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Abstract

This study examines various numerical aspects of smoothed point interpolation methods
(SPIM) in computational geomechanics. The extension of SPIM to flow-deformation
analysis of saturated porous media is formulated. The singularity problem encountered
when original SPIM formulation is applied to axisymmetric setting is addressed. The
proposed SPIM formulation is thoroughly examined through the extensive error
analysis performed for the set of benchmark numerical problems in terms of appropriate
variables of interest. An unconditionally consistent stabilisation method is then
formulated in SPIM framework to mitigate the adverse consequences arising from the
violation of the well-known inf-sup condition. The proposed stabilisation method offers
absolute stability regardless of the a priori chosen scalar value, commonly known as the
stabilisation parameter. The proposed stabilisation method allows the use of equal-order
linear interpolation functions for both primary variables. The robustness of the
stabilised SPIM is shown by the numerical simulation of a number of linear and
materially nonlinear problems in saturated porous media. Finally, a mesh-independent
representation of SPIM has been developed for flow-deformation analysis of saturated
porous media with embedded interfaces. The proposed formulation allows the violation
of inner-continuity assumption within supporting domains by enhancing the standard
interpolation functions with the physically appropriate enrichment functions. This
method enables the attainment of accurate numerical solutions without appealing to
time-consuming techniques such as successive re-meshing, leading to a more practical
treatment of problems including weak or strong discontinuities. A numerical contact
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algorithm is developed to enable the computation of the frictional contact forces
stemming from the onset of the closure mode in the cracks. The presence of the fluid
flow within the cracks is represented by inclusion of the fluid continuity equation. The
proposed mesh-independent method is verified by a number of single-phase and two-

phase problems which encompasses different aspects of the existing discontinuities.
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Chapter 1-Introduction

1 Introduction

1.1 Background

The interaction between fluids and solids is at the heart of geotechnical engineering
problems. Fully coupled flow-deformation analysis requires robust and efficient
numerical schemes for reliable simulation of problems in geotechnical engineering.
Advances in computing power and computational mechanics over the past three decades
have led to the development of a variety of numerical techniques for the solution of

geotechnical engineering problems.

One of the most widely used numerical methods applied to geotechnical engineering
problems is the finite element method (FEM). FEM is very reliable, well developed, and
commonly used in the geotechnical engineering community. Incorporating material
nonlinearity using advanced constitutive models, soil-water coupling behaviour, and
geometric nonlinearities, some elegant solutions have already been achieved for several

complicated geotechnical problems using FEM [1, 2].

Despite its convenience and robustness, FEM has some inherent deficiencies, such as a
strong reliance on mesh quality, overly stiff behaviour, volumetric locking, poor
derivative solutions, and poor performance in problems with potential mesh distortion,
such as large deformation analysis and crack propagation simulations. FEM can be
time-consuming in strongly nonlinear analyses with large deformations due to the
required successive mesh generations and subsequent data transfers [3, 4]. The re-

meshing process might also produce erroneous outputs, as frequently reported in the
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literature [4-6]. The root of all these problems can be traced to the high mesh

dependency of the FEM formulation and the ensuing numerical results.

One possible approach to overcoming at least some of the difficulties associated with
FEM is the recently introduced mesh-free methods (MMs). MMs considerably relax the
dependency of the numerical solution on mesh quality by performing numerical
operations which extend beyond meshes, offering better convergence rates in numerical
solutions as the relatively more complex shape functions and supporting nodes are
employed in the approximation of the unknown variables. The sufficient smoothness of
the numerical solutions and derivatives provided by MMs in obtaining accurate stress
fields paves the way for the elimination of post-processing requirements such as
meshadaptivity. This is one of the major advantages of MMs, especially in problems
involving geometrical nonlinearity. To date, MMs have been applied in solving many
geotechnical engineering problems, including two-dimensional contaminant transport
through saturated porous media [7], prediction of subsidence over compacting
reservoirs [8], consolidation analysis in saturated porous media [9], soil collapse and
erosion processes in excavations [10], and analysis of slope stability and discontinuities

[11].

Despite their excellent flexibility, the interpolation functions in MMs may not
necessarily create continuous approximation functions over the problem domain as there
are a number of overlapping supporting domains for approximating primary unknowns,
which may violate the required continuity of the primary unknowns in a Co sense. Co
means that the variable of interest must be continuous over the field and must have no
enforcement of the continuity for the derivatives of the variables. This results in

difficulties when derivatives of approximation functions are required. A common
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approach to overcome this problem is introduction of bell-shaped weight functions in
the formulation (for example in Element-free Galerkin Method (EFGM) [12]).
However, inclusion of weight functions increases the computational cost of the
numerical scheme, mainly because it has complex shape functions calculated using
large number of supporting nodes. Not only is the evaluation of the derivatives of such
shape functions costly, but the ensuing property matrices have also large bandwidths.
The property matrices are ones that mathematically express the certain feature of a
porous medium in a discretised way such as stiffness, coupling and compressibility
matrices. The globally assembled property matrices then fill the blocks of the global
matrix representing the discretised form of the coupled flow-deformation equations. The
smoothing strain technique based on the G space theory [13, 14] has been introduced as
a relaxation technique to arrive at the weakened weak (W?2) formulation [15, 16] which
removes the continuity requirement of the approximation function and therefore the
need for weight functions. The weakened weak formulation has been adopted in
association with the polynomial interpolation method (PIM) and the radial polynomial
interpolation method (RPIM), which led to the development of the smoothed PIM
(SPIM) and the smoothed RPIM (SRPIM) [15-20]. In these methods, the conventional
compatible strain is replaced by the smoothed strain which is constant over arbitrary
smoothing domains. The smoothed strain field construction overcomes the difficulties
associated with the compatibility of the approximation functions by eliminating the
need for derivatives of the approximation function, as opposed to the conventional
numerical methods such as FEM and PIM/RPIM. The smoothing operation also leads to
the attainment of more accurate numerical solutions [19, 21]. The elegant performance
of SPIM/SRPIM has been shown in engineering problems in a variety of disciplines

[21-33]. Smoothed-point interpolation methods also possess greater convergence
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properties in terms of primary variables and energy norm compared to most previously

adopted MMs [19].

1.2 Problem Statement and research gaps

Despite their excellent features, SPIM/SRPIM have been vastly overlooked by
geotechnical engineering community. There are only a few basic studies on the
application of these methods for flow-deformation analyses in porous media. The
studies presented in [34, 35] used a rudimentary node selection scheme with the
involvement of a few supporting nodes, overlooked the possibility of the achievement
of further softness by employing more complex node selection schemes. These studies
were restricted to exploit very simple nonlinear constitutive models or a linear elastic
behaviour without any extension towards more complex problems, frequently

encountered in geotechnical practice.

It is, therefore, desirable to develop SPIM/SRPIM formulations for the flow-
deformation analysis of saturated porous media to exploit their full potentials in
improving currently available numerical methods. First, it is necessary to investigate
whether or not the extension of the SPIM/RPIM to the mixed Galerkin formulation
retains its greater accuracy and convergence rate in terms of both primary variables
compared to the conventional numerical methods. Such an investigation requires
extensive numerical error analysis in terms of the quantities of interest, for example
displacement, pressure, and strain energy, using the numerical solutions obtained from
SPIM/RPIM and a conventional numerical method like the standard FEM. Such a

thorough investigation is not available in the current literature.
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Unlike most conventional numerical methods such as the FEM, the extension of the
SPIM/RPIM formulation to axisymmetric problems is not trivial and requires additional
adjustments in the formulations, even for single-phase problems. This difficulty is due
to the existence of Gauss points along the axis of symmetry in the SPIM/SRPIM
formulations, causing the singularity in the calculation of the stiffness matrix. This
problem has not been yet properly addressed in the literature. Thus, adjustments must be
made to the formulation of SPIM/SRPIM to analyse axisymmetric problems, both in
single-phase and multi-phase porous media. because in an axisymmetric setting, the

modelling of geotechnical-related problems is of relative importance.

It is known that when conventional numerical techniques are used for analysis of mixed
coupled formulations, stability problems may arise, particularly when low permeability
or high loading rates are considered [36, 37]. Extensive numerical studies of the roots of
these instabilities reveal that the fulfilment of a special relationship between the chosen
spaces for the approximation of primary variables is required when (nearly)
incompressible constraints are encountered in the standard variational formulation. This
criterion corresponds to the famous Ladyzhenskaya—Babuska—Brezzi (LBB) condition,
also known as the inf-sup condition [38, 39]. Inappropriate spaces chosen for
approximation of primary variables lead to the violation of the inf-sup condition, which
can have adverse implications, such as severe pressure oscillation or overestimation of

the collapse load in geotechnical engineering practice.

To overcome this problem, several stabilisation techniques have been proposed in the
literature to remove the inherent deficiency related to the satisfaction of the inf-sup
condition [40-48], and these have frequently been applied to geotechnical engineering

problems [49-52]. Among these, one of the most appealing groups includes consistent
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stabilisation methods in which the desirable consistency property is preserved by
appending the residuals of the relevant strong differential equations to their
corresponding variational statements. Consistent stabilisation methods not only
eliminate the pressure oscillation but also exhibit optimal convergence in constrained

numerical simulations of interest [43, 46, 47, 53].

Unfortunately, the seemingly natural choice of equal linear subspaces for the primary
variables leads to the violation of the LBB condition in coupled problems of porous
media [36, 37, 54-57]. The consistent stabilisation techniques are able to restore the
LBB condition in this case, but leave penalty errors as fail to preserve their consistency
features, because the added terms containing second order derivatives are either
vanished or poorly approximated rendering the consistent stabilisation technique
ineffective is this case. Very few techniques have been proposed to enable the utilisation
of equal linear interpolation subspaces, i.e. [58], but they give rise to other adverse
consequences, such as increases in computational expense due to the appearance of

several additional unknowns.

A technique based on applying an appropriate smoothing gradient operation can
potentially retrieve the utilisation of equal-order linear interpolation functions in a
consistently stabilised formulation, because derivations of the approximation functions
are eliminated by the smoothing operation. Such a consistently stabilised technique
based on equal-order linear approximation functions could be very efficient, but has not

been yet explored in the literature.

The analysis of coupled problems with interfacial constraints is frequently encountered
in geotechnical engineering as well as in the oil and gas industry. The flow-deformation
analysis for fractured porous media associated with the possibility of the crack

6
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propagation is relatively common in the oil industry, commonly known as hydraulic
fracturing.The existence of the interfaces may arise from a mismatch in material
properties or the existence of a jump in the value of a primary variable which may
change over time. One of the considerable limitations of the FEM in such problems is
the requirement of the alignment of the mesh topology with the configuration of the
discontinuities. This leads to a cumbersome and potentially erroneous process when, for
example, an evolving discontinuity such as a propagating crack changes its orientation
over time or during iterations. One solution is to enrich the approximation functions
with appropriate discontinuous functions which can truly capture the existence of
interfaces throughout a problem domain. Perhaps the best-known method in this
category is the extended finite element method (XFEM), which is based on the
augmentation of the shape functions, restoring the partition of unity concept [59].
XFEM has frequently been adapted to various saturated porous media problems with

different interfaces [60-69].

The treatment of weak or strong discontinuities in multiphase porous media by MMs
has gained very limited attention[70, 71]. In MMs, the formulation can be augmented to
reproduce realistic numerical solutions to account for the presence of interfaces. This
must be done in such a way that evolving interfaces can be simulated, without resorting
to cumbersome techniques such as repeated generation of smoothing domains. The
formulation must also be augmented with an appropriate fluid continuity equation, to

account for the flow within evolving interfaces in saturated porous media.

There are numerous examples in computational geomechanics, in which two or more
bodies are in contact such as retaining walls along with backfill soils, shallow

foundations, piles with their surrounding soils and conventional triaxial tests. Thus, the
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local contact behaviour can have a major influence on the global stress and deformation
patterns over the domain of the problem. Thus, the proper modelling of the soil-
structure interaction and the closure mode of crack faces require the accurate
implementation of an appropriate contact algorithm. A comprehensive contact algorithm
must truly capture both opening/closing mode through the imposition of the contact
constraint in the normal direction and stick/slipping mode through introducing a
realistic constitutive model to determine the relative displacement of contacting bodies
in the tangential direction [72]. Despite the contact modelling importance in
geotechnical engineering, very few attempts have been made to include the contact

algorithm in meshfree methods.
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The o

1)

2)

3)

4)

1.3 Objectives and layout of the thesis

bjectives of this research are as follows:

Extend the original SPIM/SRPIM formulations to coupled flow-deformation
problems frequently encountered in geotechnical engineering, and to study their
performance compared to standard numerical methods such as the FEM.
Remove the inherent deficiency of SPIM/SRPIM formulation in axisymmetric
problems when adopting a coupled formulation.

Recover the utilisation of equal linear interpolation functions for both primary
variables while satisfying the inf-sup condition in the context of a consistent
stabilisation method.

Augment the SPIM/SRPIM formulation to allow the inclusion of interfacial
geometries without the alignment of smoothing domains and interfacial
geometry, and develop a robust contact algorithm to account for tractions

induced by closure modes in interfaces.

Chapter 2 presents a comprehensive literature review related to the objectives of the

thesis

SPIM

. The literature review includes previous studies related to a brief review of

/SRPIM and other MMs, followed by the introduction of previous studies of MMs

in geotechnical engineering. Chapter 2 also reviews stabilisation techniques previously

applied in geomechanics and other relevant disciplines, such as Stokes equations, and

elucidates their differences. This chapter ends by reviewing previous studies related to

the in

those

clusion of interfaces and contact behaviour in geotechnical engineering, especially

approaches which account for the coupled flow-deformation process.
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Chapter 3 presents the cell-based SPIM/SRPIM developed on the basis of the
generalised gradient smoothing technique for the numerical modelling of saturated
porous media. To this end, spatial discretisation of the coupled flow-deformation
equations is formulated by adopting the weakened weak (W?) concept, or the
generalised smoothed Galerkin method. Both primary variables, displacement and
pressure fields, are approximated using the appropriate shape functions PIM and RPIM,
which possess the Kronecker property, facilitating the imposition of essential boundary
conditions for both primary variables. The validity and robustness of the proposed
method is thoroughly assessed via the simulation of a number of benchmark examples
and comparison with their reference solutions. The convergence properties and the
accuracy of the proposed method are investigated through an extensive error analysis in
terms of primary variables and energy, compared with conventional PIM/RPIM

methods and the FEM.

Chapter 4 adopts SPIM/SRPIM coupled formulations in axisymmetric settings. The
method overcomes a difficulty encountered when using SPIMs in an axisymmetric
setting, the inherent deficiency associated with the existence of Gauss points along the
symmetry axis. A decomposition technique which differentiates the smoothed from the
non-smoothed terms is presented that avoids the singularity problem which would
otherwise arise. The proposed method restores the accuracy of the original
SPIM/SRPIM formulations and incurs no increase in the required computational effort.
The performance of the proposed method is investigated through the simulation of both
benchmark and practical axisymmetric problems, accomplished via a set of convergence

studies in terms of quantities of interest for various time and mesh densities.

10
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Chapter 5 proposes a consistently stabilised smoothed point interpolation method
(SPIM/SRPIM) which encompasses both linear and nonlinear numerical analysis in
geomechanics. In the proposed method, equal-order linear interpolations as a natural,
practical choice can be adopted for both displacement and pressure variables while
circumventing the difficulties associated with the fulfilment of the inf-sup condition and
achieving optimal convergence rates in computational geomechanics. The proposed
method retains the contributing terms in conjunction with the displacement and its
weighting function in order to preserve the consistency of the original formulation. The
proposed method offers an unconditionally stable form of the edge-based smoothed
finite element method (SFEM), which is used as the simplest representative form of
SPIM, regardless of a priori chosen stabilisation parameter. The efficiency and
robustness of the proposed method are thoroughly studied for a range of benchmark

numerical problems, including material linearity and nonlinearity assumptions.

Chapter 6 develops an Enriched SPIM/SRPIM formulation for flow-deformation
analysis of saturated porous media which includes embedded interfaces. In this
formulation, the PIM and RPIM shape functions are augmented by appropriate
discontinuous functions representing the discontinuity involved in either the primary
variables or their gradients within a domain without requiring generation of successive
smoothing domains when interfaces change their orientations. The proposed method
addresses the difficulties encountered in the standard FEM, SPIM, and SRPIM
formulations which require the conformity of surface discontinuities with discretisation
topology. Appropriate Heaviside and ridge enrichment functions are adopted to properly
capture the discontinuities in the primary/secondary fields within supporting domains.
The effects associated with the closure modes of discontinuities are included through

the adaptation of a nonlinear contact algorithm, accounting for frictional effects in
11
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discontinuities. The contact algorithm is numerically implemented based on the
satisfaction of an inequality commonly known as the Kohn_Tucker inequality in both
the normal and tangential directions. The effect of fluid exchange within discontinuities
is formulated by the inclusion of a suitable and realistic form of the fluid continuity
equation within the discontinuities, which is discretised and simultaneously solved with
the discretised coupled flow-deformation equations of the surrounding medium. A set of
numerical examples which accommodate the embedded interfaces due to both a large
contrast in material properties and a jump in primary variables is numerically modelled

and compared with the solutions proposed by previous studies.

Chapter 7 summarizes the studies which have been done and presents the main findings

of this thesis. Potential avenues for future exploration also presented.
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2 Literature Review

2.1 Introduction

This chapter is devoted to a comprehensive literature review pertaining to the objectives
of the thesis. The literature review carefully elucidates pertinent previous studies
relevant to a brief review of SPIM/SRPIM and other MMs, followed by the application
of MMs in geotechnical engineering. Chapter 2 also discusses various stabilisation
techniques previously applied in geomechanics with their relevant special features and
possible deficiencies, such as those methods applied to Stokes equations and the Darcy
equation. This chapter gives a comprehensive review related to previous studies,
devoted to the inclusion of interfaces and contacts in geotechnical engineering,
especially those approaches which considers the flow-deformation process in saturated

and unsaturated porous media.

2.2 A brief review of meshfree methods

The finite element method (FEM) is widely recognised as one of the most reliable
numerical methods for simulation in the geotechnical engineering community.
Numerous sophisticated geotechnical simulations have been performed using the FEM
[2]. FEM exhibits robustness and accuracy in the majority of practical geotechnical
problems. Despite its effectiveness, the FEM application in certain problems can be
difficult, mainly due to its heavy reliance on mesh-based interpolations. Problematic
cases include large deformation analysis, simulation of discontinuities, analysis of

problems involving fragmentation, etc. A number of improvements to the FEM have
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been proposed in the literature to overcome these difficulties. However, the proposed
techniques have their own implications and most often demand considerably higher
computational efforts compared to the standard FEM. In addition, the FEM
approximation inherently engenders overly-stiff matrices that might end up with the
appearance of volumetric locking if an exact numerical integration scheme is employed

and/or Poisson’s ratio is taken as 0.5 (the incompressible material) [73].

Over the past three decades, a relatively new class of numerical methods, collectively
known as meshfree methods (MMs) has been introduced. MMs have undergone
remarkable progress due to their distinct features, with the objective of addressing a
major part of the deficiencies attributed to mesh-dependent numerical methods. MMs
aim to compensate for at least some of the difficulties associated withthe FEM by
resorting to more flexible approximation/interpolation techniques created by nodes

scattered in a whole domain of interest.

The first MM that can be found in the literature is referred to as smoothed particle
hydrodynamics (SPH), which was introduced by Lucy [74] and Gingold and Monaghan
[75], to evaluate astrophysics problems. Later, Libersky, Petschek [76] exploited SPH,
for the first time, in solid mechanics to demonstrate the application of the method in this
field. MMs offer excellent flexibility for adaptation either based on a strong form, such
as SPH and its corrected versions, or a global weak form. The element-free Galerkin
(EFG) [12] was the first MM, formulated based on a global weak form, followed by the
reproducing kernel particle method (RKPM) [77] one year later, even though striking
similarities exist between EFG and RKPM. While both EFG and RKPM exploit the so-
called intrinsic bases, other MM formulations, deduced by utilisation of the extrinsic

bases, admitted the partition of unity concept. It is worth mentioning that extrinsic basis
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was initially incorporated into a p-refinement method, e.g. hp-cloud [78], and the

partition of unity concept (PU) proposed by Melenk and Babuska [59].

MMs can be adapted on local weak forms and formulated on overlapping subdomains
rather than global weak forms. The meshless local Petrov-Galerkin (MLPG) is one of
the well-suited local MMs [79] where the numerical integration is performed on
overlapping subdomains leading to a ‘truly’ MM because it eliminates the need for

background meshes to perform numerical integration.

MMs can be classified based on how they express approximation forms to represent

unknown variables in three general classes, as noted in [80]:

e Finite integral representation methods, in which the approximation of
unknown variables is expressed by integral forms. Some well-known MMs
are classified in this group, such as SPH [4] and RKPM [7].

e Finite series representation method, in which the approximated variables are
represented using a series of polynomial bases. This group includes MMs
based on moving least square (MLS) concept [81], the partition of unity
methods [59], and the general form of hp-cloud [78].

e Differential representation methods, in which unknown variables are
expanded using the Taylor expansion series up to the desired order of

accuracy, for example [82, 83].

There are several advantages to using MMs. First, MMs can accommodate some
enhancement techniques, such as h-adaptivity, easier than other methods, such as the
FEM, which are formulated based on mesh-based interpolation functions. Second, the
treatment of evolving interfaces in which the geometry and/or orientation changes over

time, such as crack propagation, shear bands and even mismatch in material properties,
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can be handled with more ease (compared to the FEM) in most MMs. Third, the
enforcement of mesh conformity is relaxed when the inclusion of an interfacial
configuration is required [84]. Fourth, the difficulties associated with mesh distortion
are easier to handle while performing large deformation analysis. Fifth, MMs ensure
higher order continuity by the inclusion of more supporting nodes and a variety of

approximation/interpolation functions in comparison to the FEM.

Performing numerical integration in MMs, however, necessitates assigning relatively
more quadrature points over a supporting domain of interest to produce solutions with
adequate accuracy because MMs often employ non-polynomial functions [85].
Moreover, the imposition of essential boundary conditions in MMs may be complicated
by the difficulties that arise from the lack of Kronecker delta properties, which leads to

the significant level of computation in MMs [86].

In the point interpolation method (PIM) proposed by Liu and Gu [87], the shape
functions possess the Kronecker delta function property, which facilitates imposing the
essential boundary conditions. However, the non-singularity associated with the
creation of PIM interpolation functions is not guaranteed in this method. The radial
point interpolation method (RPIM) was introduced to avoid the singularity problem
through the augmentation of PIM shape functions with appropriate radial bases [88].
Nevertheless, in PIM and RPIM, the approximation functions violate continuity across a
problem field. A penalty method was exploited to induce a continuous approximation
instead of the discontinuous approximation produced by PIM and RPIM, but the
increase in computational costs are preventive due to the enlarged bandwidth of the

attained algebraic system [86].
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In recent years, a novel form of variational statement, together with G space theory, has
been introduced to relax the continuity requirement. In this approach, the governing
equations are reformed based on an innovative form of the variational statement, the so-
called weakened weak formulation (W?2) [20, 89]. The weakened weak formulation is
formulated through the replacement of the compatible strain field obtained by the
derivative of the displacement field with an equivalent smoothed strain expressed by an
integral strain form, commonly known as a strain smoothing operation. Hence, the there
Is no need to compute the derivatives in order to acquire the strain-displacement matrix
and other derivative-included matrices. The stability and convergence of the proposed
method was mathematically proven by the rigorous properties established by the G

space theory [89, 90] .

The strain smoothing operation has been also applied to the conventional FEM by [91,
92], which was originally formulated by Chen, Wu [93] to prevent the disappearance of
the strain-displacement matrix in an EFG context as nodal integration is to be
performed. This is viewed as a robust way to address the difficulties associated with
using the FEM. Applying the smoothing gradient technique softens the stiffness matrix
attained by the Smoothed FEM (SFEM), preventing the occurrence of volumetric
locking and other adverse consequences such as overly-stiff evaluation of resultant
matrices. SFEM has various forms, including the cell-based smoothed finite element
method (CSFEM) [91], the edge-based smoothed finite element method (ESFEM) [94]
and the node-based smoothed finite element method (NSFEM) [95]. The various
theoretical aspects of SFEMs were investigated in [92, 96]. The non-local information
that is brought in from the neighbouring elements leads to more supporting nodes being

involved in the creation of the shape functions, and it therefore increases the bandwidth
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of the resulting stiffness matrix in SFEMs. The capability of SFEMs in various fields

has been demonstrated by applying them to several numerical problems in [97-100].

The introduction of the strain smoothing technique to PIM/RPIM leads to development
of the smoothed point interpolation method (SPIM) and the smooth radial point
interpolation method (SRPIM). Applying the smoothing operation technique requires
smoothing domains that are properly constructed. The smoothing domains are generally
independent from the background mesh, and they are constructed on top of the existing
mesh in such a way that the no sharing rule is met [15, 16]. Different approaches to
constructing permissible smoothing domains have been developed and reported in the
literature [16, 20, 101, 102]. Using the strain smoothing operation in the smoothing
domain associated with field nodes results in a specific form, known as the node-based
smoothed point interpolation method (NSPIM) and the node-based smoothed radial
point interpolation method (NSRPIM) [95]. A similar procedure, along with the
construction of smoothing domains based on shared boundaries of adjacent meshes, has
resulted in the edge-based smoothed point interpolation method (ESPIM) and the edge-
based smoothed radial point interpolation method (ESRPIM) [16]. The elements of the
background mesh themselves can serve as smoothing domains, resulting in development
of the cell-based smoothed point interpolation method (CSPIM) and the cell-based

smoothed radial point interpolation method (CSRPIM).

Smoothed point interpolation methods have been applied in a variety of disciplines,
proving their appealing features through the use of extensive numerical simulations. A
thorough assessment of the numerical properties of different SPIMs/SRPIMs was
performed in [19]. A number of novel techniques have been proposed in an

NSPIM/NSRPIM context [17] and in a CSPIM context [25] to properly capture the
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stress singularity in fracture mechanics. ESPIM and ESPIM have been applied to
include the presence of discontinuities stemming from a large contrast in material
property in the field of solid mechanics [26]. Various numerical problems associated
with plates and shells have been simulated by applying SPIM and SRPIM [23, 24, 103].
SPIM and SRPIM can also be adopted to other mesh forms, such as quadratic forms as
implemented in [31], in which a novel technique was employed to create a continuous
and piecewise quadratic displacement field over the whole problem domain. The
adjustments in SPIM and SRPIM can be extended to the adaptation of the slightly
modified versions of PIM and RPIM shape functions, as seen in [27, 33]. Remedial
techniques were also adopted in SPIM and SRIPIM with the objective of further
improvement in the efficiency of the methods, as seen in the adaptivity technique used
in ESPIM in [28]. Heat transfer problems have also been simulated using different
SPIMs and SRPIMs, as seen in [21, 29]. The application of SPIM and SRPIM has not
been restricted to the problems associated with static loading, and SPIM and SRPIM
have been successfully applied to vibration problems in solid mechanics [22]. Wave
propagation problems and transient thermo-elastic analysis have also been attempted in
SPIM/SRPIM contexts as seen in [104] and [30], respectively. SPIM and SRPIM have
been so far used in several practical civil engineering problems, e.g., the investigation of

thermal effects in concrete dam construction [105].

2.3 Application of MMs in geotechnical engineering

This section presents a comprehensive review of MM studies related to various
geotechnical engineering problems. A wide range of MMs has been adopted to solve a

number of problems that are frequently confronted in practical geotechnical

19



Chapter 2-Literature review

engineering. To the extent possible, this review is classified with respect to the MMs

adopted in each study.

The pioneering study conducted by Modaressi and Aubert [106] is referred to as the
first application of MMs in geotechnical engineering in which the response associated
with saturated porous media was investigated with the material elasticity assumption. In
another study by Murakami and Kawabata [107], the EFG formulation was adopted for
flow-deformation analysis of saturated porous media. A two-dimensional formulation
based on EFG method was proposed in [7] for contaminant transport in saturated porous
media. Oliaei and Pak [108] proposed a coupled EFG formulation to properly capture
the consolidation process in saturated porous media, and that study investigated the
numerical issues related to utilisation of EFG in conjunction with the hydro-mechanical
analysis presented in [109]. The EFG-coupled formulation was then extended to three-

dimensional problems in [9, 110].

Soil properties, such as the friction angle and cohesion, were obtained from the
laboratory results of an adaptation of the MLPG method in a set of numerical
simulations, along with the Mohr-Coloumb failure criteria used in existing studies such
as the study presented in[111]. A modified MLPG was also adopted to simulate
saturated porous media using dynamic analysis in [112], followed by an unequal MLPG
formulation to supress the pressure oscillation that arises from the imposition of

volumetric constraint in [113].

The material point method (MPM), originally formulated in the early 1990s [111], is
one of the prominent types of MMs that has been widely applied to a variety of
disciplines. In MPM, the material points are sufficiently small Lagrangian elements to
present the problem field of interest, while the gradient of the primary variables is
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calculated by the surrounding background mesh/grids. MPM has gained a significant
amount of attention in the geotechnical engineering community, which has led to
several numerical studies conducted by applying MPM. MPM was used in a dynamic
analysis of the slope failure that includes weak layers in [114]. The slope failure study
associated with an MPM application was extended to seismic loading in [115]. The soil-
structure interaction induced by the existence of anchors in soils was numerically
studied in [116]. Investigation of the soil behaviour arising from the coupling
interaction of solid grains and fluid flow was performed by Bandara and Soga [117],
adopting MPM, which was originally inspired by applying MPM to a general study of
granular media behaviour presented in [118]. The coupled flow-deformation analysis of
porous media by MPM was extended to a coupled dynamic analysis in [119]. The mass
movements frequently encountered in landslides incur large deformation, which was
studied in [120]. MPM was also used in the study of cone penetration test with different

drainage boundary conditions [121].

The discrete element method (DEM) is a class of numerical methods, often included in
the MM category. The main idea behind DEM is to characterise the rotational
movements of particles by including the distinguishable degrees of freedom, which
appropriately captures the contact states of solid particles in granular media, originally
proposed by Cundall and Strack [122]. DEM has been utilised in a number of
geotechnical studies, including analysis of a shallow foundation lain on a slope [123].
The effect of tunnel lining on the distribution of the soil pressure within the earth was
assessed by the DEM in [124]. A two-dimensional analysis of granular media was
extended to three-dimensional simulations in a DEM context in [125]. The structural
damage induced by blast loading with inclusion of soil-structure interaction was

simulated by DEM in [73].
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The finite point-set method (FPM) is another example of MMs that has been extensively
applied in fluid dynamics. Several FPM geotechnical applications can also be found in
the literature. In FPM, a continuous medium is represented by a sufficient number of
points, to which local properties, such as temperature, density and velocity, are
assigned. The prominent feature of FPM is that it possesses the flexibility to express the
problem of interest in Lagrangian, Eulerian or mixed Lagrangian-Eulerian discerption
with ease of implementation. Therefore, representative points can either be moved or
fixed in a space. The influence of a vehicle travelling through saturated porous media
was studied by adopting a FPM in [126]. Other examples of the adaptation of FPM to
soil mechanics are the study of tri-axial tests adopted by FPM together with a nonlinear
constitutive model presented in [127] and the investigation relevant to the simulation of
avalanches in [128]. The influence of cutting on the variations of stress and strain

induced in soil media was investigated in [129].

Blanc and Pastor [130] applied a two dimensional SPH model to simulate debris flows.
Bui and Fukagawa [131] proposed an improved version of SPH to properly capture the
possible failure modes of embankments with the inclusion of the flow-deformation
process in porous media, followed by the extension to large deformation analysis to
evaluate the post-peak behaviour of segmental retaining walls in [132]. The use of SPH
in large deformation analysis was also investigated in a study involving a hypo-plastic
constitutive model developed in [133]. The coupling of fluid flow with soil particles
was also considered in the numerical simulation of reservoirs by SPH in [134]. Hu, Liu
[135] developed an SPH application in geotechnical engineering to conduct a three-
dimensional analysis to simulate the flow-like behaviour of soil particles under
landslide conditions. The flow-like behaviour was also investigated by a combined

technique referred to as the depth-integrated SPH, proposed by Blanc and Pastor [130].
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Another novel technique by combining SPH and DEM was proposed to properly model

the brittle-viscous deformation in practical problems, such as hydro-fracturing in [136].

The particle finite element method (PFEM) refers to a MM that utilises the FEM
discretisation to integrate the partial differential equations, while allowing the
corresponding nodes to move based on the adaptation of the motion equation in a
Lagrangian sense. The balanced forces along with all the associative physical properties
are transferred with the nodes that are moving as if they are behaving as particles. This
unique feature has contributed to solving a number of complex geotechnical problems.
The influence of the tunnelling process by rock cutting tool was presented by applying
PFEM in [137]. The coupled flow-deformation process was also simulated in a study

conducted by Ofiate and Idelsohn [138].

PIM and RPIM have been frequently used to solve in geotechnical engineering
problems due to their ease of implementation, Kronecker delta properties and striking
similarities to the conventional FEM without mesh-dependent restrictive issues. Wang
and Liu [139, 140] extended the application of PIM and RPIM to solve Biot’s equation.
Wang and Wang [141] formulated an unequal order PIM/RPIM to eliminate the
pressure oscillation arising from the violation of inf-sup condition. Then, Khoshghalb
and Khalili [142] proposed a coupled flow-deformation formulation together with the
utilisation of PIM and RPIM associated with a novel three-point temporal discretisation
method [143] to alleviate the temporal insatiability that occurs during numerical
simulation of the consolidation process. Khoshghalb and Khalili [144] also extended the
PIM/RPIM formulation to model unsaturated porous media including hydraulic

hysteresis, followed by the extension of the formulation to large deformation problems
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[145]. PIM and RPIM were also involved in the assessment of wave-seabed interaction

in [146, 147].

Despite the fact that SPIM/SRPIM possesses desirable properties, the application of
SPIM and SRPIM in geotechnical engineering has received little attention. Soares [34]
proposed an iterative algorithm adopted to a simplified version of ESPIM to simulate
linear and nonlinear geotechnical problems, followed by another study to include the
dynamic effects [35]. Nonetheless, these studies were restricted to simple node selection
schemes and some simplifications in the calculation of the coupling matrix of the
system. To address these deficiencies, Ghaffaripour and Khoshghalb [148] proposed a
novel algorithm to properly capture the coupling effects related to the response of
saturated porous media when material nonlinear models are adopted. In this study, more
sophisticated nodal selection techniques, together with both PIM and RPIM shape

functions, were adopted.

A soft particle method was developed to simulate granular media in [149], followed by
the simulation of shear bands by Schneider-Muntau and Chen [150].Among thevarious
MMs methods that could not be classified under abovementioned well-known MMs, the
first application of the maximum entropy shape functions in MM for elasto-static
problems were introduced by Ullah and Augarde [151].Late, the formulation of EFG,
along with the FEM that exploit the maximum entropy concept was presented in [152]
including both small and large deformation analysis. The local maximum entropy
formulation was consequently developed in [153]. It was extended to include material
nonlinearity in a study presented by Kardani and Nazem [154] associated with an
adaptive version which the FEM along with EFG employed the local maxim entropy

shape functions in[155]. The material nonlinearity wasalso considered in a meshless
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natural neighbour method developed in [156]. More sophisticated constitutive models
were adopted in [157] to simulate cemented sand incorporating a bonded-particle
method in [158] to capture the lateral spreading due to the liquefaction phenomenon
using the Lattice Boltzman method. A Lagrangian MM was also proposed to allow for

the movement of nodes by Wu and Chen [159].

2.4 Stabilisation methods in computational geomechanics

The ever-increasing applications of coupled flow-deformation analysis in porous media
have garnered a great deal of attention in the literature. The first theoretical contribution
to the consolidation problem was described in the pioneering work by Terzaghi [160],
in which the consolidation process was formulated for a one-dimensional soil column
under a constant load. Later, the theory of the flow-deformation analysis of porous
media was extended to a generalised three-dimensional formulation by Biot [161].
Biot’s formulation presents coupled equations of the time-dependent stress distributions
and displacements in the solid phase in conjunction with the attendant pore-pressure
dissipation in the fluid phase. This theory has provided a fundamental basis for
subsequent studies in a wide variety of fields, such as geomechanics, biomechanics and

rock mechanics.

