) — Jop du(t), (8.39)

we can rewrite (8.37) as

da(t) = F a(t)dt + Gy do(t) + Gy dio(t) + G du(t);  a(0) = ay;
d2(t) = Hy a(t)dt + Jya du(t):
dg(t) = Hy a(t)dt + Jog do(t) + Joy did(t). (8.40)

The H* control objective corresponding to the quantum system (8.40) is as

follows:

t

| G120 + 2607200 + 2 (006) () + ()" (5)) ) ds

0

<(1-¢) /0 t <Bw(3)TBw(s) + Bw(s)TBw<s)*> ds + 11 + ot (8.41)

where ¢, 7y, T3 > 0 are real constants.
The solution to the coherent quantum H> control problem for the quan-
tum system (8.40) involves the solutions to the parameterized complex algebraic

Riccati equations:
(F N 1J12H1> X+ X (F N 1J12H1)
(GlG N 1G*) X+ Al (1 N J12> H =0;
(F Gy L E 1H2> Y+V <F G JLE 1H2)
LY <1111TF11 - FIQTE;IEI2> Y+ G (z - jLE;ljm) Gi=0 (842
such that the following conditions hold:
GQ 1J12H1 + <G1G Gg IGT> X is Hurwitz;
0. F— GJL By Hy + Y (HTHI ﬁgE;lszg) is Hurwitz;
3. The spectral radius p(XY') of matrix XY is strictly less than one.

To solve the Riccati equations (8.42), we impose the following assumption:
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Assumption 8.2. Given constants 74 > 0,...,7 > 0, 6y > 0,...,0, > 0,
B > 0,...,8, > 0, the equivalent uncertain quantum system (8.27), (8.24),
(8.8), (8.28) is assumed to be such that By = Ji,Jis > 0 and Ey = Joy Ji, > 0.

Theorem 8.1. Let 31 > 0,...,8, > 0 be given constants and suppose that there
exist m > 0,...,7 > 0, 6 > 0,...,9, > 0 such that Assumption 8.1 and
Assumption 8.2 hold, and the complex algebraic Riccati equations (8.42) have
stabilizing solutions X > 0 and Y > 0 such that the spectral radius p(XY') < 1.
Then, the closed loop uncertain quantum system obtained by applying the quantum
controller (8.18) with

Fc Fc - chZQHc;

Fo=F 4 Gollo— Golty + (G — Gulor) G1X;
G.=(I-YX)" (yﬁ; + GJL) Byl
H.=—E" (GEX + JEE) (8.43)

to the equivalent uncertain quantum system (8.27), (8.24), (8.8), (8.28) is strictly

bounded real with disturbance attenuation v > 0.

Proof. It follows from a loop shifting arguments in the classical H*> control
theory (e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2]) that the H>
quantum control problem (8.31), (8.33) has a solution if and only if the complex
Riccati equations (8.42) have stabilizing solutions X > 0 and Y > 0 such that
p(XY) < 1. Moreover, a coherent quantum controller of the form (8.18) solving
the H> quantum control problem (8.31), (8.33) is defined by (8.43). Thus, if the
conditions of the theorem are satisfied, it follows from the arguments in the proofs
of Theorem 4.1 in [187] and of Theorem 7.1 [73] (Lemma 7.6) that the closed loop
uncertain quantum system obtained by applying the quantum controller (8.18),
(8.43) to the equivalent uncertain quantum system (8.27), (8.24), (8.8), (8.28) is
strictly bounded real with disturbance attenuation v > 0. ]

Theorem 8.2. Let 31 > 0,...,8, > 0 be given constants and suppose that there
evistTy > 0,...,7, > 0,0, >0,...,0, > 0 such that Assumption 8.1 and Assump-
tion 8.2 hold, and the complex algebraic Riccati equations (8.42) have stabilizing
solutions X > 0 and Y > 0 such that the spectral radius p(XY') < 1. Further-
more, suppose that the coherent quantum H® controller (8.18), (8.43) is such
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that the transfer function matrices in (8.22) satisfy the norm bounds in (8.28)
and each corresponding decentralized quantum controller (8.11) is physically rea-
lizable. Then, the closed loop uncertain quantum system obtain by applying the
decentralized coherent quantum controller (8.11) to the uncertain quantum system

(8.1), (8.8) is strictly bounded real with disturbance attenuation v > 0.

Proof. If all conditions of the theorem are satisfied, it then follows from Theorem
8.1 that a closed loop uncertain quantum system obtained by applying the quan-
tum controller (8.18), (8.43) to the equivalent uncertain quantum system (8.27),
(8.24), (8.8), (8.28) is strictly bounded real with disturbance attenuation v > 0.
We also assume that the quantum controller (8.18), (8.43) is such that the trans-
fer function matrices in (8.22) satisfy the norm bounds in (8.28). Furthermore,
as mentioned in the construction of the equivalent uncertain quantum system
(8.27), (8.24), (8.8), (8.28), a closed loop uncertain quantum system obtained by
applying the decentralized quantum controller (8.11) (for all 7 = 1,2,...,p) to
the uncertain quantum system (8.1), (8.6) is identical to a closed loop uncertain
quantum system obtained by applying the quantum controller (8.18), (8.43) to
the equivalent uncertain quantum system (8.27), (8.24), (8.8), (8.28) when the
additional uncertainty inputs defined in (8.23) are applied. Hence, it follows that
the decentralized quantum controller (8.11) defined by (8.18), (8.43) is such that
the resulting closed loop uncertain quantum system is strictly bounded real with

disturbance attenuation v > 0. [

8.3.2 A differential evolution approach

The decentralized quantum H> controller synthesis algorithm described in sub-
Section 8.3.1 involves nonconvex nonlinear constraints, which are often difficult
to satisfy. Thus, we reformulate the decentralized controller design problem into
a constrained optimization problem, which is then solved using the differential
evolution (DE) algorithm as presented in Chapter 2.

The required design parameters form a vector of decision variables defined as

T
9 = [7 TP R N gp] (8.44)

where the dimension of ¢ is k + 2p + 1 and all element of ¥ are positive real

numbers. Then, we define the optimization problem in terms of ¥ as follows:
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Find an optimal solution ¥* to solve

mﬁinf(ﬁ) (8.45)
subject to
g(¥) =0; h(v) <0 (8.46)

for j = 1,2,...,a and k = 1,2,...,b. Here, a and b are the total number of
equality and inequality constraints, respectively; and f(1J) is an objective function
to be minimized.

A suitable objective function in relation to the decentralized quantum H>

controller design problem is
p
f(¥) =moy™ + Y m;g3} (8.47)
j=1

where mg,m; > 1 are weighting factors and ng,n; > 1 are power constants.

Moreover, the equality constraints are
. A A oA \T - A A A A
g1(0) = (F = GoB L) X + X (F = Gy By )
+ X (C}*léi — GgEflé%) X + H (I - j12E;1J1T2> H, = 0;
A A AL A1 A A ar oA A \T
g:(0) = (F = UL B L) Y+ (P = GJ By i)
+V (H — BB L) Y+ Gy (1= LBy o ) G =0 (8.48)

and the inequaltiy constraints are

hi(9) = JuJj, =1 <0; ho(¥) = —Ey < 0;
hg () = —E» < 0; ha(¥) = =X < 0;
hs(0) = =Y <0; he(0) = p(XY)—1<0; (8.49)
h7(0) = emaxr (Ax) <05 hs(¥) = emax,r (Ay) <0
ho(0) = emucr (Fe) <05 hin(9) = [1Ay(s) % = 5 < 0
hi1,;(9) = T55(s)lc =1 <0

for j =1,2,...,p. Note that p(M) and emax (M) denote the spectral radius and

the largest real part of the eigenvalues of the matrix M, respectively. Moreover,
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we define Ay and Ay as follows:

~

.AX = ﬁ - é 1J12H1 + (GlG GQ 1GT)

A

Ay = F = Gl By iy + v (Bl — BB L) (8.50)

Having the equality and inequality constraints in (8.48) and (8.49), we now
develop a fitness test routine to rate the fitness of each candidate solution with

respect to those constraints. This routine proceeds as follows:

1. Compute the eigenvalues of (Jy1.J], —I), Ey and E, to verify if hy (1), hy(0)
and hz(¢) hold.

2. Evaluate g1 () and g2(?) to obtain solutions X and Y to the Riccati equa-
tions in (8.42).

3. Verify if X and Y are stabilizing positive definite solutions through the
evaluation of hy(19), hs(J), h7(J) and hg(?).

4. Compute the spectral radius of the product XY to verify if hg(?J) holds.
5. Evaluate hg(¢) to check if F, is Hurwitz.

6. Evaluate hyo;(9) (for j =1,2,...,p) to check if the j-th off-diagonal block
of T'(s) in (8.20) satisfies the norm bound condition in (8.28).

7. Verify if the H* norm ||7};(s)|l« of the j-th diagonal block of T'(s) is less
than or equal to one by evaluating hyy ;(9) (for j =1,2,...,p).

