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Abstract

The theory of double operator integration provides a powerful set of tools for the study
of spectral asymptotics of compact operators. We give a self-contained overview of
the theory from its foundations, including a complete proof of the fundamental Peller’s
theorem. The theory is developed with the goal of proving a formula for the difference of
complex powers of self-adjoint operators, which has recently been applied to problems in
Connes’ quantised calculus. The final two chapters give applications to the Conformal
Trace Theorem for the Hausdorff measure of Julia sets of quadratic polynomials and to

the characterisation of quantum differentiability on noncommutative Euclidean spaces.
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Chapter 1

Introduction

The goal of this thesis is to illustrate the applications of the theory of double operator
integration to a family of interesting and difficult problems in harmonic analysis con-
cerning the singular values of the commutators of multiplication operators and Riesz
transforms. The primary motivation for studying these questions comes from the work
of A. Connes in the 1980s in his quantised calculus.

1.1 Quantised calculus

Connes’ quantised calculus arose from considerations in noncommutative geometry, and
although the original motivations for quantised calculus are largely not relevant for the
present work, it is worthwhile and instructive to discuss Connes’ reasoning.

1.1.1 Infinitesimals

Connes has promoted the idea that one can use the terminology of infinitesimals in
quantised calculus [29]. Many of the results discussed in the present text can be helpfully
recast as statements about infinitesimals.

An infinitesimal (from Latin infinitesimus) is a non-zero positive quantity which is
smaller than % for every natural number n > 1. Historically in mathematics, the notion
of a “continuum” was not always clearly understood, and mathematicians and philoso-
phers struggled with the apparent contradiction stemming from the fact that a line is
made up of points, and yet a point has no length. Numerous solutions to this paradox
were proposed, but one of the most enduring was the idea that a point does in fact have
length — but this length is so small that when added to itself a finite number of times
it is impossible to obtain the length of an interval. In algebraic terms, the “length” of
a point must therefore be a quantity € > 0 such that n-e < 1 for all natural numbers
n > 1. Infinitesimals found use in the foundations of calculus: for example, one can
say that a function f is continuous if f(¢) is infinitesimally close to f(s) whenever ¢ is
infinitesimally close to s.

It is very important to note that there is great difficulty in interpreting historical math-
ematics from a modern perspective. Prior to the late 19th century, notions such as

1



Introduction 2

“function” and “set” did not exist in their modern form, and it is impossible to under-
stand the works of Newton, Leibniz, Euler etc. without appreciating that those authors
exist in their historical context. The above definition of an infinitesimal may not faith-
fully represent how all historical authors thought about infinitesimals and at least some
authors may have had in mind a completely different notion. I do not count myself a
historian and make no claims to authority on such subtle matters, the interested reader
is directed to the extensive bibliography in [10].

In the 19th century, the perceived vagueness of the notion of an infinitesimal was trou-
bling to many and there were numerous attempts to put infinitesimals on a secure footing
or to develop calculus without them. Today we credit Bolzano, Dedekind, Weierstrass
and many others with developing a convincing formulation of real analysis without in-
finitesimals.

Nonetheless, the idea of an infinitesimal remains appealing. It is an interesting problem
to determine exactly why historical mathematicians had such success using them and
whether they can be interpreted in a modern context. Indeed, there are several mod-
ern theories of real analysis which include infinitesimals. Notably, Robinson’s theory of
non-standard analysis has been promoted as a faithful recreation of the infinitesimals of
Leibniz [86, 112, 126]. Smooth infinitesimal analysis is another approach based instead
around nilpotent infinitesimals [9], and Conway’s surreal numbers are based on an ex-
tension of the Dedekind completeness property of R. A fascinating recent article with a
survey of different approaches to infinitesimals is [48].

Connes’ infinitesimals stand apart from many other approaches in that there has been
little focus on the reinterpretation of classical real analysis. Instead, Connes’ primary
interest has been in new settings.

Let us return to the (debatably historically faithful) idea that an infinitesimal is supposed
to be an object € such that:

1
0<e<—, foralln>1 (1.1.1)
n

Of course, (1.1.1) is not satisfied for any real number ¢. In non-standard analysis,
surreal analysis and some other approaches, one considers an embedding of R into a
larger ordered field which contains an element ¢ satisfying (1.1.1).

Connes, however, finds inspiration in quantum mechanics. Let us think of € as being not
a real number, but instead as a quantum observable. This opens up the possibility that
we can instead interpret (1.1.1) as being a superposition of the statements “0 < & < %”
as n ranges over 1,2,3,....

To be more precise, suppose that ¢ is, rather than a number, actually a positive compact
operator on a Hilbert space, which has a sequence of distinct and positive eigenvalues
{Aj}52, with corresponding orthonormal eigenvectors {v;}32,. Consider the state:

D
¥ = agug + a1v1 + QU + -+ - = g Q50
=0

where {@;}22, is a sequence of complex numbers satisfying > 2% laj|> = 1. That is, 1
is a superposition of the eigenstates of €. If we decide to measure €, then the outcome
will be one of {);}52, with corresponding probabilities {|a;|*}32.
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The probability that the measured value of € will be less than % is:

> oyl

IAjl<E

So that if infinitely many {O‘j}?io are nonzero, then for every m > 1 the outcome
“D<e< %” will be observed with positive probability. This is an unconventional but

not-unreasonable interpretation of (1.1.1).

We can remove the dependence on the choice of state 1 with the following definition:
Say that a linear operator 1" on a Hilbert space H is infinitesimal if for all n > 1, there
exists a finite dimensional subspace £ C H such that the norm of T restricted to F is
less than or equal to %

Thus, an operator T is infinitesimal if it can be approximated in the operator norm by
finite rank operators, and so we come to the realisation that 7" is infinitesimal in the
above sense if and only if T' is compact.

Let us examine a simple case of Connes’ infinitesimal arithmetic. Consider the algebra
Cl1+K(H), where H is a Hilbert space, KL(H) denotes the algebra of compact operators
and 1 denotes the identity operator. By mapping z € C to z1, there is a natural
embedding C — C1 + K(H). The above discussion is an attempt to motivate the idea
that C1 + IC(H) can be regarded as an “infinitesimal extension” of C.

For the purposes of this example, adopt the following language: The “infinitesimal
neighbourhood” of Z € C1 + K(H) is the set {Z + T : T € K(H)}, and say that two
operators Z,W € C1 + K(H) are infinitesimally close if Z — W is infinitesimal. That is,
if Z and W have the same infinitesimal neighbourhood.

The self-adjoint subspace of C1+K(H) is R1+ Ky (H), where K, (H) denotes the space
of self-adjoint compact operators. If f : R — C is a bounded Borel function, we may
define f(Z) for Z € R1 + Ks(H) by functional calculus. We then have the following
(not particularly deep) theorem:

Theorem. A bounded Borel function f : R — C is continuous at t € R if and only if
ft +¢e) is infinitesimally close to f(t) for all self-adjoint infinitesimals .

Equivalently, f is continuous at ¢ if f maps the self-adjoint part of the infinitesimal
neighbourhood of ¢ into the infinitesimal neighbourhood of f(t). With sufficient care,
one can also discuss continuity of general Borel functions f : C — C using the functional
calculus of normal operators.

The above description of continuity is simply a restatement of the fact that f is contin-
uous at ¢ if and only if f(t + \,) — f(t) for all sequences A\, — 0. If this were the only
product of Connes’ infinitesimal arithmetic, then it would be nothing but a curiosity.
However, one interesting feature of C1 + KC(H) is that there is a natural way to make
sense of the “size” or “order” of an infinitesimal ¢ € K(H).

For n > 0, the nth singular value of T' € IC(H) is defined as:
w(n,T) :=inf{||T — R|| : rank(R) < n}.

One may also characterise {u(n,T)}7%, as being the sequence of eigenvalues of the
absolute value |T'| arranged in non-increasing order with multiplicities. The sequence
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u(T) = {u(n,T)}52, is a sequence of non-negative numbers vanishing towards zero,
and it is reasonable to think of the rate of decay of u(7T) as measuring the size of the
infinitesimal T'. As justification, consider the case when T is positive. In this case,
w(T) is simply the sequence of eigenvalues of T' arranged in non-increasing order with
multiplicities. Denote the corresponding eigenvectors as {v,}°2,. When in a state
¥ € H with ||¢||g = 1, the probability that 7" is observed having value less than % is:

S 1wl

k: ,u(k’,T)<%
This relates the rate of decay of u(T') to the “observed size” of T

Following Connes, an infinitesimal of order 1 is an operator T' € K(H) such that:

u(n,T)=0(=), n— oo.

1
n
More generally, an infinitesimal of order p > 0 has singular value asymptotics:

w(n,T) = O( ), n — oo.

nl/p

In the language of operator theory, an infinitesimal of order p is thus identical to a
compact operator in the weak Schatten ideal £, » (as defined in Subsection 1.5.2).

Much of the work of this thesis is devoted to the problem of determining when some
compact operator is in an ideal £, . It can, in many cases, be enlightening to instead
use this language of infinitesimals to describe our results.

1.1.2 Index Theory

Connes’ quantised calculus was primarily motivated by his work in noncommutative
geometry, and a large part of this particular branch of noncommutative geometry was
motivated by index theory. Therefore, it is appropriate to say at least something about
that topic.

The announcement in 1963 of the Atiyah—Singer index theorem [6] and the later dis-
semination of complete proofs [98] led to rapid developments in algebraic topology and
index theory. Besides Atiyah and Singer, numerous authors including (but certainly
not limited to) Kasparov [80], Bott and Patodi [4] and Getzler [56] began a thorough
dissection of the original proofs of the index theorem. The literature on index theory is
vast and a full account of the history of the subject is beyond the scope of the present
text, further historical details may be found in [58, Chapter 5].

After substantial work by many authors, notably Kasparov and the important work of
Brown, Douglas and Fillmore [22], it was eventually realised that an essential insight of
the Atiyah—Singer index theorem is that an elliptic differential operator D on a manifold
M defines a class [D] in the K-homology of M, K-homology being a topological invariant
which is dual to K-theory. After close examination it became clear that the Atiyah-
Singer index theorem could be proved via an analytic construction of K-homology [5, 7].
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The fundamental notion in what is now known as analytic K-homology is a Fredholm
module. Subtly varying definitions are available in the literature, however typically a
Fredholm module for a C*-algebra A is a triple (7, H, F'), where H is a Hilbert space,
I is a bounded operator on H and 7 is a representation of A on the bounded operators
of H such that for all a € A we have:

(i) m(a)(F* —1) € K(H)
(i) m(a)(F — F*) € K(H)
(iii) [F,7m(a)] € K(H).

(c.f. [75, Chapter 8].) The K-homology of a C*-algebra A is defined to be the set of
Fredholm modules of A modulo a certain equivalence relation. Often, Fredholm modules
are augmented with additional structure such as a Zo-grading v, where - is a self-adjoint
idempotent on H which commutes with 7(A) and anticommutes with F. One can think
that A is an algebra of functions of a “space”, H is a space of sections of a “bundle” on
that space, and F' is an “order zero elliptic operator” on H.

Putting aside the technical details, the K-homological perspective on index theory begins
by associating to an elliptic differential operator D on a compact manifold M a certain
Fredholm module for C (M) (the algebra of continuous functions on M).

The K-homology and K-theory of a manifold M are linked with its de Rham cohomol-
ogy and homology by a functor called the Chern character. Within the framework of
Fredholm modules, the Chern character is described as follows. One says that a Fred-
holm module (7, H, F') with grading ~y is p-summable if [F,w(a)] € Ly4+1(H) (where the
Schatten £, classes are defined below in Section 1.5.2) for all a in a dense subalgebra
A C A. Given a p-summable Fredholm module and an integer n > p, the nth component
of the Chern character is the multilinear functional on A given by:

chy,(ag, ar,ag,...,a,) = c,Tr(vF[F,w(ag)][F,m(a1)] - [F,7(an)]), ao,a1,...,an € A,

where ¢, is a certain constant (strictly speaking, the Chern character is defined as a
certain class in periodic cyclic cohomology rather than merely a multilinear functional,
and it is essential that we assume F2 = 1 in order that ch, to be a cyclic cocycle). The
above formula for the K-homological Chern character was the original motivation for
the definition of cyclic cohomology, and moreover for quantised calculus. Connes [26]
initiated a program of developing a formal analogy between expressions involving traces
of products of commutators [F,7(a)] and integrals of differential forms.

There is a certain formal similarity between the Chern character on K-homology and
multilinear functionals of the form:

os fireees fa) /M Jodfidfe---dfa. for fuoeers fa € CF(M).

This is more than a visual resemblance: there is a close link between cyclic homology and
de Rham cohomology, and under mild regularity assumptions an explicit identification
between the two is possible [85, Section 2.3]. It is not the case that [F,7(a)] could
literally be interpreted as a differential form, but cyclic homology is a close analogy
of de Rham cohomology, and [F,7(a)] can play the same role as a differential df. It
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was this analogy that led Connes to postulate that i[F, w(a)| should be interpreted as a
“quantised differential” of a [28, Chapter 4].

For noncommutative geometry, this is one motivation to understand the singular values
of operators of the form [F,m(a)], and Chapters 5 and 7 are devoted to analysing the
singular value asymptotics of [F,7(a)| for certain very special examples.

For further details on the relationship to noncommutative geometry, see the survey [24]
or [64, Chapter 8]. In a related vein to the preceding discussion of index theory, this
thesis fits into the general context of noncommutative geometry as developed by Connes.
Indeed, one of the features of the analytic perspective on K-homology is that to define
Fredholm module there is no need for an underlying “space”. Noncommutative geometry
(especially in the sense related to the present work) is often attributed to Connes, due to
his substantial contributions to and promotion of this philosophy [28, 30, 31]. Connes’
contributions include (with H. Moscovici) a far-reaching extension of the Atiyah-Singer
index theorem to a purely algebraic setting [34, 74]. Many of the techniques used in this
thesis can be traced to that line of research.

1.2 Double operator integration

The notion of a double operator integral originates with the pioneering work of Yu. L.
Daletskii and S. G. Krein [38, 39], and was later further developed and extended by M.
S. Birman and M. Z. Solomyak [15-17] and others in the same research group, including
S. Ju. Rotfel’d [114] and L. S. Koplienko [13].

Let H be a (complex, separable) Hilbert space, and let A and B be (potentially un-
bounded) self-adjoint linear operators on H, with spectral resolutions E4 and E? re-
spectively. Let f : R — C be a Borel function. The theory of double operator integration
was developed to analyse expressions of the form f(A) — f(B), where f(A) and f(B)
are determined by functional calculus:

= [ WAE, B = [ Bt ().
Spec(A) Spec(B)
The following questions are relevant to operator theory:

(i) if A — B is bounded, is f(A) — f(B) bounded?

(ii) Similarly, if A — B is trace class, or in the Schatten-von Neumann ideal £,, is the
same true of f(A) — f(B)?

(iii) When is the function ¢ — f(A 4+ tB) differentiable?

A 1968 result of Yu. B. Farfarovskaya [51] states that not all Lipschitz functions on R
are Lipschitz in the operator norm: a result which implies that there exist Lipschitz
functions f : R — R and self-adjoint operators A and B with A — B bounded but
f(A) — f(B) not bounded. It was later established by E. B. Davies that even the
absolute value function f(t) = |¢| is not operator Lipschitz [40].
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How can we study the difference f(A) — f(B)? Formally, we may compute f(A)— f(B)
as:

F(A) — £(B) = /S L F ) - / £ () dE (1)
pec

Spec(B)

-/ (A) = F)dEANAE (1)
Spec(A) xSpec(B)

f
-// FVZTU (3 — apas® ()
Spec(A) xSpec(B)
f)

: TW) gBAN (A = BYIEP (1),

Y=
Spec(A)xSpec(B) A

7

=

In the final step, we have used the (formal) identities:

MEANAE? (1) = AdEA(N)dE? (1) = dEA(N)ADES (1),
pdEA(NAEB (1) = dEA(N)BAE? (1).

A “double operator integral” refers to a formal expression:
700 = [ B\, 1) AEA(N) X dEE (1) (1.2.1)
Spec(A)xSpec(B)

Here, ¢ is a bounded measurable function on the product of the spectra Spec(A) and
Spec(B), and X is a linear operator on H. It is, in general, a difficult technical problem
to give rigorous meaning to the above expression, and there is no universally accepted
definition which can make sense of the above integral for all bounded operators X and
for all ¢. Nonetheless, there are compelling reasons to study expressions of the above
form.

Daletskii and Krein noticed that if one can justify the preceding formal computations,
then we have the following striking identity for a Lipschitz continuous function f:

f(A) = [(B)=T*"(A- B). (1.2.2)

where ¢ is the function ¢(\, u) = %ﬁw Similar identities were already known to K.
Loéwner in 1934 [90], at least in the finite dimensional setting.

Thus if sense can be made of a double operator integral, then we have the possibility
to “convert non-linear problems into linear problems”, in the sense that the non-linear
relationship between A — B and f(A) — f(B) can be related to the linear map X —
%A,B( X).

A substantial proportion of the research into double operator integrals has been moti-
vated by attempting to make sense of the formal expression (1.2.1) and verifying (1.2.2)
for various classes of operators A and B and functions f. The potential rewards of such
an endeavour are high: for example, if one can characterise the set of functions ¢ for
which (1.2.1) makes sense and such that X %A’B(X ) is a bounded linear operator
in the operator norm, then one in principle has an analytical test to determine which
functions f satisfy a Lipschitz estimate in the operator norm:

1/(A) = f(B)lleo < CsllA = Bl
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for some constant C'y.

A similar formal computation yields:

A+1tB)— f(A
f(A+t t) f(A) :%AHB,A(B)
Suggesting that:
d
7 [ (A4 tB)|i= = lim 7;;“”3 AB) =T (B). (1.2.3)

The above formula is called the Daletskii-S. Krein formula, and it is a highly nontrivial
matter to make rigorous sense of the latter equality, as one needs to understand the
continuity of the mapping (A, B) — ’7;;4’3. Nonetheless, if (1.2.3) can be made rigorous
then one has an explicit formula for the Gateaux derivative of the function A — f(A).

It is thanks to the far-reaching work of V. V. Peller [99] that we have what is arguably
the central pillar of double operator integral theory: Peller’s theorem. Peller’s theorem
precisely characterises the class of functions ¢ such that the double operator integral
EA’B defines a bounded linear operator on L, (or equivalently, on £1). We shall explore
Peller’s theorem in Chapter 3. In his more recent publications and in joint work with
A. B. Aleksandrov and F. L. Nazarov, Peller has contributed to the extension of the
theory to more advanced problems: such as those involving multiple operator integrals
and non-selfadjoint and even non-normal operators [1, 2].

Double operator integration and its applications remain an active area of research. Sur-
vey articles devoted to this topic include a 2003 survey of Birman and Solomyak [14]
and the more recent expository work of Peller [101, 102].

1.2.1 Schur products

Some light can be shed on the formal identity (1.2.1) if one focuses initially on the finite
dimensional case. If H = CV, then we should consider A, B and X as N x N matrices.
The spectral resolutions of A and B are now discrete:

N-1 N—1
A= A(j, A)vjvi, B= Z A(J, B)uju
=0 =0

where {\(j, A)}Y = L NG, B) N_ ! are the eigenvalues of A and B, and {'U]}NO and

{u; };V: _01 are corresponding orthonormal bases of eigenvectors. In this case, the double
integral (1.2.1) becomes a double sum:

N—

,_.

N—

,_.

SN A), Ak, B)yujof(uj, Xu).
j=0 k=0

If one writes e, = u vy, and X, = (uj, Xv), then we have:

N-1 N-1
B( Z Xj,kej,k) = Z ¢()‘(.]7 A>7)‘(k7B))ijk€jvk

7,k=0 J,k=0
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From the perspective of linear algebra, it now becomes clear that EA’B is what is known
as a Schur (or Hadamard) product. The Schur product of two matrices A, B of the same
size (say, n x m) is defined as the entrywise product:

A oB:= {Aj,kBj,k}-

The importance of the Schur product in linear algebra was already appreciated long
before Daletskii and Krein, having appeared in I. Schur’s 1911 paper [121].

A double operator integral may therefore be reasonably termed a “measurable Schur
product” and indeed this terminology sometimes appears in the literature [133]. We
will have more to say concerning the relationship between Schur products and double
operator integrals in Chapter 3.

1.2.2 Functional calculus

Another perspective on the formal double operator integral (1.2.1) is from functional
calculus. Let p(z,y) = > ik a; 1’ y* be a polynomial in two variables, and let A and B
be bounded linear operators on the Hilbert space H. If A and B commute, then we can
make unambiguous sense of the expression:

p(A,B) = Z a; A B,
g,k

From a more algebraic point of view, the assignment p(z,y) — p(A, B) represents an
algebra homomorphism from the space of polynomials in two variables to the space of
bounded linear operators, and indeed is the unique algebra homomorphism which maps
x to A and y to B.

If A and B do not commute, then the expression p(A, B) is ambiguous; zy and yz
represent identical polynomials but AB and BA in general are distinct operators. One
can resolve this ambiguity with the use of various operator-ordering conventions (such
as declaring that z7y* maps to A7 B¥) but there is in general no algebra homomorphism
from the space of polynomials in two variables to the space of bounded linear operators
which maps x to A and y to B.

The functional calculus perspective on double operator integration begins with the ob-
servation that A and B act not only on H, but also on the Hilbert-Schmidt space La(H).
The Hilbert-Schmidt space is a two sided ideal of the algebra of bounded linear operators,
and we can define the operators of “left multiplication” and “right multiplication”:

L,X = AX, RpX =XB, X € LyH).

While A and B do not necessarily commute on H, L4 and Rp do commute on Lo(H),
since:

A(XB) = (AX)B, X € Lo(H).

So while p(A, B) is an ambiguous expression, p(L 4, Rp) may be unambiguously defined
as a bounded linear operator on Lo(H):

p(La,RB)X =) a;p AIXB".
7.k



Introduction 10

The mapping p — p(L 4, Rp) inherits all of the desirable properties of functional calculus
of two commuting variables (in particular, it is an algebra homomorphism).

Let us consider the relationship with the formal double operator integral (1.2.1). If A
and B are self-adjoint, then they may be reconstructed as spectral resolutions:

A= AdEA(N), B :/ wdEB ().
Spec(A) Spec(B)

For X € L9(H), we have:

AIXBF = / M dEANX pk dEB (1).
Spec(A4) Spec(B)

Then formally applying Fubini’s theorem,
AIXBF = / NP dEANXAE® (1).
Spec(A)xSpec(B)
So for a general polynomial p,
p(La R X = [ P\ 1) dE () XdE” (1),
Spec(A)xSpec(B)

While the application of Fubini’s theorem was only heuristic, the left hand side p(L 4, Rp) X
is a rigorously defined object. The approach to double operator integration pursued by
Birman, Solomyak [15-17] and Peller [99, 101, 102] is essentially to define the double
operator integral as p(La, Rp)X,

TP (X) == p(La, Rp)X.

This approach has the advantage that there is no need to restrict attention to polynomial
functions or bounded operators A and B, since one may appeal to the existence of
a functional calculus for arbitrary Borel functions of pairs of commuting self-adjoint
operators. This approach does have the disadvantage that (1.2.1) is then only defined
a priori for X € Lo(H), although in some cases it is possible to extend the definition
to wider classes of X using duality or density arguments. This point of view shall be
pursued in Chapter 2.

1.2.3 Double operator integrals as operator-valued integrals

A third perspective on (1.2.1) views the double operator integral %A’B(X ) as being a
certain operator-valued integral.

Let us make the ansatz that one can separate the variables of the function ¢ in the sense
that there is some measure space (€2, 1) such that:

o(t,s) = /Q@(t,w)ﬁ(s,w) du(w), t,seR (1.2.4)

where o and [ are measurable functions on R x 2.
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Formally applying Fubini’s theorem now yields:
T3P0 = [ [ altw)Blsw)dEA ) XAE () du(w)
Q JRr2
— [ al4.w)X8(B,0) du(w).
Q

While the preceding computation was only formal, the expression on the right-hand-
side can be defined for large classes of X, a and 3, and we will explore this definition in
Section 4.1.1. This is a method which makes sense of (1.2.1) for wide classes of operators
X, but is essentially limited to functions which can be decomposed as in (1.2.4).

1.2.4 Further perspectives

At present, there is no universally accepted definition of a double operator integral which
applies equally well in all situations. If one wishes to consider a wide class of functions
¢ in (1.2.1), then the perspective in Subsection 1.2.2 is appropriate. If instead the focus
is on considering a wider class of operators X, then the perspective of Subsection 1.2.3
is advantageous. In some circumstances, even more exotic interpretations of (1.2.1)
are needed. For example, in [106] a definition was developed based on taking limits of
discrete Schur multipliers and in [41] the theory was based on integration of functions
with respect to finitely additive spectral measures on Banach spaces.

The perspective of this thesis is to take a “stereoscopic” approach to double operator
integrals: rather than promote a single definition, instead two competing definitions will
be presented on an equal footing. These definitions are consistent whenever they are
both meaningful, however for certain applications it can be helpful to adopt one or the
other point of view.

1.3 Julia sets

One of the most impressive applications of Connes’ quantised calculus has been to the
apparently unrelated area of holomorphic dynamics. This line of inquiry originates with
Connes and D. Sullivan, and the first results in this direction were announced in [28].
Holomorphic dynamics is a well-established research area, and several monographs on
the topic exist [8, 25, 95].

1.3.1 Background on holomorphic dynamics

The primary focus of study in holomorphic dynamics is the iteration of functions. Let
¢ : C — C be a holomorphic function, and let zp € C. Define a sequence {zy}n,>1 by
the rule z,4+1 = ¢(zy) for n > 0. In other words, z, = ¢"(2¢). It is usually hopeless to
derive a closed form for z, in terms of n and zy; instead the main focus of the theory of
holomorphic dynamics is to describe the qualitative features of the sequence {2y, },>0. Of
special interest is the relationship between the choice of zy and the asymptotic behaviour
of {zn}n>0 as n — oco.
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FIGURE 1.1: K(¢) for ¢(z) = 23 +0.4 —0.14

For example, if ¢ is a polynomial of degree d > 1, then when z is sufficiently large ¢(z)
is dominated by the degree d term, so there is the following dichotomy: either |z, | — oo
as n — 00 or |z,| remains uniformly bounded in n.

Define the filled in Julia set, K(¢), of a polynomial ¢ to be the set of zy such that the
sequence z, = ¢"(zp) is uniformly bounded as n — oo [25, Section II1.4]. The set K (¢)
is necessarily bounded, and it can also be proved to be closed [25, Section II.1]. Since the
equation ¢(z) = z always has at least one solution, K (¢) is also necessarily non-empty.
The Julia set J(¢) may be defined in this context to be the boundary of K(¢).

One can approximate K(¢) on a computer. Several algorithms exist [95, Appendix HJ,
but the simplest one is described as follows: consider a large (2N +1) x (2N +1) grid of
complex numbers, say {ne + zme}ﬁf m—_n for some grid spacing € > 0. Assign to each
number in the grid a pixel, initially coloured white. Select appropriate constants J and

K, and colour the (n, m)th pixel black if |¢7 (ne + ime)| < K.
For example, Figure 1.1 shows K (¢) for ¢(z) = 23 4+ 0.4 — 0.1i.

The Julia set J(¢) can be approximated from K(¢) by applying an edge-detection algo-
rithm. Figure 1.2 was produced with such an algorithm.

1.3.2 The Conformal Trace Theorem

In Chapter 1.2, we give an indication of the utility of quantised calculus in the concrete
example of the so-called Conformal Trace Theorem for Julia sets.
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(€) ¢(z) = 2* +0.2—0.1i (D) ¢(z) = 2° — 0.29 + 0.5i

FIGURE 1.2: Numerical estimation of of J(¢) for various ¢.

An important feature of Julia sets in general is that they are fully invariant: that is, z
belongs to the Julia set of a polynomial ¢ if and only if ¢(z) also belongs to the Julia
set of ¢ [95, Lemma 4.3]. We will be concerned with examples where ¢ is hyperbolic on
J(¢), which roughly means that |¢/(z)| > 1 for all z € J(¢) (see Definition 5.1.1). This
hyperbolic self-similarity accounts for the rough appearance of the Julia sets in Figure
1.2 and in the cases that interest us, J(¢) will have Hausdorff dimension strictly between
1 and 2.

Let us briefly discuss the motivation behind the conformal trace theorem. Suppose that
one has a simple closed curve C in the plane R?, parametrised by a function s : [0,1) — C.
If s is of bounded variation, then one can recover the arc-length measure on C by
integration: the integral of a continuous function f on C with respect to the arc-length
measure is given by the Riemann-Stieltjes integral:

1
/0 F(s(8))lds| (1)

On the other hand, typical Julia sets cannot be parametrised by a function of bounded
variation, although in place of an arc-length measure they do have a Hausdorff measure.
The conformal trace theorem states that we may recover the integral of a function f on
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J with respect to the p-dimensional Hausdorff measure by the formula:

} rjazp

where Z is an appropriate parametrisation of J, and now dZ denotes a quantised dif-
ferential and f is a singular trace.

In general it is a nontrivial matter to determine if the Julia set of a polynomial is a
simple closed curve. In [33], the decision was made to restrict attention to the heavily
studied class of examples of the form ¢(z) = 2%4c for ¢ sufficiently small and nonzero. In
Chapter 5, instead we work with a larger class of polynomials which we term admissible
(see Definition 5.1.1). The Julia sets of admissible polynomials are simple closed curves,
and certain basic polynomials such as ¢(z) = 2% + ¢ for d > 2 and c sufficiently small
and nonzero are admissible.

The precise version of the Conformal Trace Theorem to be proved in Chapter 5 is as
follows. The relevant notations will be reviewed in Chapter 5.

Theorem. Let p € (1,2) be the Hausdorff dimension of the Julia set J of an admissible
polynomial ¢. Let my, be the p-dimensional Hausdorff measure on J. Then,

(a) [Fv MZ] € Ep,oo-

(b) For every continuous Hermitian trace ¢ on L1, there ezists a constant K(p, @)
such that for every f € C(J) we have:

oMozl [F, Mz)P) = K (9, 6) /J f dmy.

(¢) If w is a dilation invariant extended limit on Lo (0,00) such that w o log is also
dilation invariant, then K(tr,,¢) > 0. Here, tr, is a Dizmier trace corresponding
to the extended limit w.

This version of the theorem has not previously appeared in writing, and the proofs given
in Chapter 5 are original to this thesis.

1.4 Plan of the thesis

In the next section of this chapter we will review some background material concerning
von Neumann algebras (Subsection 1.5.1) and operator ideals (Subsection 1.5.2).

Chapter 2 continues exposition of background material with an exhaustive account of
the theory of integration with respect to spectral measures. This material is included
primarily in service of Chapter 3, and so readers familiar with this material could move
very quickly through Chapter 2. In Chapter 3, we include a complete proof of Peller’s
theorem concerning necessary and sufficient conditions for the boundedness of double
operator integrals on the trace class ideal corresponding to a separable Hilbert space.

In Chapter 4, we include an alternative exposition of double operator integration theory
based instead on the concept of a weak* or Gel’fand integral. This is developed for the
purposes of proving a theorem relating the difference of complex powers of operators.
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Chapter 5 details a proof of the Conformal Trace Theorem. It is primarily based on the
paper [33].

Chapters 6 and 7 are concerned with the problem of characterising the singular value
asymptotics of quantised differentials associated to noncommutative Euclidean spaces.
These chapters are based on the published paper [94] and the submitted paper [92]
respectively.

1.5 Preliminary material

1.5.1 Von Neumann algebras

Let us briefly recall the basics of von Neumann algebra theory. Further details may
be found in, for example, the books [43, 77, 118, 131]. A von Neumann algebra M is
a unital x-subalgebra of the algebra of bounded linear operators on a Hilbert space H
which is closed in the weak operator topology (or equivalently in the strong operator

topology).

If X CB(H), let X’ C B(H) denote the set of operators which commute with every ele-
ment of X. Von Neumann’s celebrated bicommutant theorem states that a *-subalgebra
M of B(H) is a von Neumann algebra if and only if M = M".

The algebra M inherits a partial ordering from its representation on H: for self-adjoint
a,b € M we say that a < b if for all £ € H we have that (£, a&) < (£,bf). We say that
a € M is positive if a > 0. Equivalently, an element a is positive if a = b*b for some
b€ M. Let M™ denote the set of positive elements of M. The cone M™ satisfies the
following Dedekind completeness property: if {z)}xea € M™T is a net where (A, x) is a
directed set, we say that {x)}xca is monotone increasing if A < p implies that x) < .
Given a monotone net {x)}rca which is bounded above in the sense that there is some
y € MT with z) <y for all A € A, there exists a least upper bound supyc, ) in M™.
Note that in M™ we can only prove the existence of the supremum of a monotone net:
for A, B € B(H) a least upper bound AV B exists if and only if either A < B or B < A.

A self-adjoint idempotent of M is called a projection. Many of the properties of the
lattice of projections of B(H) transfer to M. For example, if p,q € M are projections,
and if p V g denotes the projection onto the closed subspace pH + qH then pV q € M
due to the bicommutant theorem. We also have that p V ¢ is the minimal projection
such that p < pV g and g < pVq. We denote P(M) for the lattice of projections in M.

A distinguishing feature of von Neumann algebras is that a von Neumann algebra M
has a Banach space pre-dual M,. This introduces a new notion of convergence in the
setting of von Neumann algebras, weak™ convergence: say that a net {z4}aca (indexed
by a directed set A) in M converges to x € M in the weak*-sense if z,(w) — z(w) for
all w e M,.

It will later be important to give sufficient conditions for weak*-convergence in terms
of the representation of M on H, and for this purpose we use the o-weak topology.
Consider subsets of H of the form {&.}72, and {n;}}2, where &; is orthogonal to & for
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j # k, n; is orthogonal to 7, for j # k, and
oo oo
D NGklE < oo, D ImkllFr < oo
k=0 k=0

Define the following seminorm on M:

P} im} () = , TEM. (1.5.1)

> (k)
k=0

Then the o-weak topology of M is defined to be the topology generated by the family
of seminorms pyge,y 3 @ {&k} and {n} vary over all possible choices satisfying the
stated conditions (c.f. [131, Definition II.2.1]). The predual M, can be identified with
the set of o-weakly continuous functionals on M [131, Theorem II1.2.6(iii)] and hence if
{Za}aca is a net which converges to x in the o-weak sense then {zs},ca converges to
z in the weak*-topology of M.

A faithful normal trace 7 on M™ is an additive mapping from M™ to [0, 00] which
satisfies the following properties:

(i) Faithfulness: 7(z) = 0 if and only if z = 0.

(ii) Normality: if {z)}xea is @ monotone increasing net of operators which is bounded
above, then 7(supycp 1) = supyca 7(zy).

(iii) Traciality: If u € M is unitary, then 7(uzu*) = 7(x) for all x € M™T.

There exist von Neumann algebras where every trace is infinite on every nonzero element.
For this reason, the notion of a semifinite von Neumann algebra is introduced. Say that a
projection p € P(M) is T-finite if 7(p) < oco. A pair (M, 7) is a semifinite von Neumann
algebra if the identity projection 1 € P(M) is a monotone limit of 7-finite projections.
If (M, 1) is semifinite, then every z € M™ can be obtained as the supremum of a
monotone net {zq}aeca such that 7(z,) is finite for each a.

In the semifinite case, an explicit description of M, is available. Let p > 1 and consider
the set
Ny={zx e M : 7(|z]P) < oo}

then the quantity ||z||, := 7(|z|?)"/? is a norm on N, and the completion of N, with
respect to this norm is called the L, space associated to (M, 1), denoted L,(7) for
brevity. One can identify L;(7) with M, with the duality pairing:

(x,2) = 7T(x2), €M,z Li(T).

The particular case p = 2 is a Hilbert space, with inner product (y,x)r, := 7(y*z).

A von Neumann algebra M is said to be o-finite if M admits at most countably many
pairwise orthogonal projections ([131, Definition 3.18]). The o-finiteness of M is equiv-
alent to the assumption that M admits a faithful representation on a separable Hilbert
space [131, Proposition 3.19] and further implies that every z € M can be obtained as
a weak*-limit of a sequence in Lq(7) N M.



Introduction 17

1.5.2 Singular traces and operator ideals

This section introduces notation and terminology concerning singular traces (in partic-
ular Dixmier traces) and operator ideals. Let H be a complex separable Hilbert space
with orthonormal basis {e,}>%,. Denote by B(H) the x-algebra of bounded linear op-
erators on H and denote by K(H) the set of compact operators. Given an operator
T € K(H), the singular value function s — p(s,T) is defined to be the distance of T' to
the set of all operators of rank at most s:

w(s, T) :=1inf{||T" — R|| : rank(R) < s}, s>0.

Equivalently, {x(k, T)}72, is the sequence of eigenvalues of |T| arranged in non-increasing
order with multiplicities.

Given p € (0, 00], the p-Schatten class £, is defined to be the set of operators T € B(H)
such that {u(n,T)}>2 is in the sequence space £,. The weak Schatten class £, » is the
set of operators T' € B( ) such that u(n,T) = O( ~1/P). The Schatten p-class £, (resp.
the weak Schatten class £, ) is equipped with the norm (resp. quasi-norm) given by
1T == [[{u(n, T)}ololle, (resp. ||T|[p,00 = sup,>o n'/Py(n,T)). The closure of the set
of finite rank operators in £, o, shall be denoted_(ﬁpm)o.

When p > 1, £, is a Banach space, and an ideal of B(H). Although the weak Schatten
quasinorm || - ||« is not a norm, when p > 1 there is an equivalent norm for £, o, given
by:
[ieallos _sup(n+1 )1/p- 12” k,T).
k=0

As with the £, spaces, £, ~ is an ideal of B(H). We also have the following form of
Hoélder’s inequality,
TSl 00 <

oo llSlg.00
1

where - = % + %, for some constant ¢, 4. For 0 < r < oo, the closure of the set of finite
rank operators in the £, o, quasinorm is denoted (£, )o. It is straightforward to check
that (£,.00)o is again an ideal of B(H).

An operator theoretic result which will be useful is the Araki-Lieb-Thirring inequality [3,
Page 169] (see also [81, Theorem 2]) which states that if A and B are bounded operators
and r > 1, then:

|AB|" <=<10g |A["|B|"

where <<, denotes logarithmic submajorisation. In particular this implies the follow-
ing inequality for the £, o, quasinorm, when r > 1:

IAB 00 < elllAI"[BI" 1,00 < ell AllssHIAIBI"l1,00- (1.5.2)

For ¢ € [1,00), we also consider the ideal £, 1, defined as the set of bounded operators

T on H satisfying:
wu(n
ITlle,s = 3 25y <o
n>0 ( ) ‘1

We have the following Holder-type inequality, if * 5+ E =1 then:

ISl < 1T llp.collSTlg.1- (1.5.3)
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A functional ¢ : L1 o — C is called a continuous trace if it is continuous in the £j
quasinorm and for all A € £ » and B € B(H), we have ¢(BA) = p(AB). A trace ¢ is

hermitian if p(A*) = ¢(A) for all A € £ .

An important fact about traces is that any trace ¢ on L£; o vanishes on £ [89, Theo-
rem 5.7.8]. It is known that not all traces on £ » are continuous [88, Remark 3.1(3)].
Within the class of continuous traces on L o there are the well-known Dixmier traces
[89, Chapter 6], which we discuss below.

There is a bijective correspondence between traces on L1 o and certain functionals on
{~ which we will describe here for later use. A continuous linear functional 6 € % is
called translation-invariant if it is invariant under translations in the sense that

0(xo,x1,...) = 0(0,20,21,...), for all (zg,z1,...) € loo.

Additionally, a functional 0 is Hermitian if 6(z*) = 6(x) for all x € fo

The following result is a combination of [123, Theorem 4.1, Theorem 4.9]. Note that in
[123] the implicit assumption is made that all functionals are Hermitian.

Theorem 1.5.1. For every continuous Hermitian trace ¢ on L1 o there exists a unique
translation-invariant Hermitian functional 6 € €5 such that for all A > 0 in L o we

have:
ontl_g

o(A) = 0 10;2 S ulk, 4) . (1.5.4)
k=2m—1

n>0
Moreover, for every translation invariant 6 € €%, the right hand side of (1.5.4) defines
a trace on L1 .

Corollary 1.5.2. Every continuous Hermitian trace ¢ on L1 can be written as a
difference ¢ = w4 — w_ where w_ and 4 are positive continuous traces.

