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Abstract

The overarching interest of this thesis lies in approximations of partial differ-
ential equations (PDEs) with randomness or stochasticity. We focus on three
rather different problems: a study of random fields on spherical shells, and its
applications to PDE problems; quasi-Monte Carlo (QMC) methods for a class of
PDEs with random coefficients; and a discretisation for the solution of stochastic
PDEs.

First, we consider Gaussian random fields on spherical shells that are radi-
ally anisotropic and rotationally isotropic. The smoothness of the covariance
function is connected to the sample continuity, partial differentiability, and the
Sobolev smoothness. Based on the regularity results, convergence rates of filtered
approximations are established: Gaussian and log-normal random fields approx-
imated with filtering, and a class of elliptic PDEs with approximated random
coefficients, are considered.

Second, we consider QMC integration of output functionals of solutions of a
class of PDEs with a log-normal random coefficient. The coefficient is assumed
to be given by an exponential of a Gaussian random field that is represented by
a series expansion in terms of some system of functions with local supports. A
quadrature error decay rate almost 1 is established, and the theory developed
here is applied to a wavelet stochastic model. It is shown that a wide class of
path smoothness can be treated with this framework.

Finally, we turn our attention to an approximation of stochastic parabolic
PDEs. We consider three discretisations: temporal, spatial, and the truncation
of the infinite-dimensional space-valued Wiener process. Temporally, we consider
the implicit Euler-Maruyama method with a non-uniform time step. For the
spatial discretisation, we consider the spectral method. Further, we truncate the
Wiener process, which is assumed to admit a series representation. We establish
a time discrete error estimate for this algorithm. Further, a discrete analogue of
maximal L2-regularity of the scheme is established, which has the same form as

their continuous counterpart.
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CHAPTER 1

Introduction

The overarching interest of this thesis lies in approximations of the solution of
partial differential differential equations (PDEs) with randomness or stochastic-
ity. Theoretical analysis of the algorithms for these problems is arguably still in
its growth stage: while there are already countless books on approximations for
deterministic PDEs, there are many fewer books on PDEs with randomness (but
also see the books [69, 59, 48, 103], all of which were published within the last
decade).

We focus on three rather different problems: a study of random fields on
spherical shells, and its applications to PDE problems; quasi-Monte Carlo (QMC)
methods for the expected value of output functionals of solutions of a class of
PDEs with random coefficients; and a discretisation for the solution of stochastic
partial differential equations.

In this introductory chapter, we briefly outline the problem settings. These
problem settings are technically involved, and even though all of these share an
underlying theme—PDEs with randomness—results obtained in different chap-
ters are independent. Therefore, we consider these three problems in the fol-
lowing separate three chapters. More detailed discussion of the problem setting
will be given there. The contents of the next three chapters are based on four
papers that have been completed during this PhD study. See Section 1.4 for

more details.

1.1 Gaussian random fields on spherical shells

Chapter 2 is concerned with random fields on spherical shells. This chapter
is primarily motivated by applications in geophysics, with other potential ap-
plications that we are currently unaware of. Motivated by such problems, we
consider random fields associated with a covariance function that has rotational
invariance. This invariance corresponds to a layered structure, for example that

of the Earth’s interior. Although these random fields are used in applications,



they do not seem to have attracted much theoretical interest. This chapter
aims at contributing to building a theoretical foundation. The analysis is tech-
nically difficult, since there are two variables with different nature—radial and
angular variables. Even though there are numerous results on random fields on
subsets of R? for d € N, these results are not directly applicable due to the spe-
cial structure—radially anisotropic but rotationally isotropic—of the covariance
function we consider.

First, we analyse the path smoothness of the random field. The covariance
function is assumed to be given as a series representation. We start with relating
the decay rate of the expansion coefficient to the smoothness of the realisation in
the radial and angular directions. We further use these results in two directions:
path smoothness of the exact random fields on the spherical shells and random
field approximations.

Spherical shells are a subset of R®. A natural question to ask is the smoothness
of the realisations as functions on a subset of R3. Establishing this type of
result will be also useful for applying available results for the usual R? setting:
countless recent results on partial differential equations with random coefficients
are available, with the spatial domains being bounded domains in R¢. Many of
these results assume path smoothness as a function on the domain to obtain error
estimates, for example for algorithms to approximate the solution of PDEs. To
establish path smoothness as a function on the domain in R*—spherical shell—we
invoke the regularity theory for elliptic PDEs.

Further, we consider an approximation of the random field, and establish an
error estimate. It is of natural theoretical and practical interest how accurately
we can approximate the field with a finite sum: in applications, we can use only a
finite number of expansion coefficients of the assumed covariance function, except
in the special occasion where a closed formula is available.

Motivated by applications, the covariance function we consider is assumed
to have a series representation with each term a product of radial and spherical
polynomials; thus so is the corresponding random field. Simple truncation in
our setting corresponds to L?-projection. However, L?-projection is not the best
choice when one wants a small uniform error.

We consider a so-called filtered approximation of the random field. An un-
derlying idea is to smoothly truncate the series by multiplying the Fourier coef-
ficients of higher order by a suitably decaying factor. It turns out that filtering
can make the error equal to the best polynomial approximation error, up to a

constant factor. This is particularly important when our interest is in random



fields with non-smooth realisations: we will get a slower rate than the best poly-
nomial approximation rate if we consider the L?-projection without the filtering,
and for non-smooth realisations this loss would be significant.

As an application of the approximation problem, we consider a diffusion prob-
lem with a random field as input. The coefficient of the differential operator is
assumed to be given as an exponentiated random field given by a series repre-
sentation. We approximate the series by a finite number of terms, and analyse
how this affects the solution of the equation. This type of problem has been
extensively considered in recent years, but these results, which typically make
rather general assumptions, are not directly applicable to our setting. Instead of
the plain vanilla truncation, we consider filtered approximation. This is advan-
tageous in terms of the error decay rate: the error in the solution of the PDE
will be bounded in terms of the supremum norm error estimate of the random
coefficient, for which the filtered approximation gives a better convergence rate
than simple truncation.

The content of Chapter 2 described above is a continuation of my projects on
function approximation on spherical shells during my PhD study: this chapter
uses a part of the results in Kazashi [53], which follows Kazashi [52]. Both of
the papers [53] and [52] were completed and published by the author during this
PhD study, but for coherence of this thesis they are not included here.

1.2 Quasi-Monte Carlo integration for elliptic PDEs with
log-normal coefficients

Chapter 3 considers the same type of elliptic PDE, but is concerned with the
approximation of the expected value of output functionals of solutions of the
equation. We approximate the expectation—the integral with respect to the
probability measure—by a sampling method: an equal weight quadrature rule
called a quasi-Monte Carlo method (QMC). Among the QMC methods, the
algorithm we consider is the randomly shifted lattice rule.

The application of QMC methods to this type of problem was initiated by
computational results by Graham et al. [35], followed by error analysis by Kuo
et al. [65] and Graham et al. [37]. See a recent survey paper [64] and references
therein for more details.

Similarly to [37], we consider the case where the random coefficients are given
by the log-normal random fields. The difference lies in the spatial functions used
to represent the random field: we consider the random fields that admit a series

representation in terms of spatial basis functions with local supports.



The motivation to consider this setting is to show that we can construct a
faster approximation algorithm. To approximate the expectation well, we need to
find good quadrature points. For randomly shifted lattice rules, this corresponds
to finding an integer vector called the generating vector—Ilattice rules use a point
set with a group structure, and this vector works as a generator of the group.

One way to find a good generating vector is to use an algorithm called
component-by-component (CBC) construction. The CBC construction was con-
sidered in [37] as well, but under our setting we show that the CBC construction
can be used with a smaller cost than the cost considered in [37].

Further, we discuss smoothness of realisations allowed by the presented theory—
our theory as well as the existing theory implicitly impose a constraint on the
spatial smoothness of the random fields. This implicit constraint on the path
smoothness allowed is imposed to obtain an error estimate independent of the
dimension of the integration. We consider a suitable class of wavelet basis as the
aforementioned spatial basis, and analyse the path smoothness. To to this, we
invoke a characterisation of the path smoothness in the Besov scale as well as

Sobolev embedding theorems.

1.3  Non-uniform implicit Euler-Maruyama scheme for a class of
stochastic evolution equations

In Chapter 4, we turn our attention to an approximation of a class of stochas-
tic parabolic differential equations. We consider three discretisations: temporal,
spatial, and the truncation of the infinite-dimensional space-valued Wiener pro-
cess.

Temporally, we consider the implicit Euler-Maruyama method. For the
spatial discretisation, we consider the spectral method. The Wiener process,
which is assumed to admit a series representation, takes its value in an infinite-
dimensional space. The Euler—-Maruyama method introduces the increments of
such a process, but they need to be further approximated: each increment corre-
sponds to infinitely many random variables, but in practice we can simulate only
finitely many of them. For the approximation, we truncate the Wiener process,
i.e., we use a type of truncated Karhunen—Loeve approximation.

We further consider a non-uniform time step. This was originally consid-
ered by Miiller-Gronbach and Ritter [77, 76] for the stochastic heat equation
over the hyper-cube. There, it was shown that their algorithm achieves optimal-

ity in a certain sense, and that optimality cannot be achieved by uniform time



discretisations. Their use of a non-uniform time step was motivated by the fol-
lowing observation: upon the truncation, the Wiener increment is that of the sum
of finitely many one-dimensional Wiener increments; these Wiener increments,
which have the same law as normal random variables, have different variances
given by the eigenvalue of the covariance operator. One should arguably change
the time steps for accordingly to the variances.

In [54], which I wrote during this PhD study together with Quoc T. Le Gia,
we considered essentially the same algorithm as in [76], but applied it to the
stochastic heat equation on the sphere, and further analysed the error. This was
not trivial, because the proofs in [76] that validate the non-uniform time step
do not seem to be easily generalisable to the spherical case: the argument in
[76] uses repeatedly the fact that the eigenfunctions of the Laplace operator on
the cube with the Dirichlet condition are uniformly bounded. Further, the fact
that these eigenfunctions are again those of the classical first order derivatives
is crucial. On the sphere, we have neither of the properties. See [54] for more
details.

In Chapter 4, we present the results in [54] in a more general setting. The
exposition in this manner reveals that, under the multiplicative noise setting, the
use of different time steps for different eigenspaces is more to do with how the
operator in the stochastic forcing term acts on the eigenspaces of the covariance
operator, as opposed to just the eigenvalues.

For the error estimate, we consider the temporally discrete estimate. In [54],
we considered the L2([0,1] x Q; H)-norm estimate by considering a continuous
interpolation of the approximate solution, where H denotes the Hilbert space
in which the solution of the equation takes value. In this thesis, we replace
the temporal integration that appears in the L?([0,1] x ©; H)-norm with a sum
weighted by step lengths, using the values of approximated solution only on
temporal grids without continuous interpolations.

Further, we study the above algorithm more deeply: we show that it satisfies
a discrete analogue of an estimate called mazimal reqularity. Roughly speaking,
this regularity estimate says that the spatial smoothness of the solution is con-
trolled by that of the operator in the forcing term. In recent years, the study of
discrete analogues of the maximal regularity has been attracting attention for de-
terministic partial differential equations. Here we consider a stochastic equation.
To the best of the author’s knowledge, discrete analogues of maximal regularity

of numerical methods for SPDEs have not been addressed in the literature.



Maximal regularity of stochastic and deterministic equations are different in

nature. Given a suitable smoothness of the initial data, the solution is “one-half

spatially smoother”, than the range of the diffusion operator—the regularity one

can obtain in the stochastic setting is the half of the corresponding regularity in

the deterministic setting [22, Chapter 6]. This estimate is optimal, in that the

solution cannot be spatially smoother in general [60, Example 5.3].

1.4

Works during this PhD study

The following works have been studied and completed during this PhD study.

Chapters 2, and 3 are based on [II], and [III], respectively. Chapter 4 is based
on [I] and [VI].

1]

Y. Kazashi. Discrete maximal regularity of an implicit Euler-Maruyama
scheme for a class of stochastic evolution equations. FElectron. Commun.
Probab. 23 (2018), no. 29, 1-14

Y. Kazashi. Gaussian random fields on spherical shells: Regularity, ap-
proximation, and elliptic partial differential equations. (submitted)

Y. Kazashi. Quasi-Monte Carlo integration with product weights for el-
liptic PDEs with log-normal coefficients. IMA J. Numer. Anal. (2018)
https://doi.org/10.1093/imanum/dry028

Y. Kazashi. A fully discretised filtered polynomial approximation on spher-
ical shells. J. Comput. Appl. Math. 333 (2018), pp. 428-441

Y. Kazashi. A fully discretised polynomial approximation on spherical
shells. GEM - Int. J. Geomathematics 7 (2016), pp. 299-323

Y. Kazashi and Q. T. Le Gia. A non-uniform discretization of stochastic
heat equations with multiplicative noise on the unit sphere. 2017. arXiv:
1706.02838 (submitted)
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CHAPTER 2

Gaussian random fields on spherical shells: regularity,

approximation, and elliptic partial differential equations

Abstract of this chapter

Gaussian random fields on spherical shells that are radially anisotropic
and rotationally isotropic are considered. The smoothness of the covari-
ance function is connected to the sample continuity, partial differentiabil-
ity, and the Sobolev smoothness. Based on the regularity results, con-
vergence rates of filtered approximations are established: Gaussian and
log-normal random fields approximated with filtering, and a class of el-
liptic partial differential equations with approximated log-normal random

coefficients, are considered.

2.1 Introduction

In this chapter, we develop a theory of Gaussian random fields on spherical shells.
We first study the smoothness of the realisations. Based on the regularity results
we establish, we study convergence rates of several approximations.

Random fields on spherical shells are often used to study planetary structures
of the earth—for example, to model the velocity perturbations that characterise
correlated random media [11, 12, 25, 38, 46, 73, 84, 87]. Nevertheless, theoretical
analysis does not seem to have attracted attention.

Motivated by such practical problems, we consider Gaussian random fields.
Gaussian random fields on any index set are characterised by the mean function,
which without loss of generality we take as zero, and the covariance function
defined on the index set. Fixing a covariance function guarantees the unique (up
to the law) existence of the corresponding random field, and thus governs the
various properties such as radial anisotropy, angular isotropy, and the smoothness
of the realisations.

For random fields on the sphere, invariance of the covariance structure under

rotation, also called isotropy, is often demanded by applications [71]. In contrast,



on spherical shells we have isotropy in the angular direction, but not in the
radial direction; for example, we have the layered, and hence radially anisotropic
structure of the interior of the Earth [24, 25, 29, 38, 49, 72, 73, 84, 86]. We
consider a class of covariance function that gives random fields with a transversely
isotropic but radially anisotropic structure.

Often in applications, these random fields are approximated by a suitable
method such as truncated series, and used in simulations without mathematical
justification. Regardless of the method users choose, the smoothness of the re-
alisations is a key to understanding how accurate the simulated random fields
are. On the sphere, Lang and Schwab [66] analysed the regularity of realisations
of isotropic Gaussian random fields. There, the keys to the analysis were the
properties of the spherical harmonics. Covariance functions that define strongly
isotropic Gaussian random fields are characterised by the Legendre polynomial
expansion [71, Section 5.2], which are, in view of the addition theorem, nothing
but kernels diagonalised by the spherical harmonics. The use of spherical har-
monics makes the regularity analysis simple, since the spherical harmonics form
eigenfunctions of the Laplace-Beltrami operator, whose domain can be char-
acterised as the Sobolev space on the sphere [68, Chapter 7]. In contrast, in
the shell setting the necessity to respect both the angular isotropy and radial
anisotropy introduces difficulties in treating the realisations as a function on the
spherical shell as a subset in R3.

On spherical shells, to achieve the angular isotropy and radial anisotropy
in practice, covariance functions represented by a series expansion in terms of
a product basis—product of spherical functions and radial functions—are often
considered. As for the analysis of the angular direction, we essentially follow the
spherical case [66] to show the partial differentiability in the angular direction.
For the radial direction, we do not have structures such as isotropy or periodicity,
let alone eigenfunctions of a suitable differential operator which we can easily
relate to function spaces of practical use. We show, when the covariance function
in the radial direction is represented by a suitable complete orthonormal system
of an L? space on the interval, that the realisations have continuity, and further,
partial differentiability in the radial and angular direction.

Moreover, since spherical shells are naturally embedded into R3, the be-
haviour of the realisations as a function on the subset of R? is of interest. A
difficulty arising is that the covariance function does not possess a natural de-

scription in terms of the Cartesian coordinates in R3. We utilise the partial



differentiability results we establish, and invoke the regularity theory of the el-
liptic partial differential equations. We show that, under a suitable properties of
the covariance function (see Assumption 2.1), the realisations are in a Sobolev
space on spherical shells.

As applications of the regularity theory to be developed, we consider approx-
imations of Gaussian random fields, and log-normal random fields, applied to a
class of elliptic partial differential equations, and provide error analysis. Since
realisations of random fields can be highly oscillatory, we wish to consider ap-
proximation methods with small point-wise error. For this reason, we consider
so-called filtered approzimations. An underlying idea is to smoothly truncate the
series by multiplying the Fourier coefficients of higher order by a suitable factor
decaying smoothly to zero. Filtered approximations have also been considered for
other regions, including the sphere (see [82, 91] and references therein). Further,
we consider log-normal random fields, and their approximation with filtering.
For both of these approximation methods, the regularity theory developed is a
key to deriving approximation errors; the expected squared uniform error, and
the expected LP error with suitable p, are shown to decay algebraically with re-
spect to the degree of polynomials used to approximate the random fields, given
a suitable smoothness of the covariance function in the radial and the angular
directions. As a further application, we consider a class of elliptic partial differ-
ential equations (PDEs) that have the log-normal random field as a coefficient.
We assess the effect to the solution u of the PDE caused by approximating the
coefficient. The expected error u — u with a suitable norm, where u is the so-
lution of the PDE with the approximated coefficient, turns out to be bounded
by the approximation error of the coefficient in terms of the expected squared
uniform norm. A similar problem on the sphere was considered by Herrmann et
al. [40]. In [40], the numerical treatment of partial differential equations was also
considered; we will investigate this application for the spherical shell in future
work.

This chapter is organised as follows. In Section 2.2 we give some necessary
background information on Gaussian random fields on spherical shells, and set
up some notation. In Section 2.3, we establish the continuity of realisations of
random fields. In Section 2.4 we develop further smoothness, namely, partial
differentiability and the Sobolev smoothness of the realisations. Based on the
theory developed in Section 2.4, in Section 2.5 we consider a filtered approx-

imation of the Gaussian and log-normal random fields, and analyse the error.



Further, a class of elliptic partial equations with log-normal random coefficients

are considered, and error analysis is provided. Section 2.6 concludes the chapter.

2.2 Random fields on spherical shells

We denote a point on a spherical shell S, := {z € R?® | ry,, < ||z||, < Toue = rin+e}

by z, where |[-||, is the Euclidean norm, € > 0, 0 < 1, <1 < 1 < 00, and
Tin 7 Tout- We denote the unit sphere by S%2.  Given z,z,; € S,, etc., we often
write r, == ||z||,, 0, = %, and (r,,0,) == 1,0, = x or 1y = ||xy],, 01 := f—ll,

and (ry,0q) = rio; = x1. For f:S, = [ru,Tow) X S? — R, we often write
f(z), fryo,), f(xy), or f(ro1) as f(ry,0,), or f(r1,0,). We use the spherical

coordinate system
(rsinf cosp,rsinfsing,rcosf) (r e [0,00), 8 €[0,7], ¢ € [0,27)),

where for § € {0,7} we let ¢ = 0. Further, we use the notation SO(3) :=
{0 € GL(3,R) | OTO =1, det O = 1} by identifying rotations and their matrix
representations. For a topological space X, we denote the o-algebra of Borel sets
in X by B(X).

Definition 1. Let (£2,.%,P) be a probability space and B(S,) be the Borel o-
algebra associated with the metric space (S., |||,). We call a function T": S, x
2 — R a (jointly measurable) random field on a spherical shell S, if T"is B(S,) ®
#-measurable. Further, we say a random field 7" has a rotationally invariant

covariance, if for every O € SO(3) we have

E[T(ry, 01)T(ry, 0)] = E[T(ry, 00y )T (ry, Oy)] (2.2.1)

For a random field T: S, x Q2 5 (z,w) — T'(z;w) € R, we abuse the notation
slightly by writing T'(r,o;w) 1= T(z;w) for x = ro, r € [ry, 7ou), 0 = S?%; and
similarly, T'(x) := T'(r,0) := T'(x;w), when the dependence on w is unimportant.

Let |, s2 S be the integration with respect to the usual spherical measure
normalised so that [ g2 S =4, and let {Y,,,} be the real spherical harmonics
normalised so that they form an orthonormal system of L?(S5?), where the inner
product is defined with [y, dS. Further, let P, be the Legendre polynomial
of degree ¢ € N U {0} normalised so that P,(1) = 1. See, e.g., [6] for more
details. Furthermore, let (¢;,) be an orthonormal system of L?([ry,, roul, 1) with

respect to a finite Borel measure p on [ry,, 1] such that the Lebesgue measure
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restricted to B([rin, Tou]) is absolutely continuous with respect to u, for example,
the Chebyshev measure on Borel sets. More details of x4 will be discussed later.

We consider a zero mean Gaussian random field {T'(z;-)},es. With the ro-

tationally invariant covariance function E[T(z)T'(z')] =: ¢(x,2'): S, xS, = R
given by
o 20+1
= Z ZAkgng T ) 4+ Pg( /), for any x, x/ € S€7
k=0 ¢=0
(2.2.2)

where Ay, are non-negative coefficients such that the series is uniformly and
absolutely convergent. By fixing r,, r, (resp. o,, o,) we see c(x,z') as a

function on S? (resp. [, Tout]). Correspondingly we use the notations

o(x,2') = Cro (00, 00r) = €727 (1,100 ) = ((ry, 04), (T, Or)).

Letting Cy(ra, 7o) = D _p—g Aeepr(re)pr(rer), we have
2@ 1
ZC@ + Pg(O’x'O'x/).

A covariance function of this form is used in the field of geophysics. The quan-
tity Cy(r,, 7, ) is often called (after a suitable normalisation) the radial corre-
lation function in seismic and convection modelling, and describes the radially
anisotropic structure of the interior of the Earth [49, 84, 86]. If r, = r* = r,,,
then C,(r*,r*) defines the depth-dependent spherical harmonics spectrum (per
degree £) on the sphere {x € R? | ||z||, = r*}, which is also employed for mod-
elling in geosciences [24, 25, 29, 38, 72, 73]. Since the functions such as ¢(-,-) or
C(-,-) are often estimated by suitable data [14, 24, 25, 38, 72, 84], we assume
that (2.2.2) is given.

Remark 1. If r := r; = ry, then, the notion of rotationally invariant covariance
coincides with the 2-weakly isotropicity in the context of random fields on the
sphere [66, 71].

It is easy to check that the kernel ¢(x, ') is positive definite on S, x S,. Recall
that the unique (up to the law) existence of a zero mean Gaussian random field
is guaranteed once we specify such a function. Indeed, we can check that ¢(x, z’)
is the reproducing kernel in a reproducing kernel Hilbert space H, equipped with

a suitable inner product that has {v/Ap0rVim trem as @ complete orthonormal
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system. Let { X}, } be a collection of independent random variables on a suitable
probability space (Q, %, P) such that Xy, ~ N (0, 1), where N'(a, b*) denotes the
normal distribution with mean a and variance b?. Let T\Mm(w) = VA X (W),

and

.CL’LU =

) Z (re)Vem(02), x €S.. (2.2.3)

k=0 ¢=0 m

Then, for each = € S, the series is L3(2)-norm convergent. Note that changing
the order of the sum above does not change the law on RS of the resulting
random field. Thus, T is uniquely determined up to the law independently of
the order of the sum. Further, from the L2({2)-norm convergence, noting the
independence of {X},,,} we have the almost sure convergence [57, Theorem 5.2].
From the construction, T is B(S,) ® .%-measurable.

We noted that given ¢ we can construct the corresponding Gaussian random
field. The following proposition states a partial converse: assuming the joint
measurability of the random field, the expansion takes the same form with some
(¢r)-

Proposition 2.2.1. (i) For a zero-mean random field T' on a spherical shell to
have rotationally invariant covariance, it is sufficient that the covariance function
is given by a uniform and absolutely convergent series of the form (2.2.2) with
a complete orthonormal system (@) for some L*([rin, Tow), pt) with a finite Borel
measure f on B([Tin, Tout))-

(i1) Assume a zero-mean random field T' has a rotationally invariant covariance,
and the covariance function ¢': S, x S, — R is continuous. Fix a finite Borel
measure i on B([rym, Towt)). Then, ¢ can be expanded in the form (2.2.2) with a

complete orthonormal system (@) for L2([Fin, Tout)s 1)-

Proof. The statement (i) follows from P,(o, - 05) = FPy(Oo; - Ocy). To show
(ii), first note that by virtue of the rotational invariance, for arbitrarily fixed

1,72 € [Tin, Tou) the function ¢, defined by
C;~1r2(01 c0y): = E[T'(ry,00)T" (r9,05)], 01,09 € S?,

is well-defined as a univariate function [—1,1] — R. To see this, suppose o -

0, = Gy - Gy. For some 0,0 € SO(3) we have Ocy = Oporn = OG,, where

12



Oporeh = (0,0,1)7. Then, from Ocy - Opouy = 01 - 0y = 5771 “ Oporth, fOr some
rotation O* € SO(3) that fixes o, We have O*Ocg; = 651. Thus, we have

ci“lrg (Ul ’ 02) = E{T/(rb O*OUI)T/<T27 Unorth)] = c'/r‘17“2 (6:1 ’ 8:2)7

and thus ¢ ,. (-) depends only on the inner product ¢t = oy - 05.

We show that ¢,
that for 6 € [0, 7] we can take o € S? such that cosf = o - ,,,4n- Then, noting
2 f_ll ¢, (D)2 dt = OQW o ler, (cos 0)[? sin @ dAdE we have

is square integrable on [—1,1]. In this regard, we note

1
" / |c;1r2 (B) dt = / [E[T"(ry, 0) T (12, Onoren)||* AS
1 S2

SE[T/<T27O-north>2]/ E[T'(ry,0)%] dS

SQ
=47k [T'(TQ, O-north)Q} E [T/(ﬁ ) Unorth)Q] < 00,

where in the last line the rotational invariance is used. Thus, ¢, is square
integrable on [—1, 1]. Therefore, with some C,(r,7,) we have the Legendre poly-

nomial expansion

20+1

C;1r2<01 $0y) = ZCZ(Th r3) Pyoy - 03). (2.2.4)
=0

Now, consider the kernel ¢'7172 (1, 75) := ¢/ ((r1,01), (ra, 02)) o0 [Fin; Tout) X [Tin, Tout) -
Since ¢/“172(ry, ry) is continuous and symmetric positive definite, from Mercer’s
theorem (for example, [61]) there is an orthonormal system (o) of L2 ([Fin, Tout))
consisting of eigenfunctions of the integral operator associated with ¢/“1?2 such

1702)

that the corresponding eigenvalues )\,(f are non-negative and that

<172 (1) Z/\(UWQ) (r1)en(ra), (2.2.5)
k=0
where the series is uniformly and absolutely convergent. We observe A, (1.02) g

given by

oo Tout out ©© 2€+ 1
)\i; e :/ / Z . Py(01 - 09)Co(s1, 82)0n(s1)pr(s2)dp(s1)dpu(sa),

in in /=0
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and that we can rewrite ¢'7172(r,75) as

(7192 (1, 7o) 2 (/Ouyrwt 3 $1a32)90k(52)90k(31)dﬂ(sz)dﬂ(sl))

20+ 1
X
47

Py(ay - 09)pr(r1)0r(r2),

which is the desired form. O

We use the following assumption throughout this chapter.