8. Evaluate the objective function f(+J) in (8.47).

Through the fitness test, we acquire information for each candidate solution
about how many constraint violations have occurred and how much penalty has
been incurred. Penalty functions corresponding to the violation of the equality

and inequality constraints in (8.48) and (8.49) are then defined as follows:

pi1(V) = 6max<~ Jh=1p pa(d) = emn(Er)

p3(V) = |emin(E2)[*; pa(V) = p(Cx)™; (8.51)
ps () = p(Cy)™; Pe(V) = [€min(X)|*;

p7(¥) = lemn(Y)[*; ps(V) = Cmax,r (AX)585
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po(V) = Cmax,r (AY)SQ; pio(¥) = (p(XY) —1)=10;

P1i(?) = emaxr (F)™';  pra(¥) = Y0 DY; (8.52)
pi3(V) = ?Zl S;ij; pua(v) = f(V)

where s, > 1 for r = 1,2,...,11 and ¢;,d; > 1 for j = 1,2,...,p. Note that
emin(M) and ey,. (M) denote the smallest and the largest eigenvalue of a Hermi-
tian matrix M, respectively. If the matrix M is required to be positive definite,

we assign |emin(M)

> as a penalty. This is because when this requirement is vio-
lated, the matrix M can be either negative (semi)definite or indefinite. Moreover,
we define Cx, Cy, D; and §; as follows:

Cx = I(I o 1J12> i

Cy =Gy (I ngE J21> eif

if hyg; (1) is violated;
Dj = X

otherwise;

(8.53)

HTJJ Moo, 1if h11 (1) is violated;
Sj = ]
0, otherwise.

8.3.3 An illustrative example

We present an example to demonstrate the decentralized quantum H° controller
design method presented in sub-Section 8.3.1. This example belongs to a class of
quantum optical systems, which only consist of passive elements; e.g., see [70,73].
In this case, we consider a decentralized quantum control problem for a cascaded

linear quantum system of two identical optical cavities as shown in Figure 8.1.

\/\ /\,ﬁ /\ S

Figure 8.1: A cascaded linear quantum system of two identical optical cavities.
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This quantum system can be represented as
day (t -2 0 t (—V/E —VE 0 ldw(t
al)) _ | =3 O gy |TVE] gy 4 | VR wi(f)
dag(t) —kl —g &Q(t) _—\/k_l 0 —\//{3_2 de(t)
—VEs 0 |[du®)]
0 —\/k_g d'LL2 (t ] 7
A (t)]  [VRs 0 ] [a(®)] i 1 0] [du(t)]
do(t)| | 0 VEs] |ax(t)] 0 1 |dus(t)]
[y, ()] W 0 | [ar(®)] 1 0] [dw,(t
_dyz(t)_ i 0 \/k_2_ _ag(t)_ _O 1_ _dU)Q(t)

where ky = 2.6, ks = 0.2, k3 = 0.2 and g = k; + ko + k3. We assume that the
quantum plant (8.54) is known and hence, does not have uncertainty.

Applying the DE approach presented in sub-Section 8.3.2, we obtain

0.3381;
0.0001;

o1
2

862.7180; 4, = 1.0011;
0.1073

v

N (8.55)

which are used to construct a non-decentralized coherent quantum robust H*

controller defined by the following matrices:

b _ | 11287 0.0004] o _ |~04472 0.0000]
c | —2.8850 —1.3929] “ | 0.0009 —0.4464|’
[—0.3830 —0.0009
H,— . (8.56)
| —0.0009 —0.3969

The matrices G, and H, in (8.56) are such that the squared H* norm of the
additional uncertainties A;(s) and Ay(s) (as defined in (8.22)):

|AL(s)]|2, = 1.0501 x 1077;  ||As(s)||%: = 0.1059 (8.57)

are indeed less than 3; and (5 in (8.55), respectively. Thus, the decentralized

quantum controllers are then defined by

; He = [—0.3830 —0.0009| ; (8.58)
0.0009

—0.4472
F01 - Fc; Gc1 - [ ]
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0.0000

The decentralized quantum controllers (8.58) and (8.59) are physically realizable

because F. is Hurwitz with eigenvalues: (see Lemma 8.1)
ep = —1.1329; ey = —1.3888 (8.60)
and they also have the H* norms as follows:
1T11(8)||oo = 0.1509; || T22(8)]|ec = 0.1271. (8.61)

Following the same steps as in (7.107) and (7.108), we are able to compute G, |,
G H

€21

controllers in (8.58) and (8.59) (see Definition 8.1). That is,

Weg 5 and H.,, in order to physically realize the decentralized quantum

[ _176.0655
Curor = | 81858 5874] $ Han = [0'0291 0'0001} ?
[ 4.9498
Curgs = | 1y goy| i Hona = [~00200 00253 (8.62)
Meanwhile, G, , H., and Gy, ,, H. , are set to zero because we do not

need exogenous quantum noise dw,, , and dw., , terms in the realization of the
decentralized quantum controllers in (8.58) and (8.59).

A particular physical realization of a class of linear quantum optical systems
has been discussed in [77]. It presents an algorithm to construct a physically rea-
lizable coherent linear quantum feedback controller using purely passive optical
devices such as optical cavities, beam-splitters and phase shifters. Applying the

algorithm in [77], we then obtain the first decentralized quantum controller as

_ [1.1329 0
25015 —1.3888

. _ 15052 —0.0115
|:Gwc G01] -
1.6627 —0.1134

[Hcl ] [1.5052 —1.6627

= (8.63)
0.0115  0.1134
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and the second decentralized quantum controller as

[tz 0 |
25036 —1.3888
_ _ [1.5052  —0.0002
[Gwc Gc2]: :
02 1.6632 —0.1064
[HQ] [—1.5052 —1.6632]

(8.64)
0.0002  0.1064

The realizations in (8.63) and (8.64) imply that each decentralized quantum con-

troller can be physically constructed as a cascade of two first order generalized

2-mirror optical cavities because it has two inputs and two outputs; see [77].
From (8.63), we obtain the parameters of the optical cavities corresponding

to the first decentralized quantum controller as follows:

ke, = (1.5052)% k., = (0.0115)2;

8.65
ke, = (1.6627)% k., = (0.1134)2 (8.65)

which are shown in Figure 8.2.

Ul

180°
phase q]nftel
cu 61 1

Figure 8.2: The first decentralized quantum H° controller.

Moreover, from (8.64), the parameters of the optical cavities corresponding

to the second decentralized quantum controller are as follows:

key, = (1.5052)% ke, = (0.0002)%;

8.66
key, = (1.6632)% k., = (0.1064)2 (8.66)

which are also shown in Figure 8.3.

Remark 8.2. The physical realizability of the decentralized quantum controllers
(8.58) and (8.59) does not immediately follow from the controller design algo-

rithm in sub-Section 8.3.1. Thus, we always have to verify whether the resulting
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Uz

|

180°
phase-shifter

Sl K
o K

Figure 8.3: The second decentralized quantum H® controller.

controllers are physically realizable before they are implemented. In order to
show that this controller design algorithm indeed does not always guarantee the
physical realizability of the decentralized quantum controllers, we then consider

the following example:

~

21 1 wWa

ks ky

e
N\
/N /N

Figure 8.4: A cascaded linear quantum system of two optical cavities.

This quantum system can be represented as

d)] [ =2 0] [a() Vs
[dGQ(t)] = _ir _%2] LM dt+ | kj dvy (1)
0 —\//{5_5 dWQ(t) 0 —\/k’_(; dUQ(t) ’
le t _ 0 aq t dt—|— 0 dul(t)] :
_dZQ t ] i 1L | | ] _dUQ(t)

(8.67)
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where g, = k1 + ko + k3, go = k4 + ks + kg and the parameter values are

(8.68)
ki =5.50; ks =06.00; k¢="7.50.

Applying the DE approach presented in sub-Section 8.3.2, we then obtain

v = 0.7496; 0, = 9.1311; 6o = 1.0795;

8.69
B, = 0.0613: B, — 0.1123. (8.69)

Given these parameters, we can construct a non-decentralized coherent quantum

robust H*° controller as follows:

I I

o (511302 —0.0794 o 32578  0.0147
¢ 5.8001 —1.8379

| 07632 —2.3851

[ 09789 —0.0625
H, = . (8.70)
—0.0807 —1.2525

The matrices G. and H,. in (8.70) are such that the squared H* norm of the
additional uncertainties A;(s) and Ay(s) (as defined in (8.22)):

|AL(s)|[2, = 0.0104; ||As(s)|% = 0.0665 (8.71)

are less than 3; and [, in (8.69), respectively. Hence, the decentralized quantum

controllers are as follows:

[ 3.2578]
Fo=F; Go = . He = (92789 ~0.0625);
[ 0.7632
[ 0.0147 |
F,=F; G,= . H, = [—0.0807 —1.2525] (8.72)
23851

which are stable because F, is Hurwitz with eigenvalues:
e;r = —5H1.1207; ey = —1.8474. (8.73)
Also, their H* norms are

T3 (5)]oo = 0.6074; || Tha(s)]|oc = 1.6161. (8.74)
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However, {F.,,G,, H.,} is not physically realizable as it has the H* norm:
| T22(5)||oc = 1.6161, which implies that it does not satisfy the physical real-
izability condition given in Lemma 8.1.

