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Abstract

This work addresses the problem of pressure equilibration across a seemingly sealing fault,
which has been observed during reservoir production. Considering the detrimental industrial
consequences of seal failure, predictive occurrence of such events, pointing to a temporarily
drastic increase of the fault’s permeability, becomes necessary for safe subsurface operations.
Yet, there is currently no consensus concerning the explanation of this complex phenomenon.
The dissertation focuses on carbonate reservoirs under relatively high P,T conditions, whereby
suggesting that permeability increase stems from chemical dissolution during the fault reacti-
vation. The production-enhanced shear-heating of the creeping fault leads to thermal runaway,
subsequently activating the chemical reaction. This contribution presents a three-scale numerical
framework using the REDBACK simulator to account for multiphysics couplings in faults during
fluid production. This approach links the reservoir (km) scale - implementing poromechanics
both for the fault interface and its surrounding reservoir - with the fault at the meso-scale (m) -
implementing a THMC reactivation model - and the micro-scale (µm) - implementing a hydro-
chemical model on meshed µCT-scan images. This model can explain the permeability increase
during fault reactivation and successfully replicate fault activation, evolution and deactivation
features, predicted by common fault reactivation models, yet with continuous transitions between
phases. The influence of the rock microstructure on fault and reservoir behaviour is quantified in
a simulation where a hydraulically imperceptible difference in the microstructure’s geometry
results in a different duration of the reactivation event at the macro-scale. We demonstrate the
advantage of dynamically upscaled laws compared to empirical laws as we capture permeability
hysteresis during dissolution/precipitation of the fault. The alteration of the microstructure also
influences mechanical properties and its weakening effect on the homogenised yield stress of
3D printed microstructure samples is accurately predicted by our numerical model. Ultimately,
this thesis identifies the potential hazard of fluid production next to a sealing fault under high
P,T conditions, which is of great significance as operations are taking place at ever increasing
depths. In this regard, we suggest the first model to predict the occurrence and consequences of
chemical fault reactivations.
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β Compressibility Pa−1

χ Taylor-Quinney coefficient -
ε Solid strain -
κ Permeability m2

λ Thermal expansion coefficient K−1

ω Molar reaction rates mol.m−3.s−1

µ Friction -
µ f Fluid viscosity Pa.s
ν Poisson Ratio -
φ Porosity -
ψ Test function -
Φ Trial function -
ρ Density kg.m−3

σ Solid stress tensor Pa
τ Shear stress Pa
ϑ Relaxation factor -
A Pre-exponential factor s−1

Cp Specific heat capacity m2.K−1.s−2

c Cohesion Pa
ds Grain/sphere diameter m
D Thickness m
E Young’s modulus Pa
E+,− Activation energy of forward or reverse reaction J.mol−1

g Standard gravity m.s−2

HF Fault thickness m
h Height m
k Permeability D
L Length m
M Molar mass kg.mol−1

n Normal unit vector -
p f Fluid pressure Pa
p Mean stress Pa
q Von Mises stress Pa
R Gas constant J.K−1.mol−1

S Specific surface area m−1

s Solid ratio -
T Temperature ◦C
t Traction Pa
u Displacement m
V Volume m3

v Velocity m.s−1

w Tangent unit vector -
.∗ Normalised variables -
.re f Reference values -
Xm Mixture average (1−φ)Xs +φX f



Chapter 1

Introduction

Faults are characteristic features of a subsurface reservoir because of their pronounced role
in its fluid trapping and integrity. Faults can act as fluid conduits or barriers (Faulkner et al.,
2010), which makes them critical to reservoir compartmentalisation, an essential aspect for
the design of any energy application, from traditional petroleum accumulation and production,
to CO2 storage or geothermal energy. Compartmentalisation occurs when flow is prevented
across ‘sealed’ boundaries in the reservoir, usually faults. This common exaggerated description
actually refers to formations of very low permeability, at the reservoir boundaries, that reduce
cross-flow to infinitesimally slow rates (Jolley et al., 2010), allowing fluids and pressures to
equilibrate across a boundary over geological timescales, but acting as seals over production
time-scales (Wibberley et al., 2008). As such, during energy operations, direct contact with
faults is usually actively avoided throughout the drilling phase. Nonetheless, interferences of
wells with a side-seal fault during injection or stimulation phases remain frequent, with the most
notable risk being those of induced earthquakes during CO2 injections (Zoback and Gorelick,
2012) or hydraulic fracturing of unconventional reservoirs (Holland, 2013) for instance.