Assumption 2.1. We consider the Gaussian random field 7', given by (2.2.3),
associated with the covariance function given by (2.2.2), with a complete or-
thonormal system (¢y,) of L2([riy, 7o), Where p is a finite Borel measure such
that the Lebesgue measure restricted to B([ri,, 7,y ]) is absolutely continuous with
respect to p. Further, A, as in (2.2.2) are all non-negative and satisfy,

>

k=0 ¢

[e.e]

(k4 1) (0 + 1)2T Ay, < oo, (2.2.6)
=0

for some 7, s > 0. Furthermore, we assume (i) satisfies (o) C CU ([rn, Toue]),
and sup,.c. . 1]@k(r)| < ¢y for some finite constant ¢y > 0. When n > 1, we

assume for any k € N

d
sup | —pp(r)| < ek, (2.2.7)
Te[rinvrout] r
and for sufficiently large k,
sup | —(r)| < ¢, k*", (2.2.8)
Te[rmvTout d?"n
where n € {0,...,|n]}, and ¢;,¢, > 0 are some fixed constants. y

Here, n,s > 0 are parameters that correspond to the smoothness of the
covariance functions, and in turn, realisations of T’; the parameter 7 is related to
the smoothness of the covariance function (2.2.2), and in turn, the realisations of
T as a function in r on the interval [ry,, 7,,], and s is related to the smoothness
as a function on S2. In more detail, we will see that solely the decay of A,
determines the smoothness of 7" in the radial direction and the angular direction,

and further the Sobolev smoothness.
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The conditions on (g;) in Assumption 2.1 is motivated by geophysics. To
be more precise, the following settings have been considered in applications. To
treat the radial direction in the Earth modelling, the Chebyshev polynomial of
the first kind {J,} mapped affinely to [ri,, 7] from [—1, 1] is often considered
(14, 43, 49, 86, 92, 93], in particular, in the random field setting [84], and {J,}
satisfies the above assumption. See, for example [34, A.7]. In the Chebyshev case
p is the Chebyshev measure [ ﬁ dz on [—1, 1] mapped affinely to [ri,, 7wl
We remark that the assumed uniform boundedness of (¢,) in k& and the de-
cay rate of the derivative above is merely for simplicity, and not essential. For
functions () with different bounds, it suffices to adjust the condition (2.2.6)
above accordingly, together with modifying proofs that utilise the boundedness
of (¢) independently of k, for example, Proposition 2.3.2, Proposition 2.3.3 or
Proposition 2.4.6.

2.3 Continuity of realisations

We start with establishing the continuity of the realisations. We need the fol-

lowing lemma.

Lemma 2.3.1. For any x;,x9 € S., we have
arccos(oy - 03) + 1o — 11| < et [|71 — 225,

where o = ﬁ%
Proof. Note that we have 1 — cosy > %063, for any 6, € [0,7]. Thus, letting
6 := arccos(o; - 03) € [0, 7], we have

41
||JJ1 — ‘T2||; = (Tl — T2)2 -+ 27’17"2(]. — COS 8) Z Tin2ﬁ§[|rl — T2| + 6]27 (23].)

us

where we used 1 > r;,?%. Therefore, |r) — o +6 < 7 |z — 2o, - O

Proposition 2.3.2. Suppose Assumption 2.1 holds with s > % and n > 1. Fur-
ther, let T be the corresponding random field as in (2.2.3). Then, there exist

constants 0,0 > 0 and c = ¢, , > 0 such that for any x,, 75 € S, we have
EUT(%) - T(%)’él] <cllz - 1’2H?2)+62 : (2.3.2)

Further, T has a continuous modification.

Remark 2. In the following, taking a continuous modification if necessary, we

see each realisation T'(-;w) as a continuous function on S,.
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Proof of Proposition 2.3.2. Clearly, we have

E“T(rl, o) — T(ry, 02)|2]
< 2]EUT(7’1,01) - T(T1702)|2] + 2EUT(7’1,<72) - T(T2»02)|2}-

First, since

(2.3.3)

E “T(Tl, o1)—=T(ry, U2)|2] =E[T(ry, 01)2] +E[T(ry, 02)2] —2E[T(ry,01)T (11, 05)],

from (2.2.2) we have

(o SlNe 9]

2€—|—1

E“T(Tlaal) T(ry,09)| ZZAM er(r1)] o [1 — Pyoy - 03)|,

k=0 (=0

noting that the above series is uniformly and absolutely convergent Assumption

2.1. From the proof of [66, Lemma 4.2], for an arbitrary v € [0,1] we have
11— Py(0y - 09)] < 2arccos(oy - 05)*7(2¢ + 1)*7. Hence, for v, € [0, min{1, s}] we

have
2IE [‘T(Tl, 01) - T<r1a 0—2)’2}

2 (e} o0
< ¢ [w ZZAM (20 + )2%“] arccos(oy - 0,)*" < 0.
k=0 ¢

Next, similarly to the above we have

20+1

E[|T(ry,05) = T(ry,0)["] < ZZAM e [en(r1) — Wk(r2>]2'

k=0 ¢=0

Assumption 2.1 implies

|S0k(7"1) - SOk(T2)| <2¢, and |90k(7“1) - QDk(T2)| < c1/7432|7“1 - 7”2|-

Thus, for an arbitrary v € [0, 1] using these two bounds we have

lor(r1) — @r(ra)| < (2¢0) 7]k |ry — |7

16
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Therefore, from (2.3.5) and (2.3.7) for v, € [0, min{1,n + 1/4}] we have

2E[|T(T1, oy) — T'(ry, 02)|2]

i 2.3.8
ST D A2 DRl < oo 3
=0 (=0
Now, let 7, = 74 := g :=min{1, s,n + 3 }. Then, with a finite constant
2 (0.9] o0
Coor = max{ﬂ Ape(20+ 1)1 42 PP Z A (20 + 1)k2ﬁ},
T k=0 =0 k=0 (=0

from (2.3.3), (2.3.4), and (2.3.8) together with Lemma 2.3.1 we have
EUT(%) - T(a:2)|2} < cpolcglet |21 — 552”25 : (2.3.9)

Since T'(z1) — T'(z5) ~ N(0,¢2) with ¢? := E[|T'(2;) — T'(x5)|*], we observe that,
with X q ~ AN(0,1) we have for any m € N

E(|T(zy) = T(x)[*"] = Z"E[| Xa*"] = Conp |1 — $2||§mﬁ7 (2.3.10)

where Cp 5 1= (CporConet) ™ E[| Xgea|?™]. Taking m > 55, We have (2.3.2), with
0; := 2m, and 9, := 25m — 3.
As a consequence of the estimate (2.3.2), the existence of a continuous modifi-

cation follows from a variant of Kolmogorov—Totoki’s theorem. See, for example,
(62, Theorem 4.1]. O

We introduce the space of equivalence classes of Borel measurable functions
L2(S?) = {f Se — R‘ 11|22 (s0) < oo} / ~, where we let S¢ denote the interior
of S.. We let fs dS, denote the integral with respect to the product measure

defined by g on [ry,, 7ou) and the surface measure on S2. Then, we define

g = [ 15205 = [ [ 15000 Panrasion),

and f ~ g <= |f —gllrze) = 0. In this chapter, because of the product
structure of the domain—the radial interval and the sphere—unless we need to
see L2(S?) as a normed space, it is often convenient to see LZ(S?) as a collection
of product measurable functions that are square integrable, without quotienting.
Since our interest is often in a specific representative T, for simplicity we abuse

the notation by using the same notation Li(Sg) for this set. Then, given f €
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L2(S?) for r € [ryy, Tou) the r-section f(r,-), and for o € S? the o-section f(-,0)
of f are well defined.

We need the following result for the later analysis.

Proposition 2.3.3. Under Assumption 2.1, we have ]E[”T”%E(S‘;)] < 00.

Proof. Note that T is B(S,) ® .#-measurable. From

oo o0

out 2€ 1
| Elr@p . <// >3 4 ) as < o,
S 521 g=0 =0
we have E[||T||L2 o)) = Js, B[ T(2)?] dS. < cc. O

Remark 3. We saw in the discussion after (2.2.3) that the series (2.2.3) is conver-
gent for each x € S,, almost surely. As a consequence of the previous proposition,
almost surely we have ||T||? 12(se) < 00, and thus from Fubini-Tonelli we have the

L%(S?)-Fourier coefficient

/ T(r, 03 w) @3 (1) Vors (0) AS. = Tyrgr (). (2.3.11)

S

€

Thus, we see that

0o 00 l
Yod 0D Taum@)er(ra) Vim(ow) (2.3.12)

is convergent in the L2 (S?)-sense as well, almost surely. y
~rad r
Proposition 2.3.4. (i) Let T, (o3w) == [ T(r,0;w)pi(r)du(r). Then, al-

most surely we have

Arad
Ty Z Z Tk.gm VVim(o) in  L*(S?), and S*-a.e.

£=0 m=—¢

(ii) Let Tem riw) = [ T(r,0;W) V(o) dS. Then, almost surely we have

Aizg ZTkgm (r) in L? ([ Tins Tout)), and [Fin, Toue]-a.€.
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~rad
Proof. We first claim that T, (;w) € L*(S?) almost surely. Indeed, from

Jensen’s inequality we have almost surely

J.

Therefore, from (2.3.11) we have

~rad

2
1 (1) 45 < (s ) / IT(r, 0:0)Plipi(r) 2 dS. < .
Se

~rad > ~rad
L (o) = Zm2< C(39), Vi) Vi0)
- Z Z </T’Dut T(r,;w)eR(r)du(r), ygm> Vi (o)
=0 m=—¢ Tin L2(52)
(9] 14
= Z Z Aldm<w)y£,m(o-)a
=0 m=—¢

in the L?(S5?)-sense. Further, we claim that almost surely the convergence of the

[es) L
series Y- >~ Tyym(w)Vim(0) is S*-a.e. point-wise. To see this, for any L € N
{=0m=—¢

from the independence of {T}y,,(w)} we have

2 L
~ 20+ 1
Tkgm(W)y&m(O')) } = E + Ay, for any o € S%.

L ¢

Thus, > Y Tpem(w)Vem(0) is convergent in L3(Q2), and thus by virtue of the
=0 m=—¢

independence, almost surely. Since they have the same Fourier coefficients, they

~rad ) [2NEPN
define the same L?(S?) function, and thus 7, (o;w) = > > T (w)Vem(0),
=0 m=—¢
which completes the proof of the first claim.

The second assertion can be checked similarly, noting the absolutely continu-

ity of the Borel measure on [ry,, 1] with respect to p. O

Remark 4. From Remark 2, for each w we have sup,cg_[T'(15, 05;w)pp(r,)| < oo.

~rad
Thus, the integral T, (o;w) = [

r

ot Ty, 05 w) ey (r)du(r) parametrised by o is

. : o ~ang . . .
continuous in o for each w. Similarly, 7},,” (r;w) is continuous in r for each w.
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2.4  Smoothness of the realisations

2.4.1 Partial differentiability of realisations

In this section, we discuss how the decay of A, as in the covariance function
(2.2.2) controls the partial differentiability of the realisations of 7. We need the

following result.

~rad ~an,
Lemma 2.4.1. Suppose Assumption 2.1 holds. Let T, and Temg be defined as
in Proposition 2.3.4. Then, for each o € S?, we have

E

i(k + 1)t

k=0

_rad 2 & 20+ 1
; => ) (k+1)H 2.4.1
Tk (07 W)‘ ] (k 1) Ak’Z A ) ( )

Further, for each r € [ry,, o] we have

Aang

Tfm

]:ii 204+ 1)(0+ 1)* Appop(r)?, (2.4.2)

00 l
Z £+12s

=0 m=—

Proof. We first observe

w) 2} = Z Z AV (0)?, (2.4.3)

{=0 m=—/¢

~rad
E HTk (0;

~rad
which follows from the definition of 7}, the orthogonality of (¢},), and (2.2.2) to-
gether with Fubini-Tonelli’s theorem. Further, note that from (2.4.3) the mono-

tone convergence theorem yields

S ] e (5 5 ).

k=0 k=0 =0 m=—/4

and thus the addition theorem implies the first assertion.

The second claim can be shown following the same argument. [

Proposition 2.4.2. Suppose Assumption 2.1 holds withn > 1 such thatn > |n],
and s > 0. Then, T(r,o;w) is |n|-times continuously partial differentiable with
respect to v on [riy, Toul, for each o € S?, a.s.

. . [e's) ~rad . .
Proof. First, we show the series ) .~ (7). (0;w) ¢x(r) is uniformly convergent as

a function of r for each o € S?, and that the limit 7™ is |n]-times continuously

differentiable in each o, almost surely.
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~rad
From Lemma 2.4.1, we have >~ (k + 1)4’7“‘TkaL (o;w)| < o0, a.s. There-

fore, almost surely

:

2

T ow)| <00, (2.4.4)

i 2LnJ

k=0

0] <\ 63k + 1o

where C, = Y~ m < 0o. From (2.2.8) for sufficiently large k, say

k > ky, we have

a[m ~rad ~rad
‘ < cpy (B + 1)2Ln] T, (o;w)). (2.4.5)

WTkz (o5 w) @p(r)

Thus, from (2.4.4), for any r € [ry,, 7oy We have

e 0 ] Arad

olnl _rad
drl] (ZTk (o3w) )‘ ‘Z o Lk (T3w) (7).
k=0

Hence, for any r € [ri,, 7,y it follows that almost surely

) rad s 9 ~rad
—JTk (o;w) ()] < C Z(k 4 1)2n ‘Tk (a;w)‘ < 0. (2.4.6)
= k=kq
) Arad .
Therefore, by the Weierstrass M-test the series gr LMJJ Yoo (o3w)gp(r) is

continuous in r almost surely.

Since T is the L2 ([ri,, Out]) limit of the series with the same Fourier coeffi-
cients, we have T' = Y2 Tk (a;w) ©u(1), [Tin, Tout]-a-€., where the right hand
side is the uniformly convergent limit. In view of Proposition 2.3.2, from the
continuity of 7" the equality holds everywhere on [ry,, 7,.], which is the desired
result. O

Fix r € [rin, Tout), and let S?(r) be the sphere with radius r, and L?*(S?(r))
be the corresponding L? space with the spherical measure normalised as
fs2 = 4mr?. By letting f(z/||z||s) := f(rz/||z|,), any square integrable
functlon f 52(7’) — R can be seen as a function on S?.

Now, we note {2, } is a complete orthonormal system for L?(5?(r)). Fur-
ther we note || f|lr2s20y) = 7l fll2es2) and (f, 2 Vem) r2(s2(ry) = 7 Vem) 12(52)-
We abuse the notation slightly by writing these as || f|r2(s2¢y) = 7 fllL2(s2),
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and (f, Ty£m>L2(SQ = 1(f, Yom) 12(s2)- Furthermore, we note that the Laplace-
Beltrami operator A 52(r) ON S2(r) with the round metric with radius r is given
by Ag2(y = g2, 50 that —Age(y =V, = (0 + 1)1 Vg,

We define H*(S?(r)) as the domam of (—4A52 1)z L2(S%(r)) — L2(S%(r))
(s = 0): let H*(S%(r)) :=={f € L*(S*(r)) | || ]

Hs(S2(r)) < OO} with

9 ¢ 2
1 e see= D D (% + 4— + 1) (1Y) 252 () (2.4.7)
iOOmz—fé 1
=> ) (4l + 40+ r2)sﬁ<f7 1/rVem) 2 (52 (2.4.8)
{=0m=—/{
o Z Z (26 +7)? r25—2 poRCLOE yfm>L2(SQ) (2.4.9)
{=0m=—/{

Note that the norms || f|| y«(s2(,)) and [ f|

alent, where the functions are seen to be defined on the same sphere. In view of

Ho(82(ry)) fOT 71,72 € [T, Tout) aT€ €qUiv-

this equivalence, in the following we often make use of the Sobolev space H*(5?)
by seeing f € L*(S?(r)) as a function on S?. For more details, see for example
[68] together with Appendix A.

Recall from the discussion below (2.2.3) that for any ro € S_, we have
T(r,o;-) € LA(Q). We record the following result regarding the path smoothness
of the r-section of T'.

Lemma 2.4.3. ([66, Proof of Theorem 4.6]) Let Assumption 2.1 hold. Then,
for each r € [riy, rou] we have T(r,-;w) € H*(S?) almost surely.

The following results are later used to show Sobolev smoothness and approx-

imation results.

Proposition 2.4.4. Suppose Assumption 2.1 holds withn > 1 such thatn > |n].
Then,

aLnJ 2
(o)

E[ITOR, ] :=E[ [, sw
S

2re [Tin :rout]

dS] < 0. (2.4.10)

Proof. From Proposition 2.4.2 and (2.4.6), almost surely we have

aLnJ 2 > dn+1 ~rad 2 e 1
aanJT‘ <c Z(/f + 1) ‘Tk (a;w)) (e & 1)t At < oo, (2.4.11)
k=0
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the right hand side of which does not depend on r. From Proposition 2.4.2, and
Lemma 2.4.1, for each o € S? it follows that

olnl 2 © X 20+ 1
E|: sup WT :| S CCW Z (k’ + 1)4n+1Akg 4+ 5 (2412)
Te[rinvrout] r k=0 ¢=0
2
where C, = Y 7, m We note that sup,p,. . %T(r,a;w) is
B(S?) ® .Z-measurable. Therefore, we obtain
E o 2dS
[ Jmre o] o

<cC, < (k+ 1) A, (20 + 1)) < 0.
k=0 ¢=0

]

With an extra condition on the parameter s, we can show a stronger result.

Proposition 2.4.5. Suppose Assumption 2.1 holds with n > 1 such thatn > |n|,

and s > % Then, we have

2

olnl
[n],0) — =
[HT Hoo esssup} =E |:esgsei}21p re[iljiut} arm T < Q. (2413)
Proof. For any s, € (3,s) we claim
~rad > v
E {ess sup |7, (J;w)ﬂ <, Z Z (20" + 1)1H20 4, o€ S?
ceS2 0'=0 m/'=—¢'
where C, = 47r @ H)QSO Indeed, applying the Cauchy—Schwarz inequality
=0

twice yields

rad A Y :
o] <X X % |Tkz,m,<w>12)
K/

2€/+1 1+2s¢
z z g @

< [Z (26, 280
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~rad ‘ 2

thus esssup, , T}, (o3w)| <Oy 0, S (20 + 1)720| Ty, (w)]2. From
E[| Ty (w)[2] = Ager, the claim follows. From this fact and (2.4.11), we have

d

<C Z k:—i—l 4n+1i Z 24/ 1+280Ak£’) i (k+ 1)41?7—4L77J+1 < Q.

=0m/=—+¢ k=0

olnl

= or [n]

esssup  sup
0652 TE[TitnTout]

O

The following result on the second moment of the supremum of the classical
angular derivative will be used later to show the filtered approximation results.

Proposition 2.4.6. Suppose Assumption 2.1 holds withn > 1 such thatn > |n],

and s > 1. Then, for non-negative integers 0 <t < %, we have
E[|7)| 2 qupo0] ==E e?s sup) susg |ALT(r,0))?| < oo. (2.4.14)
rE(Tin,Tout) 0€

%5(52)] < oo. Indeed, us-

Proof. 1t suffices to show E[esssup,e(,. . [T(r, ;)]
ing the Sobolev’s embedding theorem on the sphere (for example, [41]) AL, T can

be shown to be continuous in ¢ and

sup [ALT]* < | T(r, ;)|

ocesS?

%5(52), (8 > 2t + 1),

where ¢ is independent of T". We show

2
Hs(52) < Q.

E| esssup sup |ALT(r, a)|2} < CE|: esssup ||T(r,-;-)|

Te(rin 77nout) 0682 Te(rinvrout)

Observe the .# /B(R)-measurability of the integrands above.
From the definition of Sobolev norm and Parseval’s identity, for each r €

[Tin, Tout) @lmost surely we have

I

sy =[ (=48 + D)5 T[22,

00 ¢ o0
=> Y <Z(2€’+1 Z T 'rw)yé’mayfm>
——y

o=

iz 20 +1)*

=0 m

L2(S2)

~

2
Tém (T w)

Y
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where the continuity of (-,ygm>L2(52) : L*(S?) — R, and <ye,m,,yem>L2(52) =

0per Oy are used. Hence, we have

) ¢
25(52 } <Z Z (20+1) QSE{ ess sup ‘@mg riw ‘ }

/=0 m=—/¢ re Tm Tout

E| esssup ||T]

Te(rimTout)

(2.4.15)

ang

We now obtain a bound for E[ess SUp, ¢y, } From Proposi-

out |

tion 2.3.4 almost surely we have 7, émg( W) = Zk’:() Twm( Yor (). Assumption
2.1 we have | T} (r;w)[? < (codomes |fk€m(w)|)2, and hence

E[ ess sup |7Afrzg(r;w)|2} < c%( Z \/AW>2, (2.4.16)
k=0

re (Tin 7rout)

where E[|Tyum|?] = Awy is used. Clearly,

0 e 1 00
2 1
n—|nj+1 e
> < (Lt 0 ) (3 ) <

k=0

N[

This bound, together with (2.4.15) and (2.4.16), yields

E{ esssup ||7T| 25(52)}
TE(TitnTout)

SC(Q)(Z (k+ 1) LnJ+1> ZZ (20+1 25+1(k+ 1)7- LnJ+1A < 0,
which completes the proof. -

2.4.2  Sobolev smoothness of realisations

In this section we show that the realisations of T" are in a suitable Sobolev
space consisting of (equivalence classes of) functions on S2. We often use results
regarding derivatives on spherical shells in the deterministic setting, which are
provided in the appendix. We start with the following partial differentiability of

the realisations of T'.
Lemma 2.4.7. Suppose Assumption 2.1 holds with n > 1 such that n > |n|,

s >0, and let o € {0,...,|n]}, B € {0,...,|5]}. Then, fSQ|AgQ§(LT} ds
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is continuous in r on [ri, Tow) for all w € Q, redefining the probability space if

necessary, and we have

E [ sup /
Te[rimrout] 5?2

: B o mp
In particular, E[ HASQ o )

A, g: T‘ as| < .

< 0Q.

i)
Proof. Fix o € {0,...,[n]} and g € {0,...,[5]}. For any fixed r € [ry,, 7ou],

we have

o N >
52 A@aﬁT T, oW ‘ ; ; & +€)2B‘<%T(T’ ';w)’y‘fm>L2(s2>

2

Thus, in view of the discussion from the equations (2.4.5) to (2.4.6), as a uni-
formly convergent series we have 2-T(r,o;w) =Y f,:a (0;w) L5 (r), as.

O ~rad o
Now, we note that Y T, (0;w)2=y(r) is also the L?(S?)-limit of the sequence
k=0

K ~rad o«
{Z g (0;00)%%(7“)}1(,
k=0

for each r € [ri,, Tou), a.s. Therefore,

J.

14

2

5 0 ds

52%
¢ 9 25 e ~rad o

Z (6 +€) Z Tk (';W)%@k(T'),ygm .
—0 k=0 (52)

0m
0 aa 2
(€2 + 6)26 <Z Z Tk@’ / yg/m/a agﬁk( ) ygm>
k=0 L2(S5?)

A T(r,o;w)

2

NE

WE
MN

{=0 m=—/¢ 0m/'=—+¢
00 L oo 00 o 2
@ IPNCETL I Z <Tw' Ve g onlD) Yom),,
=0 m=— k=0 0'=0m'=
l 2
_;mZZ €2+€ ZTMm aag@k( "

where in the second and third equality, from Proposition 2.3.4, we use the fact
~rad ~

that T}, (o;w) =Y,2, an:_g T (W) Ve (o) is S%-a.e. convergent, and respec-

tively L?(S?)-convergent.
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Next, from o < ||, we observe that hy,,(r;w) := > fkgm(w)%gok(r) (¢ e
k=0

N U {0}) is continuous in 7 on [ry,, 7oy a.s. Then, we claim

/| |a
g2

is continuous in 7 on [ry,, 7.y almost surely. To see this, note that for any

g 0%

2 [e'e) l
= 2 28 L2
5% g AS=3 > (B +0%|hy(r;w)] (2.4.17)

£=0 m=—¢

T(r,o;w)

T € [Fin, Tous] We have

[ZZ (02 4 0)% | hy,, (1 w)| ] ZZ (02 4+ 0O)%°E[|hyp, (13 w)|?]

{=0 m=—/¢ {=0 m=—/¢
o 1 [e.e] o0
< (Z(k n 1)4M_4n+1> (Z(Qé +1)(2 + £)2ﬁ<z(k . 1)4%11414:15)) oo,
k=0 (=0 k=0

Thus, in view of the Weierstrass M-test > ,° (20 4+ 1)(¢* 4+ £)*|hy,, (1;w)|? is
uniformly convergent, a.s. Hence, from the continuity of h,(-;w) on [ry,, 7], the

a.s. continuity of [ 52 ‘Agrz 6‘971 (r, a;cu)’2 dS follows as claimed. Therefore,

E[ sup (/ |Af8 o T(r,a;w)}ZdS)]
7€ [Min Tout]

is well defined, and we have

2

out aa
[/ / AgQ T(r,o;w) rgder}
Tout — S2 Ore
, (2.4.18)
aa
<E| sup / AgQ—T('r’,a;w) r?dS || < oo.
T‘e[rinvrout] S2 8Ta

]

We now define the trace space H*(0S?). Observe that for any z* € JSg, there
exists § > 0 and G: R? — R such that—upon relabelling and reorienting the

coordinates axes if necessary—
Sg N %(Q’}*, 6) = {]}' S €B<I*75> ’ T3 > G(x17'r2)}7

where B(z*,0) = {z € R® | ||z — 2*|| < 6}. Indeed, without loss of generality
suppose x* = (xf,z5,23) € 0S? is on the lower outer hemisphere, i.e., x* €

{x € R| 23+ 23+ 23 = row, 23 < 0}, in which r,,, — 22 — 23 > 0 is always
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satisfied. Then, for any 0 € (0, min{r,,, — rin, [25|}) we have S N B(z*,J) =
{x € B(z*,9) } Ty > —\/Tous — TF — a:%} Let U, C B(x,d,) C R? be an open
set. Then, |J U,(D 0S?) is an open covering of dS2. Since 9S2 = S?(ry,) U

z€dse
S2(r,44), where S?(ry,) and respectively S?(7,,) are the inner and outer spheres,

is compact, we can take finite zy,..., 2, € S*(ry,) and x, i1,... €

pin+pout

S?(r,4) such that 9S2 C U Uj, where U; := U, . Reshaping U, in the radial

Pin ’ Ipin'i_pout

direction, if necessary, so that if © € S*(ry,) then dist(U,, S*(roy)) > 5, and if

z € S*(rpy) then dist(U,, S*(ry,)) > £, we can take U; so that U; N Uy = 0 if

29
j € {L"':pin} and k € {pin+ 17"'apin +pout}‘

With a partition of unity (;);=1, . +p., that is subordinate to the open

cover (Uj)j=1,.. p. +p...» W& can decompose a function f on JS¢ as
pi11+pout
fl@)= Y fl@)gz) (v (2.4.19)
j=1

Let Q == {y = (y1,%,y3) € R® |yl +y3 <1, =1 < y3 < 1}. Since 9S? is an
C>-boundary, for j = 1,...,py, + Pow We have a C®-mapping ¥,: R* > U; —
Q C R3 that straightens out the boundary, with the inverse \Ilj_lz Q — Uj, which

is also a C'"*°-mapping. Define the function

Ui(fe;): @N{y e R [y; =0} - R
(ylay270> f( (y17y270>> (\Ij;1<ylay270))>

then U*(f;) has a compact support in Q@ N {y € R? | y3 = 0}. Let

H*(0S2) := {f € L*(082) | ¥j(f;) € H'(R?), j =1,...,Pin + Pous}-

1
Further, define the norm by || fllepe0) = ( fmfp"“t \Il*(fg])| e RQ))Q. We
2 in * in ou * 3
have || f{5s(os0) = g1\ (Fsllzes ®2) t Z? ;:fﬂt 1 (f<)13 e (r2)> Dut since

UnU, =0ifj e {1 ..,pm} and k € {pm + 1,...,Pin + Pout}, €ach term

2 :

is equivalent to || Fls2ea) || s () and respectively || Fls2ui) | a7 (2 () 35 1D
(2.4.7). See [68, Sectlon 1 7.3]. Therefore, we have the equivalence
2

171 5+ as2) ~ (Hf\s o e s20ny F 1152600 L SQ(oum) - (2.4.20)

For further details of trace spaces, see, e.g., [30, 68].
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Our first goal in this section is to show AT € H'(S?) with suitable integers
. We start with the following lemma.
Lemma 2.4.8. Suppose Assumption 2.1 is satisfied withn > 1 such thatn > |n|.