Proof. Due to Theorem 1.5.1, the result will follow from the assertion that for any trans-
lation invariant Hermitian linear functional 6 on £, that there are positive translation-
invariant linear functionals 64,6_ such that § = 6, — 6_. This fact is established in
[123, Lemma 4.8], thus completing the proof. O

In Section 5.6 we also refer to the specific subclass of traces on L1 o of Dixmier traces.
A linear positive linear functional w on the von Neumann algebra L..(0,00) is called
an extended limit if w vanishes on all functions of bounded support and w(1) = 1. The
dilation semigroup {os}s>0 on Lo (0,00) is defined by:

(osF)(t) = f(t/s)-

A dilation invariant extended limit is defined to be an extended limit w such that woos =
w for all s > 0.

Given a dilation invariant extended limit w, the Dixmier trace tr,, is defined on 0 < A €

El,oo by .
1
trw(A) = w <t — log(l—‘r-t)/o ILL(S,A) d8> .

It is proved in [89, Theorem 6.3.6] that tr,, extends by linearity to a continuous trace
on L1 s.



Chapter 2

Spectral integration

The theory of double operator integration on the Hilbert-Schmidt class rests on the
standard theory of spectral integration.

As mentioned in Subsection 1.2.2 of the introduction, the definition of a double operator
integral %A’B(X ) when X € Lo(H) (the Hilbert-Schmidt space of a Hilbert space H)
can be seen as an application of the functional calculus of two commuting operators
of “left multiplication” LaX := AX and “right multiplication” RgX = XB. Many
of the elementary properties of 7;;4’3 can be seen as consequences of well-known facts
about functional calculus of commuting self-adjoint operators [120, Chapters 4 and 5],
[18, Chapter 6].

We will now attempt a thorough overview of this theory. Much of the following material
is standard, but there appears to be no single reference which adequately covers the
material in sufficient generality for our purposes.

An important distinction occurs between the notion of spectral measure valued in the
projection lattice of a Hilbert space and spectral measure valued in the projection lattice
of a von Neumann algebra. In the former theory, many of the desirable properties of
double operator integrals follow from the specific tensor product structure of the Hilbert-
Schmidt class. On the other hand, when working in the setting of general semifinite von
Neumann algebras, we must instead take greater care to ensure that product measures
are well-defined. We will review the problem of defining products in Subsection 2.2.2.

Ultimately, we will be able to define double operator integrals for spectral measures
valued in the projections of a von Neumann algebra provided that the underlying mea-
surable space is a o-compact standard Borel space. This is more than sufficiently general
to cover all known applications of double operator integration theory.

Sections 2.1 and 2.2 cover the elementary theory of spectral measures on a Hilbert space.
Readers familiar with spectral theory can skip to Subsection 2.2.2, where we discuss the
more subtle issues involving in defining products of spectral measures. Section 2.3 begins
the discussion on spectral measures on von Neumann algebras. Double operator integrals
in the functional-calculus sense are defined in Section 2.4.

19
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2.1 Finitely additive measures on algebras

Recall that a family A of subsets of a set X is called an algebra (sometimes a Boolean
algebra) if A4 is non-empty and closed under the set operations of finite union, finite
intersection and complementation. A o-algebra is an algebra which is further closed
under countable union.

Denote the o-algebra generated by an algebra A as o(A).

A finitely additive measure p on an algebra A is a mapping from A to [0, oo] which is:

(i) Finitely additive: if A, B € A are disjoint, then u(AU B) = pu(A) + u(B).

(ii) Nontrivial: p(0) = 0 (equivalently, at least one set has finite measure).

A finitely additive measure g on an algebra A is called o-additive on A if it satisfies
the following additional property: if A € A is a countable disjoint union A = [J77 , A,
where each A, € A, then p(A) =77 11(Ay).

A o-additive measure on a o-algebra is simply called a measure. A central problem in
elementary measure theory is to determine when a finitely additive measure p on an
algebra A extends to a measure on a o-algebra containing A. Certainly, it is necessary
that u be o-additive on A. The classical Hahn-Kolmogorov theorem (see e.g. [135,
Theorem 11.20], [47, Section III.5, Theorem 8] or [70, Theorem 13A] for the o-finite
case) states that o-additivity on A is also sufficient:

Theorem 2.1.1 (Hahn-Kolmogorov). A finitely additive measure p on an algebra A
of subsets of a set X admits an extension to a measure on o(A) if and only if u is
o-additive on the algebra A.

Moreover, the extension can be described precisely by:

o0 [e.e]

W (2) =t p(Ay) : ZC | Ay 4, € A}

§=0 §=0

and p* defines a measure on the o-algebra of sets C' which satisfy:
w(Z) =p (ZNC)+p*(Z\C)

forall Z C X.
If X is in fact a separable complete metric space, and A consists of Borel subsets of X,

then we have another tool at our disposal to prove that a finitely additive measure p on
A extends to a measure on o(A) [21, Theorem 7.1.7, Theorem 7.3.11]:

Theorem 2.1.2. Let X be a complete separable metric space, and let A be an algebra
whose elements are Borel subsets of X. A finitely additive measure u on A is o-additive
if and only if it satisfies the following inner regularity condition:

w(A) =sup{u(K) : K€ A, K C A and K is compact}

where K denotes the closure of a set K.
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Combining the Hahn-Kolmogorov theorem and Theorem 2.1.2 yields the following: if
1 is a finitely additive measure on an algebra of Borel sets on a complete separable
metric space, and p satisfies the inner regularity condition of Theorem 2.1.2, then u is
the restriction to A of a measure on o(.A).

The above theorem turns out to be crucial in the theory of double operator integrals in
the semifinite setting. Without it, we would be unable to even state the basic definitions.

Ultimately a double operator integral on the Lo-space of a semifinite von Neumann alge-
bra will be defined as an integral with respect to a so-called spectral measure. However
in order to prove that the claimed spectral measure even exists, we must review the
theory of finitely additive spectral measures.

Definition 2.1.3. Let A be an algebra of subsets of a set X, and let H be a Hilbert
space. A finitely additive spectral measure v is a mapping from A to the lattice P(H) of
projections in H which satisfies the following two properties:

(i) v(X) =1 (here, 1 is the identity operator on H)
(ii) Finite additivity: if A, B € A are disjoint, then v(AU B) = v(A) + v(B).

Wherever necessary, the inner product and norm on H will be denoted (-,-) and || - ||
respectively.

Although these assumptions of Definition 2.1.3 appear quite mild the algebraic properties
of P(H) are sufficiently powerful that we can prove the following:

Lemma 2.1.4. Let v be a finitely additive spectral measure on an algebra A. If By, By €
A are disjoint, then v(By) and v(Bz) are orthogonal.

Proof. To see this, one simply need note that if p and g are two projections on H whose
sum is again a projection, then p and ¢ are orthogonal. For the sake of completeness,
we include the argument here. Since (p + ¢)? = p + ¢, we have pq + gp = 0.

Therefore, pgp + gp = 0, and since pgp is self-adjoint, we therefore have that pgp =
—%(qp + pq) = 0. Thus, pq = ppq = —pgp = 0, and similarly gp = 0.

To conclude, since v(By U Bs), v(Bj), v(Bz) are all projections and v(Bj U Bs)
v(B1) + v(B2), it follows that v(B;) and v(Bz) must be orthogonal as claimed. O

Remark 2.1.5. Due to Lemma 2.1.4, it follows immediately that:
V(X \A) =v(A)t =1-v(A).

where 1 denotes the orthogonal complement.

In fact, a finitely additive spectral measure induces a lattice homomorphism from the
algebra A to the lattice of projections P(H). The key to this fact is that the image of a
spectral measure v in fact consists of pairwise commuting projections, as the following
lemma shows:
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Lemma 2.1.6. Let v be a finitely additive spectral measure on an algebra A. Then for
any Ay, Ay € A, we have:

V(Al N AQ) = I/(AI)V(AQ) = I/(AQ)I/(Al).

Proof. Let A = A1 N Ay. Since A is an algebra, we of course have A € A. Decompose
A7 and A, as:
A1:A1\AUA, AQZAQ\AUA.

Since v is finitely additive:
v(A) =v(A1\ A)+v(A), v(A2) =v(A2\A)+rv(A).

Since the family of sets {A;1 \ A, A2 \ A, A} is pairwise disjoint, it follows from Lemma
2.1.4 that the family of projections {v(A; \ A),v(A2\ A),v(A)} is pairwise orthogonal,
and thus:

v(Av(Az) = (v(A1\ A) +v(A))(v(A2\ A) +v(A))
= v(A)?
(A)
I/(A1 N AQ)
)

N

=V

By symmetry, we also have v(Ag)v(A;) = v(A; N Ag). O

Since v(A;) and v(A2) commute for all Aj, Ay € A, it follows that v(A;)v(A4s) =
v(A1) Av(Asz), and hence:

Z/(Al N Ag) = V(Al) VAN V(Ag).
By taking complements, it follows immediately that:
I/(Al U Ag) = V(Al) vV V(AQ).

In algebraic terms, a finitely additive spectral measure v on an algebra A is a lattice
homomorphism from A to P(H).

2.2 Spectral measures on a Hilbert space

While there does exist a theory of integration relative to finitely additive spectral mea-
sures, we will instead develop the theory of countably additive spectral measures.

Definition 2.2.1. Let (X,X) be a measurable space, and let H be a Hilbert space. A
spectral measure v is a mapping from X to the lattice of projections P(H) in H satisfying
the following two properties:

(i) Completeness: v(X) =1 (again, 1 is the identity operator on H ).
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(i) Weak o-additivity: If {A;}72, is a countable family of pairwise disjoint sets in X,
then:

v [jAj = lim Zn:y(Aj)
e n—00 =

where the limit is taken in the sense of the weak operator topology of B(H).
Call the tuple (X, %, H,v) a spectral measure space.

It is perhaps not immediately obvious that a spectral measure is automatically a finitely
additive spectral measure. One way to see that this is true is to note that the infinite
family {0}5°, is pairwise disjoint, so we can apply (ii) to conclude that v() = 0, and
from there one can see that (ii) implies finite additivity.

Remark 2.2.2. Within the literature there are some wvariations in the way that the
definition of a spectral measure is stated. For example, some authors (such as [18, Sec-
tion 5.1.1]) assume that the limit in Definition 2.2.1.(ii) is taken in the strong operator

topology.

Since a spectral measure v is in particular a finitely additive spectral measure, if a family
{A;}520 C X is pairwise disjoint then:

pni=v(JA4) =Y v =v( | 4y
=0 j=0 g=n+1

defines a sequence of projections converging in the weak operator topology to zero as
n — oo. Thus for all x € H, {(z,p,x) = |pnz||®> converges to zero, and so p, also
converges strongly to zero. Thus in Definition 2.2.1.(i1), we could have equivalently
assumed that the convergence is in the strong operator topology.

Other authors (such as [110, Section VIII.3]) assume as part of the definition that if
A,B € ¥ then v(AN B) = v(A)v(B). However this follows from Lemma 2.1.6.
Almost immediately from Definition 2.2.1, we get the following;:

Theorem 2.2.3. Let (X,%, H,v) be a spectral measure space and let z,y € H. Then
the mapping:
V() = (v(A)a,y), A€

is a (complex) measure on (X,Y).
In particular, taking x = y, the mapping:

v (A) = [[v(A)z]?, AeD
is a (non-negative) measure on X.

Moreover if A is an algebra, and v is a finitely additive spectral measure on A, then v**
defines a finitely additive non-negative measure on A.

As with scalar-valued measures, a central question in the theory of spectral measures
concerns the problem of extending a finitely additive spectral measure on an algebra A



Spectral integration 24

to a spectral measure on o(.A). In parallel to the Hahn-Kolmogorov theorem, we have
the following:

Theorem 2.2.4 (Spectral Hahn-Kolmogorov). Let A be an algebra of subsets of a set
X, and let v: A— P(H) be a finitely additive spectral measure.

Then v extends to a spectral measure on o(A) if and only if for all x € H, the finitely
additive measure v*" is o-additive on A.

Proof. One direction of the implication is clear: if v is the restriction to A of a spectral
measure, then each v** is the restriction to A of a measure (Theorem 2.2.3) and hence
must be o-additive on 4. We now focus attention on the reverse implication.

Recall from the precise statement of the Hahn-Kolmogorov theorem that the finitely
additive measure v™* can be extended to a measure in the following way:

For each fixed x, consider the following mapping p) on a subset Z C X:

pi(Z) =inf{> v (4;) « ZC | A; A € AL
j=0 j=0

The family of sets C(z) defined by:
Clx)={CCX : p(Y)=pui(YNO)+ui(Y\C), forall Y C X}

is a o-algebra, and p! defines a measure on C(x). According to the Hahn-Kolmogorov

theorem, A C C(x) and pk(A) = v™*(A) for all A € A.

We now define a “spectral outer measure” on X from v as follows. If Z C X, define:
v(Z2) :=1inf{s — lim Y v(4;) : Aje AL AN Ay=0forj£k ZC| A}

n—o0
J=0 J=0

Here, s — lim denotes the limit in the strong operator topology. It should be noted that
the strong limit of a monotone family of projections is again a projection, and thus for
each pairwise disjoint family {4;}3%, the limit s — lim, o0 3 °7_ov(4;) is a projection.
Hence, v*(Z) is well defined as the infimum of a family of projections, and in particular
is a projection.

It is not hard to see that for each z € H and an arbitrary subset Z C X that we have:
(x,v"(2)x) = up(Z). (2.2.1)
Let C(v) denote the family of subsets V' of X such that:
v(Y)=v(VnY)+rv(Y\V)

forall Y C X. If C € C(x), then by the definition of C(z) for all subsets Y C X we
have:

pz(Y) = p(Y N C) + pz (Y \ C).
Using (2.2.1), it follows that:

(x,v"(Y)z) = (x,v*(Y N C)z) + (z,v* (Y \ O)z).
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So if Z € C(x) for every x € H, then by an application of the polarisation identity we
have:
(" (Y)y) = (z,v* (Y N C)y) + (z,v" (Y \ C)y)

for all x,y € H, and therefore C' € C(v). Conversely, if C' € C(v) then immediately
C € C(x) for every x € H.

Therefore C(v) = [, C(z) and so C(v) is a o-algebra.

Since every p is o-additive on C(x), p is in particular o-additive on C(v). Applying
the polarisation identity, it follows that (z,v*(-)y) is o-additive on C(v) and therefore
v* is a spectral measure on C(v). O

Now that we have necessary and sufficient conditions for it to be possible to extend a
finitely additive measure to a spectral measure, we should also discuss the question of
uniqueness.

Lemma 2.2.5. Let v : A — P(H) be a finitely additive spectral measure on an algebra
A of subsets of a set X. Then there is at most one spectral measure v on o(A) which
extends v.

Proof. Suppose that there are two extensions, pg and uj of v to o(A). That is,
po(A) = pi(A)=v(A) AeA

and po and p; are spectral measures on o(A). Let F C o(A) denote the family of
subsets where g and pq agree. That is,

F={Aco(A) : po(A) =pu(A)}.

By assumption we have A C F. Let us show that F is a o-algebra. First, thanks to
Lemma 2.1.6, it is clear that F is closed under finite unions and intersections, and from
Remark 2.1.5 F is also closed under complementations. Hence F is an algebra.

To complete the proof, it suffices to show that F is closed under countable increasing
unions. Thus let {A,},>0 be an upward-nested family of sets, where each A, € F.
Then,

po(An) = p(An), n=0.

Since pg and pq are spectral measures, we therefore have:
1o L>JOAn = lim fio(An) = lim pu1(Ay) = LJOAH
n> nz

where the limits are in the weak operator topology. Thus F is a g-algebra containing
A, and so in particular F contains o(.A). O

2.2.1 Integration with respect to spectral measures

Let (X,X, H,v) be a spectral measure space, and let z,y € H. Recall that ™Y denotes

the (scalar) measure:
v = (z,v()y) : ¥ = C
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In fact v®Y is of finite total variation.

Lemma 2.2.6. For each z,y € H, the measure v™Y defined above has finite total vari-
ation, and:

N(X) < gl

Proof. Let {A;}52, be a family of pairwise disjoint sets in 3. Then:

Z (A =D e v(A)y) = D 1Az, v(A))y)l.

=0 j=
Thus by the Cauchy-Schwarz inequality:

1/2 1/2

o0
> l(a; !<ZHV )lllv(Az)yll < ZHV )l ZHV yll?
=0

Since the projections {v(4;)}32, are pairwise orthogonal (Lemma 2.1.4), we can apply
Bessel’s inequality to arrive at:

ZIV A< Ml yll-

Taking the supremum over all countable families {Aj};‘;o of pairwise disjoint sets, we
can thus bound the total variation of v*¥ above by ||z||||y||. O

Lemma 2.2.6 implies that if ¢ is a bounded measurable function on X, for each x,y € H
we may define:

Tyy = / ¢ dv™Y.
X
It is reasonable to think that there should be an operator T' € B(H) such that:
(, Ty) = Ty y.

As we will demonstrate in the next proposition, this is indeed the case, and moreover T'
satisfies:

17 < ll¢lloo-

From now on, denote the class of bounded measurable functions on (X,X) as B(X).
We will develop an integration theory for functions ¢ in B(X), although we remark
that many authors instead prefer to work with almost-everywhere equivalence classes of
functions, where a set A € ¥ is declared to be a null set if v#(A) is the zero projection.
The decision to work with bounded functions rather than pointwise-almost-everywhere
equivalence classes has been made since we will later need to integrate the same function
with respect to different measures on the same measurable space.

The uniform norm ||¢||o for ¢ € B(X) is defined in the usual way as sup ¢y [¢(z)].



Spectral integration 27

Proposition 2.2.7. Let (X,%, H, ) be a spectral measure space, and let ¢ € B(X).
Then there exists a unique operator T € B(H) such that for all z,y € H we have:

(2, Ty) = /X 6 dv™Y

and:

1T < (| loo-
Proof. Since vV is a scalar measure of bounded total variation, the integral [ x ¢ dvY
is indeed well-defined for all x,y € H.

Since v*Y(A) := (z,v(A)y), it follows from the sesquilinearity of the inner product that

we have:
Va:,y-l—z — Ty 4 I/a:,z, Vx—i—y,z — TF 4 P

and if a € C,
VoY = @yt Y =

Therefore the mapping:
By = [ o,
X

is a sesquilinear map on H. Thanks to Lemma 2.2.6,

[B(2,y)| < l|¢llooll/ll]]-

Hence from the Riesz theorem, there exists a unique bounded operator 7" on H such
that:

B(z,y) = (z,Ty)
and [T < [|¢]lco- D

Proposition 2.2.7 permits the following definition:
Definition 2.2.8. Let (X,X, H,v) be a spectral measure space, and let ¢ € B(X).
Define the integral fX ¢ dv as the unique bounded linear operator on H such that:

<:c,/ quVy):/ odv™Y, x,y€ H.
X X

One could also define the spectral integral as a continuous extension of the spectral
integrals of simple functions in an appropriate sense [120, Section 4.3.1].

The second part of Proposition 2.2.7 can now be restated as:

oo

Moreover since each v*¥ for x,y € H is a measure, it is immediate that if ¢,¢ € B(X)

and « € C, then:
/agb—i—l/}du—a/ cbdu—l—/wdl/.
X X X

<|¢lloos ¢ € B(X). (2.2.2)
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Since v*Y = v¥%7% we also have:

(/qudy)*:/xqsdy.

Moreover, it is easy to see that if A € ¥ then:

/X Xadv = v(A).

It is an immediate consequence of (2.2.2) and the linearity of the integral that uniform
convergence of the integrand implies norm convergence of the integral:

Lemma 2.2.9. Let (X,X,H,v) be a spectral measure space. Let {$;}32, C B(X)
converge uniformly to some ¢:

nlglc}o H(bn - ¢||oo =0.
Then,

n—oo

lim gzﬁndz/—/ ¢ dv
X

in the norm topology.

An arbitrary bounded measurable function can be uniformly approximated by simple
functions. Indeed, if ¢ € B(X) is real-valued for each n > 0, define:

E+1

Apn 1= ([l oo, ¢l 2t o))y k=20 20420

on’
Then the function:
277,
k
Z XAkvnzi’Vl
f=—2n

is within ||¢||.c27™ of ¢ in the uniform norm, so ||¢, — ¢||e converges to zero. We can
similarly approximate bounded complex valued functions arbitrarily well by a sequence
of simple functions in the uniform norm.

There is a property of integration with respect to spectral measures which is of great
use in double operator integral theory, and which does not have any obvious analogy
in the scalar-valued case: integration with respect to a spectral measure defines a func-
tional calculus. The following theorem, in essence, states that integration is an algebra
homomorphism from B(X) to the algebra of bounded linear operators on H.

Theorem 2.2.10. Let (X,X, H,v) be a spectral measure space, and let ¢ and ) be
bounded measurable functions. Then:

/deu:/X(pdy/dey.

Proof. Suppose initially that ¢ and ¢ are characteristic functions of measurable sets.
That is, suppose that ¢ = x4, and ¥ = xa,, where A;, Ay € ¥. Then:

<Z51/1 = XA1NAz-
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Thus by Lemma 2.1.6,

A pdv =v(A1 N Ag) = v(Ar)v(As).

Thus the theorem is true when ¢ and 1 are characteristic functions of measurable sets.
Due to linearity of the integral, the result extends straightforwardly to simple functions.

Now if ¢ and 1 are arbitrary bounded measurable functions, we can select sequences
{n}>2y and {9, }22, of simple functions which approximate ¢ and 1 respectively in
the uniform norm. Lemma 2.2.9 then implies:

lim ¢nd1/—/ ¢dv, lim / wndu—/ ¥ dv

where the limits are in the operator norm.

Moreover, ¢n1, approximates ¢t in the uniform norm. Thus using Lemma 2.2.9, we
have the norm topology convergence:

n—o0

:nli_>nolo(/X¢nd1//Xwndu)
= (lim [ uan)(lim [ )

:/Xqﬁdu/xwdu.

/ Y dv = lim Ony dv
X X

O]

With the dominated convergence theorem for scalar valued functions on measure spaces,
we also have the following result in the same spirit as Lemma 2.2.9, where instead we
deal with weaker notions of convergence.

Corollary 2.2.11. Suppose that {¢,}5°, is a sequence of bounded functions on X which
is uniformly bounded:

sup [¢nloc < 00
n>0

and which converges pointwisely to some bounded function ¢ on X. Then,

lim gbndV:/ ¢ dv
X X

n—oo

in the strong operator topology.

Proof. Let x € H, and consider:

(fn-ee)-

2
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In terms of the inner product on H, this is:

(o[- (f-ow)e)

Now using Theorem 2.2.10, this reduces to the scalar integral:

[ 10— o dv

which by the dominated convergence theorem converges to zero as n — oo.

Hence,
lim H/ (j)dl/-x—/ Ondv-x|| =0
and this is precisely the desired claim. O

An important tool for double operator integration theory is the change-of-variables for-
mula.

Theorem 2.2.12. Let (X,X, H,v) be a spectral measure space, and let (Y,Q) be a
measurable space. If h : X =Y is measurable, we can define the pushforward spectral
measure h,v by:

ho(A) =v(h™1(A) Aecq.

/ngohdu:/ygbd(h*u).

Proof. Observe that for z,y € H and A € 3 we have:

(, (hav)(A)y) = (w,v(h~ (A)y) = v"¥ (71 (A)).

Then for all p € B(Y):

So that for each x,y € H, the mapping A — (z, h.v(A)y) is the pushforward of the
(scalar-valued) measure v*¥. It then follows that A — (x,h.v(A)y) is a measure for
each z,y € H. Since A — h,v(A) is projection valued, this completes the proof of the
claim that h.v is a spectral measure. We have also proved that:

(hev)™V = ha(v™Y),

where the pushforward on the left is the pushforward of the spectral measure v, and the
pushforward on the right is the pushforward of the scalar-valued measure v*¥.

By definition, we have:

<x,/X¢ohdyy>:/X¢ohdyw.

The integral on the right may be computed using the (scalar-valued) change of variables

formula:
/d)ohdym’—/ ¢ dhy (V)
X Y
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However h,(v"Y) = (hyv)®Y, and thus:

<x,/}(¢ohduy>:/y¢d(h*u)x*y.

O]

We conclude with a mention of the spectral theorem for self-adjoint operators. See e.g.
[116, Theorem 13.30], [110, Theorem VIIL.6] or [18, Chapter 6, Theorem 1.1].

Theorem 2.2.13 (Spectral theorem). Let T' : dom(7T) C H — H be a (possibly un-
bounded) self-adjoint operator on H. Then there is a unique spectral measure Ep on R
such that for all x € H and y € dom(T") we have:

(x,Ty) = / tdETY(t).
R
Moreover dom(T) is precisely the set of x € H such that [, t* dE7"(t) < co.

If f is a bounded Borel function on the real line and 7T is a self-adjoint operator on H
with spectral measure Ep, then by definition ([110, Section VIIL.3]) f(T') is the unique
operator such that:

(x, f(T)y) = /R FAERY, .y e H.

In this way the theory of integration with respect to a spectral measure is compatible
with Borel functional calculus, as we have:

(1) = /R fdEr. fe B(R).

Combining the Spectral theorem and Theorem 2.2.12 yields a useful identity: if f € B(R)
and T is a self-adjoint operator, and h : R — R is Borel, then:

F((T)) = /R JohdEy = /R fdh. By

Moreover,
Eh(T) - h*ET

2.2.2 Products of spectral measures

Given two measurable spaces (X1, X1), (X2, X2), one conventionally defines the product
(X1 x X2,%1 ®X5) by defining 31 ® ¥ to be the o-algebra generated by {E x F' : E €
¥, F € ¥o}. If py and pg are o-finite measures on X; and X respectively, then there
is a unique product measure p1 X pus on X X Xo, specified by the “product measure”
property that (u1 X p2)(E x F) = u1(E)uz(F) for all E € ¥; and F € Xy (see [70,
Chapter VII)).

It is natural to ask whether the same can be said for spectral measures defined on
the same Hilbert space. Birman, Solomyak and Vershik [20] considered the following
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question: given two spectral measure spaces (X;,¥;, H,v;), j = 1,2 defined on the same
Hilbert space H which commute in the sense that:

I/l(E)Z/Q(F) = VQ(F)I/l(E), EeX, Fely (223)
does there exist a spectral measure v on (X7 x X2,%; ® ¥9) such that:

I/(EXF):Vl(E)I/Q(F), EEZLFEEQ?

Birman, Solomyak and Vershik resolved this question in the negative, by providing the
counterexample given in the proof of the next theorem. See [18, Section 5.5]. It is
interesting to note that this impossibility result can also be obtained from older works
concerning non-direct products of measures due to Marczewski and Ryll-Nardezewski
[91], and the counterexample provided in [91] is virtually the same as that of Birman,
Solomyak and Vershik. The same counterexample appears to have been rediscovered a
third time by Berg, Christensen and Ressel [12, Exercise 1.31, Chapter 2] and was later
applied by Karni and Merzbach [79], in a very similar context.

Theorem 2.2.14 (Birman, Solomyak and Vershik). There exist spectral measure spaces
(X;,%5,H,v;), j = 1,2 on the same Hilbert space H which commute in the sense of
(2.2.3) such that there is no spectral measure v on (X1 xXo,¥1®X;) such that v(EXF) =
vi(E)va(F) where E € ¥y and F € %,.

Proof. Let B([0,1]) denote the Borel o-algebra of [0,1], and let A denote the Lebesgue
measure on [0, 1] restricted to B([0, 1]). Denote \* for the outer-Lebesgue measure.

Select two disjoint nonmeasurable subsets N7 and Nz of [0, 1] such that Ny U Ny = [0, 1]
and A*(N1) = A*(N2) = 1 and define the following two families of sets:

S = {NiNA : AeB(0, 1)},
Yo = {NQ NA : Ae B([O, 1])}

Evidently, 31 and ¥, are o-algebras for N7 and N, respectively.

Our choice of measurable spaces will be (N;,X;), j = 1,2 and the Hilbert space will be
Lo ([0, 1], A).

For a set A € %;, with j = 1,2 fixed, choose A € B([0,1]) such that AN N; = A. We
shall define:

vj(A) == My . € P(L2([0,1],X)).
where M, . denotes the operator on La([0, 1], A) of pointwise multiplication by the char-

acteristic function of A. To show that this is a well-defined spectral measure on X;, we
must first show that A is unique up to A-null sets.

Suppose that Y7,Ys € B([0,1]) are such that Y1 N N; = Yo N N; = A, and let Y1AY)
denote the symmetric difference. Since Y;AY; is (in particular) Lebesgue measurable,
the Lebesgue outer measure A* of N; decomposes as:

)\*(NJ) = )\*(Nj N (YlAYQ)) + )\*(Nj \ (YlAYQ)) (2.2.4)
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and the Lebesgue outer measure of N; U (Y1AY>) decomposes as:
M(N; U (Y1AYR)) = M (Y1AYR) + M (N \ (Y1AY?)). (2.2.5)
Since \*(N;) = X*(IV;U(Y1AY3)) = 1, it follows by subtracting (2.2.4) from (2.2.5) that:
A (Y1AY2) = A (Nj N (Y1AY?)).
However N; NY; = N; NY, = A and so in fact N; N (Y1AY3) = (0. Thus:
A (Y1AYs) = 0.

Thus Y7 and Y5 differ only by a Lebesgue null set, and therefore the mapping v;(A) =
M,y is well defined. It then follows easily that v; is in fact a spectral measure on
(N;,%5),7=1,2.

Now we show that there is no product measure v; X v9 on N1 X Ny. Let n > 1 and
consider the following subset of N1 X Na:

2n—1
o= J (k-2 (k+1)-27")NNy) x ([k-27", (k+1)-27") N Ny)
k=0

If there were a product measure 17 X vo, then we would have:

2"—1

(Vl x 1/2)(671) - Z MX[kZ—”,(k+1)2—”) =1
k=0

Note that if (1, z2) € 0y, then |z1—xzo| < 27", Thus if (z1, 22) € ﬂnzl On, then 1 = x9.
But z; € N1 and x5 € Ny and by assumption N; N Ny = (). Therefore:

ﬂén:Q).

n>1

That is, we have a nested family of subsets {d,}n>1 which has empty intersection,
but (1 X v2)(d,) does not converge weakly to zero. This is in contradiction to o-
additivity. O

Nonetheless, there are circumstances where the product of two commuting spectral mea-
sures is well defined. In particular, if (X;,3;, Hj,v;), j = 1,2 are two spectral measure
spaces, then one can define a spectral measure v on (X x Xo, 31 ® 39, H] ® Hg), where
H, ® Hy is the Hilbert space tensor product, such that v(E x F) = v1(E) ® va(F),
E € ¥, F € ¥ [19]. This construction was then used by Birman and Solomyak to
prove that if (X;,%;, H,v;), j = 1,2 are two spectral measure spaces, then there is a
unique measure v on X; X Xy valued in projections on the Hilbert-Schmidt space Lo(H)
such that:

V(E x F)X =1 (E)Xwvy(F), X € Ly(H),E €%y, F € 5.

(Recall that Lo(H) is isometrically isomorphic to the tensor product H ® H). This
construction is sufficient to develop the theory of double operator integrals in the setting
of bounded linear operators on a Hilbert space.
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However, for our purposes this will not be sufficient, and we seek alternative conditions
under which the product of commuting spectral measures defines a spectral measure.
The following was originally obtained (in fact in even more generality) by H. Schaefer
[119], and can also be found as [18, Theorem V.2.6]. Recall that a measurable space
(X,X) is called a standard Borel space if (X,3) is isomorphic to the Borel o-algebra of
a complete separable metric space. Standard Borel spaces include R, open intervals in
R and separable Banach spaces.

It is important to note that if (X7,Y;) and (Xy, 39) are standard Borel spaces, then so
is (X7 x X9,%; ® ¥2) [21, Lemma 6.4.2].

Theorem 2.2.15 (Schaefer). Let (X1,%1) and (X2,%2) be standard Borel spaces, and
let H be a Hilbert space. If (X;,%;, H,v;), j = 1,2 are spectral measure spaces such that
1 and vo commute:

I/1<E)I/2(F) = Z/Q(F)l/l(E), EeX|, Fed,
then there exists a unique spectral measure vy X va on (X1 X X9, X1 ® X9) such that:

(V1 XVQ)(EXF):Vl(E)I/Q(F), EeX, F e

Proof. This proof is based on a combination of Theorem 2.2.4 and Theorem 2.1.2.

Let A denote the algebra generated by X7 x ¥o. That is, A is the algebra formed by
taking finite unions of sets of the form A; x As, where Ay € X1 and As € ¥5. On A we
can define the finitely additive spectral measure v; X vo by extension of the identity:

(I/1 X VQ)(AI X Ag) = Vl(Al)I/Q(AQ), Aj S Zj, ] = 1,2.

According to Theorem 2.2.4, to prove that v; X 1o extends to a spectral measure on
¥ ® X9 = o(A), it suffices to show that for all z € H, the finitely additive measure
(x, (11 X v)(+)x) is o-additive on A. Theorem 2.2.5 implies that this extension will be
unique if it exists.

On the other hand, since 1 ® X9 is Borel the g-algebra of X7 x X5, we can also appeal
to Theorem 2.1.2.

Let us now show that the finitely additive measure p,(-) := (x,v1 X va(-)x) satisfies the
“inner regularity” condition of Theorem 2.1.2. Since v{"* and vy"* are Borel measures,
they are inner regular due to the “necessity” component of Theorem 2.1.2. Let ¢ > 0.
Suppose that A = A1 x Ay € A, and let K1 C A7 and Ky C Ay be compact and chosen
such that:

I/f’x(Aj\Kj) <e, gJ=12.

But then since p, is finitely additive (and using Lemma 2.2.6)
p (A\(K1} K3)) < i ((A1\ K1) X Ko) 110 (A1 X (A2\ K2)) < e(v" (A1) 415" (A2)) < 2¢||,

Since K; x K is compact and contained within A, it follows that the finitely additive
measure p, satisfies the condition of Theorem 2.1.2 and thus is o-additive. Now applying
Theorem 2.2.4 it follows that 11 X vy extends to a measure on X1 ® 2. O
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The most famous result which can be seen as a corollary of Theorem 2.2.15 is the
existence of a bounded functional calculus for commuting self-adjoint operators [18,
Chapter 6, Section 5]:

Theorem 2.2.16 (Functional calculus for commuting operators). Let A1 and Ay be two
(possibly unbounded) self-adjoint operators on the same Hilbert space which commute in
the sense that their respective spectral measures commute,

Ea (A1) Ep,(A2) = Exy(A2)En (A1) A1 Ay € B(R).

Then there exists an algebra homomorphism from B(R?) to B(H) given by:

f € B(R?) /RQ fd(Ea, x Ea,)

which extends the usual Borel functional calculus in the sense that if f depends only on
the first variable, then the functional calculus for Ay is recovered.

Moreover, under this algebra homomorphism pointwise convergent uniformly bounded
sequences are mapped to sequences which converge in the strong operator topology.

Corollary 2.2.17. Let (X;,%;), j = 1,2 be standard Borel spaces with commuting
spectral measures vy and vo, and let f be a bounded function on X1 x Xo which depends
only on the first variable. Then:

/ fd(l/l X I/Q) = del.
X1><X2 Xl

Proof. If f is the characteristic function of an element of 31, then the assertion follows
from the definition of the product measure. By linearity, the assertion extends to simple
functions and then Lemma 2.2.9 implies that the result holds for arbitrary bounded
measurable functions. O

An immediate application of Theorem 2.2.12 yields:

Corollary 2.2.18. Let X1, Xo,Y1 and Ys be standard Borel spaces, and (X;,%;, H,v;),
7 = 1,2 are commuting spectral measures. If hy : X1 — Y1 and hy : Xo — Y5 are
measurable functions and ¢ € B(Y1 x Ys) then:

/ qf)(hl,hg) d(l/1 X VQ) :/ gbd((hl)*lll X (hg)*ljg).
X1xXo

Y1 X Y2

2.2.3 Convergence of spectral measures

Suppose that (X, ¥) is a measurable space, H is a Hilbert space and we have a family
{vj}32 of spectral measures on (X, ¥) with values as projections on H.

Of the various notions of convergence of the sequence of spectral measures {v; }]‘?‘;0, the
one which is of most importance to us is weak convergence:

Definition 2.2.19. Let (X,X) be a standard Borel space, and write Cy(X) for the
algebra of functions continuous on X and bounded. A sequence of spectral measures
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{v; }?‘;0 on the same Hilbert space H is said to converge weakly to a spectral measure v

if for all x € H and h € Cy(X) we have:

</thuj):n—></xhdu>x

That is, the integrals fX hdv; converge in the strong operator topology to fX hdv.

The importance of weak convergence of spectral measures is the following, which is
essentially [110, Theorem VIII.20]. Recall that a sequence of (possibly unbounded) self-
adjoint operators {A,}°° is said to converge to A in the strong resolvent sense if for
all A € C\ R, the sequence {(A — A4,,)71}22, of the resolvents of {4,}°°, converges in
the strong operator topology to (A — A)~1.

Theorem 2.2.20. A sequence of self-adjoint operators { A, }5°, converges in the strong
resolvent sense to a self-adjoint operator A if and only if the corresponding spectral
measures {Ea, 152, on R converge weakly to the spectral measure of A on R.

The following theorem is based on the elementary fact that if { A, },>0 and {By,}n>0 are
sequences of bounded operators which converge strongly to A and B respectively, and
moreover sup,,>q ||An| < oo, then A, B, converges strongly to AB.

Recall that a topological space X is called o-compact if X is a union of at most countably
many compact subspaces. In particular, this implies that every h € Cy(X) can be
obtained as a pointwise limit of a sequence of compactly supported continuous functions.

Theorem 2.2.21. Let (X,Y), (Y,Q) be o-compact standard Borel spaces, and let H be
a Hilbert space. Suppose that {vn}>2 o and {pn,}52, are sequences of spectral measures
valued in projections on H and defined on X and Y respectively.

Suppose that there are spectral measures v and p on X and'Y respectively so that v, — v
and i, — p weakly.

If, for all n > 0, the measures vy, and p, commute, then v and p commute and we have:
Up X [bn =V X li

n the weak sense.

Proof. First let us show that v and g commute, so that the product measure v x p is
defined.

Let U and V be open sets in X and Y respectively, and select uniformly bounded
sequences {fx}r>0 € Cp(X) and {gx}r>0 C Cp(Y), supported in U and V respectively,
such that f;, converges pointwisely to the characteristic function of U and g converges
pointwisely to the characteristic function of V. Then for each fixed k and n we have:

/fkdyn/gkdﬂn:/gkdun/ fr dvy.
X Y Y X

Passing n — oo and using the fact stated before the theorem, we have that:

/kadV/ngduz/ngu/kady.
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Now taking k — oo, and appling Corollary 2.2.11 yields:

for all open sets U C X and V C Y. Let Fy denote the family of measurable subsets
A € ¥ which satisfy:

V(A)u(V) = p(V)r(A).

Since v is a spectral measure, it is easy to see that Fy is a o-algebra, and since Fy
contains all open subsets of X, it follows that Fi, = X. Similarly, for any A € ¥ let G4
denote the set of B € Q such that v(A)u(B) = u(B)r(A). Again it is easy to see that
G4 is a o-algebra containing all open subsets of Y, and hence G4 = ). Finally we have
established that:

v(A)u(B) = w(B)v(A) AeX, Be(Q

and so v and p commute as claimed.

Now we prove the claimed convergence v, X i, — v X u. First, we show that for functions
of the form f(z,y) = g(x)h(y), where x € X,y €Y, g € Cp(X) and h € Cp(Y') that we
have:

| tdtnxm) > [ pdwxw (2.2.6)
XXY XXY

in the strong operator topology. This follows from Theorem 2.2.10 and Corollary 2.2.17:

/Xxyfd(vnxun):/Xxyg(m)d(unx,un)(a?,y)/Xxyh(y)d(ynxun)(x7y):/ngyn/Yhdun_

Now passing n — oo and using the assertion stated before the theorem yields (2.2.6) for
functions f of the form f(z,y) = g(z)h(y).

Since the linear span of such functions is dense in Cp(X x Y)! in the uniform norm, it
then follows from Lemma 2.2.9 that (2.2.6) holds for all f € Cp(X x Y).

To complete the proof, we must use the o-compactness of X x Y. Select a uniformly
bounded sequence {gi}r>0 C Co(X x Y') which converges pointwisely to the identity
function. Then using Corollary 2.2.11, the sequence of integrals [, gr d(v X ) con-
verges strongly to the identity operator as k — oo.

Mere, Co(X x Y) denotes the subalgebra of functions vanishing at infinity
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Let x € H. Then using Theorem 2.2.10 we have:

H/ Fdnx )z — [ gt x e

XxY XxY

< H / (f = for) dvn )
XxY

+ H/XXY fop d(vn X i)z — /Xxyfgkd(V X p)x ’
< H/Xxyfd(vn X fn) 37_/Xxygkd(’/n X )@
+ H/ny far d(vn X pn)z — /Xxyfgk d(v x p)x ’

" H/Xfod(V XM)H x_/Xngkd(qu)x

Taking n — oo, we have for arbitrary fixed k, since g € Cp(X x Y):

x—/ gr d(v x p)x
XxXY

Now taking k — oo yields the result. O

< 2[[flloo

n—o0

lim H/X de(VnX,un)iE—/nyd(VXM)fU

To conclude our discussion of convergence of measures, we discuss an important example
where convergence occurs in practice:

Theorem 2.2.22. Let (X,%, H,v) be a standard Borel measure space, and let (Y, )
be another standard Borel space. Suppose that {hy,};>, is a sequence of measurable
functions from X toY which converges pointwisely to a measurable function h: X — Y.
Then we have:

(hp)sv — hyv

in the weak sense.