This observation motivates us to propose another method to synthesize the
decentralized quantum controllers, which are ensured to be physically realizable.
That is, the resulting quantum controllers are always stable and strict bounded
real. This method is then used to solve the same example to show that it is

indeed effective to secure the physical realizability of the quantum controllers.

8.4 Strict Bounded Real Decentralized Quan-

tum H® Controller

In Section 8.3, we have presented an algorithm to synthesize a decentralized
quantum H*° controller. However, this algorithm may not result in a physically
realizable decentralized quantum controller because the physical realizability con-
dition given in Lemma 8.1 is not explicitly imposed on the controller design al-
gorithm. This concern has motivated us to apply the approach of Chapter 7 to
construct a strict bounded real decentralized quantum H°° controller, which must
always be physically realizable. In this case, we employ an artificial uncertainty to
ensure the physical realizability of the resulting controller. This approach, how-
ever, may result in a more conservative decentralized quantum controller than
the one obtained using the controller design method in Section 8.3 due to the

fact that we introduce the additional artificial uncertainty.

8.4.1 Synthesis algorithm

We refer to Section 7.4 to synthesize a strict bounded real decentralized quantum
H controller based on the equivalent uncertain quantum system (8.27), (8.24),
(8.8), (8.28). For this purpose, we follow the same steps as those in Section 7.4
where an artificial uncertain quantum system is used to obtain a strict bounded
real quantum controller. Thus, using Lemma 7.8, we introduce a set of scaling
constants k1 > 0,...,k; > 0 and oy > 0,..., 0, > 0 corresponding to the struc-

tured uncertainties (8.8) and the additional uncertainties (8.28), respectively.



8.4. Strict Bounded Real Decentralized Quantum H® Controller 211
Then, we can rewrite the QSDEs (8.27), (8.24) as follows:
(t):Fat)dt+G0dv() + Gy dw(t) + Gy du(t);  a(0) = ag;
dz(t) = Hy a(t)dt + Jig dv(t) + Ji ( ) + Jig du(t);
dy(t) = Hy a(t)dt + Joo dv(t) + (8.75)
where dw(t) = 3,(t)dt + div(t);
[y dw(t) ] dz(t)
VELd& () VELdGi(t)
Vo dé (1) Vi dé(t)
|/ dép(t)_ RY a3 dép(t)_
G =| VAT G i Gap i Gl e iy Goly|
[ H ] [ 0 ] [ T |
Ve Py 0 VEL Q1
Ho=| P | Jo= 0 Jiz = | VFr Qr | ;
Vvai B My Vo By Noga 0
RY; a3y M, RY Oy N20,p_ L 0 ]
[ 0 0 0 ar 'Jioly NGra ity
0 0 Ki/oq Q114 vV Hl/@p 1L,
Jin = 0 0 0 /kr/or Qily Vo, Qe |
v 'Va1PBi Napp 0 0 0 0
_771 \/ apﬁp N21,p 0 0 0
Bor= |y 0 0 00 0] (8.76)
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Since the Ji; term in the quantum system (8.75) leads to a non-standard H*
control problem, we need to apply a loop shifting transformation to eliminate
that term in (8.75); e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2].

To carry out this transformation, we impose the following assumption:

Assumption 8.3. Given constants k1 > 0,...,5; > 0, g > 0,...,a, > 0,
f1 > 0,...,8, > 0, the equivalent uncertain quantum system (8.27), (8.24),
(8.8), (8.28) is assumed to be such that Jy,Ji; < I.

Now, we can define
©:=I—J,J1>0;, ©:=I—J3J,>0 (8.77)
and also

div(t) == O3dw(t) — O~ 2 J}, [Hy a(t) dt + Jyy du(t)] ;

It then follows from (8.78) that

diw(t) = O~ 2dw(t) + O~ 1T} [Hy a(t) dt + Jis du(t)] ;
lo@)5 = 112013 = [a@)lz — 203 - (8.79)

Thus, using (8.78), we can rewrite the QSDEs (8.75) as

da(t) = F a(t)dt + Go dv(t) + Gy dib(t) + Go du(t);  a(0) = ap;

d5(t) = Hy a(t)dt + Jys du(t);

dy(t) = Hy a(t)dt + Joo dv(t) + Joy dii(t) + Jo dult) (8.80)

where dw(t) = B, (t)dt + di(t):
g = F‘i‘élj;rlé_lﬁl; él = Gl@_%,

Gy = Go+ G1J07 s Hy = © :Hi; (8.81)
o, = H2+j21j11@71]:11; Jiz = 673 J1a; '
Jog = j21jI1@_1j12; Jor = JnO73.

Note that the Jyo term is automatically eliminated when we apply the loop shift-
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ing transformation to the quantum system (8.75).
We now construct a matrix K based on the quantum system (8.80) such that

(F' + G2 K) is Hurwitz and the following uncertain quantum system
k P B
da(t) = (F + GoK) a(t) dt + Go dv(t) + Gy dw(t) + Y Gsy d§(t) +> GoL; dj;
=1 j=1
p —
dz(t) = (Hy + JiuK) a(t)dt + Y JioL; dE;

J=1

dGi(t) = (P + QuK) a(t)dt + Y Q1L d;
j=1

dGi(t) = (P + QuE) at) dt + Y QrL; d&;
j=1
dy(t) = Ha a(t) dt + Joo dv(t) + Jor dw(t) (8.82)

together with d¢;(¢), . .., d(,(t) as defined in (8.24) and an initial condition a(0) =
ao, is strict bounded real with disturbance attenuation v > 0 while satisfying (8.8)
and (8.28). The satisfaction of this requirement is dependent on the existence
of a solution to a parameterized complex algebraic Riccati equation defined as
follows: Let k1 > 0,..., 5, >0, 04 >0,..., 0, >0, 31 >0,...,8, > 0 be given

constants and consider a complex algebraic Riccati equation

i (1 - ij;lleg) H =0 (8.83)

where
Ey = Jl, 0. (8.84)
Assumption 8.4. Given constants k1 > 0,...,5; > 0, ag > 0,...,0a, > 0,

By > 0,...,8, > 0, the equivalent uncertain quantum system (8.27), (8.24),
(8.8), (8.28) is assumed to be such that £ > 0.

Lemma 8.2. Let k1 > 0,...,k, >0, 0 >0,...,0, >0, 51 >0,...,8, >0 be

given constants. Suppose that the equivalent uncertain quantum system (8.27),
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(8.24), (8.8), (8.28) is such that Assumption 8.3 and Assumption 8.4 are satisfied
and the complex algebraic Riccati equation (8.83) has a stabilizing solution X > 0.
Then, there exists a matriz K such that the uncertain quantum system (8.82),
(8.8), (8.28) is strict bounded real with disturbance attenuation vy > 0. That is,
(F 4+ G5 K) is Hurwitz and

|(Hy + Ji2K) (sI = (F 4+ G2K)) " Gy, <~ (8.85)

where
K=—Et (égx + jlgﬁfl) . (8.86)
Proof. The proof of this lemma follows the same arguments as those in the proof

of Lemma 7.9. O
Using the matrix K in (8.86) and introducing an additional uncertainty input

d&r41(t) and output d(x.1(t), we form an artificial uncertain quantum system as
follows: (see [8])

da(t) = F a(t)dt + Go do(t) + Gy di(t) + Gy du(t) + i Gy Lj dE;(t)

J=1
k+1

+ ) Gardg(t);  a(0) = ap;
=1

dz(t) = Hy a(t) dt + Jip du(t) + Y Il d&;(t) + So dées (t);

j=1

p
d¢i(t) = Pra(t)dt + Qy du(t) + > Q1L; d€;(t) + S1 dea (t);

J=1

dGu(t) = P a(t) dt + Qr du(t) + Y QuL; d&;(t) + Sk & (8);
j=1
ACir1(t) = Dy a(t) dt + Qupr dult) + Vi d(t) + Z Va j d€;(t);
j=1

dél (t) = M1 a(t) dt + N2071 dv(t) + NQLl d’LZJ(t),

dfp(t) = Mp (I(t) dt + NQQJJ dU(t) + NQLp dlb(t),
dy(t) = Hy a(t) dt + Joo dv(t) + Joy dib(t) + Spiy dEgir (1) (8.87)
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where di(t) = 3, (t)dt + di(t);

duws(t) dzs (1)
. - JioL;
G2 = %GQ; G37k+1 = [GQ 0 0 0] Rfl; JlLQJ' _ % 1?) j :
: Hi| 5 Jio] 0 -1 0 0
Ho=5| o he=5]""] So= R
0 vI 0 0 I 0
=R pQIG Q=30 &= [Ql 00 O} R™Y Nayj= [NQLj 0} ;
K (1 0 0 0
LT o Qrv1 2 |41 =351l o 25 = )
H2 L 0 J21 -1 0
ﬁZ = %H27 j2]. = % |:J21 I] ) Sk+]_ = |:O 00 _I] R—]_ (888)

forl =1,2,...,k and j = 1,2,...,p. Note that R is any n, X n, non-singular
scaling matrix, where n, = 2n, + n. + n,; wy and 2 have the same dimensions
as those of y and wu, respectively.