Let v, i, and " be non-negative integers. If v satisfies . < min{|2], 5} — 1, then
we have E| HA‘HTH;(S(S))] < co. Further, if / <min{|21],% — 1}, we have

[[|A* T pso < 00. 2.4.21
H o5 H%(@SO)] > ( )
Furthermore, if " <min {|[2],% — 3}, then we have
=3 . "
[ HA T|se H23+2(8S°)] <oo, forj=0,...,.". (2.4.22)

Proof. The first assertion follows from Proposition A.11 and Lemma 2.4.7. To
show the second assertion, first we claim that AL/T|3§@ is well-defined as an
L*(0S?)-function. To see this, we note that in view of Proposition A.11 the

operator A’: L*(S7) — L*(S2) can be written as A" = >3, 550, ;fr) A2

as in (A.4). Thus, from Lemma 2.4.7 we see that AT =3 ;- "B Agz 22T on
S¢, and further that for each r € [ry,, 7] we have
0° ?
/ AgQ—T(r, ow)| dS < oo, as. (2.4.23)
S2 ore

Hence, AYT(ry,, ;w) € L*(S?(ry)), and AT (1, w) € L*(S?(ry)), a.s. To
show (2.4.21), from (2.4.20) it suffices to show
]E[HAL/T r

< oo, and E| ||AL < 0.

o M ird 520 Touts M3 (52

Let g(o;w) :== AT(ry,, ;w). Then, from ¢/ < min{[2], £ — 1}, in view of Lemma
2.4.7 we have

2 2
E[Hg(rina g ')HLQ(SQ(rin))] < o0, and E HAS2g Tiny *3 ‘)HLQ(SQ(Tin)) < 0.

Thus, from (2.4.7) we have E ||g(ri,, ;)| 1 < 00. By a similar argument

H2(52(rin))
2
we see E[||g<routv B .)HH%(SQ(TOut))] < 0.
The estimate (2.4.22) can be shown similarly. O

Now, we show that AT € H'(S?).
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Proposition 2.4.9. Suppose Assumption 2.1 is satisfied with n > 2 such that
n > n]). If a non-negative integer v satisfies 0 < < min{|2], 5} — 1, Then, we

have

B[ AT s sp)| < CR[[|ATT| g0 + (| ATl

hiosey ] <00 (24.24)

where the constant C' > 0 is independent of T.

Proof. First note that from Lemma 2.4.8 we have E[[[A™T'|| 0] < 00, and
Consider the case ¢ = 0.
First, since T'|ys0 € H2(0SP) a.s., there exists up € H'(S?) such that Ur|gse =
T|pse (for example, [80, Théorem 5.7]). For v € Hj(S?), define

< 00.

Foarinu, (V) = / (—ATv — Vup - Vv) da. (2.4.25)
52

Then, we have F_ar i, € H'(S2). Now, consider the problem:
Find ug € Hg(S?2) :  a(ug,v) = F_aryau, (v) forallve Hg(S?), (2.4.26)

where the bilinear form is defined as a(ug,v) = Jo Vg - Vodz. From Lax—
Milgram lemma, the weak solution u, € H{(S2) of the above problem uniquely
exists.

Let T := ug + up so that we have T*[yse = ur|gse = T'|gse, and further,

VT* .- Vodr = —/ AT, for any v € H}(S?). (2.4.27)

S2 S2

This implies [, (T* — T)A¢dx = 0, for any ¢ € C°(S?), and thus there exists a
unique harmonic function h such that h =T* — T, SZ-a.e.
Now, from [33, Theorem 2.4, 2.14] the solution of the problem:

Find h such that Ah* =0 in §7, and h* =0 on JS,

uniquely exists and h* =0 on S, = S U 0JS?. But h satisfies the above and thus
0=h*=h=T*-T almost everywhere on S¢. Together with T'[ssc = T"*|sse,

we have T'=T" = uy + upr almost everywhere on S,.
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Now, we show T € H'(S?). From (2.4.26) and the Poincaré’s inequality we
have ”UO”Hg(sg) < c||AT |20y + ||UT||H3(Sg) with a constant ¢ = ¢(S2) > 0.

Therefore,

1T g1 sy < Mol sy + lurll g sey < CUAT | pasey + llurll g se))s

where the constant C' > 0 is independent of T'.
The above inequality holds for arbitrary g € H'(S?) such that Tr(g) = T'|sse
in place of up, where 7Ir is the trace operator. Hence, by virtue of the continuity

of the right inverse of the trace operator (see, e.g., [80]) we have

T < C(||AT oy + inf 0 2.4.28
| HHl(SE) (l HLQ(SE) {geHl‘Tr(g):Tng}HQHHI(SE)) ( )

< CIAT || g0y + || Tose

b)) (2.4.29)

where the generic constants C' above are not necessarily the same, but indepen-
dent of T. Thus, we have E[||T g1 (o))< CE[|AT| 20y + || Tlose b oz

The case ¢ > 1 follows from the same argument. O]

Under a stronger smoothness assumption on the covariance function, we have
T € H*(S?).
Theorem 2.4.10. Suppose Assumption 2.1 holds with n > 2 and s > 2. Then,

we have

El| T g2(se) < CE[IT Il 2(se) + IAT [ 2(sey + | Tlose

¥ (os2) 1. (2.4.30)

where the constant C' > 0 is independent of T

Proof. First, note that T|ss(;w) € H%(OSE) a.s., from Lemma 2.4.8. Thus,
from the smoothness of the boundary, there exists (see, e.g., [80, Théorem 5.8])
a continuous operator Z: H2(9S%) — H2(S?) such that (77 o Z)T|gs0 = T|pse-
Letting g = ZTyse, from Proposition 2.4.9 together with Lemma 2.4.8 we have
T — g€ H)(S?).

Now, we have T' € H(S2) and AT € L3(S,), but trivially,

VT, V) 20y = (AT, ) 12(g0y for any v € C2(S?), and T|gge = T'|se0 on OSY.
(82) (82) 5 E
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Therefore, from the regularity theory for elliptic partial differential equations

(see, e.g., [33, Chapter 8]), with Cz := || Z|| we have

H3 (850)— H2(S2)

BTl 250y < CE[NIT | 2(s0) + IAT [l sy + Cz | Tosg

18 (052 ] (2431

]

Proposition 2.4.11. Suppose Assumption 2.1 holds with n > 2 such that n >
|n] and s > 2. Then, for any integer k > 0 such that 2k + 2 < min{|n], s}, we

have

BT rawez(se)) < C%E[( 1Tl 2 sey + AT gransoy + || T ]ase 253 (os0) )]a

where the constant Cy,, > 0 depends on k but independent of T.

Proof. Following the proof of Theorem 2.4.10, the standard bootstrap argument,
namely, a repeated use of Lemma 2.4.8 and Proposition 2.4.9 yields the result.
See [33, Theorem 8.12]. O

2.5 Approximations and a class of PDEs

As an application of the regularity theory developed in previous sections, we
consider an approximation of random fields, and a class of elliptic partial dif-
ferential equations that have a log-normal random field as a coefficient. In this
section, we assume @, = J), is the degree & Chebyshev polynomial of the first
kind mapped affinely to [ry,, 7o) from [—1,1]. As pointed out before, to treat
the radial direction in the Earth modelling, the Chebyshev polynomial is often
considered. In principle, the discussion in this section can be applied to any
Jacobi polynomials with the parameters (a, ) both greater than —1 such that

the resulting measure pu = p(a, 8) satisfies ||| 2, o ) < 1l z2 (e PY 2

yTout

justing the decaying factor such as (2.2.6), (2.2.7), or (2.2.8). For example, all
—1 < a = < 0 satisfies this condition.
To motivate the discussion on the approximation, we start with the following

boundary value problem of the elliptic PDE:
Find u: —V-(AVu) = f in §2, and ulpse =0 on 0OSg, (2.5.1)
where f € L*(S?2). The coefficient A = A(-,w): S? — R is taken as a log-normal

random field, that is, we let A :=expT.
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Often, in practice the quantity {A;,} are estimated with a suitable statistical
procedure. Here, we suppose { Ay }o<r<x, 0<e<r is given, and consider an approx-
imation Ay of A using {Ay}o<p<ri o<e<r- Our goal is to estimate the error
||lu — u||  with respect to a suitable Sobolev norm ||-||  clarified below, where u
is the solution of (2.5.1) with the coefficient Ay .

For the existence and uniqueness of the solution of the problem above, we
consider the weak formulation and invoke the Lax—Milgram lemma. Later we see
that by a variant of Strang’s lemma, a key estimate to bound ||u — |y is the
error sup,es | A(7;w) — Ak (7;w)[. For the sake of a good uniform convergence,
we consider a filtered approximation. We start with the approximation of the
random field 7.

2.5.1 Filtered approximation of Gaussian random fields

Recall that as we saw in (2.2.3) the random field 7" is given as

00 00 ¢
T(ZL';(,U) = ZZ Z \/A_MXkEm(w)Jk(rx)yEm(o-x>7 S 857 (252)

k=0 ¢=0 m=—¢

with i.i.d. standard normal random variables { X}, }. Thus, in view of Remark 3,
knowing A, (0 < k < K, 0 < ¢ < L) corresponds to knowing Fourier coefficients
of T up to the degree K and L, given that X, (0 < k < K,0 < /¢ < L) can

K L ¢ _
be generated; from (2.3.11), the truncated sum Y >° > Tppn(w)Jp Ve, is pre-
k=0 {=0 m——¢

cisely the partial Fourier sum for P-almost every w with fum(w) = VA Xpm(W).
However, the naive L2-projection is not the best choice when one wants a
small point-wise error—recall how the Fourier series of a function on the torus
may fail to converge on any measure zero set if f is merely continuous. This
motivates the use of filtering: we smoothly truncate the series by multiplying
fkgm(w), the Fourier coefficients, of higher order by a suitably small factor. In
more details, first define a filter function h: [0,00) X [0,00) — [0,00) as fol-
lows. Consider the non-increasing functions k"¢, h*d: [0,00) — [0,00) with
supp (h*8), supp (h™4) C [0, 2] with the following properties:
(a) hrd(t) =1 for t € [0,1], and h*8(s) = 1 for s € [0, 1].
(b) hd respectively h*'8, are absolutely continuous and their derivatives are

of bounded variation.

Then, we define the filter function h: [0, 00) X [0,00) — [0, 00) by

h: (s,t) = h™d(s)h™8(t). (2.5.3)
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With this filter function, for f € C(S,) let us define the (continuous) filtered
approximation Vi f of f by

2K—-12L-1 ¢

k=0 {=0 m=—¢

where fk@m = fSo f IV dS,, and K, L > 1. The discretised filtered approxima-
tion, that is, thesapproximation of the same form as above but fAk.gm being replaced
by a quadrature rule with a suitable precision, is considered in [53]. There, the
continuous filtered approximation is considered to derive the error for the discre-
tised filtered approximation. Thus, the error estimate for the continuous version
is readily available. See also [91] for the continuous filtered approximation in
the angular direction in more detail. We have the following supremum norm

estimate essentially from [53, Corollary 5.4].

Proposition 2.5.1. Suppose that f is |n]|-times continuously partially differen-
tiable with respect to r (|n| € {1,..., K}) and satisfies

olnl

pE] < 0.

f(r,o)

0 —
||f( MJ ) || 00,esssup €ss Sup Sup
UESQ TE[Tinvrout}

Suppose furthermore that f(r,-) € C*(S?) (t € {1,2,3,...}) for each v and
satisfies

||f(072t)||esssup,oo = €SSSsup Ssup |Ag2f(7”, U)| < 0.
Te[rinvrout] 0652

Then, we have

sup |f(r,0) = Virf(r,0)|

(r,0)€S,

K —|n])! -
S C%Hf(mjp)noo,esssup + C,L 2t”-f(o,%)||esssup,oo7

where the positive constants C, C' are independent of K, L, and f.

Proof. In [53], an error estimate for a fully discretised filtered approximation is
considered. From the discussion above, for the continuous filtered approximation
above, we can easily check that we have the error estimate of the same form as

[53, Theorem 5.3 and Corollary 5.4], now with respect to the essential supremum
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norm:

esssup|f(r,o) — Vi f(r, o)

(r,0)€S,
K — |n])! -
< Uy s+ T O e

Since f and ¥ f are continuous on S,, we have

sup |f(r,0) = Vi f(r,o)| = esssup |f(r,0) — Vi f(r, o),

(r,0)€S, (r,0)€S,
which completes the proof. n

Now, we consider the approximation

2K—-12L-1 ¢

VaTro) =Y S % h(%%) VA X o (@) T Vi (2.5.5)

Then, from the regularity theory developed in Section 2.4, we obtain the follow-
ing result.

Theorem 2.5.2. Suppose Assumption 2.1 holds with the parameters n > 1 such
that n > |n| and s > 3. Let t € (0,%5%) be an integer. For T given by (2.5.2),
let Vi1 T be defined by (2.5.5). Then, we have

E sup ’T(Ta U) - Ai/KLT(ra U)‘z S 0@(777757 KaLaT)a (256)
(r,0)€S,
with
&t K, L,T)
(K —n)h? B (2.5.7)
= CWE[HT(MJ’O) Hgo,esssup] + C/L 4tE[HT(O’2t) ||zsssup,oo]7

where C,C" > 0 are constants independent of K, L, and T. Further, we have

1

(E[IIT - ”f/KLTHQLZ(Sg)]) <o /Emt K, LT), (2.5.8)

for any n € N where C/! > 0 is a constant independent of K, L, and T.

Proof. Note that in view of Lemma 2.3.2 we have 7" € C(S,) and thus the .-

measurability is preserved under taking supremum over S.. From Propositions
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2.4.5 and 2.4.6, we have
[||T LnJ O)HOO esssup]< w and ]E[HT Ozt)Hesssup OO] < Q.

Thus, (2.5.6) follows from Proposition 2.5.1.
Next, we observe that T'(r,0) — ¥, T(r,0) is a normal random variable. To
see this, note that for K/ > 2K — 1 and L' > 2L — 1,

errp (T Z Z Z kaZm 72)Vem(02) — Vi T (),

k=0 ¢£=0 m=—/

is a sum of independent normal random variables for each € S,. For any fixed
z € S., {exn}(xr,1)enxy 18 a convergent net in Lg(€2) with the limit T'(z) —
Vi T(x), where N x N is equipped with the relation < defined by (K7, L}) <
(K}, LY) if and only if K < K} and L} < L. But linear combinations of
independent Gaussian random variables form a closed subspace of L2() (for
example, [42, Section 1.6]). Hence, for any = € S, the limit of {ex/r }(x 1)enxn
is again a normal random variable: T'(z) — ¥;;T(z) ~ N(0,5%*(z)) for some
¢%(x). Thus, with X4 ~ N(0,1) for any n € N we have

E[T(x) = Vi, T(2)["] = E[|T(x) — Vi T(@)P]"E[| Xqial™]- (2.5.9)

Integrating both sides over S,, by virtue of Jensen’s inequality and (2.5.6) we
have
BIIT — Fi T35 ] < oy B 500 @) = Fir T0) P
TES,

S C [|Xstd|2n]

TinsTout

(K —n))) (111.0) [ (0,2t) '
X <CW [”T ! Hooesssup] +C°L E[HT Hesssupoo] )

and thus (2.5.8) follows. O

2.5.2  Lognormal random field on spherical shells

We consider log-normal random fields on spherical shells and estimate the ap-
proximation error. Our analysis uses Theorem 2.5.2 and bounds for moments of

log-normal random fields.
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Definition 2. We call a random field A on a spherical shell log-normal if there

exists a Gaussian random field 7" on the shell S, such that
A =exp(T). (2.5.10)

From the continuity of the exponential function, A is well-defined.

We need the following bound for the error estimate and the well-posedness
of the weak formulation of the problem (2.5.1). The following argument follows
Charrier [17, Proposition 3.10].

Proposition 2.5.3. Suppose Assumption 2.1 holds withn > 1 and s > % Then,
for any p > 0 there exists a constant c, > 0 depending only on p such that

E {exp(p sup |T(:)s)|)] <ecp. (2.5.11)

x€S,

Further, there exists a constant c, depending only on p (independent of K and

L) such that
E [exp (p sup ]”//KLT(QJ)O] <, (2.5.12)
TES,

Proof. Without loss of generality, we assume 1 > |n]|. In view of Lemma 2.3.2,
we may see T' as a continuous function on S,, which implies esssup,cs_|T(z)]* =

sup,eg_ |T'(x)[?. Thus, from the proof of Proposition 2.4.6 , we have

E{sup|T($)|2} SE{ esssup sup |A%2T(x)|2}

IGSE TE(Tin’Tout) 0—652
> 1 e s _
S CC% Z W (2€ + 1)2 +1(l{ + 1)77 |_77J+1Ak£
(k+1)
k=0 (=0 k=0
=: D < 0.

Then, as a consequence of the Markov’s inequality, for any b > 0 we have
2

D
P(sup |T(z)] > b]) < 2
TES,

Now, take a sy € (0,1) such that log(%) < —2 and let by := \/1’2—80 so that

5o < 1 — P(sup,cs, |T(x)| > bo|). Further, choose A > 0 such that 32\s§ < 1
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L-P(sup,cg_ [T(@)|<bo])  Plsup,es [T@)[>bol) 1
= < 0
holds. Then, since PGubres, T@I<boD) 1-P(sup,es T@Sbo) = 59 ' ©C have

1 (1_P(Supx68 T ()| < byl
(0]

)) >
+32)s2 < —1,
P(sup,es, |T(x)] < bol) ’

which is the assumption of Fernique’s theorem (see, for example [22, Theorem

2.7]). Using this theorem we have E [exp(Asup,cg |T(2)%)] < el0rs5 %
2

Noting pt < M?+ £ (p,t, A € R), for any p > 0 we have

2
e2+§—A

E [exp(psup [7(0))] < E exp(hsup [T(@)f)| o < e84 4 S22
€S, z€eS, -

For each w, from [53, Theorem 3.2] (see also [75, Theorem 3.1]) and [99, Lemma

2.1] we observe

sup | ¥, T(x;w)|? < ¢ sup |T(z;w) %, (2.5.13)

TES, €S,
with a constant ¢ > 0 independent of K, L, and T. Then, it follows that

? <D < .

sup |7/KLT(333 W)
TES,

Taking the expectation on both sides yields
E {Sup ‘"VKLT(.T)‘2:| <dD < occ. (2.5.14)
TES,

and thus repeating the same argument as above yields

2
2+ 47

/ 2 €
E [eXp (p sup [V, T (x)l)} < !Nty 4

u ST (2.5.15)

]

We are ready to state the error estimate for log-normal random fields. We

need the following result to obtain the truncation error for the PDE.

Proposition 2.5.4. Suppose Assumption 2.1 holds with n > 1 such that n > |n]
and s > 3. Let t € (0,%5%) be an integer. For T given by (2.5.2), let ¥/ T be
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defined by (2.5.5). Then, we have

E| sup |exp (T(z))— exp(¥x . T(2))*| < 2(cy + )&, t, K, L, T), (2.5.16)

TES,

where ¢y and ¢y are constants in Proposition 2.5.3 withp = 2, and &(n,t, K, L, T)
1s defined in Theorem 2.5.2. Further, we have

for any integer n > 1, where C,, > 0 is a constant independent of K, L, and T'.

Proof. The proof is based on the argument by Lang and Schwab [66, Lemma
6.1]. Fix w. Note that for all a,b € R we have

a
e — | = ‘/ e’ds
b

Thus, we have

< max{e®,e’}b — a| < (e* +e®)|b — al.

sup | exp (T'(x)) — exp(¥T(@))[?

TES,
< 2[sup exp (2T'(z)) + sup exp(2¥4 . T ()] sup |T(z) — V3, T(2)]>.
TES, zE€S, TES,
Taking the expectation of both sides, from Theorem 2.5.2 and Proposition 2.5.3
we obtain (2.5.16).
Similarly, the estimate (2.5.17) follows from Proposition 2.5.3, and the proof
of Theorem 2.5.2. O

2.5.8 A class of Elliptic PDFEs with a random coefficient

In this section, we consider a class of elliptic partial differential equations that
have a log-normal random field A as a coefficient of the differential operator.
Based on results in the previous sections, we assess the effect on the solution
caused by approximating the coefficient A.

We consider the weak formulation of the problem (2.5.1). Let X := Hé(S%’)
be the zero-trace Sobolev space equipped with the norm ||g||y = (fsg |Vgl|? dx) :

We consider the following weak formulation of (2.5.1):

Find we X: a(u,v) = F(v), foralve X, (2.5.18)
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where

a(u,v) == a,(u,v) = | Alzr;w)(Vu-Vov)dz foru,v € X, (2.5.19)
59
and F(v) := [, fodz for v € X. Clearly, F is linear and continuous on X.

To show theg well-posedness of the problem (2.5.18), we use the Lax-Milgram
lemma. To invoke it, we show the following. Here, we use the continuity of the
paths. For a similar almost-sure result using Proposition 2.5.3, see [17].
Proposition 2.5.5. Suppose that the same assumption as Proposition 2.5.4 is
satisfied. Then, the bilinear form a,(-,-): X x X — R defined by (2.5.19) is

bounded and coercive for each w € ).

Proof. In view of Proposition 2.3.2 the paths of T are continuous on S2 = S,,

and thus for each w there exists . (W), Qmin(w) > 0 such that

Opin(w) < min A(x;w) (2.5.20)
rEeSY
and that
ma |A(;)] = max A(r;0) < Q) < 00. (2.5.21)
€S2 zeS?

Therefore, for any v,z € X, we have |a(v,w)| < ap.(w) ||v] x [|w| . Thus, the
bilinear form a(-,-): X x X — R is bounded for each fixed w. Further,

a(v,0) > apin(W) [ Vo Vodz = agy () vl
S

and thus coercive for each w. O]

From this result, together with the boundedness of ' on X, we can conclude
that the problem (2.5.18) is well-posed.
Let Agp(z;w) := exp(¥x T (x;w)), we define

agr(u,v) = aKL,w(u7 v) = Agr(r;w)(Vu - Vo) dr.
S2

Similarly to the above, we consider

Find we X: agp(u,v)=F(v), forall v e X. (2.5.22)
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/
min

By invoking Proposition 2.5.3 we have 0 < o/ ;, (w) < miSn A (z;w), and further
S

I;le%fAKL(x;w) > Alax(w) < 00 independently of K and L, and thus (2.5.22) is
well-posed almost surely. If we invoke Proposition 2.5.4 which requires a stronger
condition, together with (2.5.20) and (2.5.21) then we have the well-posedness
of (2.5.22) for all w.

We wish to evaluate ||u — ||y, the effect on the solution u caused by approx-

imating T" with ¥} ;T. First, we need the following variant of Strang’s lemma.

Lemma 2.5.6. For w € , let u(w) and u(w) be the solution of (2.5.18) and
(2.5.22), respectively. Suppose the same assumption as Proposition 2.5.4 is sat-
isfied. Then, we have

~ 1
_ < . o . o b
o) =Tl < a7 { 200 M) — Axslaz) e |
(2.5.23)
Proof. Fix w and omit w in the following. From min,es Agr(z) > oy, and

a(u,u —u) — a(u,u —u) = 0, we have

Olhin [0 — ﬂ”i{ < agp(u—u,u—1u)
= agp(u,u—u) —agp(t,u—u)+ [a(u, v —u) — a(u, v — )]
Since u and @ are the solution of (2.5.18) and (2.5.22), respectively, we have

a(u, u—1) = F(u—1) and ay (@, u—7) = F(u—u). Thus, we have o/, [|[u — @[5 <

arr(u,u —u) — a(u,u — u), and dividing both sides by |lu — u|| - (# 0) yields

agp(u,u—u) — alu,u—u) (2.5.24)

O‘;ninHu_ﬂHX S ||u_a||
X

Now, from |a(u, v —u) — agp(u,u — @) <sup [A(z) — Agr(@)|||u|  [[v — @ 5

TES,
it follows that
- 1
=l < o fsup ) — As @)l |- (2529
Noting [|ully < =—||f|lz2(se) the statement follows. O

The following remark states that taking the expectation of ||u(w) —u(w)||

is valid.

Remark 5. Under the same assumption as Proposition 2.5.4, we see that the

mapping |lu —ul|y : 2 — R is a random variable.
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Proof. First note that the statement of Lemma 2.5.6 remains true if Ay is re-
placed with arbitrary continuous functions that are close to A in (C(S;), sup,es_ |-
), in particular, functions {Ay} (N € N) such that Ay — A(w) in C(S,). Thus,
the above result shows the mapping A +— w is continuous from (C(S;), sup,es_|-])
to X.

Further, note that 7" is C(S,)-valued random variable, i.e., : Q@ — C(S,) is
F |B(C(S,))-measurable. To see this, let 0({C}) := o({C(xy,...,z,;B,)}) be
the Kolmogorov’s og-algebra, that is, the o-algebra generated by the family of all

cylindrical sets

{C(zy,...,2,;B,)}

(2.5.26)
={C(xy,...,2,;B,) |n€Nx,,....z, €S, B, € B(R")},

where C(z1,...,2,; B,) = {w € C(S,) | (w(x;),...,w(x,)) € B,} is a cylindrical
set. Then, it is easy to check T': (Q2,.%) — (C(S,),o({C})) is measurable. From
c({C}) = B(C(S,)) (see, e.g., [45]), we can conclude that T is .#/B(C(S,))-
measurable.

From the continuity of the paths, A is also .#/B(C(S,))-measurable, and
thus from the continuity of A — u, we conclude that u: (2,.%) — (X, B(||-|x))
is measurable. Following the same argument, so is u. From the continuity of

|-l : X = R, we see that ||u — || is a random variable. O

Finally, we obtain the estimate on the expected error of |Ju(w) — u(w)]| x-

Theorem 2.5.7. Suppose the same assumption as Proposition 2.5.4 is satisfied.
Let u(w) and u(w) be the solution of (2.5.18) and (2.5.22), respectively. Then,

we have

E[lu(w) = 5(w)]lx] < V2IIf 2 (chea) ez + b))/ E(,t, K, L, T), (2.5.27)

where ¢y, ¢, ¢4, ¢ are constants from Proposition 2.5.3 with p = 2, 4. Further,
Em,t, K,L,T) is defined in Theorem 2.5.2.