Fluid injection is not the only cause of fault slippage, however, and fluid production is also
known to induce stress changes in the reservoir that can be large enough to reactivate nearby
dormant faults (Segall, 1989). Indeed, on top of eye-opening cases like the Lacq field (Segall
et al., 1994) and several cases in the North Sea (Zoback and Zinke, 2002) in the 1980s, the
detailed database of Wilson et al. (2017) of recorded induced seismicity around the world exposes
how frequently these events occur, with currently a growing concern in Oklahoma, for instance,
about the multiplication of such events (Keranen et al., 2014).

Interestingly, following the reactivation of a fault, pressure equilibration between the two
sides of the fault can sometimes be observed, as mentioned below. A sealing fault then becomes
a flow channel, at least temporarily, which can provoke two types of situations depending on the
fluid pressure of the rock layer adjacent to the produced reservoir. If its pressure is below the
producing pressure, leakage of the reservoir into the adjacent layer will take place. A detailed
example of this scenario is studied by Wiprut and Zoback (2000). For the opposite case of
overpressure, fluid invasion will happen in the reservoir and this can lead to the problematic
early water breakthrough (Correa et al., 2013; Dos Santos and Oliveira, 2014). Both cases
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are extremely detrimental and can render a reservoir completely inoperable at engineering
time-scales, irrespective of the type of application.

This process of a fault reactivating with simultaneous permeability increase is characteristic
of a fault-valve behaviour, as described in the seminal work of Sibson et al. (1988). The
accumulation of fluids at the fault builds up the stress that eventually forces the fault to reactivate.
The fluid is discharged along the fault for a short period of time, usually followed by a self-
healing of the fault due to mineral precipitation of those flowing fluids in the fault veins. This
phenomenon happens also during the hydrocarbon migration phase when a potential trap is
charging in hydrocarbons but the accumulation of fluid reactivates the fault and the hydrocarbons
escape along the fault in overlying reservoirs (Faulkner et al., 2010). The modelling of this
complex phenomenon during petroleum production is announced as one of the modern challenges
in geomechanics, particularly in Brazil for instance, where "reactivation must be avoided at any
cost" (Serra de Souza and Lima Falcão, 2015).

Current state-of-the-art considerations in fault reactivation modelling usually start with a
poroelastic model describing the reservoir, in order to first account for the stress changes at the
fault due to the pressure depletion induced by the fluid production. In such an approach, the fault
is treated as a frictional interface, and reactivation triggering follows the coulomb failure criterion
(Jaeger, 2007), allowing to determine the location and timing of reactivation events. Furthermore,
the resulting evolution of the slip rate can be modelled with a rate and state (Dieterich, 1979) or a
linear slip-weakening law (Andrews, 1976). This purely poromechanical framework has proven
capable of matching multiple case studies already (e.g. Cappa and Rutqvist, 2011), but more
physical effects remain to be accounted for, like temperature effects for instance, since thermal
pressurisation was shown to be a predominant term in the weakening of some faults (Rice, 2006).
Temperature, however, is rarely modelled during fault reactivation due to the complexity of
handling its impact at the various time scales involved for the stress, pore pressure and heat
propagations, around the fault and in the reservoir. Accounting for temperature is therefore
more complex than directly implementing an empirical interface law and requires multiscale
modelling. Following the same concept, the interface law at the reservoir-scale can be enriched
by including different information such as the multi-porosity/multi-permeability nature of porous
media from the study of Wang and Sun (2018).