The necessity of analysing and understanding complex flow-deformation processes in
porous media has led to the development of competent numerical methods to solve the
governing equations. The first application of Biot’s theory using numerical methods
was presented in [162], and it was later extended by Zienkiewicz in [56, 163]. The
incremental forms of Biot’s equations, which are required for material and geometrical

nonlinear analysis, were developed in [3, 57, 164]. The assumption of fully saturated
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porous media was originally made in Biot equations. However, understanding the
mechanism of the interactions among different phases in three-phase problems, such as
unsaturated soils or oil-gas—soil reservoir simulation, necessitated further development
of the coupled formulation into a more generalised approach that accommodates three

coupled equations, each of which representing a certain phase [54, 144, 165, 166].

A mixed u/p formulation is often used for numerical analysis of coupled flow-
deformation problems to obtain simultaneous approximations of the displacement of the
solid phase in conjunction with the relevant fluid phase pressure distribution. The u/p
formulations employ the mixed finite element method context, in which both primary
variables are simultaneously obtained by introduction of the coupling effects through
non-diagonal matrices to the global discretised equation. However, mixed formulations
encounter difficulties, particularly when the flow-deformation problem is met with the
constraints of low permeability or a high loading rate. To investigate the origins of these
challenges, the mixed variational form of Biot’s equations can be scrutinised, revealing
that a special relationship between displacement and pressure spaces must be fulfilled in
the presence of (nearly) incompressibility constraints. This relationship assures the
coincidence of the pressure space with the range of the Divergence operator. This
crucial requirement corresponds to the famous Ladyzhenskaya-Babuska-Brezzi (LBB)
condition [38], also known as the inf-sup condition [39, 167]. It can be shown that the
stability of mixed finite element approximations is ensured by the fulfilment of a
discrete version of the inf-sup condition as a requirement to yield stable solutions [38,
168]. This enforces the pressure and displacement spaces of the approximations to

satisfy a special relationship that imitates continuous cases.

26



Chapter 2-Literature review

Unfortunately, the seemingly natural choice of equal-order approximating spaces for
both displacement and pressure fields violates the inf-sup condition. This violation
causes oscillation in the numerical fluid pressure results and overestimation of the
collapse load due to a tendency of the volumetric locking phenomenon in numerical
simulations of (nearly) incompressible porous media when approaching a collapse state.
Standard safe elements, such as the Taylor-Hood element families, in which the
displacement field is approximated one order higher than the pressure field, have often
been employed in the literature to this problem. A wide range of more sophisticated
similar elements has been proposed in [40, 169] to overcome this problem. Nonetheless,
from the point of view of implementation, it is desirable to adopt the same equal low-
order elements for both displacement and pressure approximations. In doing so, it is
possible to generate uniform data structures to conduct large-scale computations easily
and cost-effectively by generating property matrices of manageable sizes with small
bandwidths in three-dimensional problems for both pairs of unknown field variables.
Taylor-Hood elements tend to result in the convergence of the numerical solutions, but
either with a major loss of optimal convergence rate or without the convergence of the

Divergence of the rate of displacement[170].

The adverse implications associated with the violation of the inf-sup condition can be
circumvented, or at least ameliorated, by the regularisation of the mixed problem,
leading to the stabilised Galerkin methods [41, 171-173]. Although a unified
classification of these stabilisation schemes would be difficult, they are formulated
based on the modification or relaxation of the incompressibility constraint by adding
stabilising terms to the mass balance equation(s). This stabilises the mixed formulations

and retains the convergence properties of the solutions.
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Many stabilised methods have been previously developed and applied in the fluid
dynamics context, encompassing all the features of a constraint problem. Numerous
stabilisation techniques can be found in the literature for Stokes [44-46, 172, 174-176]

and Darcy equations [43, 48, 170, 177-181].

Time-stepping stabilising techniques are considered to be one of the pioneering
stabilisation methods dating back to late 1990s [182]. The main idea behind these
methods is to project the pressure gradient into the velocity space and to introduce this
projection as an additional dependent variable. Consequently, the incompressibility
constraint in the continuity equation is relaxed by subtracting the discontinuous pressure
gradient from the additional projected variable. This technique, which is known as the
fractional step method, has been applied in dynamic analysis of geotechnical problems
[37, 55, 183]. The time-stepping technique was also introduced in an MM context as an
appealing feature of this class of numerical methods to exhibit stability subjected to
large deformation, frequently accompanied by dynamic loading, as proposed in [83,
184]. Nonetheless, this class of stabilisation technique is not well-suited for quasi-static
consolidation analysis because the intrinsic assumption in its formulation is more

suitable for dynamic analysis [36].

Another prominent stabilisation technique is the finite increment calculus (FIC), or
simply finite calculus [185-188], based on the pioneering work of Ofiate [185]. In this
technique, equations for the balance of mass and momentum in a space-time domain are
reformulated using the Taylor-series expansion to account for higher-order terms,

presenting variations of the transported variables within the balance domain.

FEM formulations stabilised with the FIC technique, which express the first-order form

of the FIC balance equation in space, have been applied frequently in the context of
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computational fluid and solid mechanics [185-188]. FIC has also been successfully
applied to both one- and two-dimensional coupled flow-deformation analyses of porous
media [36]. Recently, a second-order FIC form of the mass balance equation [189, 190]
was applied to two- and three-dimensional consolidation analyses of porous media, thus
facilitating the ability to obtain a more stable form of the mass balance equation [191].
However, in a comprehensive assessment of the performance of stabilised Galerkin
methods in geomechanics reported in [49], it was shown that the first-order form of the
FIC technique failed to converge at early stages of a nonlinear stability analysis of a
vertical cut using both the associated and non-associated nonlinear constitutive models.
In [49], FIC was unable to make further improvements to the bearing capacity analysis
of a strip footing in comparison to other classical stabilisation methods. Further
investigations are required to assess the robustness and accuracy of the FIC approach in

cases of a nonlinear numerical analysis of porous media.

Several other stabilisation methods proposed in the literature can be classified as
residual-based techniques. Residual-based stabilisation methods work based on the
relaxation or modification of compressibility constraints by adding additional terms to
the mixed variational formulations. These methods, collectively known as consistently
stabilised Galerkin methods, provide consistency, in general, because the stabilising
terms eventually vanish. These methods involve a positive parameter that must be a
priori-specified, i.e. the stabilisation parameter. Based on the stability achieved for a
range of the stability parameter in consistently stabilised Galerkin methods, these
methods are categorised into two distinctive groups [192]: methods that yield
conditionally stable solutions with a set of restricted stability parameters and methods
that offer unconditional stability with respect to all mesh-dependent stability parameter

values. In a comprehensive theoretical investigation [53], where the consistently
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stabilised finite element methods proposed for the Stokes equation were assessed, the
Galerkin least-squares (GLS) [47] and pressure-Poisson Galerkin methods [46] were
considered to be conditionally stable, while the stabilisation method initially proposed
for Stokes equations in [172] was shown to be unconditionally stabile. Consistently
stabilised Galerkin methods have been successfully applied in computational
geomechanics. For example, Truty [193] developed a GLS approach for the
consolidation analysis of saturated soils. However, the proposed method fails to
completely suppress pressure oscillations when a non-zero value of the fluid
compressibility is assigned in a numerical simulation. The proposed method also used a
transient stability parameter with the inclusion of the current time-step that might cause,
on the basis of the authors’ investigations and according to the theoretical investigations
in [53], either a faster onset of pressure oscillation or abrupt deviation from the exact
solution by a small perturbation of the properly chosen stability parameter. The
pressure-Poisson Galerkin like method was adapted to EFG in [194], which can be

considered as the first application of a consistent stabilisation technique in MMs.

Truty and Zimmerman then derived a formulation for Stokes problems based on the
method presented in [44] and compared it with GLS and pressure-Poisson methods for
fully saturated soils [50]. They later extended their approach to the analysis of
unsaturated soils [51]. Good agreement was achieved with respect to the reference
solutions in both linear and nonlinear cases, but their proposed method was only
conditionally stable [53]. That could lead to the appearance of pressure oscillations or
volumetric locking when an inappropriate stability parameter value is chosen. The same
stabilisation technique was also adopted in [195], but with the stability parameter

assumed independent from the time-step size.
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It is frequently reported that consistently stabilised Galerkin methods, such as the
formulations applied in [50, 51, 193, 195], are not well-behaved when equal low-order
interpolations are used for both primarily unknown variables. This is because these
methods are often formulated based on the residual of the strong form of the governing
equation, which results in the appearance of second-order derivatives in variational
forms in their corresponding formulations. Second-order derivatives are either vanished
or poorly approximated when equal-order linear interpolations are employed [52, 53,
177, 178, 192, 196] rendering the stabilising terms ineffective. A possible heuristic
technique could be a reformulation that transforms the governing coupled equations into
a first-order system of equations [171]. However, this might engender more unknown
variables and larger algebraic problems that must be numerically solved. Other
strategies include replacing a discrete operator with the Laplace operator [192] or
reconstructing higher order derivatives [58] that have striking similarities and are
referred to as weakly consistent methods. A global L? projection is needed in both cases,
which precludes the applicability of the previously mentioned remedial methods from
the implementation of stabilising terms at the element level. The global projection refers
to the projection that project the variable of interest itself on the whole domain of
interest to the functional space, not on each background mesh/cell; thus, it would

dramatically increase computational expenses.

The method proposed in [192] is claimed to be an unconditional stable variant of the
pressure-Poisson Galerkin stabilised method. However, according to the numerical
investigation to assess the performance of stabilised Galerkin methods in geomechanics
reported in [49], the added stabilising term relevant to the weighting function of the
displacement has a negligible stabilising effect on the results. Hence, it was proposed

that the corresponding term could be omitted from the proposed formulation for
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practical simplification. This suggestion makes the proposed method similar to a
pressure-Poisson Galerkin method; however, the elimination of the aforementioned
term may cause considerable error by a small perturbation of the stability parameter.
This error is especially notable for fluid pressure distribution because a large deviation
could be observed in its approximated solutions [49]. Therefore, it is beneficial to
develop an unconditional stabilisation technique irrespective of an a priori-specific

stabilisation parameter similar to the absolute stable method proposed in [172].

Non-residual pressure projection stabilisation techniques have also been proposed as a
possible remedy for applying equal low-order pair of spaces to a wide range of
applications [42, 174, 197]. These techniques are motivated by the fractional step
schemes for the optimal use of equal lowest-order interpolations without resorting to
residuals of governing equations and the appearance of higher-order derivatives.
Multiple stabilised pressure projection methods, which have been extensively applied to
Darcy and Stokes equations, have been proposed, including global pressure gradient
stabilisation [175, 198, 199], local pressure gradient stabilisation [174], polynomial
pressure projection-based methods [177, 200] and local and global pressure jump
formulations [197, 201]. The basic idea behind the pressure projection methods is to
supplement the deficiency associated with the fulfilment of the inf-sup condition by
imposing an additional term on the variational formulation, compensating for pressure
deviations. The use of pressure projection methods eliminates the need to compute high-
order derivatives, and it preserves the symmetry of the resulting original global matrix

obtained from the mixed formulation.

Despite the striking similarities between the fractional step schemes and the polynomial

pressure projection methods, the latter involves fewer computations because many of
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the projections are implemented at the element level [200]. In geomechanics, the
applications of the polynomial pressure projection method in numerical analysis have
been investigated for fully coupled flow-deformation in linear and nonlinear saturated
porous media [52] and porous media with double porosity [202]. The effectiveness of
the polynomial pressure projection method in numerical hydraulic fracturing analysis
was also confirmed in [203]. It was applied to RKPM as the application of polynomial
pressure projection in MMs, which exhibited good agreement with reference solutions
but with the assumption of elasticity; thus, an assessment of the capability of the
proposed method for nonlinear problems was overlooked [204]. However, it was
revealed that the polynomial pressure projection stabilisation method fails to remove the
pressure oscillation in the vicinity of the drainage boundary where the presence of

intensive pressure gradient exists [36].

The variational multiscale method is another approach that results in the general form of
consistent stabilisation techniques that employ bubble functions to account for the
approximation of the fine scale within each element. The first method in this category
can be traced back to [205], which attempted to solve the Stokes problem. This method
has also been applied to the numerical flow-deformation analysis of porous media for
one- and two-dimensional benchmark problems [36]. The aforementioned study shows
that the method results in stabilised matrices that are identical to those attained by the
application of the pressure-Poisson Galerkin stabilised methods, provided that an
appropriate bubble function is carefully selected. However, [36] shows that the bubble
function method is not well-behaved for stabilising a one-dimensional flow-deformation

analysis in geomechanics.
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The concept of the softening effect introduced in [93] associated with G space theory
[14, 89] was exploited in SFEM and SPIM/SRPIM to induce the desire softening effects
needed to mitigate the overly-stiff behaviour of the FEM and SPIM/SRPIM. However,
SFEMs and SPIM/SRPIM are not completely well-behaved when subjected to
incompressible constraints [94]. Hence, some stabilisation techniques have been
adapted to SFEMs to develop a fully locking-free form of SFEMs, e.g., the utilisation of
bubble functions in SFEMs for single-phase problems subjected to an incompressible
constraint [206-208]. The bubble functions are, however, inadequate to stabilise the
general coupled flow-deformation variational statement in computational geomechanics
[36]. Similar to the FEM, the original SFEMs also suffer from the inability to utilise
equal linear order interpolation functions for both primary variables in a consistent
stabilisation framework. To date, the application of a stabilised SFEM in computational

geomechanics has not been studied.

2.5 Numerical analysis of porous media including interfaces

In geotechnical engineering, the load acting on structures is generally transferred to soil
through the areas where the soil and structures are in contact. Such surfaces in contact
can be generally modelled assuming either natural boundary conditions, including the
flexibility of adjacent structures in the analysis of interest, or essential boundary
condition relevant to a primary displacement variable, assuming fully rigid adjacent
structures. These simplifications are, however, rudimentary and might yield erroneous
predictions that are far from realistic behaviour and might only be applicable when the
surfaces in contact are already known. Several complexities from the field of contact

mechanics, such as frictional sliding accompanied by large deformations and opening or
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closing of crack surfaces of hydro-fracturing phenomena, are needed to simulate the
contacting surfaces. The quality of the prediction of the overall behaviour of the soil-
structure interactions is influenced by the attainment of the realistic response where the
surfaces are in contact. In geotechnical engineering, frictional contact between soil and
structure is important in many applications including foundations, piles, soil anchors,

retaining walls, and geotextile reinforcements in embankments and retaining structures.

The zero-thickness model can be thought of as the simplest and earliest technique for
numerical modelling of contacts in geotechnical engineering because of the simplicity
of implementing zero-thickness elements in conventional FEM codes. A simple double-
noded interface element capable of accounting for fluid flow within a crack in fractured
rock, but only in a tangential direction was formulated by Ng and Small [209] and by
Noorishad and Ayatollahi [210]. Later on, in a study by Segura and Carol [211], the
zero-thickness model was extended to incorporate transversal fluid flow. The theoretical
framework for zero-thickness elements that assumes a discontinuous pressure field was
established in [212] and its accuracy and robustness in coupled flow-deformation
analysis were demonstrated in [213]. A horizontally aligned crack with the assumption
of non-propagation was numerically simulated by a triple-noded zero-thickness element
developed by Guiducci and Pellegrino [214]. Following this, Centeno Lob&o and Eve
[215] proposed a constrained interface formulation across which pressure continuity
was preserved. The enforcement of pressure continuity across the element was also
established by using Lagrange multipliers, developed in [216]. A zero-thickness
element that assumed the discontinuity fields for both the pressure field and its gradient
was developed in [60]. A zero-thickness element for stationary hydraulic fracturing,
including a traction-displacement relationship in a two-dimensional setting, was also

presented in [217], which, through imposing an additional degree of freedom, exploited
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the partition of unity concept to properly capture the displacement discontinuity across
interfaces. The zero-thickness element proposed in [218] enables incorporation of the
hardening behaviour of soils, including interfaces, and can be expressed in an
incremental form, but it has limitations relevant to the geometrical predefinition of zero-

thickness elements.

The geometrical restriction attributed to the use of zero thickness element was, for the
first time, addressed as an application to soil-structure interaction problems in a
pioneering study by Van den Berg [219], in which a soil mass streaming past a fixed
cone was simulated by formulating of zero-thickness elements under an Eulerian setting
that is able to handle large deformations. However, this study failed to capture a
penetration procedure that starts from the ground surface. Liyanapathirana and Deeks
[220] proposed a novel method that, through a set of predefined pile-soil interface
elements that are successively activated with corresponding pile elements, simulates the
installation process of displacement of open-ended piles with negligible wall thickness
under circumstances of large deformation. Nonetheless, the extension of the proposed
method to the simulation of closed-ended piles and piles with considerable thickness is
not feasible because the pile and interface elements are not able to fill space while
inactive. Despite the simplicity attributed to using zero-thickness elements in modelling
discontinuities, their applicability is often restricted to problems where only pre-existing
interfaces with previously known configurations exist. Thus, zero-thickness elements
fail to produce qualitative solutions for boundary value problems in which interfaces

move with time in an unpredicted fashion.

In computational contact mechanics, and in particular in the FEM framework, the

simplest way of treating interacting objects is perhaps an algorithm commonly known
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as node-to-surface (NTS). NTS has been extensively employed in commercial and
academic FEM codes. In this approach, the enforcement of constraints is effectively
established though a node of one contact surface, commonly named the slave, and the
corresponding surface (master), which effectively involves collocating the contact

integrals at the slave nodes. This approach is able to include large deformation analysis.

NTS was first applied in finite element modelling to Hertzian contact problems [221].
The first implementation of NTS in soil-structure interaction was due to [222], in which
an NTS formulation associated with a Lagrange multiplier was applied to simulate the
interaction between a buried culvert and the surrounding soil in order to address the
difficulties associated with surface separation and re-closure. Nonetheless, the study
was restricted to problems under the small sliding assumption between contacting
nodes. A cantilever sheet-pile wall interaction in conjunction with the concept of
frictional contact constrained by the NTS technique was modelled in [223, 224].
Despite its simplicity, the NTS method in general fails to pass the patch test, due to non-
uniformity of nodal forces arising from using high-order interpolation functions, even
when the problem involves a uniform stress field [225]. In addition, the NTS method

may induce the deterioration of mesh quality near the surfaces of the contacting bodies.

Another well-established technique, known as the surface-to-surface (STS) algorithm,
was subsequently proposed in which contact constraints are expressed in a weak form.
As a result, the computation of contact integrals is not performed at slave nodes any
longer. The STS technique was first formulated as an integration technique over contact
segments for two-dimensional applications. It was firstly introduced as a segment-to-
segment approach in [226], followed by extension to two-dimensional settings in [227].

A frictional contact formulation accompanied by the STS algorithm was employed to
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model pile installation in normally consolidated undrained soils with low permeability
in [228]. This study successfully simulated a number of realistic features of pile
penetration for piles of a finite depth, but could simulate only pre-bored piles under the
small sliding assumption. Unlike NTS, the completion of the patch test in conjunction
with the STS algorithm was ensured, but STS was not able to satisfy the inf-sup

condition [38, 167].

The mortar technique was then proposed as a possible alternative for constraining
contacting bodies. It is similar to STS but retains the consistency of variational
statements subject to contact constraints, maintaining the optimal convergence rate for
the primary variables. The mortar technique passes the patch test and meets the inf-sup
stability condition. It has very frequently been applied to various solid mechanic
problems [229-232] and has been extended to simulate the influence of interfaces on
nonlinear saturated porous media [233], to analyse torpedo anchors [234], and to apply
a quadratic mortar-like discretisation to model the pile installation process [235], in
which a frictional contact formulation was introduced. In this study, a possible large
deformation between piles and the surrounding soils was consistently considered by
using quadratic solid elements. However, the mortar technique involves considerable

computational expense due to the need to evaluate mortar integrals [236].

Contact mechanics has been incorporated into a number of soil-structure interaction
problems associated with the FEM. The cone penetration test in cohesionless soils was
simulated in [237]. There, the mechanism of penetration and the prominent factors that
may influence the penetrating process were comprehensively investigated. The
evaluation of the stress and strain distributions induced by pushed-in piles being

installed and loaded was studied in [238]. In this study, contact constraints were
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enforced by minimising the total potential energy by introducing an additional Lagrange
multiplier. In another geotechnical application, a frictional contact formulation within a
FEM framework was employed to evaluate the performance of piles with enlarged ends,

resulting in an improved formulation for estimating the capacity of such piles [239].

The contact constraints between two interacting bodies can, in general, be imposed
through two main methods: the method of “Lagrange multipliers” and the “penalty
method”. In the Lagrange multipliers method, the contact condition is imposed as a
constraint on the governing variational formulation of the continuum problem. This
way, the Lagrange multipliers can be interpreted as primary unknowns, by which the
enforcement of the contact constraint is exactly imposed [240]. The Lagrange
multipliers as primary variables are, therefore, to be treated like other primary variables
and approximated in a similar fashion. Consequently, the introduction of the Lagrange
multipliers as primary variables results in the increase of the algebraic system size and
in the loss of the likely original symmetry of a formulation. In addition, the issues
concerning the fulfilment of the inf-sup condition to ensure stability remain when
employing Lagrange multipliers to introduce contact forces as primary variables [38].
The most convenient pair of choices associated with the approximation of primary
variables, i.e., displacement and Lagrange multipliers, is ruled out by the inf-sup
condition. Although several stabilisation remedies have been proposed to circumvent
the inf-sup condition when Lagrange multipliers are introduced, e.g., see [241], they
would likely either reduce numerical accuracy or impose difficulties when identifying

and specifying the scale stabilisation parameter at an element level [85, 242, 243].

In the penalty method, the amplitude of stiffness at the contact surface between two

bodies is assigned a priori at the places where the contact constraints are to be imposed.
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As a result, the introduction of penetration between two contacting boundaries is
inevitably admitted; this is related to the normal contact force through the contact
stiffness, commonly known as the penalty parameter [244]. The accuracy of numerical
solutions associated with fulfilling the contact constraints relies heavily on the
magnitude of the contact stiffness, which must be large enough to satisfy the constraint
condition, but not too large; otherwise, ill-conditioning problems would ensue.
Benefiting from the advantages of both these techniques, other constraint algorithms
have been proposed and successfully applied to contact problems. One of these well-

established improved techniques is the augmented Lagrange multipliers method [240].

The concept of adaptive re-meshing has been used in a wide range of disciplines to
accurately obtain numerical solutions to problems that involve moving discontinuities.
The idea behind adaptive re-meshing is to enforce the conformity of mesh topology to
evolving discontinuities by creating successively ever more conforming meshes and
their subsequent projections of data over time or during iterations. Simoni and Secchi
[245] introduced a two-dimensional cohesive crack relationship along with an adaptive
re-meshing technique based on Delaunay mesh generation. They used this combination
in an FEM framework for saturated porous media, followed by a study of the
application of the method for a gravity concrete dam subjected to cyclic loading. A
study that accounted for the thermo-mechanical coupling was proposed by Schrefler and
Secchi [246], in which optimal mesh size was assured by repeated re-meshing. An
adaptive technique was then proposed in [247] with an appropriate mapping operator
that ensures a priori local satisfaction of balance equations is directly applied to nodal
forces and fluxes. The mesh adaptivity and the cohesive crack concept were also
extended to three-dimensional porous media problems in [248]. Generally, the

difficulties of the FEM due to the restriction of interfacial configurations to element
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boundaries and the preservation of inner element continuities result in significant
computational costs when modelling moving discontinuities. In addition, projection of

data between successive re-meshing may produce numerical errors.

Recently, much attention has been given to the “embedded” methods for simulation of
interface problems. “Embedded” refers to problems where the interface geometry is
allowed to be independent of some underlying bulk mesh. Related studies have
extensively focused on the eXtended Finite Element Method (XFEM) and its
application to a wide range of interface problems. XFEM can be seen as an extension of
the finite element method for handling boundary value problems with moving
discontinuities in which the conformity of the element boundaries to an interfacial
geometry is not necessarily required. Conformity is satisfied through introducing
enrichment functions to capture discontinuities inside elements representing cracks,
material interfaces and even voids. The enrichment procedure exploits the partition of
unity (PU) technique, originally proposed by Melenk and Babuska [59]. The PU
property states that the sum of the interpolation functions must be unity. XFEM
eliminates the necessity of successive mesh generations and the difficulties frequently
encountered in the re-meshing procedure associated with the FEM. XFEM was first
proposed for modelling two-dimensional cracks in [249, 250], followed by an extension
to the three-dimensional setting in [251, 252]. Tangential discontinuities were modelled
in [253, 254]. XFEM was applied to the modelling of voids in [255] and to material

interfaces in [256].

The modelling of frictional contact across interfaces in XFEM framework has gained
relatively less attention compared to the FEM. An XFEM formulation was presented by

Khoei and Nikbakht [257] and by Liu and Borja [258] to properly simulate the frictional
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contact problem constrained by the penalty technique. Liu and Borja [258] proposed an
XFEM formulation, including embedded frictional contacts, for a finite deformation
analysis that accommodated finite stretching and rotation. Nistor and Guiton [259]
introduced a contact search algorithm that allowed systematic updates of contacting
bodies in a hybrid X-FEM framework, formulated as XFEM coupled with a Lagrange
large sliding contact algorithm under the assumption of large deformation. Recently, an
NTS contact algorithm was formulated in [260] based on XFEM including large
deformation employing the penalty technique. A stabilised augmented Lagrange
multiplier was investigated in the XFEM framework in [261] in which the stabilisation
technique previously employed by Béchet and Moés [241] was reformulated to alleviate

the traction oscillation across a crack obtained by a constrained XFEM framework.

In a pioneering study, De Borst, Réthoré [262] presented the application of XFEM in
modelling a propagating discontinuity, such as a crack or a shear band, in saturated
porous media under a biaxial plane-strain condition. This was followed by an extension
to dynamic analysis in [263]. The studies presented in [262, 263] assumed two pressure
degrees of freedom across the discontinuity, without permission of possible fluid
movement and storage in the discontinuity. The latter phenomenon was included in the
coupled flow-deformation equation for the surrounding medium later, through a
modified fluid continuity equation that represents the fluid transport and storage within
the interface in [264] under the assumption of linear elastic fracture mechanics. Later
on, the cohesive crack model [265, 266] and large deformation analysis [68] were also
studied. The formulation was then extended to coupled problems in unsaturated porous
media [63, 267, 268] and extended to include thermo-hydro-mechanical analysis in a
two-dimensional setting by Khoei and Moallemi [64] and in a three-dimensional setting

by Prevost and Sukumar [269]. An uncoupled approach in conjunction with modelling
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of a single crack propagation pressurised by fluid was investigated in [270] by
introducing a special treatment for the enrichment of crack tips, and in [271-273] by
assuming an impervious surrounding medium. A three-dimensional impervious medium
with cracks induced by fluid pressurisation was evaluated by Gupta and Duarte [274].
Remij, Remmers [275] also modelled a crack propagation induced by fluid pressure in a
porous medium. They assumed an independent pressure variable for fluid within the
discontinuity by including three independent pressure degrees of freedom at the

interface.

Khoei and Vahab [65] presented a coupled hydro-mechanical variational statement for
saturated porous media, with the XFEM framework, subject to the contact constraints
arising from the participation of the crack closure mode. The proposed method
exploited the penalty method to account for the contact constraint and for the fluid flow
ceasing within the crack where the closure mode of the crack appears. The influence of
hydraulic fracturing in gravity dams was investigated by the adoption of XFEM with a
proper cohesive crack model in [276]. Using the XFEM framework, a steady-state
analysis of the fluid flow leaking into a layered soil medium with wells was performed

in [277].

An XFEM formulation was proposed in order to include weak discontinuities with
arbitrary orientations arising from a large contrast in material properties in [61] in which
the proposed formulation was verified by the simulation of a layered dam subjected to
dynamic loading. Watanabe, Wang [217] proposed a novel method to represent the
influence of pre-existing interfaces in rocks by employing lower-dimensional interfaces
with locally defined enrichment functions. Two approaches relevant to the systematic

computation of fluid flow and its corresponding interfacial forces within a cavity were
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compared in [66] which accounted for the mixed mode of fractures, that necessitates to
formulate a contact algorithm appropriately. Taleghani and Olson [278] formulated an
enriched numerical method in order to simulate the hydraulic fracturing phenomenon in
porous media and consider natural discontinuities in a medium, but they failed to
introduce an appropriate enrichment function when the induced fractures is intersected
by natural interfaces. Accordingly, the proposed method is valid only up to the

threshold of an interfacial junction.

Although XFEM has shown robustness and accuracy in computational geomechanical
applications, it possesses a number of inherent deficiencies. Numerical integration of
discontinuous functions, used for reproducing the discontinuities in XFEM, complicates
the numerical implementation of XFEM due to the necessary partitioning of elements
intersected by an interface, reducing the accuracy of the numerical solutions. XFEM
necessitates some recovery techniques, i.e., the derivative recovery proposed in [279] or
the a posteriori treatment formulated in [280], in order to improve the computation of

stress and its association with the stress intensity factor.

The numerical simulation of interfaces in geomechanics by MMs has gained little
attention. Aimene and Nairn [281] proposed an MPM formulation to investigate the
interaction of induced hydraulic fractures with natural interfaces, within the framework
of linear fracture mechanics. In this study, crack propagation was governed by the
maximum hoop stress criterion, and, through the adaptation of continuous fracture

modelling proposed in [282].

In [283], SPH was applied to model rock fracturing stemming from magma intrusion.
Oliaei, Pak [284] proposed a fully-coupled EFG formulation for the simulation of
induced fractures in saturated porous media. This was followed by an improved form of
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EFG, proposed in [285]. However, the numerical solutions obtained in the presence of
discontinuities exhibited a slight oscillation, as previously reported for solid mechanics
applications in [85, 286]. Thus, an enriched EFG formulation that incorporated weak
discontinuities was proposed for both saturated and unsaturated porous media in [70] in
order to restore the accuracy of the numerical solutions. In this study, various applicable
enrichment functions relevant for the presence of a weak discontinuity were compared
in term of accuracy. The previous study was then extended, in [71], to simulate a strong
discontinuity due to a jJump in the primary variable (displacement) and to compute its
proportional cohesive forces, inspired by the formulation in [69]. Nonetheless, the term
associated with fluid leakage in the fluid continuity equation arising from the transport
or storage of fluid in cavity was overlooked. A novel DEM-SPH method was
formulated in [136] to simulate induced fractures pressurised by a fluid. In this method,
the displacement variable was represented by DEM while SPH adopted to simulate the
fluid phase. This approach is however very computationally demanding. Some
advanced MMs, e.g., SPIM and SRPIM, have not been yet applied in simulation of

moving discontinuities in multiphase media.

The Table 2-1 summarizes almost MMs applications in geotechnical engineering as

well as geomechanics mentioned in this study.
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Table 2-1. The summary of MMs applications in geotechnical engineering and

geomechanics discussed in this study.

Method Applications in geotechnical engineering and geomechanics
EFG [106],[107],[2871,[108],[284],[9],[110],[152] [153],[285],[70,
71].
MPLG [111],[112],[288].
MPM [114],[115],[116],[117],[118],[119] [120] [121],[281].
DEM [123],[124],[125],[136].
FPM [126],[127],[128],[129].
SPH [130],[131],[132],[133],[134],[135],[283],[136].
PFEM [137],[138].
PIM/RPIM [141],[142],[144],[145],[147],[146].
SPIM/SRPIM | [35],[289],[148].
Soft Particle | [149],[150]
Method

2.6 Conclusion

In this chapter, a general classification of MMs has been presented in terms of their
representation of the variable approximation, followed by their relative deficiencies
compared to the recently proposed MMs such as PIM/RPIM. This chapter has also
discussed a comprehensive application of MMs in geotechnical engineering and
computational geomechanics which is more or less classified based on the methods
used. Various stabilisation techniques have been discussed and classified. The special
features of discussed stabilisation methods as well as their deficiencies have been

highlighted in this chapter. It has been shown that the adoption of a consistent
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stabilisation technique accompanied by the smoothing gradient technique would
facilitate the use of equal order linear interpolation while obtaining theoretical
consistency features. This needs to an extension of SPIM/SRPIM towards the coupled
flow-deformation analysis of saturated porous media at first. The end section of this
chapter has presented the various applications of numerical methods when interfaces are
included in geotechnical engineering problems. These applications include soil-structure
interactions and the saturated and unsaturated porous media with the propagating or pre-
existing cracks as well as the material interfaces. It has shown that various numerical
techniques were applied to different interfacial configurations involved in geotechnical
problems, some of which have addressed difficulties associated with inserting the

interfacial geometries independent of the underlying discretisation such as XFEM.
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3 Application of cell-Based smoothed point interpolation
methods in the flow-Deformation analysis of saturated

porous media

3.1 Introduction

In this chapter, the numerical techniques adopted for numerical analysis of the problems
in this study is described in detail. These methods, called cell-based smoothed point
interpolation methods (CSPIM), are based on the generalised gradient smoothing
technique recently developed by Liu and his coworkers [13, 15, 16, 20, 89, 101, 105]. In
the proposed methods, the problem domain is first discretised with the use of a simple
triangular background mesh. The purpose of the background mesh is twofold: (i) it is
used to select the supporting nodes for each point of interest for the construction of
nodal shape functions, and (ii) the cells of the background mesh serve as the smoothing
domains. Spatial discretisation of the coupled partial differential equations is derived by
applying the weakened weak (W ?2) formulation referred to as the Generalised Smoothed
Galerkin method. Both displacement and pressure fields are interpolated using the point
interpolation shape functions (polynomial and radial) which are described in detail in
this chapter. In the formulations proposed, shape function differentiations are eliminated
with the use of the smoothed gradient technique, leading to the definition of the
smoothed strains and pressure gradients. Temporal discretisation is performed with a
three-point time discretisation scheme with variable time steps. Different node selection

schemes, known as T-schemes, to guarantee the non-singularity of the moment matrices
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in creating shape functions are described. The methods are presented in this chapter for
the solution of the fully coupled equations governing the behaviour of a fully saturated
porous media. The accuracy and convergence rate of the methods are investigated
through comparison of the numerical results of the proposed methods with those
obtained using analytical/semi-analytical solutions, point interpolation methods, and
standard finite element methods. The formulation presented in this chapter is adopted

for further developments in the subsequest chapters.

3.2 Governing equations

The partial differential equations governing the fluid flow and deformation in elastic
saturated porous media, first developed by Biot [161], are presented here. The saturated
medium is presented by two interacting continuum phases, i.e. soil skeleton and fluid
phase. The coupling of the two phases is described by the effective stress principle.
Inertia effects are neglected, and homogeneity is assumed. The compact matrix-vector
notation is used, with bold imprints denoting vectors and matrices, and an over-dot
representing the time derivative. Throughout this thesis, for the soil skeleton, tensile
stresses are assumed to be positive according to the sign convention of continuum
mechanics. However, the pore fluid pressure is considered positive in compression

according to soil mechanics convention.

The combination of the overall equation of equilibrium, linear momentum balance and
mass balance equations for the fluid phase results in the governing coupled differential

equations for the domain as follows [161]:

Li(c —np8)+pg=0 (Equilibrium) (3-1)
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V. [z—’; (-vp + pfg)] + a;p + V.1 = 0 (Continuity) (3-2)

in which the differentiation operator L is defined as:

Ly = E 6672 (3-3)
axz E

with x; and x, being space coordinates. ¥ is the gradient operator expressed as V =
LYs, with§ =[1 1 0]T. Equation 3-1 is derived from the equilibrium equation for
the solid phase, while Equation 3-2 represents the continuity condition for the fluid
phase obtained by inserting Darcy’s law for fluid flow within porous media into the
fluid mass balance equation. o~ denotes the effective stress acting on the solid phase
which is linked to the total stress o by Terzaghi’s effective stress principle. g =
[0 g 0]T and g=[0 g]T express two different representations of the gravity
acceleration vectors with g denoting the gravitational constant. u represents the
displacement field of the solid phase; p is the fluid pressure; k; indicates the intrinsic
permeability of the porous media; pf is the dynamic viscosity of the fluid phase; py is

the density of the fluid; and p is the buoyant porous medium density. ay =

S

n(C; — Cs) +nCs , in which n =1 —%. n is the porosity, and Cf, C; and C are the
compressibility of the fluid phase, the compressibility of the solid grains, and the

drained compressibility of the porous medium, respectively.