Proof. We claim E [m} < ¢y, E[ﬁ] < dy. Indeed, we have

min

1
= exp(—minT(z)) < T 2.5.28
min,es_exp(7(z)) exp( g:%lsrj () < eXp(iélSF: T ()]), ( )
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and thus from Proposition 2.5.3

1
E{[mjnmege eXp(T(m))]4:| S E[GXP(‘l QS;ESP: T(z)])| < ey (2.5.29)

Similarly, E [ﬁ} < dy. Therefore, in view of Lemma 2.5.6 and Remark 5, we

have

E[lu(w) = u(w)lx] < Hf”L2(S§)(Cilc4)iE|:Sup |A(;w) = AKL(:U;W)|2:| ;

TES,

and hence from Proposition 2.5.4 the statement follows. O

2.6 Conclusion

In this chapter, we considered the Gaussian random fields on the spherical shell
that are isotropic in the angular, and anisotropic in the radial direction. Under
a suitable assumption on the covariance function, we established the continuity
and partial differentiability of the realisations, and further, utilising the regularity
theory of the elliptic PDEs, the Sobolev smoothness. Based on the regularity
theory developed, we provided error analyses for the filtered approximation of
the Gaussian and log-normal random fields. Furthermore, we considered a class
of elliptic PDEs with log-normal random coefficients, and analysed the error
incurred by approximating the variable coefficient of the differential operator

with the filtered approximation.

43






CHAPTER 3

Quasi-Monte Carlo integration with product weights for

elliptic PDEs with log-normal coefficients

Abstract of this chapter

Quasi-Monte Carlo (QMC) integration of output functionals of solu-
tions of the diffusion problem with a log-normal random coefficient is con-
sidered. The random coefficient is assumed to be given by an exponential
of a Gaussian random field that is represented by a series expansion of some
system of functions. Graham et al. [36] developed a lattice-based QMC
theory for this problem and established a quadrature error decay rate ~ 1
with respect to the number of quadrature points. The key assumption
there was a suitable summability condition on the aforementioned system
of functions. As a consequence, product-order-dependent (POD) weights
were used to construct the lattice rule. In this chapter, a different assump-
tion on the system is considered. This assumption, originally considered
by Bachmayr et al. [10] to utilise the locality of support of basis functions
in the context of polynomial approximations applied to the same type of
the diffusion problem, is shown to work well in the same lattice-based
QMC method considered by Graham et al.: the assumption leads us to
product weights, which enables the construction of the QMC method with
a smaller computational cost than Graham et al. A quadrature error de-
cay rate = 1 is established, and the theory developed here is applied to a
wavelet stochastic model. By a characterisation of the Besov smoothness,
it is shown that a wide class of path smoothness can be treated with this

framework.

3.1 Introduction

This chapter is concerned with quasi-Monte Carlo (QMC) integration of output

functionals of solutions of the diffusion problem with a random coefficient of the
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form
—V - (a(z,y)Vu(z,y)) = f(z) in D cC R u=0 ondD, (3.1.1)

where y € Q is an element of a suitable probability space (€2, .#,P) (clarified
below), and D C R is a bounded domain with Lipschitz boundary. Our interest

is in the log-normal case, that is, a(-,-): D x Q — R is assumed to have the form

a(z,y) = a.(z) + ao(x) exp(T(z,y)) (3.1.2)

with continuous functions a,(x) > 0, ag(z) > 0 on D, and Gaussian random

field T'(+,-): D x £2 — R represented by a series expansion

o0

T(e.y) =Y _Yi(y)o;(x), = €D, (3.1.3)

where {Y}} is a collection of independent standard normal random variables on
(2, #,P), and (¢;);>1 is a suitable system of real-valued measurable functions
on D.

To handle a wide class of a and f, we consider the weak formulation of the
problem (3.1.1). By V we denote the zero-trace Sobolev space H{(D) endowed

with the norm
%
loll, = (/D]Vv(x)|2dx> | (3.1.4)

and by V' := H~Y(D) the topological dual space of V. For the given random
coefficient a(x,y), we define the bilinear form 7 (y;-,-): V x V. — R by

A>3y — A (y;v,w) = / a(zx,y)Vu(z) - Vw(x)dzr for all v,w e V. (3.1.5)
D

Then, for any y € Q, the weak formulation of (3.1.1) reads: find u(-,y) € V
such that

A (y;u(-,y),v) = (f,v) foralvelV, (3.1.6)

where f is assumed to be in V', and (-,-) denotes the duality paring between
V" and V. We impose further conditions to ensure the well-posedness of the

problem, which we will discuss later.
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The ultimate goal is to compute E[G(u(-))], the expected value of G(u(-,y)),
where G is a linear bounded functional on V. The problem (3.1.1), and of
computing E[G(u(-))] often arises in many applications such as hydrology [23,
78, 79], and has attracted attention in computational uncertainty quantification
(UQ). See, for example, Cohen and DeVore [20], Schwab and Gittelson [89], and
Kuo and Nuyens [64] and references therein. Two major ways to tackle this
problem are function approximation, and quadrature, in particular, quasi-Monte
Carlo (QMC) methods.

Our interest is in QMC. It is now well known that the QMC methods beats
the plain-vanilla Monte Carlo methods in various settings when applied to the
problems of computing E[G(u(-))] [36, 64, 65]. Among the QMC methods, the
algorithm we consider is randomly shifted lattice rules.

Graham et al. [36] showed that when the randomly shifted lattice rules are
applied to the class of PDEs we consider, a QMC convergence rate, in terms of
expected root square mean root, ~ 1 is achievable, which is known to be optimal
for lattice rules in the function space they consider. More precisely, they showed
that quadrature points for randomly shifted lattice rules that achieve such a rate
can be constructed using an algorithm called component-by-component (CBC)
construction. The algorithm uses weights, which represents the relative impor-
tance of subsets of the variables of the integrand, as an input, and the cost of it is
dependent on the type of weights. The weights considered by Graham et al. [36]
are so-called product-order-dependent (POD) weights, which were determined
by minimising an error bound. For POD weights, the CBC construction takes
O(snlogn + s*n) operations, where n is the number of quadrature points and s
is the dimension of truncation ) °_, Y;(y)v;(x).

The contributions of the current chapter are twofold: proof of a convergence
rate ~ 1 with product weights, and an application to a stochastic model with
wavelets. In more detail, we show that for the currently considered problem, the
CBC construction can be constructed with weights called product weights, and
achieves the optimal rate =~ 1 in the function space we consider, and further,
we show that the developed theory can be applied to a stochastic model which
covers a wide class of wavelet bases.

Often in practice, we want to approximate the random coefficients well, and
consequently s has to be taken to be large, in which case the second term of
O(snlogn+s®n) becomes dominant. The use of the POD weights originates from
the summability condition imposed on (¢;) by Graham et al. [36]. We consider a
different condition, the one proposed by Bachmayr et al. [10] to utilise the locality

47



of supports of (1;) in the context of polynomial approximations applied to PDEs
with random coefficients. We show that under this condition, the shifted lattice
rule for the PDE problem can be constructed with a CBC algorithm with the
computational cost O(snlogn), the cost with the product weights as shown by
Dick et al. [28]. Further, the stochastic model we consider broadens the range of
applicability of the QMC methods to the PDEs with log-normal coefficients. One
concern about the conditions, in particular the summability condition on (v;),
imposed in Graham et al. [36] is that it is so strong that only random coefficients
with smooth realisations are in the scope of the theory. We show that at least
for d = 1,2, such random coefficients (e.g., realisations with just some Hélder
smoothness) can be considered.

Upon finalising the paper on which this chapter is based, we learnt about the
paper by Herrmann and Schwab [39]. Our works share the same spirit in that
we are all inspired by the work by Bachmayr et al. [10]. We provide a different,
arguably simpler, proof for the same convergence rate with the exponential weight
function, and we discuss the roughness of the realisations that can be considered.

Herrmann and Schwab [39] develops a theory under the setting essentially
the same as ours. In contrast to this chapter, they treat the truncation error in
a general setting, and as for the QMC integration error, they consider both the
exponential weight functions and the Gaussian weight function for the weighted
Sobolev space. As for the exponential weight function, the current chapter and
Herrmann and Schwab [39] impose essentially the same assumptions (Assumption
3.1 below), and show the same convergence rate. However, our proof strategy is
different, which turns out to result in different (product) weights. This can lead
to a smaller implied constant in the estimate especially when the fields fluctua-
tion is large, as we discuss later. Further, in contrast to Herrmann and Schwab
[39], we provide a discussion of the roughness of the realisations of random coeffi-
cients as mentioned above. In Section 3.5, we provide a discussion via the Besov
characterisation of the realisations of the random coefficients and the embedding
results.

We now give a remark on the uniform case setting. One of the keys in
the current chapter, which deals with the log-normal case, is the estimate of
the derivative given in Corollary 3.3.2. This result essentially follows from the
bounds obtained by Bachmayr et al. [10]. The similar argument employed in
the current chapter is applicable to the randomly shifted lattice rules applied to
PDEs with uniform random coefficients considered by Kuo, Schwab, and Sloan

[65], using the derivative bounds for the uniform case considered by Bachmayr,
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Cohen, and Migliorati [9]. For this, we defer to Gantner, Herrmann, and Schwab
[32], in which not only the randomly shifted lattice rules but also higher order
QMCs were considered.

The outline of the rest of the chapter is as follows. In Section 3.2, we describe
the problem we consider in detail. In Section 3.3, we discuss bounds on mixed
derivatives. Then, in Section 3.4 we develop the QMC theory applied to the
PDE problem with log-normal coefficients using the product weights. Section 3.5
provides an application of the theory: we consider a stochastic model represented
by a wavelet Riesz basis. Then, we close this chapter with concluding remarks

in Section 3.6.

3.2 Setting

We assume that the Gaussian random field 7" admits a series representation
as in (3.1.3). We fix (Q, #,P) := (RY, B(RY),Py), where N := {1,2,...,},
B(RY) is the Borel o-algebra generated by the product topology in RN, and
Py := [[;2, Py, is the product measure on (RN, B(RY)) defined by the standard
normal distributions {Py };cy on R (see, for example, Ito [44, Chapter 2] for
details). Then, for each y € Q we may see Y;(y) (j € N) as given by the

projection (or the canonical coordinate function)
Q=R'>y—Y(y) =y eR

Note in particular that from the continuity of the projection, the mapping y — y;
is B(RY)/B(R)-measurable.

In the following, we write T" above as
T(z,y) =Y yjt(x), z€D, (3.2.1)
j=1

and see it as a deterministically parametrised function on D. We will impose a
condition considered by Bachmayr et al. [10] on (¢);), see Assumption 3.1 below,
that is particularly suitable for +; with local support.

To ensure the law on R” is well defined, we suppose

Z¢j(x)2 < oo forall x € D, (3.2.2)
j=1
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so that the covariance function E[T'(21)T (22)] = >_ ;51 ¥;(21)¢;(x2) (21,25 € D)
is well-defined.

We consider the parametrised elliptic partial differential equation (3.1.1). To
prove well-posedness of the variational problem (3.1.6), we use the Lax—Milgram
lemma. Conditions which ensure that the bilinear form 7 (y; -, ) defined by the
diffusion coefficient a is coercive and bounded are discussed later.

Motivated by UQ applications, we are interested in expected values of bounded
linear functionals of the solution of the above PDEs. We note that the linearity is
for the sake of the theoretical interest. Theoretical treatment of non-linear func-
tionals will require suitable smoothness and mild growth of suitable derivatives,
but it is almost unexplored with an exception being an attempt by Scheichl,
Stuart, and Teckentrup [88].

Given a continuous linear functional G € V' we wish to compute E[G(u(+))] :=
Jan G(u(-, y))dPy (y), where the measurability of the integrands will be discussed
later. To compute E[G(u(-))] we use a sampling method: generate realisations
of a(x,y), which yields the solution u(z,y) via the PDE (3.1.1), and from these
we compute E[G(u(-))].

In practice, these operations cannot be performed exactly, and numerical
methods need to be employed. This chapter gives an analysis of the error incurred
by the method outlined as follows. We truncate the series (3.2.1) to s terms for
some integer s > 1, which results in the coefficient a(z, (yy,...,¥,,0,0,0,...))
of the PDE (3.1.1). Further, the expectation of the random variable that is the
solution of the corresponding solution of the PDE applied to the linear functional
G is approximated by a QMC method.

Let u*(x) = u®(x, y) be the solution of (3.1.1) withy = (y;,...,¥,,0,0,0,...),
that is, of the problem: Find u®* € V such that

-V - (a(z, (Y1, --,¥s0,0,---))Vu’(z)) = f(z) in D, v’ =0o0ndD. (3.2.3)

Here, even though the dependence of u® on y is only on (yi,...,y,), we abuse
the notation slightly by writing v*(z,y) := u®*(yy,...,,,0,0,0,...).
Let ®;1: [0,1]* 3 v — ®,!(v) € R® be the inverse of the cumulative normal

distribution function applied to each entry of v. We write

F(y) =F(y,....ys) = G(u°(, 9)), (3.2.4)
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L,(F) := /E(O b F(®; ! (v))dv = G(u*(- ) [ [ 6(y;)dy = E[G(w")],

yER? j=1

(3.2.5)

where ¢ is the probability density function of the standard normal random vari-
able. The measurability of the mapping R* 5 y — G(v°(-,y)) € R will be
discussed later.

In order to approximate I,(F'), we employ a QMC method called a randomly

shifted lattice rule. This is an equal-weight quadrature rule of the form

et 255 o o (2 ).

where the function frac(-): R®* 5 y — frac(y) € [0,1)° takes the fractional part
of each component in y. Here, z € N° is a carefully chosen point called the
(deterministic) generating vector and A € [0, 1] is the random shift. We assume
the random shift A is a [0, 1]°-valued uniform random variable defined on a
suitable probability space different from (£2,.%#,P). For further details of the
randomly shifted lattice rules, we refer to the surveys Dick, Kuo, and Sloan [27]
and Kuo and Nuyens [64] and references therein.

We want to evaluate the root-mean-square error

/B8 [(EG0)] - 0,08 )7] 320

where E? is the expectation with respect to the random shift. Note that in
practice the solution u*® needs to be approximated by some numerical scheme u*,
such as the finite element method as considered in Graham et al. [36] and Kuo

and Nuyens [64], which results in computing F(y) := G(@*(y)). Thus, the error
Con 1= \/IEA [(E[Q(u)] — Qunl(A; ﬁ))ﬂ is what we need to evaluate in practice.

Via the trivial decompositions we have, using E2[Q, ,(A; F)] = E[G(@*)] (see,
for example, Dick, Kuo, and Sloan [27]),

2, = (EG(u) — G(@)])* + E* [(BIG()] - Qua(A: F)]. (327)

For the sake of simplicity, we forgo the discussion on the numerical approx-

imation of the solution of the PDE. Instead, we discuss the smoothness of the
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realisations of the random coefficient. Then, given a suitable smoothness of the
boundary 0D, the convergence rate of E[G(u) — G(@*)] is typically obtained from
the smoothness of the realisations of the coefficients a(-,y), via the regularity of
the solution u. See Graham et al. [36] and Kuo and Nuyens [64]. Therefore in
the following, we concentrate on the truncation error and the quadrature error,
the second and the third term of the above decomposition, and the realisations
of a.

In the course of the error analyses, we assume (v;) satisfies the following

assumption.

Assumption 3.1. The system (1);) satisfies the following. There exists a positive

sequence (p,) such that

Suprjo(x)] =k <In2, (b1)
zeD i>1
and further,
(1/p;) € 0 for some ¢ € (0, 1]. (b2)

We also use the following weaker assumption.

Assumption 3.1’. The same as Assumption 3.1, only with the condition (b2)
being replaced with

(1/p;) € £ for some ¢ € (0, 00). (b2)

We note that (b2’), and thus also (b2), implies p; — o0 as j — 0.

Some remarks on the assumptions are in order. First note that Assumption
3.1" implies } .-, [¢;(z)| < oo for any z € D, and hence (3.2.2). Assumption
3.1’ is used to obtain an estimate on the mixed derivative with respect to the
random parameter y;, and further, ensures the almost surely well-posedness of
the problem (3.1.6) — see Corollary 3.3.2 and Remark 1. Assumption 3.1 is used
to obtain a dimension-independent QMC error estimate — see Theorem 3.4.4,
and Theorem 3.5.1. The stronger the condition (b2) the system (1);) satisfies,
that is, the smaller is ¢, the smoother the realisations of the random coefficient
become. In Section 3.5.2, we discuss smoothness of realisations allowed by these

conditions.
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3.3 Bounds on mixed derivatives

In this section, we discuss bounds on mixed derivatives. In order to motivate the
discussion in this section, first we explain how the derivative bounds come into
play in the QMC analysis developed in the next section.

Application of QMC methods to elliptic PDEs with log-normal random co-
efficients was initiated with computational results by Graham et al. [35], and an
analysis was followed by Graham et al. [36]. Following the discussion by Graham
et al. [36], we assume the integrand f is in the space called the weighted unan-
chored Sobolev space VW?*, consisting of measurable functions f: R® — R such
that

[¥al
2
1 3|qu
= Z —/ / 8_<yu;y{1:s}\u) H O(y;) AYq1:5p\u ijz'(yj)dyu
uC{1:s} Tu JRI SRl Oy je{l:sP\u jEU
< 00, (3.3.1)

where we assume, similarly to Graham et al. [36], that

w}(y;) = exp(—2a;yl) (3.3.2)

for some a; > 0. Here, {1 : s} is a shorthand notation for the set {1,...,s} ;
lu| denotes the cardinality of the set u C {1 : s}; % denotes the mixed first
derivative with respect to each of the “active” variables y; with j € u C {1: s};
and Y., denotes the “inactive” variables y; with j € u. Further, weights
(74) describe the relative importance of the variables {y;};c,. Note that the
measure [ dy, and [ % dy, differ by at most a constant factor depending on u.
Weights (7,) play an important role in deriving error estimates independently of
the dimension s, and further, in obtaining the generating vector z for the lattice
rule via the component-by-component (CBC) algorithm. We note that the norm
Il - |lyys resembles the one appearing in the Koksma-Hlawka inequality. For more
details on this connection, we refer the interested readers to [81, Section 2.6.1],
[27] and references therein.

Depending on the problem, different types of weights have been considered
to derive error estimates. For the randomly shifted lattice rules, “POD weights”
and “product weights” have been considered [27, 64]. POD weights, which

stands for “product and order dependent form”, are the weights of the form

23



Yu = T I]je, T; specified by suitable two sets of non-negative numbers {I'}
and {7;}; and product weights are the ones of the form v, = [[,, v, with a suit-
able set of non-negative numbers {y;}. When applied to the PDE parametrised
with log-normal coefficients, the result in Graham et al. [36] suggests the use of
POD weights for the problem.

We wish to develop a theory on the applicability of product weights, which
has an advantage in terms of computational cost. The computational cost of the
CBC construction is O(snlogn + ns®) in the case of POD weights, compared
to O(snlogn) for product weights [28]. Since we often want to approximate the
random field well, and so necessarily we have large s, the applicability of product
weights is of clear interest.

Estimates of derivatives of the integrand F'(y) with respect to the parameter
y, that is, the variable with which F(y) is integrated, are one of the keys in
the error analysis of QMC. In Graham et al. [36], it was the estimates being of
“POD-form” that led their theory to the POD weights. Under an assumption
on the system (¢;), which is different from that in Graham et al. [36], we show
that the derivative estimates turn out to be of “product-form”, and further that,
under a suitable assumption, we achieve the same error convergence rate close
to 1 with product weights.

Now, we derive an estimate of the product form. Let

F = {p= (1, f12,...) € Ny | all but finite number of components of y are zero}.

For p € F we use the notation |u| = 3,5, py, pl = 1;[1%!, pr = .1;[1'0? for
JZ J=Z

p=(p;)j>1 € RY, and

(3.3.3)

y%)” .. yf{é'f) ,
where k = #{j | n; # 0}.

We have the following bound on mixed derivatives of order r > 1 (although in
our application we will need only r = 1). The proof follows essentially the same
argument as the proof by Bachmayr et al. [10, Theorem 4.1]. Here, we show a
tighter bound by changing the condition from lan to 1“72 in Bachmayr et al. [10,
(91)], and we have p*" in (3.3.4) in place of ”;—!H in the left hand side of Bachmayr
et al. [10, (92)].
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Proposition 3.3.1. Letr > 1 be an integer. Suppose (y;) satisfies the condition
(b1) with In2 replaced by 22, with a positive sequence (p;). Then, there exists
a constant Cy = Cy(r) that depends on k and r, such that

> P / Y)|V(0"u(y)) > dz < C, /D a(y)|Vu(y)| dz. (3.3.4)

HEF
el oo <7

for all y that satisfy || ZjZijijLoo(D) < oo, where u(y) is the solution of
(3.1.6) for such y. The same bound holds also for u®(y), the solution of (3.1.6)

with y = (Y1, -+, 0,0,...).

Proof. Let

A=l € Fpl = kand ], <7},
and

S, ={rveF|v<pand v # p} for pe F,

with < denoting the component-wise partial order between multi-indices. Let us
introduce the notation ||v||z( = [, a(y)|Vu|*dz for all v € V, and let

O = Z p ||8“U(y)||2(y)

REA,

We show below that we can choose 6 = §(r) < 1 such that
0 < 06k for all £ > 0. (3.3.5)

Note that if this holds then we have

Z p ||3”U(y)||3(y> = Z Z p ||3”U(y)||3(y) = Zak < Uoz5k < o0,
k=0 k=0

el oo < k=0 peAy,

(3.3.6)

and the statement will follow with Cy = Cy(r) = > 7o, d(r)".
We now show o, < 0,6*. Note that from the assumption || > is1 YWl () <
00, in view of Bachmayr et al. [10, Lemma 3.2] we have 0*u € V for any pu € F.
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Thus, by taking v := 0*u (u € A;,) in Bachmayr et al. [10, (74)], we have

Z / )| Vo*u(y) | dx

HEA
M] pj ijijj W=V v 1
<> H —) a(y) | [T 1wl | IV u(y)| Vo u(y)| d.
perwes, \ j>1 /“L D j>1
(3.3.7)
Using the notation
_ _
e(p,v)(x) = e(p,v) == TR (3.3.8)
and the Cauchy—Schwarz inequality for the sum over S,,, it follows that
o (3.3.9)
< [ 33 )l Vo u(w) Vo ay)| da (3:3.10)
/LGAk ves,
< [ S (X dirnwlrvouwl) (X dnnewlrvouwp) ar
HEA, “veES, vesS,
(3.3.11)
Let
Spe={rves,||lp-—vl =1t}
Then, for u € A, we have
|1 |1
Sp={veFlv<pv#py=JlreFlv<p lu—vi=0=J5%.
=1 =1

and further, from |u| = k, we have

Z e(pu,v) = Z Z e(p,v) = Z Z w pﬂ |¢‘u . (3.3.12)

VESH /=1 VES,U,,Z = ].VES i

Since v € S, implies > . (1; — v;) = ¢, there are ¢ factors in

5—52 IT wlw =1 +1).

JEsupp p

o6



From p; <7 (j € supp i), each of the factors is at most r. Thus,

!

<rt for pue A, veE S,y
V! ’

Therefore, from the multinomial theorem, for each x € D it follows from (3.3.12)
that

ves, (=1 veS,, (= w)! =1 |r|=t =1 r|=¢
(3.3.13)
Eo & Eoy
= T’EE(Z pilv;)E < erﬁlié <er-1<eMo1=1
=1 j=1 =1
(3.3.14)

Inserting into (3.3.11), we have

> lloruy)l;
HEA,

2

/ S e )oY uw)? | (a@)lp Vo u(y)P)

uEA, \VES,

N

dzx.

Again applying the Cauchy—Schwarz inequality to the summation over A, and

then to the integral, we have

Nl
[

/ > D clua@)lpVoruy) | | Y a@)lpVoruly)l | de

HEAL VES, HEA

<| [ XX dunawlorvouwia | o,

HEA, VES,

and hence

oy, < /Z Z e(u, v)a(y)|p" V" u(y) | dz. (3.3.15)
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Now, for any £ > 1 and any v € A, = {v € F | |v| = ¢, ||v|, < r} with
0<k—1 let

RV,é,k::{/JJGAk|UESM}:{:U€‘F‘|/L|:k7 H/JJHOOST, ILLZV, /L#V}

Then, for fixed k > 1 we can write

k—1
UUwn=UU U ww». (3.3.16)

“eAk VGS# £=0 VEAZ HeRu,é,k
Thus, we have
k—1
S Y @) Voum) = Y 3 @) Vouw)? Y ey,
HEA VES, =0 veA, HER, ok

(3.3.17)

Now, note that k — ¢ = >
5—!! < rF= Tt follows that

jesupppu M — Z]Gsupp,u ; =|u — v|. Thus, we have

N et
Z E(M, l/) = ]/' (H,T Z _ ]/ (3318)
HER, ok VER, ¢ 1 VER, 4
< rk*@ Z pT|¢|T < rk*f 1 sz*@ (3 3 19)
R P R e T >

Then, substituting (3.3.19) into (3.3.17) we obtain from (3.3.15)

k—1

k)" o, (3.3.20)

S
A
(]

o~

=0

From the assumption we have k < 2. Thus, we can take § = §(r) < 1 such
that £ < §222.

We show o, < 06" for all k& > 0 by induction. This is clearly true for k& = 0.
Suppose g, < 0y6¢ holds for £ =0, ...,k — 1. Then, for £ = k we have

1 1 1
op < re)f o, < re)f o0t < Sln 2)F o, 0°
k_gzo(k_g)!( ) z_gzo(k_g)!( )"0 _e:o(k’_@!( )" o
(3.3.21)
Al
= 00"y o (In2)"* < gy6% ("2 — 1) = 00", (3.3.22)
=0



which completes the proof. O]

With the notation

a(y) :=essinfa(z,y), anda(y):=esssupa(z,y), (3.3.23)

zeD xeD

we have the following corollary, where here and from now on we set r = 1.

Corollary 3.3.2. Suppose (1;) satisfies Assumption 8.1 with a positive sequence
(pj). Then, for Cy = Cy(1) as in Proposition 3.3.1 for any uw C N of finite

cardinality we have

Olu(y
H 8%

/_||f||v H < 00, almost surely, (3.3.24)
Pj

V J€u

where |||+ is the norm in the dual space V'. The same bound holds also for
Halu‘“ , with y = (yp,...,95,0,0,...).

Proof. First, if y € RY satisfies || 32 .., y;1;ll1~(p) < 00, then we have ﬁ <
00:
a > (inf a ex ( — esssu ’ D 3.3.25
(y) (xED 0( )) p xer ;yjl/}] ( )
and thus
L _ L ( 1Sy ) (3.3.26)
—— < — exp ( esssup o 3.
&<y) (Hlf:tED GJO(x)> zeD 5>1 7

Now, from (1/p;) € ¢ for some ¢ € (0,00), in view of Bachmayr et al. [10,

e (3000 <

for any 0 < k<oo. Thus, || 3,5, y;¥;llL~mp) < oo, and the right hand side of
(3.3.24) is bounded with full (Gaussian) measure. We remark that the B(RY)/B(R)-
measurability of the mapping y — H > is1 Y

Remark 2.2] we have

Z Y

j>1

||LOQ(D) is not an issue. See Bach-
mayr et al. [10, Remark 2.2] noting the continuity of norms, together with, for
example, Reed and Simon [85, Appendix to IV. 5].