Regardless of the degree of realism reached for the mechanical slip, a notable limitation
to both the Coulomb Failure Stress and Rate and State approaches is their inability to explain
effectively a permeability increase concomitant to the fault’s reactivation. In order to couple the
reactivation to an increase of permeability, faults are commonly characterised by their aperture,
which evolves with the normal and shear strain (Olsson and Barton, 2001). This theory allows to
fit multiple case studies (e.g. Bandis et al., 1983; Olsson and Barton, 2001), however it suffers
from a difficult calibration process and does not provide an explanation for the healing of the
fault since the accumulation of shear strain is an irreversible process. In addition, studies have
shown that purely mechanical models cannot model orders of magnitude of permeability increase
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observed in some case studies (Cleary et al., 2015; Zhang et al., 2016) and Zhang et al. (2016)
suggest another physical explanation for the increase of permeability: chemical dissolution.

The aim of this work is to provide the multiscale and multiphysics numerical tools to model
specific fault reactivation events linked to permeability evolution, due to fluid-producing chemical
reactions. In such cases, hereinafter referred to as chemical fault reactivations, the fault slip
can lead to a multiphysics chain of events characterized by an increase of pore pressure and
temperature, as well as chemical reactions. This phenomenon was shown to occur naturally
at great depths (Poulet et al., 2014b), but can also be expected at lower depths when induced
by external events like subsurface operations. Indeed, puzzling cases of permeability evolution
caused by fault reactivation events have already been observed at reservoir operating depth,
e.g. 3.5 km (Eyre et al., 2019) and less than 1 km (Pizzino et al., 2004; Sulem et al., 2005).
We suggest that such events could be symptomatic of chemical fault reactivations, noting in
particular the existing microstructural observations of dissolution from laboratory experiments
in brittle conditions (Han et al., 2007; Toro et al., 2011). As a final reference, we quote Piane
et al. (2017) that notes:

“the capacity of carbonate minerals (calcite and dolomite) to deform by ductile
and physico-chemical processes, like dynamic re-crystallization or fluid assisted
pressure-solution even at conditions of shallow burial (<3 km)”

With that hypothesis in mind, we focus on cases with specific conditions where a fault of
appropriate chemical composition is already close to criticality and we model the resulting
production-induced reactivation event. Such fault behaviours are particularly non-intuitive in the
context of petroleum engineering, as they occur in a brittle environment, yet they involve ductile
processes. Not only could our hypothesis provide a novel understanding for perplexing cases,
but the ductile nature of the phenomenon also yields results which are mainly tied to the physics
of the processes involved, making the analysis of such scenarios much more tractable than for
brittle events, influenced instead by geometrical and material heterogeneities. The occurrence of
such fault reactivations could therefore be more predictable than traditional events, which sparks
the interest in developing a first theoretical model of the processes at play during this unique
phenomenon. Note that the calibration of the model for historical cases is a non-trivial exercise
which would require specific data and falls therefore outside the scope of this work.

Chemically active faults are treated as elasto-viscoplastic domains, with mineralogies that
are prone to dissolution/precipitation reactions triggered by temperature increase during slip.
The reactivation of such chemically active faults can be modelled with the chemical shear zone
model of Alevizos et al. (2014), which extends the rate and state law for ductile rocks that are
temperature and rate sensitive in a chemical environment. That theory has been successfully
applied to explain the stick-slip behaviour of subduction zones (Veveakis et al., 2014), as well
as spatial features of exhumed carbonate thrusts (Poulet et al., 2014b), all requiring specific
temperature conditions involving depths of several kilometres (Poulet et al., 2014b) for episodic
reactivation events to take place. The same model can also lead to one-off events much more
easily, in environments with much lower forces involved (Poulet et al., 2014a). Given the fact that
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more than 50% of global gas reserves are estimated to be held in carbonate reservoirs (Burchette,
2012), this chemical type of fault reactivation actually represents a major case study that will
only become more relevant as reservoir operations are getting increasingly deeper. Considering
this type of reactivation, a substantial permeability increase can get generated during fault slip
by chemical dissolution, and the healing of the fault after discharge can easily be explained with
a precipitation sealing mechanism.