The adequate essential and natural boundary conditions that are required for the sake of

the solvability of Equation 3-1 and Equation 3-2 are presented in the following forms:

u(x,t) = u(t) specified displacement onT, (3-4)
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nlo'(x,t) = t(t) specified traction onT; (3-5)
p(x,t) = p(t) specified pressure on I, (3-6)
-nw(x,t) = q(t)  specified flux onT, (3-7)

where n is the outward unit normal vector, expressed in a matrix form as:

T
Ny, 0 mny, (3-9)

0 nxz nx1

n=

in which n, and n,, are the unit normal components at the point of interest in the x;

and x, directions, respectively. The formulation presented here is developed for two-

dimensional setting.

In the standard fashion, I;,, I}, I, and I, are restricted regions of the boundary of the

domain such that:
=L, Uul=T,Ul, (3-9)

L,NT=T,NnT,=0 (3-10)

3.3 Constitutive modelling

For the sake of simplicity, isotropic elastic behaviour has been assumed for the solid
phase throughout this thesis except some parts where other assumptions are emphasised.
The stress—strain relationship expressing the interaction between the soil skeleton and

the fluid phase is given by

6 = D& —npé (3-11)

51



Chapter 3- Application of cell-based smoothed point interpolation methods in the flow-
deformation analysis of saturated porous media

in which o is the total stress tensor.The over dot here indicates the rate form of the
stress-strain relationship due to the possible nonlinearity of the constitutive behaviour of
the porous media. It does not mean the real time derivative. For isotropic elastic media,

the stress—strain relationship can be written in the following form

6=26GE— (Atré+np)é (3-12)

E _anda1=—2%

where G = 2(1+v) (1+v)(1-2v)

are Lamé constants, with E being the elasticity

modulus and v being the Poisson’s ratio. tr is the trace operator, with tré& representing

the soil volumetric strain.

3.4 Cell-based smoothed PIM/RPIM

As discussed in the previous chapter, the SPIM and SRPIM are powerfull meshfree
methods that are recently developed. In these methods, instead of a compatible strain
field, the smoothing operation is used to construct the smoothed strain field. Not only
does the strain field construction solve the problem associated with the compatibility of
approximation functions, it also increases the accuracy of the numercial solution,
mainly through elimination of the need for the derivatives of the shape functions. To
apply smoothing operation techniques, smoothing domains need to be constructed. The
smoothing domains are generally independent from the background mesh and are
constructed on top of the existing mesh in such a way that the no sharing rule is met
[15, 16]. Different approaches to construct permissible smoothing domains have been
developed in the literature [16, 20, 101, 102]. In the simplest case, the cells of the
background mesh can be directly used to serve as the smoothing domains [20]. This

process leads to one of the simplest SPIMs, called the cell-based SPIM (CSPIM). In this
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method, no additional operation is needed to construct smoothing domains. This is

adopted in this study and is fully described in the subsequent sections.

3.4.1 Construction of shape functions

Two types of shape functions, formulated with different basis functions, can be
considered in cell-based smoothed methods: polynomial point interpolation method
(PIM) shape functions which use polynomial basis functions [87], and radial point
interpolation method (RPIM) shape functions which use both polynomial and radial

basis functions (RBFs) [88].

For PIM shape functions, the arbitrary field approximation function of interest, v(x), in
the space coordinates x =[x, x,] is approximated at any point in the problem domain

with the following series representation:
v(x) = X7, bipi(x) = pT(x)b (3-13)

where p;(x) is the polynomial basis function (monomial terms), and p is the number of
nodes in the compact support domain (the supporting nodes) of the point of interest
(referred to as set S, for each point of interest). b; is the coefficient for the
corresponding monomial term p; (x), which forms vector b, as shown in Equation 3-13.

The explicit forms of b and p(x) are as follows:
bT = [bl bz b bp] (3'14)

pT(x) =[1 x1 X %% X125 X% -] (3-15)
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The monomial terms of p, p;(x), are selected from Pascal’s triangle starting from lower
orders to ensure completeness of the basis to a desired order, and also to satisfy the

consistency requirement of the shape functions.

In RPIM, radial basis functions augmented with polynomials are used to approximate

the field function in the following way:
v(x) = X7, a;Ri(x) + Xj=1 bp;(x) = R"(x)a + pT(x)b (3-16)

in which R;(x) and p;(x) are the RBFs and monomial terms, respectively. a; is the
coefficient for radial basis R;(x), and b; is the coefficient for the polynomial basis
p;(x). p is again the number of nodes in the compact support domain of the point of

interest (set S,,), and [ is the number of monomial terms. In a 2D setting, at least three
monomial terms (I = 3) are needed to ensure the linear consistency of the
approximation function. From Equation 3-16, it is clear that if no RBF is adopted and

[ = p is assumed, RPIM formulation is reduced to PIM formulation.

A number of different RBFs, such as the Multi-Quadric basis (MQ) function, the
Gaussian function, the thin plate spline function, and the compactly supported RBF can
be used in construction of RPIM shape functions. In this thesis, MQ is adopted resulting

in the following definition for R; (x):
Ri(x) = (riz + (acdc)z)q ’ a. = 0 (3'17)

in which r; is the distance between the point of interest x = (x;, x,) and the field node

xi = (x1,%3,) (i = \/(x1 - xli)2 + (x; — xzi)z), and a, and q are dimensionless

parameters that control the shape of the approximation function. The shape parameters

can be tuned to improve the performance of the numerical method. They are assumed as
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a.=1 and g = 1.03 in this study in accordance with the recommendations in [290]. d.

implies the average nodal spacing.

The unknown coefficients a; and b; in Equation 3-16 are now determined by enforcing

the approximation function to pass through all the nodes in the local support domain of
the point of interest. Assuming only one degree of freedom per node for the sake of

simplicity, p equations are obtained as follows
vy = v(xp) = Zl 1 4R (xp) +Z] 1 pj(xh) , h=1,2,-,p (3-18)

where v, represents the nodal value of the independent variable at the hth node in the
support domain. [ more equations are needed to uniquely quantify a; and b;. The

following extra [ constraints are enforced:
leajpj(xi) =0 ] = 1,2,"‘,[. (3'19)

The matrix form of Equations 3-18 and 3-19 takes the following form:

u
PT 0“b] &[] = [ol ( - PT 0]) (3-20)
where
Ri(ry) Ry(r) .. Rp(ry)
R, = R1(:7”2) Rz(:rz) Rp€r2) (3-21)
Ri(rp) R(1) ... Ry(1) (0 xp)
1 x, X2, . Pi(x1)]
Py(x1) Pp(x1) .. Pi(x1) 1 x5, %, - Pi(x3)
P = Pl(st) PZ(ExZ) Pl(SxZ) =1 xi; %, . Px3) (3-22)
i » p p

“(pxD
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G is the combined moment matrix and v is the vector of nodal values with the following

explicit form
vi= (U U Uz .. U (3-23)

Using Equation 3-20, the approximation function can be presented as follows

v(x) = R"(x)a+ pT(0b = (R™(x) p"(0}[}] = R"(x) p"}6[g] (3-24)
Finally, the RPIM shape functions, ¢;(x), can be obtained from Equation 3-24 as

¢i(x) = X Ri(0GH + Xm0y ()G, (3-25)

in which ijl-l stands for the components of G~1. Invertibility of G matrix can be

guaranteed in all practicalcases by adopting appropriate node selection schemes for

determination of the supporting nodes at each point of interest and also by imposing [ <

p [90].

The shape functions constructed using PIM or RPIM possess the Kronecker delta
function property, which results in an easy implementation of the essential boundary
conditions. The shape functions also satisfy the partition of unity (PU) condition at each
point of interest, x, which is expressed as Y.!_, ¢;(x) = 1. When the point of interest
moves across the problem domain, the nodes in the compact support domain of the
point of interest are updated accordingly. This involves sudden inclusion or exclusion of
new nodes in the support domain which results in the approximation function created
using RPIM/PIM shape functions being discontinues across the problem domain. This

issue will be thoroughly addressed later in the study.
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3.4.2 Node selection schemes

In the CSPIM and CSRPIM, the cells of the triangular background mesh are used for
the selection of the supporting nodes at each point of interest within the problem
domain. A set of supporting node selection schemes, known as T-schemes, has been
proposed to provide automatic node selection algorithms using the background mesh
that ensure the invertibility of the combined moment matrix. A salient feature of the T-
schemes is that supporting domains could be automatically and efficiently constructed
without any manual operation. The node selection scheme must also be compatible with
the smoothing domains selected to satisfy the no sharing rule. This rule stipulates that
the selection of the smoothing domains and the T-scheme must be in such a way to
ensure that boundary of the smoothing domains do not share any line segment on which
the assumed displacement field is discontinues [291]. A good overview of the different
node selection schemes permissible for CSPIM and CSRPIM and their properties can be
found in [20]. In this chapter and other relevant chapters, two of the node selection
schemes developed for CSPIM and CSRPIM, referred to as T4 and T2L, are adopted.
T4 can be used in both CSPIM and CSRPIM, whereas T2L works only with CSRPIM.
The schematic representation of the T4 and T2L node selection schemes is depicted in
Figure 3.1. In all T-schemes, for any point of interest on the boundary of the problem
domain, linear interpolation using the two boundary points adjacent to the point of
interest is always used [20]. This is needed so that the numerical scheme can pass the

standard patch test [4].

As shown in Figure 3.1, for a point of interest (quadrature point) inside the domain, the
T4 scheme selects four nodes of the two cells sharing the edge hosting the point of
interest, as opposed to the T2L shceme which selects two layers of nodes around the

point of interest. The first layer is the same as those nodes selected in the T4 scheme,
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and the second layer are comprised of the nodes directly connected to the first-layer

nodes.
> 5 (
5
Interior edge S
1> H
i3
1y S f
Boundary edge
=/ S
R R T R ¥4 3
<N N A =
e Field node O Support node (first layer)
e Field node ® Quadrature point O Support node ® Quadrature point ¢} Support node (second layer)
(a) (b)

Figure 3.1. T-schemes used in this study to select the supporting nodes, (a) T4 scheme; (b) T2L scheme.

3.5 G Space theory and smoothing operation

3.5.1 G space theory

A G space containing a set of discrete functions has recently been proposed by Liu [13,
14] and Liu and Zhang [20]. This space was introduced to include not only piecewise
continuous functions, but also some discontinuous functions which allows a wider range
of numerical techniques to be utilised for the solution of the equations of interest. The
inclusion of some discontinuous functions in the G space allows the use of the
smoothing gradient technique in the numerical procedure which has some attractive
features discussed later throughout this thesis. The G that is used throughout this

thesis can then be expressed as follows:
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viv(x) = ¥N_, ¢, (0)e, = p(x)e,e e RN
G ={vel* @), (3-26)
Z’,gil(fl;iv(S) nds)?>0ev+eRi=1,..,d
in which v is the field variable of interest, approximated by a set of shape functions ¢,,
in terms of the yet unknown nodal values of the variable of interest e,, globally
collected in ¢p(x) and e vectors, respectively. N is the number of supporting nodes; Ny
denotes the number of boundary segments of the domain of interest; ds is the length of
the kth boundary segment of the boundary; Q is the domain of interest, R symbolises

the functional space, of which ¢,, is the basis.

The major difference between the G; space and the H} space is that the H} space
necessitates that the function as well as its first gradient be square integrable, while for
the G} space, only the function itself must be square integrable. Therefore, the
functional requirement is now further weakened in addition to the already weakened
requirement for functions in H} space. Hence, the G} space can be referred to as a space
of a set of functions, each of which fulfils the weakened weak (W?) requirements on
continuity. In H} space, the continuity of the function is ensured by inducing the
bounded condition upon the first derivatives of the function. Therefore, in numerical
techniques that are cast in H} space, like the FEM for example, the nodal shape
functions need to be continuous over the problem domain. Thanks to the Poincare-
Friedrichs’ inequality, numerical stability is automatically guaranteed when
approximation functions belong to H} space, provided that the desired degree of
smoothness is satisfied. However, in G/ space, the bounded condition is only enforced
for the function. It can be shown that the numerical stability in the G} space is

guaranteed by proper creation of sufficient smoothing domains [92].
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A function in the Gi space is also a member of the L? space, therefore, G} space is
indeed a subspace of L2 space. Any function interpolated by the FEM shape functions
fulfils the aforementioned three conditions for the inclusion in G} space, and therefore
is a member of the G space with the fulfilment of the minimum number of constructed
smoothing domains. The proof is presented in [89]. Therefore, all the conjectures

proven for functions in a G} space also remain valid for those in Hj.

3.5.2 Smoothing gradient operation

In SPIM/SRPIM, the gradient of the displacement field is approximated over smoothing

domain by an integral representation, which is given by:
Vu= [, Vu@Wx-2¢)d¢, (3-27)

in which W(x — &) is a pre-described smoothing function and Vu represents the
smoothed form of the gradient of the displacement field. u is assumed to be square
integrable, in which Q is the area of any taken arbitrary domain in a two-dimensional
setting in the sense of Lebesgue integration that allows occasional discontinuity at finite
points within the domain of interest. ¢ implies the dependency of the pre-described
smoothing function and the gradient of the displacement field, together commonly
known as Convolution integral. For simplicity, the Heaviside function is conventionally

adopted as the smoothing function:

1
a &ela].

Wx—§) = ,
0 ¢e¢lal

(3-28)
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where x denotes the field domain accompanied by its boundary associated with the

point of interest x € Q and A4y, is the area of the corresponding smoothing domain 3.
Knowing the displacement field, the smoothed gradient of the displacement field can be
obtained for any smoothing domain using Equations 3-27 and 3-28, and the Divergence

theorem, resulting in:
~ 1 1
E= A_ifﬂ Vu(x)dQ = A_ifr L,u(x)drl", (3-29)

where L,, stands for the matrix composed of the components of the unit outward normal

vector, with the arrangement of entries as:

Ny, 0
L,=10 mn, (3-30)
Ny, Ny

3.5.3 Cell-based smoothed strains

To overcome the problem of discontinuity of the approximation function over the
problem domain, smoothed strains are utalised in CSPIM and CSRPIM in place of
compatible strains. The smoothed strains are obtained using the generalised smoothing
operation (Equation 3-29). To this end, the problem domain, Q, is divided into a number

of linearly independent smoothing domains, Q3,, which satisfy the following conditions:

a=U""a; (3-31)
QN =0,i+) (3-32)

where Q. (k = 1,--+, Ngp) is the kth smoothing domain, and Ny, is the total number of

smoothing domains in the problem domain. As mentioned before, in CSPIM and
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CSRPIM, the cells of the background mesh are directly used as the smoothing domains

as depicted in Figure 3.2.

Py

Qk S
r Interior cell H
g >
Qk
Boundary cell
AL T KT/ & i
/g N
® [ield node X3 Cell-based smoothing domain

Figure 3.2. The schematic representation of smoothing domains in CSPIM and CSRPIM methods.

The smoothed strain can be expressed in terms of the nodal displacement values for

each smoothing domain in the following familiar format:
g =B u (3-33)

where B, is the smoothed strain-displacement matrix for each smoothing domain,
which is obtained by the summation of the smoothed strain-displacement matrices

computed at the quadrature points on the edges of the smoothing domains, as follows
g =31 B i €S, (3-34)

in which S, is the set of q support nodes which includes all the nodes involved in the

interpolation of quadrature points located on all segments of boundary T} for each
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smoothing domain Q3. S,, which is defined earlier is always a subset of S, at each point
of interest (quadrature point). An illustration of these two sets based on a T4 node
selection scheme for an arbitrary quadrature point of interest is shown in Figure 3.3.

The smoothed matrices B,; and B are in fact of the following forms, respectively:

b, O

B,=|0 by, (3-35)
brx, bix,
biy, O by, O

B,=|0 by, - 0 by, (3-36)
b, By Bav Danly

in which the components of B, are obtained by summation over all the quadrature

points along the segments of the boundary of each smoothing domain,

=~ Nge Ngau
b” = : Zmzf [Llr(n anl Wn ¢I(xmn) nl(xmn)] (l = xlle) (3_37)

S
245

where N, is the number of line segments of the boundary T, L, is the length of the
mth segment of I};, n; represents the component of the unit outward normal to the
corresponding segment of I}; and Ny, is the number of quadrature points used in each
segment of T}, which is taken two for both CSPIM and CSRPIM in this study. x,,, is
the nth quadrature point of the mth segment of I}, and w,, is the Gauss integration
weight of the corresponding quadrature point. ¢;(x,,,,) is the shape function value for
node i € S; at the point of interest x,,,. If the current quadrature point i & S,,,

then ¢; (x,,,) = 0.
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S Smoothing
_-~7 Domain

X The quadrature point of interest

Figure 3.3. A schematic representation of S,, and S, for an arbitrary quadrature point of interest assuming

a T4 node selection scheme.

Note that the formulation of the smoothed strains does not contain shape function
derivatives. Therefore, the discontinuity of the approximation function over the problem
domain does not pose any problem in calculation of the smoothed strains. Moreover,
this implies that compared to the standard weak formulation, the consistency
requirement to shape functions is further reduced which is why the formulation is called

a weakened weak (W?) formulation [15, 16].

3.6 Numerical model

In this section, the Generalised Smoothed Galerkin (GS Galerkin) approach is used for
spatial discretisation of the governing equations to obtain the weakend weak forms of
the coupled flow-deformation equations. The weakend weak forms are then discretised
in time to yield the fully discretised form of the governing equations. The unknown
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variables are presented in terms of their nodal values with the use of PIM/RPIM shape
functions. The unknown variables are solid phase displacements and excess pore fluid

pressure in the domain.

3.6.1 Spatial discretisation

Applying the GS Galerkin method to governing Equations 3-1 and 3-2 vyields the
spatially discretised forms of the governing equations for saturated porous media in the

following form [292]:
KU - nCP=F (3-38)
nC"U+HP +aMP =T (3-39)

where U is the global nodal displacement vector, P is the nodal excess pore fluid
pressure values, F is the vector of nodal forces, T is the vector of nodal fluxes, and K, C
, H and M are the global property matrices. These matrices are derived from assembly

of the corresponding local property matrices obtained from each smoothing domain as

follows:

K; = fni BTDB,dQ (3-40)
Cs = fni BT8NPAQ (3-41)
i = [y ’;—; BIB,d0 (3-42)
M, = [ ﬂinTdiQ (3-43)
Ty= [ NP' gdr (3-44)
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Fi= g NY pgdQ + [ s NY'Edr (3-45)
The entries of K are calculated as follows:
K =XN"K; = YN° BTDB, A} (3-46)

in which summation indicates the conventional assembly procedures to construct the
global stiffness matrix of the system. Equation 3-46 shows that no transformation to the
natural coordinates is required in the CSPIM/CSRPIM because the smoothed strain-

displacement matrix (B,) is constant over the corresponding smoothing domain.

For the fluid phase, the gradient of pore fluid pressure is constant over each smoothing
domain. Applying the smoothing gradient operator, i.e. Equation 3-29, to the pore fluid

pressure gradient, we have
~ 1 ~ ~
VP = 2= I Vp(0)dQ = L, Boip; = Bop (3-47)

in which 7P is the smoothed gradient of the pore fluid pressure change, p; is the pore
fluid pressure at node i, and p is the vector of pore fluid pressures for the supporting
nodes of the current smoothing domain (set S;). B, takes the following form at each

point of interest:

= = Eix blx qu

B, = Ziess B, = Ziess [~ 1] [ ! Tt (3-48)
bix, b

As can be seen, the entries of B, are the same as those of B, so B, is readily available

at no extra computational cost. In fact, by application of the smoothing technique, the

integration of the pore fluid pressure gradient over the domain is converted to the sum

of integrations along the boundaries of the smoothing domains. The smoothed fluid
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flow matrix, H, can then be evaluated by summation (assembly) of the local smoothed

fluid flow matrixes of all the smoothing domains:

H=Y)"H;= ’,jgg’;—; BIB,4; (3-49)

The smoothed coupling matrix is obtained by assembly of the coupling matrices of

smoothing domains in the form of
C =% R0 = N o, BIONPAQ (3-50)

in which NP is the shape function matrix for pore fluid pressure at each point of interest

defined as (for set S;)
NP =[¢1(x) ¢P2(x) - Pq(X)]1xq (3-51)

According to Equation 3-41, the integrand in the definition of C5 contains the shape
function matrix for pore fluid pressure which is not constant over the smoothing
domain. Therefore, unlike the calculations of K§ and H3, the integration in Equation 3-
50 cannot be readily evaluated for each smoothing domain. A simple approach is
adopted in this study to overcome this problem tocalculate €3 and finally € in CSPIM
and CSRPIM. Knowing that B, is constant over each smoothing domain, Equation 3-50

can be written in the following form,
C=3; <§I8 ( Joz NPdQ )) (3-52)

The integration fﬂs NPdQ in Equation 3-52 needs to be evaluated over each smoothing
k

domain with 6 =[1 1 0]".This can be done with the standard Gauss integration

method over the triangular smoothing domain. The number of quadrature points per
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smoothing domain depends on the degree of nonlinearity of the shape functions, as well
as the accuracy required. In this chapter, three quadrature points per smoothing domain
are adopted, but any other selection can be equally used. If the total number of
quadrature points per smoothing domain is denoted by g, then the coupling matrix can

be evaluated as follows:
C =33 ( BIs(TY., 245w,NP)) (3-53)

in which wj is the weight corresponding to the quadrature of interest. Figure 3.4
schematically shows the locations of the quadrature points used for the computation of

the coupling matrix for each smoothing domain.

~ ~

X Quadrature points used for the computation of B[ , Bj : BJ

- . . ~
% :} Quadrature points used for the computation of QSP
e

Figure 3.4. Schematic locations of the quadrature points used in this study for calulation of the shape

functions.

In a similar fashion, the other global matrices that do not include derivatives of the
shape functions (M, T and F) are calculated by assembly of the local matrixes (M, T
and F,) obtained for each smoothing domain similar to the standard practice in the

FEM. The shape function matrix N* at each point of interest in a smoothing domain is
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defined in the following form to make use of the values already computed for NP and
therefore to keep the computational cost at minimum,

_ ¢1(x) 0 bq (%) 0

ME 0 e T 0 g

(3-54)

2x2q

in Equation 3-44, g is the fluid flux across the boundary. pg and t in the definition of

F, in Equation 3-45 are the body force vector and the boundary traction, respectively.

3.6.2 Temporal discretisation

Time discretisation is performed with the use of the three-point time discretisation
scheme with variable time steps [143]. This method is unconditionally stable, has
second-order accuracy and avoids spurious oscillation on the numerical results. In this
method, the calculation starts with an initial time step (At,), and then each subsequent
time step grows by a constant growth factor of a (a¢ > 1). The time derivatives of an
arbitrary function f at time t + aAt can then be estimated in terms of the function

values at times t + aAt, t and t — At,

ft+aAt ~ Aft+lZAt_ itft_l_ Cft—At (3_55)

where A, B and C are the constant coefficients obtained by the following equations:

A= 2a+1 B:a_+1' C =

1
a(a+1)’ a B

(3-56)

Applying the three-point time discretisation scheme to Equations 3-38 and 3-39 over the

time increment (1 + a)At (from t — At to t + aAt) gives

RUHaAt _ n'C'PHaAt — Ft+aAt (3_57)

69



Chapter 3- Application of cell-based smoothed point interpolation methods in the flow-
deformation analysis of saturated porous media

AnCTU™ A + (AtH + AagM)Pt% = AtT™ At + BnCTU' — CnCTU™A +

BasMP' — CasMP'~ "t (3-58)

The overall matrix equation of the system is therefore expressed as

EW =Y (3-59)
_ ARZNXZN _AnEZNXN ] (3-60)
ACTy L,y (OtH + AasM) A

Ut+aAt2N><1
W = IPt+aAt l (3-61)
Nx1 l3nx1
A(Ft+aAt)2N><1
Y = = ~
l(AtTt+aAt+ BT]CTUt _ CT]CTUt_At + BanPt_ CanPt_aAt)le AN

(3-62)

where N is the total number of field nodes. The three point time discretisation can be
used only from the second time step onward. The first time step should be solved with a
conventional two-point finite difference scheme. The backward implicit scheme is used

for this purpose in this study.

3.7 Numerical examples

The formulation presented above is adopted as the base framework for the subsequent
developments in this study. Therefore, in this section, the presented formulation is
thoroughly verified, and the performances of different cell-based smoothed MMs are

investigated for coupled flow-deformation problems in saturated media. A set of
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benchmark examples is studied and the numerical results are compared to analytical or
reference solutions. For the sake of comparison, the numerical results of PIM/RPIM
with a T4 node selection scheme, and the standard linear FEM using the same
background mesh are also provided for all presented problems. For the sake of
comparision, the identical u/p formulation is adopted to the FEM. The constant strain
triangular elements have been used throughout this thesis whenever the FEM analysis is
required to compare the adequacy and efficiency of the FEM with CSPIM/CSRPIM as
these methods employ triangular background mesh associated with three nodes to

perform node selection schemes.

3.7.1 One-dimensional consolidation

The benchmark problem of Terzaghi’s one-dimensional consolidation is first analysed
as shown in Figure 3.5, in association with its boundary conditions and material
properties. Figure 3.5 also shows the background mesh constituting cell-based
smoothing domains. The height and width of the domain are assumed to h = 30 m and
a = 1 m, respectively. w = 1 kPa is assumed to suddenly apply on the top edge of the

model. The analytical solution for this problem is available in [161].

This problem is studied here using all the smoothed MMs presented in this study. The
same background triangular mesh (presented in Figure 3.5) is used for all cases. The
initial dimensionless time step adopted was At, = 1.2 sec, with the time step growth
factor taken as @« = 1.3 . The numerical results are presented in terms of dimensionless
surface settlement, w/u,;; (uy; is the final settlement obtained using the analytical

solution), and dimensionless excess pore pressure, pr/w, with respect to dimensionless
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Ekf(l—v)

ime, tq =~ iz

t. The results of the numerical analysis are shown in Figure

3.6 for three field nodes whose coordinates are presented in Figure 3.5. As can be seen
in Figure 3.6, there are excellent agreements between the results of the proposed
methods and the analytical solution in terms of the surface displacement and excess

pore fluid pressure.

T
{ /‘u;qlf(; 0

Elasticity modulus E=3x10"kPa
Permeability coefficient ke= 10" m’
11 ; g . Node Numbers Z Coordinate(m)
h Drained Poisson ratio v=0.20
s i 27
Compressibility of Solid ¢, = 0.0 s
T s 11 15
Compressibility of water ¢ =0.0
Porosity n=03 ! i

Fluid Viscosity i =1x10° kPas

v L
N

“,(1:0 s ”x2 =0

Figure 3.5. Schematic representation of the soil column and its associated smoothing domains for

modelling one-dimensional consolidation problem.

72



Chapter 3- Application of cell-based smoothed point interpolation methods in the flow-
deformation analysis of saturated porous media

Node 1

% .-, Node 11

Node 27

1 Analytical Solution
& CSPIM-T4
v CSRPIM-T2L

0.8 [~

04 |

Analytical Soluti
CSPIM-T4
CSRPIM-T2L

«©

Dimensionless surface settlement
o
(=]
T

02 | 0.2

Dimensionless excess pore pressure
o
[+2]
I

| 1 B 0 Tl Lol vl L
107 107 107 10° 10° 10? 10" 10°

Dimensionless time Dimensionless time

(a) (b)
Figure 3.6. Numerical analysis of one dimensional consolidation problem: a) Change of the excess pore

fluid pressure with time at three different points, and b) variation of surface settlement with time.

To assess the accuracy and convergence rate of the proposed methods, the error norms
of different solutions are precisely examined. Four different background meshes with
different densities are used to investigate the convergence rate of the numerical
solutions. Three types of error norms are adopted in this chapter, namely displacement
error norm (Ej), pore fluid pressure error norm (E¢) and energy error norm (E,). These

are defined as follows:

Zi\lzl((uiexc_u?um)T(uiexc_u?um))

E; = )
d Zﬁ\il((u{?xc)Tufxc) (3 63)
N (,exc_,num)?2
Ep = 2”12(51 (pefé)z : (3-64)
i=1\F]
E, = A%{\/%Z’}Ziq fgi(sixc _ s;clum)TD(sixc _ s;{lum) dQ (3-65)
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where uf*¢ is the exact solution for the displacements at node i, u!*™ is the
displacement vector resulting from the numerical solution at node i (both u{*“ and
u™ are 2 x 1 matrices), p;*“ is the exact solution for pore fluid pressure at node i and
pi*™™ is the numerical result for the pore fluid pressure at node i. Similarly, €7*¢ and

g™ are the exact and numerical strains corresponding to each smoothing domain.

The properties of the models used for the error norm assessment of the one-dimensional
consolidation problem are listed in Table 3-1. The background mesh shown in Figure

3.5 corresponds to configuration number 2.

Table 3-1. Properties of different configurations used for the assessment of the error norms for the one-

dimensional consolidation problem.

Configuration number Number of field nodes Number of smoothing domains
1 22 20
2 31 30
3 63 80
4 93 120

Figure 3.7 to Figure 3.9 illustrate the convergence rate of the numerical solutions in
terms of the different error norms for the proposed methods at two dimensionless
times: t; = 0.1 and t; = 1.0. In these figures, h stands for average nodal spacing and R
denotes the convergence rate calculated as the average slopes of all segments for each
convergence graph. As can be seen from these figures, all the solutions using
CSPIMs/CSRPIMs, the FEM and PIM/RPIM converge to the exact solution with the

increasing number of smoothing domains. Figure 3.7 to Figure 3.9 show that
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CSPIMs/CSRPIMs are more accurate compared to the FEM and PIM/RPIM in terms of
all the error norms. In terms of both displacement and pressure norms, CSPIM-T4 is
found to yield the most accurate results, while CSRPIM-T2L showing the highest
convergence rate among all of the methods studied. In general, it can be seen that the
cell-based smoothed methods show higher convergence rates and better accuracy in
terms of the energy error norm compared to the FEM. For this example, the energy error
norm convergence rates of the proposed smoothed cell-based methods are between 0.8

and 1.0, while the convergence rate of the FEM is between 0.3 and 0.4.

Figure 3.10 shows the variation of strain energy with time for the FEM solution and
also for the three smoothed cell-based methods proposed in this study, obtained using
configuration number 3. The strain energy is defined by replacing £;*¢ — *™ with
g™ in Equation 3-65. In all methods, the strain energy converges to 0.002175kJ,
which is the theoretical value corresponding to the strain energy of a single-phase
medium with the same dimensions under a similar load. It can be clearly observed that
among the methods studied, CSPIM-T2L has the lowest strain energy at any time
during the analysis. This indicates that in this method, consolidation rate is slower and
therefore, according to Biot’s theory [161], the soil behaviour is softer compared to

other methods.

This softness in the behaviour could be due to the use of higher-order shape functions in
CSRPIM-T2L resulting in a more accurate strain approximation over the smoothing
domains compared to linear FEM, as also reported in [15]. There is also a softening
effect due to the reduced integration used in the computation of the numerical
integrations [42]. However, these softening effects are compounded by the stiffening

effect due to the presence of boundary cells, given that only linear interpolation is used
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in boundary cells according to CSRPIM-T2L formulation. As a result, when the
background mesh is coarse, far fewer supporting nodes are, on average, involved in the
computation of the shape functions compared to a fine background mesh. Thus,
CSRPIM-T2L may no longer manifest its soft behaviour and in fact often errs on the
stiff side when a coarse background mesh is used. That is why CSRPIM-T2L is very
sensitive to background mesh density in all the cases studied and, specially, performs
poorly compared to other studied methods in terms of displacement and pressure error
norms when the background mesh is relatively coarse. However, according to Figure
3.7 to Figure 3.9 , CSRPIM-T2L vyields very accurate numerical solution in terms of all

error norms, especially energy error norm, when a fine background mesh is used.
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Figure 3.7. Displacement error norms at dimensionless time t; = 0.1 (a) and t; = 1.0 (b) for one-

dimensional consolidation problem.
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Figure 3.9. Energy error norms at dimensionless time t; = 0.1 (a) and t; = 1.0 (b) for one-dimensional

consolidation problem.
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Figure 3.10. Strain energy (kJ) versus time for one-dimensional consolidation problem using

configuration number 3.

Table 3-2. Comparison of the computational time required by different numerical procedures adopted in
example 3.7.1.

Total time of the
Method analysis with respect to
that of the FEM

FEM 1
CSPIM-T4 1.133
CSRPIM-T2L 1.241

Table 3-2 compares the computational efficiency of various CSPIM/CSRPIMs with
respect to that of the FEM. The total times for the analyses for the various methods are
normalised with respect to the FEM [90]. As can be seen, despite the fact that
CSPIM/CSRPIM are more computationally expensive, there is little difference between
the total times for the numerical analyses using different methods because the geometry
of the soil column enforces different CSPIM/CSRPIMs to create linear-interpolation

functions.
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3.7.2 Two-dimensional consolidation

The second example involves two-dimensional consolidation of a saturated soil layer
subjected to a strip loading. A unit thickness of soil is taken assuming a plane strain
condition. A strip loading of g = 10 kPa is suddenly applied on the surface of the soil.
Due to the symmetry, only half of the domain with a width of 6a and a height of 9a is
modelled here, with a being the width of the loaded area. All boundaries are taken to be
impervious except the top surface of the domain. Along the vertical boundaries, the
horizontal displacements are constrainted and all displacements are fixed along the
bottom of the domain. A schematic model of the problem and its associated background

mesh (smoothing domains) are shown in Figure 3.11.

The values of the model parameters are taken as follows: uy =1 X 107®kPas, kf =
1x 107 m?2, E =10,000kPa, v =0 and a = 1 m. The initial time step adopted is

Aty = 1000 sec, which is equivalent to the dimensionless time step of At; = 0.01, with

Ekf

the dimensionless time step defined as t; = Tvia
f

>t. The time step growth factor is

assumed a =1.1.
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Figure 3.11. Representation of a two-dimensional consolidation problem and the background mesh

(smoothing domains) used in the numerical analysis.

The numerical results of excess pore fluid pressure, with respect to the depth ratio (z/a)
under the centre of the loading strip, at dimensionless time t, = 0.1 are presented in
Figure 3.12 Also presented in this figure are the semi-analytical solution [293], and
solutions obtained using the FEM and PIM/RPIM. As can be seen from this figure, all
the cell-based smoothed MMs produce accurate results. CSPIM-T4 provides the closest
solution to the semi-analytical solution amongst all the methods studied. To investigate
the convergence rate of different methods, again, four different models with irregularly
disturbed nodes of different densities are adopted in this example. The mesh densities
are listed in Table 3-2. The background mesh shown in Figure 3.11 corresponds to

configuration number 2.
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Figure 3.12. Dimensionless excess pore fluid pressure versus depth ratio under the centre of the loaded

areaatt; = 0.1

Table 3-3. The properties of different configurations adopted for numerical analysis of the two-

dimensional consolidation problem.

Configuration number Number of field nodes Number of smoothing domains
1 66 100
2 384 736
3 651 1,200
4 925 1,728

Figure 3.13 to Figure 3.15 depict a comparison of the convergence rate and accuracy of
different methods in terms of displacement, pressure and energy error norms,
respectively, for the two-dimensional consolidation problem at dimensionless times ¢t
= 0.1 and t, = 1. In general, smoothed cell-based methods presented in this study are
more accurate than the FEM and PIM/RPIM, regardless of the mesh density and node
selection scheme adopted. However, the difference between different smoothed cell-

based methods are almost negligible in terms of all error norms, although CSPIM-T4 is
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slightly more accurate in general compared to the other two. From Figure 3.13 to Figure
3.15, it can be seen that the convergence rates of all the methods examined in this
example are almost similar with an average value of slightly above 2.0 in terms of
displacement and pore fluid pressure error norms, and slightly below 1.0 in terms of

energy error norm.

The flat segments in Figure 3.13(a) can be attributed to the nature of the consolidation
process, which produces the very negligible values of the displacement field at the very
early stage in many places of the soil medium. Therefore, the mesh sizes with increasing
density do not affect the accuracy of the displacement norm. As the mesh sizes attain
the values smaller than a certain threshold, the accuracy of the displacement field would
be improved. Because of the medium geometry, the development of the displacement
field is restricted to the relative small region beneath the foundation. Therefore, the flat
segments can be even seen in Figure 3.13(b) even though the consolidation process has

been almost completed.