Proof. Let f € Cp(Y). Then due to Theorem 2.2.12, for each n > 0 we have:

/de(hn)w:/xfohndy.

The sequence {f o hp}n>0 € B(X) is uniformly bounded, and since f is continuous we
have the pointwise limit f o h, — f o h. Thus from Corollary 2.2.11, for all x € H we

have:
</Xfohndy)a:—></Xfohdy>:z
([ rat)as ([ san)a

for all f e Cp(Y). O

That is,
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Note that we do not need to assume in the above theorem that each h,, is continuous.

2.3 Spectral measures on a von Neumann algebra

Before proceeding to the definition of a double operator integral, a remark is necessary
concerning spectral measure spaces (X, 3, H,v) when v is considered as being valued in
the lattice of projections of a von Neumann algebra.

Recall (from Section 1.5.1) that a von Neumann algebra is equipped with weak*-topology,
and convergence in the weak® topology of a von Neumann algebra M C B(H) is in
general stronger than convergence in the weak operator topology of H. Therefore in
principle if one replaced the weak operator topology convergence in Definition 2.2.1
with weak® convergence then one would have a different notion of spectral measure.

Fortunately this is not the case, and although weak™ convergence is a stricter condition
than weak operator toplogy convergence, both notions of convergence define the same
notion of spectral measure, as the next lemma shows.

Lemma 2.3.1. Let H be a Hilbert space, and let M C B(H) be a von Neumann algebra
with pre-dual M. Let (X,%, H,v) be a spectral measure such that v(E) € P(M) for
all E € ¥. Let {Aj};io be a pairwise disjoint family in X.

Then for all w € M, we have:

v(J A)w) = tim 3" v(4))(w).

n—00 4
j=0

I1Cs

Proof. As discussed in Remark 2.2.2, the sequence given by

J=0 Jj=0

is a sequence of projections in B(H) which converges to zero in the strong operator
topology. Let us show that p,, converges to zero in the weak*-topology of M.

As discussed in Section 1.5.1, it suffices to show that pge,y 1,1 (pn) converges to zero for
all pairwise orthogonal families {&;}72, and {n;}72, such that 5o [|€e %+ ||k |* < oo,
where pge 1 ¢, 1 18 the seminorm defined in (1.5.1).
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Using the Cauchy-Schwarz inequality:

Piet im} (o) =

> (& putik)

k=0

<) 1€k pami)|
k=0

o0
<3 Nl erllpamillz
k=0

o 1/2 / oo 1/2
. (Zmu%) (z upnnku%,> .
k=0

k=0

Since p,, converges strongly to zero, it follows that for each k > 0 we have lim, o ||pn7k|| 7 =

0. Since,
oo o
D O lIEklE < oo, D lImellE < oo
k=0 k=0

we may apply the dominated convergence theorem to conclude that:

lim piee o} (Pn) = 0-

n—oo

Therefore p,, converges to zero in the weak*-topology, and this is precisely the desired
result. O

Our primary interest in the von Neumann algebraic setting is semifinite algebras. For a
semifinite von Neumann algebra (M, 7), a spectral measure valued in P(M) determines
two distinct spectral measures on the Hilbert space Lo(7), defined by left and right
multiplication.

Corollary 2.3.2. Let (X,3, H,v) be a spectral measure space such that v is valued in
the projections of a von Neumann algebra M C B(H) which has a semifinite trace T.
Then v defines spectral measures on the Hilbert space Lo(7) by “left multiplication” and
“right multiplication”. Namely, if we define:

L,(E)x=v(E)z, R,(E)r=azv(E), EcX xec L)

then L, and R, are spectral measures on the Hilbert space La(T).

Proof. The inner product for Lo(7) is:

(y,x)p, = 1(y*x), =x,y € La(7).
So,
<y7 LV(E)x>L2 = T(y*V(E)w)
and
(y, Ru(E)x) 1, = 7(y"2v(E)) = 7(2v(E)y").

Since v(E) is a projection on H, it follows immediately that L,(F) and R,(E) are
projections for Ly(7) for all E € X.
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To complete the proof, it suffices to check that,
E — 1(2v(E)y)

is a o-additive measure on ¥ for all z,y € Lao(7). Since 7(zv(E)y) = 7(yzv(E)) and
yx € Lq(7), it suffices to show instead that:

Ew— 1(z2v(F)), Ee€X, ze Li(r)

is o-additive. According to our identification of Li(7) with M., the o-additivity of
E — 7(zv(F)) is provided by Lemma 2.3.1. O

2.4 Double operator integrals as spectral integrals

Now we can put the machinery of spectral integration theory to use to define double
operator integrals.

A double operator integral on a semifinite von Neumann algebra (M, 7) is conventionally
defined in terms of two spectral measures F and F' on R with values in the lattice of
projections of M, P(M). Corollary 2.3.2 states that the mappings:

Lg(A)x = E(A)x, Rp(A)x=zF(A), z€ Ls(1), AeBR)

are spectral measures on R for the Hilbert space Lo(7). In particular, these two measures
commute, since:

It follows from Theorem 2.2.15 that a product measure Ly X Rp exists on R?. This
permits the definition of a double operator integral:

Definition 2.4.1 (Double operator integral). Let E and F be spectral measures on the
Borel o-algebra B(R) valued in P(M). Let E® F denote the spectral measure on the
Hilbert space Lo(T) determined uniquely by:

(E® F)(A; x Ao)(z) = E(A)zF(As), = € La(7), Ay, A € B(R).

For a bounded Borel function ¢ on R?, the double operator integral is defined to be the
spectral integral:

T | edE @ F) € B(La(r).

Since R is in particular a o-compact standard Borel space, Theorem 2.2.15 implies that
E® F is indeed a uniquely defined spectral measure. The already established properties
of the spectral integral (see Subsection 2.2.1) transfer immediately to the double operator
integral. In particular, we have the following:

Theorem 2.4.2. Let ¢,v be bounded functions on R? and o € C, then:

N +EF _ EJF
(i) T¢ = a7;5

«

.. EF _ +E,F E.F
() Toyy =T~ + Ty
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(ii) 777 < olos
(iv) %iF _ 7:z)EF%EF

v n 10 converges uniformly to ¢, then " converges to " in the norm
I . iformly to ¢, then T, " to T," in th
topology

(vi) If sup,>q [|@nlloc < 00 and ¢y, converges pointwisely to a bounded function ¢, then

’TﬁF converges to %EF i the strong operator topology.

(vii) If ¢ € Cp(R?), and {En}n>0 and {F,}n>0 converge in the weak sense to spectral
measures E and F', then %E”’F" converges in the strong operator topology to ’E)EF
The same conclusion may not hold for discontinuous ¢.

viii) If ¢ depends only on the first variable, then TEE = odE, and similarly if ¢
ol R
depends only on the second variable then 7;)E’F = f]R ¢dF.

Having defined 7;)E’F for functions ¢ on R?, it is worth remaking that the role of R can
be replaced by any o-compact standard Borel space. In particular, there is an essentially
identical theory for functions on the unit circle T.

Recall that a (possibly unbounded) self-adjoint operator A is called affiliated with a von
Neumann algebra M if XA C AX for all X € M’. In particular, this implies that the
spectral measure of A is P(M)-valued.

Definition 2.4.3. If A and B are self-adjoint operators affiliated with M and with
spectral measures E4 and Eg, we shall adopt the notation:

A,B _ 4FEaEp
Torm =T

Theorem 2.2.20, combined with the Theorem 2.2.21 yields the following;:

Theorem 2.4.4. If {A,}°° and {B,}5°, are sequences of self-adjoint operators affili-
ated with M which converge to self-adjoint operators A and B respectively in the strong
resolvent sense and ¢ € Cy(R?), then:

An,Bn A,B
T ST,

in the strong operator topology.

Theorem 2.4.5. Suppose that ¢ € Cy(R?), and A and B are self-adjoint operators
affiliated with M. If {hy}n>0 and {gn}n>0 are sequences of measurable functions from
R to R which converge pointwisely to h and g respectively, then we have:

hn(A),gn(B) _ +A,B h(A),h(B)
7:;5 - %(hnygn) 7 7:{)

in the strong operator topology.



Chapter 3

Peller’s theorem

We have so far discussed double operator integrals on the Hilbert-Schmidt class La(7).
Consider f, a Lipschitz function on R and let f[! (t,s) denote the divided difference
w (set to an arbitrary value on the diagonal ¢ = s). If A and B are two self-
adjoint operators affiliated with M such that A — B € La(7), then Theorem 2.4.2.(iv)
yields the formula:

f(A) = f(B) =Ty (A- B).

A problem of great interest is to determine when f is operator Lipschitz. That is, does
there exist a constant C'; such that:

1F(A) = F(B)lm < CfllA = Bllm?

Via the theory of double operator integration, the problem of characterising operator
Lipschitz functions is reduced to determining the class of ¢ € B(R?) such that %A’B
extends to a bounded linear operator from M to M (or from Li(7) to Li(7)).

A condition that is sufficient is that ¢ is in the so-called Birman-Solomyak class. That is,
there exists a probability space (€2, 0) and bounded measurable functions o, 8 : Rx Q —
C such that:

o(t,s) = /Qa(t,w)ﬂ(s,w) do(w), t,seR.

If ¢ has the above form, then for X, Y € Lao(7) we have:

(VTP (X)) = / (Y oA, )X B(B, w)) do(w)
Q

from which it (not entirely trivially) follows that 7:bA’3|L1(T)mL2 (r) extends to a bounded
linear map from L;(7) to L1(7) (see Theorem 3.4.5).

Peller’s theorem (named for V.V. Peller due to his foundational paper [99]) essentially
states that this “Birman-Solomyak” condition is also necessary. Peller’s original proof
(which is similar to the proof given by Hiai and Kosaki [72, Section 2.1]) is based on the
theory of operator ideals.

The proof given here is intended to be more elementary, and a particular goal was to
highlight the role of Grothendieck’s inequality (stated below as Theorem 3.2.1). While
many of the steps in the following proof exist in various places throughout the literature,

43
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to the best of our knowledge they have never been assembled together with the goal of
proving Peller’s theorem.

Before stating the theorem, it is useful to define the notion of a null-set and essential
boundedness in the context of a spectral measure (X, X, v, H). Say that a set A € ¥ is
null if v(A) is the zero projection. One can define the essential supremum of a measurable
function ¢ on X similarly to the case of scalar-valued measures. Similarly the notion of
“almost everywhere equivalence” is meaningful in the setting of spectral measures.

The theorem states the following:

Theorem 3.0.1 (Peller’s theorem). Let E' and F' be two spectral measures on R, valued
in the projections of a separable Hilbert space H. Let ¢ be a measurable function on R2,
essentially bounded with respect to E ® F'. The following two statements are equivalent:

(i) The double operator integral 7;E’F is bounded from the trace class L1(H) to L1(H).

(ii) The function ¢ admits a Birman-Solomyak decomposition relative to E and F'.
That is, there exists a o-finite measure space (2, 0) such that

ot 5) = /Q a(t, w)B(s,w)do (),

for almost every t,s € R, where o and B are essentially bounded measurable func-
tions such that:

/ esssup|a(t, w)|esssup|B(s,w)|d|o|(w) < oo. (3.0.1)
Q teR seR

Moreover, there is a universal constant Kq such that:

1 E,F
K7G||¢”%G(E><F) <75 lei—en < l9llse@Exr)

where ||¢|lge(Exr) 18 the infimum of (3.0.1) over all such representations of ¢.

Remark 3.0.2. Let us make a few observations about Peller’s theorem.

o The meaning of “essential supremum” in (3.0.1) is taken with respect to the mea-
sures I and I'.

e [t is important to emphasise that the Birman-Solomyak representation is only taken
pointwise almost everywhere with respect to the measures E and F. Indeed, we
may modify ¢ on a null set relative to E® F without changing the spectral integral
defining ’E)EF Moreover, the choice of the measure space (2, 0) depends on the
spectral type of the spectral measures E and F.

o We have stated the result for spectral measures on R only for the sake of simplicity.
A similar statement holds for spectral measures on R® on T¢ or on any o-compact
standard Borel space.

o The constant K¢g is known as Grothendieck’s constant and it is known to be strictly
between 1 and 2. Further details are in Remark 3.2.2.
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o The assumption that H is separable is needed to ensure that H admits elements of
maximal spectral type relative to E and F', as we will see in Lemma 3.4.7.

e [inally, the measure space (£, o) appearing in the theorem may seem quite abstract
but in fact the following proof of the theorem gives an explicit choice of €}, depending
only on the spectral types of E and F. In particular, ) may always be taken to be
a compact Hausdorff space with its Borel o-algebra, the measure ¢ may always be
chosen to be a finite Borel regular measure.

3.1 The injective tensor product

Peller’s theorem is often stated in terms of tensor product norms for Banach spaces.
Arguably the most important such norm in this context is the injective tensor product,
which we now describe.

For Banach spaces X and Y, let Bx+ and By« denote the closed unit balls of the duals
X* and Y* respectively.

Definition 3.1.1. Let X and Y be Banach spaces, and let X ®Y denote their algebraic
tensor product. For linear functionals o € X* and B € Y*, let a ® B denote the linear
functional on X ®Y given by the linear extension of the mapping:

(@@ pB)(zey)=a()b(y), X, yeY.

The injective tensor norm, || - ||xe.v, is the norm on T € X @Y given by:

1T xg.y == sup  [(a®B)(T)].
a€EBx*,BEBy*

We will denote the completion of X ®Y with the norm || - || xg.y as X ®: Y.

Recall that the linear dual of X ®Y can be identified with the space of bilinear mappings
from X x Y to C. The continuous dual of X ®. Y can therefore be identified with the
space of bilinear mappings X x Y — C which are continuous in the injective tensor
product norm.

The following theorem describes those bilinear maps X x Y — C which are continuous
for the injective tensor product, and is (a minor modification of) [42, Chapter VIII,
Section 1, Theorem 5]. Recall that due to the Banach-Alaoglu theorem, the unit balls
Bx~+ and By» are compact Hausdorff spaces when equipped with the weak*-topology.

Theorem 3.1.2. Let X and Y be Banach spaces, and let Xy and Yy be (possibly not
closed) subspaces of X and Y respectively. Let ¥ : Xog ® Yy — C be a bilinear map.
Suppose that ¥ is continuous in the X ®. Y norm. That is, assume that there is a
constant Cg such that for all T € Xy ® Yy we have:

W(T)| < ColTx0.y =Cw  sup  [(a®B)(T)|.
aEBX*,ﬁEBY*

Then there is a regular Borel measure o on the compact Hausdorff space Bx+ X By
such that for all x € Xy and y € Yy:

U(r @ y) = /B  ala)Bl)dofa)
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and moreover, the total variation norm of o is no greater than Cy.

Proof. Consider the embedding map J from X(®Y) into the Banach space C'(Bx+ x By+)
defined as:

J(z@y) = ((a, f) = a(x)B(y)), o€ Bx-, € By-.

Here, C'(Bx~+ x By+) is equipped with the uniform norm, and so it follows almost imme-
diately from the definition of the injective tensor product norm that J is an isometric
embedding when Xy ®Y) is equipped with the norm | - || xg.v. Indeed, if T' € Xy ® Yo
then:

1T (D)lleByexByy = sup (@@ B)T)| = [Tlxe.y-
(Oz,,B)GBx* XBy*

Thus ¥ o J~! defines a bounded linear functional on the (possibly not closed) subspace
J(Xo ®Yp) of C(Bx+ x By=), with norm at most Cy. By the Hahn-Banach extension
theorem, there is a continuous linear functional W on C'(Bx+ X By), with norm at most
C'y such that:

WJ(zoy)=Uzoy), zcXoyecl.

Thanks to the Riesz representation theorem for linear functionals on the space of con-
tinuous functions on compact Hausdorff spaces, there exists a complex Borel regular
measure o on By+ X By« with total variation norm at most Cy such that:

W(J(x@y)):/ J(x®y)do, xe Xy, yeY.
BX*XBy*

By the definition of J, for a given («, ) € Bx+ X By we have:

J(x®y)(a, ) =az)ply), =€ Xo,yeYp

and therefore:
WUe) = [ a@d)doas). ©cXo e
Bx*XBy*

Since W(J(z ®y)) = ¥(x ® y), the proof is complete. O

3.2 Consequences of Grothendieck’s theorem

For n,p > 1, we will use the notation £ to denote the Banach space on C" with norm

[zllen == O h=y |xk|p)1/ P Recall the classical result that the dual of ¢7 is isometric to
{5 Let {e;}7_; denote the canonical basis of C", and we regard the space My ,,(C) of
n X m matrices as being identical to C" ® C™, according to the isomorphism {A;}
> ik Ajre; ® er. By the definition of the injective tensor product, for a matrix A €
M, m(C) we have:

n m
I4lgo.ey =sup 523 Ajation] = o [61 <1 max I <19 @21
]:
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Grothendieck’s celebrated inequality, (see e.g. [104, Theorem 1.1], [103, Corollary 5.7]
and [84, Section 2]), states the following:

Theorem 3.2.1. Let n,m > 1, and let A € My, ,n(C). Then there is a universal
constant K¢ such that for all complex Hilbert spaces (H,(:,-)) and finite sets {x;}]_;,
and {yi}p, in H we have:

S Al )| < KallAllgs.e max 2l max llgelu-
=1 k=1

Remark 3.2.2. To be precise, Theorem 1.1 of [104] is stated for the case where n = m.
Howewver there is no additional generality from considering the n # m case, since one
may consider an n X m matrix as being the top left submatrixz of the square matriz

A®0E Mysmnim(C).

The optimal value of Kq is unknown, but it is known the optimal value satisfies:

s

<Kg< ——m——
r= ¢ 21og(1 ++/2)

(in fact better results are known, see [104, Section 4]).

The following theorem is in fact an equivalent form of Grothendieck’s inequality. How-
ever, following [104, Section 2], we prove it as a corollary of Theorem 3.2.1.

Theorem 3.2.3. Let A € M, ,,(C), and let {X,}¢_, and {Y,}¢_, be sequences in C"
and C™ respectively, with components denoted X, = (X,El),X7§2), .. ,X,En)), etc. Then:

d 1/2 d 1/2
(3)y (k) )2 (h) 2
ZZZA XYW < Kol|Alleo.ep max (;IXTJ | > max. <;|Yr | >

r=1j=1 k=1

Proof. Exchanging the order of summation, we have:
d n m d
33 Y =33 (Yx).
r=1 j=1 k=1 j=1k=1 r=1

Let H be the Hilbert space fg, and let z; and y for 1 < j <nand 1 <k < m be the

vectors:
d : d
= ZXﬁj)er’ Yk = ZY;«(k)er
r=1 r=1

Then for each j and k,

d 1/2 d 1/2
@]l = (Z\Xﬁj)F) s Nyella = (ZIYT(’“)F)

r=1 r=1

and:

(25, yi) ZX(J y®),
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So applying Theorem 3.2.1:

n m d
33 ()
j=1k=1

n

I
HNgE

Aj (s, yk)

??‘
ey

=1

KGllAlle”eaeeT max [E2lbz max lysll 2

d 1/2 d 1/2
= g gm ()2 (k)2
Kcl|Allgo.q max (;\XT !) |max (;\YT \) :
O

The most technical component of this section is the following corollary of Theorem 3.2.3.
This is an argument which is largely inspired by Pisier’s [104, Proposition 23.3]. The
argument rests on a version of the Hahn-Banach theorem which is sometimes called the
Hahn-Banach separation theorem, or simply the hyperplane separation theorem. That
result states that if V is a real Banach space, and £ and G are two non-empty disjoint
convex sets in V' (and G is open), then there is a continuous linear functional w € V*
and a real number ¢ such that w(x) > ¢ for all x € £ and w(x) < ¢ for all z € G. See
g. [116, Theorem 3.4].

Corollary 3.2.4. Let A € My ,n,(C). There exist vectors of non-negative numbers
N s A}y with 37754 Nj = D70 pk = 1 such that for allz € C* and y € C™ we
have:

1/2

n o m n m 1/2
S S ] < Kol Algon |35 Mk (&m?) |
k=1

j=1k=1 j=1

Proof. In order to lighten the notation, rescale A so that K| Allmg.em = 1 (unless A
is zero, in which case the result is trivial).

Let A"™ denote the n — 1-dimensional simplex:

Similarly A™ denotes the m — 1-dimensional simplex.

Let {X,}9_,, {V,}9_; be sets of vectors in C" and C™ respectively, with components de-
noted X, = (X, X, ..., x!™), and similarly with Y;. Let t > 0. By the arithmetic-
geometric mean inequality, we have:

J 1/2 4 1/2
02 ) <1 o) )
max (;IXT | > max (Z_;Y | ) <3 (t 1rg]a<><nZ\X +(1/t) max Z!Y | )

—
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Replacing the maximum with the supremum over A™ x A™, Theorem 3.2.3 yields:
n d m d

d n m
D ODDP DTS AL IR TS SV b CCIETD Sy Y PalC)
k=1 r=1

r=1 j=1 k=1 AEATXA™ iy 1

N |

(3.2.2)
Note that the right hand side of (3.2.2) does not change if we multiply each X, or Y,
by some z, with |z.| = 1, so we can replace the left hand side with:

d

Z Zn: i Aj,kxﬁj)y(k)

r=1|j=1 k=1
By rearranging the right hand side of (3.2.2), we arrive at:

d n

Z ZiAJka J)Y <% sup Z tZ)\ ]X 1/t)§m: |Yr(k)’2
(A k=1

r=1 |j=1 k=1 M EATXA™ [y
(3.2.3)

Consider the following real-valued function on A™ x A™, defined for each d > 1 and
each choice of X = {X,}?_, cC" and Y = {V,}¢_, C C™ as

n

Y NIXP+ (1) ZMY“ > A Xy ®
j=1

7=1 k=1

d
Fxy (A p) = Z

DN |

For each X and Y, (3.2.3) states that there exists a point (A, ) € A™ x A™ such that
Fxy (A p) > 0.

Let us prove that we can choose a fixed (A*, u*) € A™ x A™ such that Fx y (A", u*) >0
for all X and Y.

Note that each F'x y is continuous (in fact, affine linear) on A™ x A™, and let F denote
the convex cone formed by all positive linear combinations of the functions Fxy over
all X and Y. Let AV denote the convex cone of all real-valued continuous functions on
A™ x A™ which are strictly negative. That is, define:

N :={feC(A" x A™R) : sup f(A, ) <0}
(A p)eAn X A™

Note that a positive linear combination of functions of the form Fxy is again of the
form Fxy. To see this, note that if X;, Xy C C" and Y;,Ys C C™ are sets with
|X;| = Y| =dj, 7 = 1,2, then Fx, y; + Fx, v, = Fx,y;, where X3 and Y3 are the
disjoint unions of X7, X and Y7, Y5 respectively. Thus each f € F is non-negative at
at least one point, and so we have:

FNON =0.

Since N is clearly open, we can apply the Hahn-Banach separation theorem to F and
N. Thus there exists a nonzero bounded linear functional v € C(A™ x A™ R)* and
¢ € R such that:

/ fdv>ec, feF (3.2.4)
A'"/XAm
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and
/ gdv<c, geN. (3.2.5)
AN X A™

Let us show that c is necessarily zero. To see this, simply note that if f € F and g € N/
then A\f € F and A\g € N for all A > 0. Then (3.2.4) and (3.2.5) remain valid with ¢
replaced by ¢/, and since A is arbitrarily large it follows that ¢ = 0. With ¢ = 0, (3.2.5)
implies that v is a positive (in particular, nonzero) measure on A™ x A™. By rescaling
v if necessary, we may further assume that v is a probability measure. Define:

Aj = / tidv(ty, sg), g = / spdv(ty,sg), 1<j<mn,1<k<m.
AN X A™ AT X A™
Since v is positive, A7 and p; are non-negative and since v is a probability measure,
A* e A" and p* € A™.

Now for each choice of X and Y, since Flx y is affine linear in A and p we have:

Fy OV, ) = / Fyy (t,s)du(t, s)
AT X A™

and this is non-negative, due to (3.2.4).

Consider the special case where d = 1, and X = {z} and Y = {y}. From the definition
of Fxy, we have proved that:

n

n m
1 k k
D> Ay < 5 | DN laP (170 D wilul?
j=1 k=1

j=1 k=1

3

Using the numerical identity:

1
1/2 _ - >
((lb) = 2%>Ilg 9 (t(l + (1/t)b), a, b 0

we can take the infimum over ¢ to arrive at:

n m n 1/2 m 1/2
SN Ajrmye| < | Y Nl (Z MZ!yk|2> :
j=1 k=1 j=1 k=1
Finally, replacing z; with z; yields the result. O

Remark 3.2.5. Note that by choosing the vectors x = e; and y = ey, for 1 < j <n and
1<k <m in Corollary 3.2.4, it follows that:

|Ajkl < KallAllepeoom Aj -
Thus, if \j =0 or pu, =0, then Aj; =0
We now arrive at the main result of this section, which is again a reformulation of
Grothendieck’s inequality (see [104, Theorem 2.1]).

Theorem 3.2.6. Let n,m > 1. Then for all A = {A;} € M, (C), there exist unit
vectors § = {&;}7_1 € 45, n = {nk}jL, € 5" and a matriz T' = {Tj .} € My, (C)

ﬂ m
J=lg=1
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such that:
Ajp =&k, 1<j<n, 1<k<m

and

1T |5y ep) < KellAlge.e-

Proof. Select A € A™ and p € A™ so that Corollary 3.2.4 holds for A. Let:
G=N" m=w 1<j<ni<k<m

Then ¢ € £ and n € £3* are unit vectors. Let T" be the matrix with entries:

A
T — 551}? & # 0 and n; # 0.
’ 0, otherwise.

From Remark 3.2.5, we have that if {; = 0 or i, = 0 then A;; = 0, thusforall 1 < j <n
and 1 < k < m we have:
Tj ki = Ajik

Corollary 3.2.4 yields that for all « € C™ and § € C™ we have:

n m
SN @b < KellAllge.eplalie 18]
j=1k=1
Hence,
1Tl ey eny < KellAllepoey
as required. ]

Before continuing, it is worth making some remarks concerning the meaning of Theorem
3.2.6. It is not hard to prove from (3.2.1) that there is an isometric isomorphism:

B(lo, 67) = 67 ®c 47

So that we can view the ¢} ®. (1" norm of A € M, ,,(C) as being exactly its norm as
a map from ¢ to ¢{". Theorem 3.2.6 then states the following: for all linear maps
A 07 — (7 there exist unit vectors n € £3' and £ € /3 and a linear map 7' : £5" — (3
such that the following diagram commutes:

0 ——— 07
M ‘ [ M,
y —
where M and M,, denote pointwise multiplication, and

IT |3 eny < KellAllgen eny-
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3.3 Matrix Schur multipliers

For n,m > 1, let £,(¢5", ¢4) denote the Banach space on M,, ,,(C) with norm given by:

1Tl 2y e gy == sup [tr(A*T)|.
[AllB(ege o) <1

The matrix Schur product A o B of two n X m matrices is given by:

n o m
AoB = Z Z Aj,kBj’kej & e.
j=1 k=1

The L£1-Schur multiplier norm, || - ||, of a matrix A € My, ,,(C), is defined as:

| Allm := sup ||AOB||Ll(egl,gg)- (3.3.1)

1Bl (e emy<1
We will call this simply the Schur norm of A.

Lemma 3.3.1. Let A, B € My, ,,(C), and £ € C" and n € C™. Then:

[tr(B* (Ao (§ @) < [[Allml|Bllseg.elI€llez 101l ez

Proof. By the definition of the £ (¢5", ¢3) norm and the Schur multiplier norm, we have:

tr(B* (Ao (E@m))| < [|Bllseg.epllAe (€@n)ciwp.ep
< [|Bliseg epy 1 Allmll€ @ nll 2, e em)-

However it is easily seen that:
1€ @ nllzy e ) = 1EllezlInlleg

and this completes the proof. O

The following result is of crucial importance in our proof of Peller’s theorem. It allows
us, via Theorem 3.2.6, to relate the Schur norm (given by (3.3.1)) to (the dual of) the
injective tensor product norm.

Corollary 3.3.2. Let A, B € M, ,,(C). Then:

tr(B*A)| < Kcl|Allml[ Blleyo.ep-

Proof. Choosing a factorisation as in Theorem 3.2.6, we have:
Bjk = &k

where § and 7 are unit vectors in ¢35 and 3" respectively, and || T ¢p) < Ka || Bllepo.ep-
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Thus by Lemma 3.3.1, we have:
tr(B*A)| < [[AllmlI Tl 86z ,ep) 1€ lleg [0l < Kal|Allml| Bllep o

O]

Before moving onto the completion of the proof of Peller’s theorem, at this point it
should be remarked that we can also obtain a “finite dimensional” Peller’s theorem from
the above. Corollary 3.3.2 states that:

[All(n@.emy- < K|l Allm-

If we appeal to some outside knowledge concerning tensor products, there is in fact
an isometric isomorphism between the dual of ¢} ®. /7" and (2 ®, ¢2}, where 7 is the
projective tensor product. We can then arrive at:

1
& | Allen @pem < [[Allm < [[Allen, e em -
G

That is, the Schur norm [|Al|;, of an n X m matrix is equivalent to the norm of A in
07 @4 L7, where the constants are independent of n and m. For further details see [103,
Chapter 5].

3.4 Measurable Schur multipliers

Let (L, \) and (M, u) be two o-finite measure spaces. To lighten notation, we will write
L,(X) for L,(L, X), and similarly L, () for L,(M, ) and Ly, (A x p) for L, (L x M, A X ).

Definition 3.4.1. Let ¢ € Loo(A X ). Then ¢ defines a bilinear map B(¢) : L1(\) ®
Li(pu) — C given by:

BONf99) = [ 065 f(0a(s) XDt € L), g € L.
X

Definition 3.4.2. Suppose that T = {I;}]_; and J = {Ji}jL, are two families of

pairwise-disjoint measurable sets in L and M respectively, such that each I; and Jy have

finite and nonzero measure, (that is, 0 < A(I;) < 0o, 0 < u(Jy) < 00). Let T x J denote

the family of sets:

IxT={IjxJ,: 1<j<n, 1<k<m}.
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Define [p|zx 7 as the n x m matriz with (j, k)th entry given by:

1
IATIEN /IJ Pl xA).

We are now ready to prove what is essentially Peller’s theorem, stated in terms of Schur
multipliers.

Theorem 3.4.3. Suppose that ¢ € Loo(A X p) is such that:

sup [|[¢]zx 7 llm = Cp < 00
1.7

)

where the supremum is over all T and J as in Definition 3.4.2.

Then there is a compact Hausdorff space 2, a Borel reqular measure o on § with total
variation norm at most KqCy, and there are measurable functions o € Loo(L x Q) and
B € Loo(M x Q) with ||aljec <1 and ||B||cc < 1 such that:

qb(t,s):/Qoz(t,w)ﬁ(s,w)da(w)

for pointwise almost-all (t,s) € L x M.
Proof. Let X := Li(\) and Y := Li(u). Let X and Yy be the subspaces of X and Y
consisting of simple functions.

Recall that since A and p are o-finite, we have an isometric identification:

X :Loo()‘)7 Y*:Loo(:u)'

Let T € Xg®Yy. ThenT = ny:l T, ®Yy,, where each x, and y, are simple functions, i.e.,
finite linear combinations of indicator functions. Choose familes of measurable subsets
T ={I;}}_; and J = {J}j, of L and M respectively so that each x, (resp. y,) is a
finite linear combination of indicator functions of sets in Z (resp. J).

Therefore T' can be written as a linear combination of indicator functions of Z x J.
Hence,

for some matrix a € My, ,,(C).
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In fact the norm of T"in L1 () ®: L1 () is exactly ||agpe . To see this, note that by
definition we have:!

n m
1 1
1Tl 2y (N@cLa(y = sup @ik /fd)\./ g
1(A) 1(w) FEBx+,gE By j:l; J )\(Ij) I; M(Jk) Ji
n m
= sup Zaj,kajﬁk
= ”CLHZ?@)J;’Z (3.4.1)

Then by the definition of B(¢) (Definition 3.4.1) we have:,

B(o)(T) = / o093 S XA )

b ‘o Al
jz; k;zl M) (k) S, P (A x p)

= tr(a’[dlzx7).
Therefore, from Corollary 3.3.2 and (3.4.1), we have:
|B(¢)(T)] = |tr(a*[glzx7)| < Kell[lzxglmllalleo.e
< KOsl Tl 1y 0@ L1 (-

Hence B(¢) satisfies the assumptions of Theorem 3.1.2. Thus there is a regular Borel
measure on Bx: X By with total variation norm at most KgCy and such that for all
sets of finite measure, I C L and J C M we have:

Bé)(xr ® xs) = / wolxr)wn () dor (s, 1) (3.4.2)

Bx* XByx

For each wy € Bx+ and w; € By+, we can identify wy and w; with elements of L. ()
and Lo (1) respectively. Write w = (wp, w1 ), and consider the functions « and 5 defined
by a(t,w) := wo(t) and B(s,w) = wi(s). We can use o and § to write the pairing of wp
and wy with x; and x; as integrals:

olar) = [atte)arn). i) = [ Bl duts)

Inserting this into (3.4.2) and using Fubini’s theorem, (which is valid due to the o-
finiteness of A and u), we have:

B(¢)(x1 ®xj) = /

Bxx X Byx

_ / / alt,w)B(s,w) do(w)d(A x p)(t, )
IxJ JBxxXByx

/ alt, w) dA(D) / B(s,w) dyu(s)dor(w)
I J

-/ ( / A do<w>) Xt (Oxs(5) A )(15).

'Note that [[allqe.qr = [la*lepe.gq = lalge.er-
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From the definition of B(¢) (Definition 3.4.1) we have:

/ B(t, s)x1(t)xs(s) dN(t)dp(s) = /
LxM

LxM

</ at,w)B(s,w) da(w)) X1(t)xs(s) d(Axp)(t,s).
Bx* XBy*
Since I and J are arbitrary, it follows that for almost all ¢ and s we have:
ots) = [ a(tw)ssw) dofw)
BX* XBy*

This gives precisely the desired result. O

Definition 3.4.4. The Birman-Solomyak class of functions ¢ € Loo(A X p), denoted
BS(A x w), is defined to be the class of functions which can be expressed as:

o(t,s) = / a(t,w)f(s,w)do(w), a.et e L,s€ M.
Q
for some o-finite measure space (2, 0) and measurable functions a and B such that:

/ esssup;er|a(t, w)lesssup,cpr|B(s, w)| dlo|(w) < oo. (3.4.3)
Q

Such a representation is called a Birman-Solomyak decomposition. The infimum of
(3.4.3) over all Birman-Solomyak decompositions of ¢ is called the Birman-Solomyak
norm, and denoted ||¢|ss-

If vy and vy are spectral measures, then BS(vy x v1) is defined in precisely the same
way (given that the product exists), where instead the representation is assumed to hold
pointwise almost everywhere with respect to vy X v1.

With this definition, the content of Theorem 3.4.3 could be stated as: if ||[¢]zx7||lm < C
over all Z and J, then ¢ € BS(A x u) and ||¢||ss < KgC, where K¢ is Grothendieck’s
constant.

Recall that (M, 7) is a semifinite von Neumann algebra, and B(R?) denotes the algebra
of bounded Borel measurable functions on R2.

We now deal with the easiest direction of Peller’s theorem: the sufficiency of the Birman-
Solomyak condition for a double operator integral to map £;(H) into itself continuously.
Actually, for the sake of future use in Chapter 4, we will state and prove the follow-
ing theorem in slightly more generality. Recall that (M, 7) denotes a semifinite von
Neumann algebra.

Theorem 3.4.5. Let (X, X0, H,vp), (X1,%1, H,v1) be two P(M)-valued spectral mea-
sure spaces on o-compact standard Borel spaces (Xg, Xo) and (X1,%1). Let © € Lyi(7) N
M, and ||P|lsswoxi) < 00. Then 7:;0"/1 (x) € Li(7) N La(1), and:

175" (@)1 < lIllwes ]zl

Proof. Note that since Li(7) N M is a subset of La(7), the double operator integral
7,7 (x) is certainly defined.
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Let z,y € Li(7) N M, and recall that vy ® v1 denotes the spectral measure on Ly(7)
given as in Definition 2.4.1. We have:

T(y*al/o,l/l (x)) = - qbd(l/o X yl)x,y.

Since (vp ® v1)*Y is a measure of bounded variation (Lemma 2.2.6), we may write ¢ in
terms of its Birman-Solomyak decomposition and use Fubini’s theorem:

Ty T (@) = / / a(t,w)B(s,w) do(w)d(vo @ v1)"Y(L, s)
Xo ><X1 Q
= / / a(t,w)B(s,w)d(vy @ v1)"Y(t, s)do(w). (3.4.4)
Q XoxX1
Let us examine the inner integral. This is the function (of o) given by:
[ atw)sidm s nrs),
Xo ><X1
We may recognise this as being precisely a double operator integral:
a(t,w)B(s,w)d(vo @ v1)"Y(t,8) = T(Y T 0 51wy (2))-
< (w)B(-w)
oxX1
Using Corollary 2.2.17, this is:

T ) =70 [ ) ooy [ Ao ) (s)

So that pointwisely for o-almost all o, we have:

< [lyllallllresssupie x, [eu(t, w)lesssupse x, [ B(s, w)|-

'/XoxXl alt,w)B(s,w)d(vo @ v1)™Y(t, s)

Applying this upper bound to (3.4.4) yields:

1Ty T (@) < llzlhllylmllélse,  zy € Li(r) A M. (3.4.5)

Let p be a 7-finite projection in M, and let u be a partial isometry defining a polar
decomposition for 7, (z):

U ¢V07V1 (x) — ‘7:;/07111 (l‘)‘
Let y* = pu Then (3.4.5) yields:

(|7 @) p) < llelhlllne

for all 7-finite projections p. Since 7 is semifinite, we may take the supremum over a
monotone family {ps}o With po T 1 to arrive at:

1727 (@)1 < [zl ]|l me-
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To complete the proof of Peller’s theorem, we explain how the assumption of Theorem
3.4.3 is related to the boundedness of double operator integrals £1(H) for a separable
Hilbert space H.

The following lemma will be important to relate double operator integrals with scalar
integrals.

Lemma 3.4.6. Let (X;,X;, H,vj), j = 1,2 be spectral measures on a o-compact stan-
dard Borel space, and let vg ® vy be the corresponding measure on the Hilbert-Schmidt
class Lo(H) by left and right multiplication.

If &,m € H are vectors, let En* denote the rank one operator v — £(n,v). Then:

@ﬁwmmmzé,Xw%%wW»

Proof. This simply amounts to the claim that we have an equality of scalar measures:
(Vg @ 1y S8 E8N" — y§’5 x v,

This is easily verified on measurable sets Ag X A1 € Yo ® X1, and hence the coincidence
of the above measures follows from the monotone class theorem. ]

Consider a pair of spectral measure spaces (X, X;, H,v;), j = 1,2 defined on o-compact
standard Borel spaces (X;,%;), j = 1,2, and H is separable. To complete the proof, we
need to select (scalar) measures po and p; which are equicontinuous with respect to v
and v respectively.

Here, we say that a measure p is equicontinuous with a spectral measure v if v(A) =0
if and only if pu(A) = 0.

It is that this point we use the assumption that H is separable: if E is a spectral measure
on a separable Hilbert space H, there exists x € H such that the scalar measure E%7",
defined by E®*(A) = ||E(A)z||?, is equicontinuous with respect to E. An element
x € H satisfying this property is called an element of maximal spectral type. A proof
that elements of maximal spectral type exist for spectral measures on separable Hilbert
spaces may be found as [18, Theorem 4, Chapter 7).

Theorem 3.4.7. Suppose that (X;,%;, H,v;), j = 1,2 are two spectral measure spaces
on o-compact standard Borel spaces and on a separable Hilbert space H.

Let x,y € H be chosen such that the scalar-valued measures:

_ o _ Y
Ho =Yy » H1L=V17.

are equicontinuous with respect to vy and vi. Assume that ¢ € Loo(po X p1) satisfies:

swp T (T 2y oy = K < oo
1Ty (<1

Then
sup [[[lzxgllm < K
,J

)
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where the supremum is taken over all finite pairwise disjoint families of sets T = {I;}
and J = {Ji} in R, and the entries of the matriz [¢|zx 7 are computed with the measures
o and py, defined by x and y respectively.