Now, recalling the standard argument regarding the continuous dependence of

the solution of the variational problem (3.1.6) on f, we have [, a(y)|V(u(y))]* dz <
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112,
a(y
of finite cardinality we have

/’ 3Iu|u d:L'< Z / V)|V (0"u(y))[? dz. (3.3.27)

||M|| <1

. Then the claim follows from Proposition 3.3.1, noting that for any u C N

]

Remark 1. We note that following a similar discussion to the above, a(y) can be
bounded almost surely. Thus, under the Assumption 3.1’, the well-posedness of
the problem (3.1.6) readily follows almost surely. Further, Assumption 3.1" im-
plies the measurability of the mapping R®* 5 y — G(u*(-,y)) € R. See Bachmayr
et al. [10, Corollary 2.1, Remark 2.2] noting G € V', together with the fact that
a strongly .#-measurable V-valued mapping is weakly .%-measurable. For more
details on the measurability of vector-valued functions, see for example, Reed
and Simon [85] and Yosida [102].

3.4 QMC integration error with product weights

Based on the bound on mixed derivatives obtained in the previous section, now
we derive a QMC convergence rate with product weights.

We first introduce some notations. Let
A
V21 exp(a?/A*) 1
(A) =2 J A+ = 4.1
g]( ) <7T2_2A*(1 o A*)A* C ( + 2> ? (3 )

where A* := 251 "and ((z) := Y, k™" denotes the Riemann zeta function.

We record the following result by Graham et al. [36].

Theorem 3.4.1. [36, Theorem 15| Let f € W?*. Given s, n € N with 2 <
n < 10%, weights v = (Vu)ucn, and the standard normal density function ¢, a
randomly shifted lattice rule with n points in s dimensions can be constructed by

a component-by-component algorithm such that, for all A € (1/2,1],

0AuC{1:s} JEu
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For the weight function (3.3.2) we assume that the «; satisfy for some con-

stants 0 < oy < Opax < 00,

In2
max {n—, amin} < < Ohaxs jeN. (3.4.3)
J

For example, under Assumption 3.1" letting o; := 1 + % satisfies (3.4.3) with
Qpin = 1 and apay =1+ sup;, 12—]2

We have the following bound on ||F H?/v The argument is essentially by
Graham et al. [36, Theorem 16].

Proposition 3.4.2. Suppose Assumption 3.1' is satisfied with a positive sequence
(pj) such that

(1/py) € €. (3.4.4)
Then, for F' as in (3.2.4) we have

IF [y < (C*)* > <Hp> H 1n2 7o (3.4.5)

uC{1: } jcu JEu

with a positive constant

X v 1G]l 1 2 In 2
o [ [ 1] J_[ (523 ¢%%}_>]<w

inf,ep ao( >1 ] 1 Pi

Proof. In this proof we abuse the notation slightly and y always denotes
(yh'"aysaO,O,...) < RN.

From (b1l) and (3.4.4), in view of Corollary 3.3.2 for Py-almost every y we have

oM OMus L ||f]
< G|l <G LEA 3.4.6
Foc | <19 |G| <tohe Vo U gan
JEuU
Since
|y, |y,
o Sl < (3 ) s 3l < (3 2) s -l
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the condition (b1) and equations (3.4.6) and (3.3.26) together with y; = 0 for
Jj > s, imply

oM F
’ Yy

1‘[[<pj I e (122|yg!> (3.4.7)

jen ) JE{lis} /

where K+ = W19 VG

infyep ag(w)

Then, it follows from (3.3.1) that

1F 1y
2
= Z — / ’8 (Y Y(rspn) H O(y;) dYg1spu wa(yj)dyu
wC{l: }%‘ R\ SR | O je{lsh jeu
< Z -
uC{ls}

In2
exp (—m) T o) dvaaps | TTw3,) du
Hp] Pl P

/u /9 |u| . .
R R jcu J je{l:sP\u JEu

N (K*)Quc{zls} : (Hlp])

Jj€u

In
/Rs [ul H Xp (_2|y3 ) H ¢(y]) dy{l:s}\u

je{l:s}\u J je{l:s}\u

2In2
/Hexp( Iy]>Hw (y;) dy,.
Riu

JEU JEU

Note that this takes essentially the same form as Graham et al. [36, (4.14)].
Thus, the rest of the proof is in parallel to that of Graham et al. [36, Theorem
16].

Noting that 2q; 2;“2 < 0, and following the same argument as in Graham
J

et al. [36, (4.15)—(4.17)], we have

< 3 2 () (I 2en (5050 Tt

uC{1l:s} jcu je{l:sH\u Pj jeu J P

(3.4.8)
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with ®(-) denoting the cumulative standard normal distribution function. Com-
paring this to Graham et al. [36, Equation (4.17)], the statement follows from
the rest of the proof of Graham et al. [36, Theorem 16]. O

As in Graham et al. [36, Theorem 17|, from Theorem 3.4.1 and Proposition
3.4.2 we have the following.
Proposition 3.4.3. For each j > 1, let w;(t) = exp(—2q,lt|) (t € R) with o
satisfying (3.4.3). Given s, n € N with 2 < n < 10%°, weights v = (Vu)ucn,
and the standard normal density function ¢, a randomly shifted lattice rule with

n points in s dimensions can be constructed by a component-by-component algo-
rithm such that, for all X € (1/2,1],

VEA | L(F) = Q,,(A; F) < 9C*C,y ,(\n~ %, (3.4.9)

with

1 2
X

= X e ] | () Dt |

0AuC{1:s} jEU uC{1:s} Tu jeu [Ozj —In Q/pj]

JEU

(3.4.10)

and C* defined as in Proposition 3.4.2.
We choose weights of the product form

—
>

I 1)° 1
Y=nA) = (Hpj) ggj(A)[aj—an/pj] (3.4.11)

JEU
In particular, with a; :=1+1In2/p; we have

1

w=]1 (%) - (3.4.12)

JEu

Then, it turns out that under a suitable value of A the constant (3.4.10) can be
bounded independently of s, and we have the QMC error bound as follows.

Theorem 3.4.4. For each j > 1, let w;(t) = exp(—2q,lt]) (t € R) with o
satisfying (3.4.3). Let Guax(A) be ¢; defined by (3.4.1) but a; being replaced by
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Qax- Suppose (V;) satisfies Assumption 3.1. Suppose further that, we choose A

as

]
Al

555 for arbitrary 6 € (0,3]  when q € (0,

Wl

A= (3.4.13)

when q € (

W

_9q
2—q

and choose the weights 7, as in (3.4.11). Then, given s, n € N with n <
10%°, and the standard normal density function ¢, a randomly shifted lattice rule
with n points in s dimensions can be constructed by a component-by-component

algorithm such that

9C, 4sC™ ™17 when 0 < ¢ < 2,

\/EA ‘IS(F) - Qs,n(A;F)‘Q < 2—¢
9C, ,C*n" 20 when % <q< 1

(3.4.14)

where the constants C,, 5, (resp. C, ) are independent of s but depend on p :=
(pj), q and 0 (resp. p and q), and C* is defined as in Proposition 3.4.2. In
particular, with o; = 14 1n2/p; the finite constants C,, s, and C,, are both
given by

i) ) )

J=1

with \ given by (3.4.13).

1A
Proof. Let B;(X) := (%) "% Observe that with the choice of weights
1&g j
(3.4.11) we have

1

ay,sm:( > H@»(A)) <Z H@»(A)) (3.4.15)

PA#uC{1:s} jEu uC{l:s} jeu

_ ((ﬁ(1 +@(A))) - 1)2 (f[a +@(A))) . (3.4.16)

Jj=1 Jj=1

N
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Now, let J := inf;>;(a;—In2/p;), which is a positive value from (3.4.3). Further,
note that ¢;(A) < Guax(A) for 7 > 1. Then, from 3;(A) > 0 we have

H (1+8,(\) < Hexp B(0) < exp (3 8,00) (3.4.17)

Jj=1

sk

(3.4.18)

20

Thus, if >/, [ /% ] " < o0 we can conclude that C, s(A) is bounded indepen-
dently of s.

We discuss the relatlon between q and the exponent - First note that from

)\

1+/\ < 1. Suppose 0 < ¢ < 3. in this case, we always
20

1+A’ and thus (1/p;) € € (7%, Thus, dis1 [i} Y < 00 follows. Letting
with an arbltrary 6 € (0, 3], we obtain the result for ¢ € (0, %] Next,

A € (3,1], we have 3 <

have ¢ <
A=

5755
consider the case 2 < ¢ < 1. Then, letting A := A(¢) = 3., we have A € (1/2,1]
and
2 25% 2q
1+ A 1+2L 2—q+q (3.4.19)
TIx
and thus > .-, [ } < 00. O

3.4.1 On the estimate of the constant

The estimate (3.4.14) gives the same convergence rate as the one obtained by
Herrmann and Schwab [39, Theorem 13|. The weights used there are simpler than
(3.4.12). See Herrmann and Schwab [39, Equation (24)]. The essential difference
is that we incorporate the function 1/¢;()) into the weights as in (3.4.11) and
(3.4.12). An advantage of this is that, roughly speaking, when the magnitude
of {sup,cp [¢;|} is large, our estimate gives a smaller constant, as shown in
Proposition 3.4.6 below.

To make a comparison, following Herrmann and Schwab [39] we let a, = 0,

and ay = 1. Suppose the sequence {p,} that satisfies Assumption 3.1 is given by
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pj = cb% with a constant ¢, > 0 and a sequence {b,}, and let
J

= supz WJ = ﬁ ln2‘ (HS-A1)

xED Cp

This is essentially the same assumption as Herrmann and Schwab [39, Assump-

tion (Al)]. We quote the following result.

Theorem 3.4.5. [39, Theorem 13] Suppose (v;) satisfies Assumption 3.1 with a
sequence {p;} that is of the form p; = cbbij with a constant ¢, > 0 and a sequence
{b;}. Let wi(t) = exp(—2alt]) (t € R) with a parameter a > isule{bj}.
Let ¢us(N) be ; defined by (3.4.1) but with a; being replaced by o. Suppose
further that )\ is chosen as in (3.4.13), and that the weights 7, are chosen as
Y = [eu b;“. Then, given s, n € N with n < 10*°, and the standard normal

density function ¢, a randomly shifted lattice rule with n points in s dimensions

can be constructed by a component-by-component algorithm such that

VEA|L(F) = (A F) < 91 flly 1911y +/CoCins 1 Cs 2Cins s,
(3.4.20)

with

2
CHS,l = exp <Z (KHSb)2 + _KHSb ), (3421)
i1 < / \ 2T J>

| 1 bq/C2
Chs.z == €xp (ﬁ Zb?%s()\))a and  Chyg3 = exp < Z a/Z—THSb)

j21

(3.4.22)

with an arbitrarily fized constant ¢ € (0,In2/Kyg), where Cy is defined in Propo-
sitton 3.5.1.

To compare, we note that (3.4.14) can be further bounded as

1

\/]EA ‘IS(F) - Qs,n(A; F)‘Q S 9||f||V/ ||g||\/' \/UUCICQn_ﬂv (3423>

with
C, = exp (Z (%([’)1])2 n J%Fi)) (3.4.24)
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and

Cy = exp <( ;A 1) o (V)] 7 ; [%] - ) (3.4.25)

with the choice a; := 14 2. Note that the scalar In2 in (3.4.3) and (3.4.14) can
be replaced by &, which is deﬁned as in (bl).

We have the following result on the comparison of the constants.
Proposition 3.4.6. Fiz eyg > 0 arbitrarily. Let the assumptions of Theorem
8.4.9 hold with o := eyg + ksup;{1/p;}. Then, we have C; < Cygy and 1 <
Cus . Further, for A € (1/2,1] suppose

\/l—l— +1

rﬁsup— > —
Jj=1 p]

holds. Then, we have Cy < Cyg o, and therefore C,Cy < Cpg 1Chs 2Chs 3-

Proof. Clearly, we have 1 < Cyg 3. The equations (HS-A1) and p; = ¢, imply
Kygb; = f, and thus C; < Cyg; follows.
To show Cy < Cyg o, it suffices to show

A

1 1 NoT: T
(ﬁ " 5) (71'22/\*(1 - A*)A*) (34.26)
177 )
—} COA+1/2)T
Pj
2T

2exp(\hu/A)) Y |

Jj=1

NS
<§<7T22A*(\{j/\*)/\*) exp()\oﬁ//\*) 2 b;T ()\—|—1/2)

(3.4.27)

For \ € (1/2,1], we have A* = A*(\) = 235* € (0,1/4], and thus
V216 V2 V2

LS 3 T (L — A)A(D) S PO (1 — A (\)AT (V)

Hence, we have

v2n v2n " )A. (3.4.28)

<7T2_2A*(1 - A*)A*)H < <7r2—2A*(1 — A
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Further, from (1/(2X) + 1/2)214%A < 21%/)\, noting 2 < ((3/2) < (A +1/2) we
have

A

1 1 2TH% A+1/2
<—+—>21+%C()\—{—1/2)14%\ < ’ C()\_|-1/2)1+% < M (3_4.29)
2\ 2 A A
We now show 5fma = 1+ sup;j>, 5= < . The assumption /fsupjplj >
v/ KSup; 1)2
IJC\I\H = \/1+71A71 implies % <14 A, and thus
1
T Lt rsup{l/p})* < (ens + rsup{l/p;})" (3.4.30)
J J

Hence, the above together with (3.4.28) and (3.4.29) we conclude that (3.4.27)
holds, which is the desired result. O

3.5 Application to a wavelet stochastic model

Cioica et al. [18] considered a stochastic model in which users can choose the
smoothness at will. In this section, we consider the Gaussian case, and show
that the theory developed in Section 3.4 can be applicable for the model with a

wide range of smoothness.

3.5.1 Stochastic model

For simplicity we assume DC R? is a bounded convex polygonal domain. Con-
sider a wavelet system (¢g)ec, that is a Riesz basis for L?(D)-space. We explain
the notations and outline the standard properties we assume as follows. The
indices £ € v/ typically encodes both the scale, often denoted by [£|, and the
spatial location, and also the type of the wavelet. Since our analysis does not
rely on the choice of a type of wavelet, we often use the notation £ = (¢, k), and
v ={, k)| >ty k € 7y} where v/, is some countable index set. The scale
level £ of ¢, is denoted by || = |({, k)| = ¢. Furthermore, (¢)¢co denotes the
dual wavelet basis, i.e., {¢¢, P¢/) 12(p) = Ogers §,&' € V.

In the following, @ < [ means that « can be bounded by some constant
times 3 uniformly with respect to any parameters on which o and 8 may depend.
Further, a ~ 8 means that « < g and 8 < a.

We list the assumption on wavelets:

(W1) the wavelets (¢¢)ec, form a Riesz basis for L*(D);
(W2) the cardinality of the index set v/, satisfies 457, = C2% for some constant
Cy > 0, where d is the spatial dimension of D;
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(W3)

(W4)

the wavelets are local. That is, the supports of ¢, are contained in balls
of diameter ~ 27¢ and do not overlap too much in the following sense:
There exists a constant M > 0 independent of ¢ such that for each given

¢ for any x € D,

#{k € Ve | por(x) # 0} < M; (3.5.1)
the wavelets satisfy the cancellation property
—1€l(L+m
|<U, 90§>L2(D)| 5 2 g+ )|U|Wmv°°(supp(<p§))7

for |£] > ¢, with some parameter m € N, where |- |jm.. denotes the usual
Sobolev semi-norm. That is, the inner product is small when the function
v is smooth on the support supp(y¢);

the wavelet basis induces characterisations of Besov spaces Bf(Lg(D)) for

1 <p,d < oo and all t with dmax{1/p—1,0} <t < t, for some parameter

t, > 0:
) -. (3.5.2)

The upper bound ¢, depends on the choice of wavelet basis. Since t we

oLl
al=

HvHBé(Lp(D)) = (ZQZ(Hd(é_‘}’))q( Z |<Ua<ﬁe,k>L2(D)|p>

KZEO kGVg

consider is typically small, here for simplicity we define the Besov norm
as above.

the wavelets satisfy

Bod
sup | ()| = 0902%( with some 3, € R, (3.5.3)
zeD

for some constant C,, > 0. Typically we have @) ~ Zgzw(ﬂ(w — Zok)),

for some bounded function . In this case we have 5, = 1.

See Cioica et al. [18, section 2.1] and references therein for further details. See
also Cohen [19], DeVore [26], and Urban [95].

We now investigate a stochastic model expanded by the wavelet basis de-

scribed above. Let {Y}} be a collection of independent standard normal random

variables on a suitable probability space (2,.%#’, P"). We assume the random field
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(3.1.2) is given with 7" such that

Z 3 Yirly)oepen(x), (3.5.4)

l=Ly ke,

where
B1d
o, =272 " with 8, > 1. (3.5.5)

Thanks to the decaying factor oy, in view of (W1) the series (3.5.4) converges P'-
almost surely in L?(D): EP,<Z€ 0 2new, Yer(Y')? 05) =Cy >y, 2 Bi—1)de
oo. Further, o, will be used for {o,¢,} to satisfy the condition (b1).

To replace (3.1.2), we consider the following log-normal stochastic model:

a(z,y') = a.(z) + ag(z) exp (Z Z Yor(y)owps(x )) (3.5.6)

=Ly ke,

In the following, we argue that we can reorder oy, lexicographically as o,
and see it as 1p;, while keeping the law.

Throughout this section, we assume that the parameters 5, and (3, satisfy

0< B — B, (3.5.7)

and that point evaluation ¢, ,(x) (((,k) € ) is well-defined for any = € D.
Under this assumption, reordering (Y} ,0,¢, ) lexicographically does not change
the law of (3.5.4) on RP. To see this, from the Gaussianity it suffices to show
that the covariance function Ep/[T(-)T(-)]: D x D — R is invariant under the
reordering.

Fix € D arbitrarily. For any L, L' (L>L'), from the independence of {Y};}

we have

(zzm =3 S Vol ornata ) S Y ot

=Ly ke, =4y ke, (=L'+1 ke,
(3.5.8)
L
<CIM Dy 2R (3.5.9)
(=L"4+1
< 0. (3.5.10)
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Hence, the sequence { Zngzo Ekew Y,k (Y')oppp () }L is convergent in L*(QY, ).
The continuity of the inner product Ep -, -] on L?(€’) in each variable yields

Epi [T'(,)T ()] = Z Z Z Z Epr (Yo (Y)o0pr k(1) Yo o (Y )00 o o (22)]

=ty ke, U=t K €Ty
(3.5.11)

= Z Z o700 (1) e (T2), for any z,, o, € D. (3.5.12)
1=ty ke,

But wehave 3%, 371 cq, 07 ler(@1)per(@)| < CZM > prgr 2704 Hence,

Ep [T(21)T (25)] = Zﬁ%(%)‘ﬂj(%)a Ty, Xy € D.

Jjz1

. . . . . . 2
Following a similar discussion, we see that the series > i>10;3Y;¢;(x) converges

in L*(Q) for each x € D, and has the covariance function

Z Z U?@K,k(xl)Qpﬂ,k(xz)'

=0, ke,

Hence the law on R? is the same. Thus, abusing the notation slightly we write
T(.y) = TC,y), yop = Yor(y), Q =RV .=, F = F' Py := P, and
B[] i= En[.
Remark 2. Our theory at present is restricted to the Gaussian random fields with
the covariance functions of the form (3.5.12). Although there are attempts to rep-
resent a given Gaussian random fields with wavelet-like functions (see Bachmayr,
Cohen, and Migliorati [8] and references therein), unfortunately it does not seem
to be the case that arbitrary covariance functions, in particular Matérn covari-
ance functions, are representable as in (3.5.12) with wavelets with the properties
(WI1-W6).

Next, we discuss the applicability of the theory developed in Section 3.4 to
the wavelet stochastic model above. We need to check Assumption 3.1.

Take 6 € (0,4(8;, — By)), and for & = (£, k) let

pe = 27Kl = 2% (3.5.13)

with some constant 0 < ¢ < In2(MC, > e, 25(9_%(51—50)))71.
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Then, by virtue of the locality property (3.5.1) we have (bl) as follows:

sggZpg\wg \<Zpesupz 2775 ()] (3.5.14)
TR e Drev,
chC@Zz@’fz—%zﬂL <In2. (3.5.15)
EZZO

Further, we note that by reordering for sufficiently large ;7 we have

sup o0, ()| ~ j ~3(B1=Po), (3.5.16)
e

To see this, first recall that there are O(2¢) wavelets at level £. Thus, for an
arbitrary but sufficiently large j we have 24¢ < j < 2(6+D4 for some l; > Ly,
which is equivalent to

2—(€j+1)d < j—l 5 2—€jd‘

~

Now, let {; € v, be the index corresponding to j. Since ;| = ¢;, noting
By — By > 0 we have

Blé

sup |o;,(z)| = sup |0y @, (2)|=C 27 2 1978 SC, 228" j=2(B1=F0) (3.5.17)
z€D zeD 7

for any B* > [, — 3;. The opposite direction can be derived as

1
300 < 9-4dG(B-60) — & sup o (2)| (3.5.18)

Similarly, we have

o

pj o~ je. (3.5.19)

Thus, to have } >1 5 < 00, the weakest condition on the summability on (1/p;)

for Assumption 3.1 to be satisfied, it is necessary (and sufficient) to have 6 > d.
The following proposition summarises the discussion above.

Theorem 3.5.1. Suppose the random coefficient (3.1.2) is given by T as in

(3.5.4) with (@) that satisfies (3.5.3), and non-negative numbers (o,) that sat-

isfy (3.5.5). Let (pg) be defined by (3.5.13). Further, assume 3y and (3, satisfy

3 < Bi— B, (3.5.20)
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for some q € (0,1]. Then, the reordered system (o;p;) with the reordered (p;)
satisfies Assumption 3.1, and under the same conditions on w;(t), a;, and g; as

in Theorem 3.4.4 we have the QMC error bound (3.4.14):

O(n=1=9)  when 0 < q < 2,

\/EA }IS(F) - QS,n(A;F)‘Q - 2-q
O(n~2)  when % <q<1,

where § € (0,1/2] is arbitrary, and the implied constants are as in Theorem

3.4.4.

Proof. Take 0 € (§7 4(By — By)), and define (p¢) as in (3.5.13), reorder the com-
ponents lexicographically, and denote the reordered (p;) by (p;). Then, we have
(b2)

q0

1\* 1\ ¢

> (—) <> (—) < o0. (3.5.21)
i>1 \Pi > N

Further, from 6 — % + % < 0 we have (3.5.15), and thus (b1) holds. Hence,

from the discussion in this section Assumption 3.1 is satisfied, and thus in view

of Theorem 3.4.4 we have (3.4.14). O

3.5.2  Smoothness of the stochastic model

Holder smoothness of the realisations

Often, random fields 7" with realisations that are not smooth are regularly of
interest. In this section, we see that the stochastic model we consider (3.5.6)
allows reasonably rough random fields (Holder smoothness) for d = 1,2. The
result is shown via Sobolev embedding results. We provide a necessary and
sufficient condition to have specified Sobolev smoothness (Theorem 3.5.2). Recall
that embedding results are in general optimal (see, for example, [1, 4.12, 4.40—
4.44]), and in this sense, we have a sharp condition for our model to have Hélder
smoothness. A building block is a Besov characterisation of the realisations
which is essentially due to Cioica et al. [18, Theorem 6]. Here we define s :=
s(L) := Zf:% #(v/,), that is, the truncation is considered in terms of the level
L.
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Theorem 3.5.2. [18, Theorem 6] Let p,g € [1,00), and t € (dmax{1/p —
1,0},t,), where t, is the parameter in (W5). Then,

t< d(/312_ 1) (3.5.22)

if and only if T € BL(Ly(D)) a.s. Further, if (3.5.22) is satisfied, then the
stochastic model (3.5.6) satisfies E[||T*(* < E[||T%,
all L € N.

| < oo for

HBt(L (D))] L(Ls (D))

Proof. First, from the proof of Cioica et al. [18, Theorem 6|, we see that T €
BL(Ly(D)) a.s., is equivalent to

2:26('%61(1/2 VDA (457,) VP ~ 22&1 2B < oo,
=ty =ty

which holds from the assumption ¢ < d(ﬁ - ! ) Similarly, from the proof of Cioica

et al. [18, Theorem 6] we have

IE[||T||%(_§(L§(D))]5 Z QHtHd(1/2-1/D)353 (17 )P < oo,
=t

Finally, from (W5) we have

[“Ts”Bt(L (D Z 2[ (t+d(1/2—1/p)) Q.E Z Dfék’ a/ P < E[HT”%(%(L}E(D))]’

(= EO kEvZ
completing the proof. ]

To establish the Holder smoothness, we employ embedding results. To in-
voke them, we first establish that the realisations are continuous; we want the
measurability, and want to keep the law of 7" on RP.

The Holder norm involves taking the supremum over the uncountable set
D, and thus whether the resulting function @ > y — |T(.y)|c0 ) € R,
where t; € (0,1] is a Holder exponent, is an R-valued random variable is not
immediately clear. We see that by the continuity the measurability is preserved.

Sobolev embeddings are achieved by finding a suitable representative by
changing values of functions on measure zero sets of D. This change could affect
the law on R”, since it is determined by the laws of arbitrary finitely many ran-
dom variables (T'(xy),...,T(x,,)) ({z;i}iz1..m C D) on R™. To avoid this, we

-----
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establish the existence of continuous modification, thereby taking the continuous
element of a Besov function that respects the law of T" from the outset.
We want realisations of 7" to have continuous paths. Now, suppose that there

exist positive constants ¢, Cr, and t5(> d) satisfying
E[|T(z1) — T(x2)|"] < Ckr llzy — 2513, for any xy,2, € D.  (3.5.23)

Then, by virtue of Kolmogorov—Totoki’s theorem [62, Theorem 4.1] T has a
continuous modification. Further, the continuous modification is uniformly con-
tinuous on D and it can be extended to the closure D. Thus, we want 7' to
satisfy (3.5.23).

A Holder smoothness of (¢y,) is sufficient for (3.5.23) to hold.

Proposition 3.5.3. Suppose that (0,) satisfies (3.5.5). Further, suppose that
for each ((,k) € <7, the function @, is to-Hélder continuous on D for some
€ (0,1]. Then, (3.5.23) holds, in particular, T has a modification that is

uniformly continuous on D and can be extended to the closure D.

Proof. 1t suffices to show (3.5.23) holds. Fix z;,x, € D arbitrarily. First note
that

o} = E[|T (1) — T(2) "] = Z Z Ug(@é,k(xl) - W,k(%))Z (3.5.24)

ZZEO kEVz

< Cly — a0 Z > o7 < oo, (3.5.25)

l=ly ke,

where C' is the ty-Holder constant. Then, since T'(z;) — T'(xy) ~ N(0,02) we
observe that, with X 4 ~ N(0,1) we have

B{IT (1) — T(2)P"] = Bl| Xyq0r. ] = 02" E| Xy "] (3.5.26)
< C™ ||y — x| 30" <Z Z a€> E[| Xga|*™], for any m € N.

l=Ly ke,
(3.5.27)

Taking m > 27, we have (3.5.23) with ¢; := 2m,

Ckr:=C Z Z 012 E[| Xgal*™,

=Ly ke,
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and ¢y 1= 2tgm(> d) , and thus the statement follows. O

In the following, we assume ¢, is to-Holder continuous on D for some #, €
(0,1]. Note that under this assumption, we may assume ©g 1 18 continuous on D.