For the sake of comparison, the total time of the anlysis for various CSPIM/CSRPIM
normalised with that of the FEM are presented in Table 3-4. The CSRPIM-T2L is the
most time-consuming alanysis as the more complex shape functions are created by
much more supporting nodes compared to CSPIM-T4. CSPIM-T4 has less
computational efficiency in comparison with the FEM because CSPIM-T4 is able to
have more than twice supporting nodes comparet to the FEM to create the polynomial

shape functions.
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Table 3-4. Comparison of the computational time required by different numerical procedures adopted in
example 3.7.2

Total time of the
Method analysis with respect to
that of the FEM

FEM 1
CSPIM-T4 1.211
CSRPIM-T2L 1.315
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Figure 3.13. Displacement error norms at dimensionless times t; = 0.1 (a) and t; = 1.0 (b) for two-

dimensional consolidation problem.
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Figure 3.14. Pore fluid pressure error norms at dimensionless times t; = 0.1 (a) and t; = 1.0 (b) for
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Figure 3.15. Energy error norms at dimensionless times t; = 0.1 (a) and t; = 1.0 (b) for two-

dimensional consolidation problem.
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The flat segments in Figure 3.14(a) can be due to the severe pressure oscillations at the
early stage of the consolidation process because of employing equal order interpolation
functions for both displacement and pressure fields. Consequently, the use of the
relatively coarse meshes along with the adopted time steps fails to eliminate pressure
oscillations. A stabilisation technique is required to eliminate the oscillations, which is
fully addressed in chapter 5 of this study. On the other hand, the reduction of the mesh
size in Figure 3.14(b) fails to achieve more accurate results since almost all the excess
pore water pressure has been dissipated at that time of interest. Therefore, moderate
mesh refinement does not produce meaningfully more accurate results up to a certain
threshold where the mesh is very fine and increase in the accuracy of the excess pore

pressure estimation is finally observed.

3.7.3 One-dimensional hydraulic pulse test

The last example concerns a one-dimensional hydraulic pulse test which involves
sudden hydraulic loading of a longitudinal saturated soil sample to investigate its
hydraulic properties. As shown in Figure 3.16, the saturated medium is connected to a
rigid water chamber which is suddenly pressurised. This pressure pulse is then
conveyed through the saturated soil sample. The time-dependent water pressure change
within the sample is used for estimation of the permeability of the soil. More details on

the test can be found in [294, 295].
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Figure 3.16. Geometry and background mesh assumed in one-dimensional hydraulic pulse simulation.

A soil sample of 5m in length and 10mm in diameter is considered in this example. A
very large aspect ratio for the sample is considered in the numerical modelling since the
semi-analytical solution for this problem assumes semi-infinite media. The parameters
used in this example are as follows: k; = 1x 107" m?, u;=1 x 107® kPas, E =
10,000 kPa and v = 0.3. The chamber width is assumed 4mm with an initial pressure

of pro = 100 kPa. The compressibility of water in the chamber is assumed to be ¢, =

445 x 10710 pa~1,
The essential boundary condition on the left side of the soil sample needs to be updated
at each time step according to the following [294, 295]

t
pirast — pt 4 (V"—) alt (3-66)
wCr

in which ¥, is the volume of the rigid chamber and g; is the nodal flux. Figure 3.17
shows the dimensionless pore fluid pressure, pr/po, With respect to dimensionless time

: k : . . : :
(P2t with ¢2 = (—f) as (=222 in which 4, is the cross section area of the soil normal
ke WwCr

to the flow direction according to [295]), at the middle row field node with x = 4.6 mm
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obtained using CSPIM-T4, CSRPIM-T2L and the FEM in association with the semi-
analytical solution. The numerical analyses are performed using an initial time step of
Aty = 1sec, equivalent to the dimensionless time step of W2t =2.33 x 1073; and a
time step growth factor of @« = 1.1. As can be seen from Figure 3.17, while all the
solutions agree well with the semi-analytical solution, CSPIM-T4 and CSPIM-T2L are

clearly more accurate than the FEM.
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Figure 3.17.Variation of fluid pressure at x = 4.6 mm versus dimensionless time for one-dimensional

hydraulic pulse test.

Convergence rates of the different numerical methods are investigated in this example
too using different mesh densities. The mesh densities used for the error assessments are
listed in Table 3-3. The background mesh shown in Figure 3.16 is associated with

configuration number 2.
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Table 3-5. The mesh properties used for one-dimensional hydraulic pulse test.

Configuration Number Number of field nodes Number of smoothing domains
1 505 800
2 1,255 2,000
3 2,505 4,000
4 3,050 4,700

In the simulation of the one dimensional hydraulic pulse test, all the field nodes are
constrained with zero displacement. Therefore, only the error norm in terms of pore
fluid pressure is investigated. Figure 3.18 shows the results of the numerical
investigation at two different times during the analysis. As can be seen from this figure,
while the convergence rates are more or less the same for all the methods investigated,
cell-based smoothed methods again result in more accurate solutions compared to the
FEM and PIM/RPIM for all different mesh densities. Among the cell-based smoothed
methods, the CSPIM-T4 performs the best with accuracies almost an order of

magnitude higher than those of the FEM.
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Figure 3.18. Pressure error norms at dimensionless times t; = 0.1 (a) and t; = 1.0 (b) for one-

dimensional hydraulic pulse test.

3.8 Conclusions

In this chapter, a group of cell-based smoothed point interpolation methods were
proposed for the flow-deformation analysis of saturated porous media, in which
displacement and pressure fields are approximated using PIM shape functions
(polynomial PIM or radial PIM) and strains and pressure gradients are smoothed over
smoothing domains using the generalised gradient smoothing technique. A set of T-
schemes for the node selection were applied to guarantee non-singularity of the moment
matrix used in the construction of shape functions. According to node selection schemes
and PIM/RPIM shape functions, three cell-based MMs have been proposed for coupled
numerical analysis of two phase media incorporating a novel approach for calculation of
flow property matrices. A number of benchmark examples have been studied to
investigate the properties of the presented models and to compare its performance with
the FEM and PIM/RPIM. Based on these investigations, the following conclusions can

be drawn:
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All the proposed cell-based meshfree methods provide more accurate results
in terms of displacement, pore fluid pressure and energy error norms
compared to the FEM and PIM/RPIM for flow-deformation analysis of
saturated porous media.

In terms of displacement and pore fluid pressure accuracy, CSPIM-T4
stands out among all the numerical methods studied, with CSRPIM-T4being
a close second. All the proposed cell-based methods show higher
convergence rates in comparison with the FEM and PIM/RPIM.

In terms of energy error norm, CSRPIM-T2L provides the best results in
terms of both accuracy and convergence rate. The high accuracy of the
CSRPIM-T2L is because both high order shape functions and reduced
integration adopted in the method increase the softness of the model, often
resulting in a close-to-exact stiffness. The accuracy of CSRPIM-T2L is,
however, highly affected by the fineness of the background mesh as the
softening effects are considerably hampered when a coarse mesh is used due
to a high number of boundary cells (compared to total number of cells)

which stiffen the behaviour of the model.
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4 A novel approach for application of smoothed point
interpolation methods to axisymmetric problems in

poroelasticity

4.1 Preface

The application of the smoothed point interpolation methods (SPIM) is extended to
axisymmetric problems in poroelasticity in this chapter. A novel, yet simple, approach
is presented to overcome the difficulty encountered when using the standard SPIMs in
an axisymmetric setting. The problem is related to the presence of Gauss points along
the symmetry axis which is inherent in the original SPIM/SRPIM formulations. The
approach proposed involves decomposition of the property matrices to smoothed terms
and non-smoothed terms which avoids the singularity problem that would otherwise
arise. Here, the cell-based SPIM/SRPIM (CSPIM/CSRPIM) are used for the
presentation of the proposed method since they offer the simplest form for the creation
of the smoothing domains. The approach presented is, however, applicable if other
forms of the SPIM are selected. The salient feature of the proposed method is that it
neither incurs additional computation nor compromises on the accuracy of the method.
In this chapter, the proposed method is detailed and investigated by numerical
modelling of a number of benchmark axisymmetric problems, along with a set of
convergence studies in terms of various quantities of interest for various time and mesh

densities.
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4.2 Governing equations

A two-phase porous medium consisting of a solid matrix and a saturating fluid is
considered. As presented in Chapter 3, in isothermal conditions, the linear momentum
and mass balance equations for the medium are Equation 3-1 and 3-2. The polar
coordinate system (x=[r z]) is, however, adopted in this chapter instead of the
Cartesian coordinate system x=[x; x,] of Chapter 3, as the polar coordinate system is
appropriate for problems in axisymmetric settings. Furthermore, the differentiation

operator must be redefined for axisymmetric setting, as follows,

L, = 5 (4-1)
0 > o 0

The solvability of the coupled flow-deformation equations can be ensured by imposing
the sufficient and appropriate boundary and initial conditions as defined in Equations 3-

4 to 3-7.

4.3 Constitutive modelling

A constitutive model is needed to relate the effective stress to the strain of the solid
phase. For simplicity, small strains and elastic behaviour are assumed for the solid
skeleton, and therefore, the stress-strain relationship has a similar form as Equation 3-11

and 3-12; however, with the following definitions for the stress and strain, given by:
o'=[o; o T, gg]” (4-2)

0 0 0 d
e=[er & Vo &9]T=[5F 52 ST4E LT (4-3)
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in which, u, and u, are displacement components in r and z directions, respectively. a;

is the effective stress in 8 direction in an axisymmetric setting

4.4 Variational statement

The variational forms of the governing Equations 3-1 and 3-2 are explicitly derived in
this section. The variational form of the governing equations are confined to a pair of

sub spaces S, and S, defined as follows:
S,={uw:Q > R’ lueGi,u=u onl,} (4-4)
Sp={p:Q - RIp€Gy,p=p onT,}, (4-5)

The corresponding kinematically admissible subspaces, V,,oand V,, respectively, are

defined as follows:
Vo= {:Q > R}vEGL,,v=0 onT,} (4-6)
Vao={@:Q > RlqeGly,q =0 onT,}. (4-7)

As discussed in the previous chapter, in general, shape functions constructed by the PIM
and RPIM methods are not continuous over the problem domain. Such shape functions
are not in HY, but are in G* which does not require compatibility of shape functions.
Therefore, the continuity requirement of the functions in G! is further weakened
compared to the already weakened requirement for functions in H'. Hence, G! can be
viewed as the space of functions with weakened weak (W ?2) requirements on continuity

[90].

Again, the approximation of the displacement and excess pore fluid pressure fields are

obtained as follows:
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u=N“u, p=NPp (4-8)

where N* and NP represent the matrix of displacement and excess pore fluid pressure
shape functions, respectively, as presented in Equations 3-54 and 3-51. The Galerkin’s

weighting functions may be represented as:
v=N%, q=NP¢ (4-9)

where, ¢ and ¢ are arbitrary unknown weights for the displacement and pressure field
approximations, respectively. The weak form of the problem seeks to find {u,p}s

€S, X Spsuchthatforall {v,q} eV, o X V,,, We have:

Jo vLa o' rdQ—n [, vLgpSrdQ— [, vpgrdQ =0 (4-10)

k _ . .
Jo, av. (u_; (-7p+ pfg)> rdQ+ [, qV.urdQ +ay [, qprd2 =0 (4-11)

where the integrations are written for 1 rad rotation of the domain about the axis of
symmetry. Applying Divergence theorem to Equations 4-10 and 4-11, the equivalent

weak forms are expressed in the following forms:
T o T T Tf _
Jo Wv)Ta'rdQ—n [, w)'VpsrdQ — [, (v) pgrdQ — frt W)TEtrdT =0 (4-12)
. kg — .
nf, qv.ard+ [, M—f(Vq)TVp rdQ — frq qqrdl +a; [, qprdQ =0 (4-13)

For SPIM implementations, Equations 4-12 and 4-13 must be fully discretised in space

and time.
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4.5 Domain discretisation and support node selection

45.1 Domain discretisation

In SPIM/SRPIM, the problem domain is partitioned into Ns;, smoothing domains that
satisfy the conditions expressed by Equations 3-31 and 3-32.The smoothing domains
can be created using a triangular background mesh in different ways, resulting in
different types of SPIMs [15, 16, 20, 101, 105]. Following the formulation presented in
the previous chapter, the cells of the background mesh are directly used as the
smoothing domains in this study, resulting in the development of the cell-based

SPIM/SRPIM (CSPIM/CSRPIM).

4.5.2 Support node selection schemes

In CSPIM/CSRPIM, selection of supporting nodes at each point of interest is not
arbitrary and has to be performed in such a way so that the resulting approximation
function is square integrable on the boundary of the smoothing domains [101]. Two
node selection schemes, T4 and T2L described in section 3.4.2, are adopted in this
chapter. A linear approximation is again applied where the Gauss point of interest is

located on the boundary of the domain.

4.5.3 Nodal shape functions

In this chapter, the PIM and RPIM [88] are adopted for the construction of the nodal
shape functions. A similar procedure as presented in section 3.4.1 is performed to obtain

the shape functions in an axisymmetric setting.
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Having computed the nodal shape functions, the displacement and excess pore fluid

pressure can be obtained at each point of interest, as follows:

 onus ¢i(x) 0 1(Ur; )
u=N“'"u —Zgzl [ 0 ¢l(x)] {uzl,} (4 14)
p=NPp=3L, ¢:(®)p; (4-15)

where u,.; and u,, are the components of nodal displacements, and N* and N? can be

explicitly presented as:

u _ [$1(x) 0 bq (x) 0 -
VIO s T 0 g, o
NP =[¢1(x) P2(x) -+ Pq(X)]15q (4-17)

45.4 Smoothed strains

Given that the cells of the background mesh serve as the smoothing domains in
CSPIM/CSRPIM, the smoothed gradient of the displacement field (i.e., smoothed
strain) is computed for each cell by the smoothing operation technique [90] and the
Divergence theorem, as presented by Equation 3-29. However, the matrix containing the
components of the unit outward normal vector is defined in the polar coordinate system,

as:
n. 0
L, = [O nZ] (4-18)

in which n, and n, denote the components of the unit outward normal to the boundary

of the kth smoothing domain at the Gauss point of interest. The relationship between
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smoothed strain and nodal displacements is established as Equation 3-33, with the
smoothed strain displacement matrix under an axisymmetric setting taking the

following form:

(B 0]
~ ~ 0 Eiz i
Bl = Z?:l Bli = ?=1 Eiz Bir‘ 1 € SS (4'19)
AR
r

where the smoothed strain-displacement matrix terms are computed according to

Equation 3-37.

4.6 Solution to the singularity problem

In SPIM/SRPIM formulations, the term % in Equation 4-19 leads to a singularity

problem due to the Gauss points located on the axis of symmetry as shown in Figure
4.1. To overcome this problem, a novel, yet simple idea is proposed here, in which the

smoothed strain-displacement matrix is decomposed into two matrices:

B=B,,+B, (4-20)
where
b;, 0
§1s = Ziess §1si = Ziess ~0 ?iz iI=1,...,0€S; (4-21)
bi; by
0 O]
0 0
By = Yics, Boi = Ziesslo OJ i=1,..,0€S; (4-22)
@i
=0

r
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)}
: h

x (auss points triggerning the singularity

Figure 4.1. A schematic illustration of the Gauss points causing singularity problem in the computation

of the property matrices.

The decomposition separates the terms causing the singularity from the rest of the
strain-displacement matrix. Given that no smoothing is required for % terms, the

integrations involving this term can be carried out over the smoothing domains rather
than the boundary of the smoothing domains, resulting in the removal of the singularity
problem (see Figure 4.2). The procedure involves no additional computational cost as in
any case, the shape function values are required at the Gauss points inside the
smoothing domains for the calculation of the property matrices, as detailed in the
following sections. The accuracy of the approach is considerably higher compared to
using the coordinates of the centroid of the background triangular mesh [37], especially
when non-linear nodal shape functions (e.g., radial point interpolation shape functions)

or high number of support nodes (e.g., T2L node selection scheme) are used in the
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computation of the property matrices. Furthermore, benefiting from the separation
technique proposed, the smoothed part of the strain displacement matrix, B;, remains
constant over each smoothing domain, preserving the unique features of the

SPIM/SRPIM formulations [13].

4.7 Discretisation in space

Using the Generalised Smoothed Galerkin (GS Galerkin) approach [90], the spatial
discretisation of Equations 3-1 and 3-2 in the axisymmetric setting are obtained as

presented in Equations 3-38 and 3-39.

The property matrices of stiffness, coupling, permeability and mass are obtained from
the contributions of each smoothing domain through a standard assembly procedure in

the following form:

~ ~ T ~
$ = fni (Bis + Bg) D (Bys + By)rdQ (4-23)
Ci = Jops (Bus+ B,) SNPrdQ (4-24)
s 1 ~ Tk ~
Hk —_ fﬂiu_fBz fBzr dQ (4'25)
T
M, = fﬂi NP NPrdQ (4-26)

For the global stiffness matrix, Equation 4-23 is rewritten in an expanded form as

follows:
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s s
k1 k2
| |
_ | _ T _ | I _ T 1
K; = fﬂi(Bls) D (B,)rdQ+ fﬂi(Bls) D (Bg)rdQ (4-27)

+fﬂsk(Be)TD (Els)rdQ +fﬂsk(Be)TD (Be)rdﬂ

~

= s
k3 k4

The smoothed stiffness matrix is, therefore, divided into four sub-matrices.
K3, is calculated similar to the computation of the stiffness matrix in CSPIM/CSRPIM

of plane strain problems (Equation 3-46) [20]:
17 D D D D Ngau
il = BISDBls fﬂsk rdQ:ZBIsDBlsAi Zijl Wi Ti (4'28)

H

L)

© Gauss points used when smoothing is performed.

@ Gauss points used when there is no smoothing.

Figure 4.2. Gauss points located on the edges and over a smoothing domain to evaluate the local property

matrices.

where ), stands for both summation and the standard assembly process, and subscript

i indicates that the corresponding parameter is calculated at the ith Gauss point (of the
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kth smoothing domain), e.g. w; and r; are the Gauss integration weight and radius

corresponding to the ith Gauss point.

The second and third terms are calculated by adopting an approach similar to that

proposed in Equation 3-52 [296] for the calculation of the €SP matrix, as follows:
~ ~. T ~ ~
r2=Kis = BiD fni (Bo) rdQ=2B1;DA; ¥.]_, Bojw; ; (4-29)

where, g is the number of Gauss points used over smoothing domains for the
computation of non-smoothed terms, which is taken as three in this study as shown in
Figure 4.2. w; is the corresponding weight used in the Gaussian integration rule. This
procedure avoids singularity because the non-smoothed strain-displacement matrix, By,
does not involve calculations over the boundary of the smoothing domains. The last
term of the stiffness matrix does not involve any smoothing and is calculated over the

smoothing domains using the standard Gauss integration approach, as follows:

Ris=fos (Bo)TD(Bo)rd=24; 39_, (Bo;) DiBoj 1y, (4-30)
Once K3, to K3, are calculated, the global stiffness matrix is evaluated as follows:

K = Z&?(K’il + Riz + Ri3 + Ri4) (4-31)

where ), stands for the standard assembly process.

The coupling matrix is obtained as follows
~ ~ ~ T
C=yNsoTs = yhse ( Jos (Bis + Bo) 6NprdQ) (4-32)

The contribution of each smoothing domain to the coupling matrix can be written in the
following form:
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P =( fns (Bys)" oNPraq + f 03 (Bo)T8NPrd0) (4-33)
T T !
C Ci,

It is noted that C3, has a from similar to K5, orK3, and therefore can be obtained with

minor modifications to the formulation of either K3, or K3,:

P =f, (Bls) SNPrdQ = 243B,, 6 39_, NPw; 1, (4-34)
C3P is calculated as follows:

CsP= fni (Bo)T8NPrdQ= 243 %17_,(Bo)" 8 NP1; w; (4-35)

The permeability matrix (H) includes only smoothed terms because the fluid flows in
either z or r directions, with no flow in @ direction. Thus, the terms associated with B,
vanishes from the evaluation of the permeability matrix over each smoothing domain.

We therefore have:

A3 = T, =~ Ngau
k_u_fBz ka2 fﬂirdﬂ =2M—’;B2 ka2 Zl.zgl W; T; (4-36)

in which the entries of B, are obtained by omitting the components in the 4th row of

B., as explicitly presented in Equation 3-48.
The global permeability matrix is then assembled in the conventional way:
| = YN Ay (4-37)

The compressibility matrix (M) does not involve any smoothing and can, therefore, be

computed following the standard assembly procedure, as follows:

M=Y""M (4-38)
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M=, N?TNPrdQ = 24} Yoo NPUNP w7 (4-39)

The global matrix of external forces and flux can also be computed by assembling the
local external force vectors and flux, respectively, which in turn can be calculated for

each smoothing domain from as computed for the plain strain condition.

4.8 Discretisation in time

The three-point time discretization scheme [143] is adopted in this chapter for time
discretisation of the governing equations as explained in section 3.6.2. The discretised
form of the governing equations will be identical to those presented in Equations 3-59

to 3-62.

4.9 Numerical examples

The formulation presented is adopted in this section to solve three benchmark examples
to evaluate the accuracy and performance of the scheme suggested. The numerical
results are compared with the analytical solutions (when available) and the solution
obtained from the standard linear FEM using the same background mesh through a

comprehensive error norm and convergence rate analysis.

4.9.1 Cryer’s problem

The benchmark consolidation problem of Cryer [297] is adopted here for verification
purposes. In this problem, a uniformly distributed surface load of p, = 1kPa is
concentrically applied to a saturated porous sphere with a radius of a = 1.0 m. Only
one-quarter of the sphere cross-section was modelled because of the symmetry. The
outer boundary of the sphere was assumed to be permeable, and the permeability of the

sphere was assumed to be k = 1 m/sec. The geometry and boundary conditions of the
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problem, along with the triangular background mesh used for the spatial discretisation
of the problem domain, are shown in Figure 4.3. The background mesh shown consists
of 840 elements and 475 field nodes. Three different cases are studied using three
different sets of elastic properties as presented in Table 4-1. Case 3 approximates an

incompressible material (v = 0.5). In all the cases, the initial dimensionless time step

(t _ Ek(1-v)
a— pr(1+v)(1-2v)a?

t) is taken 0.0005 with a time step growth factor of a = 1.2.

Table 4-1. Soil properties used in the analysis of Cryer’s problem (E is the Young modulus and v is the

Poisson’s ratio)

Case Number v E (kPa)
1 0.0 1.0
2 0.333 0.666
3 0.496 0.0299

Distributed surface load

Water tlow direction

e Permeable surface boundary

Py=1kPa

(a) (b)
Figure 4.3. (a) The schematic representation of Cryer’s problem, (b) the background mesh used in the

analysis
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As an example, the numerical results for the excess pore water pressure contours from
the analysis of case 1 at dimensionless time 0.0529 are shown in Figure 4.4. As
expected, the symmetry of the geometry and the applied load results in the symmetry of
the excess pore water pressure contour about the centre of the sphere. Similar results are

also obtained for other cases studied (not presented due to similarity with Figure 4.4).

Excess Pore Pressure(kPa)

YN
S

KA
Vavav, V7.t

Figure 4.4.The contour of excess pore pressure for Cryer’s problem (case 1) at dimensionless time

0.0529.

The results of the numerical analyses in terms of the dimensionless excess pore water
pressure (P. = excess pore pressure/p,) at the centre of the sphere versus the
dimensionless radial displacement of the surface of the sphere (U, =
surface settlement/a), and the variation of the dimensionless surface settlement
with dimensionless time are compared with the analytical solutions presented in [35] for
all three cases, as shown in Figure 4.5. Both SPIM and SRPIM with different node
selection schemes are adopted as identified in the Figure 3.1. As can be seen from
Figure 4.5, there is excellent agreement between the results of the numerical solution
and the analytical solution for all three cases studied. In all cases, the pore pressure

increases over the entire sphere to the value of the applied load upon the application of
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the load. The pore pressure then initially increases at the centre of the sphere in cases 1
and 2 before decreasing due to the consolidation process. This effect, known as the
Mandel-Cryer effect [297, 298], is perfectly captured in the numerical analyses. For
case 3, where the soil is incompressible, no increase in pore water pressure at the centre
of the sphere is observed, which also agrees with the analytical solution for this case.
The Mandel-Cryer effect cannot be captured using the original Terzaghi formulation for
consolidation and can only be simulated when the governing equations for the solid and
water phases are properly coupled. More discussion on this matter can be found in

[299].
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Figure 4.5. Solutions to the Cryer’s problem; (a) The distribution of dimensionless excess pore pressure
versus dimensionless surface displacement; (b) the variation of dimensionless surface displacement with

respect to the square root of the dimensionless time.

To quantitatively scrutinise the proposed methods, an error analysis is performed using
four background meshes with different densities. The accuracy and convergence rate of
the proposed method are studied, and also compared with those of the conventional
linear FEM with the same background meshes. To this end, two types of error norms,

namely the displacement and the pore pressure error norms, are defined as presented by
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Equation 3-63 and 3-64, respectively: The properties of the non-uniform background

meshes used for the error analysis of the Cryer’s problem are listed in Table 4-2.

Table 4-2. The number of field nodes and elements (smoothing domains) for different background

meshes adopted for the error analysis of Cryer’s problem.

Configuration number ~ Number of field nodes Number of smoothing
domains
1 30 50
2 108 200
3 387 730
4 1722 2920

A comparison of the convergence rate (shown with R) and accuracy of the different
methods proposed in this study, and also the standard linear FEM, with respect to the
various mesh densities at two different dimensionless times, t; = 0.1 and t; = 1.0, is
depicted in Figure 4.6 and Figure 4.7, for displacements and pressures, respectively. As
can be seen, all the methods presented in this study are in general more accurate
compared to the FEM, in terms of both displacement and pore fluid pressure
calculations. In terms of convergence rates, again CSPIMs/CSRPIMs are in general
superior to the FEM, although the difference between the convergence rates of the
different methods are not considerable in some cases. Considering the error analysis in
terms of displacements, CSRPIM-T2L produces the most accurate results and shows
better convergence rates. However, the difference in accuracy and the convergence rate

between CSRPIM-T2L and CSRPIM-T4 in terms of displacements at t; = 0.1 isnot
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considerable. The relatively similar performances of CSRPIM-T2L and CSRPIM-T4 in
this case may be attributed to the limited dissipation of the excess pore water pressure at
ty = 0.1. This results in a displacement field which is mainly concentrated to a small
layer at the surface of the sphere. The approximated displacement field in the T2L
scheme has therefore very similar accuracy to that of the T4 node selection scheme
because most of the additional nodes involved in the T2L scheme have negligible
displacements. This effect diminishes as time passes, and the difference between the
solutions of CSRPIM-T2L and CSRPIM-T4 becomes more meaningful at t; = 1.0, as
seen from Figure 4.6. In general, it can be concluded that CSRPIM-T2L yields the most
accurate results and exhibits the highest convergence in terms of both displacements and

pressures for the Cryer’s problem.
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Figure 4.6. Displacement error norms for Cryer’s problem at dimensionless time (a) t;=0.1; and (b)

t,=1.0 .
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Figure 4.7. Excess pore pressure norms for Cryer’s problem at dimensionless time (a) t;=0.1; and (b)

t4=1.0.

4.9.2 De Leeuw’s problem

The second problem studied here is the De Leeuw’s problem, originally considered in
[300], which involves a cylindrical saturated porous medium (with radius and height of
a = 1 m) constrained between two rigid horizontal plates so that the vertical
displacements at the top and the bottom of the model are zero, as shown in Figure 4.8.
The outer radial boundary of the sample is drained. A uniform compressive radial stress
with a magnitude of p, = 1 kPa is applied to the sample at the outer boundary. The soil
properties are taken E = 1 kPaand v = 0, and k = 1 m/sec, in accordance with those
adopted in [301]. Both solid grains and water are assumed to be incompressible. The
first time step is taken as t; = 0.001, and the time step growth factor is assumed a =
1.05. For the numerical analysis, an axisymmetric section of the medium was
discretised by a background mesh with 450 elements and 256 nodes, as shown in

Figure4.9.
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Radial
stress

Fluid
flow

Fixed

hrlmé

(a) (b)
Figure 4.8. A schematic representation of (a) the section and (b) the plan view of the cylinder relevant to

De Leeuw’s problem.

Fixed k . p_ = lkPa
R P
— e &
_’ q—
Fixed
K‘P [—

Figure4.9. The mesh configuration adopted for the numerical solution of the De Leeuw’s problem.

The numerical results in terms of dimensionless excess pore pressure (P. =
excess pore pressure/p,) at different dimensionless radii (r/a) and different
dimensionless times, along with their corresponding analytical solutions taken from
[301], are presented in Figure 4.10. It is seen from this figure that the numerical results
using both CSPIM-T4 and CSRPIM-T2L perfectly match the analytical solutions at all

times. The Mandel-Cryer effect is again evident from Figure 4.10, with excess pore
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water pressure initially increasing beyond the initial applied pressure at the centre of the

cylinder, before dissipating due to consolidation.
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Figure 4.10.Variation of the dimensionless excess pore pressure versus dimensionless radius at different

dimensionless times.

A thorough error analysis in terms of displacement and pressure solutions is again
performed for this example using four different background meshes, whose properties

are listed in Table 4-3.
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Table 4-3. The properties of the different background meshes employed in the error analysis of De

Leeuw’s problem.

Configuration number ~ Number of field nodes Number of smoothing
domains
1 121 200
2 256 450
3 441 800
4 676 1250

Figure 4.11 and Figure 4.12 illustrate the results of the error analysis of De Leeuw’s

problem in terms of the displacement and pressure error norms, respectively.
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Figure 4.11. Displacement error norms for De Leeuw’s problem at dimensionless time (a) t; = 0.1; and

(b) t, = 1.0.
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Figure 4.12. Pressure error norms for De Leeuw’s problem at dimensionless time (a) t; = 0.1; and (b) ¢,

=1.0.

All the proposed methods yield more accuracy compared to the FEM in terms of
displacement and pressure error norms. In terms of convergence rate, again the methods
presented in this study outperform the standard FEM. Among all CSPIMs, CSPIM-T2L
achieves the most accurate results in terms of both displacement and pressure.
Consistent with the pervious example, the superiority of CSPIM-T2L is less evident in
terms of displacement at dimensionless time t; = 0.1, perhaps due to the same reasons

discussed in the previous example.

4.9.3 The study of Noordbergum effect

The last numerical example concerns the Noordbergum effect, first observed in a field
well in the small village of Noordbergum in the Netherlands [302]. The observation
showed that in a three-layered soil medium composed of a clay layer sandwiched
between two sand layers, when the pumping of water from the lower sand layer is
stopped, the water level in the aquifer quickly increased, as expected. However, in the
upper sand layer, the water level initially decreased for a period of time, before starting
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to increase. A similar effect was observed when pumping from the lower sand layer
resumed, with the water level in the upper aquifer increased for a while before it was
decreased. This phenomenon is also referred to as a reverse groundwater level
fluctuation [303]. The Noordbergum effect can be attributed to the radial displacement
of the clay layer around the well stemming from the Poisson’s ratio effect. The
extraction of water from the bottom sand layer causes decrease in pore water pressure in
the bottom sand layer, and therefore in the bottom of the clay layer. This suction
initiates consolidation process in the clay layer, resulting in an increase in the effective
stress, initially in the lower part of the clay layer, and therefore compression of the clay
layer, in both horizontal and vertical directions. The radial displacements, in turn, apply
confining pressure to the upper part of the clay layer and also the upper sand layer
around the well resulting in an increase in pore water pressure in those layers. The pore
water pressure increase is more pronounced in the clay layer due to its lower hydraulic
permeability compared to the upper sand layer.

For the numerical simulation of the Noordbergum effect, a 2m thick clay layer confined
by two 4m thick sand layers is simulated. The schematic geometry of the problem and
its relevant boundary conditions are depicted in Figure 4.13. The properties of the two
sand layers are identical. The soil parameters used in the simulations are listed in Table
4-4, in accordance to those assumed in [304]. The clay and sand layers were assumed to
be homogeneous and isotropic. A vertical well is drilled through all three layers. The
water is extracted from the lower sand layer at a constant rate of g =2 x 1072 m3 /sec,
as depicted in Figure 4.13. At r = 0, the flux boundary condition is assumed for the
lower sand layer, while no-flow boundary condition is prescribed for the clay and the
upper sand layers. The radial extension of the domain is assumed r = 1000 m, to

approximate infinite lateral extension and minimise the boundary effects. The
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compressibility of water is taken 5 x 1071° m? /N, and the solid grains are assumed

incompressible. The wall of the well is free to move in the vertical direction, but is fixed

in horizontal direction.

Horizontally constrainted at » =0
/>Water table
|
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31 p=0 ,\
1 ‘
N 4m Sand
/ < No-flow boundary
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No-flow boundary — )
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(b)
Figure 4.13.(a) lllustration of the three-layered medium and its corresponding boundary conditions
employed for the numerical simulation of the Noordbergum effect, and (b) representation of a portion
(Om < z < 10m, Om < r < 110m) of the background mesh adopted in the study of the Noordbergum

effect.
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Table 4-4. The soil properties adopted in the simulation of the Noordbergum effect.

Parameter Sand Clay
n 0.44 0.66
k() 9.06 x 10™* 229 x 107°
v 0.25 0.35
E (kPa) 8.33 x 103 3.12 x 10?

To simulate the problem, an unstructured triangular background mesh composed of 310
elements and 180 nodes is adopted, as partially shown in Figure 4.13. As can be seen
from this figure, the background mesh is very fine near the pumping well and becomes
coarser steadily as r increases. The first time step is taken as 0.1 sec and increases by a
factor of a = 1.5 throughout the analysis. The numerical solution in terms of the
hydraulic heads and displacements at different points and times are obtained using the
proposed CSPIM and CSRPIM. The results from the FEM using a very fine mesh is
also obtained and used as the benchmark solution. Figure 4.14 shows the variation of

the hydraulic head versus time at three different levels of z = 2m, z = 5m, and z =

8m. The hydraulic head is defined as z + pp—tg in which p, is the total pore water
f

pressure. A comparison of the numerical results for excess pore pressure is made at two
different radial distances: r = 10 m and r = 100 m. As can be seen from Figure 4.14, the
numerical results for CSPIM-T4 and CSRPIM-T2L properly capture the benchmark
solutions at all different levels and radial distances. Also included in Figure 4.14 are the
numerical results obtained by Kim and Parizek [304] for the same problem, but with
slightly different assumptions (e.g., volume change dependent coefficient of

permeabilities, suction effects in the unsaturated zone, etc.). That is why although both
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solutions are qualitatively similar and show similar trends, the values obtained in the
two solutions are not the same. Comparison of the numerical resultsat r =10 mand r =
100 m for CSPIMs and the FEM shows that the Noordbergum effect is mainly observed
in the regions close to the pumping well.

Figure 4.15 depicts the surface settlement and the radial displacement at z = 10m with
respect to the radial distance at t = 86400 sec = 24 hr, using CSPIM-T4, CSRPIM-T2L
and the benchmark FEM, along with the results obtained by [304] Again, both CSPIM
solutions are in very good agreement with the benchmark solution and show similar
trends to the results obtained by [304]. The variation of the horizontal displacement is of
special interest in Figure 4.15. As it can be seen, the horizontal displacement increases
with radial distance and picks at some point, before decreasing for points farther from
the well. This lateral compression around the well is the main reason for the unexpected

increase in the pore water pressure and leads to the Noordbergum effect.
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Figure 4.14. The variation in the hydraulic head versus time for the Noordbergum problem.
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Figure 4.15. The surface and radial displacements at z = 10m for the Noordbergum problem.