Proof. Let T = {I;}}_; C ¥o and J = {J}{L; C 1 be two finite families of disjoint
measurable sets, with finite and nonzero g and p; measure respectively.

Foreach 1 < j <nand1 <k <m,let £ and 7 denote the following elements of Lo(7):

vo(Lj)x vi(Jr)y

= o k=
[0 (Z;)| 1 (Je)yl

Since the sets {I;} and {J;} are assumed to be pairwise disjoint, the sets of vectors {¢;}
and {ny} are pairwise orthogonal.

&

We define the following two linear maps, ® : H — {5 and ¥ : H — (3,

n

Q(v) =) ej{gv), W(v) =) enln,v).
k

j=1 =1

The adjoints of ® and ¥ map /5 and /3" into H respectively,
n m
" (w) = ijwj, U*(z) = anzk, wely, zely.
j=1 k=1

Since the sets {{;} and {7y} are pairwise orthonormal, ® and ¥ are partial isometries,
and we have:
OO* = 1py, WU = gy

The operators ®*® and ¥*W are the orthogonal projections onto the linear spans of {¢;}
and {ny} respectively.

For a matrix a € My, ,,,(C), considered as a linear map from ¢3" to £5, we may consider:
®*aV : H — H.
Similarly, a linear operator 7' : H — H descends to a linear map from ¢5" to ¢5 given

by:
OTU" : 15" — 0.

Since ® and ¥ are partial isometries, it is easy to see that:
12%a¥ |,y = llallcy e ep)s @ € Mym(C)

and
1TV 2y e emy) S T llgyay, T € La(H).

Let a € M, ,,(C). We shall prove that:

BT (B al)V* = [dlzx 7 0 a. (3.4.6)
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It will be helpful to write z* for the linear functional defined by v +— (z,v), and similarly
with y. We have:

n

m
ST (D aW)W* =3 " a; kT (B* (e @ €)) U)W

j=1k=1
n m 1

e a"k—q)TVO’Vl(VO(I')xy*Vl(Jk-))\I/*
;; P oI (T ? J
n m 1

- ;e (I;) TV (g™ Y11 (J3,) U
;; "o () i () I70¢
n m 1

— a»7k—6, ® 6k<§',7’l/07u1 (.’Ey*)nk>
;kz_l " oI (T) AR
n m 1

= a; 76‘@6 x’ 0,V1 T * '
jZ;kZl P o (L) (i) K ¢xfjx(,k( y)y)

So we have proved (3.4.6).

Finally,
llzx7 © allzyep ey = 19T (27aV)E" £, (e )
<1757 (2% a®) | 2, ()
< K||®*a¥|| 2, (m)
= Kllal ¢, g e)-
So indeed ||[¢]zx7]lm < K.

O

Proof of Peller’s theorem. Specialising Lemma 3.4.5 to the case M = B(H), we have
that ¢ € BS(F x F) is sufficient for 7;)EF to be bounded from £1(H) to £1(H), and

the norm of EE’F is no more than [|¢[|peExF)

For the necessity of the Birman-Solomyak condition, if TEF is bounded from £ to L1,
then Theorem 3.4.7 implies that supz 7 ||[¢]zx7|lm < oo, Finally, Lemma 3.4.3 yields
the conclusion that ¢ € BS(E x F), with the appropriate norm bound. O

3.5 Final comments

Note that in the proof of Theorem 3.4.3 we have used the o-finiteness of A and p in
a number of places (at the very least, o-finiteness is used to ensure that A x p is well
defined). However there is good reason to try and work in a slightly more general
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situation. For example we can also prove that if {¢(¢, s) }ier ses is a bounded function,
where T and S are arbitrary sets, and

Sup ”{¢(t73)}t€TO,SESOHm < o0
|To|< o0, |So|<oo

then ¢ € BS(S x T'). This follows from a version of Theorem 3.4.3 stated for S and
T considered as discrete measures. If S and T are uncountable then these measures
are not o-finite, however the proof of Theorem 3.4.3 can easily be reworded to suit this
situation.

It is worth remarking that Peller’s theorem does not in fact give necessary conditions
for ¢ € B(R?) such that %A’B is bounded from £y to £; for all affiliated operators

A and B. If ¢ € B(R?) is such that 7;;4’3 is bounded from £; to £; for all affiliated
operators A and B, then Peller’s theorem states that for each pair of measures A4 and
ApB equicontinuous with respect to the spectral measures of A and B, we have that
¢ € BS(Aa x Ap). Note however that the Birman-Solomyak decomposition necessarily
depends on the choice of measures A4 and Ap.

In the following chapter, we will develop a theory of double operator integration based
on the a priori assumption that the symbol is in the Birman-Solomyak class.






Chapter 4

Weak*-integration and the
difference of powers formula

This section is devoted to a proof of a useful integral representation for the difference of
complex powers of two non-negative operators. For lack of a better name, let us call it
the “difference of powers” formula (Theorem 4.2.1).

The difference of powers formula originally appeared in a particular special case as [35,
Lemma 5.2], and was later strengthened in [128]. In Chapter 5, we will put the formula
to use to prove the conformal trace theorem for Julia sets, and then in Chapter 7 we
will highlight the application to quantum differentiability.

We begin with a section on certain technical prehmlnarles concerning so-called weak*-
integration (Section 4.1). This includes the definition of T , an alternative definition of
a double operator integral transformer (Definition 4.1. 9) Sectlon 4.2 contains the proof
of the difference of powers formula. Finally we give two applications of the formula in
Section 4.3.

4.1 Preliminaries

In Chapter 2, we discussed at length the definition of a double operator integral as a
spectral integral on the Hilbert space Lo(7) corresponding to a von Neumann algebra
M with semifinite normal trace 7. This is a definition that is particularly well-suited to
the study of double operator integrals on ideals whose intersection with Lo(7) is dense:
for example on the ideal Lq(7). It is possible to extend to other ideals using duality,
interpolation or weak*-density, however it is preferable to have a direct definition.

In this chapter we present an alternative definition of a double operator 1ntegra1 better
suited to study double operator integrals on M, which we denote ’T While this
definition is particularly well suited for later applications, it has a hmltatlon in the fact
that it presently only applies to those von Neumann algebras M which are o-finite. This
is an observation which has at times gone unobserved in the literature, for example it
was apparently unnoticed in [107]. The recently submitted paper [45] was an inspiration
for this section, although the proofs provided here are different and have not previously
appeared in writing.

63
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The definition of 7;’4]’\5 is inspired by Peller’s Theorem. In Chapter 3 (specifically,

Theorems 3.4.3 and 3.4.5) we proved that a double operator integral %A’B is continuous
on L1(H) in the £i-norm if and only if its symbol ¢ admits a representation in terms
of a o-finite measure space (€2, ) of the form:

o(t,s) = /Qoz(t,w)ﬁ(s,w) du(w), t,seR

pointwise almost everywhere relative to the spectral measures of A and B, and where

/ esssup|a(t, w)|esssup|f(s,w)| du(w) < oo.
Q teR s€R

To define %Aj’\f, we exclusively consider symbols of the above form. We shall define
7;;‘/’5 on z € M as
T = [ aldwiad(B.w) duw), (41.1)

For this to be a meaningful definition, we must discuss the sense in which the above
right hand side converges. Since von Neumann algebras are typically non-separable, the
theory of Bochner integration turns out to be inadequate to develop the theory in full
generality. It is better to understand the integral in a weak sense, and for us the theory
of Gel’fand or weak*-integration is the most suitable.

4.1.1 Weak*-integration

Let X be a Banach space, and let (2,3, 1) be a measure space, where there is no need
to assume that u is positive. The theory of weak*-integration concerns defining integrals
of X*-valued functions f :  — X™* which converge in the weak*-topology. According
to at least some authors, this is called a Gel’fand integral [42, Chapter II, Section 3.

We shall denote the dual pairing between X and X* as:
(z,2) = z2(x), zeX",zeX.

Definition 4.1.1. If X is a Banach space, and (2, %, 1) a o-finite measure space, then
a function f : Q — X* is called weak®-measurable if for all x € X, the scalar-valued
function (f,x) := w — (f(w),x) is measurable. Furthermore we say that f is weak*-
integrable if (f,x) € L1(, p) for all z € X.

The following is adapted from [42, Chapter II, Section 3, Lemma 1]:

Lemma 4.1.2. Let f: Q — X* be weak”-integrable, where (2, %, 1) is a measure space
with (1(Q) < oco. There exists a unique Iy € X* such that for all x € X we have:

Ip(z) = /Q (F(w), 2) dp(w).

Proof. Consider the linear mapping 7" : X — L1(€, u) defined by:

T(x) = (f, ).
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The mapping T is indeed linear and well defined by the assumption that f is weak™-
integrable. We will show that T is in fact bounded using the closed graph theorem. Since
T is everywhere defined, it suffices to show that 7" is closed. Suppose that {z, },>0 is a
sequence converging in X to z € X and such that 7'(x,) converges in L1 (£, 1) to some

g€ Li(,p),
Ty =z, T(r,) —g.

Then since T'(z,) — g in L1(2, 1) and p is finite, there is a subsequence {T'(zy,)}r>0
which converges pointwisely p-almost everywhere to g. But for fixed w € €2, we have:

lim (f(w),zn) = (f(w),2)

n—oo

since f(w) € X* is a continuous linear functional. Hence T'(z,) converges everywhere
to the function (f,z) and has a subsequence which converges pointwise almost every-
where to g, and thus (f,z) = g pointwise p-almost everywhere. Thus 7T is closed and
everywhere defined, and hence bounded. Hence,

'z}ﬁmdﬂsnunmuﬂnsuﬂuﬁhwwx

Thus the functional Iy on X defined by

szémmm

is continuous, and thus an element of X™*. ]
Note that the finiteness of (£2) was used in an essential way in the above proof in order
to extract a pointwise-almost everywhere convergent subsequence of {T'(zy)}n>0.

We now define the weak*-integral.

Definition 4.1.3. Let f : Q — X* be a weak™ integrable function. If there exists an
element Iy € X* such that for all x € X we have:

<mm=40wmmmw

then called Iy the weak™-integral of f, and denote:

Iy ::/Qfdu.

It is clear that Iy is necessarily unique. Lemma 4.1.2 states that weak*-integrable func-
tions on spaces of finite measure have weak*-integrals.

Let (2,3, 1) be a measure space where p is a positive measure, and let h : Q — [0, o0
be an arbitrary (possibly non-measurable) function. Recall that the lower Lebesgue
integral of h is defined as the extended real number:

/hd,u:: sup{/gdu : 0 < g < h, gis measurable }.
Q Q



Weak* -integration 66

The lower Lebesgue integral is not necessarily additive, but it is easily seen to be mono-
tone and positively homogeneous.

Instead of assuming weak*-integrability, we can show existence of the weak*-integral
under the assumption that [, || f(w)||x+ d|p|(w) is finite. Note that in contrast to Lemma
4.1.2, the following lemma does not require () < oco.

Lemma 4.1.4. Suppose that (2, %, n) is o-finite, and let f : Q@ — X* be weak"-
measurable. If:

/ 1£@)llx- dlal(w) < oo
Q

then f is weak*-integrable and the weak®-integral satisfies:

|[rau| < [ 1l du)

Proof. Let x € X. Then since

|(f (W), @) < [l )1 (W)l

and (f(w),z) is measurable by assumption, the monotonicity of the lower Lebesgue
integral implies:

L) ' L@ aldile) < [ lelxl i)l duw). @12

Thus f is weak®-integrable. Then same is true for fyxqo for any measurable subset
Q' C Q, and Lemma 4.1.2 implies that the weak* integral fQ, f du is uniquely defined
for each Q' C Q with pu(Q') < oc.

Since the lower Lebesgue integral is positively homogeneous, we may take out ||z|/x in
(4.1.2) to obtain the following norm bound for any subset ' C Q of finite y-measure:

| (fw).2) du(w)‘ <llalx [ 17 dplw).

By the definition of the weak*-integral, the above inequality can be restated as:

([ rane)| < peix [ nre due

Taking the supremum over € X with ||z||x <1 yields the norm bound:

d «d «d 4.1.3
g < [ i@l did) < [ 1@l dilw). @19

Y, p) is o-finite, there exists a sequence 29 C Q) C Qy C --- C  such that
=  and each €, has finite y-measure. Then (4.1.3) implies that the sequence:

Since (€2,
UnZOQ
In::/ fdpe X*

is uniformly bounded in the norm of X*. From the Banach-Alaoglu theorem, it follows
that the sequence {I,,},>0 has a limit point I in the weak*-topology of X*. However
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since (f,x) is integrable for each z € X, the dominated convergence theorem implies
that for all x € X we have:

lim ([,,,z) = lim (f,z)dp = /Q(f,x) dp.

n—oo n—o0 [¢)
n

Hence the weak*-limit point I satisfies:

(I,x)—/(f,m)d,u, for all z € X.
Q

Thus [ is the integral of f, and satisfies the stated norm bound.

4.1.2 Weak*-integration in von Neumann algebras

Let M be a von Neumann algebra, with semifinite faithful normal trace 7. We will
apply the theory of weak™ integration developed in the preceding subsection to the pair
(X, X*), where we take X = Lj(M,7) and identify M with the dual of L;(M,T)
according to the dual pairing:

(z,x) :=7(2x), 2z€ M,z € Li(T).

In this setting, for a function f : @ — M to be weak™ measurable means that for all
x € Li(M,T), the function w — 7(zf(w)) is measurable in (2, %, ), and similarly to
be weak*-integrable means that w — 7(zf(w)) is in L1 (2, p) for all x € Li(M, 7). We
assume in the sequel that (2, X, 1) is o-finite, since it will be necessary to apply Fubini’s
theorem.

According to Lemma 4.1.4, the assumption that [, || f|lsmd|p| < oo is sufficient for there
to exist a weak*-integral fQ fdp € M and such that for all x € Li(M, 1) we have:

o [ )= [ rar) du).

The following lemma is routine, and so the proof is omitted.
Lemma 4.1.5. Let f: Q — M, and let x € M.
(i) If f is weak* measurable (resp. integrable), then w +— f(w)* is weak*-measurable
(resp. integrable),

(ii) If f is weak™ measurable (resp. integrable), then w +— xf(w) and w — f(w)x are
weak” -measurable (resp. integrable),

(iii) If f is weak® measurable, and g : Q@ — C is a measurable scalar valued function,
then w — f(w)g(w) is weak*-measurable.

Let us now verify that the integrand appearing in (4.1.1) is weak*-measurable.
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Lemma 4.1.6. Let (2,3, 1) be a measure space, and let o, B be bounded measurable
functions on R x Q such that sup,cg |a(t,w)| < oo and sup,cg |B(t,w)| < oo for each
w € Q.

Let x € M and A, B be two self-adjoint operators affiliated with M. We define,

a(A,w) = / a(t,w)dEA(t), B(B,w)= / B(s,w)dEg(s).
R R
Then the M-valued function on

w = a(4,w)zf(B,w)

1s weak™ -measurable.

Proof. Let us first remark that if & and S are functions of the form,

a(t, w) = XA, (t)XAQ (w)a B(tv w) = XB (t)XBQ (w) (414)

for some measurable sets A1, B; C R and Ay, By C €, then

a(A’ w):cﬁ(B, w) = XA (A)xXB1 (B)XAzﬂBz (w)

and so the weak*-measurability of a(A,w)zB(B,w) follows in this case from parts (ii)
and (iii) of Lemma 4.1.5. Similarly, if a and  are linear combinations of functions of
the form (4.1.4) then the measurability follows.

Suppose that u,v € La(7). Recall (from Lemma 2.3.2) that A and B define operators
Ly and Lp of left multiplication on Ly(7), and it can be easily seen that:

a(A,w)u = a(Lg,w)u, B(B,w)v=pF(Lg,w)v

where a(La,w) and B(Lp,w) may be defined in terms of the spectral measures of L4
and Lp on La(7). So we may write 7(u* (A, w)xB(B,w)v) as an inner product in the
space Lo(T),

T(u*a(A,w)zB(B,w)v) = (a(La,w)u, zB(Lp,w)v).

Every measurable function on the product space R x €} may be obtained as a pointwise
limit of linear combinations of functions of the form (4.1.4), so suppose that {ay,}n>1
and {8y, }n>1 are linear combinations of functions of the form (4.1.4) such that a,, = «
and (3, — (B pointwisely. We may assume that sup,,~qsup;cg |on(t,w)| < oo for all w,
and similarly with {3, }52,. Appealing to Corollary 2.2.11, it follows that @y (L4, w)u —
a(Lg,w)u and B, (Lp,w)v — B(Lp,w)v in La(1). Thus,

lim 7(u" oy (A,w)zf,(B,w)v) = 7(u"a(4,w)zf(B,w)v).

n—oo
Therefore w — 7(u*a(A,w)xB(B,w)v) is a pointwise limit of measurable functions, and
is thus measurable. Slnce every z € Li(7) can be factorised as z = vu* for some u,v €
Lo(7), it follows that w — 7(za(A,w)xB(B,w)) is measurable for all z € Ly (7). O

Now we may discuss the connection to double operator integration theory. Recall The-
orem 3.4.5: if a function ¢ is in the Birman-Solomyak class, then the double operator
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integral transformer EA’B admits an extension to a bounded linear mapping from L;(7)
to Li(7). With the theory of weak*-integration, we can shed additional light on this
result.

Theorem 4.1.7. Let x,y € L1(1) N M, and let A, B be self-adjoint operators affiliated
with M. If ¢ is a function admitting the representation:

o(t, s):/Qa(t,w)ﬂ(s,w) du(w)

for almost all t,s € R relative to the joint spectral measures of A and B and a o-finite
measure space (§, 1), and we have

/ esssup|a(t, w)lesssup| (s, w)| d|p|(w) < co
Q teR s€R

*TAB alA,w)x w)=7W" | alA,w)x w w
r(y T (@) = /Q<y< w)zB(B,w)) du(w) <y/Q<A,>5<B, ) du(w))

where the latter integral is a weak™ integral.

Proof. The assumption that:

/Q sup a(,.)| sup | A(s.) () < o0

teR
implies:
[ 1A )l @)l dlul() < o0
and hence Lemma 4.1.4 implies that w — a(A,w)zB(B,w) is weak*-integrable, and so

the weak*-integral indeed exists.

By definition of the weak*-integral, we then have:

/(y a(A,w)zf(B,w))d (w)ZT(y*/a(AaW)JUB(B,W)du(W))-
Q Q

As was already noted in the proof of Theorem 3.4.5, we also have:

(T (@) = / (v oA w)zB(B,w)) du(w)

Q

and this completes the proof. O

One of the more subtle consequences of Theorem 4.1.7 is that when x € Li(7) N M, the
value of the weak*-integral

/ a(A,w)zf(B,w) du(w)
Q

does not depend on «, 8 and u specifically, but instead depends only on ¢, A, B and .
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It is tempting to think that the same will hold not only for x € Li(7) N M, but for all
x € M. It is possible to prove that this is the case — provided that the von Neumann
algebra M is o-finite.

Corollary 4.1.8. Assume that (M, 1) is o-finite. Let a and 8 and ¢ satisfy the same
conditions as in Theorem 4.1.7 and let x € M. Then the weak*-integral

/ a(A,w)xf(B,w) du(w)
Q

erists, and depends only on ¢, A, B and x, and not the representation of ¢ in terms of
a, B and .

Proof. The existence of the weak*-integral follows from the assumption that

Il mem, ) = / esssupla(t, w)esssup|B(s, )| dlja|(w) < 0o
Q teR seR

combined with Lemma 4.1.4.

Let T denote the linear map from M to M,

T(x) = /Qa(A,w):Uﬁ(B,w) du(w)

Lemma 4.1.4 then implies that T" is bounded in the norm topology of M with norm at
most [[¢]se-

Since we have made the extra assumption that M is o-finite, there exists a sequence
{Tn}n>0 C L1(7)N M such that z,, — x in the weak*-topology and sup,,>¢ [|7x(am < oo.
Let us show that T'(z,,) — T'(z) in the weak*-topology. By definition, for all z € L (1)
we have:

(2T (1)) = /Q r(z0(A, w)nB(B,w)) duw

Since x,, — x in the weak*-sense, for each w € ) we have:

lim 7(za(A,w)z,B(B,w)) = 17(za(A,w)zB(B,w)).

n—o0

Moreover for each w the sequence {7(za(A,w)x,L(B,w))}n>0 is uniformly bounded by
the function

sup |a(t, w)|sup [B(s, w)|
teR seR

which is integrable by assumption.

Thus by Lebesgue’s dominated convergence theorem:

lim 7(27(zy)) = lim | 7(za(A,w)x,[(B,w))du(w)

n—o0 n—oo QO

:/ lim 7(za(A,w)z,[(B,w)) du(w)
Q

:/QT(za(A,w)xﬁ(B,w)) dp(w)
=7(zT(x)).
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That is, T(x,,) — T'(x) in the weak*-sense.

Let 5 be the function obtained by exchanging the variables of ¢, that is, define (Z(t, s) =
¢(s,t). Note that [|¢[lss = [|¢]e-

Let y € Li(7) N M. Theorem 4.1.7 yields:

H(y T (@) = 70" [ alAw)ea8(B.w) du(w)) = 1l T 2) = (T ).

Q

Taking the limit as n — oo,
Ty’ T(@) = (T3 (y")2), y € La(r)NM.

Since L1(7) N M is dense in Ly(7), it follows that T'(x) is uniquely determined by the
mapping y — 7(y*T'(x)) for y € Li(1) N M. However the above right hand side depends
only on ¢, A, B, y and z, and does not depend on the choice of representation of ¢. [

Since the value of [, a(A,w)z3(B,w)dw does not depend on the specific choice of rep-
resentation of the function ¢, we are now permitted to give the following definition:

Definition 4.1.9. Suppose that (M, 1) is o-finite, and let ¢ € BS(R?) admit a repre-

sentation as in Theorem 4.1.7. Define ¢Aj\5 on x € M as the weak*-integral:

Toiu (@) = /Q (A, w)zB(B,w) du(w).

Note that unlike Definition 2.4.1, we have stated the definition in terms of two self-
adjoint operators A and B rather than two spectral measures. There is no substantial
technical difference between the two ways of writing the definition, however here it is
notationally slightly more convenient to define the double operator integral transformer
in terms of operators rather than spectral measures.

The following properties of ’T B follow in a straightforward manner from the definition,
Corollary 4.1.8 and Theorem 3. 4 5.

Theorem 4.1.10. Let ¢,7) € BS(E4 x Ep). Then we have:
L T30 = T T
A,B AB
2. Titom = Toaa + Tioh

3. ’7;;4/’\]3 is a bounded linear map from M to M, and can be extended to a bounded
linear map from Li(T) to L1(7), in both cases having norm at most ||¢|lss-

Proof. We assume that ¢ and ¢ have Birman-Solomyak representations:

(ﬁ(t,s)—/Q ap(t,w)Bo(s,w) dop(w), 1/1(1&,3)—/Q a1 (t,w)B1(s,w) dor(w).
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To prove (1), we recall that since the measures oy and o are o-finite, Fubini’s theorem
is applicable and we have the following Birman-Solomyak representation of ¢):

(p¥)(t, 5) :/ ao(t,wo)ar (t,wi)Bo(s,wo)B1(s, wr) do(wo,wr).

QoXQl

where 0 = 0 x 07 is the product measure. Thus for € M and z € L;(7), we have:

7(27:1;25\/1(37)) _/Q 0 7(za0(A, wo)a1 (A, wi)zBo(B,wo)p1(B,w1)) do(wo, wr)-

On the other hand,
PETATH = [ rleontd o) T @) (B, o) do(eo)

= || 7505, wn) o0l o) T ) dov o)

= /QO /Q1 7(Bo(B,wo)zan(A, wo)a (A, wi)zB1(B,w:)) doi(wi)doo(wo).

Thus (1) follows from Fubini’s theorem.

To prove (2), one can give ¢+1) a Birman-Solomyak representation on the disjoint union
measure space o @ 1. The details are elementary and so we omit this proof.

To prove the M — M boundedness component of (3), this follows from (4.1.4) and the
definition of the Birman-Solomyak norm (we also noted this in the proof of Corollary
4.1.8). Finally, the L;(7)-component of (3) is essentially the result of Theorem 3.4.5,
since Li(7) N M C Lo(7) N L1(7), and on La(7) N Ly (7) the transformer ’7;;?/’\]/3[ coincides

with %A’B, thanks to Theorem 4.1.7. O

4.2 Proof of the difference of powers formula

Let us assume henceforth that (M, 1) is a o-finite von Neumann algebra.

For an integrable function h on R, we let h denote the (rescaled) Fourier transform:

~

h(s) = (2m)"! /_ T ) dt.

With this particular convention, the Fourier inversion theorem takes the form:

h(t) = /_00 exp(ist)ﬁ(s) ds

(under suitable assumptions on h).

In what follows, A and B will be non-negative elements of M, and we adopt the (unusual)
convention that 0% = 0 for all s € R, including s = 0.

For a self-adjoint element B € M, we denote by supp(B) the support projection of B,
that is the maximal projection p € M such that Bp = B. Equivalently, supp(B) =
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Xr\{0}(B). Due to our convention that 0° = 0 for all $8(2) > 0, the operator B* is given
by:

B = / NdEg(N), R(z)> 0.
Spec(B)\{0}

where Ep is the P(M)-valued spectral measure of B. This ensures that 0° = 0 as
required.

Theorem 4.2.1 (Difference of powers formula). Let A, B € M be positive, and let
C = AV2pAY2,
Let z € C be in the half-plane R(z) > 1, and define the mapping T, : R — M as:
T.(0) := B [BAY?, A1/ 1 [BAY?, AV 0+,
To(s) := B~1His[BAV/2, A*=1/2+is|o—is | Gis[g AL/2 AL/2+is|oe—1=is 5 £,
Define the function g, : R — C by

£ =1 e P t+0
gZ( ) T (et/z B e—t/Z)(e(z—l)t/Q + 6—(z—1)t/2)7 7&

with g.(0) :=1— 2. Then:

[\]RN¢

(i) For each z with R(z) > 1, the mapping T, : R — M is continuous in the weak"-
sense.

(ii) We have:

B*A* — O% = T,(0) — / () (s) ds

—0o0

where the integral is a weak*-integral in M.

Theorem 4.2.1 originated in [35] in the special case where z is real and B is compact.
Theorem 4.2.1 was proved in the above form as [128, Theorem 5.2.1]. In this section we
will give an overview of the proof, which follows similar lines to [128] but admits certain
simplifications due to our version of double operator integration theory.

The following is [128, Remark 5.22]. The proof is more tedious than insightful, and
therefore is omitted.

Lemma 4.2.2. For R(z) > 1, the function g, is in the Schwartz class.

Theorem 4.2.3. Let 0 < X, Y € M, z € C and define V, .= X1 (X - Y) + (X —
Y)Y*~1. Then we have a weak*-integral representation:

D
X_yiovy, - / XV, Y155, (5) ds.
—0o0

Proof. Let ¢1 . denote the function:

/\Z_MZ

P = e )

A p>0.
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Also define ¢ (A, 0) = ¢1.(0, ) = 0 when A, u > 0. When A, o > 0, then ¢ (A, p) =
9:(log(A/ 1))

Let t = log(A\/p). Then by the Fourier inversion theorem:

o0 (o]

o) = [ Gt ds = [ GoN s A£uzo
—00 —00

The above identity is also easily verified when either A\ or u is zero due to our standing

assumption that 0% = 0.

Since g, € L1(R), it follows that the measure g.dt has finite total variation, and so the
above furnishes a Birman-Solomyak representation of ¢ .. That is, ¢1, € BS(EX x
EY), and therefore for all T € M we have the weak*-integral representation:

T (D) = / h 3.(s)X™TY "™ ds € M. (4.2.1)
Now define:
do (A ) = N4 (A=), A u>0
so that
o) = X7HX = Y) + (X =YY" =V,
However:

D12 (0 1)\ 1) = (A, 1) — (VF — i),

and thus Theorem 4.1.10 implies
XY XY XY i .
7;1,27/\/1(7;’2,2,/\4(1)) = 7:]52,2,_/\/[(]‘) - (X -Y )

That is,
z z X,Y
V,— (X" -Y*) = T1,2,M(Vz)'
Putting T'=V, in (4.2.1) yields the result.

O]

We will now explain how to prove Theorem 4.2.1 in the special case that one of the
operators has finite spectrum. Specifically, we will assume that B = Z?Zl Ajpj, where
{1y An} = 0o(B) and {p;}]_, are pairwise orthogonal projections in M. After this
is established, the general result will follow from an approximation argument.

Lemma 4.2.4. Theorem 4.2.1 holds under the assumption that there exists some € > 0

such that B > ¢ and that the spectrum of B is finite.

Proof. Since B is non-negative, if o(B) is finite then there exist pairwise orthogonal

projections {p;}7_; with }>%_, p; = 1 and non-negative real numbers {);}_; such that:

n
B = Z )\jpj.
j=1
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Let z € C have real part strictly greater than 1. Then:
n
Bz == Z )\jpj.
j=1

Note that the above is consistent with our assertion that 0% = 0 for all s € R.

Since the sum Z] 1 A5p; is finite and Z?:M?j =1, we have:

B*A* — C* = ij()\jAz - C%).
j=1
We proceed by applying Theorem 4.2.3 to each summand, with X = AjA and Y = C
for the jth summand. Let v;, := (\;A)*"1(A\;A — C) + (A\;A — C)C*~1. Then Theorem
4.2.3 implies that for each j we have:
NAZ = C% = v, — / (/\jA)isvj,zC_isfq\z(s) ds.

—0o0

Then multiplying by p; and summing over j:

B*A* — C* = Zp] (NA7 — %) Zp]vjz / ij (A\jA) P .C7%G.(s) ds.
(4.2.2)
For the first sum on the right hand side, we have:

ijvj 2= (P4 = (GA)TIO) + (A - C)CF )
j=1
= B*A* - B 'A*1C + (BA - C0)C* !

= B {(BA* - A10) + (BA-C)C* 1,
Now recalling that C' = AY/2BAY/2_ we have:

ijvj,z _ Bz—l(BAz _ Az—1/2BA1/2) + (BA _ A1/2BA1/2)CZ—1
j=1

_ BZ_I[BAI/Q,A'Z_I/Q] + [BA1/2,A1/2]CZ_1

— T.(0).

For the second sum on the right hand side of (4.2.2), we have:
D (AP =) pi (AT — (\A)TTIEC) + pi (AT — (A)EC) e

_ Bz—l—isAz—l—is o Bz—l—l—isAz—l—i-isC + (Bl—l—isAl—H'S . BisAisC)Cz—l
_ Bz—1+i5[BA1/2 Az—1/2+is} +Bis[BA1/2 A1/2+is]cz—1‘
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Substituting this into (4.2.2) yields:

00
BPA? — (O% = TZ(O) / /g\Z(S)Bz—l—i-iS[BAl/Z,Az—1/2+i3]c—is + Bis[BA1/2,AI/Z—HS}CZ_I_w ds
2.0~ [ G(IT)ds
exactly as needed. O

Now we remove the assumption that the spectrum of B is finite, using an approximation
argument and the continuity properties of functional calculus.

Proof of Theorem 4.2.1. Let n > 0, and let F, denote the function:

k+1
Fo(t) = Z o X(k27m(k+1)2 ] ), telo, Bl
k=0

Then,

o0

B,

X(k2—n,(k+1)2-7) (B)-

Since B is bounded, this sum is actually finite, and F,,(B) (being a finite linear com-
bination of orthogonal projections) has spectrum given by a finite subset of {277 2 -
27" 3.2 ...}. The support projection of B, is the projection:

supp(B ZX k2-n (k41)2~ n]( )= X(O,oo)(B) = supp(B).
k>0

Moreover,
k + 1

(k12— (B)-

Since F), converges uniformly to the identity function on [0, || B]|], the spectral theory of
self-adjoint operators (or Lemma 2.2.9) implies that B,, converges to B in the operator
norm topology, or equivalently in the topology of M. Hence, the spectral measure of
By, converges weakly to that of B (Theorem 2.2.20).

Since the function A\ — A\* is continuous and bounded on [0, ||B||] for ®(z) > 1, the
definition of weak convergence of spectral measures (Definition 2.2.19) implies that in
particular we have BZsupp(B) — B*supp(B) in the strong operator topology, and since
supp(B;,) = supp(B), we have:

By supp(B,,) — B*supp(B)

in the strong operator topology. Since strong convergence implies weak*-convergence in
M (see Section 2.3), it follows that BZsupp(B,) — B*supp(B) in the weak*-topology
of M.
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For each n > 0, define C,, = AY/2B, AY/? and:

Tn,z(o) — BZ_I[BnAl/z,AZ_1/2] + [BnA1/2,A1/2]C,rZL_1,
Tn,z(S) — BZ—1+is[BnAl/2’Az—l/?—l—is]cgis + B%S[BnAl/Q,A1/2+i8]0,2_1_i8, s 7& 0.

That is, T, . : R = M is defined identically to 7, in Theorem 4.2.1, but with B,, and
C, in place of B and C respectively.

Note that since B — B? in the weak*-topology, it follows easily that T}, .(s) — T.(s)
in the weak*-topology.

Since B, has finite spectrum, Lemma 4.2.4 implies that:

o

BiA* - C: =1T,.(0) — / T,.2(5)g:(s) ds. (4.2.3)
—0o0

Taking the limit in the weak*-topology as n — oo, the above left hand side converges to

B*A* — C*. As for the right hand side, since the integral is in the weak*-sense, for all

w € M, we have:

oo [ee]
w (/ T5.2(5)g2(s) ds> = / w(Th,2(5))g:(s) ds.
— 00 —00

We have established that T}, .(s) — T.(s) in the weak*-topology, and since evidently
| T,2(s)||pm is uniformly bounded in s and g, is Schwartz class, it follows from the
Lebesgue dominated convergence theorem that:

o

lim w(Th,2(5))g-(s)ds = /

n—oo J_

o0 o

ST ds = ( [

o —00 —00

(95055 ).

so that the right hand side of (4.2.3) converges in the weak*-topology to

T.(0) — /OO 9:(5)T%(s) ds.

4.3 Applications of the difference of powers formula

The main utility of the difference of powers formula is to give sufficient conditions on
A, B and 1 < r < oo such that B"A" — (AY/2BAY?)" is in a desired operator ideal.
Since our primary applications are to ideals of B(H) for a Hilbert space H, we will now
restrict attention to that setting, and consider the Schatten-von Neumann ideals £,,.

One technical result we use is the following, which is essentially [108, Equation (14)].
Suppose that £ is an interpolation space between £, and £, for some 1 < p < ¢ < oo0.
If X and Y are positive operators such that [X,Y] € £, and f is a Lipschitz function on
R then

11X, F)lle < cell f @ IIX YT
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In particular, if f(t) = t'*2% then f is a Lipschitz function on R, with |f’()| = |1 + 2is|
for t € R, and therefore:

X, Y25 le < 2ee(1+ [sDI[X, Y]le- (4.3.1)

We will use £ = L,1 and £ = L, o, where 1 <7 < o0.

4.3.1 Sufficient conditions for a difference of powers to be trace class

The result of this subsection concerns conditions on positive bounded operators A and
B so that the difference B" A" — (AY/2BA'/?)" is trace class, and originally appeared in
[32, Appendix B]. We will use this result in Chapter 7.

Before proving the theorem, it is worth remarking on £-valued integrals. Suppose that
T :R — B(H) is a weak*-measurable function such that for all s € R, the value of T at
sisin Ly. If [ [|T(s)]l1 ds < oo, then the weak*integral is in L.

To see this, note that the assumption implies that [ [|T(s)« ds < oo, and therefore
Theorem 4.1.4 implies that the weak*-integral exists. Therefore, there exists a polar

decomposition:
‘/ T(s)ds :u/ T(s)ds

—0o0
for some partial isometry u. Since w is bounded, it may be moved inside the weak®-
integral. Then letting X € £; the definition of the weak*-integral implies that:

tr (X’/_ZT(s)ds

If one then takes the supremum over all X € £; with || X|w < 1, it follows that
the absolute value of the weak*-integral ffooo T'(s) ds has finite trace, and so the weak*
integral is in L.

> — /OO tr(XuT(s)) ds < /Oo X ol 7)1 s

—00 —00

Theorem 4.3.1. Let A and B be two positive bounded operators, and let v > 1. If the
following four conditions hold:
(i) B'A e L r o,
(i) AV2BAV? € L, ,
(iii) [BAY? AV € L, 1,
(iv) BB, A" 1A € L.

Then
BTA" — (AV?BAY?Y € 4.

Proof. Taking z = r and observing that $(z) = r > 1 allows us to apply Theorem 4.2.1
to get:

BAT = (A BAY = 1,0) ~ [ 1055 ds
R
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We now focus on proving that 7,.(0) € £1 and

/ IT() 1[5 (5)] ds < oo
R

Let s € R. As the function t +— % on R takes values in {z € C : |z| = 0,1}, the operator
C'"s = (AY/2BAY?)% is a partial isometry. So we have by the triangle inequality:

IT(s)[l < || B [BAY?, AT 12|y 4 |[[BAY?, AV2HSIC7 1.
Note that this holds even in the s = 0 case. By the Leibniz rule:
[BAI/Q’A'I‘—%-FZ‘S] _ [BAl/Q,Ar_1A1/2+iS]
_ [BAl/Q,AT_l]Al/Q—HS+AT_1[BA1/2,A1/2—HS]
_ [B7Ar71]A1+is _i_Arfl[BAl/Q’Al/ZJris]'
Therefore,
1T ()1 < 1B" (B, A" A1 + [|B" AT [BAYZ, A2y
+ |HBA1/2,A1/2+is]cr_1||1.
Using the Holder-type inequality (1.5.3) we have:
IT-(s)llh < |1 B"H[B, A" AL + || B™HAH| o [I[BAY?, AV,
+[|[BAYZ, AYPHE]|| IO 2 e

By assumption (iv), the first norm ||B"~![B, A""!]A||; is finite, and by (i) the norm
||B7"_1A7"_1H%17Oo is finite. Finally by (ii), we have C"~1 € L_r_ o and so lCm=1|
is finite.

r
—1®

So there are constants ¢; and ¢ such that:
IT:(s) [l < c1 + el [BAY?, AMZH||, .

If s = 0, then by assumption (iii) the latter norm is finite, so we have proved that
1T5-(0)][x < oo

Since by (iii) we have that [BAY/2, AY2] € L1, we can apply (4.3.1) with X = BAY/2,
Y = AY? and € = L1 to get:

IT5(s)l1 < 1+ 2c2e, (1 + |5])

with ¢, := ||[[BAY/2, A/?]||,.;. Since g, is a Schwartz-class function, the Fourier transform
gr is also in the Schwartz-class, and therefore,

/ G IT, () ds < 1 / 3(s)] ds + 226 / 3(5)] (1 + |s]) ds < oo.
R R R

The argument preceding the theorem then implies that [; g-(s)T(s)ds € L1, and so
BTA" — (AV2BAY?) € L. O
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4.3.2 Sufficient conditions for a difference of powers to be in (£ )o
In this subsection we provide sufficient conditions for a difference of powers of operators
to be in the quasi-Banach ideal (£ )o. We will use this in Chapter 5.

We begin with a simple observation. Recall that if 1 < r < oo then (£, )0 is a separable
ideal of B(H) defined as the closure of the set of all finite rank operators in the quasinorm
| - lr00- Since r > 1, there is a norm equivalent to the defining quasinorm || - || cc-

Lemma 4.3.2. Let f be a continuous function from R to (Lyo0)o where 1 <1 < oco. If

[ 176 e ds < o
R

then the weak™-integral f]R s)ds is in (Lroo)o-
Proof. The proof relies on the fact that (£, ~)o can be given an equivalent Banach norm,
and the assumption implies that f is integrable in the (£, )o-valued Bochner sense.

Indeed, since f is continuous, and || f(-)|/»,cc is integrable, it follows that f is integrable
in the (£, )-valued Bochner sense. So the integral:

/Zf(s)ds

taken in the Bochner sense, is an element of the space (£, )o. Let us show that the
Bochner integral must coincide precisely with the weak*-integral.

Since the L, topology is finer than the norm topology, f is also continuous in the
operator norm, and hence in particular is weak*-measurable. Since || f(5)|loo < || £(5)]]r,00
for all s € R, it follows from Lemma 4.1.4 that f is weak*-integrable.