The relationship between chemical dissolution or precipitation and permeability is commonly
modelled with an empirical law between porosity and permeability, Kozeny-Carman arguably
being the most famous one. While the law provides a satisfactory fit for most cases, its limitations
are well-known (Scheidegger, 1974) and particularly for our case study, does not work well using
porosity changes stemming from shear deformations (Wong and Li, 2001). The reason is that the
porosity scalar only represents one of the possible variables to characterise the microstructure and
can therefore not capture all microstructural effects effectively. Arns (2009) focused on deriving
more of those characteristic numbers that can be obtained from micro Computed Tomography
(µCT) images. The other possible approach is not to reduce the information contained in the
microstructure. Indeed, CT technology has reached a level of maturity such that research based
on CT-scan images has moved from pure visualisation to quantified characterisation, opening the
door to physical modelling. Access to digital porous rocks at high resolution has enabled the
development of computational approaches to complement - with the goal of ultimately replace -
more expensive laboratory experiments. Such numerical approaches resolve directly the transport
equations in micro-tomographic images (Mostaghimi et al., 2012) and remove the uncertainties
introduced by the empirical nature of the scaling factors used to fit the experimental data (Andrä
et al., 2013).

Fluid flow at the pore-scale is governed by the Navier-Stokes equations (Batchelor, 2000),
which can be challenging to solve efficiently on 3D digital rocks. Pioneering methodologies
are based on discretisation of the continuum equations by means of numerical schemes like
the finite difference (FDM) (Manwart et al., 2002; Mostaghimi et al., 2012), finite volume
(FVM) (Guibert et al., 2015; Petrasch et al., 2008), or finite element (FEM) (Borujeni et al.,
2013; Narváez et al., 2013) methods. These methodologies compute permeability by estimating
volume-averaged physical properties. Another traditional approach to evaluate pore-scale flow is
the Lattice Boltzmann (LBM) method, which is a simplification of the Navier-Stokes problem
that considers fluid as fictitious particles instead of solving the continuum conservation equations
(Manwart et al., 2002; Narváez et al., 2013). All these methods have been proven capable of
computing permeability and other effective properties directly on µCT images (Andrä et al.,
2013), with particular methods being selected depending on the end goal application. Some
methodologies have proven more popular than others, including the LBM and FDM/FVM due to
their computational efficiency. Such techniques allow the flow computation on 3D meshes with
refinements approaching the resolution of the most recent CT-scanners. This numerical efficiency,
however, can come at the cost of flexibility and those popular techniques are not necessarily
the most adequate to solve extended systems of equations, when other physical processes are
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considered. Indeed, in order to quantify the effect of chemical alterations on permeability, the
fluid flow needs to be fully resolved on the deformed microstructure, and then homogenised
to a permeability value. Since the current focus in pore-scale flow simulations has turned to
computation on deforming microstructure, these homogenised laws of permeability are generated
from hydro-mechanical or -chemical simulations, using, however, a predefined deformation path.
While such homogenised laws can prove useful at a larger scale for relatively homogeneous
deformations, they remain valid only for this specific deformation path. They would particularly
fail to display any permeability hysteresis, that Teklu et al. (2016) showed experimentally for
instance, because the law obtained is completely reversible. Conversely, we suggest using a
homogenisation of permeability embedded in a multiscale framework, where the deformation
path is dynamically dictated by the meso-scale, so that the law obtained applies literally and can
take into account the history of deformations of the medium.