4.10 Conclusion

A novel approach was proposed in this chapter to solve the singularity condition
associated with the application of the smoothed point interpolation methods to
axisymmetric problems. In the method proposed, the property matrices of the
discretised form of the coupled flow—deformation equations are decomposed into
submatrices that either contain, or do not contain differentiation of the independent
variables. The smoothing operation is then applied only to those submatrices that
contain differentiation, while the rest of the submatrices are calculated using the Gauss
integration method, very similar to the standard finite element method. The approach
proposed gracefully avoids any singularity in theclay formulation, with no need for
additional computations compared to the formulation in the plain strain conditions. The
applicability and performance of the proposed method to solve axisymmetric coupled
problems were studied through simulation of three benchmark problems. The numerical
solutions were compared with the analytical solutions or benchmark solutions. In all

cases, the numerical results of the proposed method showed excellent agreement with
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the analytical or the reference solutions. The robustness and accuracy of the proposed
method were further investigated by performing error norm analyses in terms of
displacement and excess pore pressure. It was shown that the proposed methods
outperform the linear finite element method in terms of both accuracy and convergence
rate. Among the proposed methods, CSRPIM-T2L generally exhibited the best
performance in terms of both displacement and excess pore pressure, with CSPIM-T4

being a close contestant.
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5 A stabilized, low-order edge-based smoothed point
interpolation method for numerical analyses in

geomechanics

5.1 Preface

A stabilised smoothed point interpolation method for both linear and nonlinear
numerical analysis in geomechanics is proposed. The presented method retrieves the use
of equal-order linear interpolations as a natural, practical choice in the context of
consistently stabilised Galerkin methods in computational geomechanics. The
formulation presented avoids numerical instabilities and sub-optimal convergence rates
often observed when (nearly) incompressible conditions are studied. In this study, the
smoothing gradient technique is adopted to preserve the consistency of the proposed
method for equal-order linear interpolations while discretising the field domain with a
set of triangular elements. The proposed technique is generic in nature and can be
applied to any SPIM/SRPIM, however, for the sake of simplicity, a special case of the
edge-based SPIM with linear shape functions, often referred to as the edge-based
smoothed FEM (ESFEM)[91, 92], has been adopted in this chapter for the presentation
of the method and obtaining the numerical solutions. The proposed smoothed
formulation retains consistency by eliminating all derivatives that appear in consistently
stabilised formulations by employing the smoothing gradient operator, in which
integrations of the interested quantities over the smoothing domains are transformed
into those over the boundaries of the smoothing domains using the Divergence theorem.

SFEMs are mathematically proven to possess greater accuracy and super convergence
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than the FEM in a variety of disciplines [17, 94, 97-99, 206]. An unconditionally
stabilised Galerkin method is applied to the ESFEM, which is used as a representative
form of the smoothed FEM (SFEM) and in general SPIM, to demonstrate the
applicability of the proposed method in a numerical coupled flow-deformation analysis
in computational geomechanics that offers unconditional stability irrespective of a
priori chosen mesh-dependent stabilisation parameter. This is the first time that such an
unconditionally stabilised method is implemented to coupled flow-deformation
problems in geomechanics. The robustness and accuracy of the proposed method are
examined by comparing the attained numerical results with respect to the reference
solutions of several benchmark coupled problems that encompass both linear and
nonlinear material behaviour. The numerical results are also compared with those
obtained by the stabilised polynomial pressure projection FEM, which has been applied

previously in geomechanics [52].

5.2 Notation

In the following sections the domain Q represents a d-dimensional connected bounded
region in R? (d = 2,3) with a sufficiently smooth, in the Lipschitz sense, boundary T.
The usual notations HP(Q), ||. ||, and (.,.), are used (with p being a nonnegative
integer) to characterise Sobolev spaces, including all functions that have square
integrable derivatives up to order p on Q, the standard Sobolev norm, and the inner
product, respectively. L2(Q) is replaced by H°(Q) when p = 0, and the inner product
designation index is dropped. The symbol |.|;,0 < k < p represents the kth seminorm
on HP (). HY (Q) stands for the closure of C5° (Q) with respect to the norm ||. - G!

represents the G space, whose associated norm and inner product are shown by |[|. |4z
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and (.,.)q1, respectively. Vectors, matrices and spaces that include vector-valued
functions are shown in boldface. The Euclidean inner product and norm are denoted by

<.,.>and |.|, respectively. The over-dot indicates the time derivative.

The symbol X" stands for a finite dimensional space (denoted by the superscript ‘h *) of
function X which approximates it with respect to a regular subdivision 7; (which is
triangulation in this study) of the domain Q into XK finite subdomains, each denoted by

Q.. ® denotes that m is smoothed over the smoothing domains.

5.3 The smoothed mixed Galerkin method

The variational statement of the coupled flow-deformation equations originally
proposed by Biot [161], including material nonlinearity and with small deformation
assumption, are briefly described in this section. The generalized weak form that
includes the smoothed strain concept is presented. The edge-based smooth finite
element method (ESFEM) is briefly discussed. Subsequently, the resulting smoothed

global matrix system is linearised with the standard Newton-Raphson iterative scheme.

5.3.1 Coupled flow-deformation governing equations

The coupled equations that govern a two-phase saturated porous medium consisting of
solid and fluid phases are expressed by Equation 3-1 and Equation 3-2 in conjunction
with the similar definition for L, as presented in Equation 3-3. The adequate essential
and natural boundary conditions that are required for the solvability of Equations 3-1

and 3-2 are defined in Equations 3-4 to 3-7 with the identical notations associated with
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the definitions of the disjointed boundaries for introducing the appropriate essential and

natural boundary conditions as prescribed by Equation 3-9 and Equation 3-10.

5.3.2 Constitutive modelling

It is necessary to introduce a constitutive model in a general rate form to characterise
the relation between the field variables, that are the displacement and pressure fields of
a porous medium, and the effective stress and volume change of the porous media. In its

general form, a constitutive relation in a porous medium can be stated as:

&' = D¢ (5-1)
in which € is the infinitesimal strain defined as follows:

£=Lu (5-2)

and D*°P is the tangent elasto-plastic constitutive matrix. When material nonlinearity is

assumed, a strain decomposition is required for the strain rate, such that:
€ =£°¢4+ &P (5-3)

where &£° is the elastic (reversible) part of the strain and &P denotes the plastic
(irreversible) part of the strain. To obtain the plastic strain, a flow rule must be adopted.

In general, the calculation of the plastic strain is expressed as:
p_ 0w _ )
& =y = yr(o) (5-4)

in which y is the scalar plastic multiplier and w denotes the plastic potential function,
which can be different from the yield function if non-associativity is assumed. Finally,

the consistency condition implies the following condition:
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f(e)=0 (5-5)

in which f stands for the yield function. In the examples presented in this study, both
elastic isotropic materials and nonlinear materials are considered. For nonlinearity,
Mohr-Coulomb behaviour is assumed along with both associative and non-associative
flow rules. For the sake of brevity, the related yield and potential functions of Mohr-
Coulomb constitutive model and their relevant implementation details are not discussed

here, and interested readers are referred to [2].

5.3.3 Variational form of the standard mixed Galerkin method

The variational form of the coupled flow-deformation equations with the assumption of

the isotropic permeability is obtained by seeking (u,p) € Hy (Q) x H(Q) such that:

A(u,v) —nB(v,p) = F (v) Vv eEH)Q) (5-6)
nB(iL, q) + %H(qm) +arM(q,p) =T(q) VqE€HLQ) (5-7)

where A (.,.), B (.,.), F (.) and H(.) are defined by:

A (u,v)= [ " (v)o (e(w))dQ (5-8)
B(v,p)= [,pV.vdQ (5-9)
H(q,p) = [,(Vq)"Vp dQ (5-10)

M(q,p) =J, qp dQ (5-11)
F (0)=[, ()&l + ], p(v)"gd) (5-12)
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T(9)=ly, qdr (5-13)

In the interest of formulations offered in the next sections, Equations 5-6 and 5-7 are

rewritten in the following form:
Qwpv,q)=LWwq Vwq)€H; Q) xH; (Q), (5-14)

where
. k
Q (wp;v,q)=A(wv)— nB (w,p) +nB (i,q) + H—’;H(q, p) +a;M(q,p)  (5-15)

and
L (v,q)=F(w)+T(q) (5-16)

The global bilinear form of the equations presented above is based on Sobolev spaces,
which are conventionally used in spatial discretisation used in the FEM to adopt the

smoothing gradient technique for application in ES-FEM.

5.3.4 Smoothing domains in ESFEM

In this chapter, a linear ESFEM is adopted for the developments that follow; thus, the
smoothing domains are constructed based only on the shared boundaries of
neighbouring elements. However, other forms of the SFEM and also SPIM can also be

implemented in a similar fashion.

The creation of smoothing domains for ESFEM analysis requires a subdivision of the
problem domain. Triangulation is adopted as it is perhaps the simplest method of
domain discretisation which can be performed automatically, similar to the meshing

method used in the standard FEM. The mesh is assumed to be composed of Ne non-
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overlapping elements, such that Q = Ugilﬂe, N nodes, and Ns edges. In ESFEM, a set
of smoothing domains must be created on top of the background mesh. To this end, an
internal node is first added at the centroid of each element Q,, as shown in Figure 5.1.
The partitioning of the problem domain ( into a set of Nsp smoothing domains (23) is

then performed such that Q = UZZ? Q and QF N Q7 = @,i # j. The smoothing domain

% pertaining to edge k is created by connecting two end-edge points to the internal

nodes of neighbouring elements, as shown in Figure 5.1.

boundary
edge m

sl

Is
l—*.r a1 m
—

inner
edge k |

@ nodes of elements QO internal nodes

Figure 5.1. A mesh composed of linear triangular elements and its corresponding smoothing domains. An
interior smoothing domain €, corresponding to edge k of the background mesh, and a boundary

smoothing domain Q;, corresponding to edge m of the background mesh are highlighted.

5.3.5 Smoothing gradient operation

In SFEMs, the gradient of the displacement field is approximated over a smoothing

domain by an integral representation, similar to thatpresented in Equation 3-27. The
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smoothed gradient of the displacement field can be obtained for any smoothing domain

using Equation 3-29.

5.3.6 Generalised smoothed mixed Galerkin formulation

The generalised smoothed Galerkin formulation for the coupled flow-deformation
equations can now be developed. The variational form of the governing Equations 5-6

and 5-7 are confined to a pair of spaces §,, and S,,, defined as follows:
S,={wQ > R*lueG,,u=u onl,} (5-17)
S,=1{p:Q > RlpeGi,p=p onT,} (5-18)

The corresponding kinematically admissible spaces, V,oand V,, respectively, are

defined as follows:
Vo= {r:Q > R}vEGL,,v=0 onT,} (5-19)
Vio= {@:Q2 > Rlq€Gy,q =0 onT,} (5-20)

Applying the smoothing operation technique to Equations 5-6 and 5-7, the
corresponding discrete problems are obtained, which is to seek (u" q") € S, X

S, such that
Awv)—-nB(w,p)=F@Ww) YveEV,, (5-21)
~ . ke ~
nB (i, q) + ﬂ—iH (@.p) +asM(q,p) =T(q) VqE€EVy (5-22)

Alternately, the general smoothed form of the governing equations can be demonstrated

as:
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Qwp;v,q) =Lw,q) Y (@,q) €EVyo XVpy (5-23)
where

Q (w,p; v, )=A(w,v)+nB (v, p)+nB (1, q)+z—; H(q,p)*+asM(q,p) (5-24)
L(w,q)=F (v) +T(q), (5-25)

where the smoothed bilinear forms are as follows:

A (u,v)= [, )0 (E(w))dQ (5-26)
Bw,p)= [, pV.vdQ (5-27)
H(q,p) = [((Vg)"V p d. (5-28)

Equation 5-23 is referred to as the weakened weak (W?) form [13, 14, 89, 305], because
only the displacement and pressure fields, and not their derivatives, are required to be
square integrable in this form. Using this form, computation of derivatives of the
primary variables is no longer required. It can be proved [40] that the globally smoothed
bilinear form (Equation 5-23) has a unique solution when edge-based smoothing

domains are used.

It is worth mentioning that the functionals F (v) and T'(gq) are not involved in employing
the smoothing gradient technique and have exactly the same form as the linear

functionals existing in FEM variational forms.
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5.4 Matrix form of the generalised smoothed mixed Galerkin FEM

5.4.1 Creation of linear shape functions and approximated solutions

The shape functions used in ESFEM are identical to those applied in the standard FEM
associated with linear triangular elements [92]. They are computed directly using the
three nodes of the triangular element hosting the point of interest. Accordingly, the pair
of equal-order subspaces S and S[} of trial functions and the subspaces V,’},O and V,;fo of
weighting functions contain piecewise linear functions for the interpolation of the field

variables, and are defined as follows:

st = {u" € G}, u"|q, € P1(Q.)} (5-29)
Sy = {p" € G, p"q, € P1(Q0)} (5-30)
Vi, ={v" € G} o, v"|q, € P1(Q)} (5-31)
Vao = {q" € Gro.q"la, € P1(QC)} (5-32)

where P; (Q,) possesses a set of polynomials of up to degree one.

Having calculated the shape functions, the approximated displacement and pressure

field variables at an arbitrary point of interest x € (), are interpolated in the following

forms:
W (la, = N eou =3[5O 1) (5:39)
p"(®)|q, = NP(X)P = Xi-, $:(X)P; (5-34)

in which, similar to the previous chapters, %; and v, are the components of nodal

displacement field values, p; is the nodal fluid pressure, and ¢,;(x) € P;(£,) is the
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linear shape function associated with node I. N*(x) is the shape function matrix related
to the displacement field defined in the expanded form as:

_[#:1(x) 0 $2(x) 0 $3(x) 0

VOl g0 0 g 0 gyl 539

and NP (x) stands for the shape function matrix for the interpolation of the pore fluid

pressure variable within an element of interest:
NP (X)|q, = [$1(x) ¢2(x) P3(X)]1xs (5-36)

u and p are vectors where the unknown nodal displacement and pressure values for an
element of interest 1, are collected, respectively. The Galerkin weighting functions

may be represented as:
v (x)|g, = N*(x)c, q"(x)|q, = NP(x)C. (5-37)

where ¢ and ¢ collect arbitrary nodal weights.

5.4.2 Computation of the property matrixes

The discretised form of Equation 5-23 includes a global coefficient matrix comprising
of diagonal and off-diagonal blocks representing the contribution of different phases of
the porous media. The computation of each contributing matrix and the standard global

matrix form are presented in this section.

The smoothed strain #*) over the smoothing domain QS can be expressed by Equation
3-34. Similar to the previous chapters, S, collects a set of g supporting nodes that
contribute to the computation of the smoothed quantity of the interest over the

smoothing domain ;. The supporting nodes S, , for the schematic inner smoothing
130



Chapter 5- Stabilized, low-order edge-based smoothed point interpolation method for
numerical analyses in geomechanics

domain shown in Figure 5.1 is S; = {A,B,C,D} and for the boundary smoothing
domain shown in the same figure is S, = {4, B, C}. By, represents the smoothed strain—
displacement matrix for arbitrary supporting node | of the smoothing domain Q3, given
by the similar formulation given in Equation 3-35 along with its expanded form given in

Equation 3-36.

As seen from Equation 3-37, the smoothed strain-displacement matrix is computed on
the boundary of the smoothing domain I} and the participation of the derivatives of the
shape functions is eliminated. In ESFEM, the line integration of Equation 3-37 requires
a sufficient number of Gauss points for numerical integration. As linear shape functions
are adopted in this study, one Gauss point is adequate for each segment of the boundary
of the smoothing domain (TS, € ). For linear ESFEM, the form of by, after including
the numerical integration is the same as that presented in Equation 3-37. Same notations
as presented in Chapter 3 are adopted in this chapter, except that Nyq,, = 1 is used per
each segment of a smoothing domain boundary herein. The smoothed strain-
displacement matrix for smoothing domain Q3 (B;) is sequentially obtained in linear
ESFEM by the standard assembly procedure and can be presented in the following

form:

B, = [ZIESS §11] (5-38)

3X2q

For the term Vp(x) in the standard varitional formulation (Equation 5-7), a similar
procedure as presented in Chapter 3 (Equation3-47) must be performed to obtain the

smoothed pressure gradient.
Rewriting the discrete version of bilinear form (Equations 5-26) in matrix forms, yields:

K3 = fﬂi?:(vh)o'(é(uh))dﬂ = fni BTD®PB,d0 =BTD°’B A (5-39)
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where Aj stands for the area of the smoothing domain QF. The discrete form of
Equation 5-27 is identical to that presented in Equation 3-42. One of the prominent
features of ESFEM is that the numerical integration is performed with no mapping rule
requirement, in contrast to the FEM. Omitting the need for the mapping rule
ameliorates the difficulties associated with numerical integration when the mesh

undergoes distortion.
The coupling matrix is calculated by Equation 3-52, represented here as:

Ci=[,p"V.v"dQ = [, BI6NPdQ= B4 [, NPdQ). (5-40)

The term fﬂiNPdQ in Equation 5-40 is calculated over each smoothing domain, rather

than the boundary of the smoothing domains, as no smoothing operation is applied to it.
This numerical integration is performed by the subdivision of each of the interior
smoothing domains into two sub-triangles and by using the standard Gauss integration
method for the sub-triangular areas. Subdivision is not, however, required for the
boundary smoothing domains. One Gauss point per sub-triangle located on its centroid

Is needed to attain adequate accuracy for numerical integrations. We can therefore write,

Cs =BTs fﬂi NPdQ=2BT8 Y A NP w; (5-41)

where n;,- denotes the number of sub-triangles for the smoothing domain of interest and
AY" is the area of the triangle that hosts the Gauss points of interest. Finally, the fluid
compressibility matrix (M,,) is calculated over each smoothing domain in a manner
similar to the standard FEM, because there is no smoothing operation involved in its
definition. The vector of nodal fluxes T, and the vector of nodal forces Fj are also

calculated using Equations 3-44 and 3-45, respectively.
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The standard assembly procedure is then performed to form the global property matrices

and vectors of spatially discretised coupled flow-deformation equations as:

K =YK (5-42)

H =Y H; (5-43)
k=1""k

C =Y,2C (5-44)
k=1"k

M =YV M, (5-45)

F =Y F, (5-46)

T =Y3°T, (5-47)

where K, H, C, M, F and T are already introduced in Chapter 3.

5.4.3 Linearisation

Equations 5-21 and 5-22, in general, express two nonlinear residual equations whose
solution requires an appropriate iterative procedure. Here, the standard Newton-
Raphson procedure is adopted. Accordingly, the coupled equations are linearly
expanded about the configuration of interest. The residual forms of Equations 5-21 and

5-22 can be written as follows:

¥, (up" ") = A (w,v") —nB (v, p") - F(@") =0 (5-48)
~ . kKf ~

¥, (u", p", q") =nB (u",q") + ﬂ—}fH (" p™) + arM(g",p") —T(¢") =0 (5-49)

Expanding Equations 5-48 and 5-49 about a trial solution (u?, p*) results in:
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w, (uhp",v") ~ @, (ul, p!,v") + A®, (dul, dp!,v") =0 (5-49)
w,(up" q") ~ ¥, (ul,plq") + AP, (dul, dp!,q") =0 (5-50)

in which d represents the incremental variation of the quantity of interest used to update
the unknown variables, i.e., ul,; = ul' + dul and pl, = p! + dp!', and index i
represents the ith iteration in the current time step. A represents the imbalance of the
residuals due to the trial solutions not being perfect. The updated solution is sought by

rendering the residuals zero, resulting in:
AW, (dul,dpl,v") = —w, (ul,p!,v") (5-51)
AY, (duf,dpt,q") = — ¥, (ul,pl'q") (5-52)

The Newton-Raphson standard procedure involves iteratively linearising the left-hand
side of Equations 5-52 and 5-53, and solving the ensuing linear problems to find the
approximated solutions so that the residuals approach zero. Before obtaining the
corresponding linear equations explicitly, the system of equations needs to be
discretised in the time domain too. In this study, a three-point time discretisation
technique with variable time steps is adopted [143], except for the first time step, in
which a standard forward Euler scheme is utilised. In this technique, the estimation of
the time derivative of a function of interest f at time t + aAt is made based on the
function values at times t — At, t and t + aAt, using Equation 3-55 associated with its

relevant defined coefficients presented in Equation 3-56.

Equations 5-48 and 5-49 are now rewritten in the fully discretised forms at the current

time step t + aAt in the following way:

(q]u)tﬂmt — fg E'{(O_I)HaAt dQ — T’EPHaAt _ Ft+aAt =0 (5_53)
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(q]p)t+aAt — T’Z'T(Aut+aAt _ BUt + Cut—At) + Atﬁpt+a’At + an(APt+a'At _ BPt +

CPt=At) — A(THH A = 0 (5-54)

where U and P are the global nodal displacement and nodal pressure vectors,
respectively, in which all nodal displacement and pressure components for a discretised

domain are stored. The term [, BT (¢")***4dQ represents another form of K U+

when the material nonlinearity is included. The subscript T in K; implies that the
stiffness matrix is calculated based on the tangent elasto-plastic constitutive model, as
follows:

aok

D = 7%, (5-55)

Refinement to the trial solutions needs to be performed to achieve the nodal
displacements and pore fluid pressures that satisfy Equations 5-53 and 5-54. An

iterative procedure is therefore required at the current time step, in the form of:

(P)HE = [ BI(0)55d0 — nTPLE — (F e = 0 (550
(,) " = nTT(AUSS — BUT + CUP20) + AcHPEH + a,M(APHHEY —

BP' + CP*™2Y) — At(T )¢ =0 (5-57)

Using Taylor series expansion, the following equations can be developed to find the

solution at (i + 1)th iteration using the solution obtained at ith iteration:

Fu iEaAAtt _ | {:aii +] {deIfAt} —0 (5-58)
a. - a i - =
(qlP)H_l (l[lp)i l dPl?IiZAt

in which the Jacobian matrix is defined as:
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v, oY,

U  op
J=ow, ow, (5-59)

ou opP

A more explicit form of the Jacobian matrix can be expressed as:

~ t+aAt ~
= (KT)i ) —nc -
Ji L _ (5-60)
AnCT  (AasM + AtH)

The Jacobian matrix will be independent of the iteration number if a linear elastic

constitutive model is adopted.

The incremental displacement vector dU#A and pressure vector dPF%At at iteration

i+1 are then computed using the following equation:
deI:(lXAt " ([I]u it+lXAt
Numerical algorithms and convergence criteria similar to those used in [148] were

adopted in this study to perform the Newton-Raphson iterations at each time step.

5.5 Consistently stabilised mixed ESFEM

It is reported in the literature [e.g., [38, 46, 167, 306] that in general, the formulation
presented based on equal-order " and S[} subspaces leads to volumetric locking and the
presence of severe oscillation in the approximated pressure solution in the case of
(nearly) incompressible material. In this sense, ESFEM suffers from the same
deficiencies as the standard FEM. In this section, the root of these instabilities is

discussed, and a stabilised ESFEM is developed to overcome them.
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5.5.1 The inf-sup condition

The linearised smoothed matrix from of the flow-deformation equation (Equation 5-58)
produces stable solutions if and only if a pair of subspaces (V,, , V) satisfies the inf-sup
condition [1, 2, 27]:

inf sup B (vhqh)

Pl el S S > [.min )
q" €V, q" £ 0 VeV, v =0 TR, Kh = >0 (5-62)

in which k™" is a constant independent of the mesh size h. This condition equivalently
implies that the coupling matrix €5 must be uniformly of full row rank with respect to
the mesh size approaching zero [53, 167, 306, 307]. There are many pairs of subspaces
for displacements and fluid pressure that results in an unstable solution, including the
equal-order interpolation functions with respect to the same triangulation, which is
perhaps the simplest choice. In addition, there are other combinations of spaces (such as
bilinear—constant pairs) used for interpolation of the disrcretised Stokes equation that
show severe instability when is employed in the Galerkin formulation [38, 40, 41, 167,
306]. The primary incentive to design stabilised methods is to permit attainment of
stable and accurate solutions by simple pairs of spaces, offering additional

computational benefits (e.g., uniform data structures and local mass conservation).

5.5.2 Consistently stabilised smoothed Galerkin methods

The general form of the consistently stabilised smoothed Galerkin methods can be

stated as families of the bilinear forms for the Biot’s equations in the following form:

Q(uh™, p™; v, g™ + (R, (W, p™), W, (", ¢M))m + (R. W, p™), W . (¥", qM)). =

L(", g™ V(" q") e Vi x V) (5-63)

137



Chapter 5- Stabilized, low-order edge-based smoothed point interpolation method for
numerical analyses in geomechanics

where R, (u",p™)|q, and R, (u",p")|q, stand for the smoothing domain-based, rate-
dependent residual of the equilibrium equation and the fluid continuity equation in the

coupled flow-deformation formulation, respectively, expressed in the following forms:

R, (W",p"Mlq, = Lao(u",p") + g (5-64)
R. (u",p") |q, = V. [z—;(—Vph + pfg)] +a;p" + VA" (5-65)

( )m and ( ). denote discrete inner L? products for the residuals of the equilibrium
and continuity equations, respectively, which are associated with W,,(v",q") and

W, (v", q"), the corresponding forms of the weighting functions.

Equation 5-63 presents the consistently stabilised smoothed Galerkin method in its most
general form. In the formulations to follow, the weighting function corresponding to the
residual of the continuity equation is set to zero (W, = 0) since studies show that the
stabilisation resulting from these terms cannot effectively alleviate the fluid pressure
instabilities when a porous medium with compressible constituents is considered [193].
For the weighting function corresponding to the residual of the equilibrium equation,

the following form is adopted:
W (", qMlg; = Lao(av®, fq") (5-66)

where a(av®, fq") = 6 (av"™) — nBq"8, a can take values of + 1 or 0, and the value
of B can be either 1 or -1. The discrete inner product in Equation 5-64 is defined as the

weighted summation of the integrations over the smoothing domains, as follows:

(uhr vh)m = Zﬂieﬂ T(uh) vh)o,,ﬂ,fc (5_67)
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The positive, real-value 7 is known as the stabilisation parameter, whose value must be
properly selected to ensure stability in consistently stable Galerkin methods. The

stabilisation parameter will be quantified and discussed later in this chapter.

The consistently stabilised SFEM adopted in this study can then be represented as

follows:
Qup (™, p™; 0", q™) = Log (W™, q™) vt qM) evi, x VN (5-68)

where, Qaﬁ stands for the globally stabilised smoothed bilinear form, parameterised by

a and B, and L,z denotes the associated linear functional. @aﬁ has the following form:
Qup (™, p™; 0", q") = 4 (") — B, p") + BB(u", q")
+ Zosea(Lio(av”, Ba™), t(Lgo (", p") + P8))o.a; (5-69)

and the linear functional is defined as follows:

Lap (0", q") = F (") + H(q") = Zscq (08 Lio(av”, fg™)) (5-70)

N
O'Qk

Depending on the selected values for a, different consistently stabilised Galerkin
methods can be obtained. For « = 1,0,—1 along with § = 1 the stabilised method
corresponds, respectively, to the Galerkin least squares (GLS) method [308], the
pressure-Poisson stabilised Galerkin method [46], and the absolute stabilised method of
Douglas and Wang [172]. Different values of £ equal to either 1 or -1 may result in
obtaining different global algebraic systems, which might possess either strong
coercivity or weak coercivity properties [53]; however, they will result in identical
numerical results for displacement and pressure variables if the same « is chosen [53].

GLS has been successfully applied in the numerical modelling of geomechanical
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problems, ignoring the flow-deformation process in [50]. The pressure-Poisson
stabilised Galerkin was proposed in association with simplifying assumptions compared
to the GLS method, and has, to date, been adopted for the flow-deformation analysis of
both saturated and unsaturated porous media [51, 195], which has much less
computational costs without losing the desired accuracy. However, the abrupt change in
the displacement and pressure contours can be observed in numerical results presented
in [50]. Furthermore, the effectiveness of the pressure-Poisson stabilisation technique is

highly sensitive to the selection of the stabilisation parameter.

The added stabilisation term, in general, contains the abstract notion of the residual of
the differential equilibrium equation. The consistency is, hence, provided by term
LYo(u”, p™) which vanishes as the mesh size approaches zero. The advantageous
property of the methods represented by Equation 5-64 is that all stabilising terms are

implementable at the smoothing domain level.

The added stabilising term is based solely on the residual of the equilibrium equation,
but the coupling between the displacement and pressure variables, naturally provided
through Terzaghi’s effective stress principle, results in effective alleviation of fluid
pressure oscillations in the numerical results when consistently equilibrium-based

stabilised methods are used.

The introduction of stabilising terms to the governing bilinear form of the problem
results in appearance of additional bilinear terms in the governing bilinear form.
Adopting a linearisation similar to that used for the original governing equations,

Equation 5-77 can be rewritten as follows:

Qup (@, p"; v, q") = A (u",v") — B@W",p") + BB(", ") +aD (", v") +

a0 (", q") + po(u™, ¢™) +BY (p", g™ . (5-71)
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where D, O and Y are the bilinear forms corresponding to stabilising contributions
arising from the discretisation of the added residual of equilibrium equation. They
contribute to the stiffness, coupling and permeability blocks in the global matrix system,
respectively. In this chapter, the method similar to the one proposed by Douglas and
Wang [172] is adopted (i.e., «a = —1,8 = 1) as it offers unconditional stability,

regardless of the value of the stabilisation parameter 7 [53].

Equation 5-69 can thus be restricted to the form of:

Q-1 p" 0" g =Ly, W qY) VM) €V, XV, (5-72)
where

Q-1 (™, p"v", ") = A", v") — B@",p™) + B(u",¢") + D", v") +

o",p") + o™, q") + Y(p",q") (5-73)

It can be easily identified that the yet non-smoothed bilinear terms D and O that are
added to the globally smoothed bilinear form contain second-order derivatives of the
displacement and its corresponding weight function. As a result, simple equal-order
linear interpolation functions for displacement and fluid pressure cannot be effectively
used if this bilinear form of the governing equations is adopted, because the added
stabilising terms of the displacement variable are vanished in this case, and the

stabilisation term is reduced to ZﬂiEQ(th,erh))o,ﬂi, which corresponds to the

inconsistently stabilised method proposed in [44]. This method was compared with the
other stabilisation methods proposed in geomechanics in [37, 50, 51, 193] and was
shown that has sub-optimal convergence rate and poor accuracy. The deterioration of
accuracy intensifies as the pressure variable is exposed to an incorrect natural boundary

condition as the naturally induced boundary condition term Y. o (Au", 77q"), qf
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vanishes when employing equal-order linear interpolation functions. This problem is
gracefully circumvented by smoothing the additional bilinear terms over the smoothing

domains, as discussed later in this chapter.

5.5.3 Stabilisation parameter

A dimensional analysis shows that = has the unit of mz/%. The basic scalar form of

the stabilisation parameter introduced in [46] is adopted in this study:

_ ae(he)z
26

(5-74)

where h¢ is the size of the smoothing domain which has the directional character,
computed in the direction of the current pressure gradient vector by the method
proposed in [193], as edge-based smoothing domains are four-sided convex non-regular
areas. G; stands for the current shear modulus of the smoothing domain of interest. This
corresponds to elastic shear modulus G when material linearity is considered, and to the

component of Dggi of the tangent elasto-plastic matrix DP in a general elasto-plastic

material behaviour [ref]. The stabilisation parameter therefore accounts for the variation
of the shear modulus during a materially nonlinear analysis of a porous medium.
Another method for accounting for the variation of the stabilisation parameter with the
shear modulus was proposed in [52]. However, based on this thesis’s investigations, this
method is not effective in severely nonlinear cases; especially for the computation of the

collapse load of footings.

Equation 5-75 is indeed a simple form for calculation of the stabilisation parameter.

There are more complex forms suggested for quantification of the stabilisation
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parameters in the literature, for example for the stabilisation of the transient analysis of
advection-diffusion problems in computational fluid dynamics [309, 310], and for the
stabilisation of the flow-deformation discretised equations [193], which are also adopted
in [51]. It has to be noted that the time step has also a major influence in the numerical
results of a stabilised numerical method as reported in [311, 312], which show that the
time step should have a proportionality relationship with the mesh size. The
aforementioned references show that when a relatively very small time step is taken,
even the consistently stabilised methods may either generate pressure oscillations or
diverge from the exact solutions. However, accurate results can be achieved when time
step sizes are chosen in proportion to the mesh size, using both time step-dependent
stabilisation parameter and the simple form of the stabilisation parameter presented

above [53, 311, 312].

5.5.4 Spatial and temporal discretisation of the proposed stabilisation method

The term that has been added to the global smoothed bilinear form (Q) for the

stabilisation can be presented in the following form:
Logeal(Lio(—v",q"), T(LIo (", p") + 1), e (5-75)

Considering the general case that includes material nonlinearity, the weighting part of

Equation 5-76, LY a(—v", q™), can be expanded in the following form:
Lyo(—v", q")=Ly(D*(e(—v",q")~ " (—v"))— ndq") (5-76)

According to [50, 51], the contribution of the plastic strain embedded in the

displacement weighting function can be ignored compared to that of the elastic strain,
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and therefore omitted in order to avoid unnecessary linearisation of the weighting
function, and to prevent undue difficulties that would otherwise arise in the calculation
of the global matrix system. Thus, Equation 5-76 can be simplified to the following

spatially discretised form:

Yagen Jos[~Ga® —nVNPG]TT [Las(u”, p") + pg| O (5-77)
where GY;is the stabilising matrix representing the contribution of the weighting
function of the displacement variable in the proposed stabilisation formulation. The

body forces are assumed independent of time in this study, therefore, the term pg is

omitted from the formulation in the rest of this chapter.

The residual of the equilibrium equation term LL&(u®, p™) can be written in terms of

unknown nodal values of displacement and pressure variables in the following form:
Li6(u",p")= (64, u — nVNPp) (5-78)

in which G¢, denotes the contributing matrix resulted from the displacement variable in

the proposed stabilisation formulation.

For the standard FEM formulation, G¢, and Gz, can be expressed in the following form:

¢ =LaD°"B (5-79)
v =LyD°B (5-80)

where B stands for the standard strain-displacement matrix containing the first-order
derivatives of the shape functions. G, is equivalent to G; when elastic linear material

Is assumed in the analysis.
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As can be seen, the contributing matrices associated with displacement and its
weighting function (G¥, and Gg;) would vanish if a linear interpolation function is
adopted for the displacement variable, due to the existence of second-order derivatives
in G¥, and Gy;. Accordingly, the proposed formulation would lose most of its benefits,
and reduce to the inconsistent stabilisation method proposed in [44] when linear
interpolations are used. To overcome this difficulty, the next section presents a new

technique for computation of G¢,, and Gy,;.

5.5.5 Computation of the smoothed G, and G,

Ensuring the effective contribution of the displacement and its weighting function in the
proposed formulation even when linear interpolation functions are used, requires the
elimination of derivatives from their corresponding stabilising matrices. To this end, the
smoothing gradient technique is applied to the standard formulations of G%, and Gy;
(Equations 5-79 and 5-80). However, given that the smoothed stress is constant over the
smoothing domains, G, and G¢,, cannot be directly obtained. The smoothing gradient
technique is applicable to G%, and Gy, provided that the smoothed stress over the
smoothing domain of interest is first expressed in terms of its supporting nodal values.
Thus, a technique is proposed here to obtain the smoothed nodal stresses by means of
global projection. This technique is based on replacing the constant smoothed stress
over the smoothing domains with an equivalent nodal smoothed stress in such a way
that the global error associated with this replacement is minimized over the domain of

the problem of interest in the formulation.
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We define ) as the vector of the recovered smoothed strain at any point of interest
(x) within its corresponding smoothing domain (Q3), as follows:

g = N (x,,)g) (5-81)

where N** is the matrix of interpolation functions over the smoothing domain of
interest, relating the recovered smoothed strain to its corresponding recovered nodal

values, defined as follows:

N*(xp) = [Zzess N}L*(xk)]wgq (5-82)
¢ (xy) 0 0
Ni"(xy) = 0 OHE 0 (5-83)
0 0 &1 (xy) es,

where €% is the vector of recovered nodal strains which defined over each smoothing

domain as:

0= o g0 (5-84)

where W® contains the rows and columns that correspond to the smoothing domain k,

deduced from the globally computed W matrix, given as:

-1
W = ([, N9t N9 dQ) (f N9 dQ) (5-85)

W relates the recovered nodal smoothed strain globally computed over the problem
domain (€) to its corresponding smoothed stain of all smoothing domains (€) in the

following form:

£= WE (5-86)
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so that it minimises the global error associated with using the recovered smoothed strain
instead of the smoothed strain on the domain of interest. N9%“* stands for the globally
assembled form of N** computed over each smoothing domain.