For all X € £; and T € (£, )0, we have:
Te(XT)| < [[X[11 1T Mloo < I XN ], 00-

Therefore the map T +— Tr(X7T) is a continuous linear functional on (L, )o. Since
continuous linear functionals can be moved inside a Bochner integral, we have:

Tr (X /Z £(s) ds) - /OO Tr(X f(s)) ds

where the integral on the left is a Bochner integral. However the right hand side is

precisely the definition of:
Tr (X / f(s) ds>

where now the integral is a B(H )-valued weak*-integral. Thus, for all X € £; we have:

s - se0e) - [ 1)

where the integral on the left is an (L, ~)o-valued Bochner integral, and the integral
on the right is a B(H)-valued weak*-integral. Since this holds for all X € £, it follows
that these two integrals are identical. O
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The following result first appeared in the literature as [28, Lemma 3.3.11] without proof.
A proof was later provided in [35, Lemma 5.3].

Lemma 4.3.3. Let A and B be non-negative bounded operators, and 1 < r < oo. If
B e L, and [Al/Q,B] € (Ly.00)o, then

BTA" — (AY2BAY?) € (L1.00)0-

Proof. Since [AY2, B] € (L;.5)0, it follows that for all k > 0,

k—1
[AF2 B] =~ ARI=2[A12 BIAI? € (L.00)0.
=0

By linearity, for all polynomials p we have:
[p(A"?), B] € (Lr00)o-

Since B € L, ., we also have the trivial bound for all continuous functions f on
0.1 4]): y
£ (A7), Blllroo < [1f (o, 4f1o]) 1B llr00-

Now let f be an arbitrary continuous function on the interval [0, ||A||x], and select a
sequence {p,}>° , such that p, — f uniformly on [0, ||Al|s]. Then,

1L (AY2), B] = [pa(AY?), Blllroe < ILf = Pall e (0, Al [ Bllrco = 0

as m — oo. Since each [p,(A'Y/2), B] is in (L, )0, and this ideal is by definition closed
in the £, o quasinorm, it follows that:

[f(A1/2)7 B] € (ﬁr,oo)0~

In particular, if we take f(t) = t2" =12 for s € R then
[T~V B € (L,.0)o.
Since A'/? is bounded, we have immediately that
[BAY?2, AT=1/2%15) ¢ (£, 0)o. (4.3.2)
for all s € R. If we use (4.3.1), with X = BAY2 Y = A"~1/2 then we have the estimate:
[[BAV2, Ar=V2ED]| < 96, (1 + |s]) [[BAV, A7, o

which is finite by (4.3.2) with s = 0. Rescaling s by a factor of T1—1 yields:

||[BA1/2>AT_1/2+iS]’|r,oo < 2Cr(1 + ’3’

< o IBAYZ Ao (4.3.3)

Similarly, [BAl/Z,A1/2“'S] € (Ly,0)0 and

IBAY?, A4, o < 26, (1 + [s])|[BAY2, AV . (4.3.4)
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We write the integral formula in Theorem 4.2.1 as follows. We have:

BTAT _ (A1/2BA1/2)r _ Tr(0> o Br—l/ /g\T(S)Bis[BAl/Q,Ar—1/2+is]c—isd8

—0o0

_|_/ /Q\T(S)Bis[BAl/Q, A1/2+i5]07i3 ds - Crfl' (435)

—0o0

Since T;(0) = B'~'[BAY/2, A7=1/2] + [BAY?, AY?]C"~1, we have:

Tr(o) S ['ﬁ,oo : (Lr,oo)o + (ET‘,OO)O L r 00

r—1’

so by the Holder inequality, 7, (0) € L1, and since (L, )o is an ideal, we have further
that TT(O) S (ﬁr,oo)o-

Finally, using the fact that g, is in the Schwartz class and the estimates (4.3.3) and
(4.3.4), Lemma 4.3.2 applied to (4.3.5) yields:

B"A" — (Al/QBA1/2)T S (ﬁl,oo>0 + L _r 0o * (£r,oo)0 + (ET’,OO)O : ['Tl—l,oo

r—1’

From the Holder inequality, it follows that B A" — (AY/2BAY?)" € (L} )0 as required.
O



Chapter 5

Application to Julia sets

5.1 Introduction

Using the machinery developed in Chapter 4, we are able to finally move to one of the
most surprising applications of quantised calculus: the Conformal Trace Theorem (The-
orem 5.1.3). This result (in the specific setting of Julia sets of quadratic polynomials)
was first announced by Connes in [28, Page 23], and later in [30] and [31] but the detailed
proofs were not given. Eventually, a complete proof for the quadratic case was published
in [33] which consisted of joint work of the author with A. Connes, F. Sukochev and D.
Zanin. The content of this chapter largely reproduces [33], however a number of edits
have been made.

The most substantial change made here compared to the published version of [33] is that
we consider a much larger class of polynomials. In [33], for the sake of simplicity the
authors restricted attention to Julia sets of quadratic polynomials z — 22 4 ¢ where c is
in the set {w(1 —w) : 0 < |w| < 1/2}. Here we consider a larger class which contains
polynomials of arbitrarily high degree (in particular, we can consider z — z%+c for d > 2
and ¢ # 0 is sufficiently small). This has necessitated changes to some of the proofs:
most notably, Lemma 5.5.5 has a new and arguably simpler proof than the published
version of [33].

We recall the definition of Julia sets of polynomials, as outlined in [25, Chapter III]. Let
¢ be a polynomial. For k > 1 we denote ¢* for the k-fold iteration of ¢. The Julia set
J(¢) of ¢ may be defined to be the boundary of the set of points z € C such that ¢*(2)
is bounded as k — oo.

The results of this chapter will be applicable to a class of polynomials which we call
“admissible”.

Definition 5.1.1. We call a polynomial ¢ of degree d > 2 admissible if the following
two conditions hold:

(i) The Julia set J of ¢ is a Jordan curve of Hausdorff dimension p > 1 (we recall the
definition of Hausdorff dimension in Section 5.4).

(ii) ¢ is hyperbolic on J (i.e, there exists an n > 0 such that for every z € J we have
(@) (2)] > 1).
83
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The second assumption (that ¢ is hyperbolic) implies that J has Hausdorff dimension
strictly less than 2 (see Theorem 5.4.2).

It is in general not trivial to determine if a given polynomial is admissible, but there exist
examples of admissible polynomials of arbitrary degree greater than 1. The following
lemma demonstrates the most important class of examples.

Lemma 5.1.2. Let d > 2 and consider ¢(z) := 2% + c. If ¢ is sufficiently small and
nonzero, then ¢ is admissible.

Proof. Recall that an attracting fixed point of a polynomial ¢ is a point z € C such
that ¢(z) = z and |¢'(z)] < 1. The fixed points of ¢ correspond to solutions to to
24 — 2+ ¢ =0, and a fixed point zq is attracting when |¢'(29)] < 1. That is, when
|z0|97 < d~!. One can then see directly that ¢ has an attracting fixed point if and only

if ce {fw—w?: 0<wd ! <d}.

4 is one-to-one on the open disc |w|?! < d~!, it follows

Since the function w — w — w
that for each ¢ € My there exists a unique 0 < |w|?™! < d~! such that ¢ = w — w.

Thus, ¢ always has a unique attracting fixed point which we denote zg.

A critical point of ¢ is a solution to ¢'(z) = 0. According to [25, Theorem III.2.2], for
every attracting fixed point of a polynomial there is at least one critical point z such
that limy_,o ¢¥(2) = 2o. In this case, ¢ has precisely one critical point at zero and hence

limy, o0 #%(0) = 2.

Since zp is attractive, there is a bounded neighbourhood U of z such that ¢*(U) C U
for all k& > 0 (see [25, Section I1.2]). Thus zg ¢ J. Moreover, as limy_,, ¢*(0) = 2o, it

follows that:
U{w )} C U o F

the latter set is an open neighbourhood of zp, and thus is disjoint from J. Therefore

U{¢k g =0.

According to a well-known characterisation of hyperbolicity (see [25, Lemma V.2.1] and
[95, Theorem 19.1]) a general polynomial ¢ is hyperbolic on its Julia set .J if and only if

G PF(CPYNJ =0

where CP is the set of all critical points of ¢. Since 0 is the only critical point of ¢, we
have therefore demonstrated that ¢ is hyperbolic on J.

Let us now show that J is a Jordan curve. Since we know that ¢ is hyperbolic on J,
it suffices to show that the attracting basin of oo is simply connected [8, Lemma 9.9.1].
Indeed, this follows from the fact that ¢ has no critical points which are iterated to
infinity, see the discussion in [25, Section III.4].

Finally, the fact that J has Hausdorff dimension strictly greater than 1 follows from a
computation of Ruelle [117, Appendix 2], which shows that the Hausdorff dimension of
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Jis 1+ 41‘005( ot O(|c]?), so that when c is sufficiently small and nonzero then J has

Hausdorff dimension strictly greater than 1.

O]

More specifically, [25, Theorem V.2.1] implies the stronger result that J is a quasicircle,
but for our present purposes it suffices to know that J is a Jordan curve.

Let T denote the unit circle in the complex plane, equipped with its standard Haar
measure. Let F': Ly(T) — Lo(T) be the Hilbert transform, defined on exponential basis
functions e, (z) := 2", n € Z by Fe, =sgn(n)e,. Given an essentially bounded function
f on the unit circle T, the symbol M; denotes the operator on La(T) of pointwise
multiplication by f. Since J is a Jordan curve, due to the Riemann mapping theorem
there is a conformal mapping Z from the exterior of the unit disc {z € C : |z| > 1}
to the unbounded component of C\ J. By the Carathéodory theorem on continuous
extensions of conformal maps, Z extends to a continuous bijection Z : T — J. We may
therefore consider Z as a function on the circle, and we write Mz as the corresponding
linear operator on Lo(T). It is known that Z may be chosen such that for all z € T we
have Z(z%) = ¢(Z(z)) (see Subsection 5.4.3).

The main result of this chapter is the following theorem (all heretofore unexplained
symbols and notions will be defined in Section 1.5.2).

Theorem 5.1.3 (The Conformal Trace Theorem). Let p € (1,2) be the Hausdorff
dimension of the Julia set J of an admissible polynomial ¢. Let my be the p-dimensional
Hausdorff measure on J. Then,

(a) [F,Mz] € Ly

(b) For every continuous Hermitian trace ¢ on L1, there ezists a constant K(p, @)
such that for every f € C(J) we have:

oMozl [F, Mz)P) = K(9,6) /J f dmy.

(¢) If w is a dilation invariant extended limit on Ly (0,00) such that w o log is also
dilation invariant, then K(tr,,¢) > 0. Here, tr, is a Dizmier trace corresponding
to the extended limit w.

Theorem 5.1.3 should be compared with [35, Theorem 1.1] which concerns geometric
measures on limit sets of finitely generated quasi-Fuchsian groups. The statement of
the result is very similar, however it should be noted that the methods of proof used
in this text are completely different to those used in [35]. We follow a proof outlined
by the Connes in [28, Chapter 4], which proceeds by identifying the functional f
©(Myoz|[F, Mz]|P) on the space C(J) with the (essentially unique) p-conformal measure
with respect to ¢ on J (as defined by Sullivan [130, Theorem 3]). Another theorem
of Sullivan [130, Theorem 4] identifies this p-conformal measure with the p-dimensional
Hausdorff measure.

The pair (L2(T), F') is a Fredholm module for C(T) in the sense discussed in Section
1.1.2. Tt was the analysis of this particular Fredholm module by Connes and Sullivan
which ultimately led to Theorem 5.1.3. To provide some intuition for the appearance of
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F in a formula for the Hausdorff measure, it is worth noting that F' is invariant under
endomorphisms of T which are the restrictions of conformal maps. This is the essential
property of F which leads to the identification of the measure f +— p(Myoz|[F, Mz]P)
with the conformal measure of the Julia set.

This chapter is broken up as follows:

1. Section 5.2 collects necessary results concerning commutators of multiplication
operators and the Hilbert transform. Many of the proofs relevant to this section
are provided in Appendix A.

2. Section 5.3 proves that if C is any Jordan curve in the complex plane with finite
upper s-dimensional Minkowski content, and ( is a conformal equivalence between
the exterior of the unit disc D and the exterior of C, then [F, M¢] (where M¢ is
considered as an operator on Ly(T)) is in the weak Schatten ideal Lg .

3. Section 5.4 collects properties of Julia sets of admissible polynomials, and demon-
strates that the Julia set of an admissible polynomial is a Jordan curve with
Hausdorff dimension p € (1,2) and with finite upper and strictly positive lower
p-Minkowski content. Combined with the results of Section 5.3, this immediately
yields Theorem 5.1.3.(a).

4. Section 5.5 then completes the proof of Theorem 5.1.3.(b), by showing that the
functional f — p(Myoz|[F, Mz]P) is p-conformal with respect to ¢ (in the sense
of Subsection 5.4.2).

5. Section 5.6 then provides a proof of Theorem 5.1.3.(c) by referring to known results
on the relationship between Dixmier traces and zeta-function residues.

Sections 5.3 and 5.6 are in a sense self-contained in that no reference is made to Julia
sets. Instead, we work with arbitrary Jordan curves with finite upper and positive lower
s-dimensional Minkowski content. We have opted to work at this level of generality
because it is anticipated that in future work we may be able to work with more general
conformally self-similar Jordan curves.

We give thanks to Professors Smirnov and Sullivan for useful discussions and Professor
Bishop for communicating to us the idea of the proof of Proposition 5.4.3.

5.2 Commutators of multiplication operators and the Hilbert
transform

Denote by D the open unit disc in the complex plane. Given f € Li(T)!, let f(n)
be the nth Fourier coefficient of f. It is well known that f can be identified with the
non-tangential boundary values of a holomorphic function in the interior of the unit disc
if and only if f(n) = 0 for all n < 0. In this case we identify f with its holomorphic
extension. The Hilbert transform F': Lo(T) — Lo(T) is defined on functions f € Lo(T)
by

(Ff)(z) = Y sgn(n) f(n)=", € T.

neL

'Spaces L,(T) on the circle are always defined with respect to the Haar measure
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Given f € Loo(T), the symbol My stands for the operator on Lo(T) given by pointwise
multiplication by f. We are concerned with conditions on f which are necessary and
sufficient for the commutator [F, My| to be in the Schatten p-class £,. The following
result is a restatement of a result due to Peller [100, Chapter 6] and a full proof is
included in Appendix A. Recall that dzdz denotes the Lebesgue measure on C.

Theorem 5.2.1. Let f be a function on T with holomorphic extension to D, and let
po > 1. There exist constants k, K > 0 (depending on pgy) such that for all p € (po,2)
we have

1/p

ay \f’(z)\ﬁ(l—rzﬁp2dzdz)1/ps Al < K ([ 17Gra - 12 dzaz)

Note that f’ denotes the derivative of the holomorphic extension of f to the interior of
D, not the holomorphic extension of the derivative of f. We also utilise the following
one-sided result, giving sufficient conditions for [F, M| to be in the weak p-Schatten
class and which is identical to [35, Lemma 3.5].

Theorem 5.2.2. Letp > 1, and let f be a function on T with holomorphic extension to
D. Define h(z) := f'(2)(1 — |2|?) and let v be the measure on D given by dv = (lfﬁi)Q.
Then there exists a constant ¢, > 0 such that

I[F, Mfwzwo < CthHLp,oo(D,u)-

The proof of Theorem 5.2.2 amounts to a combination of Theorem 5.2.1 and an inter-
polation argument.

5.3 Jordan curves with finite upper Minkowski content

Let A be an arbitrary subset of R? (we will ultimately be concerned with the case d = 2).
The d-neighbourhood of A is the set,

Ss(A) = {z e R? : dist(x, A) < d}.

Let |S5(A)| denote the Lebesgue measure of Ss(A) and let 0 < s < d. The upper
s-dimensional Minkowski content of A is defined by:

M?(A) := limsup 6° 4| S5(A)|.
6—0

By definition, M*(A) is finite if and only if |S5(A)| = O(39%) as § — 0.
The lower s-dimensional Minkowski content is defined as,

M (A) := liminf §°~%|S5(A)|.

6—0

The above given definitions of upper and lower Minkowski content follow [52, Definition
3.2.37).

Let C be a Jordan curve in the plane, and let 2 C C be the bounded component
of C\ C, so that C = 99Q. By the Riemann mapping theorem, there is a conformal
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mapping & : D — € which by the Caratheodory theorem extends to a continuous function
& : T — C. This section is devoted to the proof of the fact that if C has finite upper s-
dimensional Minkowski content then the commutator [F, M] (considered as an operator
on Ly(T)) is in the weak Schatten s-class L .

The following Lemma appears as [28, Equation (4.21)], and we supply a detailed proof
for convenience.

Lemma 5.3.1. Let Q be a domain in C whose boundary 052 is a Jordan curve, and let
€ :D — Q be a conformal map. Then for all |z| < 1,

1 .
(- 21|/ (2)] < dist(€(2), 99) < (1 [2[*)[€'(2)]
Proof. Let h be any conformal mapping i : D — Q. Since h is conformal, it is bijective
and we have h/(0) # 0. Hence we may define a function k by

k(z) = {h(z)fhww 270

1 _
W,Z—O.

Since h is holomorphic, k& is also holomorphic. Since 0f2 is a Jordan curve, by the
Caratheodory theorem [54, Theorem 3.1, h extends to a continuous function on the
circle T. Since h(0) is in the interior of the curve 02, we have inf,cr |h(2) — h(0)| > 0,
so it follows that k also extends continuously to T. By the maximum modulus principle,
since k is holomorphic in the open unit disc,

[R(0)] < sup |k(2)]

Equivalently,
L N
[W(0)] ~ 21=1 [h(z) — R(O)]

Since |z| = 1, we then obtain

Inf [h(z) = R(O)] < |1(0)]

When |z| = 1, the point h(z) lies in the boundary 9f2, so immediately:

dist(h(0),99Q) < |h'(0)| (5.3.1)
We now refer to the Koebe 1/4-theorem, [115, Theorem 14.14], which states that if h is
a conformal mapping from D to a simply connected domain €2, then €2 contains the disc

centred at h(0) with radius W. Equivalently, dist((0),8) is not less than £|r’(0)],
so:

O] < dist(h(0), 00). (53.2)

Combining (5.3.1) and (5.3.2),

%]h’(O)\ < dist(h(0), 9 < ['(0)]. (5.3.3)



Application to Julia sets 89

Let |z| < 1. Consider the function

h<w>:=§<z‘w>, ] < 1.

1—Zw

Note that the map w — = is a conformal automorphism of the unit disc, so the
image of the unit disc under h is the same as the image under £. Thus, h is a conformal

mapping from the unit disc to 2. We can then simply compute:

h(0) = €(2),  H(0) = —€'(2)(1 — [2]).

So immediately from (5.3.3)

L1 P < dist(€(2), 09) < (1~ |2P)E )]

O

The next result shows how we can use Lemma 5.3.1 to reduce the question of whether
(1—122)|€/(2)] € Ls.oo(D, %) to a purely geometric question concerning C.

Proposition 5.3.2. Let C be a Jordan curve in the plane with interior ), and let £ :
D — Q be a conformal map. Let h be the function on D given by h(z) = |€/(2)|(1 —|2|?).
Let D be the function on Q0 defined by D(z) = dist(z,0Q) = dist(z,C). Then for all

s> 0,

dzdz dwdw

h LsooDai D Lsoogy.i-
€ Lsool (1—\2’\2)2)(:) € Lsool dlst(w,aQ)Q)

Proof. Restating Lemma 5.3.1, we have:
1
ih(z) < D(&(2)) < h(z). (5.3.4)

Rearranging the result of Lemma 5.3.1 yields

1 ()P 16
(= )2 = dist(€(2), 0002 = (1= 22"

z € D. (5.3.5)

The function £ maps D conformally into €2, so in particular it is injective. If w = &(2),
then dwdw = |¢'(2)|?dzdz, so from (5.3.5) for any Borel set A C D we have

/ dzdz </ dwdw <16/ dzdz
a (L=122)% 7 Jecay dist(w,09)* = 7 J4 (1= [22)*

Thus, the images of the measure (lﬁ% under ¢ is equivalent to the measure ——2wdw

dist(w,00)2 "

Combining (5.3.4) and (5.3.5) yields the equivalence that h € L o (DD, %) if and

only if D € Ly o (2, %). O

The following is the key result which yields [F, M¢] € L if C has finite upper s-
dimensional Minkowski content.
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Proposition 5.3.3. If 0Q has finite upper s-dimensional Minkowski content, then:

dzdz
i Q Lsoo | 4 255 | -
z > dist(2,00) € L, < dist(z, 39)2>

Proof. We partition the region €2 into countably many regions, { Ay }r>o defined by:
Ap={z € Q : dist(z,00) € [27% 27F)}

and define A_; := {z € Q : dist(z,0) > 2}. Then  is a disjoint union:

Let © be the measure dy = %. Then for all n > 0,

n

p({z € Q : dist(2,00) > 27") = Y p(Ay).
k=—1

Inside the region Ag, the function z — m is bounded from above by 2%. So for
k>0,

p(Ax) < 22| 4]
= 22718511 (0Q) N QY — [Sy-x(8Q) N Q)
< 2%%|8,1-1.(09)].

By the assumption that the s-dimensional Minkowski content is finite there exists C' > 0
such that for all k,

|1S51-x(Q)] < € - 207F)(2=s)
=C 270272k o,

Letting K = 0227%, we obtain that for all £ > 0 we have u(A;) < K2*. So,

p({z € Q : dist(2,00) >27") < p(Aq) + K Y 2F
k=0
= 0(2™).

Thus, pu({z € Q : dist(z,092) > t}) =0(t"°) as t — 0. O

We obtain our main result concerning conformal maps from the unit disc to the interior
of a Jordan curve.

Theorem 5.3.4. Let C be a Jordan curve in the plane with finite s-dimensional upper
Minkowski content, and let & be a conformal map from the interior of the unit disc to
the interior of C. Then the extension of & to the boundary, considered as a function on
the circle T, satisfies

[F7 Mg] € ['s,oo-
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Proof. Let © denote the interior of C and let D be the function on €2 given by D(w) :=
dist(w,C). From Proposition 5.3.3, we have D € Lg (9, w9292 ). Applying Proposi-

? dist(w,C)?
tion 5.3.2, it follows that the function h(z) := (1 — |2]?)[¢/(2)] is in Ls oo (D, %)
Due to Theorem 5.2.2, if h € Lg oo (D, %) then [F, M¢] € L 0o. O

Theorem 5.3.4 concerns conformal equivalences between the open unit disc and the
interior of a Jordan curve. In fact, similar results hold for equivalences between the
exterior of the unit disc and the exterior of a Jordan curve.

Theorem 5.3.5. Let C be a Jordan curve in the plane with finite s-dimensional upper
Minkowski content, and let ( be a conformal map from the exterior of the unit disc,
{z € C : |z| > 1} to the exterior of C. Then the extension of ¢ to the T, considered as
a function on the circle T, satisfies

[F, Mc] S ['s,oo-

Proof. Without loss of generality we may assume that the point 0 is in the interior of
C, and also ¢ may be chosen such that as |z| — oo we have |((z)| — oo. Define the
function n on D\ {0} by

n(z) = ¢(z"H7h

Since 0 is in the interior of C, the range of ((2~!) is bounded away from zero, so 7 is
bounded in any punctured neighbourhood of zero and so has holomorphic extension to
D, and by our assumption is extended to ID by defining 1(0) = 0. Since ( is injective, 7
is also injective and hence is a conformal equivalence onto its image. Since 0 ¢ C, the
image C~! is also a Jordan curve. Hence, n is a conformal equivalence between D and
the interior of the Jordan curve C~!.

For all § > 0, by definition we have

Ssc = B(=z",9).

zeC

Since the function z — 27! is Lipschitz when restricted to the complement of any ball
containing 0, then for any & > 0 there exists a constant C' > 0 such that for all |z| > ¢
and all § < /2 we have,

B(z71,6) C B(z,C6)" 1.

Hence for § sufficiently small the inclusion
Ss(C™) € Ses(C) 7
holds.

The Jacobian of the function z — 27! is uniformly bounded on compact subsets of C\ 0.
Hence, there is a constant K > 0 (depending on C) such that for § sufficiently small,

1S65(C) 71 < K[Ses(C)] = O(6°7).

So finally |Ss(C™1)| = O(6%7%). Hence C~! has finite s-dimensional upper Minkowski
content.
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Let W be the unitary map on Lo(T) which maps the basis function z" to z~" for all
n € Z. Then W*FW = —F + R, where R is a rank one map, and M, = (WM, W*)~L.
Thus,

[F, M¢) = —(WM,W*)" F, W M,W*|(WM,W*)~!
= —(WM,W*)"'W[—F + R, M, JW*(W M, W*)~1.
So finally, [F, M¢] € L - O
Theorem 5.3.5 will yield Theorem 5.1.3.(a) once it is shown that the Julia sets of ad-

missible polynomials ¢ are Jordan curves with finite p-dimensional upper Minkowski
content.

5.4 Julia sets

We now specialise to Jordan curves which arise as Julia sets of admissible polynomials.
We use the concepts of Hausdorff measure and Hausdorff dimension, conventionally
defined as follows (see e.g. [50, Section 2.4], [52, Section 2.10.2]).

Let S be a Borel subset of R%, and let A C S be Borel. Let s,6 > 0, and define:

[e.9]
H5(A) = inf{z r3;: there is a covering of A with open sets with diameters r; < d}.
j=1

The Hausdorff measure mg(A) is defined to be sups.oHj(A). The assignment A —
ms(A) is then a Borel measure on S, and the Hausdorff dimension of S is defined to be
the infimum of the set of all s such that mg(S) is positive.

Let d > 2, and fix an admissible polynomial ¢ of degree d. As usual, we denote the
k-fold iteration of the function ¢ with itself by ¢*.

Definition 5.4.1. The Julia set J of ¢ is the boundary of the set of points z € C such
that ¢*(2) remains bounded as k — oo (see [25, Chapter III] and [95, Lemma 9.4]). Let
p denote the Hausdorff dimension of J.

It is well known that J is invariant under ¢, and also ¢~!(J) = J (see [25, Theorem

II1.1.3] and [95, Lemma 4.3]).

Recall that we have assumed that an admissible polynomial ¢ is hyperbolic on J. That
is, there exists n > 1 such that

inf{|(¢") ()| : z€ J} > 1.
This condition is important for characterising the Hausdorff measure on J.

From [130, Theorem 4], the Julia set of a hyperbolic map has Hausdorff dimension
strictly between 0 and 2. So immediately it follows that:

Lemma 5.4.2. If ¢ is an admissible polynomial, then the Hausdorff dimension p of J
satisfies 1 < p < 2.
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The hyperbolicity of ¢ also implies that the Hausdorff measure m,(J) of J is finite [134,
Theorem 2.3].

5.4.1 Minkowski content of the Julia set

The following proposition allows us to apply the results of Section 5.3 to the Julia set
J.

Proposition 5.4.3. If ¢ is an admissible polynomial, then the Julia set J has finite
upper p-dimensional Minkowski content, and positive lower p-dimensional Minkowski
content.

Proof. Let 6 > 0. The set Ss(J) can be written as a union of balls of radius 9,

= UB(z,5).

zeJ

By the Vitali covering lemma, there is a disjoint finite subset {B(z;, 5)}K(6) such that

j=1
K(8) K ()
| B(z;,8) € Ss5(J) € | ] B(z.59). (5.4.1)
j=1 j=1

Since the finite set {B(z;, 5)}K_(5) is disjoint, applying the Lebesgue measure to (5.4.1):

7=1
K(5) K(9)
D IB(z,0)] < IS5()] < D |B(25,50).
j=1 j=1
So,
K(8)m6? < |S5(J)| < 25K (6)m6>. (5.4.2)

Let m, denote the p-dimensional Hausdorff measure on J. Now applying m,, to (5.4.1):

Zmp (2,0) N J) <my(J Zmp (z5,50) N J).

Now we refer to [134, Theorem 2.3], where it is stated (as a consequence of the hyper-
bolicity of ¢) that there exist constants «, 5 > 0 such that for all » € (0,1) and z € J
we have,

ar? <my(B(z,r)NJ) < prP.

So,
K(6)ad? < my(J) < K(5)85P". (5.4.3)

Rearranging the inequalities (5.4.3) we obtain

Mé—p < K((S) <

L 0T s < LG (5.4.4)
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Combining (5.4.2) and (5.4.4) yields,

my(J)m

25mmy,(J)
—PIT 5P < |Ss(J)] < L5,
L < [85()] < 2
Since mg,(fg)ﬂ > 0, the lower p-dimensional Minkowski content is positive, and since
W < 00, the upper p-dimensional Minkowski content is finite. O

Remark 5.4.4. Proposition 5.4.3 also shows that the Minkowski dimension of J is equal
to the Hausdorff dimension p.

5.4.2 Conformal measures on the Julia set

Let ¢ € (0,00), and let v be a Borel measure on J. The measure v is said to be
g-conformal with respect to ¢ (in the sense of Sullivan [130, Theorem 3]) if for any
measurable set A C J such that ¢|A is injective we have

v(6(4)) = /A 16/(2)[7 du(2).

Conditions which guarantee the uniqueness of a g-conformal measure with respect to
¢ have been previously studied, of particular interest is the case where ¢ = p, the
Hausdorff dimension of J. We refer to [130, Theorem 4], where it is proved that there
is (up to a scaling factor) a unique p-conformal measure for ¢ when ¢ is a hyperbolic
map. Moreover, [130, Theorem 4] states that this essentially unique measure coincides
with the Hausdorff measure on J.

5.4.3 Conformal equivalence of the exterior of J with the exterior of
the unit disc

By the Riemann mapping theorem, we can choose a conformal map Z from the exterior
of the unit disc to the exterior of J. By the Caratheodory theorem ([54, Theorem 3.1]),
Z extends continuously to the boundary, Z : T — J. It is known as a special case of
[25, Chapter 2, Theorem 4.1] that Z can be chosen such that:

Z(2%) = ¢(Z(2)), for all |z| > 1. (5.4.5)

The above equation is due to L. Boéttcher, and implies that the map Z provides a
conjugacy between the endomorphism ¢ : J — J and the dth power map z — z% on the
unit circle.

A combination of Corollary 5.4.3 and Theorem 5.3.5 immediately yields Theorem 5.1.3.(a).
That is, that [F, Mz] € £, .

The reason for considering Z as a mapping from the exterior of the unit disc to the
exterior of J is precisely so that (5.4.5) holds. Indeed, [25, Theorem II.4.1] shows
that there is a conformal map Z such that Z(z%) = ¢(Z(z)) defined for all z in a
neighbourhood of a superattracting fixed point of the extension of ¢ to the Riemann
sphere. The extension of the map z +— ¢(z) has a superattracting fixed point on the
Riemann sphere at oo (see the Example at the end of page 34 in [25]).
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For the remainder of this text, we assume that Z satisfies (5.4.5).

5.5 The Conformal Trace Formula

As in the previous section, we assume that ¢ is an admissible polynomial, so that the
Julia set J of ¢ is a Jordan curve of Hausdorff dimension 1 < p < 2, with finite upper and
positive lower p-dimensional Minkowski content, and moreover that there is a unique
(up to scaling) p-conformal measure on J with respect to ¢. Everywhere in this section,
Z is a fixed conformal map from the exterior of the unit disc D to the exterior of .J,
identified with its continuous extension to T, and satisfying (5.4.5).

Due to Theorem 5.3.5 we have |[F,Mz||P € L so the following functional is well
defined and bounded on C(J).

Definition 5.5.1. Let ¢ be a continuous trace on L1 . Due to Theorem 5.5.5, we may
consider the linear functional l, on C(J) given by:

lo(f) = o(Myoz|[F, MZ]|P), [ € C(J).

Remark 5.5.2. Suppose ¢ in definition 5.5.1 is positive. By the Riesz theorem there is
a unique reqular non-negative Borel measure v, on J with the normalisation v,(J) =1
such that

oMozl [F, Mz)P) = K (0, 6) /J fdv,

where K(p, ) is a constant.

The first part of the following proposition appears as [28, Chapter 4, Section 3.3, The-
orem 8(a)].

Proposition 5.5.3. Let f € C(T). Then,

(i) [My,[F,Mz]] € (Lp,o)o, and
(ii) [va HFv MZ”p] € (Ll,OO)O-

n

Proof. For both part (i) and part (ii), it suffices to prove the result for f(z) = e, (z) = 2",
n € Z, due to linearity and continuity.

First we prove part (i). Since My commutes with Mz,
M., [F,Mz|M; = [M,FM; ,Mz]
However it can be computed that,
M., FM; ey, =sgn(k —n)eg, forall k € Z.
Hence, M., FM} — F is a finite rank operator, and in particular is in (£, ). Thus,

[MenFM:n,Mz] — [F, Mz] = Men [F, Mz]M:n — [F, Mz] S (ﬁppo)[). (5.5.1)
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Multiplying (5.5.1) on the right by M., yields [M.,, [F, M.]] € (£, )0, thus completing
the proof of part (i).

Now we prove part (ii). Applying [28, Chapter 4, Section 3.3, Proposition 10] to (5.5.1)
yields,
|Me, [F, Mz] M [P — |[F, Mz]|” € (£1,0)o-

Since M., is unitary, it follows that |M,, [F, Mz|M; |P = M., |[F, Mz]|PM; , so
Me, |[F, Mz]|PM¢, — |[F, Mz][” € (L1, )o-

As in part (i), multiplying on the right by M., yields [Me,,,|[F, Mz]|P] € (£1,00)0, thus
completing the proof.

]
The following theorem consists of special cases of parts (b) and (c) of [28, Chapter 4,

Section 3.5, Theorem 8], however the proof of part (c) in that reference was not included
and so for the convenience of the reader we supply a self-contained proof.

Note that we make repeated use of the following fact: if X and Y are bounded operators
with X —Y € (L))o, then | X [P — Y|P € (£1,00)0. This may be found as [28, Chapter
4, Section 3.5].

Theorem 5.5.4. Let f be a complex polynomial. Then,

(i) [F, f(Mz)] = f'(Mz)[F, Mz] € (Lp)o
(i) [[F, f(M2)][P — |f'(Mz)|P|[F, Mz]|P € (£1,00)o0-

Proof. First we prove part (i). Due to linearity, it suffices to prove (i) for f(z) = 2",
n > 0. By the Leibniz rule,

[F, Mz] = zn:Mgfk[F, Mz|My "
k=1
From Lemma 5.5.3.(1), [[F, Mz], ME™'] € (£,00)0 for all k > 1, so
[F, M%) — nMy '[F,Mz] € (Lpo0)o-
Since f'(2) = nz""!, this completes the proof of part (i).

Now we prove part (ii). Firstly, we apply [28, Chapter 4, Section 3.3, Proposition 10]
to the difference [F, f(Mz)] — f'(Mz)[F, Mz], which gives us

[, f(M)IPP = ' (Mz)[F, Mz]|” € (£1,00)o-

Note that?,
|f'(M2)[F, Mz]| = ||f'(Mz)|[F, Mz]|

Hence,
[E, fF(M)]IP — || (M2)|[F, Mz]|” € (£1,00)0 (5.5.2)

*For any operators A and B, we have ||A|B|> = B*A*AB = |AB|?, so ||A|B| = |AB|
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From Proposition 5.5.3.(1), since the function |f’ o Z| is continuous on T, we have:
L' (Mz)], [F, Mz]] € (Lp.c0)o-

Again applying [28, Chapter 4, Section 3.3, Proposition 10], it follows that:

|| (M2)|[F, Mz]|" = |[F, MZ]|f'(M2)||” € (L1,00)0- (5.5.3)
Subtracting (5.5.3) from (5.5.2) yields

[E, fF(M)]IP = |[F, MA|f' (M2)|[” € (L1,00)0- (5.5.4)
Hence, since |[F, Mz]|f'(Mz)|| = [|[F, MZ]||f'(Mz)]|
I[E, F (M) = [I[F, Mz]| - | f'(M2)I|” € (Lc0)o-

Since the function |f’ o Z|'/2 is continuous on T, from Proposition 5.5.3.(i) (with M} in
that proposition given as M|/, z1/2) the double commutator [[f/(Mz)|"/?, [F, M]] is in

(Lpo)o- Taking the adjoint, we also have that [|f'(Mz)|*/2, [F, Mz]*] € (Lp.oo)o. Thus
from [35, Lemma 6.2],
(11 (M2)['2, |[F, Mz][] € (Lp,o0)o- (5.5.5)

Multiplying (5.5.5) on the right by |f/(Mz)|Y/2, it follows that
/(M) "2IIE, M| f (M) = |IF, Mz]| - | (M) € (Lp,oo)o-
Applying [28, Chapter 4, Section 3.3, Proposition 10], it follows that
(1f'(M)|'2 - |[F, M) - |f (M) = [[IF, M]| - | ' (M)I|” € (L1,00)0- (5.5.6)
Subtracting (5.5.6) from (5.5.4) yields
IF, F(M)P = (| (M2)|V/2 - [P, Mz]| - | £/ (Mz)[Y?)P € (L1,00)o. (5.5.7)
From (5.5.5), [|f/(Mz)|Y/2,|[F, Mz]|] € (Lpoc)o, S0 we may apply Lemma 4.3.3 to get:
|7, M)P L (M2)[P = (' (M) |2 ([F, M]|| f'(M2)'/?)P € (L1,00)0- (5.5.8)
Subtracting (5.5.8) from (5.5.7) yields
|[F, f(M)]IP = |[F, M) P - | f/(M2)[P € (L1,00)o-
Taking the adjoint, we arrive at
|[F, f(M2)]|” — | f'(Mz)[P|[F, MZ]|P € (L1,00)0-

O]

We wish to show that v, from Remark 5.5.2 is p-conformal with respect to ¢, thus
identifying it as the unique such measure on J (up to a constant). Let U be the linear
map on Lo(T) defined by (UR)(z) = h(z%). By the definition of Z, we have:

UMy = My, U.



Application to Julia sets 98

More generally, if g is any Borel function on J then:
UMgoZ — Mgo¢oZU-

The following lemma contains the details required to prove that v, is p-conformal with
respect to ¢.

Lemma 5.5.5. Let ¢ be a positive continuous trace on L1, and let v, be the cor-
responding measure from Remark 5.5.2. Suppose that A is an open subset of J such
that ¢|A is injective. Then v, satisfies the following transformation property: for all
g € C(J) supported in ¢p(A), we have

/ ngwz/(go¢)'|¢/‘pdV¢‘
$(A) A

Proof. Let q(z) = 2%, so that (5.4.5) may be restated as
poZ =2Zogq. (5.5.9)

Recall that U is defined as the linear operator on Lo(T) given by (Uh)(z) = h(z%) =
(hogq)(z). Since by assumption ¢ is injective on A, it follows that ¢ is injective on Z~1(A).
Select a branch cut u of the function z — z'/¢ such that u o qlz-1(a) = id|z-1(4), and
define the operator V' on Lo(T) given by:

(Vh)(z) = h(u(z)), =zeT.

Then,
VU =1, UVM,

z-10a) = Mxz-1(4°

Here, xz-1(4) is the indicator function of the set Z71(A) C T, and so MXZ—I(A) is a
projection on Lo(T) and since g is supported in ¢(A),

Mgopoz = Mgogoz My, s -

As VU =1, we have:
P(Mgoz|[F, Mz]|") = o(VUMgoz|[F, M£][P).
Since UM}, = Mpo,U for all h € Ly(T), it follows that,
p(Mgoz|[F, Mz]|") = o(V MgozoqU|[F, Mz][").
From (5.5.9), we get:
(Mgoz|[F, Mz]|P) = o(V MgopozU|[F, M£][P). (5.5.10)
Since U commutes with F',

U[F, M) = [F,UMy]
= [F, Mz0qU]
= [F, Mz0q)U.
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The same argument yields
UIF, Mz|* = [F, Mzo4]"U.
So,

U|[F, Mz]|* = [F, Mzog]*U[F, My]
= |[F, Mzoq]PU.

By induction, for every n > 1,
U|[F, M][*" = |[F, Mzog)|"U.

Hence for any polynomial r we have Ur(|[F, Mz]|?) = r(|[F, Mzo4)|>)U. Applying the
continuous functional calculus with the function r(t) = [¢[?/2, it then follows that:

UI[F, Mz]|P = |[F, Mz0,]|PU.

We now have:
P(Myoz|[F, MZ][P) = p(V Mgogoz|[F, Mzo4][PU). (5.5.11)

Applying (5.5.9), it follows that
p(Mgoz|[F, Mz]|P) = @(V Mgogoz|[F, Myoz]|PU).

However ¢ is a polynomial, so we can apply Theorem 5.5.4.(2) to the right hand side of
the above to obtain:

SD(MQOZHFa MZ] ’p) = QO(VMgo¢>oZ|¢/(MZ)‘pHF7 MZ] ’pU)
Now using the cyclicity of the trace,
p(Mgoz|[F, Mz]|”) = o(UV M40z |50z | [F, Mz]|").