Using the fact that T'(-,y) € Bi(Ly(D)) = H'(D) a.s., now we establish the
expected Holder smoothness of the random coefficient a. This implies a spatial
regularity of the solution u, given a suitable regularity of D and f. In turn, for
example, the convergence rate of the finite element method using the piecewise
linear functions are readily obtained, under a certain condition on the output
functional G. See [94, Lemma 3.3] or [36, Theorem 6.

First, we argue that to analyse the Holder smoothness of the realisations of
a, without loss of generality we may assume a, = 0 and ag = 1. To see this,

suppose a,, ay in (3.5.6) satisfies a,,a, € C*1(D) for some t, € (0,1]. By virtue

of
b
/ e dr

for any xg, z;, 7, € D (2, # z5) we have

< (suB \eT@)D (1 4 olT(®) = T(x?’)’). (3.5.29)

Hﬂfl —5152”21 zeD Hﬂfl —%HQ

e — e

< max{e®, e’}|b—a| < (" +€")|b—a| for all a,b € R,

(3.5.28)

7)) — eT(2)|

‘eT(fCO)l +

Noting that HaOeTHCtl(ﬁ) < 4, llaollon py ||eTHCt1(5) (see, for example [33, p. 53])

we have

lallgen ) < ol + s, laollens (sup|eT<w>r) (1 2T e )

zeD

(3.5.30)

Thus, given a,,ay € C*1(D), it suffices to show (sup,z [e7@|) (142 1Tl ot 5y) <
oo for the Holder smoothness of the realisations of a. Therefore, in the rest of
this subsection, for simplicity we assume a, = 0 and a, = 1.

In order to invoke embedding results we assume ¢, satisfies g < |t.], and that
we can take ¢ € (0,4(8; — 1)) such that ¢ < [t]. For the latter to hold, taking
B > 3, implying % < Lg(ﬂl —1)], is sufficient, which is always satisfied for the
presented QMC theory to be applicable. See Section 3.5.2.

76



Now, take ¢, € (0,1] N (0, [t] — £]. Then, from Bi(Ly(D)) = H(D) and the
Sobolev embedding (for example, [1, Theorem 4.12]) we have

ol S (supla@)) {1+ 2T ]im ). (3531)

zeD

Similarly, we have ||la®||ct, ) < (sup,ep la®(z)]) (1 + 21T s (2,0 )

We want to take the expectation of ||a||s, ). To do this, we establish the
Z [B(R)-measurability of y — [la(-,y)||ct, 5. Taking continuous modifications
of T if necessary, we may assume paths of a are continuous on D. Then, from

the continuity of the mapping

|a(z1) — a(2,)|

{(z1,25) € D X D |z # x5} 3 (21, 29) o
||951 —szQ

€ R,

with a countable set G that is dense in {(z1,75) € D x D | z; # x5} C R? x R?

we have

sup la(x) — a(xtlz)| ~ la(z,) — a(xt12>| (3.5.32)
T1,9€ED, 17T ||SL‘1 - 1‘2”2 (z1,22)€C ||SL‘1 - $2||2

Thus, y — [la(, y)[|o+, (5), and by the same argument, y — [|a°(-, y) ot 5y, are
B(RY)/B(R)-measurable, where R := R U {—oc0} U {o0}.

From

S S - _ _ 1/2
E(IT* o) S BUT I syny0) < BUTpyyop) S (D 2P 4070) 7 < 00
€:€0

independently of s, and E[[|T|¢p)] < (2202, 24(2’5*61(51*1)))1/2 < o0, following
the discussion by Charrier [17, Proof of Proposition 3.10] utilising the Fernique’s

theorem there exists a constant M, > 0 independent of p such that
maxx {Elexp(p | 7*(,9)llop))1 Elexo® ITC. ) o) | < My (35.33)
for any p € (0,00). Together with, sup .5 |a(x)| < exp(sup,.p |T(x)]), we have

max {E[(sug |as(x)|)2p],]E[(su% |a(m)|)2p]} < M,,, for any p € (0, 00).
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Hence, from (3.5.31) we conclude that

Elllally, ) < max{1,27" 1/2}\/ sup la(o)]) " \/U+ B[ Ty 0 ] < o0

x€D
(3.5.34)
Similarly, we have
Eflla’ |, )
< maX{LQP—I/Q} E Sup|a5 ) ]\/1+4PE[||T‘SH ))] < 00,
x€D

where the right hand side can be bounded independently of s.

On the smoothness of the realisations our theory can treat
We now discuss the smoothness of the realisations that the currently developed
theory permits. From the conditions imposed on the basis functions, e.g., the
summability conditions, random fields with smooth realisations are easily in the
scope of the QMC theory applied to PDEs. Here, the capability of taking a
reasonably rough random field into account is of interest. Thus, we are interested
in the smallest 5, our theory allows us to take : Given f,, in view of Theorem
3.5.2 the smaller the decay rate 3, of o, is, the rougher the realisations of (3.5.4)
are.

Typically, L? wavelet Riesz basis have growth rate 5, = 1, where 3, is the
parameter for the growth rate as in (W6). Then, the condition 2 < 3, — f3,, the

weakest condition on ; in Theorem 3.5.1, is equivalent to
2
G, =3+ 7 for any ¢ > 0, (A1)

where the factor % is introduced to simplify the notation in the following dis-
cussion. In the following, we let 5, = 1, take f; as in (Al), and discuss the
smoothness of (3.5.4) achieved by taking small £ > 0, i.e., smallest 3; possible.
Our discussion will be based on Sobolev embedding results.

We first note that from BL(L*(D)) = H'(D), in view of Theorem 3.5.2,
T(-,y) € HY(D) a.s. if and only if the condition (3.5.22), holds.

In applications, d = 1,2, 3 are of interest. We recall the following embedding

results. See, for example, Adams and Fournier [1, p. 85].  For d = 1,2, and 3

78



| |t <98 —1) |t <28 — 1) with 8, =3+ 2¢/d for some (g > 0) |

d=1[t< (B8 —1)/2 t<l+e
d=3]t<3(B —1) t<3+e¢

Table 3.1: For B, = 1, the upper bound for the exponent ¢ for realisations of T’
to have H'-smoothness is d/2(3; —1). Column 2 shows this upper bound varied
with the spatial dimension d. Column 3 shows the smallest bound on ¢ allowed
by the presented QMC theory: The case 5, = 3 + 2¢/d for small € > 0

respectively, with 5, = 3+ 2¢/d the condition (3.5.22) reads t < 1+¢,t < 2+¢,
and t < 3+¢. See Table 3.1, which summarises the condition (3.5.22) with (A1).

For d = 1 and d = 2, realisations that allowed by ¢ < 1 + ¢, and respec-
tively t < 2 + ¢, seem to be rough enough. For d = 1, H'(D) is characterised
as a space of absolutely continuous functions. Since in practice we employ a
suitable numerical method to solve PDEs, the validity of point evaluations de-
mands a(-,y) € C(D). For d = 2, we know H?(D) can be embedded to C%*(D),
(t € (0,1)). This is a standard assumption to have the convergence of FEM with
the hat function elements on polygonal domains.

For d = 3, we have t < 3+¢. We know H3(D) = H'™?(D) can be embedded
to C(D), (t € (0,2 — 2] = (0,3]). In practice, we employ quadrature rules to
compute the integrals in the bilinear form. That a € CH(D) (¢ € (0, 3
reasonable assumption to get the convergence rate for FEM with quadratures.
As a matter of fact, we want a(-,y) € C?"(D) to have the O(H?") convergence of

]) is a

the expected LP(Q)-moment of L?(D)-error even for C?-bounded domains. See
Charrier, Scheichl, and Teckentrup [16, Remark 3.14], and Teckentrup et al. [94,
Remark 3.2].

Finally, we note these embedding results are in general optimal (see, for ex-
ample, [1, 4.12, 4.40-4.44]), and in this sense, together with the characterisation

(Theorem 3.5.2), the condition for our model to have Holder smoothness is sharp.

3.5.3 Dimension truncation error

In this section we estimate the truncation error E|u — v’||;,. As in the previous
section, the truncation is considered in terms of the level L and we let s = s(L) =
Zf:% #(7¢). Let a® be a(z,y) with y; = 0 for j > s, and define a°(y), a°(y)
accordingly.

Proposition 3.5.4. Let u be the solution of the variational problem (3.1.6)
with the coefficient given by the stochastic model (3.5.6) defined with (3.5.4)
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and (3.5.5). Let ) be the solution of the same problem but with y; =0 for
j > s(L). Then, we have

Bfflu—w @] < (3 2camne)E, (3.5.35)
(=L+1

for any € € (0,2min{t,,d/2(5; —1)}).

Proof. By a variant of Strang’s lemma, we have

o=l < o =@l (3530

for y such that a(y), a*(y) > 0. We first derive an estimate on [|a — a*|| o p)-
Fix t € (0,min{t,,d/2(5; —1)}) arbitrarily, where t, is the parameter in
(W5). For t € (0,4(8, — 1)), choose By € [1,00) such that % < t so that we
% —1),0} < t, from
Theorem 3.5.2 there exists a set Q5 C 2 such that P(€y) = 1 and T(-,y) €
BL(LPo(D)) for all y € Qy with any § € [1,00). Then, letting T"(z,y) :=
ZZL:% > kew, Yek0epek(x), from the embedding result of Besov spaces [1, Chapter
7], and the characterisation by wavelets (W5) for any L, L' > 1 (L > L") we

have

can invoke the Besov embedding results. Since max{d(

R A O RS O R CE] (3.5.37)
L a/Bo\ 1/a
~ ( Z 2€(t+d(1/2—1/ﬁo))q( Z |0éy£,k|r)o) ) < 00,
=L'+1 ke,
(3.5.38)

for all y € ©y. Thus, the sequence {TX(-,y)}, (y € Q) is Cauchy, and thus

convergent in L>°(D). Hence, we obtain

- *° a/p
HT(a y) - TL(”y)quo(D) S Z 2Z(t+d(1/2_1/§))q< Z |0'gyg7k|p> a.s.,
¢(=L+1 keE/,

(3.5.39)
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for all p € [1,00) such that %l <t, and any g € [1,00). For such p and g, from

Cioica et al. [18, Proof of Theorem 6], we have

E[||T(.,y)—TL(-,y)Ilqoowﬂ S Z QU+d(1/2-1 /B3 (47 )P (3.5.40)

(=L+1
~ Y Al < oo (3.5.41)
(=L+1
Further, from (3.5.28) we have
s 2
]E|: HCZ(LE, y) —a (L)($’ y)HLoo(D) ]
< (sup |ag()*)
zeD
2
X E[exp(2 [T y) | o) + exp@IT ) e o EL|T = T2 ]

(3.5.42)

The sequence (pg) defined by (3.5.13), when reordered, satisfies (1/p;) € 05+ for
any € > 0. Thus, from the proof of Corollary 3.3.2, as in Bachmayr et al. [10,

Remark 2.2], we have

max {Elexp(2 [T, y) | (o)} Elexp@UT ¢, y)ll o))} < M, (3.5.43)

where the constant M, > 0 is independent of L.
Together with (3.5.36), we have

ol

1 i s12 1
E| | "Ellla = a1} ) < o0,

Bll—wly) < Wl B ) B

(a(y))*

where Cauchy—Schwarz inequality is employed in the right hand side of (3.5.36).
To see the finiteness of the right hand side of (3.5.44), note that
1 1 1
< T|| o
iy = ke o) STl

< T Lo
as(y) = ianED ao(flj) eXp(” ||L (D))a

and further, from the same argument as above, we have

max { Efexp(4 | T(,y) | (), Elexp(d| T“(,y) | (p)] } < Ma,  (3.5.45)

where the constant M, > 0 is independent of L.
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Therefore, from (3.5.41), (3.5.42), and (3.5.44) we obtain

Bf[ju—u®|,) SE[||T = 7"} npy )7 S (32 2@ 0)7 (35.46)
{=L+1

Letting €’ := 2t completes the proof. ]

We conclude this section with a remark on other examples to which the
currently developed QMC theory is applicable. Bachmayr et al. [10] considered
so-called functions (1/;) with finitely overlapping supports, for example, indicator
functions of a partition of the domain D. It is easy to find a positive sequence
(pj) such that Assumption 3.1 holds, and thus Theorem 3.4.4 readily follows.
However, for these examples, due to the lack of smoothness it does not seem
that it is easy to obtain a meaningful analysis as given above, and thus we forgo

elaborating them.

3.6  Concluding remark

We considered a QMC theory for a class of elliptic partial differential equations
with a log-normal random coefficient. Using an estimate on the partial deriva-
tive with respect to the parameter y, that is of product form, we established a
convergence rate ~ 1 of randomly shifted lattice rules. Further, we considered a
stochastic model with wavelets, and analysed the smoothness of the realisations,
and truncation errors.

In closing we note that the currently developed theory works well for (1)
with local supports such as wavelets as described, but does not work so well for

functions with arbitrary supports. In fact, under the same summability condition

> (sup|e;(x)])” < oo for some p € (0, 1]

i>1 xeD

considered by Graham et al. [36], letting p; := c(sup,ep [¢;(x)])P~" with a suit-
able constant ¢ > 0, one can apply Theorem 3.4.4 with ¢ := ¢(p) := ﬁ. Conse-
quently, one gets the convergence rate ~ 1 for p € (0, % + ¢] for small €. Under
a weaker summability condition than this — similarly to the uniform case [65,
p. 3368, for p € (0, %] — the rate &~ 1 with product weights already follows from
the results by Graham et al. [36]; we are grateful to Frances Y. Kuo for bringing
this point to our attention.

Another point related to the above concerns the cost of the CBC construction.

Suppose that we can represent a given random field with two representations:
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spatial functions with local support and global support. Let s(L) be the trunca-
tion degree as in Section 3.5.2 for the local support, and s be the one for global
support as in Graham et al. [36]. We mentioned that the generating vector for
the lattice rule can be constructed with the cost O(s(L)nlogn) with the CBC
construction algorithm. In Graham et al. [36], the POD weights led to the cost
O(snlogn + 3*n). Given a target error, it is not clear which order is larger: we

might require s(L) > § to have a desired truncation error.
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CHAPTER 4

Discrete error estimate and discrete maximal regularity
of a non-uniform implicit Euler-Maruyama scheme

for a class of stochastic evolution equations

Abstract of this chapter

An implicit Euler-Maruyama method with non-uniform step-size ap-
plied to a class of stochastic evolution equations is studied. A spectral
method is used for the spatial discretization and the truncation of the
Wiener process. A time discretised error estimate is shown. Further, a
discrete analogue of maximal L2-regularity of the scheme and the stochas-
tic convolution is established, which has the same form as their continuous

counterpart.

4.1 Introduction

Our interest in this chapter lies in an approximation of the solution of the class
of stochastic partial differential equations (SPDEs) of parabolic type. We con-
sider three discretisations: temporal, spatial, and the truncation of the infinite-
dimensional space-valued Wiener process. We establish a temporally discretised
error estimate, and a discrete analogue of maximal regularity estimate.

In more detail, with a positive self-adjoint generator — A with compact inverse

densely defined on a separable Hilbert space H, we consider the equation

{ dX(t) = AX(t)dt+ B(t, X(£)dW (),  for te (0,1] 1)

X(0) =¢,

where the mild solution X takes values in H. The assumption on B and the
@-Wiener process W will be discussed later.
In practice, such SPDEs need to be discretised. Temporally, we consider

the implicit Euler-Maruyama method with a non-uniform step—a generalisation
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of the uniform step. Spatially, we consider the spectral method. We further
discretise the Wiener process.

The Wiener process, which is assumed to admit a series representation, takes
its value in an infinite-dimensional space. The Euler-Maruyama method intro-
duces the increments of such a process, but they need to be further approximated:
each increment corresponds to infinitely many random variables, but in practice
we can simulate only finitely many of them. For the approximation, we truncate
the Wiener process, i.e., we use a type of truncated Karhunen—Loeve approxi-
mation.

This chapter is concerned with two properties of the algorithm described
above: approximation error, and discrete maximal regularity. We first establish
an error estimate (Theorem 4.4.8) in terms of the L*([0,1] x Q; H)-norm, where
the temporal integration in the error estimate is treated discretely. We then show
that the aforementioned algorithm satisfies a discrete analogue of an estimate
called maximal regularity (Corollary 4.5.6).

Maximal regularity is a fundamental concept in the theory of deterministic
partial differential equations (see, for example [3, 63, 70] and references therein).
Similarly, in the study of stochastic partial differential equations the maximal
regularity is an important analysis tool [22, 21] as well as an active research area
[97, 96, 7, 98]. In our setting, the above equation (4.1.1) can be shown to satisfy

the maximal regularity estimate of the form

1 1
2 2 2
BN g 105 U s+ [ BB XD, 00y
(4.1.2)

where ¢ > 0 is a suitable parameter depending on the operator B; D(A”“%) is the
domain of the fractional power A“*2 of A in H; and Ly(Hy, D(A")) is the space of
Hilbert—Schmidt operator from H,, the Cameron-Martin space associated with
Q, to D(A"). More details will be discussed later. In Corollary 4.5.6, we establish
a discrete analogue of the estimate (4.1.2).

To motivate our study in this chapter, we now review the literature. The
aforementioned discretisation with non-uniform step was originally considered
by Miiller-Gronbach and Ritter [77, 76] for the stochastic heat equation over the
hyper-cube. In terms of the time step size, our error estimate (Theorem 4.4.8)
has the same convergence rate as what Miiller-Gronbach and Ritter [76] obtained,
where the error was estimated in terms of the L?([0, 1] x Q; H)-norm with the

continuous time integration. In [77, 76], the resulting non-uniform scheme was
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shown to achieve an asymptotic optimality, which in general cannot be achieved
by schemes with uniform step-size.

The error analysis presented here is based on [54], a paper completed by
the author during this PhD study together with Quoc T. Le Gia. In [54], we
considered essentially the same algorithm as in [76], but applied to the stochastic
heat equation on the sphere, and further analysed the error. This was not trivial.
The proofs in [76] that validate the non-uniform time step do not seem to be
easily generalisable to the spherical case: in the argument in [76], the fact that the
eigenfunctions of the Laplace operator on the cube with the Dirichlet condition
are uniformly bounded is repeatedly used in the proof; further the fact that these
eigenfunctions are again those of the classical first order derivatives is crucial.
On the sphere, we have neither of the properties. See [54] for more details.

We have noted that the problem formulation (4.1.1) generalises the heat
equation considered in [76] as well as [54]. There, the temporal step-sizes were
related to the variance of the projected one-dimensional Wiener processes. Their
use of non-uniform time step was motivated by the following observation: upon
the truncation, the Wiener increment is that of the sum of finitely many one-
dimensional Wiener increments; these Wiener increments, which have the same
law as the normal random variables, have different variances—the eigenvalue of
the covariance operator; and thus one should change the time steps for accord-
ingly to the variances.

The generalisation presented here reveals what seems to be more essential—
how the stochastic forcing term operator acts on eigenspaces of the covariance
operator (see Assumption 4.2), as opposed to the eigenvalues of the covariance
operator—to determine the step-size. Assumption 4.2 is satisfied in [76] and
[54], where the stochastic heat equations over the unit cube and the unit sphere,
respectively, are considered. Other contributions to the error analysis of the
numerical methods for SPDEs include [83, 100, 101, 47].

In recent years, the study of discrete analogues of the maximal regularity
has been attracting attention for deterministic partial differential equations |2,
5, 15, 55, 56, 58, 67]; to the best of the author’s knowledge, corresponding
properties of numerical methods for stochastic PDEs have not been addressed
in the literature. We focus on the case where the operator A and the covariance
operator () share the same eigensystems. This prototypical setting is partly
motivated by applications in environmental modelling and astrophysics, where

covariance operators—of the random fields [13, 71|, and of the Wiener process
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for the stochastic heat equations [66, 4] for example—the eigenspaces of which
are the same as those of the Laplace operators play important roles.

Maximal regularity of stochastic and deterministic equations are different in
nature. As we see in (4.1.2), given a suitable smoothness of the initial data
the solution is “one-half spatially smoother”, than the range of the diffusion
operator B(t,z). This estimate optimal, in that the solution cannot be spatially
smoother in general (see [60, Example 5.3]). To put it another way, as described
in [22, Chapter 6], the regularity one can obtain is the half of the corresponding
regularity for the deterministic case.

The structure of this chapter is as follows. Section 4.2 recalls some definitions
and basic results needed in this chapter. Section 4.3 introduces the discretised
scheme we consider. We provide a discrete error estimate in Section 4.4. Then,
in Section 4.5 we show a discrete maximal regularity. We conclude this chapter

in Section 4.6.

4.2 Setting

By H we denote a separable R-Hilbert space (H, (-,-),| - ||). Let —A : D(A) C
H — H be a self-adjoint, positive definite linear operator that is densely defined
on H, with compact inverse —A~!. Then, A is the generator of the Cy-semigroup
(5(1))i0 = (e);>0 acting on H that is analytic. Further, there exists a com-
plete orthonormal system {h;;} for H such that —Ah;, = A;h., each eigenspace

is of finite dimensional, and

D<A < A< <A <o

J

and \; — 0o as j — oo, unless —A™!

is of finite rank. Let span{h;, | j € A;}
denote the j-th eigenspace with an index set A; of a finite cardinality. Then, we

have the spectral representation
S(t)r = Z Z e (z, hy) hyy € H.
j=1 keA,
For r € R, let us define the domain D(A") of the fractional power A" of A by

][ Deary = Z Z A <xvhjk>2 < OO}'

j=1 k€A,

D(A") := {:U cH
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We obtain a separable Hilbert space (D(A"),(:,")pear), |l - [lpcary) by setting
() pary == (A7, A™).

For more details for the set up above, see for example [51, 70, 90, 102].

Let (€2,.%#,P) be a probability space equipped with a filtration satisfying the
usual conditions. By W: [0,1] x Q — H we denote the Q-Wiener process with
a covariance operator () of the trace class. We assume that the Wiener process
W is adapted to the filtration. Further, we assume that the eigenfunctions hy,,

of A is also eigenfunctions of @) with
Qhﬁm = qﬁhﬁmu

such that Tr(Q) = 222, 37, cn, (Qhms bum) = 22021 D en, @ < 00. 1t is well-
known that W taking values in H can be characterised as

=3 VaBmhe s,

(=0 meA,

where f3,,, are independent one-dimensional standard Brownian motions with the
zero initial condition realised on (2,.#,P) that are adapted to the underlying
filtration, and that the series converges in the Bochner space L*(Q; C([0,1]; H)).
The -Wiener process takes values in H by construction. Here, since A and
@ are assumed to share the same eigenfunctions, we can provide finer character-
isations of the regularity.
Remark 3. Let r > 0 and ¢ € (0,1]. Then, >33, o\, A7'¢r < o0 if and only if
W(t) € D(A"), a.s. Indeed, we have

E[[[W(t) ||D AT tz Z X g

{=1 meA,

We introduce the Hilbert space Hy, = Q'/?(H) equipped with the inner prod-
uct

(hy,ho)y = (Q72hy, Q7 ?hy)  for hy, by € H,

where Q72 1= (QY?] er(gu/zy) Q2(H) — (ker(QY2))* is the pseudo-inverse
of QY2

In the following, @ < b means that a can be bounded by some constant
times b uniformly with respect to any parameters on which a and b may depend.

Throughout this chapter, we assume the following.
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Assumption 4.1. For some ¢ > 0, we assume B: [0, 1|x D(A") — Ly(Hy, D(AY))
is B([0,1]) @ B(D(A"))/B(Ly(Hy, D(A")))-measurable, where for a given normed
space (2, - ||2-) the Borel o-algebra associated with the norm topology is
denoted by B(Z"). Further, let B satisfy the Lipschitz condition: for ¢ € [0, 1],
u,v € D(A") we have

| B(t,u) — B(t,v)| ,(m,,0a0)) = |4 — v peas,

and the linear growth condition: for ¢ € [0, 1], u € D(A") we have

| B(t, u)ll 2, my,00a0)) =14 [[ullpeay-

We recall the following existence result, which can be found in, for example,
[22, Section 7.1].
Theorem 4.2.1. Suppose that B satisfies Assumption 4.1 with some ¢ > 0.
Then, for § € D(A") there exists a D(A*)-valued continuous process (X (t))iejo 1]
adapted to the underlying filtration satisfying the usual conditions such that

X(t) = S(t)e + /OtS(t—s)B(s,X(s))dW(s), te0,1] as (421

Moreover, this process is uniquely determined a.s., and it is called the mild so-
lution of the stochastic evolution equation (4.1.1). Further, for any p > 2 we

have

sup X (£)[[% 4., < oo. (4.2.2)
t€[0,1]

For the mild solution X, let
X() =Y Xy, Xp(t) = (X(t), hy) .
j=1 keA;

Then, the processes X, = (X;x(t))sep,1) satisfy the following bi-inifinite system

of stochastic differential equations:

AX(t) = =N X()dt + 3272, 3 e, v/ (Bt X (6)hom, k) dBan (t)
X;(0) = (& hj), for jeN, kecA;

J
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Each process X, is given as

Xjk(t) =N <§a hjk>

Y va /0 e (B(5, X (5)homs ) dBym(5),

{=1 meA,

where the series in the second term is convergent in L?(2), due to (4.2.2) and
Assumption 4.1.

We have the following spatial regularity result.

Proposition 4.2.2. Suppose Assumption 4.1 is satisfied with some + > 0, and
the initial condition satisfies & € D(A"). Then, we have the estimate

1 1
2
By ds < Melbas + | BB O], g, piy O (423

Proof. 1t0’s isometry yields

L L 2
NIE(X 4 (s)) = exp(=2X;8) A2 (€, hy)

—i—/ exp(—2X;(s — r)))\jEHB*(T,X(T)))\;thkH%IOdr,
0

where B*(r, X (r)) denotes the adjoint operator of B(r, X (r)). Therefore, it holds
L L 2 * —t

that [ A2 X(5) 2 ds < A2 (& hy)” + [y EIIB*(r, X (r))A; by |3, dr, and

thus summing over j > 1, k € A; yields the desired result. O

Remark 4. We note that the solution is spatially one half smoother than the
range of B(t,z). This is in general optimal, in that the solution cannot be spa-
tially smoother in general ([60, Example 5.3]). Note that here we need only ¢ €
D(A"); in contrast, to obtain sup,c ) E[| X (s) we need € € D(A™T?).

For more details, see [60, 59] and references therein. For recent developments of

HQD(AL+1/2)
maximal regularity theory, see [97, 96].