In (8.87), the additional uncertainty input d¢x1(t) is related to the additional

uncertainty output d¢y,1(t) as follows:

d€por1(t) = Apyr dGya (t) (8.89)

where Ayy; € R is a real unknown scalar uncertain parameter satisfying |Ag, | <
1. The H* control objective for the artificial uncertain quantum system (8.87),
(8.8), (8.28), (8.89) is as follows:

/0 (Z(s)T2(s) + 2(s)"2(5)" + € ((s)T7(s) +71(s)"71(s)") ) ds
< (1- ¢ /0 t <Bw(s)fﬁw(s) n Bw(s)TBw(s)*> ds + m + ol (8.90)

where €, 7, m > 0 are real constants. Moreover, we consider two special cases
for Ay as in Section 7.4 to verify that any suitable coherent quantum H* con-

troller of the form (8.18) for the artificial uncertain quantum system (8.87), (8.8),
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(8.28), (8.89) is indeed stable and strict bounded real, and solves the original de-

centralized quantum control problem.

§ ¢

A()

u

(a)

—> 29

—> 21
Y
-———> 29

(b)

Figure 8.5: Block diagrams corresponding to special cases I and II; see [8].

Special cese I: A1 = 1. Using this Ay, it follows from (8.87) that

k
da(t) = (F + GoK) a(t) dt + Gy dv(t) + Gy dw (t) + Y GaL; d&;(t) + Gs déy (t);
j=1

dzy(t) = vy du(t);

k
dGi(t) = (P + Qi K) a(t)dt + > Q1 L; d&;(t);

d(fl (t) = M1 (l(t) dt + N20’1 dU(t) + N21,1 dw(t),

dC(t) = My a(t) dt + Nogp dv(t) + Noy g dw(t);

(8.91)

where a(0) = ag, and conditions (8.8) and (8.28) are satisfied. Here, we recog-

nize that the uncertain quantum system (8.91), (8.8), (8.28) is the same as the

uncertain quantum system (8.82), (8.8), (8.28). Thus, the uncertain quantum
system (8.91), (8.8), (8.28) is strict bounded real with disturbance attenuation
v > 0 according to the construction of the matrix K in (8.86) and Lemma 8.2.
It is also apparent from the QSDEs (8.91) that the control input u(¢) does not

affect the quantum plant, but only affects the controlled output z3(¢). Moreover,
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the measurement output y(¢) is not affected by the quantum plant but is only
affected by the disturbance input wy(t) and the quantum noise v(¢). This situa-
tion is shown in Figure 8.5(a) where the coherent quantum controller . of the
form (8.18) is detached from the uncertain quantum system (3,, A(-)) defined by
(8.91), (8.8), (8.28). It thus follows from the block diagram in Figure 8.5(a) and
the closed loop H* control objective (8.90) that the coherent quantum controller
Y. must be stable and strict bounded real.

Special cese II: A, = —1. It is straightforward to show that using this
value of Agyq, we again obtain the equivalent uncertain quantum system (8.27),
(8.24), (8.8), (8.28). Thus, if we can find a suitable coherent quantum H
controller ¥, of the form (8.18) for the artificial uncertain quantum system (8.87),
(8.8), (8.28), (8.89), then the same quantum controller 3, is also suitable for the
equivalent uncertain quantum system (8.27), (8.24), (8.8), (8.28) (corresponds to
(X4, A(+)) in Figure 8.5(b)) such that the H> control objective (8.29) is satisfied.
This implies that the resulting closed loop uncertain quantum system as shown
in Figure 8.5(b) is strict bounded real with disturbance attenuation v > 0.

From both special cases above, we conclude that if there exists a suitable
quantum controller of the form (8.18) for the artificial uncertain quantum system
(8.87), (8.8), (8.28), (8.89), then this quantum controller also achieves a strict
bounded real closed loop system with disturbance attenuation v > 0 when it is
applied to the equivalent uncertain quantum system (8.27), (8.24), (8.8), (8.28).
Moreover, this quantum controller itself must be stable and strict bounded real.

We now apply the approach in sub-Section 7.4.2 or sub-Section 8.3.1 to syn-
thesize a strict bounded real quantum controller of the form (8.18). Thus, we
introduce scaling constants 74 > 0,..., 7441 > 0,01 > 0,...,0, > 0so that we can

rewrite the QSDEs (8.87) of the artificial uncertain quantum system as follows:

da(t) = Fa(t) dt + Gy dv(t) + Gy dw(t) + G du(t);  a(0) = ag;
dz(t) = H1 a(t) dt + Jio dv( ) + Ji1 d(t) + Jig dult);

&

/—\
~

~—
| |

where du(t) = [, (t) dt + di(t);

j21 = [’Y_ljm - 0 1/Tk+1 Sk+1 <o 0] ) (893)
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vdi(t) | [ dz(t)
VT d&(2) VT dG (1)

dw(t) = | /Tes1 déryr(t) | 5 dZ2(t) = | /Trg1 dGera(t) | 5
Vo1 d&(t) V8181 dCa(t)

i V0, d&,(t) i L V0 dg,(t) i
G = [7_1(;1 VT Gay e T Gagk Vo GoLy \/@_1 GQL”} ;

o] [ 0 | [ T
J1 P 0 VT

H) = /Tht1 f)k+1 i Jio = 0 i Ji = | VT Qk+1 ;
V0151 My V0151 Naoa 0
Y 617617 Mp | LV 517517 N207p_ L 0 |
0 0---0 /Tkl+1 Sy /% le?,l /é leZ,p
0 00 /78 JEQL - [RQiL,
Ji, = 0 0 02 5 @ula e 5 ko | g g
TV 0 0 0 T Vop e ([T Vay
Y 'VOBi Nozy 0 -+ 0 0 0 0
/5B Nary 00 0 0 - 0 |

The H®° control objective for the quantum system (8.92) is as follows:
/0 (2(s)T2(s) + 2(s)"2(s)" + e ((s)'n(s) +77(s)"i(s)") ) ds
<(1-¢? / (Bu(s)Bu(s) + Bw(s)TBw(s)*> ds + m + mot (8.95)
0

Moreover, we also have a Jj; term in (8.92), which leads to a non-standard

H* control problem. Thus, to eliminate this term, we impose the following



8.4. Strict Bounded Real Decentralized Quantum H® Controller 219

assumption and then apply a loop shifting transformation with respect to (8.92);
e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2].

Assumption 8.5. Given constants 74 > 0,..., 7,41 > 0, 01 > 0,...,6, > 0,
B1>0,...,8, > 0 and any non-singular scaling matrix R, the artificial uncertain
quantum system (8.87), (8.8), (8.28), (8.89) is assumed to be such that .Jy; J|, < I.

Satisfying Assumption 8.5, we now define
O:=I—JJ1>0, &:=1—J3J,>0 (8.96)
and also

did(t) == ®3di(t) — O~ 2 Jf, [Hy a(t) dt + Jyp du(t)] ;
d2(t) := &3 [Hy alt) dt + Jyp du(t)] . (8.97)

It then follows from (8.97) that

div(t) = O~ 2dw(t) + @ Jf, [Hy a(t) dt + Jyy du(t)] ;
lo@)3 = 11213 = o@)]5 — 215 (8.98)

Now, the QSDEs (8.92) can be written as

da(t) = F a(t)dt + Gy dv(t)

+ Gy dib(t) + Go du(t);  a(0) = ap;
d2(t) = Hy a(t)dt + Jis du(t);
)+

dy(t) = Hy a(t)dt + Jy do(t did(t) + Jay du(t) (8.99)
where di(t) = B, (t)dt + di(t):
F = F+G1J11 —1Hy; G = G073,
Gy = Gy + G JL & iy, H = & 3H;
72 ~2+ ™1 }Tl > 1 . j 115 (8.100)
Hy = Hy+ JoJ|;® ' Hy; Jig = P72 J1;
Jag = j21j1Tl‘i)_1j12; Jo1 = j21q)_%~

Note that the Jyo term in (8.92) is automatically eliminated when the loop shifting
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transformation is carried out. Furthermore, we also define
dij(t) == dy(t) — Jop du(t). (8.101)

Substituting (8.101) to (8.99), we obtain

da(t) = F a(t)dt + Gy do(t) + Gy dio(t) + Gy du(t);  a(0) = ay;
d2(t) = Hy a(t)dt + Jya du(t):
dg(t) = Hy a(t)dt + Jog do(t) + Joy did(t). (8.102)

The H® control objective corresponding to the quantum system (8.102) is

[ (26 + 26072000+ = ) als) + 705 ) ds
<(1-¢) /0 t <ffw(s)TBw(s) + Bw(s)TBw(s)*> ds + 1 + ot (8.103)

where ¢, 1y, T3 > 0 are real constants.
The solution to the coherent quantum H* control problem for the quantum
system (8.102) is given in terms of the solutions to the complex algebraic Riccati

equations
<F N 1J12H1) X+ X (F &N 1J1T2H1>
(GIG eN ote. ) X+ Al (1 - juE—lj}z) H =0
<F Gl By H2> Vv (F G I B 1H2>
Y (ﬁ[jﬁl - ﬁgEglﬁlQ) iR (I - jglEgljm) Gi=0  (8.104)
such that the following conditions hold:

~

1. F— Gy E J12H1 + <G1GT GoF IGT) X is Hurwitz;

/\

— G JLE T Hy + Y <HTH1 ﬁQTEAglﬁg) is Hurwitz;
3. The spectral radius p(XY) of matrix XV is strictly less than one.