Now we use the fact that g is supported in ¢(A). So we can multiply by the indicator
function of Z71(A):

MQOZ = MXz—l(A)MgOZ'
Since we have chosen V such that UVMXZ*l(A) = MXZ*(A)’ it follows that:

p(Mgoz|[F, Mz]|P) = ¢(M(gogoz) g0z |[F; Mz]|").

and this is the desired result. O

The following proposition is the main result of this section.
Proposition 5.5.6. The measure v, from Remark 5.5.2 corresponding to a positive

continuous trace @ is p-conformal with respect to the map ¢.

Proof. Let U be an open subset of J such that ¢|U is injective and let g be a continuous
function on J supported in ¢(U). Since ¢ is injective when restricted to U, it is easy to
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see that ¢(U) is also open. Since g is supported on ¢(U), Lemma 5.5.5 states that:

/ gdv, = / (g0 )FP dv,.
o(U) U

Since ¢|U 1is injective, as g varies over all continuous functions supported in ¢(U),
(g 0 9)|U varies over all continuous functions supported in U. So,

sup / gdv, = sup /h|¢/‘pdV¢.
supp(9)CH(U);llglleo <1 J (V) supp(h)CU||hllo<1 /U

Since v, is positive, it follows from the Riesz theorem that we have an equality of
measures,

Vo (B(U)) = /U 6P dvs

for all open subsets U such that ¢|¢ is injective. Due to the regularity of the measure
v, it follows that for all Borel subsets A such that ¢|A is injective that:

va(B(4)) = /A 6P dv.

This is precisely the desired result. O

We may now finally complete the proof of Theorem 5.1.3.(b).

Corollary 5.5.7. Let ¢ be a continuous Hermitian (not necessarily positive) trace on

L1,.c0. There is a constant K (o, ¢) such that for all f € C(J)

(Mol [F, Mz)P) = K(0, 6) /J fdv (5.5.12)

where v is the (essentially unique) p-conformal measure on J with respect to ¢.

Proof. If o is positive, then this is simply a restatement of Proposition 5.5.6. For general
traces ¢, we may use Corollary 1.5.2 to write ¢ = ¢4 — ¢_ for positive traces ¢4 and
@_. Then,

o(Myoz|[F, MJ]IP) = K(p+, ¢) /J fdvy, — K(p—,¢) /J fdv,_ .

Then applying Proposition 5.5.6 to the positive traces ¢ and ¢_ individually, we have
that v,, and v,_ is p-conformal. Hence the measure K(p4,d)v,, — K(p_,d)v,_ is
p-conformal, so there is a constant K (¢, ¢) such that

K(SO-H ¢)VQO+ - K(@—; ¢)V@7 = K(@a (;S)V
where v is the essentially unique p-conformal measure on J with respect to ¢. 0

Remark 5.5.8. Since ¢ is hyperbolic on J by assumption, the p-conformal measure on
J is identical to the p-dimensional Hausdorff measure on J by [130, Theorem 4], so
Corollary 5.5.7 could also be stated with v denoting the Hausdorff measure my,.
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5.6 Non-triviality of the conformal trace formula

The remaining task is to show that the formula (5.5.12) is nontrivial: that is, that there
is ¢ such that K (¢, ¢) > 0. We show that indeed such a ¢ does exist, and is given by
a Dixmier trace tr,, where w is a dilation invariant extended limit such that w o log is
also dilation invariant.®> We achieve this using [89, Theorem 8.6.8], which states that if
w is a dilation invariant extended limit on Ly (0,00) such that w o log is still dilation
invariant, then the Dixmier trace tr,, is equal to the following (-function residue:

tr,(T) = (wolog)(t — %tr(TlH/t)), 0<T € L0

Hence to show that try,(|[F, Z]|?) > 0, it suffices to show that

liminf s - tr(|[F, Z]|P**) > 0.
s—0

The crucial result is the following, which is stated as [28, Chapter 4, Section 3.c, Propo-
sition 7]:

Proposition 5.6.1. Let C be a Jordan curve with interior 2, and let & be a conformal
map & : D — Q. Since € extends continuously to T, we may consider £ as a function on
T. Let pg > 1. Then then there are positive constants Cy, and cp, such that:

- / dist(=, Q)P 2dzdz < tr(|[F, Me]l?) < Ch / dist (2, 9Q)P~2ddz
Q Q
for all p > pg.

Proof. This result is an immediate consequence of Lemma 5.3.1 and Theorem 5.2.1. [

Proposition 5.6.2. Let C be a Jordan curve with finite upper p-dimensional Minkowsk:
content and positive lower p-dimensional Minkowski content. Let €} be the interior of C
so that 02 = C. Then,

liminf s - / dist(z,C)PT*"2 dzdz > 0.
Q

s—0

Proof. By the assumption that C has positive lower p-Minkowski content and finite upper
p-Minkowski content, there are constants b, B > 0 such that

bo2 P < |S5(C)N Q| < B&*7P, V5 > 0.

Let A > 0. Define Ay CQ, k> 1 by

A ={z€Q : dist(z,C) € \F, AR

3For an extended limit w € Loo (0,00)", the notation w o log denotes the extended limit defined as
f — w(f o max{log,0}).
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So,

[ Akl = [Sx-+(C) N Q =[S (C) N QY
> (bAI=RE=p) _ pA—k(2-p))
= (AP — B)/\—k’(2—p)_

Now fix A > 1 such that by := bA>? — B > 0. Then,

/ dist(z, C)PT* 2 dzdz >y boA~FPRethp \=2kthp
Q

k=0
o
S
k=0
D
From the I'Hopital rule, the limit as s — 0 of ;3= is m. Hence liminf,_o 1_170% =
b
ogy > 0- O

Due to Lemma 5.4.3 we can apply the above proposition to immediately obtain:

Corollary 5.6.3. Let w be a dilation invariant extended limit on Lo (0,00) such that
w o log is still dilation invariant. Then

tr, (|[F, Mz][P) > 0.

5.7 Final comments

A reasonable conjecture is that K(y,¢) does not depend on ¢ up to normalisation,
however this problem is still open.

It is noteworthy that Sections 5.2, 5.3, 5.6 and the proof of Proposition 5.5.3 make no
explicit reference to Julia sets. In fact, much of the mathematics in this chapter applies
equally well to arbitrary Jordan curves with finite upper and positive lower p-Minkowski
content.

Indeed, with an almost verbatim repetition of the proofs in this chapter one can prove
the following: if C is a Jordan curve with finite upper and positive lower p-Minkowski
content, where 1 < p < 2, and Z is a conformal equivalence between the exterior of D
and the exterior of C, extended continuously to the boundary, then [F, My] € £,  and
the functional:

g @(MgoZHF? MZ”p)v g€ C(C)

represents a measure on C for any continuous trace . If ¢ is a Dixmier trace satisfying
the conditions of Section 5.6, then the measure is non-trivial. It would be of great interest
to identify this measure for Jordan curves other than limit sets of quasi-Fuchsian groups
or Julia sets of admissible polynomials.

Before concluding this chapter, let us make one more aside about the curious place of the
Conformal Trace Theorem in noncommutative geometry. Despite making essential use
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of noncommutative tools, such as singular traces and the difference of powers formula, it
is not yet clear how the theorem fits into the broader noncommutative paradigm. There
has been significant research on the application of operator algebraic and noncommuta-
tive geometric ideas to dynamical systems and in particular to Julia sets (such as the
recent work of Kaminker, Putnam and Whittaker in the geometry of Smale spaces [78]),
however the relationship to the conformal trace theorem remains unclear to the author.






Chapter 6

Connes’ trace theorem for
noncommutative Euclidean spaces

The following chapter is primarily based on the published paper [94], a joint work of
the author with F. Sukochev and D. Zanin. The presentation here is slightly simplified
from the published version of [94], since we restrict attention to the example of quantum
Euclidean spaces. Nonetheless, some of the proofs remain essentially unchanged.

The purpose of [94] was to prove an analogy for Connes’ trace theorem for noncommuta-
tive planes and noncommutative tori. Connes’ trace theorem [27, Theorem 1| concerns
classical pseudodifferential operators on compact manifolds. Suppose that (X, g) is a
compact n-dimensional manifold, and 7" is a classical pseudodifferential operator of or-
der —n on X. If we consider T" as an operator on the space Lo(X,g), then in fact T is
in the ideal £ o. If we evaluate a Dixmier trace tr,, (c.f. Section 1.5.2) on 7', then the
result is the Wodzicki residue of T', which may be computed as the integral of the degree
—n homogeneous component of the symbol of T' over the cosphere bundle of X, with
respect to the measure induced by g. Similar statements are also possible with certain
non-compact manifolds (such as R?) and with wider classes of traces [89, Chapter 11].

Here we take a “simple minded” approach to Connes’ trace theorem. Rather than
develop a theory of pseudodifferential operators, we consider a C*-algebra Il generated
by homogeneous Fourier multipliers and left multiplication operators. The algebra II is
our substitute for the algebra of pseudodifferential operators of order zero. Connes’ trace
theorem in this setting is ultimately a consequence of the structure of tensor products
of C*-algebras. The essential idea is to associate the principal symbol map (strictly
speaking, the zeroth order symbol map) with the quotient map with respect to the ideal
of compact operators. This is an idea which originates with and which was a central
feature of the work of H. O. Cordes [37]. Generally speaking, the identification of the
symbol mapping as a Calkin quotient map is essential to the K-homological viewpoint
on index theory, briefly alluded to in Section 1.1.2. See for example the pioneering work
of Brown, Douglas and Fillmore [22] for this approach.

Our original motivation for developing such an operator algebraic approach was to handle
operators with non-smooth symbols. Indeed, the C*-algebraic machinery in the following
sections permits the use of operators with low regularity with relative ease. The cost of
this is a certain lack of flexibility: the theory developed in [94] relies on the triviality of
the tangent bundles of the manifolds under consideration. This is a severe disadvantage
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compared to the standard theory of pseudodifferential operators. In addition, we make
no attempt to study operators of order greater than zero, so in particular differential
operators are excluded. This theory is certainly no substitute for a full pseudodifferential
calculus, and is intended to be complementary to the standard theory rather than a
replacement.

Despite these weaknesses, the C*-algebraic perspective yields previously unknown ex-
tensions of Connes’ trace theorem and it does so with clarity and simplicity. The trace
theorem for quantum tori has since been used to obtain a very general characterisation
of quantum differentiability in that setting [93]. In Chapter 7, we will use the machinery
developed here to study quantum differentiability on noncommutative Euclidean spaces.

Quantum FEuclidean spaces were first introduced by a number of authors, including
Groenewold [65] and Moyal [96], for the study of quantum mechanics in phase space.
The constructions of Groenewold and Moyal were later abstracted into more general
canonical commutation relation (CCR) algebras, and have since become fundamental
in mathematical physics. Under the names Moyal planes or Moyal-Groenewold planes,
these algebras play the role of a central and motivating example in noncommutative
geometry [23, 55]. As geometrical spaces with noncommuting spatial coordinates, non-
commutative Euclidean spaces have appeared frequently in the mathematical physics
literature [46], in the contexts of string theory [122] and noncommutative field theory
[97].

Quantum Euclidean spaces have also been studied as an interesting noncommutative
setting for classical and harmonic analysis, and for this we refer the reader to recent
work such as [62, 83, 94, 129].

6.1 Algebraic preliminaries

Before discussing Connes’ trace theorem, it is helpful and insightful to take a broader
view and consider an abstract setting.

6.1.1 C(C*—norms on tensor products of C*—algebras

Given two C*-algebras A; and As, we denote the algebraic tensor product as A; ® As.
The following results are taken from [118] (see Theorem 1.22.6, Propositions 1.22.5 and
1.22.3 there).

Theorem 6.1.1. Let Ay and As be unital C*—algebras. There are pre-C*—mnorms on
the algebraic tensor product Ay © As, and there exists a norm which is minimal.

The completion of A; ® Ay with respect to the minimal C*—norm is denoted by A1 Qmin
As.

Theorem 6.1.2. Let Ay and Az be unital C*—algebras. If As is commutative, then
there exists a unique pre-C*—norm on Ay ® A (which we may take to be the minimal
one).

The above theorem is a essentially a statement of the fact that commutative algebras
are nuclear.
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Theorem 6.1.3. Let A; and Az be unital C*—algebras. If As is commutative (read
Ao = C(X) for some compact Hausdorff space X ), then Ay Quin Az is isometrically
x-isomorphic to C(X, Ay).

Theorem 6.1.3 is an immediate consequence of Theorem 6.1.2, since the embedding of
A1 © C(X) into C(X, A;) induces a C* norm on A; ©® As.

We also have,

Theorem 6.1.4. Let ¢y € A} and ¢y € A5. Then the tensor product 11 @ 1o extends

continuously to Ay @min As.

Proof. First we may normalise [|¢1]|.4x = [[¢)2]|.a5 = 1. Then for T € A; © Aq,

(1 @ 2)(T)] < sup (@@ B)(T)] = IT] s
a®PEATOA; [l =18]=1

(Recall the injective tensor product norm || - || 4,.4, from Definition 3.1.1). From [118,
Proposition 1.22.2], we have that ||T']| 4,8.4, < [|T||min- O

6.2 Noncommutative Euclidean space

For this section, let § be a d x d real antisymmetric matrix with trivial kernel'. Our
approach is to define the Noncommutative Euclidean space (also known as the Moyal
plane) in terms of a certain family of unitary operators {U(t)};cpa.

Definition 6.2.1. Let t € RY. We define the following linear operator on La(R%),

V(1)) (u) = 3¢~ 1),
The family {U(t)};cra then consists of unitary operators satisfying
U)U(s) = e2 09U (¢ + s). (6.2.1)
The algebra Loo(RY) is then defined to be the von Neumann algebra generated by {U(t)},cpa-

Denote the representation of Loo(R3) on Lo(RY) as m2.

It is known (see [129]) that there is an isometric x-isomorphism from B(Lo(R%?)) —
Loo(RY). Denote the image of the compact operators K(La(R%?)) under this isomor-
phism Co(RY). The standard trace Tr on B(Ly(R%¥?)) then induces a semifinite trace on
the algebra Loo(RE), which we denote as .

We define LQ(Rg) to be the GNS-space for LOO(Rg) defined by 1y.

Remark 6.2.2. We also note that if we formally take 8 = 0 in Definition 6.2.1 we
recover the commutative algebra Loo(RY). However our definitions of 79 and Co(RE) rely
on the non-degeneracy of 6.

Lthis implies that d is automatically even
21 is simply the identity mapping
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Definition 6.2.3. For k = 1,...,n, let Oy denote the multiplication operators on
La(RY),

Dy&(t) = te&(2).
We define the operators Opx, k=1,...,d by

8k17F= ﬂl)k,xk

There exists a dense subspace D C Lg(Rg) such that the operators Oy, k = 1,...,d may
be considered as self-adjoint operators on Lg(]Rg) with common core D. We denote V =
(01,02, ...,04), considered as a self-adjoint linear operator from Lo(R%) to Ly(R3) @ CY.
For a multi-index o, define

0% == 011057 - - 0y
which is also considered as a self-adjoint operator on LQ(Rg).

Definition 6.2.4. With 79 we can define L,-spaces associated to Loo(Rg) with the norm:
lzllp = 79(|21) /7, @ € Loo(RG).
Note that this is consistent with our definition of Lo(R%) as a GNS-space.

The corresponding Sobolev space, Wé“(]Rg) is defined to be the set of x € Ly(RY) with
0%x € Lp(]Rg) for all |o| < k. The W]f norm is the sum of the L, norms of V®x for all
0<|af <k.

6.2.1 Cwikel-type estimates for Noncommutative Euclidean Space

The following is [83, Proposition 6.15(v)],

Lemma 6.2.5. WJ"(RY) is a norm-dense subset of Co(R%) for every m > 0.

We also require the following Theorem, which is a special case of [83, Theorem 7.2]:

Theorem 6.2.6. Let p € [2,00). If 2 € L,(RY) and g € L,(RY), then
Im1(2)g(V)llz, < Clp, d, O)l[zl| L, wa)ll9ll L, re)-

If p € (2,00), and g € Ly (R?), then:

Im1(2)9(V)llp 0 < Cp:ds )2l L, ey 911, o )
The space £1 oo (Loo)(R?) is defined as the set of g € Loo(RY) such that:

{ esssp |g<t>|} € b1(Z).
nczd

ten+[0,1]4

The space £1(Loo)(R?) is defined similarly, with £; in place of £1 .

The following is a special case of [83, Theorem 7.6]:

Theorem 6.2.7. For every x € Wi(R%) and g € {1 00(Loo(R?)) we have that m (2)g(V) €
L1,00(L2(RY) and [|m1(2)g(V)ll100 < Capllzllngllglles w(po)-
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Applying Theorem 6.2.7 to the function g(t) = (1 + [t|?)~%?2, we obtain a corollary,

Corollary 6.2.8. If x € W{(RY), then

1 (@) (1 = A)2||1 00 < Callllyyyp-

The following is an £ Cwikel estimate, proved in [83, Theorem 7.7].

Lemma 6.2.9. If g € /' (Lso)(R?) and x € W(RY), then m1(2)g(V) € L.

6.3 Main construction

We now proceed to define the simple algebraic construction which underlies our version
of Connes’ trace theorem.

Lemma 6.3.1. Let Ay, Ay and B be C*—algebras and let py : A1 — B and p3 : As — B
be C*—homomorphisms. Suppose that
1. pi(x) commutes with pa(y) for all x € Ay, y € As.
2. The mapping 6 : Ay © As — B defined by the formula
0(a1 ® az) = p1(a1)p2(az), a1 € Ay, az € As,
18 injective.
3. Ay, Ay are unital and As is abelian.

4. B is generated by p1(A1) and p2(As).

Under these conditions, 6 extends to a C*—algebra isomorphism

Proof. Condition (1) is required to ensure that that 6 is a x—homomorphism. Condition
(2) states that 0 is an injection on the algebraic tensor product.

At this stage, we have an injective *-homomorphism from A4; ® A to B. This allows us
to define a pre-C*—norm on A; ® Ay by setting

T[] = [16(T)[5, T € A1 © A

By condition (3) and Theorem 6.1.2, the latter norm coincides with the minimal pre-
C*—norm on A; ® As. Thus, 6 : A ® Ay — B is an isometric embedding of the
algebra A; ® Ay equipped with the minimal C*—norm into B. Since A; ® As is dense
in Ay ®min As, the surjectivity of 8 and the conclusion of the lemma follow from the
condition (4).

O
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Remark 6.3.2. Lemma 6.5.1 uses the fact that there is a unique pre-C*-norm on A1 ®
As. It is enough to assume that one of the factors is nuclear, instead of abelian. For
the remainder of this text we restrict to the case where one factor is abelian.

Let Q(H) be the Calkin algebra and let g : L(H) — Q(H) be the quotient mapping.

Theorem 6.3.3. Let Ay and Az be C*—algebras and let m : Ay — L(H) and my :
Ay — L(H) be representations. Let I1( A1, A2) be the C*—algebra generated by w1 (A;)
and ma(Az). Suppose that

1. Ay, As are unital and As is abelian.

2. The representations w1 and wo “commute modulo compact operators” i.e., for all
a1 € Ay and ay € A the commutator [m1(a1), m2(az)] is compact.

3. Ifxy € A1, yp € Ag, 1 < k <mn, then

Y o miwn)ma(ur) € K(H) = > ax @y = 0.
k=1 k=1

There exists a unique continuous x—homomorphism sym : II(A;, A2) — A1 Qmin A2
such that

sym(m(w)) =r® 17 Sym(ﬂé(y)) =1® Y, HAS Alay € -/42-

Proof. This is a special case of Lemma 6.3.1 with B = ¢(II(A;, A2)), and p; = gom;,
j =1,2. We verify each of the required conditions. Condition 6.3.1(4) is satisfied since
by definition B = ¢(II(.A;, A2)) is generated by p1(A1) and p2(Asz). Condition 6.3.1(1)
follows from (2). Condition 6.3.1(3) is automatic, due to (1).

Finally, condition 6.3.1(2) is a consequence of (3).

Thus, Lemma 6.3.1 states that
0:=p1 ® po

defines an isometric *-isomorphism 6 : A1 Qumin A2 — B.

Define
sym :=0"togq.

By construction sym : II(A;, A2) — A1 @min A2 is a continuous x-algebra homomor-
phism. Let x € A;. Then sym(m (x)) = 0~ 1(g(m1(x))), and since O(z ® 1) = py(x) =
q(m(z)), we get that sym(mi(z)) =z ® 1. Similarly, if y € As then sym(ma(y)) = 1®y.

As TI(Aj, A2) is generated by 71 (A;) and m2(.As2), and sym is continuous, it follows that
sym is uniquely determined by its restriction to 71 (A1) and m(Asz). O

Lemma 6.3.4. IfT € K(H) and if {px }r>0 C L(H) is a sequence of pairwise orthogonal
projections, then | Tpg|lcc — 0 as k — oo.
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Proof. Let € > 0, and let T'= T} + T, where T is finite rank and ||7%||oc < €. Since,

ITprlloc < [IT1pklloo + &
it suffices to show that ||71pg|ec — 0.

Note that [|T1pk|lec < || T1pk||2- As each py is pairwise orthogonal and T € La,

(e.) o0
D o ITupkll3 = |71 pw
k=0 k=0

Thus hmk—>oo HTlpk”g = 0. ]

2
< oQ.
2

Lemma 6.3.5. Let 75, € Co(RY) and y, € C(S971), 1 <k <n. If
> mi(@r)ma(yr) € K(La(R)),
k=1

then

n
Zxk ® yr = 0.
k=1

m;
;|

Proof. Fix s € S9! and choose a sequence {m;};>0 C Z% such that — s and

|mj| — oo as j — oo. It follows that

sup
tEmj+[0,1]d

—s|—0, 75— o0

t
I
By continuity, we have

' .
sup yk(m)—yk(S) —0, j— oo

tEmJ'+[0,1]d

By the spectral theorem, we have

7T2(yk)ij+[0,1]d(V) - yk(S)ij+[o,1]d(V) —0
in the uniform norm as j — oc.

By Lemma 6.3.4, we have that

> w1 (@) w2 (Yk) Xom, 0,174 (V) = 0
=1

in the uniform norm as j — oco. By the preceding paragraph, we have

Z Wl(mk)yk(S)ijHO,l]d (V) =0
k=1
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in the uniform norm as j — oco. By Lemma [83, Lemma 7.5, there exists a unitary
operator V; € L£(La(R%)) which commutes with Lo (R%) and such that

Vijj+[0,1]d(V>Vj_1 = X[o,12(V)-

Thus,

n n

3w v () x4(V) = V- (3 71 (@) 9 (8) X, 4 02(V)) - V= 0
k=1 k=1

in the uniform norm as j — co. The left hand side does not depend on j and, therefore,
n
> mi(zR)yr(s)x (V) = 0.
k=1

Since each yi(s) is a scalar, we have

1 (Z T - yk(s)) : X[071]d(V) = 0.
k=1

Appealing once again to [83, Lemma 7.5], there exists a family of unitaries {V,},czq
on Ly(R?), each of which commutes with Loo(RY) and such that an[o’”d(V)Vn_l =
Xn +[071]d(V). Conjugating by V,, and summing over n yields:

! <Z Tk - yk(é’)) Y Xntoe(V) =0
k=1

nezd

where the sum converges in the strong operator topology. However ) .4 Xn+[0,1]4 (V) =
1. Hence,

n

> ak-yr(s) = 0.

k=1
Since s € 891 is arbitrary, the assertion follows.

O
The preceding Lemma applies for R%, where as always the assumption is made that
det(#) # 0. We also record the following, which applies for the commutative case R?:
Lemma 6.3.6. Let 3, € Loo(RY) and y, € C(S4Y), 1 <k <n. If
n
S (i) mae) € K(La(RY)),

k=1

then

n
Zxk ® yr = 0.
k=1

Proof. The argument of Lemma 6.3.5 works mutatis mutandi for this case, by taking
instead (V;€)(t) := e~*M)¢(t) rather than referring to [83, Lemma 7.5].
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6.4 Verification of the commutator condition

In the published version of [94], a self-contained proof of the following lemma was in-
cluded. Here, such a proof is redundant since in the next chapter we will prove a much
more general result (Theorem 7.1.6). Therefore the proof of the following will be deferred
to the next chapter.

Lemma 6.4.1. There is a norm dense subspace S(RY) C Co(RY) such that for all
z € S(RY), we have:

ol

(1= A)Z,m(2))(1 - A)"2 € K(Lx(RY)). (6.4.1)

The subspace S(R$) will be explicitly defined in (7.1.6), and its density in Co(Rg) is an
immediate consequence of Proposition 7.1.9. For now, we do not need the details of the
definition and only need to know that S(RY) is norm-dense in Cp(R%).

The operators %Z, k=1,...,d are the noncommutative equivalent of the Riesz trans-
forms Ry. The following Lemma can be viewed as a noncommutative variant of the

classical result that if f € Co(R?), then the commutators [My, R are compact.

Lemma 6.4.2. If z € S(RY), then

(), (_IZ“) | € K(La(RY), k=1,....d (6.4.2)

=

Proof. Firstly, we consider the commutator

_De
(1-A)z

_De
(1-A):

[N

[m1(z), | = —[Dy,m(2)](1 — A) "7 + 1Az, m(2)])(1 - A) 2.

Using Theorem 6.2.7 for the first summand and Lemma 6.4.1 for the second summand,
we infer that

Dy,
1 (), — ] € K(La(RY)).
(1—-A)2
Define a function hj, on R? by setting
t t t 1
hi() = o = = 1 ——, teR
ez @4 )z ()2 +[e)

It follows from Theorem 6.2.7 that

[m1(2), (V)] = m1(2)hi(V) = hi (V)1 (2) € Lasa (RY).

Thus,
Dy,

CISE (1-A)z

|+ [m(2), hi(V)] € K(La(RY)).
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Now we may complete the verifications of the condition 6.3.3(2) for RY,

Theorem 6.4.3. If z € Co(RY) and if y € C(S¥1), then [mi(z), m2(y)] € K(L2(RY)).

Proof. Lemma 6.4.2 shows that [m(z), m2(y)] € K(L2(RY)) when 2 € S(RY) and y(t) =
%. Since and the compact operators are closed in the norm topology, the result follows
for arbitrary z € Co(RY) and y(t) = |t7k\

We may now extend the result to all y given as a polynomial in the variables % using the
Leibniz rule. Finally by the Stone-Weierstrass theorem, we may approximate arbitrary
y € C(S%1) by polynomials in the uniform norm. Hence again using the fact that

K(La(R9)) is norm-closed, this completes the proof. O

At this point we should compare the present approach to that of [127], where many
similar results were proved for functions in Loo(Rd) without assuming any continuity.
The restriction to Co(RY) and C(S971) is most likely necessary for the present approach
however, since Lemma 6.4.3 is untrue in the commutative case if we do not assume that
x is at least continuous.

6.5 Connes’ Trace Formula

We now proceed to establish a variant of Connes’ trace theorem which applies to non-
commutative Euclidean space. Let H be a separable Hilbert space. We recall that a
linear functional ¢ : £ oo(H) — C is called a continuous trace if ¢([A, B]) = 0 for all
A e B(H) and B € L1(H) and |¢(B)| < ||B||1,00- We will call ¢ normalised if

1 o0
di R =1.
(e,

If ¢ is a normalised trace, then note also that

<d.a { 1 } ) Vol(S§4-1)
1 ——s = —".
PA\TEV T P2 [ g d

It is known (see [89, Corollary 5.7.7]) that any continuous trace ¢ on L1 (H) vanishes
on K(H) - L1,00(H).

We establish that for any continuous normalised trace ¢ on Lj ., T € II(Co(RE) +
C,C(S%71)) and z € W{(RY),

(T (2)(1 — A)~9?) = Cd,0 <Tg ®/S > (zsym(T)). (6.5.1)

d—1

To prove (6.5.1), we use the following two results. Lemma 6.5.1 follows immediately from
the fact that any continuous normalised trace on £ o(H) vanishes on K(H) - £1,00(H)

Lemma 6.5.1. Let V € L1 (H), and let ¢ be a continuous trace on Ly (H). Then,

T~ o(TV)
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is a continuous linear functional on B(H) which vanishes on K(H).

Proof. All traces on the ideal £ o are singular (i.e., vanishing on finite rank operators)
[89, Corollary 5.7.7].

Thus, if T is finite rank then T'V is finite rank and:
e(TV) =0.

Since ¢ is assumed to be continuous, we have:

|1,oo-

[TV < @2y, )= TV I1,00 < el (24 00)* 1T o0 [V

So the functional T' — ¢(T'V') is continuous in the operator norm and vanishes on finite
rank operators. Immediately it follows that (T'V)) = 0 whenever T' is compact. O

Lemma 6.5.2. Let A1, Ay and H be as in Theorem 6.3.53. Suppose that w is a continuous
linear functional on II( A1, A2) which vanishes TI( A1, A2) N KC(H). Then there exists a
unique linear functional p on A1 Qmin A2 such that

w(T) = p(sym(T))
for all T € TI( Ay, Ay).
If, in addition, we have ¥ € A% and ¢y € A3, and
w(m(a)ma(b)) = Y1 (a)y2(b)
for alla € Ay and b € Ay, then
w(T) = (11 @ ¢ho) (sym(T))

or in other words, p = 1 ® Pa.

Proof. Since w vanishes on II(A;,.A2) N K(H), w descends to a linear functional @ on
II( A1, A2)/(TI( A1, A2) N K(H)), which is simply ¢(II(A;,.A2). Theorem 6.3.3 gives an
isometric *-isomorphism j : ¢(IT(A1, A2) — A1 ®min As. Defining p = © o j~! gives the
required linear functional.

Now to prove that p = i1 ® 19, first we note that it follows from Theorem 6.1.4 that
11 ® 19 is well defined on A; ®umin Ao. Since by assumption ; and 9 are continuous,
11 ® 1o is determined by its values on the algebraic tensor product A; ® As. Hence, the
linear functional 1 ® 19 is uniquely characterised by

(Y1 @) (a®@b) = P1(a)Pe(b) a € Ap, be As.

Since by assumption p(a ® b) = w(mi(a)ma(b)) = ¥1(a)i2(b), it follows that p = 1 ®
V2. O

We fix 2 € W(RY), and consider the functional

w(T) = p(Tm(z)(1 - A)~?)
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and we must prove that for all z € Co(R¢) + C and g € C(S471),
w(m(@)malo) =nle:) [ a0 (6.5.2)

(at least up to some constant). From Lemma 6.5.2 it will that follows that w(T) =
a0 (0 ® [ga—1) (sym(T)(z ® 1)) for an appropriate constant cgp.

6.5.1 Connes’ Trace formula on noncommutative Euclidean space

The following assertion is proved in [129].

Theorem 6.5.3. If z € WI(RY), then x(1 — A)_g € L1 and there is a constant
C(d,0) > 0 such that

p(a(l - A)72) = O(d, )mp()

for every normalised continuous trace on L1 .

We also need a pair of important intermediate results from [129]. Firstly,

Lemma 6.5.4. If F' is a continuous functional on W{(R%) such that
F(z) = F(U(-)2U(1)), =€ W{(R]), teR?

then F' =19 (up to a constant factor).
Let M4(R) be the space of d x d real matrices. We define

Sp(0,d) := {g € My(R): g*0g = «9}.

As we are working under the assumption that det(f) # 0, it follows that Sp(¢,d) is a
group under usual matrix multiplication.

By our assumption that det() # 0, it follows that if g € Sp(6,d) then |det(g)| = 1.

The second result from [129] we require is:

Lemma 6.5.5. Let g € Sp(0,d). We define an action g — W, on La(R%) by
(ng) =¢o 9_1~

The operator Wy is unitary on Ly(R%), and conjugation by W, defines a trace-preserving
group of automorphisms of Loo(Rg).

Note that the assumption that g € Sp(#,d) in Lemma 6.5.5 is crucial: otherwise we
do not necessarily have that WyzW; € Loo(RE) when z € Loo(RY). Let Q be the

0 -1

®d/2
10 ) . Then Sp(£2, d) is the usual symplectic group.

antisymmetric matrix 2 := (

Let g € GL(d, R). Referring to Appendix A, consider the operator V, on C'(S9!) defined

by
1

Vil (O) = ! (g;) .
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It can be easily verified that g — V is an “opposite group action” in the sense that it
satisfies the rule Vi, = Vj, oV, for all g,h € GL(d,R). Lemma 6.6.1 proves that the
rotation-invariant integration functional m on C(S471) transforms under V, by moV, =
(det(g))~'m.

Lemma 6.5.6. Let | € C(S91)*. IfloV, =1 for every g € Sp(0,d), then | = am for
some o € C.

Proof. The following result of linear algebra is well known, and follows easily from [124,
Section 9.44]. There exists a real invertible matrix 8 with 83* = 8*8 = | det(6)|~! such
that

B*08 = Q. (6.5.3)

Hence, if g € Sp(€2,d) is arbitrary, then:

(BgB™)"0(BgB™") =

so BgB~' € Sp(#,d). Since by assumption, [ o V}, = [ for all h € Sp(#, d), we have:
loVﬁflngngzl.
Therefore for arbitrary g € Sp(6,d),

(loVg-1)oVy=10oVga, forall geSp(Q,d).

So by Theorem 6.6.2, there is a constant C' such that [o V31 = Cm. Hence | = CmoVj.
By Lemma 6.6.1, m o V3 = det(3)"'m. Let a = Cdet(8)~!, so that | = am. O

Lemma 6.5.7. Let ¢ be a continuous trace on L1 . There is a continuous functional

1 € C(STH* such that for all v € W(RE) and all b € C(S4 ) we have

d
2

p(m(z)ma(b)(1 = A)72) = 7p(x) - 1(b).

Proof. Since ¢ is unitarily invariant, it follows that

_d
2

o(m(2)ma(b)(1 — A)"2) = (V0 (2)m (b)(1 — A) "2 HO0LV))

However, V commutes with A and with m2(b). Thus,

d d
2 2

p(m(2)ma(b)(1 = A)72) = (¥ (2)e 7V my(b)(1 - A)72).

Note that if £ € Lo(R9),
ei(&t,v)U(S)e—iwt,v)f(r) _ ei(&t,V)U(S)e—i(ﬂt,r)g(r)
_ ei(&t,V)e%(sﬁr)fi(et,rfs)g(r —5)

_ ei(et,r)+§(5,97“)—i(9tﬂ")+i(‘%’s)g(r —35)

= O U(s))(0)
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On the other hand from (6.2.1),
U(=t)U(s)U(t) = e*%5U (s).

Since the family {U(t)},cpe generates Loo(RE), it follows that for all # € Loo(RY) we

have: : ;
e OLV) 3o =i OLY) — U(—t)aU (t).

Since 71 is actually the identity function, this is equivalent to

OV 1) (2)e YY) = m (U (—t)2U(t)).

Hence,

NI

p(mi(z)ma(b)(1 — A)72) = (m (U(—t)zU(t))ma(b)(1 — A)~42).

Consider now the linear functional on W{(RY),
F(z) = p(m (2)ma(b)(1 — A)~/?)

From Corollary 6.2.8, F' is continuous in the W-norm. We have proved that F(U(—t)zU(t)) =
F(z), and so from Lemma 6.5.4 we can conclude that F'(x) is a scalar multiple of 75 (z).
So,

d
o(m(x)me(b)(1 — A)"2) = 19(x) - 1(D), (6.5.4)
for some functional [ on C'(S¢1). Since ¢ is continuous,
1(B)] < Cllblloo
for some C' > 0. So [ is continuous. O

Lemma 6.5.8. Let x € W(RY) and b € C(5971), then for any continuous normalised
trace ¢ on L1 .

)= et [ o

where C(d, 0) is the same constant as in Theorem 6.5.35.

vl

p(m(z)ma(b)(1 = A)7

Proof. Let [ be the linear functional from Lemma 6.5.7. It is required to show that we
have: C(d.6)

I(b) = ——"~ b(t) dt.

( ) VOl(Sdil) /Sd—l ( )

From Lemma 6.5.6, it suffices to show that [ oV, = [ for all g € Sp(d, ), and we will be
able to recover the constant by substituting b = 1.

Now let g € Sp(6,d). Since the operator W, from Lemma 6.5.5 is unitary, it follows
that:

79(2)1(b) = p(Womi (2)ma(b)(1 — A)~4°W,) (6.5.5)
= p(m (W zWy)Wima(b)(1 — A)~2Wy). (6.5.6)
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We now show that for all y € W{(RY),

T (y)Wima(b)(1 — A)~2W, — my(y)ma(Vgb) (1 — A)~Y2 € L. (6.5.7)

Let £ € Ly(R?), then
(W3 ma(0)(1 = ) 2,00 = W5 0 (1) (1+ )2l 7'0)
b < gt ) (L + lgt?) ¢ (1)

gt

e g
:b<\gt!> Jgtfd fg (1 Lot e ),

The above computation shows that:
d
9V

* —d/2 gv
Wyma(b)(1 - A) / Wy = ma(Vy4b) NG

(L+[gV[*) 2.

Hence,

T (y)Wyma(b)(1 = 8)~2Wy —my(y)ma (V) (1 — A)~/2

d
R AC) ('f;L (14 |gV2) 2 — (1 Ard/?)

d
= ma(0) (L0 V)2 = (- ) ) w0,

Due to Lemma 6.2.9, to prove (6.5.7), it suffices to show that:

gt _
pit) o= S0 0 )2 — ey

is in £1(Loo(R?)). Tt is clear that h is bounded in the ball {|t| < 1}. Supposing [t| > 1,

we rewrite h as,
t|4 t|4
h(t) — |t|—d < ’g ‘ o ‘ ‘ >
(L4 [gt[2)4/2 (1 + [¢f2)4/2

Since H|»g\tf|2 and 1“ gz are bounded above by 1, we may use the numerical inequality:
d

a2 = Y2 < Cla =B, ol 8] <1

to obtain,
d._a| lgtP 1t
h(t)] < =|t|7? —

However,

’gt‘Q _ ‘t‘Q _ (1 + |t|2)_1 ’gt’2 — ’t’2

1+ gt)2 14|t 1+ |gt|?

=O((M+ )™, [t = oo
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Hence, |h(t)| = O(|t|=972) as [t| — oc. From there it is easy to see that h € £1(Loo)(RY).
This completes the proof of (6.5.7).

As ¢ vanishes on £, we may use (6.5.7) with y = W zW; to obtain in (6.5.6) to obtain,
To(@)1(0) = p(m1 (WyaWy)ms(Vyb)(1 — A) =)

so by Lemma 6.5.7:
To(2)l(b) = TQ(W;ng)l(‘@b).

From Lemma 6.5.5 we have 79(W;zWy) = 79(x), so now
o(2)I(b) = 79 (2)I(Vgh)-

Since x € W(RY) is arbitrary, it follows that {(b) = (Vzb). So from Lemma 6.5.6,
I(b) = o [ga-1 b(t) dt for some constant . By substituting b = 1 and using Theorem
6.5.3, we recover the constant «. O

Theorem 6.5.9. Let z € Wld(]Rg) Then for every continuous normalised trace ¢ on
L1 s, and every T € H(CO(Rg) +C,C(8471)),

PTm(:)(1 - )% = (D (Te o ) (sym(T)( ® 1)).

In particular, if T = Tm1(z), then

o= 8y = (P (e [ ) ey,

Once again, C(d,0) is the same constant as in Theorem 6.5.3.

Proof. We apply Lemma 6.5.2 to the functional
w(T) = p(Tm(2)(1 = A)"?).

Since 71 (2)(1 — A)~%2 € L), it follows from Lemma 6.2.7 that this functional is
well defined and vanishes on compact operators. Consider the functionals i (z) :=
C(d,0)g(xz) and 12 (b) = W Jga—1 b(t) dt on C+Co(RY) and C(S9~1) respectively.
From Lemma 6.5.2, to show that w(7") = (¢1 ® v2)(sym(7T")) it suffices to prove:

w(m(z)m2(b)) = 1 (z)2(D).
To this end, we compute w(ri (x)m(b)). Since [r1(x), 2(b)] is compact,
w(m(2)m2(b)) = w(me(b)mi(x)).
Hence

w(m ()2 (b)) = @(ma(b)my ()m (2)(1 — A)~4?)
= p(ma(b)mi(z2)(1 — A)~4?),

Using the cyclicity of the trace ¢, and that mo(b) commutes with A,

w(m(w)m2 (b)) = p(m (22)m2(b) (1 — A)~"2).
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The right hand side may be computed using Lemma 6.5.8,

. C(d,0)
1-A d/2 ) /
p(m(@ma(b)(1 - )% = D) [ b
= Y1(x)12(b).
So finally, we have w(m (z)m2(b)) = 1(x)2(b). So from Lemma 6.5.2, we immediately
obtain w = ¥ ® 19, and this completes the proof. ]

6.6 Measures invariant under the action of symplectic groups

For g € GL(d,R), we define an action V; on C(S471) as follows:

(Vyb)(t) = 1y (975) , tesdL

lgt|d™ \ |gt|

This is indeed an (opposite) action: we have
‘/91 o %2 = ‘/92917 g1, 92 € GL(d7 ]R)

Lemma 6.6.1. If m is a rotation-invariant measure on C(S%~1), then moV, = det(g~!)-
m.