4.3 Discretisation

This section introduces the scheme proposed by Miiller-Gronbach and Ritter [77,
76]. In this regard, let us first discretise the interval [0, 1] with a uniform par-

tition, i.e., we partition the interval with ¢; = i/n, for i = 0,1,2,...,n. For
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integers J, L € N, an Ito-Galerkin approximation X (¢;) to (4.2.1) with the tem-
poral discretisation being the implicit Euler—-Maruyama scheme with a uniform

time discretisation is given by

with coefficients (X (t;), h;;,) defined by ijL(O) = (& hy), and
—JL AN gL
X (t) = (1 + #) (Xjk (1)

L
—JL
+> 0 \/q_e<B(ti—1, X7 (1)) hjk> (Bem (£:) — 5%(@'—1)))-
{=1 meA,
Miiller-Gronbach and Ritter [77, 76] noted that the projected Q-Wiener pro-
cesses /QBum = / (Qhoms i) Bon = (W (t), hyy,) have varying variances de-

pending on the index ¢. This observation motivated them to use different step-

sizes depending on ¢. Following them, we evaluate the standard one-dimensional

Wiener process 5,,, at each level £ = 1,..., L at the corresponding n, € N nodes
1
O<t1,f<'”<tng,€:17 where ti7g:n— for 7;:0,...,77/@.
¢

L

Then, the discretisation of the truncated ()-Wiener process Z Z Ve BemPem
(=1 meA,

in general results in a non-uniform time discretisation:

L

O=71y<--<7y:=1, where {15,...,7n}:= U{tw, . ,tnbg},
=1

and to, = 79 = 0 for all £ € N. To write our scheme in the recursive form, we

introduce the following notations. Let

K,={e{0,1,....L}| 7, € {toss- - tui}}, (4.3.2)

forn=0,..., N and we define s, , forn=1,... ,Nand £ =1,...,L by

Sy i= MAaxX {{toj, . ,tnM} N[0, Tn)}.
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We further introduce the following notation for the product of eigenvalues of the

operator (I — - _lT — A)~1, which we use for the approximation of the semigroup

generated by A. For any 7, <7, , we let

27

2 1

R, (7,5 7y,) = H 1+ \

v=n;+1

, (4.3.3)

j(Tu - 7_1/71)

with the convention [[, = 1. Note that s, ,,t,_ 1, € {7,...,7n}. Then, for
n=1,..., N, the drift-implicit Euler—-Maruyama scheme in the recursive form is

given by,

R r) = Ry (107 (X]JkL T)+ 0 3 i (Bl X (5,0 o B )

Lell,, meA,

X R (8,0 Ty—1) (Bem (1) — ﬁm(sn,z)))
Equivalently, the above can be written in the convolution form

X3,

(10, Ty <£7h]k>+zz Z \/_< tic1,0, X L(ti—1,€>>h€mahjk>

=1 meA, 71 <t; 4 <7,

X R (ti—1,0,T) Bem (tie) — Bom(ti—1.0))- (4.3.4)
Then, we use
X (7, ZZX# T by for n=1,...,N (4.3.5)
J=1 keA;

as our approximate solution.

We note that this scheme generalises the aforementioned approximation X
with the uniform time step as in (4.3.1): XM s nothing but X+ with ng =N
for{=1,...,L.

4.4 Discrete time integral error estimate

The aim of this section is to show the error estimate given in Theorem 4.4.8. We
study the error under the following Lipschitz condition. This property will be

used to justify the use of different step-sizes depending on ¢. Assumption 4.2 is
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satisfied in [76] and [54], where the stochastic heat equations over the unit cube

and the unit sphere, respectively, are considered.

Assumption 4.2. We assume that for any ¢ > 1, z,x,,2, € H and t € [0, 1] we
have a positive number v, such that ) ,° v, < co and

> IB o) Vachom|* < 71+ al?), (4.4.1)

mEAg

and

> Bt 21) = Blt,22)adhm® < vellzy — s, (4.4.2)

mEAg

Further, for any s,¢ € [0,1] and € H we have

S (B(s,2) — Bt ) aihenl? < 71 + 2]t — 51 (143

mEAg
Assumption 4.2 describes the regularity of B: [0,¢] x H — Ly(H, 4, H), where
Hy, = span{\/qh, | m € A} C Hy, is the (-th eigenspace of () in H,. For

example, (4.4.2) can be rewritten as

1B(t, 1) — Bt o)l 2y pmr) < Vel — 22|

Note that Assumption 4.2 states the separately continuity of B from the product
of separable metric spaces [0,1] x H to Ly(H,, H). Thus, by a property of the
Caratheodory function B is product measurable. Therefore, Assumption 4.2
implies Assumption 4.1 with ¢ = 0.

We start our analysis by considering the following semi-discrete—temporally

continuous—scheme given by

X7E(t) Z > XGEBh (4.4.4)

J=1 keA;

with the real-valued process X;]’L = (X]‘.],;L(t))te[oﬂ that solve the finite-dimensional

system

dXG,(t) = =\ XM dt+z > (B, X)) /@b hix) dBen (1)

{=1 meN,
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with the initial condition XJ‘.],;L(O) = (&, hji,). Each process XJ‘.],;L is given as

X 0) = (€ )

(4.4.5)
+Z Z / S XJL( ))\/q_fhémahjk>dﬁém<3)
(=1 meA,

From (4.2.2) with ¢ = 0 we have
sup E|| X (s)|]* < c. (4.4.6)

s€[0,1]

Further, by the same argument given in [76, (6.8)] we have

sup E|| X7 (s)]? < c. (4.4.7)

s€[0,1]

We have the following truncation error estimate with a discretised temporal

integral.

Proposition 4.4.1. Let Assumption 4.2 hold. Then, we have

E[ Y IX(r) = X @)~ 7o) 2 =+ 3

A
T =L

where XL is defined as in (4.4.4).

Proof. We first note that Assumption 4.1 is satisfied.

For any t € [0, 1] we have the trivial decomposition

X(t) =Y (1) + Y7 (1) Z Z jrhn(t)

j>J+1keA;

VR =305 S S [ oA = Bl X6 ) 5]

j=1 k€A, £>L+1meA,

<.
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Then, we have

2

IX(8) = X M@ = Y@l + + V() = X))

Z Z X ()hir

J>J+1keA,

(4.4.8)
First, from (4.4.1) in Assumption 4.2 and (4.4.6) we have

t
BV Lo < 3 Y [EIB6 X)Wl ds = Y <
{>L+1men, 0 0>L+1
(4.4.9)
Next, fixing arbitrary j € N and k € A; we have for any n € {1,..., N}

n

n 7,
S BN mIPIn -~ n) =D [ e (g ) P
v=1 v=1"YTv-1
> n TIJ TI./
SN [ e IR (B, X () s ) st
(=1 meA, v=1"Tv-170

Letting Zyx := 3.2 ;1 Zke/\j (x, hjy) hjy, for © € H, we have

ST NN e NTIR(B(s, X(8)) Ve hy) |

J>J+1keA; £=1 meA,

=" 3 " E|S(r, — )25 B(s, X(5)V/@heml|?

(=1 meA,

<|[|S(r, - 3)||vf—>HE||B(Sa X(S))H%Q(Hoﬂy

where Vi := {z € H | (x,hy,) =0, for j > J+1, k € A;}. Thus, noting

1S(7, = s)llviom = e~ *+1(w=5) from the Lipschitz condition and (4.4.6) we have

SN N EIXGE)AE )

v=1 j>J+1 keA,

T 1 n T, 1
< [ e Puntag|e)? + (1+ sup E[X(s )||2) / dt < <e.

/0 2)\J+1 s0€[0,1] 0 ; T,_1 )\J+1
(4.4.10)
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Finally, we consider a bound of E|Y/£(t) — X7L(¢)||?. Similarly to the above,
for any j € N, k € A; and any t € [0, 1] we have

t
/E]Xjk(r)Ier
0
1
<5 hiw) I+ —Z > / E[(B(s, X (8))v/@them: hy) |* ds.
] {=1 meA,
Letting C; = [ (& hju) > + Jo Bl (/@rhems B(s, X (5))"hje)y [*ds, the linear

growth condition (4.4.1) and fol E|| X (¢)||?dt < ¢ implies

>SS 6 N+ [ EIX@R s <e

J=1 keA;

and thus

[P SLENCE

j>J+1keA;

(4.4.11)

Now, the Lipschitz condition (4.4.2) implies

E[Y"(t) — X (@)

DY / exp(—2),(t — $))E[{(B(s, X(5)) — B(s, X ()))y/Ghoms hyr)?] ds
/ (X (s) — X(s)|?] ds

<Yt [ S RN s [ R - X

>L+1 §>J+1 keA;

t
< 2c+/ ]EHYJ’L(S) —XJ’L(S)HQdS,
0

where in the last line (4.4.9) and (4.4.11) are used. Noting E|Y/L(s)|]? <
E|| X (s)||?, in view of (4.4.6) and (4.4.7) we have

sup E[[Y 7 (s) — XM(s)|? < oo,
s€[0,1]
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and thus the Gronwall’s lemma implies
1
EIY40) - X0 < Y vt [ Y S BN ds
>L+1 0 j>J+1keA,

From this inequality, together with (4.4.8), (4.4.9), (4.4.10), and (4.4.11), the

statement follows. O

We need the following estimate on the discretised solution due to [76].

Lemma 4.4.2. Suppose Assumption 4.2 is satisfied. Then, XL defined as in
(4.3.5) satisfies

E[ max }H)?J’L(Ty)nﬂﬁ.

Proof. The statement is essentially implied by [76, Lemma 6.4]. ]

We now proceed to discuss properties of the spectral approximation R; of

the semigroup. We use the notation

Lemma 4.4.3. Forany ¢ € {1,...,L} andi € {1...,n,}, we have

> (R (ti 10, 7y) — exp(=A; (1, — ti1.0))) (1 — 7y 1) < %

Tn*(i—1,0)+1 STU <t~

Proof. Define constant interpolations

1 t="1i 10
it 14 (t) == s
9“‘j(ti—l,faT’r]) te (Tn—th]a n=n (Z - 176) + 17 s 7N'
and
1 t=1ti 14
hjvti—l,€<t) =

exp ( - >‘j(7-77 - ti—l,é)) te (Tn—laTn]: n= 77*@ o 176) + 17 cee ,N.
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Let f(t) :=gj4, ,,(t) = hjy,_,,(t). Then, we have

Z (g{j(ti—l,éa Tn) - exp(_)‘j(Tn - ti—l,ﬁ)))2(7—n - 7—77—1)

Ty*(i=1,0)+1 STy <TN

1 9 1
~ [ = b 0= [P

Put k* := [t,_; ,n*]. Then, noting 0 < f <1, we have

1 n*—1  a(k+1)/n*
| veraz 3 [ o

gD TR

Following the argument in the proof [76, Lemma 6.3] to show [76, (6.9)], we have

n*—1

sup  (f(1)* = 1.
P telk/n*,(k+1)/n*]

Thus, the Gronwall’s lemma implies the result. O

We need the mean-square continuity. The following result is a slight gen-
eralisation of [77, Lemma 1]. See [22, Theorem 9.1], [59, Theorem 2.25], and
(60, Theorem 4.1] for further related results. We have the following temporal

regularity result.

Proposition 4.4.4. Suppose Assumption 4.1 is satisfied with some + > 0, and
that the initial condition satisfies & € D(A"). Then, the mild solution is contin-

uous in the mean-square sense on [0, 1]. Further, the function

W(s) =) Y ATTE(XG(9))

J=1 keA;

satisfies ¥ € L([0,1]), and we have the estimate

E||X (s) = X ()| < Clt — s|(1 + ¢p(min{s, t})). (4.4.12)
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Proof. First note that E[| X (s) =X (t)[|54) = 272, D ken, EXN (X (s)—X;5,(1))>.

J
For s < t we have

Xult) = Xyuls) = e M971X,(s)

J J
+Z Z/ ) <B T, X \/@héma ]k>d/BZm

{=1 men,

Thus, by virtue of the [t0’s isometry we have

X} (Xje(s) = X)) = [exp(=;(t = 8)) — IPAFE(XG(s))

J

t
+ / exp(—2X;(t — r))E|| B*(r, X(r)))\;thkaqo dr.

Now, put

=) lexp(=A(t — 5)) — IPE(X X7(s)), (4.4.13)

j=1 k€A,

and

=35 [ epl-2tt = I r XODA il o

j=1 keA,

We use (4.2.2) and the linear growth condition to obtain
! 2
HSE(/\W“ﬁXW»Mammwmm>§C@—$- (4.4.14)

This inequality together with (4.4.13) yields the mean-square continuity on [0, 1].

Further, since 1 — exp(—z) < x we have

I <cft = s)v(s),

and thus together with (4.4.14) we have (4.4.12).

Finally, since

1 1
L L 2 * —t
/ E<)\JQ HXJZk(S))dS = /\? <§’hjk:> +/ EHB (TvX(T))/\j hjk”%[o dr,
0 0

we conclude ¢ € L([0, 1]). O

Remark 5. In the previous result, the estimate (4.4.12) and the mean-square

continuity on [0, 1] are two different results: if we assume only £ € D(A") as
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opposed to & € D(A"*1/2), then (4.4.12) itself implies the mean-square continuity
only on (0, 1].

We need the error bound for piecewise constant interpolation of X', essen-
tially due to Miiller-Gronbach and Ritter [76, Lemma 6.2].

Lemma 4.4.5 ([76]). Suppose Assumption 4.1 is satisfied with . = 0. Let J € N
and L € N. Then, for any { =1,..., L we have

1
Z/ E| X7 (s) — XM (1,1 )2 ds < —,
11@

nz

where X is defined as in (4.4.4).

Proof. In view of (4.4.7) and Proposition 4.4.4, the same argument as the proof
of [76, Lemma 6.2] is applicable. O

Now, we need the interpolated scheme defined as follows. An error estimate
for this scheme, a slight generalisation of [76, Theorem 4.2], will be used as
an intermediate step to obtain our final result. With S;(-,-) as in (4.5.8), we
introduce the interpolated scheme X 7L defined by

X‘LL(LL) (707 <5 h3k>

+ Z Z Z Sj (tifl,b t) <B(ti71,€a )?JyLaifl,f))\/@hﬂma h]k>

£=1 meA, 1 <t; o<y

X (Bém(ti,é) - ﬁém(ti—l,f))a fOI‘ S ( 77 1 Tn]

Lemma 4.4.6 ([76]). Let Assumption 4.2 hold. Then, we have

E =

1 L
/ E|| X7 (s) — X7 (s)|? ds =< Z e
0 /=1

where X 7T is defined as in (4.4.4). Further, for any £ € {1,..., L} we have
E|XJL _ X co)|Pds < — + Ve
> [ (s < Zn

Proof. The first assertion follows from [76, Proof of Theorem 4.2], only that
we also use (4.4.3) and (4.4.7) to treat the dependence of B on t. The second

assertion follows from [76, Lemma 6.6]. See also [54, Lemma 5.7]. O
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Under Assumption 4.2, we have the following estimate on the temporal dis-

cretisation error.

Proposition 4.4.7. Suppose Assumption 4.2 is satisfied. Then, we have

M“
3R

[an“ = XMy = 7)) 2

/=1

where X7, and X*'F are defined as in (4.4.4), and (4.3.5), respectively.

Proof. Let
U](,(l)c)(Tn> - Z Z 9% 7727 n < ( 77€7XJ, <5n,€))\/q_€hémahjk>
Le{1,...,.L}\K, mEA,
X (ﬁfm(Tn) - Bﬁm(sn,f))a
and t o := ti( ¢y = T,, Where R, (-, -) is defined as in (4.3.3). Then, we have
X]J}CL(T ) 9%](7—07 n <€7 hjk> Ujk )

+Z > / Zfﬁ i—1,6: Ty < (tiige X7 (tifl,e))\@hgm,hjk>11(ti_l,[,ti,g](s)dﬂem(s).

(=1 mGAZ

(4.4.15)

Now, for kK = 1,2, 3 we define

UJ(’Z Z Z / Z jk@mz (z 175,ti75](8)d56m(8)7

{=1 meN,

X ((Bltioves X (t1.0)) = Blties X (1.0)) Vahom b )
Vi emals:7) = (€750 = 95ty 0,7,)) { Bltis s X (tir )y Gebions B )

Then, from (4.4.5) and (4.4.15) we see

X;;%L(Tn) - X}'JJQL(TM = (67N — R;(7y, 7)) (& Pin)
+ U () + U (7)) + UR (7)) + UL (7))
gk \'n gk \'n gk \'n gk \N'n/:
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Now, since =& < %Zﬁzl Yo = ZeLzl Z—i , Lemma 4.4.3 implies

oD (& ha) D (exp(=Am,) = Ry(m0, 7)) (7 = Ty

J=1 keA, n=1 =1

Mh
SEES

Further, Assumption 4.2 together with (4.4.7) and Lemma 4.4.5 yields

SN R ()

=0 k€A,

’712

M=

e tie
[ [0+ B — ) + BIXHE) - X0 )1 s
—1 Jt

= i—1,¢

- & —tig1)? bt -
Z o> [Pl [ ) - X I ds| <D e
=1 ti_1,e =1

=1

PN

From Lemma 4.4.6, f(s) := E|| X 7L (s)— X 7L (s)||? satisfies [ f(s)ds =S, 2
Noting that X7L(7,) = X*E(r,) for all v = 1,..., N, from Assumptlon 4.2 in
view of Lemmata 4.4.5 and 4.4.6 we have

SN EWE (7))

j=0 keA,

<2 WZ / (BIX (1) — XM

/\tz 1[

+ /() + EI X (5) = X7 (ti10)2) s

Mb
3|<

=1

We consider the discrete temporal integral
N J 3 3
S S e, BUS (7))2(ry — 7m) for the term E(U(7,))%. To
utilise estimates we have derived, we estimate exp(—\;(7, — s)) — R;(t;i_14, 7))

and <B(ti,u,)A(J’L(ti,l’g))hgm, hjk> separately. An extra care is needed to do
this, due to the dependence of the time steps (¢;,) on ¢.
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Let E;(ti_14,5,7,) = ‘e*)‘j(ﬂfs) — e*’\f(“r*ti*l?@)|2]I(ti_l’[7ti’g](s). If n, < \; we

have

ny Ty

Z/ exp(—2X;(7; — i1, 1, (5) ds
i=1 70

Ty T Tn 1
< Z/o exp(—2X;(1, — $)) L, 0, 1(s)ds = / exp(—2n,(7, — 5))ds < —,
i=1

0 2ny
and thus
TLZ T?] 1
Z/ Ei(ti_14,8,7,)ds < —
=1 0 T

On the other hand, if A\; < n,, noting that le= i (m=s) —e=Xi(m—tic1e)| < e Ai(m=9) X

Ny

for s € (t;_14, ;] With s < 7,, we have

Ny TU 1
Ei(ti14s7)ds<2L— < —.
Zzl\/; ]( K3 1,[ § 7—77) S — n 2 — 2%@

Thus, there exists j* € {j'| A; < n*} such that for any j > 1 we have

TLZ T’V]
Z/ E; (ti—l,b S, 7',7) ds
i=1 70

e Tn Tn 1
< Zmax ; Ej*(tifl,éa San) ds, sup ; Ej(tifl,bsy'rn) ds p < n_g
i=1

JEL A >n*}

(4.4.16)

2
Further, let F;(t,_;,5,7,) = ‘e’AJ‘(Tv’ti*W) —%j(ti,umn)‘ ]I(ti—l,ézti,e](s)' For

each £ € {1,...,L} and j > 1, letting 67, := 7, — 7,,_; we have

Ny N 7-7] uzi N T’f]
DD A CRVEESE RIS SEED DI VRIS
)

’L:]_ 77:1 =1 ’r]:n*(i—l,e +1
1 al 1
< — Zsup Z F}(ti—l,bS?Tn)éTn = N
T 2\ e 1041 e
where in the last inequality Lemma 4.4.3 is used. Thus, we have
Ny N T’f] 1
Z sup Z/ Fi(ti—14,5,7,)dsdr, < —. (4.4.17)
= =155 Jo ’ g
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Hence, letting a;xpm, (t;—1 ) == E[<B(ti,17@,)A(J’L(ti,l,g))\/@hgm, hjk>2}, for all ¢ €
{1,..., L} we have

ZZ Z Z Z%’kfm(tiq,e)

n=1 i=1 {j|\;<n*} k€A; m€A,

Tn 2
8 / (exp(_kj (Tn N S)) - mj <ti_1v€’ T77>) I[(ti—1,/z7ti,£] <S> ds 67—77
0

" N Tn N T
< 2Z£ (Z/ Ej(ti_1,5,7,)dséT, + supZ/ Fy(ti—y 4 5,7,)ds 5Tn>
i=1 Np=1"0 2l
X Z Z Z ajkem(ti—1,£)~

{7IN;<n*} kEA; meA,

Similarly, we have

N ny

ZZ Z Z Z e (tiz1,0)

n=1 i=1 {jlj<Jn*<\;} kEA; meA,

n N ,
< QZZ (Z sup / ]Ej/(ti_l,g,S,Tn) ds o7,
i=1 0

1 7€l >ne)

N

s /0 " Byt dséfn) Do DD Gemltiong):
J =2 n=1

{Jli<In*<);} keA; meA,

Therefore, from Assumption 4.2 and Lemma 4.4.2, together with from (4.4.16)
and (4.4.17) we have

n

n 2
<[ (e = 9) = Ry lti1m) g (6) (= 7 )
0
L
o5 1
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Finally, from Assumption 4.2 we have

e (5 )i

j=1 keA,; =1 meh,

:|H
Mh
3R

which completes the proof. O

Now, we are ready to state the fully discretised error estimate.

Theorem 4.4.8. Suppose Assumption 4.2 holds. Then, we have

N oo L
v gl
B[S 1)~ Xl — )] < 5= 3 ek 300
n=1 JHL —n = "
where XL is defined as in (4.3.5).
Proof. The statement follows from Propositions 4.4.1 and 4.4.7. [

4.5 Discrete regularity estimate

We now turn our attention to a discrete analogue of maximal regularity of the
scheme introduced in Section 4.3.

First, let &0 = ijl ZkeA]- <:17,hjk> hj, for x € H. Further, by writing
[Iy = I we let

2 1

R(7,,, T3 A) == H (I - —A>17 (4.5.1)

Ty, — Ty—
v=n,+1 v v—1

where the meaning of the product symbol is unambiguous due to the commuta-
tivity of resolvents.

For je{l,...,J}, ke Aj,and np e {1,..., N}, define

[R? o B(-, X" ()] “(r,)
L

= Z Z Z @JR(Q—M,Tn;A)B(ti—l,eaXJ’L(ti—Le))\/@hem (4.5.2)
=1 meA, 1 <t; <7,

X (Bom(tie) = Bom(tiz1,0))-

For € = 0 and B(t;_y 4, X?"(t;_1,)) = B(t;_1,) the equation (4.5.2) is a discrete

analogue of the stochastic convolution. The Fourier coefficients of (4.5.2) are
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given by
(R o B, XJL( ))Lk(T )= <[RJoB(.7)?JvL(.))]L(Tn),hjk>

L
:ZZ Z VARt 1) <B(ti—17€7)?J’L(ti—l,é))hﬁmahjk>

meN, 11 <t; (<7,

X (ﬁém( i,é) - Bém( i—l,é))u fOIj € {17 . -7‘]}7 k € Aja and n € {17 . aN}

Then, noting that by the assumptions on A we have ((I —AA)™!)* = (I —\A)~!

for A € (0,00), the Fourier coefficients of the discretised solution are given by

)?}]I;L(Tn) = 2‘)L{]'(TOaTn) <£7 h]k> + [RJ < B( XJL( ))]]k( )

Our first goal is to estimate the expectation of ||)A(J’L(Tn) ||2D(AT). For any r > 0

we have

EHXJL HD AT) Z Z /\QT‘m To, Tp <§7hﬂ€>‘

J=1 keA;

+3 ST AFE|[RT o B(, X)) (5| (45.3)

j=1 k€A,

We see the second term in the right hand side of (4.3.4) as the stochastic integral
of a representation of an elementary process.

Let 2, = (x, hyp) ho, for £ > 1, m € Ay, and let ¢ > 0 be the index from
Assumption 4.1. For v € {1,...,n}, we define an L£,(H,, D(A"))-valued random

variable ( Z;r(f))y_l by
'@J ( uZa A)B( Véa)?JyL(Su,Z))yém if ¢ € El/ (4543)
<¢€m )V 1=
Oyt if0ZS,,  (4.54D)
where
E,={le{l,...,L}| €K, for some p € {v,...,n}}. (4.5.5)

We elaborate on the notation. First, note the following: for ¢ & K,, v €
{0,...,n} if the index ' € {1,...,n,} is such that s,, = t;_;,, then we have
7, < tyy. The separate treatment (4.5.4b) corresponds to the construction of

the algorithm: suppose £ € {1,...,L} and i* € {1,...,n,} satisfy 5, , = t;+_1

107



and 7, < t;« ,, then the evaluation 3, (t;«,) of the Brownian motion f3,,, at t;.,
is not used to obtain X ( ,); only up to Bgm(to 0)s - Bem(ti-_1,) are used.
Let us define the elementary process <I>g 1 QA x [0,7,] = Ly(Hy, D(A")) by

n
J J7
O (w,t) =3 (™) (W) Iir, (1),

v=1
Then, we have the following.

Lemma 4.5.1. Let [R7oB(., )?JL())]]Lk() be defined by (4.5.2) and let Assump-
tion 4.1 hold with « > 0. Then, for j =1...,J, and k € A; we have

[R? o B(-, X"L(-) </ ZZ@ ),hjk>.

Proof. Fix n € {1,...,N}. Let S, := K, , \ (U,veqo,...,
{1,..., N} with y <7, and let Sy := K,. Then, we have

w1y Koy _w) for p,m €

[R7 o B(-, X ()]} (7))

=30 VAR e 7o) (Bl X (50D hems i) (Bem(72) = Bin(70))

v=1Lek, meA,

+ i Z Z \/q_gg{j(sz’T??) <B(SV7K75€J’L( Vf))hﬁmv ]k> (Bﬁm( ) Bﬁm(Ty—l))

v=1LeS| meA,

T i Z Z@%j<SV7£7Tn> <B<SV,E75<\'J’L( uﬁ))hfmv jk> (66771( ) BKm(Tu—1)>

v=1 (€S, meA,

£ S VA (s r) (Bl K homs i) (Fon(r2) = Fin(70)

LeS,_1 meN,

Further, we can rewrite the above as

[R7 o B(-, X7())] fke )

U]
—1n—p

—ZZZ Z uév hE u@))gém( ( 1/) - W(Tyfl)%R(Su,an;A)‘@thk>'

p=0v=1L€S, meA,
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By the assumptions on A we have ((I — AA)™1)* = (I — XA)~! for A € (0, 00),
and thus

[R7B(-, X" ()] (7,) = <Z(Z > <¢Z,;§">>u_1) (W(r,) - W<n-1>),hjk> :

v=1 =1 meA,

By definition of the stochastic integral of elementary processes the statement
follows. O

Using the previous result, we obtain the following estimate.

Proposition 4.5.2. Let Assumption 4.1 hold with some+ > 0. Letn € {1,...,N}.
For p > 1, suppose that the process defined by (4.5.4a)—(4.5.4b) satisfies

L 2

n
E[Z 33 (6, (r =1 )] <o (45.6)
v=1 "' t=1 meA, Ly(Ho,D(A*))
Then, we have
J vJ,.L L 2
B[R o B 240N () )
L 2
J,
<E[Z 33 (61, <n—r,,_1>]. (45.7)
v=1 " ¢=1 meA, Ly(Hy,D(AY))

Proof. For any n € {1,..., N}, from Lemma 4.5.1 we have

E[||[R o BC, X" ()] ()| 5a)

_ E{Z S < / K z 3 <1>;’,;§"><s>dW<s>,hjk>

j=1 keA, (=1 meA,

|
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It follows that

2]

oy (5)dW (s), A]hﬂc>

7j=1 keA {=1 meA,
™, L 2
<z|| [ T elvware)| |
0 r=1 meA, D(AY)
il L 2
- ]E{/ Z o) (s) ds}
0 =1 meA, Ly(Hy,D(A*))

2

(Tu - Tul):| < 00,
=1 mEAg 52(H07D(Ab))

where in the first equality [t0’s isometry, and in the last inequality the condi-
tion (4.5.6) is used. Thus, the statement follows. O

We need the following estimate for the process (¢Z;S7) ),_1 as in (4.5.4a) and
(4.5.4b) in terms of the Hilbert-Schmidt norm.