The terms of N“* are evaluated by numerical integration over the corresponding
smoothing domain using the Gauss points at the centroids of the sub-triangles, which
are also used for the integration of some of the property matrixes (e.g., compressibility
matrix M,). Then, the standard assembly procedure is performed to obtain the global

matrix N94%* as follows:

N9Lus = (JNsD yus (5-87)
And we then have:

& = N9Lwg (5-88)

The variation of the recovered smoothed strain (6&*) is also evaluated in a similar
fashion and is expressed as:

5& = N9bW§g (5-89)

The global error associated with using the recovered smoothed strain instead of the
smoothed strain can be defined as follows:

e=8—¢ (5-90)

To minimise this error, we enforce the orthogonality of the projection of the space of the
recovered smoothed strain variation to that of the relevant error, mathematically

expressed as follows:

J, 08 eda = [ 68" (& — §)da=0 VEE* (5-91)
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Inserting Equations 5-89, 5-90 and 5-87 into Equation 5-91 results in the following

form:

SET fﬂi NowT (NI E — WlE)da=0  v§E® (5-92)

where, the global matrix W can be readily obtained by some simple manipulations
presented in Equation 5-85. As a result, the corresponding terms related to the specific
smoothing domain W) can be extracted from the globally computed matrix W. The

smoothed effective stress is also defined over each smoothing domain as:
6'®=pe)=pB,u (5-93)

The residual term LL6(u”, p™) can be viewed as the rate of the residual of the
equilibrium equation at any point of interest within its associated smoothing domain.
The term &(u”, p™) must consequently be presented in terms of the rate of the
recovered smoothed effective stress &’ which is variable over each smoothing
domain. To obtain the recovered smoothed effective stress at any point of interest

within its associated smoothing domain, a definition similar to that used for the

recovered strain can be adopted, as follows:
6"k = N*¥*(x,)5' ™ (5-94)

where the assigned nodal values of the recovered smoothed effective stress can be

formulated as follows:
6'=pe® = p we®=pwO B u (5-95)
Then, Equation 5-78 can be written in the following form:

Lig ", p")=Li(N** (x,)5'®)) — nVNPp (5-96)
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The term representing the contribution of the displacement variable in Equation 5-96

can be smoothed over each smoothing domain, as follows:

1 sk 1 " =,

27 o LG8 (', pM)dQ = o [, (LGN (2,))d)e ™) =

L[ LIV (1))dr® (5-97)
k k

Thus, the smoothed forms of G¢,, and Gy, can be defined as follows:

GLy= Aik Jiz LR(N* ())dr D" W B, (5-98)
= 1 . ~
U= = fri LT(N**(x))dTD*W® B, (5-99)

As can be seen, all derivatives in conjunction with the standard variational statement of
G, and Gy; are eliminated by performing the smoothing gradient technique, allowing

the linear interpolations to be used effectively.

The numerical integrations over the boundary of the smoothing domains can be

performed in Equations 5-98 and 5-99 similar to that used to obtain the strain-
displacement matrix (Equation 3-37). Therefore, components of E‘};p and GY for

supporting node | of the smoothing domain €}, can be calculated as:

~ 1 Ngau § .
Gy, =5 Z (Wi L (N (e )) I DPW OB, (5-100)
k m=1
- 1 Ngau . _
4, =§Z WL (N () I DEW OB, (5-101)
k m=1

where the notations have been introduced according to those used in Equation 3-37.

then,
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GYy = [Zless 'G'é‘p,]quzq (5-102)
Gor = [Zres. Gery, o, (5-103)

A similar procedure is performed to eliminate derivatives from for term VNP to achieve
a globally consistent formulation. The same formulation as used in Equation 3-47 is

adopted here:
VNPp, = ZIESS By (x)P; (5-104)

The spatially discretised form of the stabilisation term (Equation 5-76) at iteration i+1

for the current time step t + aAt can, therefore, be written in the following form:

Zﬂieﬂ Qs <( Guv — nBZCI) T(Gepufiimt_nszl-FaM)) (5-105)

N
O,Qk

Straightforward manipulations lead to the introduction of the following stabilising

matrices:
Ksian=Jo; Gen TGy, d0 =TY, TGY, A7 (5-106)
HD = fQS B, rBde BItB, A3 (5-107)
C3un=ly; G T1B,d0 =G 1B,AS (5-108)
Corav=Jos G GY, 1B,dQ = GY, B4} (5-109)

As can be seen, all the contributing matrices are derived directly in Equations 5-16 to 5-

109, with no need for any mapping, by taking advantage of the smoothing technique. It
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is worth noting that contribution matrixes defined in Equations 5-106 to 5-109 are

constant over each smoothing domain.

Having obtained the contributing stabilisation matrices, Equation 5-106 can be rewritten

as follows:

A A *SD A A
ZQSEQ( Kstabufiix ‘ + TICstabeIf L — nCstab ufj:f ‘ + nsztabpl+a t) (5'110)

The linearised residuals (Equations 5-56 and 5-57) at the current time step t + aAt can

then be modified into the following forms:

t+alt ~ - AUEHaAt_pytycyt-At ~
T N\ E+aAt i+1 t+alt
(lpu stab)H_1 fﬂBl (6 )i+1 dqQ — Kstab < At nCPi+1 +

APt+0{At_BPt+CPt —At

MCsean (M) ~ ()54 = 0 (6-110)

tadt  —r (AUSTIAE_BUt+CUTAE T AUEEA —BUt+ U2t
(qlp,stab)l-_l_1 - TIC At — NClstab At +

t+alt t t—-At t+aAt t t—-At
HP1+1 + n Hstab ( At + an At - (T)l+1 -

(5-112)

A similar Newton-Raphson procedure discussed earlier can be adopted for solving the

global matrix system to obtain the nodal displacements U!f#A* and the nodal pore

pressures PYF%At. The solution procedure can then be rewritten for the stabilised

formulation as follows:

t+alAt t+alAt
(qlu,stab)H_1 (qlu stab) deIfAt

tradt ( t+alAt + ]stab,i dPH'aAt = (5-113)
(qlp.smb)i_H (lpp stab) i+1

in which the stabilised Jacobian matrix J ;. is formulated as:
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a"Uu,stab a"Uu,stab

_ au opP
Jstab = 0w, cap 9% pstan | (5-114)
ou apP

The linearisation of the stabilised Jacobian matrix can be represented in the following

form:
~ t+alt A =~ ~ A~
((KT)i - EKstab) TI(—C + E Cstab)
]stab,i = An —_ ~ T Aaf —~ AnZ —_~ (5-115)
E(c - Cstab) (TM +H + EHstab)

The incremental displacement vector dUT#At and pressure vector dP:}F¥A¢ at iteration

i+1 can then be computed as follows:

(q}u‘stab)iHaAt

t+aAt (5-116)
(qlp,stab)i ¢

t+alt
{dUi+1

t+alt
dP;iy

— -1
} - _]stab,i

5.6 Polynomial pressure projection method

To date, the pressure projection stabilisation method has been successfully applied to
numerical solutions of Darcy’s equation [177], and coupled flow-deformation problems
in geomechanics [52]. In this section of the chapter, the polynomial pressure projection
stabilisation method [58,64] is applied to the standard FEM with equal low-order
interpolation functions. This method is presented here for the sake of completeness,
because it has been used as the benchmark when the stabilisation method proposed in

this chapter is numerically examined later.

The polynomial pressure projection method can be viewed as a non-residual
stabilisation method as it stabilizes the global bilinear form of the governing equations

without resorting to the residual terms. Thus, the method is considered as an
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inconsistent stabilisation method in the sense that the resulting discretised governing
equations may not be exactly satisfied by the exact solution. Although different
variations of the inconsistent stabilisation methods, commonly known as local pressure
projection methods, exist, they are all based on the stabilisation framework proposed by
Brezzi and Fortin [42]. The first specific version of this general stabilisation framework
is the pioneering work of Silvester [197]. An extensive theoretical and numerical
investigation of the local pressure projection methods were later presented by Becker

and Brack [174].

The main idea behind all classes of local pressure projection methods is decomposition
of pressure space into two parts, 171,’1 and Vph\lz,h, in such a way that the inf-sup condition
is satisfied for the displacement/pressure subspaces V! x I7ph. Therefore, robust and
accurate numerical solutions can be obtained if the other part of the pressure space

(Vph\Vph) is stabilised. An operator is then needed to project the pressure from the richer

space Vph to the smaller space I7ph, which can be symbolically shown as:

m:v; -t (5-117)

where IT is known as the projection operator.

The bilinear form of the stabilisation term in polynomial pressure projection method can

be generally expressed as follows:
Spp(@",4") = Za,e, 10" — Mp",q" —11q") (5-118)

where Sp(ph,vh) is the stabilisation term added to the global FEM standard bilinear

form of coupled flow-deformation equations (Equation 5-14), resulting in:

Qpp (U, p™ ", pM) = QM p"; v, p™) + Spp(p™, g™) (5-119)
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where Qpp (u, p"; v", p™) stands for the global bilinear form of the flow-deformation
equations that is stabilised by the polynomial pressure projection method. When equal
linear order interpolation functions are used, the projection operator is defined as

follows:
": Lz (Q) - RO (5'120)

where, R, denotes a set of piecewise constants. A pressure projection with a range of

piecewise constants can be given in the following form:
1
Mp"|ge = o Jge ™ dQ (5-121)

in which the constants correspond to the average of p” over the elements when the

linear interpolation function is employed.

Having defined Spp(p™,q™) and IT, [200] showed that the inherent deficiency
associated with using equal-order linear interpolation functions that prevents the
fulfilment of the inf-sup condition is overcome by the appearance of an additional
C, llg" — Mq"||, term in the original inf-sup condition. Consequently, the weak inf-sup

condition is satisfied, shown as:

Sup B(vh,qh) Ry B N
eV, vh 0 T, 2 Gillg™ls — G2 Mg mnq"|l (5-122)

The contributing stabilisation matrix produced by bilinear Sp»(p", ") is then presented

in the following form:
Mpp = [, T(NP — I(NP)T(NP — II(NP))dQ (5-123)

Note that the numerical integration of Equation 5-124 is performed similar to that of the

compressibility matrix M.
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When applying the pressure projection technique to the standard variational form, the
equilibrium residual (¥,,) remains unchanged, but the fluid continuity residual changes

and takes the following form (after discretisation):

t+alAt

A A
("’p)ppm nCT(AUSTE — BU + CUT™Y) + AtHP!TE +

p)t+aAt O (5_124)

ar(M + Mpp) (AP — BPE + CP2Y) — At(F

: : A L : , - ,
in which (?’p);;‘;i represents the linearised residual of the fluid continuity equation at

the time step t + aAt, stabilised by the pressure projection method. All contributing
matrices, in conjunction with the coupled-flow deformation analysis, are then

formulated by the standard FEM procedure [2].

The resulting discretised system of equations can again be solved using the standard

Newton-Raphson procedure, similar to the procedureexplained before:

{(lpu ‘Eaitt} {(W" l:ai;} +J {dufif“} =0 (5-125)
) i} opi _ ]
( p)pp i+1 (‘Pp)pp‘i ' deIfAt

in which the Jacobian matrix is:

(KT)L'HaAt —UC

5-126
AnC™  (Aas(M + Mpp) + AtH) ( )

Ji PP =

As can be seen, the stabilising matrix Mpp eliminates the zero-diagonal block that may
otherwise exist at very early stages of the flow-deformation process due to initial
incompressibility of the porous media. The polynomial pressure projection method
retains the sparsity of the matrix system, as M, is created by the same shape functions

that are used for other contributing matrices.
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5.7 Numerical Examples

Three benchmark numerical examples are presented in this section to study the validity
and robustness of the consistent stabilisation method proposed in this study and to
compare the performance of the proposed method to the performance of the polynomial

pressure projection method.

5.7.1 One dimensional consolidation

The first example presented in this section concerns Terzaghi's one-dimensional
problem. The example includes a linear-elastic soil mass with a height of h = 30 m and
a width of a = 1 m with a low permeability of k =107 m/sec, as shown in Figure
5.2(a). The soil column is composed of 80 triangular elements associated with 63 nodes,
as shown in Figure 5.2(b). The lower boundary of the soil column is rigidly restricted
both vertically and horizontally, while its lateral boundaries are only horizontally fixed.
The upper boundary of the soil medium is assumed to be fully drained (p = 0).
However, the lateral sides and the base of the soil column are impermeable. The

assigned boundary conditions of the soil column are also shown in Figure 5.2(a).

According to Terzaghi's formulation, an instantaneous increase in excess pore water
pressure can be expected in the column as result of a sudden surface-distributed load of
q = 1kPa at the top of the soil column. After the instantaneous increase, the excess

pore water pressure gradually dissipates over time.

The linear properties of the soil column arethe elastic modulus of £ =1 kPa and

Poisson's ratio of v = 0.0. Other relevant parameters used in numerical modelling
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include: an initial time step of At, = 1, the time step growth factor of a« =1.1, the
porosity of n = 0.2, the solid grain compressibility of C; =0 and the fluid
compressibility of Cr = 0.454 x 107° kPa~'. The densities of the fluid (p) is 10
kN /m3. Regarding the material properties used in this numerical example, the soil
column can be thought of as a nearly incompressible medium. The scalar value of a® is

taken as 0.05.
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Figure 5.2. A schematic representation of (a) the soil column with its assigned boundary conditions (not

to scale), and (b) the discretisation used for the numerical analyses.
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Figure 5.3 shows the pressure profile of the soil column along its height after the initial
time step for the standard ESFEM. It also shows the numerical results obtained with the
proposed consistent stabilisation method and numerical results obtained with the
polynomial pressure projection method. According to Terzaghi's consolidation theory,
pore pressure throughout the soil column must be equal to overburden stress; however,
the ESFEM produced a pathological profile of excess pore pressure and wild node-to-
node pressure oscillations throughout the domain of the column. This is because of the
violation of the inf-sup condition as a result of using equal-order linear interpolation

functions for pressure and displacement variables.

The numerical results obtained with the proposed stabilised ESFEM perfectly match the
reference solution [313], as can be clearly seen in Figure 5.3. The added stabilisation
term led to a successful fulfilment of the inf-sup condition. The results obtained with the
polynomial pressure projection method do not alleviate pressure oscillation near the
drainage boundary of the soil medium due to a sharp gradient of pressure near the
surface of the soil column. The numerical results, therefore, concur with [36] regarding
the failure of the polynomial pressure projection method in terms of the complete

elimination of pressure oscillation in a numerical flow-deformation analysis.
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Figure 5.3. A pressure profile, along the height of the soil column, presented with the stabilised ESFEM
proposed in this study, the standard ESFEM and the stabilised FEM obtained with the polynomial

pressure projection method.

Contrary to stabilisation parameters proposed in other studies [51, 193], the simple
steady-state based stabilisation parameter used in this study managed to tune the size of
the stabilisation terms to alleviate erratic pressure oscillation without a need to include
the time step size and its associated growth factor into the stabilisation parameter. The
influence of the time step and its relevant growth factor directly appear in the resultant
stabilised matrix system in this study through the existence of the coefficient A/Atin all

blocks of the global matrix system.

According to Equation 5-115, it can be seen that the size of the required time step size
must be large enough, relative to the element size, to be used in an analysis of interest.
Thus, the formulation proposed in this chapter confirms the findings of other studies

that state that the size of the time step needs to be larger than a certain value depending
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on the mesh size; otherwise, it could lead to the appearance of either pressure oscillation
or a Divergence of the converged solution from an adequately accurate numerical
approximation [53, 311, 312]. Indeed, these were found even with the absolute
stabilisation method associated with Stokes problems that was proposed by Douglas and

Wang [172].

The numerical experiments in this study shows that the necessity of using time-
dependent stabilisation parameters in methods proposed in other studies [51, 193] likely
stems from failures to provide sufficient amount of weighting function related to the
added stabilisation terms due to the exclusion of the displacement weight function.
Thus, added residual terms only affects the discretised fluid continuity equation. This
approach can, however, be erroneous because the discretised equilibrium equation
remains unchanged, and the influence of stabilising terms, which can be produced by
the inclusion of the displacement weight function is overlooked. Therefore, introducing
the size of the time step to the stabilisation parameter somehow tries to compensate for
elimination of the displacement weight functions in the aforementioned stabilisation
methods to provide sufficient amount of stabilisation and to avoid the destabilising
effects of overly diffusive terms caused by inappropriately chosen stabilisation

parameter. Such an approach is, however, not rigorous and may not work all the time

Figure 5.4 depicts the contours of excess pore pressure obtained using the standard
ESFEM and the proposed stabilised ESFEM after three sequential time steps for the
three rows of the triangular elements from the top of the soil column. The representation
of the pressure contours is restricted to the top of the column since for the rest of the
column, a uniform pressure distribution was obtained for the numerical results

associated with the stabilised ESFEM and a repeatedly erratic pressure contour was
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obtained using the standard ESFEM. As can be seen, a wildly erroneous pressure
contour pattern across the domain was substantially ameliorated using the proposed
stabilisation method, and the stabilised numerical results perfectly agree to the

Terzaghi's consolidation theory.

P
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(a) (b)

Figure 5.4. The contours of the approximated pressure solutions (kPa) for three elements on the top of the
soil column obtained by (a) stabilised ES-FEM and (b) standard ES-FEM after three initially subsequent

time steps.

5.7.2 Mandel’s problem

The second example presented in this section examines the proposed method by
studying a well-known benchmark example: Mandel's problem. It consists of a long
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saturated soil slab with a length of 2L = 40 m and a width of 2a = 4 m confined by two
rigid plates at the top and bottom of the slab, which are assumed to be frictionless and
impermeable, as shown in Figure 5.5(a). The rigidity of each plate causes equal vertical
displacements for all nodes directly connected the plate, while the nodes are
horizontally unconstrained. The fluid and soil constituents of the medium are assumed

to be incompressible.

The plates are subjected to a distributed load of g = 2 kPa, which is compressively
applied and results in the appearance of an initial excess pore pressure of p = 2 kPa
throughout the medium, except for at the drainage boundaries at x; = + L according to
Mandel's analytical solution [298]. A quarter of the medium is modelled due to
symmetry. The discretisation of the medium is performed using 606 triangular elements
created by 1,000 nodes, as shown in Figure 5.5(b). It is worth noting that the adopted
mesh is more refined at the right side of the domain to attain better accuracy. The elastic
parameters are E = 10* kPa and v = 0.0, which correspond to the consolidation
coefficient ¢, = 1 and the permeability coefficient k = 10~* m/sec. The soil porosity is

assumed n = 0.2. The scaler value of ¢¢ was assumed to be 0.072.

> 2a=4m
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Figure 5.5. (a) a schematic (not to scale) representation of the geometry of Mandel’s problem (b) the

discretisation used for modelling a quarter of the domain.

Figure 5.6 shows that variations in the pressure profile at time t = 0.004 sec

corresponded to the dimensionless time t; = 1x 1075 calculated by t; =

Ekt
2u,(1+v)(1-2v)L%

which was obtained using the standard FEM, the standard ES-FEM

and their stabilised counterparts. Due to symmetry, the pressure variation is one-
dimensional with no change along any vertical line, therefore pressure variations are
depicted only along horizontal direction. The dimensionless length is defined as x;/L
while the dimensionless pressure isp/p, .It can be seen that utilising standard
formulations with equal-order interpolation functions for both primary variables
produces pressure oscillations that are intensified in the vicinity of the drainage
boundary. The proposed stabilised ES-FEM was able to produce a smoothly realistic

pressure profile, which agrees well with Mandel's analytical solution [298].
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Figure 5.6. The variation of the dimensionless excess pore pressure along the dimensionless length of the

soil medium at dimensionless time t; = 1x 10~> for (a) standard and stabilised FEM and (b) for standard

ES-FEM and proposed method for the stabilisation of ESFEM.

Figure 5.7 shows pressure contours in part of the domain obtained using the numerical
results of the standard ESFEM and the proposed stabilised ESFEM. As aforementioned,
the standard formulation shows wild pressure oscillations near the drainage boundary
that are associated with unrealistic vertical variations of pressure in some regions. In
contrast, the pressure distribution obtained using the stabilised formulation is stable and

accurate.
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Figure 5.7. The contours of dimensionless pressure distribution after the first time step of At, = 0.01 sec

for (a) standard ESFEM, and (b) stabilised ESFEM
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5.7.3 Bearing capacity of a strip footing

Volumetric locking at a fully developed plastic flow is one of the most challenging
issues of computational elastoplasticity, especially when a computation of a collapse
load, which is prone to large errors, must be considered [314]. Various technigues have
been proposed, which will briefly introduced, to address mesh locking induced by

elastoplastic constitutive models which results in overestimation of the collapse load.

The simplest solution is the reduced integration method that under-integrates internal
force vectors and subsequently under-integrates relevant stiffness matrices [315]. The
technique employs an integration scheme one order lower than a sufficient order needed
to evaluate an exact integration. However, the approach leads to the appearance of
spurious kinematic modes with no rises in internal energy. The propagation of spurious
kinematic modes into adjacent elements with the reduced integration method was

reported in [316].

Another approach that has been proposed is the selective integration, known as the B-
concept, which differentiates Gauss points used for integrations of shear strain and
Gauss points used to integrate volumetric strain [317]. Nonetheless, it has been shown
that the B-concept fails to address the mesh locking issue for the general case of ¢y # 0

where 1 denotes a dilation angle [315].

Another possible solution that has been proposed is the enhanced assumed strain
approach, which was suggested by Simo and Rifai [318]. The approach includes
augmentations of the standard strain fields obtained using continuous displacement
fields with local element-based strain fields. However, this approach has spurious
modes in the analyses of interest when material nonlinearity (damage or plasticity) is

assumed. This failure to produce accurate results, when material nonlinearity is
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included, happens with other mixed formulations as well, such as the u/p formulation

adopted in this thesis [315].

The effectiveness and robustness of the proposed stabilisation method, in regard to
overcoming the volumetric locking issue, is investigated in the third numerical example
in this section. The investigation incorporates material nonlinearity by using Mohr-
Coulomb's nonlinear constitutive model. The model is used to compute the bearing

capacity of a strip footing placed on a soil medium.

The example includes a smooth flexible impervious strip footing lain on a saturated
low-permeable soil medium with a thickness of 5 m that extends laterally 10 m from the
footing's axis of symmetry, as shown in Figure 5.8(a). It is assumed that the soil
medium is weightless and the underlyingrigid bedrock is impervious. Non-associativity
for the soil medium is also with a friction angle of @ = 30° and a dilation angle of y =
0. The cohesion is ¢ = 1 kPa, and free drainage is assumed for the ground surface. Due

to symmetry only half of the medium is modelled.

The elastic modulus and Poisson's ratio are assumed to be E = 100 kPa and v = 0.25,
respectively, and the coefficient of permeability is assumed k =3.2 x 1072 m/sec.
These parameters correspond to aconsolidation coefficient of ¢, = 1 X 107° m?/sec.
The porosity is assumed n = 0.2, and both solid and fluid ingredients are assumed to be
incompressible. The soil medium is discretised using a set of triangular elements, which
contains 441 elements and 800 nodes, as shown in Figure 5.8(b). The scalar stabilisation

parameter a® is taken as 0.055 in this example.
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Figure 5.8. (a) The geometry of the strip footing (not to scale) and the saturated porous medium used to

estimate the collapse load and (b) the discretisation adopted for the numerical solution.
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The surface load acts on the strip footing at the length a = 1 m, as shown in Figure 5-
8(a). The vertical surface load instantaneously increases from q = 0 kPa to g = 3.14 kPa,
which corresponds to an elastic limit load, as per an analytical solution by Prandtl [319],

equal to g, = mC . The elastic limit load is applied in five subsequent time steps with

Ekt

Zﬂf(1+17)(1—2v)a2 Then, the

equal dimensionless lengths of t; = 4 x 1078 where t; =

load is increased in steps of 0.005q, until failure occurs, which should correspond to the
ultimate limit load of q,;; = (m+ 2)C . The time step size and its corresponding

growth factor is At, = 1.5 sec and a = 1, respectively.

Figure 5.9 shows pressure variations along the axis of symmetry beneath the strip
footing at the dimensionless time t; = 5 x 1078, which is equal to t = 1.25 sec. The
pressure variations are obtained using the standard FEM, the standard ESFEM and their
corresponding stabilised formulations. Elegant numerical results are attained by
adopting stabilised formulations contrary to their standard counterparts, which show
poor accuracy. It is important to note that the standard ESFEM produced more

oscillatory pressure results than the standard FEM.
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Figure 5.9. Pressure variations along the axis of symmetry beneath the strip footing at the dimensionless
time t, = 5 x 1078, obtained by (a) standard and stabilised FEM and (b) standard ESFEM and proposed

stabilised ESFEM.

Figure 5.10 compares variations in the vertical load versus variations in the vertical
displacement just below the strip footing obtained using different approaches. The
figure also compares the computed collapse loads of the standard FEM, ESFEM and
their stabilised counterparts, and also Prandtl's analytical solution. As can be seen, the
standard FEM produced the worst numerical results and had the most overestimations
of collapse loads (1.07q,,;;).- The proposed stabilised ES-FEM successfully overcame
the volumetric locking issue and was the most accurate method in terms of
computations of the strip-footing collapse load with respect to the analytical solution

(1.008 Gy0).

The standard ESFEM was softer than the standard FEM, as was expected based on
various studies [91, 92, 94]; with the computed collapse load of 1.04 q,,;:. Nonetheless,
in regards to polynomial pressure projections, the stabilised FEM was unable to address

volumetric locking inherent in the standard FEM and to accurately predict strip-footing
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collapse load (1.036 g,,;:). The same failure, relevant to the computation of the collapse
load, was observed with a slightly better accuracy when polynomial pressure

projections were adopted for the standard ESFEM.
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Figure 5.10. Vertical load variations with respect to vertical displacements just below the strip footing,
plotted for (a) the standard and stabilised FEM and (b) the standard ESFEM and the stabilised ESFEM

using the method proposed in this study.

Figure 5.11 shows the pressure contours obtained in the last convergent step of the
analysis, just before collapse occurs with the standard ESFEM and the stabilised
ESFEM, corresponding to approximated pressure solutions at the dimensionless times
tg = 5.4x107% and t; = 5.64 x 107°, respectively. It can be seen that the stabilised
method proposed in this study has resolved the violation of the inf-sup condition, which
is the root cause of the erroneous estimation of the pressure distribution across the soil
medium. Moreover, this study's method successfully produces realistic pressure

contours, as can be seen in the figure.
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Figure 5.11. Pressure contours, at the last convergent step, obtained using (2) the proposed stabilised
ESFEM at the dimensionless time t; = 5.64 x 1076 and (b) the standard ESFEM at the dimensionless
time t; = 5.4 x 1076

5.8 Conclusion

A consistent stabilisation method has been proposed in this study. The proposed
stabilised technique has been introduced within the ESFEM framework as perhaps the
simplest form of edge-based SPIM to prove the viability and the robustness of the
proposed method. A novel technique based on the combination of the global strain
projection along with the application of the smoothing gradient technique has been
exploited in order to retrieve the use of equal-order linear interpolation functions for
approximations of the primary variables, the displacement and the pore pressure. An
unconditional stable consistent method based on that proposed in [172] has been applied
to satisfy the inf-sup condition irrespective of the chosen stabilisation parameter,
resulting in the elimination of the pathological oscillatory pore pressure behaviour and
the overestimation of the collapse load in computational geomechanics. The versatility

and the accuracy of the proposed stabilisation method have been shown by the
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simulation of the number of geotechnical examples, including both linear and nonlinear
cases. It has also numerically proven that proposed method exhibit the superior
performance that its contender (pressure projection method) when equal-order linear
interpolations are used. The superiority was rooted to the better estimation of the
collapse load in the strip footing and the efficient vanishing the pathological pattern of

the pore pressure distribution near the drainage boundary.
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6 An Enriched smoothed point interpolation method for the
flow-deformation analysis of saturated porous media with

embedded interfaces

6.1 Preface

An enriched smoothed point interpolation method is proposed for the numerical
simulation of saturated porous media containing embedded interfaces. Embedded
interfaces are those in which the underlying bulk discretisation is not aligned with the
interface geometries. The well-established coupled flow-deformation equations
developed by Biot (presented in Chapter 3) govern the behaviour of a saturated porous
medium away from a discontinuity. A viscous fluid represents the flow within a
discontinuity at the microscale while restoring the momentum and mass couplings to the
coupled flow-deformation equations of a saturated porous medium with the assumption
of validity on a macroscopic scale. In this chapter, the formulation proposed to describe
the interfacial inflow exploits the aperture-dependent permeability of the discontinuity
cavity in addition to the utilisation of the standard Darcy flow. The proposed
formulation enables the incorporation of both the opening and the enforcement of the
closure mode, where either the fluid exchange is recovered or the contact condition is
imposed at the interface of interest. The presence of interfaces on the approximation of
the primary and secondary variables is inserted by augmenting the shape functions (PIM
and RPIM) with properly defined enrichment functions and by exploiting the partition-
of-unity (PU) property of the adopted shape functions. The penalty method is used to

present the contact behaviour in which the solid and fluid phases are subjected to
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relevant constraints. It is shown that the smoothing gradient technique eliminates the
need for the sub-division of supporting domains crossed by discontinuity. Temporal
discretisation is performed using the three-point time discretisation scheme. The
resultant algebraic system is non-linear due to the nonlinearity of the coupling terms,
and is solved by application of a consistent Newton—Raphson iterative algorithm. The
chapter concludes by a rigorous numerical examination of the proposed method using a

set of benchmark examples.

6.2 Governing equations of saturated porous media with interfaces

The partial differential equations developed in [161] govern the coupled solid
deformation and saturating fluid flow in a saturated porous medium surrounding a
discontinuity, which includes the linear momentum balance equation (the equilibrium
equation) in association with the entire porous medium and the continuity equation of
flow that describes the saturating fluid phase. The forms of coupled flow-deformation

equations are similar to Equations 3-1 and 3-2.

The essential and natural boundary conditions identical to those presented in Equations
3-4 to 3-7 are specified to close the boundary value problems away from a
discontinuity. The imposed boundary conditions are assumed to apply on the
complementary parts of the boundary, satisfying the conditions presented in Equation 3-
9 and Equation 3-10. Throughout this chapter, linear elastic behaviour is assumed for

the medium away from an interface as represented by Equation 3-11 and Equation 3-12.

A schematic representation of a saturated porous medium with inclusion of an internal

interface (I';) is provided in Figure 6.1. In this figure, nry and nr> are the unit normal
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vectors directed to Q™ and Q7, respectively, where the signs + and — above I, indicate
the two sub-domains of the discontinuity. The internal interface is characterised by the

outward unit normal vector to I; pointing to Q* with np, = np,_= — nr ., such that

a
[y = 4~ U I;+. The interface enables the representation of a discontinuity in the field
of either the secondary primary variables, such as strain and fluid flux, or the primary
variables, which are the displacement and pore pressure fields. The former refers to
weak discontinuity, such as material heterogeneity interfaces, and the latter refers to a
strong discontinuity, such as a crack. The presence of geomechanical discontinuities
([;) enforces the imposition of additional boundary conditions on the surface of the
interface. These additional boundary conditions naturally appear in the weak form of the
coupled flow-deformation equations of a saturated porous medium that contains an
interface through the application of the Divergence theorem to the strong form of the

equations.

X Interface

Figure 6.1. A schematic representation of a saturated porous medium Q with internal boundary T,
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6.2.1 Weak forms

The derivation of weak forms that do not necessitate coincidence between the mesh
topology and the interfacial geometry requires the definition of functional subspaces
containing an embedded discontinuity. Thus, the subspaces chosen for the
approximation of the displacement (u) and pore pressure (p) are identically given as
introduced in Equations 5-17 and 5-18 in addition to their corresponding test functions

(vand q) in Equations 5-19 and 5-20, respectively.

To build discontinuity into the weak forms of the coupled flow-deformation equations,
the momentum balance (Equation 3-1) and the fluid mass balance (Equation 3-2) are
multiplied by kinematically admissible test functions for displacement (v) and for pore
pressure (q), respectively. Introducing the internal boundary T;, integrating over domain
Q , and applying the Divergence theorem accompanied by the specific boundary
conditions (Equations 3-4 to 3-7) yields the explicit form of the corresponding weak

forms:

fﬂ eT(v)o'(e(u))dQ — fr; v+T( an+a+ )dr — rs vT( an_a'_)dF -

nJ,pV.vdQ - frt v'Edl — [ pv'gdQ =0 YveEV,, (6-1)

. T — T - kf T
nJoaV.wdQ — [y q*(nr ,w*)dl = [i_q~(np, w™ )dl' + M—fo(Vq) Vp dQ +
ar [, qp dQ - frq qqdl =0 Vq€V,, (6-2)
where w is the fluid velocity, which is related to the pressure gradient through the

Darcy law.

Based on Equations 6-1 and 6-2, the imposition of the constraints associated to an

internal boundary T; into the weak forms leads to the natural appearance of the external
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tractions and the exchange of the fluid flux through the faces of the internal boundary.
Indeed, these terms provide the hydro-mechanical couplings between a discontinuity
and the surrounding saturated porous medium. The solvability of the constrained weak
forms due to the presence of geomechanical discontinuity (I;) requires appropriate
imposition of additional boundary conditions that rely on the inherent nature of the

discontinuity.

Assuming equilibrium between the cavity within a strong discontinuity and the

surrounding medium, we can write,

T

+— T - -
nI‘d.,.o- __an—G =lcont — D Nr, (6'3)

where t.,,: denotes the frictional contact tractions on Iy, © [y, Where T'eopt €XPresses
the active contact surface of the discontinuity. Appropriate contact numerical algorithms
should be imposed to quantify the likely effects of the opening/closing and
sticking/slipping modes of the discontinuity faces. In this study, the contact constraints
are established by two nested Kuhn-Tucker inequalities, which will be elaborated later.
The term p nr, in Equation 6-3 recovers the influence of the fluid-induced traction
acting on the faces of a strong discontinuity, which arises from the presence of the fluid
within the cavity. The fluid-induced traction and the frictional contact traction provide

mechanical coupling between the discontinuity and the surrounding bulk.

Using Equation 6-3, the compact form of the equilibrium equation (Equation 6-1) is

obtained as follows:

Jo €T W)o (e(w))dQ + fl,d[[v]]T (tcont —p .0 )dl — 1 [,p V.vdQ frt vTtdl —

J,pv'gdQ =0 YvEV,, (6-4)
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where [+] is the jump operator that indicates the difference of the variable of interest *

between the two faces of internal boundary, i.e., [*] =*T—x".

It is assumed that the equilibrium between the cavity and the surrounding porous
medium as well as the uniqueness of the frictional contact traction values at the faces of
a discontinuity result in the attainment of the same value relevant to the pressure field at
the faces of a discontinuity [320, 321]. Therefore, the same values obtained for the

pressure weighting functions q = g*= q~ are inevitably admitted.

Considering the same pressure weighting functions at both faces of the discontinuity,

Equation 6-2 is modified as follows:

. k .
nJf,qV.udQ - frdq[[w]]T nr, dl + M—;fQ(Vq)TVp dQ + a; [, qp dQ -

Jr,q9dT =0V q €V (6-5)

The jump in the flux [w] is introduced in Equation 6-5, multiplied by nr, indicating
that the normal flow to the faces of a strong discontinuity may be discontinuous. Thus,
the mass balance coupling stemming from the exchange of flow between the cavity and
the surrounding porous medium naturally appears in the weak form of the fluid
continuity equation were [w] implies that some of the fluid can be stored within the

cavity or transported in a tangential direction to a strong discontinuity.

Considering the weak discontinuity caused by the contrast in the material properties, the

terms including jumps in Equations 6-4 and 6-5, would be eliminated, i.e.,
fpd [[v]]T (tcont -p. nI‘d)dF =0 (6-6)

and
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frd qwl™ np, dI =0 (6-7)

and Equations 6-4 and 6-5 default to those with discontinuities only in the secondary

variable (i.e., strain).