To compute the solutions to the Riccati equations (8.104), we need to satisfy the

following assumption:
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Assumption 8.6. Given constants 7 > 0,..., 7441 > 0, 6; > 0,...,9, > 0,
B1>0,...,8, > 0 and any non-singular scaling matrix R, the artificial uncertain
quantum system (8.87), (8.8), (8.28), (8.89) is assumed to be such that F, =
Jydi > 0 and Ey = Joy JJ, > 0.

Theorem 8.3. Let 31 > 0,...,8, > 0 be given constants and suppose that there
exist constants k1 > 0,... .,k >0, a3 > 0,...,a, > 0 satisfying Assumption 8.3
and Assumption 8.4 such that the complex algebraic Riccati equation (8.83) has
a stabilizing solution X > 0; and let

K= —E (G + Th)).

Also, suppose that there exist a non-singular scaling matriz R and constants 11 >
0,...,7Tk1 >0, 01 >0,...,60, > 0 satisfying Assumption 8.5 and Assumption 8.6
such that the complex algebraic Riccati equations (8.104) have stabilizing solutions
X >0 andY > 0 such that the spectral radius p()A(}A/) < 1. Then the closed loop
uncertain quantum system obtained by applying the coherent quantum controller

of the form (8.18) with

Fc - Fc - chQQHc;
AC = F -+ GQHC — Gc]flg -+ (él - chgl) GAIX,

!

A~ AN"L a4 A A
G, = (1 - YX) (YH; + G1J2Tl> Bt
H, = —E;! (é;f( + jlgﬁfl) (8.105)

to the equivalent uncertain quantum system (8.27), (8.24), (8.8), (8.28) is strict

bounded real with disturbance attenuation v > 0.

Proof. It follows from a loop shifting arguments in the classical H*> control
theory (e.g., see [16, Sections 4.5.1 and 5.5.1] and [18, Section 17.2]) that the H*
quantum control problem (8.92), (8.95) has a solution if and only if the complex
Riccati equations in (8.104) have stabilizing solutions X >0and Y > 0 such that
p(XY) < 1. Moreover, a coherent quantum controller of the form (8.18) (but
not necessarily stable and strict bounded real), which solves the H* quantum
control problem (8.92), (8.95) is defined by (8.105).

Therefore, if the conditions of the theorem are satisfied, it follows from the
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arguments in the proofs of Theorem 4.1 in [187] and of Theorem 7.1 in [73] that
the closed loop uncertain quantum system obtained by applying the coherent
quantum controller (8.18), (8.105) to the artificial uncertain quantum system
(8.87), (8.8), (8.28), (8.89) is strict bounded real with disturbance attenuation
v > 0. Moreover, it follows from the construction of the artificial uncertain
quantum system (8.87), (8.8), (8.28), (8.89) that the coherent quantum controller
(8.18), (8.105) must be stable, strict bounded real and satisfy the condition in
Lemma 8.1. Thus, if this controller is applied to the equivalent uncertain quantum
system (8.27), (8.24), (8.8), (8.28), the resulting closed loop uncertain quantum

system is strict bounded real with disturbance attenuation vy > 0. ]

Theorem 8.4. Let 3, > 0,...,3, > 0 be given constants and suppose that there
exist constants k1 > 0,..., Kk, > 0, oq > 0,...,0p > 0 satisfying Assumption
8.3 and Assumption 8.4 such that the complex algebraic Riccati equation (8.83)
has a stabilizing solution X > 0. Also, suppose that there exist a non-singular
scaling matriz R and constants 7 > 0,..., 741 > 0, 63 > 0,...,d, > 0 such
that Assumption 8.5 and Assumption 8.6 hold, and the complex algebraic Riccati
equations (8.104) have stabilizing solutions X > 0 and Y > 0 such that the
spectral radius p()A(}A/) < 1. Furthermore, suppose that the coherent quantum H®>
controller (8.18), (8.105) is such that the transfer function matrices in (8.22)
satisfy the norm bounds in (8.28) and each corresponding decentralized quantum
controller (8.11) is physically realizable. Then, the uncertain closed loop quantum
system obtain by applying the decentralized coherent quantum controller (8.11) to
the uncertain quantum system (8.1), (8.8) is strict bounded real with disturbance

attenuation v > 0.

Proof. If all conditions of the theorem are satisfied, it then follows from Theorem
8.3 that a closed loop uncertain quantum system obtained by applying the quan-
tum controller (8.18), (8.105) to the equivalent uncertain quantum system (8.27),
(8.24), (8.8), (8.28) is strictly bounded real with disturbance attenuation v > 0.
We also assume that the quantum controller (8.18), (8.105) is such that the trans-
fer function matrices in (8.22) satisfy the norm bounds in (8.28). Furthermore,
as mentioned in the construction of the equivalent uncertain quantum system
(8.27), (8.24), (8.8), (8.28), a closed loop uncertain quantum system obtained by
applying the decentralized quantum controller (8.11) (for all 7 = 1,2,...,p) to

the uncertain quantum system (8.1), (8.6) is identical to a closed loop uncertain
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quantum system obtained by applying the quantum controller (8.18), (8.105) to
the equivalent uncertain quantum system (8.27), (8.24), (8.8), (8.28) when the
additional uncertainty inputs defined in (8.23) are applied. Hence, it follows that
the decentralized quantum controller (8.11) defined by (8.18), (8.105) is such that
the resulting closed loop uncertain quantum system is strict bounded real with

disturbance attenuation v > 0. [

8.4.2 A differential evolution approach

Likewise in sub-Section 8.3.2, we also provide a numerical algorithm so that the
strict bounded real decentralized quantum H* controller synthesis algorithm pre-
sented in sub-Section 8.4.1 is applicable. Since nonconvex nonlinear constraints
are involved in the synthesis algorithm, we also apply the DE algorithm to find an
optimal solution to the decentralized quantum control problem being considered.
In this case, we need to reformulate the given control problem as a constrained
optimization problem as stated in (8.45) and (8.46).

We now define a vector of decision variables as follows:

T
U= ['y kK o T 0 5} (8.106)
where
K= |:/€1 Hk]; = [al ap}; T = [71 Tk+1];
5= [51 51,}; 8= [51 @p]. (8.107)

The dimension of ¢ is 2k + 3p+ 2 and all elements of 1) are positive real numbers.
An objective function and all constraints are then defined in terms of 1J. Since
we are solving a decentralized quantum H* control problem, a suitable objective

function f(¢}) to be minimized is as follows:
p
f(0) = mey™ + > m;B)y (8.108)
j=1

where mg,m; > 1 are weighting factors and ng,n; > 1 are power constants.
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Moreover, the equality constraints are

Y (ﬁfﬁl HiE;y 1H2> el (1 - jglEgljm) Gl=0 (8.109)
and the inequality constraints are
h1(’L9) = jlle -1 < 0; hg(ﬁ) = —El < 0;
hs() = —X < 0; hy(¥) = JuJf, — 1 <0;
hs(9) = —F) < 0; he() = —E5 < 0;
he(9) = —X < 0; hs(¥) = =V <0; (8.110)
ho(9) = p (Xy) —1<o0; hio(9) = emaxr (Ax) < 0;
hll(ﬁ) = emax,r (AX) < O, hlg(ﬁ) = emax’r (AY) < 0,
his; () = [[1A;(s)ll% = B; <05 higy(9) = [|Ty5(s)]loc =1 <0

for j =1,2,...,p. Also, we define Ay, Ay and Ay as follows:

Ax = F — B T, + (GIG N 1GT)
Ag = F — CoBTV L, + (GlGT CLE G X )
Ap = F — G By Hy + Y (ﬁjﬁl - ﬁ;z@;m) . (8.111)

To examine the fitness of a candidate solution with respect to all equality and
inequality constraints in (8.109) and (8.110), we form a fitness test routine, which

proceeds through the following steps:

1. Compute the eigenvalues of (Jy1.JI, — I) and E; to verify if hy (1)) and hy(0)

are satisfied.

2. Evaluate g1 (1)) to obtain a solution X to the Riccati equation in (8.83).



8.4. Strict Bounded Real Decentralized Quantum H® Controller 225

3. Verify if X is a stabilizing positive definite solution by evaluating hs () and
hio(1).

4. Compute the eigenvalues of (Ji1J], — I), Ey and s to verify if hy(19), hs(0)
and hg(¢) hold.

5. Evaluate go(19) and gs(¥9) to obtain solutions X and Y to the Riccati equa-
tions in (8.104).

6. Verify if X and Y are stabilizing positive definite solutions by evaluating
h7(’19), hg(ﬂ), hll(ﬁ) and h12(19)

7. Compute the spectral radius of the product XY to verify if hg(¥J) holds.

8. Evaluate hy3;(9) (for j =1,2,...,p) to check if the j-th off-diagonal block
of T'(s) in (8.20) satisfies the norm bound condition in (8.28).