Proof. By converting to polar coordinates, for every b € C(S%~!) we have the formula,

mo) =g L ()

1 t
w0 = g [ (i) e
Applying the linear transformation s = gt, we get,
m(ng)Zl/ b<8>|g 3‘ Sld( 71)
T(d) Jpa” \Jsl) 517 ©
_ det(g™) >/‘b<s>m1ﬂ R
I(d) Jga \lIs|/ Is|?

Now using polar coordinates,

det(g)~! o -
m(Vyb) = e(g)/ b(s)/ | s|de Tl tslpd=1 gpgs.
F(d) Sd—1 0

Applying the formula I'(d) = o [7°r

m(Vyb) = Wf(d) /Sdl b(s)ds

So,

d=le=ar dr we get
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Recall that d is even. The symplectic group Sp(d, R) is the subgroup of GL(d, R) defined
as follows:

Sp(d,R) = {T € My(R) : T'OT =0}, Q= (‘1) ‘01>@2 .

In the published version of [94], the next theorem was proved by a lengthy induction
argument. It was suggested to us by M. Goffeng that a much simpler proof is possible
by instead restricting g — Vj to orthogonal matrices. Even though the restriction of
V to SO(d) uses only a fraction of the available symmetries, it is still sufficient for our
purposes. We supply this simplified argument below.

The key component of the argument is that if p is a measure on the unit sphere
{(21,-++,24) € CF ¢ |21|? + |22 + -+ - +|z4|? = 1} which is invariant under the action of
the unitary group U(k), then p is the (up to a scalar factor) the usual rotation-invariant
measure on S?*~1. This follows from the fact that U(k) acts transitively on the sphere
in C*. One way to see this implication is that for all U € U(k) and f € C(S%*~1) we

have (by assumption)
| fau= [ fovd
S2k—1 S2k—1

Now if we integrate over U € U(k) with respect to the Haar measure dU and use Fubini’s

theorem, we have:
/ fd,u:/ ( foUdU) du.
S2k—1 S2k—1 U(k)

Since U(k) acts transitively on S**~1, the integral fU(k) foUdU is a scalar and hence:

/ fdp = (%) / f(Uz)dU
S2k—1 U(k)

where z € S2¢~1 is arbitrary. It follows that all U(k)-invariant measures on S2+~1

proportional to the pushforward of the Haar measure on U(k) to S52k=1 50 in particular
are proportional to each other.

are

Theorem 6.6.2. If | € C(S*1Y)* is such that l oV, = I, for all g € Sp(d,R), then
s 1nvariant under rotations, and hence up to rescaling is the unique rotation-invariant
measure on S¢L.

Proof. Let K be the compact subgroup of Sp(d, R) given by:
K =80(d) nSp(d,R).

We will prove that if [oV, = [ for all g € K, then necessarily loVr = [ for all R € SO(d).
Since Vso(q) is exactly the action of SO(d) on S9=1 by rotations, this is the required
result.

Recall that d is even, and let k¥ > 1 be such that d = 2k. The unit sphere Sa=1 in
R? can be identified with the unit sphere SE := {(z1,...,2;) € C* : Z§:1 |ze|? = 1}

in k-dimensional complex space C¥. We claim that the action of K on S¢! can be
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identified precisely with the action of U(k) on Sé‘j, and this yields the uniqueness of the
functional | due to the discussion preceding the theorem.

Write T' € K in block-matrix form:
Ty, T 2)
T — ) )
<T2,1 15
where Tj;, € M, ,(R). The condition that TQT™ = € implies that T2 = QT". It follows
that we have T71 = Ty 2 and T 1 = —T7 2. Rewriting A =771 and B =Ty 1, we have:

A -B
T ( 4 ) |
We can identify T with the & x k& complex matrix U = A + iB. In fact the mapping
T +— U is a group isomorphism. To see this, note that since T is orthogonal we have:

pop_ (AALB'B —A'B4BA\ _ (L 0
" \=-B*A+ A*B B*B+ A*A o 0 Ika

and similarly, AA* 4+ BB* = I and BA* = AB*. These relations imply that U = A+iB
is unitary, and moreover if U is a unitary matrix, we can consider the matrix

3 =)

where R(U) and J(U) are the real and imaginary parts of U respectively®. It is easily
checked that the above matrix belongs to K. This T'+— U is a bijection between K and
U(k), and it is straightforward to check that it is indeed a group homomorphism.

Consider the following (R-linear) isomorphism from R¢ to C*:
W1, T2, .. Tog) = (21 + iTpy1, T2 + iTpi2, ..., Tk +iTog), € R

That is, the point (z,y) € R? is mapped to = + iy € C*. Note that = € S?~! if and only
if «(x) € SE. It is readily verified that for all € RY, we have:

(Tz) =U(x).

It follows that ¢ intertwines the action V|x on S?! with the standard action of U(k)
on SE, and this gives the desired identification of V|, with the action of U(k) on SE.

O

3By “real part”, we do not mean %(U + U™), but instead the matrix formed by taking the real parts
of the entries of U






Chapter 7

Quantum differentiability on
noncommutative Euclidean spaces

This chapter is based on the research paper [92], which consists of joint work of the
author with F. Sukochev and X. Xiong.

The topic of the paper concerns quantum differentiability conditions for so-called Moyal
or Groenewold Euclidean spaces. This is a line of research which follows on from [87]
and [93] which proved the analogous results for classical Euclidean spaces and quantum
tori respectively.

Some changes have been made here to simplify the presentation: in particular, one of
the most difficult parts of [92] was in redeveloping the general theory of noncommuta-
tive Euclidean spaces to apply simultaneously to the commutative and noncommutative
cases. Here, we restrict attention to the exclusively noncommutative case.

7.1 Introduction

Following [26], quantised calculus may be defined defined in terms of a Fredholm module.
A Fredholm module can be defined with the following data: a separable Hilbert space
H, a unitary self-adjoint operator F' on H and a C*-algebra A represented on H such
that the commutator [F,a] is a compact operator on H for all a in A. The quantised
differential of a € A is then defined to be the operator da = i[F,a].

A problem of particular interest in quantised calculus is to precisely quantify the asymp-
totics of the sequence {u(n,da)}oe ) in terms of a. In operator theoretic language, we
seek conditions under which the operator da is in some ideal of the algebra of bounded
operators on H. Of the greatest importance are Schatten-von Neumann £, ideals, the
Schatten-Lorentz £, « spaces and the Macaev-Dixmier ideals M .

The link between quantised calculus and geometry is discussed by Connes in [27]. A
model example for quantised calculus is to take a compact d-dimensional Riemannian
spin manifold M (with d > 2) with Dirac operator D, and define H to be the Hilbert
space of pointwise almost-everywhere equivalence classes of square integrable sections

125
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of the spinor bundle. The algebra A = C(M) of continuous functions on M acts by
pointwise multiplication on H, and one defines F' as a difference of spectral projections:

F .= X[0,00) (D) — X(~00,0) (D)

One then has df = i[F, My], where My is the operator on H of pointwise multiplication
by f € C(M). In quantised calculus the immediate question is to determine the rela-
tionship between the degree of differentiability of f € C(M) and the rate of decay of
the singular values of df. This is the problem which we term “characterising quantum
differentiability”. In general, we have the following inclusion [27, Theorem 3.1]:

fec=(M)=|df|* € Mic.

This corresponds to the implication:

n

> u(idf)? < oo.

J=0

feC™(M) :iggilog(2+n)

It is possible to specify even more precise details about the asymptotics of {p(j,df)};>0-
Suppose that w is an extended limit (a continuous linear functional on the space of
bounded sequences £, (N) which extends the limit functional). If w is invariant under
dilations (in the sense of [89, Definition 6.2.4]) then [27, Theorem 3.3] states that:

[e.e]

u(j, df)e _ cd/ (Af A xd |42 (7.1.1)
—0 M

n=0

1
log(2 + n) .

where ¢4 is a known constant, d is the exterior differential and * denotes the Hodge
star operator associated to the orientation of M. The quantity on the left hand side
of (7.1.1) is precisely the Dixmier trace tr,(|df|?). According to Connes, this formula
“shows how to pass from quantised 1-forms to ordinary forms, not by a classical limit,
but by a direct application of the Dixmier trace” [27, Page 676].

When working with particular manifolds, rather than general compact manifolds, it is
possible to specify with even greater precision the relationship between f and the singular
values of df. In the one dimensional cases of the circle and the line, the appropriate
choice for F' turns out to be the Hilbert transform (see [28, Chapter 4, Section 3.a|) and
the commutators of pointwise multiplication operators and the Hilbert transform are
very well understood. If f is a function on either the line R or the circle T, necessary
and sufficient conditions on f for df to be in virtually any named operator ideal are
known (see e.g. [57]).

In higher dimensions (in particular T% and R? for d > 2), an appropriate choice for F is
given by a linear combination of Riesz transforms [36, 87]. Commutators of pointwise
multiplication operators and Riesz transforms are well studied in classical harmonic
analysis, and Janson and Wolff [76] determined necessary and sufficient conditions for
such a commutator to be in £, for all p € (0,00). For the case of Euclidean space R? an
even more precise characterisation including a complete if and only if characterisation
for df to be in a wide class of operator ideals was obtained by Rochberg and Semmes
[113].
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If f € C®°(TY), let Vf = (01 f,02f, .. .,0af) be the gradient vector of f, and let |V f||2 =
1
<Z;l:1 |8jf]2) *. Then as a special case of (7.1.1), we have the following:

tro,(|af]?) = ka /Td IV £ (t)lI3dm(t), (7.1.2)

where kg > 0 is a known constant, and m denotes the flat (Haar) measure on T¢.
A similar integral formula can also be obtained in the non-compact setting of R? [87,
Theorem 2|. Quantum differentiability in the commutative setting is a topic of active
research interest, with many results known outside the classical examples of Euclidean
spaces and tori. For example, Goffeng and Gimperlein have explored the deviations from
classical spectral asymptotics for non-smooth functions [59, 60]. A number of results
are also known in the strictly noncommutative setting, especially as regards sufficient
conditions. For example, Goffeng and Mesland have explored the quantum differentia-
bility relating to spectral triples on Cuntz-Krieger algebras [61] and Emerson and Nica
provided sufficient conditions for finite summability of Fredholm modules relating to
hyperbolic groups [49].

Recently the author, F. Sukochev and X. Xiong have established a characterisation of
the £ ~-ideal membership of quantised differentials for noncommutative tori [93]. The
primary result of [93] is as follows. Let 6 be an antisymmetric real dxd matrix with d > 2,
and consider the noncommutative tori Tg. In this setting, there is a conventional choice
of Fredholm module and an associated quantised calculus [64, Section 12.3]. An element
z € Ly(T¢) belongs to the (noncommutative) homogeneous Sobolev space Wi(T%) if
and only if its quantised differential dz has bounded extension in L4 . The quantum
torus analogue of (7.1.2) is also obtained as [93, Theorem 1.2]: for = € W}(T%), there is
a certain constant ¢y such that for any continuous normalised trace ¢ on L1 o we have

d d d
o(|dz|?) = ¢q /Sdl T ((Z |0jx — 55 Z sk0k$|2) 2) ds, (7.1.3)
j=1 k=1

where 7 is the standard trace on the algebra Lo (T4), and the integral is over the
(d — 1)-sphere S?~! with respect to its rotation invariant measure ds. To the best of
our knowledge, these results were the first concerning quantum differentiability in the
strictly noncommutative setting.

The primary task of this paper is to determine similar results for noncommutative Eu-
clidean spaces. A number of major obstacles make this task far more difficult than
for noncommutative tori. In particular, the methods of [93] were facilitated by a well-
developed theory of pseudodifferential operators on noncommutative tori [66, 67]. How-
ever, despite recent advances [62, 82, 94|, the theory of pseudodifferential operators for
noncommutative Euclidean spaces is still in its infancy and it is not clear how to di-
rectly adapt the existing theory to this problem. It has therefore been necessary for us
to develop new arguments, based on a very simple form of pseudodifferential calculus
(see Section 7.3).

Another difficulty with Rg compared to ']I‘g is that the nature of the required analysis
changes dramatically with #. For example, the range of the canonical trace 7 on the
algebra Loo(T%) on projections is [0, 1], while for the canonical trace on Loo(RY) the
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range of the trace on projections is either [0,00] if det(f) = 0 or instead ranges over
integral multiples of (27)%2| det(6)|'/2 if det(6) # 0.

On a related issue, in the non-degenerate case the C*-algebra CD(]Rg) is isomorphic
to the algebra of compact linear operators on Lo(R?), and Lo (RE) is isomorphic to
all of B(La(R%)). This has some counterintuitive consequences for both the analysis
and geometry of RZ. Firstly, Co(R%) becomes an ideal of Lo (RY) so that “continuous
times bounded is continuous”. Secondly, Co(Rg) is generated by projections as a C*-
algebra. This is quite unlike Euclidean space, where there are no nontrivial continuous
projections.

From the point of view of K-theory and the algebraic-topological point of view on
noncommutative geometry, Cy (Rg) is strongly Morita equivalent to a point. From that
point of view, the “space” ]Rg is trivial. This situation is analogous to classical K-
theory: Euclidean space R? is contractable, and so is homotopically indistinguishable
from a point.

A noteworthy side effect of the self-contained approach is that we obtain in an abstract
manner the following commutator estimates for quantum Euclidean spaces: Let A be
the Laplace operator associated to the noncommutative Euclidean space Rg (see Section
6.2 for complete definitions). For an appropriate class of smooth elements z € Lo, (Rg),
if a, 8 € R are such that o < 8+ 1, then we have

[(1—A)2 2](1-A)PPer 4

B—a+l1 100

In the classical (commutative) case, this estimate follows almost immediately from the
calculus and mapping properties of pseudodifferential operators (see [87, Lemma 13]).

7.1.1 Main results on quantum differentiability

In this section we state the main results of this chapter.

Let 8 be an antisymmetric real d x d matrix, where d > 2. As in Section 6.2, we
will exclude the degenerate case when det(¢) = 0. In the published version of [92] the
degenerate case det(f) = 0 was included, however this came at the cost of substantially
increasing the length and complexity of the paper. For the sake of clarity, we have opted
to exclude the degenerate case here.

Our first main result provides sufficient conditions for dx € L4 0:

Theorem 7.1.1. Assume that det(0) # 0. If z € L,(RY)NW(RE) for some d < p < oo,
then dx has bounded extension, and the extension is in Lg .

The space W(}(Rg) is a noncommutative homogeneous Sobolev space for Rg. This is dis-
tinct from the Sobolev spaces defined in Section 6.2, and will be introduced in Definition
7.1.11.

The a priori assumption x € Lp(Rg) for some d < p < oo may not be necessary, however
we have been unable to remove it. One reason for this difficulty is that there is no clear
replacement for the use of the Poincaré inequality in the noncommutative situation. See
Proposition 7.1.17.
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With Theorem 7.1.1, we can prove our second main result, the following trace formula:

Theorem 7.1.2. Assume that det(d) # 0. Let x € L,(RE) N W}(RY) for some d < p <
oo. Then there is a constant ¢y depending only on the dimension d such that for any
continuous normalised trace ¢ on L1 we have:

d d d
o(|dz|?) = cq /Sd1 79 ((Z |05 =55 Sk3k$|2> 2) ds.
j=1 k=1

Here, the integral over S*1 is taken with respect to the rotation-invariant measure ds
on S¥L, and s = (s1,...,54).

Recall that 7y is the canonical trace on the algebra Loo(R%) (see Section 6.2). Although
the above integral formula is identical in appearance to (7.1.3), the proof involves dif-
ferent techniques.

The next corollary is a direct application of Theorem 7.1.2. The proof is the same as
[93, Corollary 1.3], so we omit the details.

Corollary 7.1.3. Assume that det(f) # 0. Let x € L,(RY) N W}(RY) for some d <
p < 00. Then there are constants cq and Cy depending only on d such that for any
continuous normalised trace ¢ on L1, we have

d d d
callollyy < p(ldsl) < Callzld,

Since ¢ vanishes on the trace class L1, Corollary 7.1.3 immediately yields the following
noncommutative version of the p < d component of [76, Theorem 1]:

Corollary 7.1.4. Assume that det(0) # 0. If z € L,(R%)+C for some d < p < oo and
dx has bounded extension in L, for p < d, then x is a constant.

As a converse to Theorem 7.1.1, we prove our third main result: the necessity of the
condition x € W}(RY) for dz € L .

Theorem 7.1.5. Assume that det(6) # 0. Let x € Ly(RY) for some d < p < co. If
dx has bounded extension in Lg, then x € W;(Rg), and there is a constant c¢qg > 0
depending only on d such that

call el < lldz]l 2y o

It is worth noting that one may consider the commutative (6 = 0) case in Theorems
7.1.1, 7.1.2 and 7.1.5 and in this case the results obtained are very similar to those of
[87]. The only difference being in the integrability assumptions: in [87], boundedness
was assumed, and here we assume p-integrability for some d < p < oco. Nonetheless
the proofs we give here are independent to those of [87]. It would be of great interest
to extend the results here to include p = oo, however technical obstacles have so far
prevented this. See the discussion preceding Proposition 7.1.17.
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7.1.2 Main commutator estimate

As a byproduct of the proof of Theorem 7.1.2, we obtain a commutator estimate on
quantum Euclidean spaces. We shall define the noncommutative Schwartz space S (Rg)
in Subsection 7.1.3.

Theorem 7.1.6. Let o, 8 € R, and let x € S(]Rg). Then if a < B+ 1:

[(1=A)2 2](1-A)PPer 4

B—a+1’

On the other hand if « = B+ 1, then the operator
[(1—A)2,2](1— A) P2
has bounded extension.

This estimate is to be compared with the Cwikel type estimates provided in [83]. Using
the latter estimates, one can deduce that (1 — A)*/2z(1 - A2 e £ 4 _ and z(1 -
Fa’

A)(a*ﬁ)/ el a > however showing that the difference of these two operators is in

the smaller ideal £ 4 requires additional argument.

B—atl’

If we consider the classical (commutative) setting, the result of Theorem 7.1.6 would
follow from a standard application of pseudodifferential operator calculus: x is viewed
as an order 0 pseudo-differential operator, while (1 — A)O‘/ 2 is of order a. It follows that
the commutator [(1—A)*/2, z] is of order v — 1, and thus [(1 —A)*/2, z](1— A)~#/2 is of
order a—f3—1. From there, a short argument which essentially uses the fact that x decays
at infinity can be used to show that the result of Theorem 7.1.6 holds (an argument of
precisely this nature was used in [87, Lemma 13]). It likely is possible to carry out a
similar argument in the noncommutative setting using the quantum pseudodifferential
operator theory of [62], however we have found the direct argument to be insightful.

The layout of this chapter is the following. In the following section we introduce notation,
terminology and required background material concerning operator ideals and analysis
on quantum Euclidean spaces, and we also recount some elementary properties such
as the dilation action and Cwikel type estimates. Section 7.2 is devoted to the proof
of Theorem 7.1.1. Section 7.3 concerns our proof of Theorem 7.1.6, and is the most
technical component of the paper. The final section, Section 7.4, completes the proofs
of Theorems 7.1.2 and 7.1.5.

7.1.3 Weyl quantisation

Let f € Li(R%). We will define U(f) € Loo(RY) as the operator given by the Loo(RY)-
valued weak*-integral:

U(f) = [ SOU@)dl € Loo(R).

Since the family {U () },cpa is strongly continuous, the weak* measurability of integrand
is immediate. Since each U(t) is unitary, Lemma 4.1.4 implies that:

1U(N)lloo < lI£1]1- (7.1.4)
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We will denote U = Uy when there is a need to refer to the dependence on 6. The
map U has other names and notations in the literature: for example composing U
with the Fourier transform determines a mapping S(R?) — B(Lz(R%?)) which is also
known as the Weyl quantisation map [69, Section 13.3]. In the det(f) # 0 case, the
map U is also essentially the same as the so-called Weyl transform [132, Page 138].
In [62], the map denoted there \g is very similar to U, the only difference being that
U(tre1)U(taea) - - U(tqeq) is used in place of U(t).

Remark 7.1.1. In [92], the Weyl transform was defined by giving U(f)¢ as an Lo(R?)-
valued Bochner integral for € € Ly(R?). Since we have already discussed weak*-integrals
at length in Section 4.1.1, it is more convenient to instead define U(f) as a weak*-integral
here.

Assume now that f € S(R?). For ¢ € S(R?), by the definition of U(t) we have:

OO = [ 75—ty (7.15)

Since ¢ is continuous, it is easy to see that (U(f)£)(s) is continuous as a function of s.
Evaluating U(f)&(s) at s = 0 yields:

OO = [ Fee-o e

R4

Hence, if U(f) = U(g) for f,g € L1(R?), it follows that:
[0 - sore-tar=o

for all ¢ € S(R?Y), and thus f = g pointwise almost everywhere. It follows that U is
injective.

The class of Schwartz functions on Rg is defined as the image of S(R?) under U. That
is,

S(RY) := {z € Loo(RY) : 2 = y f(s)U(s)ds, for some f € S(RY)}, (7.1.6)

The Schwartz space S (Rg) is equipped with the topology induced by the isomorphism
U :S(R?Y) — S(RE), where S(R?) is equipped with its canonical Fréchet topology. It is
important to note that the Fréchet topology of S(R$) is finer than the L,(R%) topology
for every 1 < p < oco. This follows, for example, from Proposition 7.1.10 below.

It is worth emphasising that in the non-degenerate case (det(#) # 0), the non-commutativity
of LOO(Rg) implies that S(Rg) has a number of properties quite unlike the classical
Schwartz space S(R?) (for example, see Theorem 7.1.7 below). In terms of the isomor-
phism of Lo (RE) with B(Ly(R%2)), it is possible to select a specific basis such that
S(RY) is an algebra of infinite matrices whose entries have rapid decay ([63, Theorem

6] and [109, Theorem 6.11]). While we will not need the specific details of the matrix
description, we do make use of the following result, which is [55, Lemma 2.4].

Theorem 7.1.7. There exists a sequence {py}n>0 C S(RY) such that:

(i) Each p, is a projection of rank n (considered as an operator on Ly(RY?)).
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(ii) We have that p, 1 1, where 1 is the identity operator in Loo(RY).

(iil) UpzoPnLloo(RY)pn is dense in S(RY) in its Fréchet topology.

The presence of smooth projections is a feature of analysis on quantum Euclidean spaces
in the det(f) # 0 case entirely distinct from analysis on Euclidean space. For our
purposes we do not need to know the precise form of the sequence {py,}n>0, however a
description using the map U may be found in [55, Section 2]. The following is a property
of S (Rg) which we use several times. It has a short proof which can be found in [63, pg.
877].

Proposition 7.1.8. The Schwartz class S(Rg) has the following factorisation property:
every x € S(RY) is the product x = yz of two elements y, z € S(RY).

An important property of the Weyl transform is that f — U(f) effects an isometry from
Ly(R%) to Lo(RY) [132, Chapter 2, Lemma 3.1].

Proposition 7.1.9. Let f € S(RY). Then we have

U2 = 11112

Proposition 7.1.9 permits us to extend the domain of U from L1(R?) to L (R?)+ La(R%).
The following inequality may be thought of as the quantum Euclidean analogue of the
Hausdorff-Young inequality.

Proposition 7.1.10. Let 1 < p < 2 with %—i—% = 1. Then for every f € L,(R¥)NL;(RY),
we have U(f) € Ly(RY), and
IU(Hllg < 11l

and hence U has continuous extension from L,(R?) to Ly(RY).

Proof. First consider the case p = 1 and ¢ = oo. According to (7.1.4), we have:

U)o < Ufll1s  f € La(RY).

The case p = 2 is provided by Proposition 7.1.9:

U2 = 112

We may deduce the result for all 1 < p < 2 by using complex interpolation for the
couples (L1 (R%), Ly(R?)) and (Lo (RY), Lo(RY)). The complex interpolation method for
the latter couple is covered by the standard theory of interpolation of noncommutative
L,-spaces (see e.g. [105]). O

We now define the space S’ (Rg) of tempered distributions, and the associated operations.

Definition 7.1.2. Let S'(RY) be the space of continuous linear functionals on S(RY),
which may be called the space of quantum tempered distributions.

As in the classical case, denote the pairing of T € S'(R%) with ¢ in S(RY) by (T, ¢), and
Loo(RY) is embedded into S(RY) by:

(z,¢) :=Tg(x¢), =€ Loo(RG), ¢ € S(RG).
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For a multi-inder o € N& and T € S(RY), define 0T as the distribution (0°T,¢) =
(=1)lel(T, 0%).

It is not hard to verify that 9% on distributions extends 9% on Lo (R%) as defined in
Section 6.2, so there is no conflict of notation.

In terms of the isomorphism U : S(RY) — S(RE), we can compute derivatives easily:

OU(S) = UL - 15°6(1)). (7.1.7)

By duality, we can extend the derivatives Dy, to operators on S’ (Rg). With these gener-
alised derivatives, we are able to reintroduce the homogeneous Sobolev spaces Wj" (RY)
associated to noncommutative Euclidean space.

Definition 7.1.11. The homogeneous Sobolev space Wg”(Rg) consists of those x €
S’(Rg) such that every partial derivative of x of order m is in Lp(Rg), equipped with the

el = 3 0%l

|a|=m

norm:

We will have frequent need to refer to the operator (1 — A)l/ 2 which we abbreviate as
J,

J:=(1-A)2
That is, J is the operator on Lg(R%) of pointwise multiplication by (1 + [t[?)'/2, with
domain Ly(R%, (1 + [t|?)dt). Classically, the operator J is called the Bessel potential.

Definition 7.1.12. Let N = 2l4/2] qnd {7 }i<j<a be self-adjoint N x N matrices satis-
fying vjvi + k7 = 20;k. The Dirac operator D associated with Loo(Rg) 1s the operator

on CN ® La(R?) defined by
d

D = Z’Yj &® Dj.
j=1

7.1.4 The dilation map

We now describe the “dilation” action of R™ on a quantum Euclidean space. A pecu-
liarity of the noncommutative situation is that the natural dilation semigroup does not
define an automorphism of Lm(Rg) to itself, but instead the value of 6 varies.

The heuristic motivation for the dilation mapping is as follows. Recall that we consider
Rg as being generated by elements {x1,...,z4} satisfying the commutation relation

[%j, xk] = Z.Hj,lv

However this relation is not invariant under rescaling. That is, if we let A > 0 then the
family {Az1,..., Azg4} satisfies the relation:

[/\J}j, /\J}k] = i)\zejyk.
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It therefore becomes clear that if we wish to define a “dilation by A” map on Rg,

we should instead consider dilation as mapping between two different noncommutative

spaces. That is, from ]Rg to R‘ige.

The following rigorous definition of the “dilation by A\” map follows [62]. Given A > 0,
define the map W) from Loo(RY) to Loo(RY,) as

Uy : Up(s) s Uw(i). (7.1.8)

Recall that we include a subscript § (or A20) to indicate the dependence on the matrix.
Denote by oy the usual Lo-norm preserving dilation on Euclidean space:
oAE(t) = XY2E(AL), € € Lo(RY).

We have o} = oy-1. It is standard to verify that

Up(s) = o} Uw(;) oz (7.1.9)

Moreover, by (7.1.9), it is evident that for every A > 0, ¥, is a x-isomorphism from
Loo(RE) t0 Lo (RY,,).

The following proposition shows how the dilation W) affects the L, norms for quantum
Euclidean spaces.

Proposition 7.1.13. Let A > 0 and z € L,(R%), and denote & = N*0. Then for all
2 < p < oo, we have:
d
Mzl mg) < X /p||l‘\|L,,(Rg)

and Wy is an isometry from Loo(RY) to Loo(Rg).
If in addition x € W (RY), then:

||8j\I/A(x)||Lp(Rg) < Ad/P—luaijLp(Rg) . j=1,,d. (7.1.10)
Proof. As was already mentioned, W) is a *-isomorphism between Loo(R%) and Leo (Rg),

and since a *-isomorphism of C*-algebras is an isometry, it follows immediately that
Uy : Loo(R§) = Loo(RE) is an isometry.

For p = 2, recall from Proposition 7.1.9 that the mapping (27)~%2Uy (resp. (2) _d/2U5)
defines an isometry from Lo(R$) (resp. LQ(Rg)) to La(RY). Also note that:

@,\OU@ZUéOdA, A> 0.

where d) is the dilation by A map f — f(-/\). Hence ¥y has the same norm between
Lo(RY) and Lg(Rg) as dy does on Lo(RY). This is easily computed to be A\%/2.

Finally, the result for 2 < p < oo follows from complex interpolation of the couples
(L2(R§), Loo(R)) and (L2(RE), Loo(RY)).
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We recall that the complex interpolation space (L2(RY), Loo(R%)), is Lo /n(Rg), where
n € (0,1), and that we have:

1- d
1Al L)Ly < NOANT, o, 1AL < AT,
Taking n = % yields the desired norm bound.

The second claim follows from the easily-verified identity:

0;(Wa(2)) = A1 0195 (2).

7.1.5 Density of S(RY) in Sobolev spaces

Let us discuss the density of S(RY) in the Sobolev spaces Wg”(Rg) and Wg” (RY). Prov-

ing the density of S(R%) in the homogeneous Sobolev space W;"(]Rg) presents certain
difficulties and we have been unable to achieve this for the full range of indices (m, p).

For this section, we fix ¢ € S(R?) such that [p,1(s)ds = 1. We do not assume that ¢
is positive or has compact support. For € > 0, define:

Yelt) = (). (7.1.11)

The following theorem provides us a means of “approximation in the spatial variables”.

The proof is straightforward and shall be omitted here, but full details may be found in
[92, Theorem 3.8].

Theorem 7.1.14. Let 1 < p < co. For all & € L,(RY), we have that U(v:)x — x in
the L,(RY) norm as € — 0.

The p = 2 component of Theorem 7.1.14 may be equivalently, stated as U(¢:) — 1 in
the strong operator topology of Lo (R%) in its representation on Lo(RY).

We note one further property of U (1. ):

Lemma 7.1.15. Let 1 < j < d. Then for all 2 < p < 0o, we have:
1—4
105U (We)llp <& 7 llehllg-
where q satisfies % + % =1.
Proof. Recall (from (7.1.7)) that:

BjU(%) = U(tjwa(t»

so that we may apply Proposition 7.1.10 to bound |0;U (¢¢)||, by:

96~ Ly 2a v
([ et yar)
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where ¢ is Holder conjugate to p.

13
R

Applying the change of variable s = £, we get the norm bound:

g4 d
10;U @e)lp < " |41 lg- 0
Proposition 7.1.16. Let m >0 and 1 < p < 00, and x € Wg”(Rg). Then:
lim |U(¢:)x — z||lwm = 0.
e—0 P

In particular, S(RY) is norm-dense in W;”(]Rg).

At the time of this writing, we are unable to prove that the inclusion S(R%) C W;” (RY)
is dense. In the classical (commutative) setting or on quantum tori, this can be achieved
by an application of a Poincaré inequality (see, e.g., [68, Theorem 7]). To the best of
our knowledge, no adequate replacement is known in the noncommutative setting. In
the following proposition, to obtain the desired convergence in Wdl (]Rg) norm, we have
to assume additionally that = € Lp(Rg) for some d < p < oo. This is the ultimate cause
of the a priori assumption in the statements of Theorems 7.1.1, 7.1.2 and 7.1.5 that
z € Ly(RY) for some d < p < oo.

Proposition 7.1.17. Ifx € VVd1 (Rg) N Lp(]Rg) for some d < p < o0, then the sequence
U(ge)x converges to x in Wj-seminorm when e — 0.

7.2 Proof of Theorem 7.1.1

This section is devoted to the proof of Theorem 7.1.1, that is, that the condition z €
Ud<p<oo Ly(RH NWE(RY) is sufficient for dr € Lg,00, and with an explicit norm bound:

deHd,OO Sd HxHWdl(ngl)'

The proof given here is similar to the corresponding result on quantum tori [93], relying
heavily on the Cwikel type estimate stated in the last section.

Lemma 7.2.1. Suppose that p > g and x € Lp(Rg). If p > 2, then:

D
- <
‘ |:SgH(D) m? 1®3§':| ) ~p,d Hpr
Proof. Let 1 < j < d, and for £ € R? define
5] gj
hi(€) i= 2~
’ €] (14 |¢2)3
Thus,
D D
My, = hi(iV) = — — :
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Note that there is no ambiguity in writing \/l%, as this is simply M, for g(§) = f—‘ and

S0,

D d D; D; d
D) — — LR J_ _ J = R My, .
sgn(D) 11 D2 jz_;% ( T—A (1—A)§) jz_;% hy;

One can easily check that h; € Lp(Rd) as p > %. Expanding out the commutator,

d d
[sgn(D) — \/%,h@x] = jz::l’yj(@th,l@l' = j;’Yj(@[thaﬁU]-
Hence,
D
(D)~ Pt | < a e [0,
< d mas (|62, + (oM. ,)
- dlrgﬁgxd (2" M, Iz, + |z Mp, le,) -
The desired conclusion follows then from Theorem 6.2.6.(i). O

The proof of the next lemma is modelled on that of [93, Lemma 4.2] and [87, Lemma 10],
via the technique of double operator integrals.

Lemma 7.2.2. The function v on R? given by:

(1+)\2)1/4(1 +,u2)1/4
(1 + A2)1/2 + (1 + M2)1/2

YA\ p) =

is in the Birman-Solomyak class BS(vy X v1) for any pair of spectral measures vy and
V.

Proof. Let t := 1 (log(1 + A?) — log(1 + x2)). Then,

1 1
= —sech(t).

) = ————
Q;Z)( ,/L) et_'_e,t 9

The function ¢t — %sech(t) is Schwartz class, and so has Schwartz-class Fourier transform
F', so by the Fourier inversion theorem:

WO ) = / T it p(s) ds = / T AR 4 ) AR (s) ds.

—0o0 —0oQ
This is a Birman-Solomyak decomposition, since F' is in particular integrable. O

Lemma 7.2.3. Let x € W}(RY) N L,(RY) for some d < p < oo. Then

D
I [ﬁ7 1@a] Had,oo Sa ll2llyiry-
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Proof. Set g(t) =t(1+ t2)7% for t € R. Thanks to Theorem 4.1.10, we have:
D,D
[Q(D)v 1®5U] = Tg(,\)_g(“),s(h)( ) T[u B(L2) ([-Du 1®$])7 (7~2-1)
where gt (X, 1) 1= ZNZ9) — gy (A, p)ay(N, )b (A, 1), with

1—Ap
(1+A2)3(1+ )3

(14 M2)(1+ p?)1 1

=1+ 1 = -
v (1422 + (1+ p2)2 v (1+A2)1(1 + p2)1

, Yo =

For k = 1,3, the function v can be written as a linear combination of products of
bounded functions of A and g individually, so 1,13 € B&S(EP x EP). From Lemma
7.2.2, we also have that ¢ € BS(EP x EP).

Applying Theorem 4.1.10, we have:

D,D D,D D.D D.D
Tg[”,B(LQ) %1,B(L2)%2,B(L2)%3,3(L2)- (7.2.2)

Theorem 4.1.10 yields the boundedness of %D’D on £; and B(Lg(Rd)) for k =1,2,3.
Then by real interpolation of (L1, L) (see [44]), the transformers Tw L with k=1,2,3
are bounded linear transformations from Ly to L4o0. Using (7.2.1) and the product
representation of g in (7.2.2), we have
1l9(D), 1®z]| 2, ., < H B(Lz Hﬁd oo—>ﬁdooH 23(L2 Hﬁd oo—>CdooH 3B(L2 ([D 102])|| 24,0
D,D
< IT2R (1D, 192,

Since ¥3(\, 1) = (1 + X2)"Y4(1 4 p?)~ Y4, Theorem 4.1.10 implies that:

T oD, 182]) = (1+ D) ~V4[D, 1a] (1 4 D?) /1.

Recalling that D = Z;-lzl v;®D;,
Il9(D), 192] £, .0 Sa ll(1+ D)7V D 1@2](1 + D*) ™4 g,
d

<Sa Y1+ D) M y;@D;, 1ex](1+ D?) 74 g, .
j=1

But by definition, [y;®D;, 1®z] = v;®0;z, thus we obtain
I(1+ D)"Y y;@D), 1@2)(1+ D*) |, = 1772052 T2 g,

Here the first norm || - ||z, . is the norm of Lg.(CY ® La(RY)), and the second one
is the norm of L4 (L2(R%)), and J = (1 — A)/2. We are reduced to estimating the
quantity || J~/2 9,z J_l/zﬂﬁdm. By polar decomposition, for every j, there is a partial
isometry V; on Lo(RY) such that

djx = Vj|052| = V;|0;2]2 (022
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1
Recalling that z is such that Hleajac]%Hgd < | ‘8j$‘%H2d = |0jz||; < oo, we apply
Theorem 6.2.8 to get

ER—— — 1 1
105212 T2 £y = 1772105212 | 230,00 St I1105]2 |24

and
_ 1 : 3
1728310523 cag . St V310522 122 S [}y

Thus, by Holder’s inequality for weak Schatten classes,
_ _ 1
1772052 T2 e S 1105212 134 Sa 19 la-
Combining the preceding estimates, we arrive at
d
l9(D), 102l 2,00 Sa Y 1852 la Sa lllyi,
j=1

which completes the proof. O
Now we are able to complete the proof of Theorem 7.1.1.

Proof of Theorem 7.1.1. Lemmas 7.2.1 and 7.2.3 already yield

1]l 400 Sa llzlla + [l2]yi1, (7.2.3)

for all z € W} (Rg), and with constants independent of §. We are going to get rid of the
dependence on ||z||4 by a dilation argument as follows. Let A > 0 and Wy : Loo(RY) —

Loo(RYs,) be the s-isomorphism defined in (7.1.8). By (7.1.9), for € Loo(RY), we
D;

have W)(z) = oxzo}. Since the operator —=, viewed as a Fourier multiplier on R,

T

commutes with oy (and 03), we have

0(W5(x)) = ilsgn(D), 19Wx(2)] = ilsgn(D), 190z0%]
= ioz[sgn(D), 1®z|o) = ordz o).

Whence, [|d(¥x(z)) 2400 = lld2| 2, - Applying (7.2.3) to ¥y (z) € LOO(R%&), we obtain
Id(PA@)) 2400 Sa 1€A@)]la + Bal¥a(@)llyirs-

By virtue of Proposition 7.1.13, we return back to x € LOO(Rg):
ldz ]2y o0 = A(YA@)) 240 Sa Alllla+ |2y

Letting A — 0 completes the proof of Theorem 7.1.1 for x € S(RY).

The general case € Wi (R%) N Ud<p<oo L,(RY) is achieved by approximation. By
Corollary 7.1.17, select a sequence {z,,} in S(RY) such that z,—z in W(% seminorm.
Proposition 7.1.16 implies that we can choose this sequence such that we also have that
z,—x in the L,(R%)-sense. For these Schwartz elements ,,, we have |dxm—dznl|c, . Sd
|zm — x””Wj’ so {dz,} is Cauchy in L, and thus converges to some limit (say, L) in
the L4 quasinorm.
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Let n € Lo(RY) be compactly supported, and let K C R? be a compact set containing
the support of n. Then (z, — x)n = (x,, — x) M, n. We have:

[(zn = 2)nll2 = (20 = 2)xKN]2 < [[(20 = 2) My [lollnlle < (20 = 2)xx |2, [[1]]2-

Theorem 6.2.6 implies that ||(z, —2) My, |z, Sp.x ||Tn —2]|p, and since we have selected
the sequence to converge in the L,(RY) sense:

lim ||(z, —x)n||2 = 0. (7.2.4)
n—oo
Similarly, if ¢ € CN ® Lo(R?) is compactly supported, then sgn(D)¢ is still compactly
supported and we have:

nlgrolo Il ® (z, — z)sgn(D)&||2 = 0. (7.2.5)

Combining (7.2.4) and (7.2.5) implies that (dz, )¢ — (dz)¢ for all compactly supported
¢ € CN ® Ly(R?). Since we know that dr, — L in the L4, topology, it follows that
dx = L, and therefore dz € Lj .

To complete the proof, we use the quasinorm triangle inequality:
02|y 0 Sa lldx = dwnllzy o + @20l 2o 0 Sa ll2 = 2nllys + [zl
Upon taking the limit n—oc we arrive at:

1]l 2y 00 Sa ll2 [l

7.3 Commutator estimates for Rg

This section is devoted to a proof of Theorem 7.1.6, which is an essential ingredient
for our proof of Theorem 7.1.2 i.e., the computation of ¢(|dz|?) when x € Lo (RY) N
WC} (]Rg) and ¢ is a continuous normalised trace on L. One powerful tool used in
[93] for quantum tori is the theory of noncommutative pseudodifferential operators.
The proof in [93] proceeds by viewing the quantised differential dx = i[sgn(D), 1®z] as
a pseudodifferential operator, then determining its (principal) symbol and order, and
finally appealing to Connes’ trace formula as obtained in [94].