Lemma 4.5.3. Suppose that Assumption 4.1 is satisfied. Fix an arbitrary integer
ne{l,...,N}. Then, for any v € {0,...,n}, we have

L
P |3 s
=1 meA,
1
2

LeZ, meN,
J
< (Z >3 IR ) B (Bl K 50.0) v @thems i) ]2) ,

LeE, meN, j=1 kEA;

52(H07D(AL)) Lo(Hoy,D(AY))

where Z,, is defined by (4.5.5).

2
Proof. Note that if £ € =, then H(gzﬁj;)(l"))y,l\/@hm” " = 0. Thus, noting that
D L

Pl = 0 unless ¢ = ¢ and m = m/, from the definition of ((bz;,(ﬁ))l,_l we

have

2

L
Z Z ) YD W P
= €Ny

£2(HO,D(AL D(AY)

2

L
=2
Z ) T i

A
20

D(AY)
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Fix € E,. Foranyne€ {l,...,N} and v € {1,...,n} we have

2
J7
H( én(Ln))u—l Qoo

D(AY)

~ 2
2| (PR (50 VB X500 e )|

<
Il
—
ol
m
-

Hence, the statement follows. O

The following lemma is important to show the maximal regularity estimate of
the same form as the continuous counterpart (4.2.3), studied in [22, Proposition
6.18] and [21].

Lemma 4.5.4. Forany j > 1,(>1, andi € {1,...,n,}, we have

2
Z |9f“‘j(tz‘—1,e,Tn)|2(7'77 —Tyo1) < o
J

t o <Tp<TN

where R;(-,-) is defined by (4.3.3).

Proof. For 7, € {7,...,7n} define a continuous interpolation S;(r,, ,-): [0,1] —
R of R;(7,,, ,7) by
a 1
S;(Tyyrt) = 71_[ Sy e [0,1]. (4.5.8)
v=np+1

Then, for t € (1,_1,7,], n € {1,..., N}, we have

Si(Tngs Oliir,_y 1y (8) = Si(73,8) = R, 7o),y 3 (0)-

Further, for £ = 1,...,L and ¢ = 1,...,ny, let 7« := 7,.(;¢) = t;. Then, we
have

> )P~ < [ Z s )Ly () ds
ti,ZSTnSTN T -1 n=n*

1
_ / 1, (1 1p ) ds < / 18t 10, )[2 ds.
Tp*—1 ti_1,e

n*—
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1

For t € [t,_ 14 t. 1, with K > i, the elementary inequality ﬁ—a)m <
1 1

m (0 <a < b <c) implies Sj(t;_14,t) < (e A e v Gt and

therefore

1
/ |Sj(ti1e:s ‘2d3_2/ (ticre s) P ds
ti_1,0 te_1,

S S S
(1 + )QR 2 to—1, <1 + )\j(s o t’f_l’g))2

Ty

ng
=Z L ! < > :
(1_|_ )2;4 20 N+ 1/(tee —to1e) — /\j+n€ (1+ )% 2

If > 1, then
thus

Sre L < 2 and otherwise (1 + ;\1—2)2 < 4 and

A +n =t (14X /ng)2"=21 — X,

Ny

1 1 1 1 4 2
Z s - o S 2 S
Ajtne s (144 )% Ml —1/(1+ )2 20 + A5 /e A

Hence, we have Zti,gﬁfnﬁm 1R, (ti10s Tn)|2(7'

”7_7—

n—1) < A%_, as claimed. O

We are ready to state our main result in this chapter.

Theorem 4.5.5. Suppose Assumption 4.1 is satisfied with some « > 0. Then,

we have
;:EHMRJOB(., R o | )

<2

~ 2
"@JB(ti—l,b XJ’L(tz‘—u))gzL\/q_éhem b

5 (tio —tic10)]-

In particular, X" defined as in (4.3.1) satisfies

= —J,L L 2
;E[H[RJOB(~,X ())} (t;) D(ALH/ZJ(ti—ti_l)
S ~—J,L 2
< 2;1@[“%B(u_1,x (tii) 2, £2(H07D(AL))}(ti ~fim):

112



Proof. We first show that for n =1,..., N, we have

B33 T

¢=1 mep,

(1, — T,/_l):| < 0. (4.5.9)
Lo(Ho,D(A™/2))

In view of Lemma 4.5.3, we have
2
(7= 1) (7 = )

> > (@ »

- Lo(Ho,D(AH2))

N J

SIDIDIPIDIP I AL,
A

v=1 LeE, meA,

X

ke
<B(SV757 )A(‘]’L(Su,e))\/@hém hjk> ’2(% - Tyl):| (Tn - 7-1771)
5303050 30 Db SRR R R

J=1 keA; £=1 meNA, n=1 7, <t; ,<7,

. 2
B(ti1.0 X" (ti1.0))V/ahem, hjk> ‘ (tig —tic10)(Ty) — 7—77—1):| :
(4.5.10)

X
/\

Since

U U {7—7]’ tive} = U U {Tnv ti,ﬁ}a

n=171<t; <7, i=11; o<1, <TpN

the right hand side of (4.5.10) can be rewritten as

215353535 35 S SRV XTSI,

j=1 k€A, t=1 meA, i=1 t; ;<1, <7y

X ‘<B(t¢—1,z,)A(J’L(ti—l,e))\/q_ehémahjk> ‘2<ti,é tic1,e)(Ty — Ty 1)]
XYy Ty

J=1 keA; £=1 meA, i=1

X (tie —tic10) Z R, (1,0, 7)) [P (1) — Tn—1)} - (4.5.11)

t o <7 <TN

2

< Liz10, )?J’L(ti—l,e))\/q_zhema hjk>

From Lemma 4.5.4, (4.5.10) and (4.5.11), due to Assumption 4.1 we have (4.5.9).
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From (4.5.9), we note that Proposition 4.5.2 implies

(T, — Tu1) (7',7 - 7'77—1>-

(=1 meA, Ly(Ho,D(AT?))
Therefore, again from Lemma 4.5.4 together with (4.5.10) and (4.5.11) we obtain

S |1 o B 2400 )|

n=1

<[y Yy S Y

j=1 keA; (=1 meh, i=1

J(Tn — Ty-1)

D(AL+1/2

R 2
<B(ti—1,f7 XJ’L(ti—l,l))\/q_fhﬁnw th’> ’
X (ti,e - ti—17f):|

o} Ny
1) 30 30 3{ EV-UNVE CETAwI PV

=1 meA, i=1

2
D(AY)

(tio — ti—l,é):| :

Whenn, = N forall¢ € {1,..., L}, wehavet,,—t, 1, =1t;,—t; 1 (i=1,...,N).

Thus, repeating the same argument as above completes the proof. ]

As a consequence of the previous result, given a suitable regularity of the
initial condition, the approximate solution has the spatial regularity “one-half
smoother”—the same as the continuous counterpart [22]—than the range of the

operator B(t,x).
Corollary 4.5.6. Let Assumption 4.1 hold and £ € D(A"). Then, we have

v !
<;E[HXLL(TTI)HE(AL“/?)] (TW - TTI—l)) = ”‘@JguD(AL)

oo ny
+ (E[Z Z Z H@JB(Q—L&)A(J’L(ti—m))«@/:\/@hem

(=1 mep, i=1

2 3
tig—1;_ .
D(AY) ( il 7 1,4):|)
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In particular, X defined as in (4.3.1) satisfies

(ZE I ()12 ) ( —m);

<256 i+ (ZE[H% X a2

N|=

t—t. ) .
£4(Hy, D(A)) } ( 1))

Proof. From Lemma 4.5.4 we have
N
Z [HR (70, 7 A) ‘@Jﬂlfj)(,q“”/2 1 (ry = 7y1)
n=1

ZZW\ (& ) [* Zlfﬁ 70, 7| (7 = )]

j= 1k€A

E[ZZA?‘\ (€ ) [

J=1 keA;

Then, from (4.5.3) and Theorem 4.5.5 the first statement follows. Letting n, = n
for £ =1,..., L establishes the second statement. O

Remark 6. The results in this section can be generalised to non-uniform grids

on each level. Let 0 <t,, <--- <t,,,=1 be the temporal grids that satisfies

-----

ti_1.0}, we have a constant Caise > 1 such that 5?13" / (5?““ S Cdise holds. Then, the

statement of Lemma 4.5.4 can be replaced by

-----

2c isc
Z ‘%j(ti—l,fa 7—7])’2<T77 - Tn—l) S %7

U 0 <7 <TN J

and that of Theorem 4.5.5 by

2
D(A?) } (Tn - Tﬂ—l)

S [ (7o B R0 )

2
t,p— 1, .
D(AL)< 0,0 zfl,f)

S 20discE |: ‘ ‘@JB(tifl,Ea XJ7L(ti71,€)) ‘@L\/@hém

4.6 Conclusion

In this chapter, we considered an implicit Euler-Maruyama scheme for a class

of stochastic partial differential equations. We showed a discrete error estimate
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(Theorem 4.4.8), and further showed that the scheme satisfies a discrete analogue

of the maximal L2-regularity (Corollary 4.5.6).
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APPENDIX A

Weak derivatives on spherical shells

The representation (2.2.3) of T' have a structure inherited from the covariance
function (2.2.2); T is expanded by the product of radial and angular complete or-
thonormal systems. To show the Sobolev smoothness of T" we wish to utilise this
structure. For this reason, we consider the following sequence of smooth functions
{(JP),f} that approximates f € L*(S2). These functions plays a role equiv-
alent to the Friedrichs mollifier ([30, 31, 33]), only they are more suited to the
shell setting. We define the inner product (f, g>%2 = ng f9=% do = ffsg fgdrdsS.

Then, the induced norm ||-[| 1 satisfies

Pin [l < W llzasg) < Tout 1 f1l, - (A.1)

Often, it is easier to work with [|-[| . Let j, be a standard mollifier on R with
support [%, %], and P, is the Legendre polynomial of degree n. For f € L*(S?),
define (JP),f, J.f, and P, [ as follows: For ro € S2, let

(TP i= [ f00istr =P o) drodsy,

Tout

[Tuf](ro) := [ (ro, @) (1 = 1) dro,

Tin
and

[Pnf](T‘O') = . f(?", UO)Pn(U ) UO) CISO

We remark that (JP),f, and (J),f can be extended to Sg, := {z e R | ¥ <
llzll, < 754} D S, for arbitrary 7 € (0,ry,) and 75, € (7w, 00) as follows:
for any representative f € L*(S2), for each o as a function on (ry,,r.,) we
extend [(TP),fl(-,0), respectively [T, f](-, o) to C((r, r&y))-functions by ex-
tending f(-,0) on R by 0, and restricting the resulting [(JP), f](-, o), respec-
tively [T f](-, ) to (7, 75ue)-
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First, we show (JP),.f is a smooth function on S,.

Lemma A.1. Let f € L*(S2). Then, for each n € NU {0} we have

A(TP)f)(@)] < Cny, (A.2)

sup
TESL,

for every . € NU{0}. Further,

[(jp>nf]<rln7 ) [(jp) f]( Tout ) S OOO<S2> (A?’)

Proof. Take «, 8 € NU {0} arbitrarily. In the following, we often indicate the
variable o that Ag. acts on by writing Ag2 ,. From the smoothness of j,, and
P, (0 - 0y), together with f := f*'[cc € L'(S2,), for any z € S2, we have

804
aa

o~
< <suplwn<s>]> (supm )|, ) [ 1100 ol angtsy < co
seR r teS?

Thus, the first claim follows noting that A* can be written as a finite sum of

TP = 8%, TP )

differential operators

A=Y N 0 (A.4)

SQ b
0<a.2p<2, Pos (7) ore

where c,53 € R are constants, and pa r)(# 0) are non-zero polynomials of r €
B s\T"

[Tins Tout] such that sup,.cp,. . s (T | < 00.
For (A.3), from f € L?(S?) we observe J,f(r',-) € L*(S?) for arbitrary
" € [Iin, Tout)- Then, (A.3) readily follows. O

Corollary A.2. Let f € L*(S2). Then, changing the value on measure zero sets

if necessary we have

(TP)nf € C(S,).

Proof. Let I'(z — ) i= — 3~ —~r (z,y € R®), and

dr [lz—yll,

wy () = / (e — ) ATP) W) dy,  (x € BY),

O
E%

where SZ, = {z e R | rjf < ||z]|, < 75} D S.. From (A.2), we have [(TP),f] €
L?(S2,). Thus, from [50, Theorem 12.1.1] we have w;|s., € H*(SZ,) and a.e. in
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o
Sz, we have

Aw, = A[(jP)nf] < Cn,h

and thus, for a.e. in S2, we have A(w; — (JP),.f) = 0. Since weakly harmonic
functions are almost everywhere harmonic, there exists a harmonic function v,
such that v; = w; — (JP),f a.e. in S,.

Since A[(JP),.f] < C,, 1, from [33, Lemma 4.1] for i € {1,2,3} we have

0
8xiw1<x) =

O ble— ) ATPLAW) dy (B,  (AS)

se, Ox;

and w; |, € C'(S2,). From (JP),f = vy +w; almost everywhere in S¢,, we can
conclude that there exists ((JP),.f)~ € C*(S2,) such that (TP),f)~ = (TP).f
a.e. in S2,. Note that in particular ((JP),f)~ € C*(S,).

Noting A*[(JP),.f] < C, ., repeating the argument yields

((jp)nf)N|85 € COO(SE)

]

We have established (JP),f € C>*(Sg). To use (JP),f as a mollifier, we
next show that the sequence {(JP),f}, and derivatives of this sequence, ap-
proximates f, and respectively derivatives of f in L*(S?).

We first show two lemmata that claim 7,f and P, f approximate f in the

radial and angular directions.

Lemma A.3. For f € L*(S?), we have
Tof = f (n—00) in L*(S2).

Proof. For S?-almost every o we have f(-,0) € L*((rin,7ou)). Thus, for any

e > 0 there exists ny = ng(o) such that for all n > ny we have

0 (U) . /;bw

in

2
T f(,0) = f(-,0)| dr <e, for S*-almost every o.

From the property of the mollifier j,, for S?-almost every o € S?, for each n €
N? we have gn(a) <4 Hf(> U)HiQ((rin,rout)

411, O')”iz(SO) < 00, the dominated convergence theorem and (A.1) yields the
desired result. O

It is easy to show that P, f approximates f up to derivatives.
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Lemma A.4. Let f € N and 8’ € {0,1,...,8}. Suppose f € L*(S?) satisfies
ng Ag;f(x”?dx < 00, where the Laplace—Beltrami operator Ag; 15 defined in

the weak sense. Then,

ALP = AL (n—o0) in LX(SY),

for each 5" € {0,1,...,3}.

Proof. Fix ' € {0,1,...,5}. From the assumption, for (ry,, 7, )-almost every
r we have f(r,-), A% f(r,-) € L*(S?). From the standard differentiation under
the integral sign and the integration by parts on the sphere, and the definition
of the weak Laplace—Beltrami operator, for (ry,,7..)-almost every r we note
(A&(Pu(r,0) = [Pu(ALA)](r,0).

Since Ag;f(-,a) € L*(S?) for (riy, rou)-almost every r, for any € > 0 there

exists n, = n,(r) such that for all n > n; we have

J.

for (7, rout )-almost every r. The result follows by the same argument as Lemma

P, (A% F) (r) — AL (r -)‘2 ds < e,

; B’ B
A3, noting [[[Pu(A% ) | aeny < [ A% 00) . 0
Now, we are ready to state (JP),f approximates f € L?(S2).
Proposition A.5. For f € L*(S?), we have
(TPt = flli2sey = 0 (0= 00). (A.6)

Proof. Trivially, we have (JP),f —f = J.f — [+ T.(P,.f — f), and thus noting
that (|7, fll 20y < [[fll12(se) We have

TPt = Fllasey < N Tnf = Fllase) + I1Puf = FllLase) » (A7)

and thus from Lemma A.3 and A4, [|[(TP)nf — f|l2(e) = 0 (n — 00). O

Further, we wish to show (JP), f approximates derivatives of f in L*(S2) as
well. We start from the definition of the derivative in the sense of L?(S?2)-limit,

and discuss its properties.
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Definition 3. For f € L*(S?), if there exist v € L?(S?) and a sequence {f,} C
Cot28(S?) such that f, — f (n — oo) in L*(S?) and

aa B B [3 aa
’ %Asgfn — v L2(s2) = HASQ%‘]C” U‘ L2(s2) —0 (TL — OO), (AS)
we write
LN, f:Mﬁ =veL*S) (a,feN) (A.9)
ore—5? S2ore’ ‘ ’ ’ '

and call them (L%(S2)-)strong derivative Agg%f of f.y4

The following lemma states that the strong derivative AgQ% f e LASY) is
the weak derivative in the sense of Definition 4, and further that by virtue of
the fundamental lemma of the variational calculus, the definition of Aé?a% fis
independent of the choice of {f,}. More details on the weak derivatives will be

discussed later in Proposition A.10.
Lemma A.6. Let %A@f = Agzgr—aaf € L?(S2) be the strong derivative. Then,
we have

/52/%th %A@f(ra)dra)rz drdS
in Tout 804
= (—1)* /,5'2/r f(ra)Aggﬁ(gb(ra)rQ) drdsS,

for any ¢ € C°(SY?).

Proof. Let {f,} € C°*25(S?) be an approximating sequence as in Definition 3.
We have

[e%

A& fo(@)p(x) do= (—1)0/ fn(m)Agz%(gb(m)ﬂ) drdS.  (A.10)

S2

80&
a
Se 87“

From the assumption, we have %Agz fn — %A@ f and thus the continuity

of the functional (-, $) 20 implies the limit Jo %Agz f(z)p(x) dx on the left

hand side. Similarly, from the assumption f, — f in L*(S2). Thus, noting

AL Z(¢(ro)r?) € L*(S2), the continuity of (n9)1 (9 € L*(S2)) on L*(S?) im-

52 gro

plies that the right hand side of (A.10) has the limit (1) [[,, f(ro) AL 2= (¢(ro)r?) drdS.

Hence, the result follows. m

The following proposition shows that (JP),f has the same kind of local

approximating property as a mollifier usually does.
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If a set U C S has a compact closure in SZ, we write U € S¢.

Proposition A.7. Suppose we have the strong demvatwe 2f A@%f €
L*(S?). Let U € S? be a subdomain. Then, we have
5. 0% \8
—A Plof — m—=Agf —0 (n— o0). (A.11)
ore r2(v)

Proof. From the smoothness of j,(- —1¢), and P,( - 0y), in the classical sense we

have Aﬂ [(TP)nfl(ro) = Agz 2 (TP),f)(ro). We note

AL, 5 aa (TP)f)(r.)

// f Tan-O (a a]n( - )) A 52,0 OPn(U'O-O)dTOdSO'

For x = ro € U, define gﬁg) (roog) := jn(r—rg)P,(c-0y). From U € S¢, we can take

N € N such that dist(U,8S2) > <. Noting supp(j,) C [, L], we have gt e
C(S2) for n > N. Thus, from Lemma A.6 we see that A’SQ (TP f)(r,0)

can be rewritten as

o Tout 804 n
—1) / / f(ro, Uo)ﬁAgz Uogv(ﬂa) (r900) drodSy
S2Jryy ) '

Q

f}(r,a), forz =roeU.

)
_ B
- [(JP)nA52 -

Thus, letting

31A@f(x) relU

F(z) :=
0 x e S\,

(A.12)

we have ‘

%Ag2(jp)nf éa:;Aﬁ2f ||(k773)nF_ FHLQ(SQ) 5 and thus

from Proposition A.5 the result follows ]

In Definition 3, we defined the derivative as the L?-limit of suitably smooth
functions. We see that the class of functions we can consider under this definition
is reasonably large—they are also weak derivatives in the following sense. We
define the weak derivative as follows. Then, we show in Proposition A.10 that

they are also the strong derivative under a reasonable condition.
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Definition 4. Let o, 3 € NU {0}. Suppose f,v € L'(S?) satisfies

/ f(ra)AEQ%(qﬁ(ra)TQ) drdS = (—1)0‘/ v(ro)g(ro)r*drdS,  (A.13)
Se r se

P e N g

for any ¢ € C2°(S?). Then, we call AgQ 59; f= 88:; AﬁQf := v the weak derivative
of f 1

The uniqueness follows from the fundamental lemma of variational calculus.

Similarly, from Lemma A.6, if we have the strong derivative AgQ 68 ~f e LASY),

—_——

then Agg 59 ~-f= A§2 59 ~ f almost everywhere in S¢.

Proposition A.10 shows we have a partially converse result, namely, if

650‘

ANe=——f e L*S2) forall o' €{0,...,a},

—_——

then AgQ 5) L f=A° o2 ara 9% f. We show two lemmata to prove Proposition A.10.

Lemma A.8. Suppose %A’g@f = Agg%f € L*(S?). For any subdomain U &

Sg, we have

—0 (n— 00). (A.14)
L2(U)

o
H NG (TP)f - TQA@f

Proof. Following the proof of Proposition A.7, with the classical derivatives we

have

AL (TP f)(r,0)

0 [ w00 (il = 10)) A Palo - 0 s

Similarly to the proof of Proposition A.7, letting gﬁg) (roog) = ju(r—ro)P,(0-0y),
(x = ro € U) for sufficiently large n we have gﬁo— € CX(S?). From the definition

of gaAﬁszoranyx:ranwehave

o 6°‘
Mg TP ) = TPy |1 0)
The rest follows from the proof of Proposition A.7. m
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Lemma A.9. Let a,f € NU {0}. Suppose Agzg—jf € LA(S?) for all o/ €

{0,...,a}. Suppose further that ¢ € C*°(S?) is constant in the angular direction,

e~

((z)| < oo for each o/ € {0,...,a}. Then, we have A2, 0% (fC) €

S2 dra

/

8(1

and sup ‘ Y
€S2

5

L3(S?) and

—_—

A ; Z—(f¢) = za: (j) (A% aa:;/ )( 887’ aa_a;/ ¢). (A.15)

a’=0

ai,C(x)‘ <oofor0<a <a,

Proof. We show the claim inductively. From sup o

€Sy

it suffices to show (A.15) holds.
For a = § = 0, clearly (A.15) holds. Assume that (A.15) holds for (a, ) €
N x N such that a < o* — 1, and g < 8* — 1. We show the following equalities:

8 @ aa’ aa—a’
a0 - 3 () (a8 ) ().
and
, oot a1\ 07\ g o
Mgt =3 ("0 ) (i) (Greed) )

—_—

From the inductive hypothesis, we have A’gz D2(f¢) € L*(S?) and

/ fCAS! 8a(¢r2) drdS

/SO Z ( ) 22 387“0‘ f> (;«aa_ao:/ C) Agzpdz.

e a'=0

(A.18)

For each r € [ry,, 7o) We see the functions ¢, ¢, and

a — ( as functions on
S2. We extend these functions on S? to R?, in the standard manner to define
the spherical Laplacians. Since ( is constant in the angular direction, from the

product rule for the Laplacian we have

5 (virmat) = Aol ) et )
o o
= roo ( i \|2> ¢< ||ﬂcgc||2>

= oro—ao

. (A.19)

C(ASQ ¢)> (AQO)
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where A here acts on the second argument and 7 is a fixed parameter. Thus,

noting that 2 C ¢ € CX(S?), for o/ =0,...,a we see

80(0(

[ (8 r) () st [ (308 5750) (vt

Hence, together with (A.18) we have (A.16).
To show (A.17), from the hypothesis for 1) € C2°(S?) we have

/SOfCAsz 88"‘::1 <¢—7" ) drdS
//02<) (322 1) (22 0) Lo

e /=0
Now, from 2 e C@/} € C(S?) we have

/Sg (a5 aa ! )( 88 aa_a; <) %w drds
T / g (2% 5:;1 ) g:a_a;, () drds
(S ) (e waras

This together with (A.21), letting F} := Agga‘%f and Z; := %C we have

(A.21)

ﬁ anrl atl o+t _I__ 1
JCAG syt drdS = (—1) Z FoyZooriqtbdrdS, (A.22)
5 5¢ =0

o

where we used the Pascal’s rule. Thus, for any ¢ € C°(S?) we have

a—+1
/ ng 0 ———tdrdS
ot — (A.23)
a1\, 0 | pematl
— (—1)et /S 3 ( )A§2 G drdS,

o %
e /=0

Therefore, for any ¢ € C(S?), letting v := ¢r* € C(S2) we have (A.17). O
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We are ready to state the following result that claims, under a mild assump-
tion, if we have a weak derivative defined in Definition 4, it is also a strong

derivative as in Definition 3.

/'\_/

Proposition A.10. Let o, 3 € NU{0}. For f € L*(S?), suppose ASQ@ L fe
L*(S?) for o’ € {0,...,a}. Then, we have

s 0%

e ——f almost everywhere on S3. (A.24)

A§28af AL

Proof. 1t suffices to show for any ¢ > 0 there exists w € C*°(S?) such that

lw = fllj2(ge) < € and HN; 2 AP, gf‘ -

Given Proposition A.5, Lemma A.8, and Lemma A.9, it is an easy exercise

following the argument by Meyers—Serrin [74] on the global approximation of
Sobolev functions by smooth functions (for example [1, Theorem 3.17]), and

thus we omit the proof. O]

The following result shows if we have the L?-strong (and thus weak) deriva-
tlves po = L*(S?2) with suitable orders, then f is in the domain of the weak
Laplace operator.

Proposition A.11. Let t* > 0 be an integer. Suppose f € L*(S2) satisfies
a(zl Aﬂgf € L3(S?) for all pairs (a, B) of integers such that 0 < a + 28 < 2u*.
Then, we have

A'f e L(S2), forallee{l,...,/}, (A.25)

where A s in the weak sense.

Proof. Fix « € {1,...,/*}. Formally, let D := 8T2 + 22 + L Ag. Define D*

inductively as

0? 2 0
—_ptt — p+t A , D1
or? T ror +
o* 20* 82‘ t(b—1) 0** /1 .,
1

++ﬁ LSQZZDL.
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For any ¢ € C°(S?), we have ﬁgb € C°(S?) for arbitrary N € N. Thus, in view

of Lemma A.6, the expression

/ D'f¢r2drdS

2t 21—1
//fa 2)drdS + (— 2“// ;2“ (¢r) )drds
SO
. aQL
1)2 2//80 a % 2ASQ¢>deS

/ FAL, drdS
SO

is well defined, and D*f € L?(S2), where the left hand side is the sum of L-strong
derivatives of f, and the right hand side is the classical derivatives.

One can check that for « = 1 we have ffsg Df¢r2drdS = ffgg f(g—; +20 4
T%A Sz)¢r2drd5, and inductively that for any ¢ € C°(S?) we have

/ D' f¢ r?drdS

#2 20 1 2 20 1 )
//So {(87”2 TE—FﬁASz)-' <w+;a+—A52)¢:|TdeS,

/

Vv
t-times

where the right hand side is the classical derivative. Hence, we have

Difepde= | fA'¢dx for any ¢ € C(S?). (A.26)
se se

The fundamental lemma of variational calculus yields A‘f = D*f € L*(S2). O
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