9. Verify if the H* norm ||7};(s)|l« of the j-th diagonal block of T'(s) is less
than or equal to one by evaluating hy4 ;(9) (for j =1,2,...,p).

10. Evaluate the objective function f(¢) in (8.108).

A violation of each constraint in (8.109) and (8.110) is penalized. Thus, we
need to define penalty functions, which are then accommodated in the fitness test

routine. That is,

P1(¥) = emax(Ju iy — 1) pa(V¥) = |ewmm(Er) [

ps(9) = p(Cx)™; Pa(?) = |emin(X)[*;

Ps() = emaxy (Ag)™; Ps(¥) = emax(J11 Sy — 1)%;

pr(¥) = |emin(E1)[*; Ps(¥) = |emin(E2)[*;

po(V) = p(Cx)*; P(?) = p(Cy)™; (8.112)
pui(v) = ‘emin(X)‘SHQ p12(V) = |em1n( )12

P13(Y) = emaxr (Ag)™; Pua(V) = emaxs (Ayp)™;

pis(¥) = (p(XY) — 1)=%; pis(V) = >, DY,

pir(¥) = 37, 87 pis(¥) = f(9)

where s, > 1 forr=1,2,...,15 and ¢;,d; > 1 for j = 1,2,...,p. Moreover, we
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also define

0, otherwise;

1755 () |loo, if h14,;(¥) is violated:;

S; =
! 0, otherwise.

G
{ 18 (s)|%, it hug,;(8) is violated;
{ (8.113)

8.4.3 [Illustrative examples

We now present two examples of designing strict bound real decentralized quan-
tum H° controllers using the synthesis algorithm described in sub-Section 8.4.1.
The quantum systems under consideration belong to a class of quantum optical
systems with only passive components; e.g., see [70,73]. Moreover, we can use
the same approach as in sub-Section 8.3.3 to build the decentralized quantum
controllers using passive components such as optical cavities, beam splitters and

phase shifters; see [77].

Example 1: Cascaded two optical cavities

As the first example, we aim to construct strict bounded real decentralized quan-
tum H controllers for the quantum system (8.67) as shown in Figure 8.4. Using
the DE-based algorithm in sub-Section 8.4.2, we obtain

v = 1.1652; oy = 1110.4129; «a, = 1051.0836; 7 = 2.5962;

(8.114)
& = 15.3320; &, = 18.1159; B, = 0.0012; By = 0.0013.

Note that 7y corresponds to the artificial uncertainty, which is added to guaran-
tee the stability and strict bounded real property of the decentralized quantum
controller while achieving the closed loop H*® control objective.

We then use the parameters in (8.114) to construct a non-decentralized quan-
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tum H® controller, which is given as follows:

o [ 35313  —3.2973 ' ~ [—0.5870 —0.5541]

‘c —13.0894 —21.1233 ’ | 0.0305 —0.3741|’
[_0.1320 —0.0564

H, = . (8.115)
|—0.0715 —0.2619

For this controller, the additional uncertainties A;(s) and Ay(s) as defined in
(8.22) have the squared H* norm:

1A (s)||2, = 0.0011; ||Ay(s)||% = 0.0013. (8.116)

It is clear that ||Ai(s)|[|2, < B; and ||As(s)||%, < B2. Thus, we can form the

decentralized quantum H® controllers for the quantum system (8.67) as follows:

[—0.5870

F., = F; G, — . He = [-01320 —0.0564] ;
0.0305
[ —0.5541]
F,=F;: G, — . H, = [—0.0715 —0.2619] L (8.117)
_0.3741

The eigenvalues of F, are e; = —1.3905 and ey = —23.2640 and hence, F, is

Hurwitz. The H* norms of the controllers in (8.117) are
IT11(5)]|oo = 0.0374; || T52(8)||00 = 0.0248. (8.118)

Ge,, H., } and {F,,G,, H.,} in (8.117) are
strict bounded real and physically realizable. Moreover, we proceed along the
same steps as in (7.107) and (7.108) to compute Gy, , Gu,, ,; He,, and H,

Thus, according to Lemma 8.1, {F,

19

2,2

[ 76.8941]
GwCO,l = 694 7391 ’ HC2,1 - [00018 _00001i| 7
[ 62.0070]
Gy = |71 3056] 7 P2 = [0.0012 0.0004} : (8.119)

so that the decentralized quantum controllers (8.117) are physically realizable

according to Definition 8.1.
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Figure 8.6: The first decentralized quantum H controller.

Using the algorithm in [77], we apply similarity transformation to the decen-
tralized quantum controllers (8.117), (8.119). This results in equivalent realiza-
tions, which can be physically constructed using only passive optical elements

such as optical cavities, beam splitters and phase shifters. Thus, the equivalent

realization for the first decentralized quantum controller is

5o |-rse0s 0 |
Y [11.3733 —23.2640|
[, & ]_ —1.6674 —0.0269]
Yeoa Al 68211 —0.0177]
i, [1.6674 —6.8211
el = (8.120)
., 00269 0.0177
and that for the second decentralized quantum controller is
5 [ —1.3905 o |
“ 1 -11.3744  —23.2640]
G, G - [1.6675 —0.0242]
Yooz ] 168911 —0.0143]
., [ 1.6675 —6.8211
el o . (8.121)
i.,, | 0.0242  0.0143

The realizations (8.120) and (8.121) imply that each decentralized quantum con-

troller can be built as a cascade of two first order generalized 2-mirror optical

cavities because it has two inputs and two outputs; see [77].

The first decentralized quantum controller (8.120) is depicted in Figure 8.6
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Figure 8.7: The second decentralized quantum H®° controller.

with the parameters:

ke, = (1.6674)% k., = (0.0269)%

8.122
ke, = (6.8211)% k., = (0.0177)2. (8.122)

C13

Also, the second decentralized quantum controller (8.121) is depicted in Figure 8.7

with the parameters:

key, = (1.6675)% ke, = (0.0242)%;

8.123
by = (6.8211)% kg, = (0.0143)2. (8.123)

These results show that for the quantum system (8.67), we are indeed able to
obtain the decentralized quantum H controllers, which are physically realizable,

using the controller design algorithm in sub-Section 8.4.1.

Remark 8.3. We notice that the value of v in (8.114) is larger than that in
(8.69). This is reasonable because we force the decentralized quantum controllers
in (8.117) to be physical realizable when applying the synthesis algorithm pre-
sented in sub-Section 8.4.1. Conversely, although it yields a smaller ~, the syn-
thesis algorithm in sub-Section 8.3.1 results in a second decentralized quantum

controller in (8.72), which is not physically realizable.

Example 2: Cascaded three optical cavities

We now consider a quantum system consisting of three interconnected subsys-
tems, but which only have two control inputs as shown in Figure 8.8. Using this
example, we show that our method can also be used to design a decentralized
control system for a large-scale quantum system where the number of subsystems

is more than the number of decentralized controllers. This is possible because
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Figure 8.8: A cascaded linear quantum system of three optical cavities.

the interconnections between subsystems are known and thus, not treated as un-
certainties; e.g., see [197]. In our example, although we only have direct control
action on the first and the third subsystems, the second subsystem can also be
stabilized as its linear interconnection with the first subsystem is known.

The quantum optical network shown in Figure 8.8 can be represented as

day (t) —4 0 0 ai(t) —Vks 0 duy ()
das(t)| = |—vVkiks =2 0 | |ae(®)|dt+ | 0 0 [dul (t)]
das () 0 —VEsks —2] |as(t) 0 —Vks| bt
\/k_l 0 0 dvy (1) —Vks
0 dop(t) | + | 0 | dwi(?)
(t) 0

da)] [V
_ng (t)_

[\

001 dva(t) | + | | dwi(t) (8.124)

dU3 t

00 O] dvy (t)

] [vR o o ]]“Y

where gy = ki + ko + k3, go = k4 + k5 and g3 = k¢ + k7 + ks. The parameters in
(8.124) have the values

ki =225, ke =1.00; ks3=1.00; k4= 1.00; (8.125)
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ks = 0.50; kg =121; kr=0.50; ks=0.50. (8.126)

Here, we also assume that the quantum system (8.124) is known and therefore,
does not have any uncertainty terms in its model.
Using the DE approach in sub-Section 8.4.2, we obtain the values of all para-

meters required for the synthesis of the decentralized quantum controllers as

v = 0.9294; a1 = 4966.6123; s = 4.6037; 7 = 1.5146;

(8.127)
01 = 5.1056; 09, = 3.3892; £1 = 0.0005; (o = 0.0063.