6.2.2 Fluid flow formulation within a strong discontinuity

The continuity equation for the fluid inside a fully open discontinuity is as follows:
Vw+nV.u+cp=0 (6-8)

where 1 and ¢ are defined in section 3.2 of this thesis. The Darcy velocity vector, w, is

related to pressure gradient as follows:
w=k.,(—Vp+ pfg) (6-9)

where k., is the crack permeability with respect to the fluid. It is assumed that a viscous
fluid flow with Newtonian rheology fills the cavity of the discontinuity. Assuming
isotropy inside the discontinuity, The well-known cubic low [264] is adopted to

estimate the opening-dependent crack permeability as follows:

1 h?
cr —

o (6-10)

where h denotes the discontinuity (crack) opening and k is a coefficient that varies from
1.04 to 1.65, to account for the unrealistic assumption of the parallel faces condition

[322].

The weak form of the fluid continuity within the crack is then developed to obtain the

coupling between fluid flow within the discontinuity and the surrounding porous
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medium. To this end, the pressure test function q is multiplied in Equation 6-8 and

integrated over the discontinuity domain Q’, as follows:

Jo, aW.w + V. + cp) dQ =0 (6-11)
Inserting Equation 6-9 into Equation 6-11 then yields the following:

fﬂ, q(V.[ker (=VD + prB)] + V.2t + ¢p) dQ = 0 (6-12)

Introducing an appropriate form of the Divergence theorem with discontinuities into

Equation 6-12, the weak form of Equation 6-8 is obtained as follows:
Jo, anV.udQ — frd qIwl™nr, dl + [, (V@) ke, Vp dQ + [, q crpdQ —
JoVa) TkerprgdQ = 0 (6-13)

Hence, the mass coupling term is systematically obtained by the relation established

through Equation 6-13 as follows:

J

Jo (V) ks pr8AO (6-14)

Integral (IV)

qw]™np,dl = - f (V) Tk, Vp dQ — j q crpdQ — f qn V. dQ +
Q' Q' Q'

Integral (I) Integral (II) Integral (IIT)

d

The evaluation of Equation 6-14 is investigated under the local Cartesian coordinate
system (x', ¥'), in which the coordinate system coincides with the tangent and normal
directions of the strong discontinuity as shown in Figure 6.2. It is assumed the
equilibrium between the cavity and the surrounding porous medium results in the
association of the uniform fluid pressure with its corresponding test function across the
width of the discontinuity [66]. Therefore, derivations of integrals of (I)-(IV) in

Equation 6-14 are performed in the following manner:
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+h +3. (0q 0
f Vquchp dQ = f f VCIT kerVp dy'dx’ frd f_gz ke (67?’% +

Integral (I)

aq dp / _ dq 610

L) dy'dx' = [ ker(h) 35 5Ed (6-15)
h

Jo,acrpdQ = |, f qcy p dy'dx’ = [l q(h) cppdx’ (6-16)

Integral (II) 2

LB +2 Bty | Oty ,
Jyan V. dQ={, thnV wdy'dx’ frdf_ﬁzqn(;;, + a”yy)dy dx’
Integral (IIT) ?

auxl allx, ] . . '
fpqul( ) ( |+E+ P |_%>dx +fl,dqn <uy,|+g—uy,|_§>dx =
Jran ) G2 dx' + [ qnli,] dx (6-17)

d — d —_ i I 0 - !
[, V) TkerprBdQ = [ ; aq, Bt 5, By dy'dx’ = [ kerpy (W) 55 Brdx

Integral (IV)

(6-18)

where u,, and 1,, stand for the projected solid velocity on the local longitudinal (x")

and tangantial axes (y'), respectively. In the above derivations, a linear variation of ,,

Also, the derivatives of fluid pressure in conjunction with its test function in the y’
direction are eliminated because of the uniform pressure distribution over the width of

the discontinuity h arising from the equilibrium between the cavity and the surrounding
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medium. (*) obtains the average value of the quantity of the interest * at the

discontinuity faces. Substitution of Equations 6-15 to 6-18 into Equation 6-14 yields:

_ dq 0 , . ,
Jp awl™np dx'== [ ke (W) 3555 dx' — [ q (W) ¢pdx’ —

Jr qn(h) = I aTnliy ] dx' + [ kerpy () 5% Bl (6-19)

Equation 6-19 expresses the fluid leak-off between a discontinuity and the surrounding
saturated porous media. It is worth noting that the contribution term related to integral 11
is conventionally eliminated from Equation 6-19 based on the assumption of
incompressible fluid within the cavity. The term frdq[[w]]Tnpddx’ produces a strong
nonlinearity in the global equation system because of the dependence of the crack
permeability as well as other terms in Equation 6-19 to the width of discontinuity h,
which is a priori unknown. The width of discontinuity is equal to [u,,] and can be

simply related to the displacement field as follows:

h = [uy,] =nr, [u] (6-20)

Figure 6.2. A schematic representation of the geometry and the corresponding local coordinate system in

the cavity
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6.3 Enriched SPIM for saturated porous media with interfaces

To capture the hydo-mechanical coupling that stems from the contact tractions acting on
the discontinuity faces and the fluid exchange from the strong discontinuity into the
surrounding medium, the displacement and fluid pressure fields must be enhanced to
reproduce the physical discontinuities. The nonalignment of the material heterogeneity
boundaries with the underlying mesh topology is also captured by the enhancement of
the displacement derivative field (i.e., strain). The existence of a crack implies a
discontinuity on the displacement field in conjunction with the normal discontinuous
fluid flux to the crack. The pressure field can be assumed to be continuous across the
crack, which is the case in this chapter based on the discussion presented in previous
sections. Based on the type of discontinuity, appropriate enrichment functions are
carefully selected to enable physical representation the discontinuities. In this chapter,
the Heaviside function is chosen to represent the displacement discontinuity over the
crack faces. The fluid pressure is modelled using a proper function of the level set
function (i.e., the ridge function) to accommodate the flux discontinuity normal to the
crack faces caused by the transport and storage of the fluid flow in the tangential
direction of the discontinuity. Because of the weak discontinuity in the fluid phase, the

ridge function is also adopted as the displacement variable.

Inspired by the extrinsically enriched functions applied in XFEM [242, 250, 323, 324],

the enriched approximations of displacement and pressure variables are proposed as

follows:
uh (x) = ZIESS Ny(x)ﬁl + Zjes;"’” N}L'enr(x)ﬁ] (6-21)
p(x) = Yles, NP ()P, + X jesent Nf'enr (X)E] (6-22)
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where N* and N? correspond to standard shape functions for the displacement and
pressure variables, respectively. They are created by either PIM or RPIM, as presented
in section 3.4 of this thesis, using the collection of supporting nodes in S;. N**™" and
NP stand for the contributing functions that are relevant to the enriched part of the
displacement and pressure approximations, respectively. SE™" collects the nodes whose
supporting domains are intersected by the discontinuity which can be taken equal to S;.
a; and b; are the vectors that collect additional nodal degrees of freedom assigned to

enriched supporting nodes for the displacement and pressure approximations,

respectively. The contributing enriched functions are as follows:
N}L,enr(x) — N}J(x)(l/)u,en?"(x) _ lpu,enr(x])) (6-23)
NP () = N7 GOWP () = §Pe™ (x,)) (6-24)

where yY*¢™and yY?¢™" are the enrichment function for the displacement and pressure
fields, respectively. As mentioned previously in this chapter, %™ can represent either
the Heaviside function to capture strong discontinuity or the ridge function when only
the discrepancy in material properties exists, whereas €™ can only possess the ridge
function to represent the presence of the discontinuity of the pressure gradient normal to
crack faces. The enrichment functions are shifted by the subtraction of %" (x;) and
z/ﬂ"e’”(x]) to preserve the Kronecker delta property, which leads to the achievement of
the real nodal values when the point of interest coincides any node (uh(x,)
and ph(x])). Similar to standard interpolation functions that possess partition of unity

(PU), the enriched approximations presented in this chapter are a PU. The enrichment

functions used in this chapter will be introduced in the following sections.
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6.3.1 The signed distance function

The well-established level set method [322] which allows quantification of the existence
of interfaces using implicit functions is adopted here. A domain is split into two sub-
domains QF and Q~ by the interface I; as previously shown in Figure 6.3. The
positions of the points on I'; are set at zero. The positions of other points over the
domains can be defined with respect to the zero iso-contour (i.e., the interface position).
The most conventional level set function is the signed distance function, which is

represented as follows:
d(x) = min|lx —x*||sign ((x — x*)nr,) (6-25)

where x* is the point on the discontinuity that is the closest distance from point x. || ||
stands for the Euclidean norm where ||x —x*|| expresses the distance between the point
of interest x and the interface T';. Based on Equation 6-25, two sides of an interface are
differentiated by the assignment of different signs. This definition implicitly determines
the position of the discontinuity as the zero iso-contour of the level set function as
follows:

>0ifxe QF

dx){ =0ifxe I, (6-26)
<0ifxe Q°

The schematic representation of signed distance function is shown in Figure 6.3.
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Figure 6.3. A signed distance function applied to quantify the position of a node with respect to the

interface

6.3.2 Heaviside function

A strong discontinuity (crack) occurs because of different displacements on the faces of
the discontinuity. The kinematic representation of the strong discontinuity can be
recovered by exploiting the Heaviside function. The form of the Heaviside function

applied in this chapter is as follows:

pre ) = He = (A 20 (6-27)

6.3.3 Ridge function

The incorporation of weak discontinuities requires the introduction of appropriate
continuous functions that belong to C° space, but not to C! space. This requirement
implies the utilisation of a non-differentiable function with respect to its first order

differentiation to kinematically represent the weak discontinuity. A weak discontinuity
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can be properly captured by using the modified abs-enrichment function, which is

commonly known as the ridge enrichment function, expressed as follows:
LT (x) =X jesenr NY (%) |d;| — |Xjesene N7 (x) 4| i=u, p (6-28)

where d; is the value of the signed distance function at node J, and superscript i
indicates that the ridge function can be included to both primary displacement and
pressure variables under the required circumstances. The use of ridge enrichment is
advantageous compared with the commonly used alternative |d(x)| because it prevents
the violation of the PU property in the smoothing domains adjacent to the enriched
smoothing domain that contain no interfaces (blending smoothing domains) [6].
Blending smoothing domains violates the PU property because a mix of the enriched
and standard field nodes contributes to the creation of the interpolation function over
blending smoothing domains. The ridge function vanishes at the field nodes of the
blending smoothing domains and therefore the PU is restored [250, 254, 323]. The one-
dimensional representation of the ridge function, the enriched nodes, and the standard

nodes are depicted in Figure 6.4.
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Weak discontinuity

1 / 2 | 3 4
Enriched

Enriched . ) Standard
smoothing domain
node node

Figure 6.4. Schematic representation of the ridge function to reproduce a weak discontinuity

6.3.4 Domain discretisation

In SPIM/SRPIM, the problem domain is partitioned into Ns;, smoothing domains that
satisfy the conditions expressed by Equations 3-31 and 3-32. The smoothing domains
can be created using a triangular background mesh in different ways, which results in
different types of SPIMs/SRPIMs [15, 16, 20, 101, 105]. Following the formulation
presented in Chapter 3, the cells of the background mesh are again used directly as the
smoothing domains in this chapter, which results in the development of the Enriched

cell-based SPIM/SRPIM (CSPIM/CSRPIM).

6.3.5 Supporting node selection schemes

In Enriched CSPIM/CSRPIM, the selection of supporting nodes at each point of interest
is not arbitrary. It must be performed so that the resulting approximation function is

square-integrable on the boundary of the smoothing domains [101]. Two node selection
189



Chapter 6-An enriched smoothed point interpolation method for the flow-deformation
analysis of saturated porous media with embedded interfaces

schemes, T4 and T2L, which are described in section 3.4.2, are adopted in this chapter.
Only two supporting nodes are again adopted where the Gauss point of interest is

located on the boundary of the domain.

6.3.6 Creation of standard shape functions

In this chapter, the PIM and RPIM [88] are adopted to construct the standard nodal
shape functions. A procedure similar to that presented in section 3.4.1 is performed to
obtain the standard shape functions (N* and N?) to present the standard part of the

enriched approximation.

6.3.7 Computation of smoothed strain and pressure gradient in Enriched SPIM

Because the cells of the background mesh serve as the smoothing domains in
CSPIM/CSRPIM, the smoothed gradient of the displacement field (i.e., smoothed
strain) is computed for each cell using the smoothing operation technique [90] and the

Divergence theorem as shown by Equation 3-29.
From Equation 6-21, the smoothed strain can be obtained as follows:
gl = Yles, B,u, + D jesenr Ef}”ﬁ] (6-29)

where B is the standard smoothed strain-displacement matrix as previously formulated
in Chapter 3 (Equation 3-35), obtained by applying the smoothing gradient technique
(Equation 3-27). In a similar manner, the enriched part of the strain-displacement matrix

(BS™) is computed as follows [325, 326]:
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Tu,enr

Denr _ mu,enr

7= 0 by (6-30)

renr renr
Jx2 b]x1
ru.enr ru.enr
b1x1 0 bgx, 0

Be = 0 bi‘;ceznr 0 bgfznr (6-31)
Tuenr juenr Tuenr juenr
blxz b1x1 quz %1 Jd3yx2q

where numerical integration must be performed over all segments of the boundaries
associated with the smoothing sub-domain of interest created as the original smoothing
domain is cut by an interface as shown in Figure 6.5. Summing the contributions related

to the entries of BS™" over all Gauss points along the boundary segments, b;;“™" results

in the following:

Nseg Ngau
- 1
bﬁ‘enr = 2AS Z Llrcn Z Wn ¢I (xmn) (lpu,enr(xmn) - lpu,enr(x])) nl(xmn)
subk ;=1 n=1
(l = Xy, xz) (6-32)
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@ | Enriched nodes

@  Gauss points used to numerically integrate in S;"r domain

[®] Gauss points used to numerically integrate in S:m domain

Figure 6.5. A supporting domain cut by an interface and its associated Gauss points used in the numerical

integrations

in which the notations are the same as those presented in section 3.5.3 of chapter 3.
Agyp i indicates the area of either subdomains Q, or Q, when the smoothing domain is
cut by an interface. It is worth noting that the numerical integration using the Gauss
points along the interface is performed by the inclusion of all the supporting nodes
contributing to the creation of the standard shape functions of the nodes of the
smoothing domain of interest (S;). The numerical integration using the Gauss points
along the boundaries of the background mesh are, however, performed based on the
supporting nodes selected by the chosen T-scheme for the specific boundary (S,,) as

depicted in Figure 3-3. In this chapter, N, is taken as two in all chosen T-schemes.

From Equation 6-24, the pressure gradient is obtained in a similar fashion as follows:
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vp= Yles, B,p, + D jesen Eg}lrEj (6-33)

As discussed in Chapter 3, B, has identical entries to B,, but with different
arrangements of them (Equation 3-48). Similarly, BS"" has a different arrangement of
entries compared to its counterpart BE™". It also contains different components with

respect to BE™ when a strong discontinuity is considered.

The matrix BS}" associated with the node of interest J takes the form expressed as

follows:
Bp,enr
= ]
g = [B;,‘;nr] (6-34)
Jx2

Consequently,

ppent ppent
= 1x qx
enr — 1 1
B;™ = ppent ppent (6-35)
1X2 qx; qu

where the components of BS™" are computed in the following form:

Nseg Ngau
- 1
b]%’enr = ZAS Z Llfn Z Wh ¢I (xmn) (lpp,enr(xmn) - lpp,enr(x])) n; (xmn)
sub.k m=1 n=1
(I =x1,x3) (6-36)

Introducing the SPIM framework with the extrinsic enrichment results in the
elimination of complexities associated with the sub-integration in XFEM [322] by
transforming the integration over the smoothing sub-domains into that along the
boundaries of the smoothing sub-domains (including material interfaces and cracks). In

addition, as will be shown later in the numerical examples, the enriched SPIM
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formulated above offers a substantial improvement in terms of stress calculation, which
poses difficulties in XFEM especially near the crack tips where the computations of

stress intensity factors are of importance [326].

The original mapping-rule independency of SPIM is restored when enrichment
functions are selected in such a way that B¢™" and B$™" are constant over the smoothing
domains. Consequently, the contribution of BS™ and BS™ can be taken out from the
numerical integration over the smoothing domains without resorting to the mapping
rule, which otherwise would require a significant level of computational expenses
especially when the number of Gauss points is discernibly increased compared to the
corresponding standard formulation, which is the case in XFEM because the elements

are sub-patriated [322].

6.4 Contact behaviour along interfaces

The evaluation of the contact forces in fractured saturated porous media with the
occurrence of a discontinuity closure mode requires the imposition of the contact
constraints to solid and fluid phases. The treatment of the contact constraints in XFEM
has been investigated in solid mechanics [258, 261, 323] as well as in saturated and
unsaturated porous media [62, 65, 67, 327, 328]. In this section, a penalty method
accompanied by enriched SPIM is adopted to computationally estimate the frictional
contact forces stemming from the closing mode of a strong discontinuity. The proposed
contact algorithm accounts for both normal forces and frictional contact forces with the

inclusion of the stick and slip modes.
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6.4.1 Contact conditions: the Kuhn-Tucker rule

Figure 6.6 shows two solid bodies, referred to as a master body and a slave body. Their
initial domains are denoted by QMaster and (S1ave  respectively. The jump notation can
be exploited to represent the relative displacement from an arbitrary point S located on
the surface of the slave body I'S!2v¢ with respect to an arbitrary point M on the surface

of the master body 'Master [322]:
[[u]] — uSlave — uMaster op T = FSlave U [Master (6-37)

where uS127€ and uMaster gre the absolute displacements with respect to the origin of the
assigned Cartesian coordinate in association with the slave point S and master point M,
respectively. Representing the outward unit vector normal to the surface of the master

body by nr_ ., the gap functions can be defined in the normal direction in the

following form:

gy = ni__[u] onT = rslavey pMaster (6-38)
as well as the gap function in a tangential direction, given by:

gr=Mulmr = A—nf_ np  [u] onT = rslavey pMaster (6-39)

where nFcontnrcom denotes the projection matrix of the normal direction, in a two-
dimensional setting, and I is the identity matrix. The non-penetration condition can be
stated by gy = 0 where gy = 0 indicates the contact condition, in which a compressive
normal contact force is produced, which is indicated by t.,,.x < 0 on the master body.
The mathematical description of the contact interface can be written by T,,,,.,= I'S'2V¢ n

rMaster The existence of a gap between two contacting bodies is stated as gy = 0 and
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tconeny = 0. Hence, the mathematical form of the contact conditions can be defined as

follows:

gn =<0, tcontn = 0 yInteontn = 0 (6'40)

which is commonly known as the Kuhn-Tucker inequality [72]. The first statement of
Equation 6-40 prevents the interpenetration of the contacting bodies, and the second
statement expresses the development of a compressive contact force that arise from the
onset of a closed gap. The last relation in Equation 6-40 assures the elimination of the
contact tractions pertaining to the onset of the opening mode. Hence, Equation 6-40
provides a robust means of handling contact problems under the constrained
optimisation framework, which is well-established for imposing a contact constraint to

variational statement.

The term T,,,,; is unknown within a time step, and the complementary part of the strong
discontinuity is subjected to a fully open mode under traction-free condition, with active
contact surface being unknown. An iterative solution strategy is then adopted to handle
the kinematic quantities in a nonlinear algebraic system that is exposed to a contact

constraint.

Figure 6.6. Schematic representation of two bodies in contact in association with gap functions in normal
and transversal directions with the constrained condition [322]
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6.4.2 Coulomb theory of frictional contact

As shown in Figure 6.7, when two contacting bodies, a master and a slave, have no
normal gap and therefore are in contact, only a tangential relative displacement between
them is allowed. A decomposition of the relative displacement into normal and
tangential components that are analogous to those used in classical plasticity is needed.
By preserving the nearly constant np__ throughout the sliding process during the
contact and sliding of the two bodies, the normal and tangential l0ads t ¢y and teone r

are defined on the contact surface of the master body

cont, NV /

M r P
Master E cont : GamiF T\

QMasLer E
)

cont
iy ——

Figure 6.7. A sliding slave body with respect to a master body undergoing a relative tangential

displacement[322]

The frictional behaviour is formulated here based on the stick-slip condition introduced
by Curnier [329]. According to the stick-slip theory, the relative displacement at the
surfaces in contact is decomposed into two parts: one part, the stick, is reversible, which

can be interpreted as the elastic deformation; the other part, the slip, is irreversible,
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which can be interpreted as plastic deformation. For a slip along I,,: the

decomposition of the relative tangential displacement can be performed as follows:
[[uT]] = [[u(;"]] + [[u?"]] on Fcont (6'41)

where [u;] stands for the relative displacement in the tangential direction shown by
[url] =d- n?wntnpcont) [u]. In Equation 6-41, the superscripts e and p indicate the

stick/elastic and slip/ plastic parts of [u;], respectively.

In this chapter, the resultant unilateral contact condition is established by the imposition
of constraints through the implementation of the penalty method. This method, unlike
the Lagrangian multiplier method [38], avoids introducing additional unknown
variables in the formulation. In the penalty method, the non-penetration constraint is
established by embedding extremely stiff springs on the active contacting surfaces. As a
result, the normal contact forces t.,n¢ v Can be attained through the multiplication of the
penalty parameter k, by the relative displacement in the normal direction [uy]. The
elastic part of the contact force in the tangential direction t.,,.7 is calculated in a
similar manner. The penalty parameters ky and k; can be thought of as the normal and
tangential amplitudes of stiffness, which are a priori selected at the contact surface.
Consequently, the constitutive law that relates the normal and tangential relative

displacements to their corresponding contact loads can be elaborated as follows:
Leontn = (D?)N [u®] (6-42)
LeontT = (D?)T[[ue]] (6-43)

where (D§) and (D) _ indicate the parts of the elastic modulus contributing to the
T T

normal and tangential directions as follows:
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(D?)N = kN (n’lI:CODtnFCOIlt) (6-44)
(D;)T = kT (l - nrlI:COntnFCODt) (6-45)

where ky and k; represent the constant normal and tangential stiffness, respectively.
The decomposition of the relative tangential displacements into stick and slip parts
requires the use of a slip criterion in the formulation. The slip criterion is needed to
build a theoretical description that expresses the relationship between the stress and
stick-slip movement at the body surfaces in contact. In the stick condition, the relative
movement between the contacting bodies is assumed to be zero in the tangential
direction, whereas in the sliding condition, a relative movement is allowed at the point
of interest in the tangential direction at the interface. In this chapter, the well-established
Coulomb’s friction law is applied to capture the frictional contact behaviour as a
function of contact forces t..,:, Which has been used, frequently and successfully, to
represent frictional contact behaviour. Coulomb’s friction law defined as a function of

the contact force ., is sSimply shown as follows:

= 0 slip

< 0 stick (6-46)

Ff(tcont ’ W) = ”tcont,T” - .uf(tcont,N ’ W)”tcont,N” {

where 1, denotes the Coulomb friction coefficient calculated by u; = tan ¢;, where
@y indicates the friction angle at the interface of interest. The friction coefficient p is
assumed to rely on two parameters: the frictional work parameter w, and the normal
contact force tconen- Fr <O implies that a stick situation governs the relative
displacement between two contacting bodies; Fr = 0 implies a slip situation between

two bodies in contact where the shear stress is restricted to the value satisfying Fr = 0.
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The slip criterion dictates the dependency of shear stress on the normal contact force

t.one,y When slip condition is satisfied.

According to the conventional plasticity theory, the slip direction is determined by an
appropriate slip rule, which can be specified by the gradient of a convex potential
function, Z. Assuming associative rule, the potential function Z can be replaced by the
slip criterion Fr. However, despite its convenience, the assumption of associativity may
engender an erroneous normal force that could cause an unrealistic separation between
the contacting surfaces. The avoidance of the anomalies related to the separation from
the surfaces in contact requires the adoption of a non-associative slip rule [329]. Hence,
in this chapter, a non-associative slip potential function, represented by Z = ||tc0nt,T||, IS
applied for an isotropic frictional contact, in which the outward normal to the slip
potential function determines the slip direction. Consequently, the tangential plastic

deformation [u%] is obtained by defining the slip rule as follows:

0z

[u?] = dy =dymr_ (6-47)

atcont,T

where dy stands for the plastic multiplier representing the magnitude of the slip

increment with respect to the outward normal to the potential Z, and mp__ =

teoner/ ||Econer is the unit tangential vector.

The tangent stiffness matrix, D]‘fp, is unsymmetrical because of the non-associativity

induced by the slip rule. Assuming that the contact tractions in horizontal and tangential
directions are decoupled, independent constitutive expressions can be established
between the normal and tangential contact tractions and the relative displacements in the

following forms:
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dtcont,N = (Df)N dfu] (6-48)
dtcont,T = (Ef)T dfu] (6-49)

where (Dp)y = ky((nf,,, Mr,,,) and (D), = k(I —nf_ nr, ), where kp is the
tangential stiffness parameter. The stick-slip condition can be determined by a careful
selection of k; derived from a stick-slip relationship for the contact. In the stick
condition, no contact tangential movement results in the attainment of the contact
friction forces. In this case, the stick tangential stiffness k; = k; > 0 can be directly
obtained from the relationship between ||t oner|| and llgrll for the contact. At the
threshold of slippage, the frictional forces are derived directly from the restriction
induced byF; = 0, resulting in the attainment of a constant value of wf||tconen]|-

Consequently, the slip tangential stiffness k = 0 is adopted in the slip mode.

The incremental total contact traction can, therefore, be written as follows:

dtcont = dtcont,N + dtcont,T = (Df)N d[[u]] + (Ef)T d[[u]] = E;pd[[u]] (6'50)
where
D{® = ky (0, Nr.,,) +kr (A-nf  nr ) (6-51)

The conventional predictor—corrector algorithm frequently adopted in the classical
plasticity theory along with a return mapping algorithm can be adopted efficiently to
solve the nonlinear contact problem formulated above. The adopted predictor—corrector
algorithm leads to a smooth transition from the stick condition to the slip condition
when tangential forces increase. The step-by-step implementation of the predictor—

corrector algorithm is given in Table 6-1.
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Table 6-1. The predictor—corrector algorithm for a frictional contact problem (superscript n or

n + 1 indicates trial number) [322].

1) Compute the normal traction by
t?(:-nlt,N = t?ont,N + (D;)N [[Au]]n
2) Set ky = k3*k and evaluate the trial magnitude of the elastic frictional traction

(e )il gy (D7), [ou]”

cont,T

trial

If Fp=|(teonen

- uf”t?(:—nlt,N < 01

trial .
Then et = (6T and exit

Else, Go to step 4.

4) Adjust the frictional traction estimated by the trial amplitude, and the friction

stiffness by
Aghtt _ t"“’ _ tn+1,
t?:nlt,r = ﬂf”t’cl:nlt,]v” m and ky = f” conﬁzg|¥+1|||| contT”

6.4.3 The Enriched SPIM formation for contact modelling

In this section, the enriched SPIM formulation proposed for the incorporation of contact
modelling in solid mechanics is presented. This formulation, commonly applied in
computational contact mechanics, is described here to ensure completeness. In
subsequent sections, the proposed contact formulation will be included in the coupled

flow-deformation analysis of saturated porous media with an embedded interface.

For a solid body with a contacting interface within its domain, the overall static

equilibrium can be expressed as:
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V.e+b=0 (6-52)

with the boundary condition as presented in Equations 3-4 and 3-5. A procedure similar

to that presented in section 6.2.1 is performed to obtain the weak form of Equation 6-52,

o e'(w)a(e(w))da — fl“é'ont v+T(an+6+ )dr — |, _ v~ "(nf,_87)dl -

frt vTEdl — fﬂi pvTgdQ =0 VveV,, (6-53)

A simple manipulation then results in the compact form of Equation 6-53, as follows:
0 e'(w)a(e(w))da + frcont[[v]]T nr_ @dl — frt vItdl — fﬂi pvTgdQ =0
Vv eV, (6-54)

with the boundary condition nFmt& = teont-

Using Equation 6-21 and introducing the Heaviside enrichment function to represent the
strong discontinuity in contact problems, the jump in the displacement field is

elaborated as follows:

[u] = NGO+ N (x)a] = [N“Goul + [N“"" (0a] = [N“*" (x)a] =

N“(0)[H (x) — H (x;)]a = N*“(x)a (6-55)

The enriched displacement weight function v can be expressed in terms of the

corresponding nodal values as follows:
v(x) = ZIESS Ni(x)c, + Zjessenr N}l'enr (x)éﬁj (6-56)

where ¢ denotes an arbitrary unknown weight vector related to the standard
approximation of the displacement variable, and §a corresponds the weight vector of

the enrichment displacement approximation. Substituting Equations 6-21, 6-29, 6-55
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and 6-56 into Equation 6-54, the weak form incorporating the discretised contact

constraint is obtained, as follows:

J,(Bic + B oa) &(ew)do + |, INUE + N“ a]T togne dT — [ (N T+

N“"s@)T tdl — [ (N* €+ N §@)" bdQ = 0 (6-57)

A manipulation similar to Equation 6-55 is performed on the second term of Equation

6-57 as follows:

Ir

[N“€ + N“"§a]” teon dT =, taaT (NOT teone dT (6-58)

cont

Given that 6-57 must hold for any arbitrary ¢ and éa, it can be rearranged to yield the

expanded residual forms as follows:

Yi(u,d) = fﬂi B, &(s(u))dQ - frt(N”)T tdr — fﬂi NHTbhdQ =0 (6-59)

Yi(u,a) = fﬂi(ﬁf’”)T GO+ [ (V)T Eeopedl — [ (N“€™)T T

fQZ(Nu-e"r)T bdQ =0 (6-60)

Equations 6-59 and 6-60 present the residual of the nonlinear weak form attributed to a
single-phase problem with the inclusion of an internal interface that is subjected to a
contact constraint. The nonlinearity of the resultant algebraic system arising from the
frictional contact constraint necessitates the adoption of an iterative procedure. In this
study, the well-established Newton—Raphson iterative algorithm, similar to that
presented in section 5.4.3, is adopted. Therefore, at iteration i + 1 in each time step, we

have,

in+1
Ki

QU
]

¥

[S=Y

1

=

I~

I~
xR

du; py
ual { _l+1} - _ {(p}l} (6_61)
i \d@g, 27

aa 1
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where K stands for the smoothed stiffness matrix that is composed of four sub-matrices
as seen in Equation 6-61. The smoothed sub-matrix K, contains only contributing
entities derived from the standard degrees of freedom, whereas the smoothed sub-matrix
K, is related to the additional degrees of freedom with no relation to the standard
degrees of freedom. The off-diagonal sub-matrices K,, and K, present the coupling
stiffness effects due to the interaction of standard and additional degrees of freedom.
The sub-matrices are derived in the standard manner conventionally adopted in

nonlinear problems, as follows:

K., = Jos B, 2240 (6-62)
K., = (B B) 2 da (6-63)
Ru=22=] ~"”")T"’—"dg (6-64)
Roo=22 = [ (BT") SZda+ [ ()T Zemar (6-65)

Consequently, the full smoothed stiffness matrix takes the following form:

~enr

Jog B: D B,dQ Jog B DB da

fns(~e”r) D B,dQ fns(~e”r) DBy da + f (N“)TE;pN”dF (6-66)

con .
K L

The terms K<™ and fr t(N")T t.ont dI' (Equation 6-58) can be thought of as the

contact stiffness and the contact force vector, which incorporate the contact constraint
into the Enriched CSPIM formulation. According to the linear elastic assumption
related to material behaviour, the incremental stress-strain relation can be elaborated as
follows:
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dé = Dd& = DB, du+ DB} da (6-67)

A similar constitutive model was established in the previous section (Equation 6-50) to
characterise the nonlinearity induced by the existence of the frictional contact behavior,

given as:
dtcont = l_)]‘ip du] = EJ‘?’N” da (6-68)

The numerical integration of sub-matrices included in K does not require a mapping to
perform numerical integrations because both B, and B¢™ are constant over each

smoothing domain:

K, = Jaga Bl DB,d0=BTDB,A; (6-69)
K, = Jog BT DB do = BTDB" AS (6-70)
Rou = [o(BS™)' D Byd = (BS™) DB, A} (6-71)
Koo = IQ;(B‘?”)T D B{da = (B™) DB A; (6-72)

The evaluation of the contact stiffness matrix K<™ and the contact force vector
(Equation 5-58) needs a proper numerical integration scheme over the contact surface
[.ont- TO this end, the contact discontinuity is first partitioned to a set of straight lines,
and the intersection of the contact surface and the cut smoothing domains are identified,
as depicted in Figure 6.8. The same Gauss points used to calculate B; and B¢™ are
adopted to perform the numerical integration over each sub-smoothing domain,
requiring no additional Gauss points. The already-computed shape functions involved in
the calculation of B; and B¢™" are also used for the numerical evaluation of the contact

stiffness and the contact force vector.
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Enriched nodes <

I

cont

W |

Figure 6.8. A schematic representation of the partitioning of the contact interface and the relevant Gauss

points on the contact surface used for the numerical integration.

Finally, the convergence of the iterative solution is evaluated by the following criterion:
T
n= (| @D Y| /1Fexell) < naim (6-73)

where n,m IS @ previously chosen percentage error. Because the penalty method is
adopted in this chapter, the contact term is determined in association with the Gauss
points on the active contact surface on which the normal opening g, attains a negative
value within the Newton—Raphson iterative scheme. The predictor-corrector algorithm

presented in Table 6-1 is adopted to differentiate between the stick and slip conditions.
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6.5 The fully discretised Enriched cell-based SPIM formulation for

saturated porous media with an embedded interface

According to the formulation presented in section 6.4 and the weak forms of the
coupled flow-deformation of porous media along with the fluid continuity equation
within a cavity, it is possible to derive a comprehensive formulation that simultaneously
demonstrates all potential effects induced by the existence of an embedded interface.
The coupled flow-deformation weak form of saturated porous media with the inclusion
of the contact behaviour is obtained in this section by extending thatpresented in section

6-4.

To arrive at the discretised weak forms, including the equilibrium and flow continuity
equations, the spatially interpolation functions introduced in sections 3.4.1 and 6.3 are
inserted into Equations 6-4 and 6-5 in the Galerkin sense, in which the test functions v
and g and their corresponding, equal order, trial functions are chosen from appropriate
subspaces. By fulfilling the requirement that the weak form must remain valid for all
kinematically admissible test functions, the discrete form of the residuals related to solid

and fluid phases at the current time step t + aAt are obtained as follows:

[I]zn'f" - Kl_] - Ctotalp + F[‘d - Fext = 0 (6'74)
qlgnr = CtotalTU + Htotalp + Mtotalf_) —Qext =0 (6-75)
where,

K=K+ K", Ciotq = C+ Crd, Hiora = H"‘Hrd + Hjosure » Meotar = M +

My (6-76)

d
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Pz and W3 are the residual forms of the nonlinear equations corresponding to the
solid and fluid phases, respectively. U and P are the collection of the standard and
enriched degrees of freedom for the solid phase and fluid phase, respectively. The
global K, C, H, and M matrices were computed in Chapter 3 for an elastic linear
medium with no discontinuity. In the presence of a discontinuity, the definition of these
matrices must be updated to accommodate the effect of the additional degrees of

freedom due to enrichment functions, as follows,

Jos BIDB, dQ Jos BIDBS™ dQ
K = - ‘ (6-77)
Jos(B) DB d [, (Bs™) DS do
o[ Jog@)nswran g Binaneer o
Joo(BS™) néNPdQ [, (BS™) ndNPer dQ
L k k
[ ST Kr 5 =Tk 5
_ | oy B2y B2 oy BELBE™ dO
= (6-79)

~ Tkf ~ ~ Tkf ~
_fﬂi(Bgnr) #—;Bl dq fﬂi(Bgnr) #—;Bg"r dq

v Jos(NPYTapNPdQ [ (NP)TapNP#" dQ oo
fﬂs (Np,enr)Tapr aQ fﬂs (Np,enr)Tapr,enr aQ
L k k

where the numerical integrations are performed in a similar manner to that described in
Chapter 3. The Gauss points used for the numerical integrations of the enriched
smoothed matrices and their corresponding interpolation functions to represent the
approximation of the enriched part of displacement and pressure variables are the same
as those used for the calculation of the standard property matrices, as shown in Figure

3-4.
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Introducing the fluid continuity equation within a strong discontinuity into the global
flow-deformation equation of a saturated porous medium introduces two important
effects into the global behaviour of the saturated porous media: hydraulic coupling and
mechanical coupling. Hydraulic coupling is introduced to the global equation because
of the fluid exchange between the discontinuity and the surrounding permeable porous
medium. Consequently, it affects the pressure-pressure block as well as the pressure-

displacement block of the global coefficient matrix through the appearance of Cr ,H,,

and M, as the contributing matrices, which are expressed as follows:

0 0

Cr, = _frd(Nu)Tnde dr frd(Nu)Tndﬁp dr (6-81)

. ., BY ke B, hdr Ji., BY KBS hdr - kr, = m;,kcrmﬁ
" (BeY Ky B, hdr 5o\ ke B har| | ke =1/
_fl"d( 2 ) rq®2 frd( 2 ) rqP2 12uf
(6-82)
Jos (NPYT e, NPh dQ Jos (NPYT e NP d Q)
M, ‘ “ (6-83)

fﬂi (Np,enr)TCprh do. fﬂi(Np,enr)TCpr,enrh do

The hydraulic coupling effects are complemented by the involvement of an additional
flux term induced by the weight of the existing fluid within the cavity. This term, which
is added to the natural flux term of the standard weak form of the governing equations,

is expressed as follows:

T BT ¥, 5
J;. (NPYTgdr Joy B2 1 prBAQ

Npenr T_dF + Eenr Tﬁ g dQ (6-84)
Ji, ( )Tg Jos (BS™) o PrE

Gext =
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The mechanical coupling effects arise from the tractions induced by either the exerted
fluid pressure within the strong discontinuity or the development of frictional contact
forces due to the appearance of the closure mode in the strong discontinuity. The force
vector induced by the mechanical coupling effect is added into the solid residual term

by the following expression:

0
Fr, = IE (. NTteonedr + Jp (N)Tpar )l

cont
(6-85)
where [ t(N”)thom dr indicates the contact forces, and frd(N”)Tp dr is due to the
forces induced by the fluid pressure within the cavity, both of which are enforced at the
crack faces. The elaboration of fF t(N”)thont dI' was presented in the previous

section. It is worth noting that the closure mode of the crack results in introducing the
frictional contact stiffness, K“°™ added to the global stiffness matrix and applied by the
penalty method using the formulation described for the single-phase problems in the

previous section.