The current investigation presents a fluid flow implementation at the µm-scale using the
Multiphysics Object-Oriented Simulation Environment (MOOSE) (Gaston et al., 2009), a FEM
platform. As such, this flow simulator can be easily linked to solid mechanics models, in
particular the elasto-viscoplastic approach implemented in REDBACK (Rock mEchanics with
Dissipative feedBACKs) (Poulet et al., 2017). The flow simulator can deal with complex
pore geometries and boundary conditions that allow a rigorous solution of the Navier-Stokes
equations (Zabaras and Samanta, 2004). This solution works on unstructured meshes, which are
appealing for pore-scale modelling because local refinement allows an accurate description of
heterogeneous porous media and avoids the unnecessary computational power of full refinement
(Borujeni et al., 2013). The modularity of the FEM libraries facilitates the coupling of this
flow module with other physical modules, either in a sequential or tightly coupled manner. In
this contribution we present applications using both approaches to highlight their respective
potentials.

To account for the role of the outer domain (reservoir) on the stresses acting on the fault, we
use a multiscale approach. At the reservoir (km) scale, the reservoir is modelled as a poro-elastic
medium and the fault is treated as a frictional interface, with its frictional response calculated
at a separate lower-scale simulation. At the fault (m) scale, the fault is allowed many more
physical mechanisms, being considered as a thermo-hydro-chemo-elasto-visco-plastic domain.
The micro-scale (µm) is added for the refinement of the permeability evolution, implementing a
hydro-chemical model on meshed µCT-scan images.

The macro and meso scales are solved with FEM as well, as commonly done for continuum
modelling of mechanical problems. The use of a common platform, REDBACK, for this
FE3 framework is enabled by the use of the multiapp capability of MOOSE that manages the
distribution of embedded applications (called subapps) automatically and the transfer functions
that can pass information to each subapp.

We start by introducing the implementation of this three-scale framework in Part I, with
the governing laws at each scale (macro, meso and micro in Chapters 2, 3 and 4 respectively)
as well as the coupling schemes between them. Part II presents specifically some important
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homogenisation results between the micro- and meso-scales, upscaling in Chapter 5 the rock
yield and in Chapter 6 the permeability due to mechanical and chemical deformations. Part III
presents the application of the framework of Part I, linking all its elements in Chapter 7, to
the upscaling of permeability during a generic geological scenario of induced chemical fault
reactivation. Eventually Chapter 8 summarises how all the components were successfully put
together and highlights the main findings of this thesis.

We bring to your attention that most of the content of Chapters 2-3-4-8, as well as Sec-
tions 6.3, 7.1 and 7.3 were published in (Lesueur et al., 2020). Most of the content of Sections 6.1
and 6.2 was published in (Lesueur et al., 2017).



Part I

Three-scale multiphysics framework to
model fault reactivation



Chapter 2

Modelling the fault at the physical scale
(meso)

The system of equations controlling the behaviour of the fault at the centimetre to metre scale
(Figure 2.1) is derived in detail in (Alevizos et al., 2014) and briefly summarized in this chapter.
The reader is referred to (Poulet et al., 2017) for further precision. In essence, the fault initially
in a creeping regime, with negligible displacement at engineering time scales, yet produces heat
from internal friction which can lead to thermal runaway (Regenauer-Lieb and Yuen, 1998).
The sudden increase in temperature from the fault reactivation triggers a calcite decomposition
reaction which dramatically increases the permeability of the fault, allowing pressure equilibra-
tion across. This evolution can be described through the mass, momentum and energy balance
equations with a set of constitutive laws.

2.1 Physical formulation

The calcite decomposition reaction responsible for the permeability increase can effectively be
written as CaCO3(s) ⇌CO2( f )+CaO(s/ f ), as supported by the laboratory experiments of Han
et al. (2007). We note that the calcium oxide, however, is an unstable product that would in turn
react further. As such, we consider that half of it ends up being dissolved through reactions that go
beyond the scope of this study, since the exact identification and quantification of such chemical
reactions remains an active research topic in geochemistry. Previous studies (Alevizos et al.,
2014; Poulet et al., 2014a,b; Veveakis et al., 2014) showed that this assumption allows to capture
appropriately the response of the system. The dissolution reaction can be cast in a more generic
framework of endothermic chemical dissolutions expressed as AB(solid) ⇌ A(solid)+B( f luid).
This reaction is characterised by its energetics properties (activation energy E, Arrhenius number
Arc) as well as its kinetics ones (forward and reverse reaction rates and pre-exponential factors
A). The advancement of the chemical reaction is described implicitly through its temperature
and pressure evolution. Specifically, the forward (subscript +) and reverse (subscript −) reaction
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1m1cm