The parameters in (8.127) are then used to construct a non-decentralized strict

bounded real quantum H> controller, which are defined by

(2921957 —0.4944  0.2830 —0.3574  0.0582
F.= |—15075 —0.7530 0.0135|; G.= | 0.0370 —0.1492] ;
|—0.0625 —0.6933 —1.0340 —0.0729  0.1097
[—0.4021 —0.1050  0.0688
H, — . (8.128)
0.0487 —0.0972 —0.2760

The matrices G, and H, in (8.128) are such that the additional uncertainties
Ai(s) and Ay(s) as defined in (8.22) have the following squared H* norm:

[A(s)]|2, = 8.1725 x 107°; || Ag(s)]|Z, = 0.0057. (8.129)

Indeed, ||Ai(s)||% and ||As(s)||% are less than 3; and (3., respectively. Thus, we

can form the decentralized quantum H° controllers as follows:

[—0.3574]
F.=F; Go=| 00370|; H, = [—0.4021 —0.1050 0.0688};
| 0.0729)]
[ 0.0582]
F,=F; G,=|-01492|; HCQ:[0.0487 —0.0972 —0.2760} (8.130)
0.1097

The eigenvalues of the matrix F, are

e = —2.4940; ey = —0.2126; ez = —1.2761 (8.131)
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and thus, F,. is Hurwitz. Moreover, the H* norms of the decentralized quantum

controllers are
|T11(5)||oe = 0.0500; || Ta2(s)]|oe = 0.0742. (8.132)

Thus, according to Lemma 8.1, {F.,G.,H,} and {F.,, G, H.} are strict

19

bounded real and physically realizable.

Following (7.107) and (7.108), we can compute G, Gu,,,> He,, and He,,
(see Definition 8.1):

[ —58.5256

wy, = |—1204753|; H,,, = [0.0103 0.0030 —0.0017} :
| 655.8940
[112.2091

wyy = | T9.9897| 5 Hey = |—0.0004 0.0012 ~0.0032] (8.133)
| 20.4744

to physically realize the decentralized quantum controllers in (8.130). Further-
more, given the controller matrices in (8.128), (8.130) and (8.133), we can now
apply the algorithm in [77] so that both decentralized quantum controllers can
be constructed using passive optical components such as optical cavities, beam
splitters and phase shifters. Thus, the first decentralized quantum controller is

represented by

[—2.4940 0 0
F. = |—-1.4561 —0.2126 0 :
| —3.5668 —1.0416 —1.2761

~ [2:2333 —0.0173
Ge | = |0.6519 —0.0145 ;
© 15967 —0.0543

] [-22333 —06519 —1.5967
Ve | (8.134)
.| 0.0173  0.0145  0.0543
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and the second decentralized quantum controller is represented by

[—2.4940 0 0
L 1.4557 —0.2126 0 :
| 3.5679  —1.0409 —1.2761

[—2.2334 —0.0001

sl
Il

[Gwm G| =1 06518 —0.0180] ;
© | 15975 0.0153
] [22334 —0.6518 —1.5975
i (8.135)
H.,| [0.0001 0.0180 —0.0153

The realizations in (8.134) and (8.135) indicate that each controller is of third
order and has two inputs and two outputs. Hence, it can be built as a cascade

of three first order generalized 2-mirror optical cavities; see [77].

D i

Figure 8.9: The first strict bounded real decentralized quantum H® controller.

The first decentralized quantum controller (8.134) is illustrated in Figure 8.9

with the parameters:

key, = (2.2333)% k., = (0.0173)% k., = (0.6519)2;
kep, = (0.0145)2 k.. = (L5967)% ke, = (0.0543)2.

C14

(8.136)

Also, the second decentralized quantum controller (8.135) has the following pa-

rameters:

ke, = (2.2334)% ko, = (0.0001)%: k., = (0.6518)2

8.137
ke, = (0.0180)2; ko, = (1.5975)% k., = (0.0153)2. (8.137)

and is shown in Figure 8.10.
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Figure 8.10: The second strict bounded real decentralized quantum H> controller.

8.5 Conclusions

We have presented two systematic methods to design a decentralized coherent
robust H* quantum controller for a class of large-scale uncertain linear complex
quantum stochastic systems with norm-bounded structured uncertainties. The
large-scale quantum system is comprised of interconnected quantum subsystems
where the interconnections are assumed to be partly or fully known and hence, not
treated as uncertainties. Instead, we consider the neglected off-diagonal blocks
of the transfer function matrix of the non-decentralized quantum controller as
additional uncertainties. Thus, the resulting decentralized coherent quantum
controller is robust against both the structured uncertainties in the quantum plant
model and those additional uncertainties. Moreover, the quantum controller is
also required to be physical realizable, which implies that the quantum controller
has to be stable and bounded real.

Applying the first method, we do not immediately obtain a physically reali-
zable decentralized quantum controller. This is because the physical realizability
condition is not directly included in the controller synthesis algorithm. Mean-
while, if we apply the second method, the resulting quantum controller must be
stable and strict bounded real, and hence, it is indeed physically realizable. This
is achieved by introducing an artificial uncertainty to the equivalent uncertain
quantum system for which a strict bounded real non-decentralized quantum con-
troller is designed. However, this approach may result in a more conservative
decentralized quantum controller than the one obtained using the first method
due to the use of the additional artificial uncertainty. Also, the second method
has more constraints and design parameters than the first method, and therefore,
may take longer computational time to solve a quantum control problem under

consideration.
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To deal with the nonconvex nonlinear constraints involved in both methods,
we apply the DE algorithm to compute all design parameters required for con-
troller synthesis. Thus, we reformulate the decentralized quantum control pro-
blem as a constrained nonlinear optimization problem. Moreover, two examples
of quantum optical systems are considered to demonstrate the proposed decen-
tralized quantum controller design methods using the DE apparoach. In these
examples, we have also applied the algorithm in [77] to show that an n-th order
decentralized quantum optical control system with m inputs can be physically
constructed using purely passive optical devices such as optical cavities, beam
splitters and phase shifters. This approach results in an m-input-m-output quan-
tum optical controller with a cascade interconnection of n first order generalized

m~mirror optical cavities.
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Chapter 9
Conclusions and Future Research

This chapter presents final conclusions of our research which develops new meth-
ods to synthesize non-decentralized and decentralized robust feedback control
systems for classical and quantum dynamical systems. In particular, the main
concerns and contributions of Chapter 3 — Chapter 8 are summarized in Sec-
tion 9.1. Potential future research areas are also described in Section 9.2 in order

to suggest possible extensions to what we have done in our research.

9.1 Conclusions

The main results of our research presented in this thesis consist of two parts:
Chapter 3 — Chapter 5 and Chapter 6 — Chapter 8, which are designated for clas-
sical and quantum dynamical systems, respectively. A common feature in both
parts is that we employ the DE algorithm given in Chapter 2 to solve nonconvex
nonlinear constrained optimization problems arising in feedback control syntheses
for those systems. A particular variant of the DE algorithm applied in this thesis
is drift-free DE/rand/1/either — or. As a class of evolutionary algorithms, the
DE algorithm is equipped with variation operators: mutation and recombination,
and a selection operator. These operators are used to explore and exploit a nu-
merical search space in which the optimization takes place. In addition, we also
apply a static penalty-based fitness test procedure, which serves as a link to the
particular controller design algorithm being considered. Each penalty function is
formed based on a constraint to satisfy during the fitness test and is only applied

when the constraint is violated by a candidate solution.
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Specific control problems and the main contributions of Chapter 3 — Chapter 8

are described as follows:

1. In Chapter 3, we present a systematic method to construct a stable nonlin-
ear robust H output feedback controller for a class of nonlinear uncertain
systems. The admissible uncertainties and nonlinearities in the system be-
ing controlled are required to satisfy IQCs and GLCs, respectively. The H*>
control objective is to achieve closed loop absolute stability with a specified
disturbance attenuation level. Our approach to construct the nonlinear
controller is to add a copy of each nonlinearity to the linear part of the con-
troller. This is to enable the controller to exploit the system nonlinearities.
Applying a standard robust H> control method (see [187]) to derive the
controller design algorithm, we include all copies of the nonlinearities back

into the system and also characterize them with IQCs derived from GLCs.

To ensure stability of the controller, we first solve a corresponding state
feedback control problem and then introduce an additional uncertainty to
form an artificial uncertain system based on the original uncertain system.
Any suitable controller for the artificial uncertain system is guaranteed to
be stable and solves the original control problem. The controller matrices
are written in terms of stabilizing solutions to algebraic Riccati equations,
which are parameterized by scaling constants associated with all IQCs.
Note that the use of additional artificial uncertainty gives rise to extra

conservatism in the controller design method.

2. In Chapter 4, we are concerned with decentralized state feedback robust H>
control for a class of large-scale linear uncertain systems. The uncertainties
in the system are required to satisfy IQCs in order to be admissible. The
closed loop control objective is to achieve absolute stability with a specified
disturbance attenuation level. Here, the large-scale system is composed of
interconnected subsystems. We assume that the interconnections between
subsystems are known and therefore, we do not treat them as uncertain-
ties, which may degrade the system performance. Instead, we neglect off-
diagonal blocks of a corresponding non-decentralized state feedback gain
matrix and consider them as additional uncertainties. The decentralized

controllers are then capable of exploiting the interconnections and are ro-
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bust against uncertainties in the systems and in themselves. This approach
is useful when the number of controllers is less than the number of subsys-
tems. The decentralized state feedback controllers are constructed using a
stabilizing solution to an algebraic Riccati equation, which is parameterized

by scaling constants associated with all IQCs.