The onset of the closure mode in a strong discontinuity necessitates the elimination of
the enriched pressure degrees of freedom, which is mathematically expressed as

follows:
P =0 on Teont (6-86)

This is captured by incorporating a penalisation term into the weak form of the fluid

continuity equation, resulting in:

(Kr,,,)" = [, (N")Tey Nvdr (6-87)
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where €, is a scalar penalty parameter for imposing the essential boundary conditions
related to p®™". This matrix, which resembles the permeability matrix, is added to the
discretised formulation through H,s.. Matrix (see Equation 6-76) defined in the

following form:

0 0
H jo5ure = [0 (KI‘ )f] (6'88)

The external forces corresponding to the standard and additional degrees of freedom
related to the solid phase can be calculated by the following expression:F,,; =

% (J«NTEAT + [, N"pgd)

(6-89)
Z (frk(Nenr)der + fnk(Nenr)Tpng)

For temporal discretisation of Equation 6-75, a three-point time discretisation technique
with variable time steps detailed in Chapter 3 is again adopted in this chapter.
consequently, the fully discretised forms of Equations 5-48 and 5-49 can be obtained at

the current time step t + aAt as follows:

(q;ﬁnr)t+aAt — KUHocAt _ Ctotall__-)HaAt _ FngaAt _ Fg;g:At =0 (6-90)

((I]gnr)t+aAt — CtotalT(Aﬁt+aAt — BU! + CUt—At) + AthotalI_)HaAt +
M,y (APTFAE — BPt 4 CPY28) — AtqLt#At = 0 (6-91)

A similar Newton-Raphson procedure discussed earlier can be adopted for solving the
above nonlinear global matrix system to obtain the nodal displacements Utf%2 and the
IT)§+aAt

nodal pore pressure P;i7"" at (i + 1)th iteration at time t + aAt. The solution

procedure can be rewritten as follows:
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(q;enr) t+alt ((I,enr) t+alt dUl;HxAt
{ u i+1 _ { u i }"‘]enr,i{ i+1 } =0 (6-92)

t+aAt t+aAt —
enr enr t+alt
o) vy dP;iy

in which the enriched Jacobian matrix J ., is formulated as:

K - Ctotal

Jenri = [ 6-93
L A(Crotal)™  (AMiorqr + AtH opqr) i ( )
The convergence of the solution is evaluated by checking the following criterion:

T
n= (| e/ 1Fexell) < naim (6-94)

where 14, is a priori chosen error tolerance.

6.6 Numerical verifications

The robustness and efficiency of the proposed Enriched SPIM are examined in this
section through the simulation of a set of numerical examples, which include both
single-phase and saturated porous media. The numerical examples are selected such that
all aspects of the formulation are tested. The numerical results are presented for both
structured and unstructured triangulations. For all numerical examples, the alignment of
the triangular boundaries with the interfaces is not preserved. All examples are
evaluated under the plane-strain condition. The problems are simulated through
different node selection schemes (T-schemes) to investigate the influence of different

number of supporting nodes on the overall behaviour of the problem of interest.
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6.6.1 Single-phase medium with an inclined interface subjected to compressive loading

The first example involves simulation of a plate 1 m X 1 m with an inclined interface,
following a Columbian frictional model subjected to compressive loading induced by a
uniform vertical displacement of u,, =-0.1 m acting on the top edge of the medium, as
sketched in Figure 6.9. The material interface I'; splits the domain into two sub-
domains, where the level set is specified by the equation of an inclined plane d(x) =
x, — 0.2x; — 0.4586, in which the position of the material interface is defined by
d(x) = 0. The boundary conditions adopted in this examples are also depicted in Figure

6.9.

The interfacial inclination is represented by the slope of the line equal to 6 =
tan~1(0.2), as shown in Figure 6.9. Identical material properties are assumed for both
sub-domains on both sides of the material interface. The elastic modulus is taken
as E; = E, = 10* MPa, while assuming the Poisson’s ratio of v, = v, = 0.3. The inclined
interface is characterized by two discernible frictional coefficients, x =0.21 and
u=0.19, for two different simulations indicating the stick and slip conditions,
respectively, according to the classical problem of a rigid block laid on a rough surface.
Given 6 = tan~1(0.2), a sliding response is expected with p =0.19, while a stick

condition is expected otherwise.

The square domain is discretised by a structured triangulation of 2,450 triangular
background elements, as shown in Figure 6.9. The imposition of the contact constraint
iIs made by applying the penalty method using the Enriched cell-based SPIM/SRPIM

proposed in this chapter. The penalty stiffness in both horizontal and tangential

directions are identically taken as ky = ky = 1 x 1012 M—l?.
m
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The entire load is applied in one load step, and the resulting numerical solutions are
shown in Figure 6.10 and Figure 6.11. Perfectly matched numerical results are achieved
compared to numerical reference solutions presented by Annavarapu and Hautefeuille
[330], which is consistent with theoretical expectations. As can be seen in Figure 6.10,
the sliding response is recovered when the frictional coefficient between the blocks is
taken as less than the tangent of the inclined interface (u = 0.19), while the stick state is
observed with the larger assigned frictional coefficient (u =0.21). The convergent
solutions were achieved within a maximum of 6 iterations. The specified tolerance is set

t0 Ngim = 1.5 X 1078
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Figure 6.9. (a) A schematic representation of the unit square geometry with a frictional interface. (b) The

discretization used for the computations [261].
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Figure 6.10. The contours of the horizontal displacement associated with the deformed medium with an

inclined interface subjected to compressive loading when u < tan 8, slipping state for (a) the Enriched

CSRPIM-T2L of this study, and (b) the numerical result presented in [330].
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Figure 6.11. The contours of the horizontal displacement associated with the deformed medium with

an inclined interface subjected to the compressive loading when y > tan 6, stick condition for (a) the

Enriched CSRPIM-T2L of this study and (b) the numerical result presented in [330].
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6.6.2 Single-phase medium with the horizontal interface subjected to non-

uniform compression

The second numerical example concerns a unit square medium containing an interface,
characterized by the level set asd(x) = x, — 0.5. The interface decomposes the
medium into two sub-domains, where the material properties are identical for both sides
of the medium as E; = E,= 10* MPa and v, = v, = 0.3. The investigation of stick/slip
behaviour is performed by assigning two different frictional coefficient values of u =
0.1 and u = 0.4. The bottom surface of the medium is horizontally and vertically
constrained, while the top of the medium is subjected to a non-uniform vertical
displacement specified as u,,=0.09x; -0.1m as well as a uniform horizontal
displacement of u, = 0.05m, as depicted in Figure 6.12. The sides of the domain are

unconstrained. The discretisation of the medium is performed by a uniform structured

triangulation of 2,450 smoothing domains (elements). The normal and tangential
penalty parameters were assumed ky = k; = 1 x 101° % , respectively. A trial and

error analysis is performed to fine-tune the values of the penalty parameters ensuring
that the non-penetration constraint is accurately enforced, while preventing the
emergence of oscillatory behaviour as encountered when too-high values for the penalty
parameters are selected. The geometry of the unit square and the imposed boundary
conditions, together with the mesh topology used in this study, are depicted in Figure

6.12. The specified tolerance is set to 145, = 1 X 10719,
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Figure 6.12. (a) A unit squared medium compressively loaded and sheared at the top edge and fixed at

the bottom edge. (b) The underlying discretisation used in this study.

Figure 6.13 and Figure 6.14 depict the profiles of normal contact stress and the variation

of tangential sliding for the cases of u = 0.1 and u = 0.4, respectively. The attained

numerical results are presented for both Enriched CSPIM T4 and CSRPIM T2L and are

compared with those presented by Hirmand and Vahab [261]. It is evident that the

numerical results attained by the proposed methods in this chapter are in excellent

agreement with the results presented in [261].
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Figure 6.13. The profile of normal contact stress (a) and the variation of tangential sliding with respect to
the interfacial length for the case where the frictional coefficient is = 0.1, which corresponds to the

slipping condition.
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Figure 6.14. The profile of normal contact stress (a) and the variation of tangential sliding with respect to
the interfacial length for the case where the frictional coefficient is taken as u = 0.4, which corresponds

to the stick and slip conditions.

The horizontal displacement of the deformed medium is shown in Figure 6.15 for both
the cases analysed (u = 0.1 and u = 0.4). In the case with u = 0.1, the threshold of the

slip limit is readily reached by the mobilised frictional contact forces, which results in
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the development of the slip condition along the entire length of the interface. The
tangential contact forces are then directly computed by the amplitude of the normal
contact forces, which aligns with the tangential sliding direction. However, the
specification of a higher frictional coefficient value of 4 = 0.4 lead to the appearance of
two distinct regions. The region where the high amplitude of the prescribed vertical
displacement prevents the onset of slip, and no relative displacement occurs between the
bodies in contact. The other region is where the frictional stress exceeds the slip limit
and the tangential contact mode switches to the slipping mode. As a result, relative
displacement between the two contacting bodies occurs in this region, and the frictional
stresses are obtained according to the Coulomb’s frictional constitutive model between

the contacting bodies.
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Figure 6.15. The horizontal displacement contours on the deformed medium of a unit square subjected to

non-uniform compression with the frictional coefficient (a) u = 0.1 and (b) u = 0.4.
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6.6.3 Multi-layered elastic foundation

The next example examines a multi-layered flexible foundation with the assumption of

linear behaviour of the soil medium away from the interfaces subjected to a surface step
loading of 350 % The soil stratum contains vertical and horizontal material interfaces,

through which the medium is decomposed into three subdomains. This problem was
previously used to study strain localisation in [331], and modelling weak discontinuity
by XFEM in [61] under dynamic loading. For this example, a quasi-static step loading
on the foundation is assumed as shown in Figure 6.16. The foundation is 30 X 30 m,
and the corresponding essential and natural boundary conditions are shown in Figure

6.16.

interface 1 l l l l (IIQONT;?)

Region2 350

=0

0, =0,w
2

0.1 time'(s)

Mxl =

u, =0, 1, =0, w=0

Figure 6.16. The representation of the multi-layered saturated porous medium with interfacial

geometries, along with the corresponding boundary conditions [61].
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Figure 6.17. The triangulation adopted for the proposed Enriched CSPIM/CSRPIM for the simulation of
the multi-layered saturated porous medium, together with the coordinates of the nodes of interest for the

examination of numerical results.

The domain is partitioned using a mesh composed of 450 smoothing domains generated
by 256 nodes. The domain discretisation, with interfacial geometries and the positions
of the nodes of interest which are used for the representation of the numerical results,
are depicted in Figure 6.17. The coordinates of point P, are (28.26 m, 28.26 m), and P,
are (28.26 m, 20.86 m). The assigned material properties for the three sub-domains are

listed in Table 6-2. The larger regions are numbered first.
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Table 6-2. Material properties assigned for the numerical simulation of the multi-layered elastic

foundation.
Material properties Region 1 Region 2 Region 3
Young’s modulus E (kPa) 20 x 103 40 x 103 100 x 103
Poisson ratio v 0.2 0.2 0.2
Solid density ps (KN/m3) 20 20 20
Fluid density p; (kN/m?) 10 10 10
Fluid compressibility ¢, 0.91x107° 0.91x107° 0.91x107°
(1/Pa)
Solid compressibility ¢ 1.0x 10729 1.0x 10720 1.0x 10720
(1/Pa)
Porosity n 0.25 0.3 0.35
Permeability k (m/sec) 1.0x 107> 50x107° 19.6 x 107*

The numerical results are verified against the reference solutions obtained by the FEM
simulation using a very fine mesh. In the FEM simulation, the mesh conformity with the
interfacial geometries is enforced, while in the proposed Enriched SPIM/SRPIM
simulations, the interfaces cut through the smoothing domains, as can be see in Figure
6.17. The initial time step is set to At, = 0.01 sec with time-step growth factor
coefficient ¢ = 1.2. Figure 6.18 presents the variation of pore pressure with respect to
time at nodes P, and P, defined earlier. As can be seen from this figure, the numerical
results obtained by the proposed method are in excellent agreement with the reference
FEM solution. The variation of vertical displacement at nodes P; and P, obtained by the
proposed Enriched cell-based SPIM/SRPIM, along with the corresponding FEM results

as the reference solution, are also plotted in Figure 6.19.
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Figure 6.18. The variation of excess pore water pressure with time at nodes P, and P,.
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The variation of vertical displacement with respect to time at nodes P; and P,.

Figure 6.20 and Figure 6.21 graphically compare the contours of the excess pore

pressure and displacement obtained by the Enriched CSRPIM-T2L and the reference

FEM solution, respectively at an arbitrary time t=20.47 sec. It is clear from these

figures that the two solutions agree very well, qualitatively, over the whole domain.
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Figure 6.20. The excess pore pressure contours obtained by (a) FEM and (b) CSRPIM-T2L at

t = 20.47 sec.
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Figure 6.21. The displacement contours obtained by (a) FEM and (b) CSRPIM-T2L at time t = 20.47 sec.
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6.6.4 Saturated porous rectangular block with vertical discontinuity

The last example concerns planestrain consolidation of a saturated porous medium
of 1m X 1m with a strong vertical discontinuity passing through the middle of the
medium, as shown in Figure 6.22(a). In this case, the flow and deformation patterns no
longer followed the standard one-dimensional consolidation. There is no theoretical
solution for this problem, hence the verification of the proposed method is performed
through comparison of the numerical results obtained in this study with those presented
by Khoei and Vahab [65], who exploited the LATIN iterative procedure together with

the penalty method adapted to an XFEM framework.

The permeability along the vertical discontinuity is aperture-dependent, as discussed
earlier in this chapter, and could be highly variable over time. The possible closure of
the crack was recovered by the adoption of the contact active set strategy accompanied

by the fulfilment of the contact constraint with the application of the penalty method.

The geometry of the rectangular saturated porous medium, along with its corresponding
boundary conditions, are depicted in. Figure 6.22(a). Figure 6.22(b) shows the mesh
topology, which in this example was composed of 242 triangular smoothing domains
created by 144 nodes. The top edge of the medium allowed drainage, while other
boundaries are set to be impermeable. The lateral boundaries are horizontally
constrained and the bottom of the medium was restricted in both directions. A
uniformly distributed surcharge of w = 10 kPa acted on the top of the medium. The
material properties of the discontinuous rectangular saturated porous medium are listed

in Table 6-3.

230



Chapter 6-An enriched smoothed point interpolation method for the flow-deformation
analysis of saturated porous media with embedded interfaces

w =10 kPa

LU

A
ome)

AN
53

VANVAN
oMo} o Me!

1.0m

AN
63

A
63

TANVAY
363

(@) (b)

Figure 6.22. (a) Geometry of the discontinuous saturated porous block [65] and (b) the domain

discretisation used in the numerical simulation.

Table 6-3. The material properties assigned to the consolidation problem of the discontinues saturated

porous medium [65].

Elasticity modulus E = 1000 kPa

Poisson ratio v=0.2

Biot’s constant a=1

Porosity n=0.3

Solid grain density ps = 2000 kg/m3

Water density p,, = 1000 kg/m3

Water compressibility o =0.33x 107° Pat
Permeability k;=1157x10"°m3*/Ns
Water viscosity np=1x1073Pas
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Figure 6.25 depicts the profile of the dimensionless pore water pressure (%) obtained by

the Enriched CSPIM-T4 over the height of the medium along the strong discontinuity at
four different times during the consolidation process: t = 0.0007 days, t =
0.0021 days, t = 0.0035 days and t = 0.007 days. Also included in the figure are the
solutions presented in [65], and also the results for the case without the existence of the
crack. Convergent solutions were achieved within 14 iterations (at most) under Newton-

Raphson iterative scheme adopted in this chapter.

Figure 6.24 shows the amount of the discontinuity opening along the height of the
discontinuity at the same four times as those presented in the previous paragraph. The
evolution of the general flow pattern in the domain, with and without the discontinuity,

at different times is also shown in Figure 6.25.

232



Chapter 6-An enriched smoothed point interpolation method for the flow-deformation
analysis of saturated porous media with embedded interfaces

1.2 T T T 1.2 T T T
L ---0O--- Khoei and Vahab (2014) - with crack [ -=--O--- Khoei and Vahab (2014) - with crack
L ——&—— Enriched CSPIM T4 - with crack L ——=a—— Enriched CSPIM T4 - with crack
1 ---A--- Khoei and Vahab (2014) - without crack 1 ---A--- Khoei and Vahab (2014) - without crack |}
\ ——a—— Enriched CSPIM T4 - without crack A ——A—— Enriched CSPIM T4 - without crack

08} \ 08}

Height (m)
o
[}
Height (m)

0.4 ﬂg\ 0.4
0.2 = A

0.2
i t& . i N
0 b—— e e bl 0 i
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
Dimensionless pressure pl Dimensionless pressure p£
0 0
(@) t = 0.0007 days (b) t = 0.0021 days
12 T T T 12 T T T
I ---O--- Khoei and Vahab (2014) - with crack I ---D-- Khoei and Vahab (2014) - with crack
L ——&—— Enriched CSPIM T4 - with crack L —=&—— Enriched CSPIM T4 - with crack
1 ---A--- Khoei and Vahab (2014) - without crack ---A--- Khoeiand Vahab (2014) - without crack
A ——A—— Enriched CSPIM T4 - without crack ——A—— Enriched CSPIM T4 - without crack
0.8
E | E
5 0.6 r AR _5’
(0] L \ ()
T [ A T
0.4 A
0.2 T
0 L i i i i i % * i i i i i i i i i O i - i i i i i i i i i i
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Dimensionless pressure pl Dimensionless pressure 2
0 0
(c) t = 0.0035 day (d) t =0.007 days

Figure 6.23. The dimensionless excess pore pressure profiles along the strong discontinuity at time (a)

t = 0.0007 days; (b) t = 0.0021 days; (c) t = 0.0035 days; and (d) t = 0.007 days
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Figure 6.24. The evolution of the opening at the strong discontinuity for time (a) t = 0.0007 days; (b)

t = 0.0021 days; (c) t = 0.0035 days; and (d) t = 0.007 days, obtained by CSRPIM-T2L.
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Figure 6.25. The evolution of the consolidation process for time (a) t = 0.0007 days;(b) t =
0.0021 days;(c) t = 0.0035 days; and (d) t = 0.007 days in (1) a continuous saturated porous

block and (2) a discontinuous saturated porous block. The arrows are flow lines.
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In this example, the dissipation of the excess pore pressure is strongly dependent on the
coupling between the flow through the discontinuity and that of the surrounding porous
medium. As can be clearly seen in Figure 6.23(a) and Figure 6.25(a), the excess pore
pressure initially dissipated faster in the strong discontinuity and its surrounding
medium, compared to the identical saturated porous medium without a crack. This is
because the crack is initially opened as can be seen from Figure 6.24(a), resulting in a
higher permeability in the discontinuity compared to the surrounding porous medium.
The opened crack shortens the drainage path, resulting in higher rate of consolidation.
However, as the consolidation process proceeds, starting from the upper edge of the soil
block where the drainage is allowed, the permeability of the discontinuous medium
decreases because of the development of the closure mode in the discontinuity. The
closure mode starts from the upper region, where soil consolidates first, and develops
downwards, as can be seen in Figure 6.24. The figure shows that the strong
discontinuity closes rapidly (in the upper region first and then along the whole length of
the discontinuity) and thereafter could not drain the water from the surrounding porous
medium. Once the crack is fully closed, the discontinuous media indeed becomes a
porous medium with no discontinuity and is therefore consolidated with the same rate as
a continuous porous medium. At the early stage of the consolidation, when the crack is
partly open, a preferential path for the flow in the lower region of the medium is
developed which results in an increase of the water pressure in the upper region of the
domain and a decrease of the water pressure in the lower region of the domain,
compared to that of a porous medium with no discontinuity, as clearly seen from Figure

6.25().

The effect of the discontinuity on the flow path during consolidation can be seen from

Figure 6.25. For further clarification, the contours of horizontal (x; direction) fluid flux
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is shown in Figure 6.26 at the four different times used for the previous representation
of the numerical results. It is apparent that fluid exchange between the surrounding
medium and the crack exists at the early stage of the consolidation process when the
crack is still open. The development of the closure mode results in the satisfaction of the
fluid continuity condition across the contacting faces of the discontinuity, and
thereafter, the medium acts as an intact porous medium without the crack, resulting is

zero horizontal flux in the medium.
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Figure 6.26. The variation of the fluid flux in x, direction for time (a) t =
0.0007 days; (b) t = 0.0021 days; (c)t = 0.0035 days; and (d) t =
0.007 days for the saturated porous medium (1) without crack and (2) with

crack.

6.7 Conclusion

A novel mesh-independent methodology was formulated to properly include interfaces
such as cracks, material heterogeneities, and shear bands in the coupled formulation of a
porous medium. In this formulation, the interfacial geometry (embedded interface) can
be located arbitrarily in the domain, irrespective of the underlying discretisation. The
influence of the interfaces on the approximation of the variables of interest was
considered through the enhancement of the shape functions by physically appropriate

enrichment functions.

A proper form of the Divergence theorem was adopted to include the effects of the
interfaces, which led to the appearance of additional terms arising from the hydraulic
and mechanical couplings between the interface and the surrounding porous medium. A
two-scale approach was formulated, in which the representative fluid continuity
equation included the presence of fluid flow within the cavity (micro-scale),
independent from the fluid flow in the surrounding porous medium (macro-scale). The
weak forms of the governing equations were obtained and discretised adopting a cell-
based SPIM based on a set of standard and enriched shape functions chosen based on
the type of the discontinuity of interest. The Heaviside and ridge functions were used as
the enrichment functions to represent strong and weak discontinuities, respectively,

which observe partition of unity concept.
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A frictional contact numerical algorithm with a robust method for inclusion of the
closure mode in the pre-existing cracks was developed. The development of the
frictional tractions was included through implementation of the penalty method. The
resultant global matrix system was obtained which included all the coupling effects. The
smoothing gradient technique was adopted for quantification of the property matrixes,
removing the need for sub-dividing the supporting domains (elements) cut by the
discontinuity for numerical integrations. This results in a marked drop in the number of
Gauss points required for the numerical integration compared to methods like XFEM,
with no loss of accuracy. A number of numerical examples, including both weak and
strong discontinuities under stick-slip and opening and closure modes, were analysed

and verified the proposed Enriched SPIM.
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7 Conclusions and further work

This thesis was devoted to the development of a numerical SPIM procedure applied to a
coupled flow-deformation analysis of saturated media. The contributions and findings
made in this thesis are briefly presented in the following sections. Possible future

research avenues are also discussed.

There were some research limitations encountered during this research. The most
challenging limitation was to handle the large-scale problems because some numerical
methods adopted in this study were time-consuming as much more supporting nodes
were involved for the approximation of the unknown variables compared to the
conventional methods such as FEM. In some cases, it was almost impossible to handle
complex large-scale numerical simulations with fine mesh sizes, such as the
Noordbergum problem presented in chapter 4, without appealing to the implementation
of the advanced algebraic solvers to significantly reduce computational expenses. This
was rooted in the increase in the bandwidths of the property matrices and in interrupting
the sparsity of the property matrices. Another difficulty was related to the over-softness
of the some SPIM stiffness matrices where a numerical analysis approached the collapse
state in a nonlinear analysis of porous media under either an undrained condition or the
drained condition. This was because of applying smoothing gradient technique to the
standard variational formulations, resulting in the reduction in the estimation of the
stiffness property compared to those approaches which employ the compatible strain
concept. Consequently, the achievement of the convergence near the collapse state
needed some careful treatments such as more iterations or smaller time steps needed to

attain the accurate collapse loads; otherwise, the analysis would be suddenly terminated
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before the realistic collapse state was reached and would result in the underestimation of

the collapse load for some numerical methods such as CSRPIM-T2L or ESFEM-T3.

7.1 Contributions and findings

7.1.1 Application of cell-based smoothed point interpolation methods in the flow-

deformation analysis of saturated porous media

A novel cell-based smoothed point interpolation method for the flow-deformation
analysis of saturated porous media was studied in which the primary variables were
estimated using PIM shape functions (polynomial PIM or radial PIM). The derivatives
of the primary variables were smoothed by applying the smoothing gradient technique.
Careful node selection techniques, commonly known as T-schemes, for the creation of
shape functions were exploited to ensure the solvability of the algebraic system. Upon
introducing different T-schemes, various cell-based SPIM have been created, each of
which exhibits discernible superiority compared to conventional numerical methods,
such as the FEM and PIM/RPIM. An extensive numerical investigation was performed
to compare the performance of the proposed method with its contenders. This included
studying a set of benchmark problems with analytical solutions adopting the proposed

methods, the FEM and PIM/RPIM.

A comprehensive error analysis performed for each benchmark example showed that
the proposed method provides better accuracy in terms of primary variables and energy
error norms in comparison with the FEM and PIM/RPIM when considering the flow-

deformation analysis of saturated porous media. In terms of primary variables, i.e.
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displacement and the excess pore pressure, CSPIM-T4 showed superiority among all
the numerical methods studied, with CSRPIM-T4 being a close second. Theoretically
proven higher convergence rates of SPIMs compared to the FEM and PIM/RPIM were

confirmed by error analysis of the numerical results.

CSRPIM-T2L produced the best results in terms of both accuracy and convergence rate
of the energy norms. The superior performance of CSRPIM-T2L can be attributed to the
adaptation of higher-order shape functions and a reduced numerical integration given
the number of supporting nodes involved in the creation of shape functions, intensifying
the softness of the model which often results in a close-to-exact stiffness. The accuracy
of CSRPIM-T2L was, however, highly influenced by the fineness of the background
mesh, as the softening effects were considerably hampered when a coarse mesh is used
due to a high number of boundary cells (compared to total number of cells), which

stiffens the behaviour of the model.

7.1.2 A novel approach for application of smoothed point interpolation methods

to axisymmetric problems in poroelasticity

A novel approach was introduced to overcome the singularity problem arises when
SPIM is used in an axisymmetric setting, due to the existence of the Gauss points on the
axisymmetric axes. To this end, a heuristic decomposition technique was proposed to
obtain the property matrices of the discretised form of the coupled flow-deformation
equations, in which the submatrix that does not contain derivative of the primary
variables is distinguished from those containing differentiation terms. The smoothing
operation was then applied only to the submatrices with derivative terms, while the

other submatrix was treated in a standard manner using the Gauss integration method
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over each smoothing domain. With this approach, the avoidance of the singularity was
ensured, while the same level of computational expense was involved, in comparison
with the proposed SPIM formulation for plain strain problems. The validity and
robustness of the proposed method in axisymmetric coupled problems was investigated
through simulation of a set of axisymmetric coupled problems, which included both
theoretical and practical problems. The attained numerical results were compared with
their corresponding reference solutions. In all cases, the numerical performance of the
proposed method exhibited superiority. A proper error analysis in terms of primary
variables was performed. It was shown that the proposed method retains the appealing
feature of SPIM when adapting to an axisymmetric setting. Among various cell-based
SPIM, CSRPIM-T2L showed slightly better performance in terms of both displacement

and excess pore pressure variables, followed closely by CSPIM-T4.

7.1.3 A stabilised, low-order smoothed point interpolation method for numerical

analyses in geomechanics

An approach for consistently stabilising SPIM was proposed for both linear and
nonlinear numerical analysis in geomechanics. The presented method facilitated the
utilisation of equal-order linear interpolations in the context of consistently stabilised
Galerkin methods in computational geomechanics, which would otherwise result in a
sub-optimal convergence rate. The adoption of a smoothing gradient technique together
with an unconditionally consistent stabilised method provided a stabilisation parameter-
independent method while discretising the field domain with the simplest form of
triangulation. The consistency was retained as the smoothing gradient technique

removes all derivatives that exists in the standard stabilisation formulation that if
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untreated, would incur the elimination of the contributing terms in association with the
displacement variable and its test function. The proposed approach was implemented
through a simple form of the edge-based SPIM, which is often known as edge-based
smoothed finite element method (SFEM). The integrations of the interested quantities
over the elements were transformed to those over the edges of the sub-triangles
constructed based on the shared boundaries of triangular elements, commonly known as
edge-based smoothing domains. The implementation of the smoothing technique in the
proposed method requires the attainment of the smoothed strain nodal values from the
the smoothed strains over smoothing domains. A novel projection technique was
proposed to obtain this by minimising the error in conjunction with the use of smoothed
strain nodal values. The proposed method stabilised the solution independent of a priori
chosen stabilisation parameter, unlike many other consistent stabilised techniques
applied in computational geomechanics. The robustness and accuracy of the proposed
method were investigated by comparing the attained numerical results with their
corresponding reference solutions for several benchmark coupled problems with both
linear and nonlinear constitutive models. It was also shown that the stabilisation
parameter is a purely spatial parameter with the objective of providing sufficient
coercivity to the weak form of the governing equations, and therefore should be
independent form the time step. The simplest form of the stabilisation method was used
in this study and successfully tuned the required amount of weighting function to ensure
the fulfilment of the inf-sup condition. It was shown that complex forms of stabilisation
parameter are unnecessary and can be avoided if the weighting functions associated

with the displacement variable are considered in the added stabilisation terms.
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7.1.4 An enriched smoothed point interpolation method for flow-deformation

analysis of saturated porous media with embedded interfaces

A novel mesh-independent methodology was formulated to properly include interfaces
such as cracks, material heterogeneities and shear bands in the analysis of porous
medium. In this formulation, the interfacial geometry can be arbitrary located,
irrespective of the underlying discretisation. To include the effect of interfaces, the
shape functions were enhanced by the physically reasonable enrichment functions. A
proper form of the Divergence theorem was adopted to represent the interfaces, which
led to the appearance of the additional terms arising from the hydro-mechanical
couplings between the interface and the surrounding porous medium. The representative
fluid continuity equation was successfully formulated to quantify the coupling between
an interface and the surrounding porous bulk. The weak forms were discretised using
SPIM with a set of standard and enriched shape functions which are chosen based on
the type of the discontinuity of interest. The Heaviside and ridge functions were used as
the enrichment functions to represent strong and weak discontinuities, respectively,
which uphold the partition of unity condition, similar to the FEM shape functions. A
frictional contact numerical algorithm was adopted to provide a robust mean for
inclusion of the closure mode of discontinuities. The frictional tractions were included
in the formulation through implementation of the penalty method applied to both solid
and fluid phases. The smoothing gradient technique was applied to all relevant
contributing matrices, which, unlike XFEM, removes the need for sub-dividing the
supporting domains (elements) hosting discontinuity for the evaluation of the numerical
integrations. It was shown that when smoothing gradient technique is adopted, the
number of Gauss points required for numerical integrations of the matrices of a

discontinuous medium increases only slightly compared to those of a continuous
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medium due to the use of the same Gauss points for the numerical integration of the
property matrices and the frictional contact tractions, as well as the elimination of sub-
partitioning commonly used in XFEM. A number of numerical examples, including
both weak discontinuity and strong discontinuity under stick-slip and opening and
closure modes, were analysed and confirmed the efficiency of the proposed Enriched

SPIM.

7.2 Future research

In line with the studies presented in this thesis, future research work can be carried out

in the following areas:

% A comprehensive assessment of the stabilisation techniques proposed in
computational geomechanics. Various stabilisations techniques have been
proposed to apply to different geotechnical problems routinely encountered in
practice. According to the literature, they perform differently under various
circumstances. As an example, pressure projection method proposed in [52] fails
to recover the excess pore pressure response near drainage boundary at early
stage of the consolidation process. In addition, the ability of the pressure
projection method to efficiently capture the failure condition is still
undetermined. An extensive comparison study would be desirable to investigate
all well-established stabilisation techniques applied to various problems, such as
the analysis of shear bands, stability of vertical cut, hydraulic fracturing, etc. For
each stabilisation approach, a set of sensitivity analysis with respect to the

quality of the variables of interest can be performed as the stabilisation
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X/

parameter varies to specify the robustness of the proposed method and to obtain

proper bounds for the stabilisation parameters.

Development of the proposed Enriched SPIM methods towards crack
propagation problems. The majority of the problems with the cracks necessitate
a proper criterion to take into account the possible crack propagation in an
arbitrary direction which may change during time. The complexities associated
with the application of the FEM to crack propagation problems, such as a need
for successive remeshing and subsequent data transfer that deteriorates the
quality of the numerical results, leave room for the efficient use of a mesh-
independent Enriched SPIM to benefit from desirable features of both the
smoothing gradient technique and the mathematically implicit representation of
interfaces through employing enrichment functions. Applying Enriched SPIM
delivers unique benefits for crack propagation problems, such as the elimination

of sub-partitioning which is quite time-consuming in XFEM.

Implementation of the Lagrange multiplier method to impose the contact
constraint. The efficiency of the penalty method presented in this thesis hinges
on the proper selection of the stiffness value assigned to both horizontal and
tangential directions, which would otherwise lead to an ill-conditioned resultant
matrix if too-high values are assigned. However, the Lagrange multiplier
approach eliminates the necessity of a priori specified stiffness values, as it
satisfies the contact condition exactly by introducing additional unknown
variables which present the contact fluxes. Any Lagrange multiplier

implementation must be formulated in such a way to satisfy the inf-sup
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condition, which would restrict using the same spaces for additional variables

and primary variables.

An extension towards assuming independent pressure degrees of freedom across
a strong discontinuity in the flow-deformation analysis of fractured porous
media. The simplified assumption regarding the pressure continuity between the
strong discontinuity faces arises from the equilibrium assumption hold between
the cavity and the surrounding porous medium. The relaxation of the
equilibrium assumption at the faces of the cavity can be made by assigning
different pressure degrees of freedom, which is more realistic when a low-
permeable cavity is considered [212, 262]. The drop of this assumption in
Enriched SPIM proposed in this thesis results in a more comprehensive
formulation which would be well-settled in hydraulic fracturing analysis.

An extension toward three-dimensional settings. It is evident that all proposed
methods in this study are limited to two-dimensional setting. To apply the
proposed methods to three-dimensional settings, the strain-displacement matrix
should include additional rows that represent the deformation along another axis.
The derivation of the formulation could then be straightforward; however,
including discontinuity is not a trivial task because enriching the proposed
method in three-dimensional settings would encounter some difficulties,
including the implementation of the level-set method and representing the curve
discontinuities in three-dimensional settings. These difficulties have been
reported frequently in relation to the application of XFEM in three-dimensional

setting. Consequently, it is recommended that more advanced techniques be
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developed to represent discontinuities by adjusting the potential function,

including the phase field, of the SPIM.
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