For potential future utility we will prove Theorem 7.1.6 for the full range of parameters
(a, B), although ultimately we will only need certain specific choices of o and .

7.3.1 The pseudodifferential calculus

Our method of proof for Theorem 7.1.6 is to develop a very basic pseudodifferential
calculus for ]Rg. It is possible to provide a fully developed symbol calculus, as in [62] and
[82, Section 3|, however for our purposes only a much weaker framework is necessary.
The calculus developed here is essentially a special case of the abstract pseudodiffer-
ential calculus developed by Connes and Moscovici [34] and Higson [74]. The ideas
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discussed here have also been greatly extended by L. Gao, M. Junge and the author to
noncommutative Euclidean spaces with non-commuting derivatives [53].

Recall that J denotes the Bessel potential operator J = (1 — A)/2. The following
definition is essentially the same as [73, Definition 1.1], adapted to Rg.

Definition 7.3.1. For s € R, a linear operator T : S(R?) — S(RY) is said to have
analytic order s if for all r € R, the operator:

JTJ"°

extends to a bounded linear operator on Lo(R%). If T has analytic order s for some s,
say that T is an operator of finite analytic order.

Obviously, if T' has analytic order ¢ and S has analytic order s, then 7'S and ST have
analytic order t+s, and 7'+ .S has analytic order max{t, s}. In [53], the term “asymptotic
degree” was used for essentially the same concept as analytic order.

According to the above definition, it T" has analytic order s and ¢ > s, then T also has
analytic order t. It is tempting to define the “minimal order” of an operator T as the
infimum of all s such that 7" has analytic order s. However this can be misleading, since
an operator can be analytic of every order ¢t > 0 but not analytic of order zero (e.g., the
operator log(J)).

In practice it is not necessary to check that J"T'J~"7?% is bounded for every r € R, due
to an interpolation argument. Recall that the operator J is defined as being simply the
multiplication operator (14 [t|2)Y/2 on Lo(R?, (1 4 [t|?)/2dt).

Definition 7.3.2. For s € R, let L§(R?) denote the space:
L3(RY) := Ly(RY, (1 + |t[>)*/2 dt).
FEquivalently, Lg(Rd) is the domain of the self-adjoint operator J*.

Evidently, L§(R?) is the image under the Fourier transform of the Bessel potential
Sobolev space Wi (RY) on R

Proposition 7.3.3. Let T : S(RY) — S(R?) be linear, and let s € R. The following are
equivalent:

(i) T has analytic order s.
(i

(iii

For every k € 27, the map J*TJ %5 has bounded extension.

T extends to a bounded linear map from LEYS(R®) to LE(RY) for every k € 2Z.

)
)
)
(iv) T extends to a bounded linear map from LyT*(R%) to L5(RY) for every r € R.

Proof. That (i) implies (ii) is trivial. Since J* maps L5(RY) to La(R?) continuously,
that (ii) implies (iii) is self-evident from the definitions. Similarly, (iv) implies (i) for
the same reason.

The only somewhat nontrivial implication is that (iii) implies (iv). For this, we use the
fact that the family {L3(R%)}scr is a complex interpolation scale. This is well-known
(see [11, Chapter 4, Theorem 3.6]), since L3(R%) is simply a weighted Lo space. O
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As one would expect, the analytic order of an operator of multiplication by x € S (Rg)
is zero.

Lemma 7.3.4. Bvery z € S(RY) has analytic order zero.

Proof. Note that z : S(R?) — S(R?), this can be seen directly from (7.1.5).

Due to Proposition 7.3.3.(ii), it suffices to check that J?*2J~2 has bounded extension
for every k € Z. For k > 0, the proof can be achieved by induction on k, with the case
k = 0 being immediate. Recall that J? = 1—1—2?:1 DJZ-, and that [DJQ-, x] = QBijj+8J2x.

Assuming that & > 0 and J?*2J72* has bounded extension for every z € S(RY), we
have (on S(R%))

J2k+2x<]72k72 — J2k$J72k + J2k[<]2’l,]€]72k72

d
= g 7 =N 2% 0eD; R 4 TR0 T TR
j=1

Since 0;x and 8]237 are in S(Rg) for all j = 1,...,d, and since each D;J~? is bounded,
it follows that the operator J2*+22.J=2k=2 coincides on S(RY) with a sum of operators
with bounded extension to Lo(R%). Hence, J?**22.J~2%=2 has bounded extension, and
thus by induction J?*2.J~2* has bounded extension for every k > 0.

One can handle the case k£ < 0 using the identity:
(T2 T 7RE ) ey = (€ T 2" T 0) L, mey, & € S(RY).

That is, on S(RY) the operator J?*2.J72* coincides with the adjoint of the bounded
extension of J2kz* J%* so J?¢zJ~2F itself has bounded extension. O

The following Lemma strengthens the Cwikel-type estimate given in Lemma 6.2.8, given
additional smoothness assumptions on .

Lemma 7.3.5. For every 8 > 0 and z € S(]Rg), the operator xJ P is in the ideal
Ed/ﬂ7oo.
Proof. For 8 = d, this is already the result of Lemma 6.2.8 since S(RY) ¢ W(R?).

We can extend the result to 0 < 8 < d using the Araki-Lieb-Thirring inequality (1.5.2),
with » = d/B, A =z and B = J 7 to obtain:

.’EJ_B S 'Cd/ﬁ,oo

We may complete the proof by showing that if the result holds for some 8 > 0, then it
continues to hold for 8 + 2. Since we know the result is true for 0 < § < 2 < d, this
suffices to complete the proof.

Assume that the result holds for some 5 > 0. That is, assume that S > 0 is such that
for all € S(RY) we have zJ7# € L4/8,0- Since every x € S(R¢) can be factorised as
x = yz for some y, 2z € S(RY) (Proposition 7.1.8), we have that:

J 22 P = J 2y P = (y* T (a2 P)
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and this product is in £ 4 __, due to Holder’s inequality. Hence
B2

J 22 P el 4 (7.3.1)

EEER
for all z € S(RY).

Now write xJ 572 as follows:

2 P2 = g2 P g, TP
= J 2 g P+ I 2T PR

Using J2 =1+ Z;»lzl DJQ- and [D]z,ac] = —2i0;2D; — 8]%, we have:

d d
wJ P = g g P =2y T P0;aD P =Y TR PR
j=1 j=1

Since each 0jz and 8% is still in S(RY) and each D;J~? is bounded, it now follows from
(731)thath521s1n£ O

73000

Immediately from Lemma 7.3.5, we have the following:

Corollary 7.3.6. If T has analytic order —3 < 0 and x € S(RY), then 2T € L4/8,00-

Proof. Since JPT has analytic order zero, J°T is in particular bounded on Lg(R?).
Hence by Lemma 7.3.5, the product 27 = x.J #J8T is in the ideal L4800 O

7.3.2 Commutator identities

The following integral formula will be useful: let ( <1 and n > 1— . Then for all ¢ > 0
we have

/0 M dA=t"CTB(n+ ¢~ 1,1-0). (7.3.2)

where B(+,-) is the Beta function.

For a linear operator 7' : S(R?) — S(RY), let L(T) := J~'[J?,T], and define 6(T) :=
[J,T] similarly. Inductively, for k& € N we define L¥(T) = L(L*~Y(T)) and 6*(T) =
§(6*=1(T)). We also make the convention that L%(T) = T and 6°(T) = T. Note that
L(T)J~' = L(TJY).

In conventional pseudodifferential calculus, the order of a commutator of two operators
with commuting symbols is one less than the sum of their orders. In our very basic
calculus, the following theorem is a suitable substitute for our purposes when one of the
operators is a power of J.

The essential idea behind the proof of the following goes back to Connes and Moscovici
[34, Appendix B].

Theorem 7.3.1. Let T be an operator with finite analytic order and let o € R. Suppose
that L(T) and L*(T) have analytic order s. Then [J*, T) has analytic order s — 1 + .
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Proof. Initially consider the case where 0 < o < 2. Using (7.3.2) with the parameters
n=1and ( =1— g, we have:

1 ee 1
2\a/2-1 _ a/2—1
(7% B(l—a/2,a/2)/0 A J2+)\d)\.

Since J2 + A > 14 A, the integrand is bounded in norm by A*/?~1(1 + \)~! and so
the above integral exists in the weak™ sense thanks to Lemma 4.1.4. The coincidence
of the integral and the operator J*=2 = (J?)*/2-1 follows from the spectral theorem.
Multiplying through by J? yields the identity:

J* = 1 /OOAO‘/H J” d\
- B(1-a/2,a/2) Jo J24+NT

One should take caution about about the interpretation of this identity, since the integral
is not absolutely convergent in the operator norm (indeed, the integral is J* which is
unbounded). A valid interpretation is that if £, € S(R?), then we have:

1 o 1
\/2-1 g2
B(l—a/2,a/2)/0 (s T emdA

by the definition of the weak* integral, since the map X + (X J2¢,7) is in the predual
of B(Ly(R%)).

(JO,m) = (J2 - TP, n) =

The above interpretation justifies the identity:

1 > J?
a ) — a/2—1 )
7%, 7] B(la/2,a/2)/0 A {J2+)\’T} dX

Using the identity:

2
[ﬁﬁ xT] = A2+ NPT+ N

we have:

T = 5= al/z /2) /O°° X fJ?L(T)(‘]Q AT

Now we commute the resolvent (A + J2)~! with L(T) as follows:

L(TYN+J>) L=+ J)71L(T) + LA (T)(\ + J?)~!

A+ J?

Substituting this into the integral, we have:

a 1 * . J
T = S armar , o D)
1 00 J?
+B(1—a/2,a/2)/0 )‘a/QmLQ(T)(/\JrJ?)—ldA.
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Using (7.3.2) with the parameters ( = —«/2 and 1 = 2, we arrive at:

B(1 - a/2,1+ a/2)

7T = "R ajzag) 0 LD
oo 2
TR a1/2,a/2) /0 AQ/ZM]WLQ(T)(A +J%)7HdA,

To complete the proof of the 0 < a < 2 case, we need to show that the integral term
has analytic order s — 1 4+ a. Since L?(T) has analytic order s, by definition for every
r € R we have:

| J" =5 LA(T)J " || 00 < o0.

Let B,r € R. For all A > 0, it follows that we have the bound:
J2
O+ 7P
<X T2 P ool LTI ool (X + T oo

H)\a/QJrfsf,B LQ(T)()\—F J2)71J77“H

By functional calculus,

7277+ %) oo < sup (A4 #2)72 5 A2

and similarly [[(A 4 J2)7!| < (A +1)~!. Thus we have the upper bound:

J2

)\&/2 r—s—L
T T oy

LAT)YA+ I Spors, NP2 1)

~

If # —1 € (—1,0), the above function is integrable over [0, c0) and hence the integral:
*ap I 2 2\—1
ANYE = LA(T)( AN+ J*) " dA
| e

converges in the operator norm from L% (R?) to Lg_s+ﬁ (R9). Therefore, [J%, T] has order
at most max{s + a — 1,s+ 8} for all 8 € (o —2,0). Taking 8 = a — 1 completes the
proof of the 0 < o < 2 case.

Note that the cases @ = 0 and a = 2 are trivial, so the result holds for a € [0, 2]. Using
the identities:

[JOT2,T) = Jo[J?, T + J*[J*T), [J-*T)=—J *[J*T]J°
the result is easily extended to all a € R. O

Remark 7.3.7. Note that if we continued taking iterated commutators with (X + J*)~1
in the proof of Theorem 7.5.1, we would have for each n the identity:

n—1
L(T)(/\+J2)_l :ZJk()\—i—Jz)_kLk(T)+Jn+1(/\+JQ)_nLn+1(T)()\+J2)_1.
k=1



Quantum differentiability on noncommutative Euclidean spaces 146

This expansion yields the following formula for [J*,T], when a € (0,2):

n—1

o g = S Bl —a/21+a/2)
k

B afza) D)

=1

1 00 gl
04/27Ln+1 T N1 .
+13(1—04/2,04/2)/0 A (A + J2)nt1 (TY( A+ J7) " dA

In some circumstances (e.g., T = x € S(Rg) as discussed below), this is an asymptotic
expansion in the sense of Higson [74, Definition 4.18].

Corollary 7.3.8. If T is an operator such that L¥(T) has analytic order s for all k > 0,
then 6*(T) has analytic order s for all k > 0.

Proof. Let us show that 6*(T') has analytic order s for every k by proving that for every

[ and k, the operator:
8" (L*(T)) (7.3.3)
has analytic order s, by induction on I. For [ = 0, this is simply the claim that LF(T)

has analytic order s for every k, which is assumed.

Supposing that the operator (7.3.3) has analytic order s for some [ > 0, let us show that
SY(L¥(T)) has analytic order s. Since L and § commute, we have:

L('(LM(T)) = o' (LHN(T)),  L2(3'(LM(T))) = 8'(LM*(T)).

So by the inductive hypothesis, both L(6'(L¥(T))) and L?(§'(L*(T))) have analytic order
5. Theorem 7.3.1 with @ = 1 then proves that §'*1(L¥(T)) has analytic order s, and
thus by induction the operator (7.3.3) has analytic order s for every I > 0 and k£ > 0. O

The converse of Corollary 7.3.8 also holds: if §%(T) has analytic order s for every k, then
L¥(T) has analytic order s for all k£ > 0, and the proof follows from the simple identity:

L(T) = 26(T) — J16%(T).
This converse was already known to Connes and Moscovici [34, Appendix B].

Lemma 7.3.9. For every k > 0 and z € S(RY), the operators L*(z) and §(z) have
analytic order zero.

Proof. Thanks to Corollary 7.3.8, it suffices to prove that L*(z) has analytic order zero
for every k > 0.

We first show that [J2, z] has analytic order 1.

Since J? = 1 + Z?:l D? and [DJQ.,:L‘] = 20;2D; + 8?3:, it follows that [J?,z] can be

expanded as:
d

[J?, 2] = Z —2i0jaD; — 6]21‘,
j=1
Since each D; has order 1 and each 9;x and 832»50 has order zero (Lemma 7.3.4), it follows
that D(z) = [J?, z] has order 1, and therefore L(x) has analytic order zero.
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Similarly, if we assume that L*¥(x) has analytic order k for every x € S(R¢) then since
J commutes with each D; and 02 = [Dj, z], we have:

d
LM (@) = T2 LR )] = Y =200 ' LF(02)D; — T LA (92x)
j=1

so it follows that L*™!(z) has analytic order zero for every x € S(RY), and thus the
result follows by induction. O

Corollary 7.3.10. Let T be an operator which is analytic of order —3 < 0. Then for
every x € S(RE) and k > 0, we have §%(x)T € La/8,00-

Proof. By Lemma 7.3.9, every 6*(z) has analytic order zero.

We prove the result by induction on k, with the k = 0 case being the result of Corollary
7.3.6. Supposing the result is true for 0 < [ < k, we prove it for k by factorising = as
x = yz for y, 2 € S(RY) (Proposition 7.1.8). Then by the kth order Leibniz rule we have

k k—1
Fly2)T =Y <’;> ' (y)oF ()T = 6% (y)2T + y* ()T + > <l;> ol (y)oF L (2)T.
=1

=0

Since every d'(y) and *~!(z) have order zero, the result now follows from the inductive
hypothesis and Corollary 7.3.6. O

Using Theorem 7.3.1, we obtain the key theoretical tool behind the proof of Theorem
7.1.6.

Corollary 7.3.11. For everya, 3 € R, z € S(RY) and k > 0, the operator [J*, % (x)].J~#
has analytic order a — 3 — 1.

Proof. From Lemma 7.3.9, in particular L(z) and L?(x) have analytic order zero for
every € S(RY). Theorem 7.3.1 then implies that [J%, x| has analytic order o — 1.
Similarly, since every LF*!(z) and LFt2(z) have analytic order zero, it follows that
[J%, L*(z)] has analytic order o — 1.

Since we have:

[J%, LE(x)] = L*([J*, a])
it follows from Corollary 7.3.8 that §¥([J%, z]) has analytic order a — 1 for every k, and
hence [J®, 6% (x)] has analytic order a — 1.

Multiplying by J~? reduces the order by 3, so the operator [Je, z]J ~B has analytic order
a—p—1. O

Next, we prove Theorem 7.1.6 for the cases where o < 1 and 8 > 0 by a factorisation
argument.

Lemma 7.3.12. Let x € S(RY). For every a <1, B> max{a—1,0}, v > 0 and k > 0,
the operator J~Y[J*, 6% (x)]J =" is in the ideal La/(B4+~y—a+1),00-
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Proof. For simplicity, consider the case v = 0. Since the Schwartz class S (]Rg) can be
factorised (Proposition 7.1.8), write x = yz for y,z € S(RY). Then:

k

) =3 (§) et

=0

Thus it suffices to prove the result for §*~!(y)d'(2) in place of §¥(x). By the Leibniz
rule, we have:

(72,6 ()8 ()] 77 = 6" () [J, 8" (2)] T + [J%, 8 ()l6*H(z) T (T.3.4)
Corollary 7.3.11 shows that the first term on the right hand side of (7.3.4) has order
a — f —1 < 0. This combines with Corollary 7.3.10 to deduce that the first term is in
Laj(p—at1),00-

As for the second term in (7.3.4), we factorise z into z = wv for w,v € S(RY), and
write 6*~!(z) as a linear combination of terms of the form % (u)dé" (v). If a < 1, the
operators [J®, 6L (y)]6% (u) and 6" (v)J~# are in Li/(1—a)c0 and Lg/g o respectively
due to Lemma 7.3.10, so by Holder’s inequality it follows that [J<, y]6*~!(2)J = is in
La/(3—a+1),00- On the other hand, if o = 1 then Corollary 7.3.11 implies that [J¢,y] is

order zero, so in particular [J%,y] is bounded, and since 6*7!(2)J 7 € L5, it follows
that [Ja, 5l(y)]5k_l(Z)J_’B € ACd/B’oo.

It is possible to prove the cases where v > 0 by a similar factorisation argument, so this
proof is omitted. O

7.3.3 Proof of Theorem 7.1.6

In Lemma 7.3.12 we have already proved Theorem 7.1.6 when 8 > 0 and o < 1. More-
over, the cases where § — a4+ 1 = 0 are covered by Corollary 7.3.11, since operators of
analytic order zero are in particular bounded on Lo(R%).

We now complete the proof for the full range of parameters {(«,3) : f—a+1 > 0}.
First we note that since [J2, *(x)] is computed as:

d
(7%, 6% ()] = = 2i6"(9;2)D; + 6% (93 x).

j=1
It then follows from Lemma 7.3.10 that if 8 — a + 1 > 0, then [J2,§F(x)]J* P72 ¢
La/(s-at1),00

Now we consider the cases where o > 1 and § > 0. By the Leibniz rule:

(7,68 (@)] P = [J? - T2, 6% ()] T
= [J2, 6% ()] T2 4 J2 I 72, 6" ()] TP
= [J%, 0" (@)] SO = e, M )]s T
The first summand is in £g/(3_q+1),00- Since a > 1, it follows that 2 — « < 1 and since

8—a+1>0it follows that « — 8 — 2 < —1 < 0, so Lemma 7.3.12 is applicable to the
second summand, which is hence in Lj/(3_a+1),00-
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Thus, the result remains true for the parameter range {(o,3) : f—a+1>0,8 > 0}.

To complete the proof, we show that if [J*, 6% (x)]J P € £L_ 4 o, for every k then also

B—a+1

[Jo—L 6k (2)]J1 P ¢ Eﬂ ¢ for every k. By the Leibniz rule, we have:
—a+t1’

(77 6% ()] P = 1%, 6% ()] TP + T, 8% ()] TP

= [J%, 6" (@)) T = Jo Tt () )P

= [J*, 8" (@) P =TI, M (@) P
. J—15k+1(x)Ja B

= [J, 6% ()| TP — T, 6 ()] TP
. [Jfl,ékﬂ(a;)]Ja*B _ 5k+1(x)Jafﬂfl

= [J, 68 (x)] TP — T g, 5 ()] g
+ J—15k+2(x)JOc—B—1 . (5k+1($)Ja_’B_l.

It now follows from Lemma 7.3.10 that each of the above four summandsisin £_ a4
B—a+1’
fa<f+1.

Therefore the result holds for the parameters (o — 1, 5 — 1) whenever it holds for («a, ),
and this suffices to handle every possible case.

7.4 Proofs of Theorems 7.1.2 and 7.1.5

Using Theorem 7.1.6 and the commutator estimates developed in Section 7.3, we are
able to establish the trace formula in Theorem 7.1.2, and finally prove Theorem 7.1.5.
This will be done by showing that for all z € S(RY),

x| — |A|4(1+ D*) "2 e L,
for a certain bounded operator A on CV ® Lo(R?) (depending on ), and then applying

the trace formula given by [94, Theorem 6.15] to |A|4(1 + D?)=%/2,

7.4.1 Operator difference estimates

We begin with the construction of the above mentioned operator A. For 1 < j k < d,
denote g; () = L% on RY. Let z € S(RY). Define the operator A; on Ly(R?) as

=P
d d
Aj = (05m)6 =D (My,; , 0p)§ = (052)€ = > gjn(D1,- -+, Da)(Ohx)€, & € Lo(RY)
k=1 =
(7.4.1)
and define the operator A on CN®Ly(R?)
d
A= y®4;,

j=1

where N and +; are the same as in Definition 7.1.12.
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The main result in this subsection is the following theorem:

Theorem 7.4.1. Let x € S(RY). Then we have:

|dz|? — |A14(1 4+ D?)~¥? e ;.

Recall that D = E?:l 7]®D]; and dr = Z[sgn(D% 1®.’L’] Let g(t) — t(l + t2)_1/2 and

write
d

dz = ifsgn(D) — g(D), 1®x] +i Y _ ;@[D;J ", 2],
j=1

By Lemma 7.2.1, [sgn(D) — g(D), 1®7] belongs to £, when p > 4. Define the auxiliary
operator Aj for 1 < j < d on Ly(R?) as

d
gj = 8]‘.%' - Z DjDkJ*Q(?kx . (7.4.2)
k=1

The following proposition connects the commutator [D;J !, z] with Aj.

Proposition 7.4.2. Let 1 < j <d, and x € S(Rg). Then,

[e'el

Z'[Djjfl,x] — gjjfl € £%7

Proof. From the Leibniz rule, we have
i[D;J 2] = 0j2 gt +iD;[J Y 2] = Q2] Tt —iD; T () T
We have the following algebraic identities:
T 15(z)T ! = %J‘l([ﬁ T [ ]!

= %J*l(ﬁ[rl,x] + )T Y TS ] [T 2] T,
= %J’Q[Jz,x]J’l + %J*l([ﬁ, ol J = Il g = T g 2] )T
= %J‘lL(:c)J_l + %J‘l(é(x) — J 7 (x)g) gt
- éj‘lL(ag)J—l + %J‘262(x)<]_1.

From Corollary 7.3.10, we have that that D;J~2§2(z)J ! is in L/2,00-

So we obtain:

iD;J " 2] € 0y L — %DjJ’lL(x)J’l +La (7.4.3)

[e'el
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Examining the second term, we have:

D;J2[J?% 2] = DI 3[J? 2]

d
J7 ) D}l
k=1

DjJ_Q(—kaakﬂj — i0px Dk).]_l

M=~ 1=

D;J *(—2iDy.0x + i03x) T "

B
Il

1

Due to the factorisation property of S(Rg) and Lemma 7.3.5, we have D;J 202z.J !
Lg/2,00, and therefore

d
D;J ' L(x)Jy "t € =20 " D;jDpJ 20ka ] + L co- (7.4.4)
k=1
Combining (7.4.3) and (7.4.4) yields:
d ~
i[D;J 7 x) € 02 J ™ = " DiDpJ 2k t + Lapzee = AjT T+ Layao
k=1

as was claimed. O

Let us also compare leijfl with Aijl.

Proposition 7.4.3. Let 1 < j < d, and z € S(R}). Then,

A7 = AT e L

Proof. By definition, A; = Zzzl My, Ok and gj = Zizl Mg, Ok with gjk(t) =
tt

1+J|tk\2'
the factorisation of z = yz € S(RY) (Proposition 7.1.8) and the Leibniz rule, we have

So we are reduced to estimating ng’k(‘?k:ct]_l — Mg, kak.xJ_l for every k. Using

My, OpxJ " — My, Opxd " = (Mg, — Mg, oy 2J " + (My,, — Mg, )y OpzJ .

From Lemma 7.3.5, both zJ~! and d;2J ! belong to L400- On the other hand, one can
easily check that g, — g1 € Lp(Rd) as p > g, which yields by Theorem 6.2.6 that

(ng,k - Mﬁj,k)y €Ly C Lo, (ng,k - Mﬁj,k)aky €Ly C Lo
Thus it follows from the Holder inequality that
ng’kaka,’,]_l — ng’kﬁkmj_l S Ed/gpo,

whence the proposition. ]
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For g(t) = t(1 +t*)~'/2 on R, Propositions 7.4.2 and 7.4.3 imply that
ilg(D),1@z] - AQ+D*) Ve, . (7.4.5)
27
This — combined with Lemma 7.2.1 — yields:

de— A(L+D*) " e Ly,

o0

for all z € S(RY).

Lemma 7.4.4. Let x € S(RY). We have

|dz|? — (1 + D)"Y AP (1 + D?)~V2)42 € 1.

Proof. We already know from Lemma 7.2.1 that i[g(D), 1®x| —dx € La, which together
2

with (7.4.5) ensures that
dr — A1 +DH) e La .
2

Taking the adjoint:
dr* —(1+D*) VA e L, .
27
Recall that dz € L4~ by Theorem 7.1.1 (as has been proved in Section 7.2), so it follows
that A(1 4 D?)'/2 € L4 .. Using the Holder inequality, we have
|dz|? — (14 D*)72AP(1+ D?) 712 = da* (dz — A(1+ D?)71/?)
+ (diﬁ* _ (1 + D2)—1/2A*)A(1 —|—D2)_1/2
€ La oo C Lsa .
37 12

If d = 2, then we are done.

Now assume that d > 2. We appeal to a recent result from E. Ricard [111, Theorem
3.4], which says that we can take a power 1/2 to each term of the preceding inclusion to
get

1/2
da] = (1+ DY) 72AR( + D)) € Lo
67

Next we introduce a power d:

d/2

| — ((1 + D) 24P —|—D2)_1/2> /
d—1

= 3 laxE (|dw] — ((1+ D) 7VAP( + D27V (14 D)2 (1 + D))
=0

k
2

k

d—1
S L 4 “Lsa-La C L 54 C L. J
Pt a—k—1° % R 5§+1,oo !

Writing |A|? = A* A, it follows from Theorem 7.1.6 that

AP, (1 4+ D**/2(1+ D> P2 c L (7.4.6)

B—at1°>®
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for all 8 > 0 and a < 1. Therefore, if d = 2, letting & = —1 and f = 1 in (7.4.6), we
have
A%, (1 + D*) ™21+ D*) V2 € Lo)3.,, C L1

This inclusion can be combined with Lemma 7.4.4 to arrive at

daf? — |A2(1+ D) € £y
which completes the proof of Theorem 7.4.1 for the d = 2 case.
For d > 2, we need

Proposition 7.4.5. Let d > 2. Then

|A|(1+ D*) 2 — (1+ D*) 72| AP(1 + D)7V e Ly,
Proof. From Theorem 4.3.1 it suffices to show the following four conditions:

(i) [A[42(1+ DY) 2 e

_d_ 55"
a—2°
(i) (14 D?)~Y2|A2(1+ D?)~"1/2 ¢ L

(i) [JAP(1+D*)V2, (1 +D*)"V2 € L ).

(iv) [A["2] AP, (1+ D)'2](1+ DY)~ € Lo,
Since d > 2, we have that |A|7"2 = |A|"3sgn(A)A, so (i) follows immediately from
Lemma 7.3.5. Similarly using |A|?> = A*A, we get also get (ii) immediately from the

Hélder inequality and the fact that A(1 + DQ)_l/ 2 and its adjoint operator belong to
L o0

For (iii), we write:

[AP(1+D*)7V2, (14 D*)7V2) = [JAP, (1 + D*)7V3 (1 + D?) ™12

which is in L24  due to (7.4.6) (with @ = —1 and 8 = 1). Since 25—d < 4, it follows
5 K

that Lo4/5.00 C L4/2,1 and this proves (iii). Finally, (iv) immediately follows from (7.4.6)

with « =2 —d and § = 2. O

Lemma 7.4.4 and Proposition 7.4.5 yield Theorem 7.4.1 for the case d > 2, and thus we
have completed the proof of Theorem 7.4.1.

7.4.2 Proof of Theorem 7.1.2

Now we are able to give the proof of Theorem 7.1.2, via Theorem 6.5.9

Proof of Theorem 7.1.2. We will assume initially that € S(R%). For a continuous
normalised trace ¢ on L1 o, Theorem 7.4.1 ensures that

p(ldz|?) = o(|AI(1 + D?)~2).



Quantum differentiability on noncommutative Euclidean spaces 154

But since A = Z v;®A; self-adjoint unitary matrices ;, the only part that contributes
to the trace on the right hand side above is (1®_; A7A Y21+ D?)=%/2. Hence,

‘d&)’ ZA* d/2 A)fd/Z)'

However, note that each A; is a linear combination of operators of multiplication by a
function z € S(RY) and Fourier multiplication by a function g € C(S%!), and so is in
the algebra II(Cy(R%) + C,C(S%71)), with symbol:

d
sym(Aj) = 8jac ®1-— Z 8j8k & op.
k=1

Since sym is a norm-continuous *-homomorphism, we have
* A d/2 d/2
sym ZA <Z|8x s]Zskﬁkaz‘ )

Since d is necessarily even, this is indeed an operator of the form T'z for T' € II(Co(R%) +
C,C(S% 1)) and z € W{(R%). Hence Theorem 6.5.9 is applicable, and thus we have
proved Theorem 7.1.2 for z € S(RY).

By virtue of Proposition 7.1.17, the general case of Theorem 7.1.2 is done via an ap-
proximation argument, identically to the proof of [93, Theorem 1.2]. O

7.4.3 Proof of Theorem 7.1.5

Finally, we prove Theorem 7.1.5.

Proof of Theorem 7.1.5. Assume that x € Lp(]Rg) for some d < p < oo and that dx €
L o

Let {¢:}e>0 be a family of Schwartz class functions as in Theorem 7.1.14. Then U(¢¢)zx €
S(R4), and Theorem 7.1.1 implies:

AU (¢e)x) a0 Sa 1U(0)lloslldzla,00 + [|U () [lyp1 [l 2] oo-

Since |U(¢e)|lo < |l¢cll1 is uniformly bounded in e, and HU(%)”W; is uniformly
bounded in & by Lemma 7.1.15, it follows that {U(¢e)z}e>0 is uniformly bounded in
WI(RY), so for every 1 < j < d, {9;(U(¢e)x)}es0 is uniformly bounded in Lg(RY).
Since d > 2, the space L4(RY) is reflexive and therefore {9;(U(¢:)x)}e>0 has a weak
limit point in Ly(RY). But we know from Theorem 7.1.14 that U(¢:)r — = in the L,
sense. In particular, in the distributional sense, and therefore 0;(U(¢c)x) — 0jz in the
distributional sense.

Therefore, 0jx € Lq(RY) for every 1 < j < d. That is, z € W} (R).

Finally, we obtain the bound on the norm using Corollary 7.1.3. That result implies
that there exists a constant ¢y > 0 such that for all continuous normalised traces ¢ on
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[’17007
1
Il Saelldoitt.

Since ¢ is continuous,
[ llvir Sa ]l (21,00 142 d.00-

Selecting a continuous normalised trace ¢ of norm 1 completes the proof.






Appendix A

Function spaces and commutators
with the Hilbert transform

This section of the appendix is devoted to a self-contained proof of Theorem 5.2.1. The
content here is largely unaltered from the published version in the appendix of [33].

A.1 Bergman and Analytic Besov spaces

Definition A.1.1. Let u be the measure on D defined by

dzdz
W) = TPy

(i.e., the Poincaré disc model volume form). For p € (0,00] the space Azl,/p s defined to
be the set of functions f holomorphic in the unit disc satisfying z — (1 — |2|2)2|f"(2)| €
Ly(D, p) with the seminorm || f|| y1/ == [I(1 = [21)*|f" ()|, 0.0

We also define the space C;/p of functions f holomorphic in the interior of the unit
disc satisfying (1—|z|*)|f'(2)| € Ly(D, u) with corresponding seminorm 1l pare = 11—
P

2 ()l (00

The following result shows that for p € (1,2) the spaces Azl/ P and C;/ P coincide, and
in fact there is an equivalence of (semi)-norms with constants that are uniform for
p € (l+e¢,2) forall e > 0.

Theorem A.1.2. Let py > 1, and let f be a function holomorphic in the unit disc
satisfying f'(0) = 0. There exist constants k, K > 0 (depending only on py) such that
for all po < p < 2 we have

I e < 1Nl gae < KNFILyio-

Proof. Let h(z) := f'(2)(1 — |2|?) and g(2) = f"(2)(1 — |z|*)?, and fix pg > 1. The
assertion of this theorem is equivalent to saying that there are positive constants k, K > 0

157
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such that for all p € [po, 2],

k1PN L@ < N9l < Kl Lm0 (A.1.1)

By applying the method of complex interpolation as in [35, Lemma 3.4], it suffices to
prove (A.1.1) for p = pp and p = 2. Firstly, for p = 2, we note that the spaces Aé/Q
and 021/ ? are Hilbert spaces, and that the functions e, (z) = 2", n > 0 are orthogonal
in both spaces with dense linear span. Hence for p = 2 it suffices to prove (A.1.1)
for f(z) = 2", n > 0. When f(z) = 2", we have h(z) = nz""1(1 — |2|?) and g(z) =
n(n —1)2""2(1 — |z|?). Then,

1BI2, 0 = /D 0|2 2dzdz
B 2mn2

2

=Tn

and furthermore,
19120, = /D"2<” — 1?21 = |2*)?dzdz

1
= 2mn?(n — 1)2/ r2n=3(1 — )24y
0

2
2 2
— 12—
m™m*(n —1) P
< Kn
for some K > 0, hence proving (A.1.1) for p = 2.

The case p = pp is more subtle. We refer to [71, Proposition 1.11], a special case of
which states that f € C’;D/p  if and only if f € A%p . We explain how it is possible to
modify the proof of [71, Proposition 1.11] to obtain the left hand inequality of (A.1.1) for
p = po. The right hand side inequality of (A.1.1) will then follow from the open mapping
theorem, since [71, Proposition 1.11] establishes that there is a bijective correspondence

between Azl,ép ¢ and C%p ’.

We refer to the following formula, given in the proof of [71, Proposition 1.11]. If § >
a > —1and £ € L (D, (1 — |2/|?)*dzdz) is holomorphic and n is a positive integer, then
there is a universal constant C' such that
— lwl?)B
2 YN 2 (1 —fw[)” —
(1= [P (e) = Cu— ey [ ) dudu.

We apply this result with ¢ = f/, n = 1 and a = pg — 2, which is possible since py > 1
so a > —1. Fix any 8 > « Thus,

_ lwl?)8
(-1 = c- 1) [ E 0w ),
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Restating this in terms of h, g and p,

_ ll2)B+1
o) = Cu = P [ () duo)

It is established in [71, Theorem 1.9] that the right hand side (considered as a function
of h) is an integral operator which maps Ly, (p) to Ly, (1). Hence, there is a constant k
such that for all p > pg

kN9l Ly ) < NPl L, 010)-

A.2 Peller’s theorem on commutators

The following two theorems express the equivalence of the £, norm of the commutator

[F, M| with the All,/ P norm of f. This result is originally due to Peller [100, Chapter 6.
We include a proof here since the results in [100, Chapter 3] are not stated with bounds
on the norms.

Theorem A.2.1. Let f be a function holomorphic in the unit disc such that f'(0) = 0.
There exists a universal constant K > 0 such that for all p € [1,2]:

L Myl < KNI g7 (A.2.1)

Proof. The required inequality (A.2.1) for p € [1,2] can be obtained from the p =1 and
p = 2 cases by the method of complex interpolation as discussed in [35, Lemma 3.4].

The case p = 2 is omitted since it can be verified by computing ||[F, My]||, and || f[| ;1/2

2
for the exponential basis functions f(z) = 2™, n > 0. For the case p = 1, we use [136,
Lemma 2], which implies that if f € Li(DD,dzdz) is holomorphic and f(0) = f/(0) =
R f(4)(()) =0, then

_w22/1w
-1 [u w2 w)

2 w2 (1 — 2w)?
Hence, -
[F, f(2)] = % /D 1= ‘wlug) [ (w) [F, a _lzw)2]dwdw. (A.2.2)
However, .
[F, m] =—(1- z@)_2[F, (1-— z@)z](l — z@)_Q.

Since (1 — zw)? = 1 — 22w + 2?w?, the commutator [F, (1 — 2w)?] is finite rank, and in
fact rank at most 5. So there is a constant C' such that

I, (1 = zw) 21 < CJl(1 - 20) 7.

If

e

# 0, then the function on T z + |1 — 2w|~? is maximised when z is as close to
‘L as possible, which is at the point |%| Hence |1 —2w|~2 < (1—|w|)~2. Applying

e

gl
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the £;-triangle inequality to (A.2.2) it follows that

// o 2\2
I[F, M) |1 </ |f| 1A = [l)” i,

wl(1 = |w])?

Since 1 < (1 + |w|) < 2 we may simplify this to

//
)l

1P, Myl <c/

We now split the integral over D into the two regions R; := {z € D : |w| < 1/2} and
Ry :={z€D : |w| >1/2}. For w € Ry, we have

" (w)] "
<4
Wi <Al
S0 .
/ |/ (“;” dwdw < 4/ | (w)| dwdw.

Ro |'LU‘ R
Since f is holomorphic and f(0) = f'(0) = --- = f*)(0) = 0, we have the power series
expansion:

n>4

Substituting the series expansion into the integral,

() IR
/Rl i dwd <Z/ (n — D) f ()] [l duwdt

n>4
1/2
—Z2ﬂnn—1\f ]/ " 3dr
n>4
nn—1) _n
=S 20, 2,
n—2
n>4
Hence,
") nn—1) & o2
dwdw < 2r———=|f(n)[2°7". A.23
| S et (A23)

Let &€ be a function holomorphic in D, then by the Cauchy integral formula, for every
r >0,

1 1 £(T€27Tit)
- % 0 pntle2mi(nt1)t

1 .
n)| < /O € (re2mit) [

< [ lere
0

So integrating over 0 < r < 1,

2mie? ™ rdt,

72 2%
—~
3
SN—

Hence,

So in fact,

7215(”)\ < Il 2, )
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Applying this result to &€ = f”, we have £(n) = (n+2)(n+ 1) f(n+ 2), so
(n+DIf(n+2)] < 1" £y (A.2.4)
Hence, for all n > 1,
(n=DIf ()] < [1F" ]l £y o) for all n > 0.
Applying this to (A.2.3), it follows that there exists C' > 0 such that,

7 (w)] n g
[ dwdm < 2 (3 2 ) 1

n>4
< CJflLa-

This proves the desired result when f(0) = --- = f(¥(0) = 0. For arbitrary functions f
holomorphic in D, consider the function g given by

4
9(2) = f(2) = > f(k)z".

k=0

By the preceding argument, there is a constant K > 0 such that ||[F, M,]|[; < KHgHA%.
Thus, there is a constant C' > 0 such that

I1F, Mf)lh < C(Ifllaz + IF DI+ 1F 1+ 1£B) +1F(4)).
Applying (A.2.4) with n = 0,1, 2, there is a constant K > 0 such that:

IS Myl < CJlf]| ay-

Theorem A.2.2. There is a universal constant k > 0 such that for all p € [1,2],

KNI yye < WITE Miglllp-

Proof. We first prove the result for p = 1 and p = 2, with the general case following
from interpolation. This result essentially follows from [100, Theorem 6.1.1], where it is
proved that there is a constant £ > 0 such that

Bl f sy , < NIF Myl

where Bj ; is the Besov space on the circle.

However, following [125, Chapter 5, Proposition 7], [|f| 41 < a/f|p1 . This prove the
result for p = 1, and for p = 2 it is enough to check the inequality on exponential basis
functions f(z) = 2™, for which it is easily verified. O]

Combining Theorems A.1.2, A.2.1 and A.2.2 we obtain the following corollary,
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Corollary A.2.3. Let pg > 1. There exist constants by,, By, > 0 (depending on pg)
such that for all p € (po,2) we have

bpoll Fll e < NIES Mylllp < Bpo | fll /-
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