. We combine the ideas in Chapter 3 and Chapter 4 in order to derive the

controller design algorithm presented in Chapter 5. In this case, we are
interested in decentralized nonlinear robust H* output feedback control
for a class of large-scale nonlinear uncertain systems. The uncertainties
and nonlinearities in the large-scale system have to satisfy IQCs and GLCs,
respectively, in order to be admissible. The interconnections between sub-
systems are also not treated as uncertainties, but rather as useful structural
information on the entire system although we do not assume how the sub-
systems are interconnected. However, nonlinear error systems arising from
discrepancies between non-decentralized and decentralized controllers are
then considered as additional uncertainties. This implies that the decentra-
lized nonlinear controllers must be stable and are able to exploit the known
interconnections while absolutely stabilizing the resulting closed loop sys-

tem with a prescribed disturbance attenuation level.

Stable decentralized controllers are obtained using the same approach as
in Chapter 3, which involves solving a state feedback control problem and
forming an artificial uncertain system. The use of artificial uncertainty thus
introduces some additional conservatism to the controller design process.
Moreover, the decentralized controllers are constructed using stabilizing
solutions to algebraic Riccati equations parameterized by scaling constants

corresponding to all IQCs.

The main contribution of Chapter 6 is a DE-based algorithm to synthesize a
coherent quantum feedback controller for a class of linear quantum systems
represented in terms of linear QSDEs with real and complex quadratures.
The quantum controller must be physically realizable so that it exhibits
meaningful dynamics according to the laws of quantum mechanics. The
physical realizability condition for the quantum controller is converted into

a complex algebraic Riccati equation whose coefficients are the controller
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matrices. The Riccati equation is required to have an imaginary Hermitian
solution, which may not be unique, in order that the quantum controller
is physically realizable. We thus always include the Riccati equation as an
equality constraint when we solve the quantum controller synthesis problem
as a nonconvex nonlinear optimization problem using the DE-based algo-
rithm. In this case, we are quite flexible to determine an objective function
to optimize according to the particular control problem under considera-
tion. Therefore, our approach can also be adapted to solve the coherent

quantum H> and LQG control problems considered in [70,72].

The proposed DE-based algorithm is effectively used to solve an entangle-
ment enhancement problem for an ideal quantum optical network. Here,
we aim to construct a physically realizable quantum controller, which not
only stabilizes the quantum network, but also enhances an initial entan-
glement level of the quantum network. This example indicates potential
future application of a dynamic coherent quantum controller to preserve

and enhance the entanglement level of a real quantum network.

. We present a new method in Chapter 7 to construct a coherent quan-

tum robust H> controller for a class of linear complex quantum systems
with norm-bounded structured uncertainties. The dynamics of an uncertain
quantum system in this class is determined only by annihilation operators
and is represented in terms of linear QSDEs with complex coefficients as
described in [73]. Moreover, the quantum controller is required to be sta-
ble and strict bounded real, and therefore, is guaranteed to be physically
realizable. The purpose of applying this quantum controller is to obtain a
strict bounded real closed loop quantum system with a specified disturbance

attenuation level.

The desired quantum controller can be synthesized using the method in [§],
which involves forming an artificial quantum uncertain system. Any suit-
able quantum controller for the artificial uncertain quantum system must
be stable and strict bounded real, and also solves the original quantum ro-
bust H*® control problem. The quantum controller matrices are then con-
structed using stabilizing solutions to complex algebraic Riccati equations,

which are parameterized by scaling constants associated with all uncertain-
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ties. The use of artificial uncertainty in our approach, however, introduces

extra conservatism to the controller design method.

To demonstrate the proposed controller design algorithm, we consider an ex-
ample of designing a strict bounded real quantum controller for a quantum
optical system. This example cannot be solved using the method in [73].
We also show that the resulting quantum controller can be physically con-
structed using an algorithm in [77] with only passive optical elements such

as optical cavities, beam splitters and phase shifters.

In Chapter 8, we propose two systematic methods to design a decentralized
quantum robust H* control system for a class of large-scale linear com-
plex quantum systems with norm-bounded structured uncertainties. This
class of uncertain quantum systems is the same as that in Chapter 7. We
assume that the large-scale uncertain quantum system is composed of quan-
tum subsystems with known interconnections between them. Nevertheless,
we do not assume any structure on how the quantum subsystems are in-
terconnected. Applying the decentralized quantum controller, we want to
achieve a strict bounded real closed loop quantum system with a specified

disturbance attenuation level.

We follow the approach in [166] to derive both of the decentralized quan-
tum controller design methods. In this case, since the interconnections are
assumed to be known, they are not treated as uncertainties. Instead, we
neglect off-diagonal parts of the transfer function matrix of a correspond-
ing non-decentralized quantum controller. Those neglected parts are then
considered as additional uncertainties in the large-scale uncertain quan-
tum system. This approach then provides robustness to the decentralized
quantum controller against uncertainties in the quantum system and the

additional uncertainties.

Applying the first method, we do not immediately obtain a physically reali-
zable decentralized quantum control system. This is because we employ the
results in [73] to construct the decentralized quantum controller matrices
and the physically realizability condition is not directly imposed. Thus, we
must always check if the decentralized quantum control system is physically

realizable before it is implemented. This in turn motivates us to propose
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the second method, which is based on the results in Chapter 7. Using the
second method, we are then guaranteed to obtain a strict bounded real
decentralized quantum control system, which must be physically realizable.
However, the use of an artificial uncertainty in the second method may
introduce some extra conservatism in the controller design process. De-
spite the differences, both methods involve finding stabilizing solutions to
complex algebraic Riccati equations and those solutions are used to form
the controller matrices. The Riccati equations are parameterized by scaling

constants corresponding to all uncertainties in the quantum system.

The efficacy of both methods is demonstrated through examples of control-
ling quantum optical networks consisting of passive optical elements. The
resulting decentralized quantum controllers can be physically constructed
using the algorithm in [77] with only passive optical elements such as opti-
cal cavities, beam splitters and phase shifters. Moreover, we also show that
there is a case when the first method fails to provide a physically realizable
decentralized quantum controller. The same case, however, can be solved

using the second method.

9.2 Future Research

To extend the results of our research presented in this thesis, we suggest some

possible future research directions as follows:

1. Regarding the results in Chapter 3 and Chapter 5, it is possible to relax the
constraint on the nonlinearity from a local Lipschitz condition to consider
other types of nonlinearity satisfying conditions such as monotonicity and
restricted slope conditions; e.g., see [6,185,323]. Moreover, we can employ
the ideas in those chapters to construct a stable nonlinear guaranteed cost
controller for handling a worst-case-performance control problem; e.g., see
[2]. Also, we can apply a reduced order controller and take into account
time delays in the system, especially when dealing with a large-scale system
as presented in Chapter 4 and Chapter 5; e.g., see [18,324-326].

2. The quantum controller design algorithm presented in Chapter 6 is appli-

cable to solve entanglement control problems for more realistic quantum
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networks; e.g., see [61,233]. Also, we may extend the ideas in Chapter 7
and Chapter 8 to solve quantum robust H* and guaranteed cost control
problems for a larger class of uncertain quantum systems driven by both
annihilation and creation operators; e.g., see [34]. In addition, ideas of con-
structing a reduced order quantum controller and considering time delays in
the quantum system are also of interest; e.g., see [327,328]. All these exten-
sions are potentially useful for investigating future applications of quantum
information flow control within quantum communication networks based
on network flow control theory for classical systems; e.g., see [329]. More-
over, to achieve better understanding about coherent linear quantum con-
trol systems, we may approximately simulate the examples in Chapter 6
— Chapter 8 within MATLAB environment using, for example, quantum
optics toolbox as described in [330,331]. However, in general, simulating
quantum systems on classical computers remains a great challenge because
it requires enormous memory resources for quantum information storage;
e.g., see [332-334].

. When applying DE-based algorithms to solve our control problems in Chap-

ter 3 — Chapter 8, it often takes a large amount of computation time to
obtain the desired solutions. Thus, to improve the performance of our
IQC-based algorithms, we may use parallel computation and/or combine
the DE approach with reliable problem-specific algorithms for (non)-convex
and/or nonsmooth optimization; e.g., see [102, 145,159, 271,273, 335-339)].
Also, we can apply a self-adaptive strategy to determine the DE-parameter
settings and dynamic penalty functions to handle constraints involved in
particular control problems; e.g., see [279,281,307,340]. Moreover, it is also
important to investigate numerical issues corresponding to solution charac-
teristics (e.g., optimality, accuracy and sensitivity), convergence rate and
optimization landscapes when using the DE method for designing robust

control systems; e.g., see [341-343].
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