Shear stress

Normal stress

Fig. 2.1 Geometry and stress boundary conditions of the fault at the meso-scale, with con-
stant pore pressure and temperature at both extremities. Fault transverse size is cropped for
visualisation purposes.

rates ω+ and ω− are defined as

ω+ = A+(1− s)(1−φ)
ρAB

MAB
e−E+/RT (2.1a)

ω− = A− s(1−φ)∆φchem
ρAρB

ρAB

MAB

MAMB
e−E−/RT (2.1b)

with all symbols defined in Table 1.
The energy balance equation provides the temperature evolution within the fault

(ρCp)m(∂tT + v(m)
i ∂iT ) = ∇(α∇T )+χσi j.ε̇

p
i j − (E+−E−)(ω+−ω−) (2.2)

with χ the Taylor-Quinney coefficient. V (k)
i represents the velocity for the phase k ∈ {s, f}. This

equation shows that the temperature of the fault can increase due to mechanical dissipation (shear
heating) and is balanced by the diffusion term and the energy sink coming from the endothermic
chemical reaction considered.

The mass balance equation for a fully saturated rock modelled as a solid(s)-fluid( f ) mixture,
using Darcy’s law, can be expressed as

βm∂t p f −λm∂tT +vβ

i ∂i p f −vλ
i ∂iT −∂i

(
k

µ f

(
∂i p f −ρ f gi

))
+∂i(v

(s)
i )=

(
1

ρ f
− 1

ρs

)
ω+MB

(2.3)

with vβ

i =
[
(1−φ)βsv

(s)
i +φβ f v( f )

i

]
and vλ

i =
[
(1−φ)λsv

(s)
i +φλ f v( f )

i

]
. Equation 2.3 uses a

simplified Equation of State of the form
dρ(i)
ρ(k)

= β(k)d p f −λ(k)dT, k ∈ {s, f}. This mass balance
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equation accounts for the Thermo-Hydro-Mechanical-Chemical processes modelled through
the compressibility, thermal expansion, volumetric strain and chemical flux between solid and
fluid phases. The permeability k is assumed to evolve, following the common Kozeny-Carman
law as a function of porosity k

k0
= φ 3

φ 3
0

(1−φ0)
2

(1−φ)2 . Note that the porosity variable evolves with the
volumetric strain.

The mechanical deformation is solved by the momentum balance under quasi-static assump-
tion (Alevizos et al., 2014), leading to the evolution of effective stress σ ′ as

∂ jσ
′
i j −∂i p f +ρmgi = 0 (2.4)

We assume an elasto-visco-plastic model. Isotropic linear elasticity is described by Young
modulus and Poisson ratio ; plasticity is modelled with an overstress visco-plastic formulation
using a flow law of the type ε̇ = ε̇0(∆σ)me−Arm

T0
T , where ∆σ represents the overstress. This

model presents a rate-hardening effect and in opposite a temperature softening. We use a J2 yield
envelope to respect the fact that the existing fault consists of already pulverised grains and shears
without volume change (Rattez et al., 2018). For this reason, we selected χ = 1 to represent the
fact the mechanical energy is not consumed through grain size reduction but solely with shear
heating.

This multiphysics system of equations highlights the complexity of the various feedback
processes involved, which are solved in dimensionless form for the displacement, temperature
and pore pressure, using the finite element simulator REDBACK (Poulet et al., 2017). Even
though the problem is 1D, the system is solved in 2D plane strain with periodic boundary
conditions, in order to access both normal and shearing components of the stress. While we
are interested only in the behaviour of the plastic fault core, heat still dissipates further than
the fault core in the elastic region. We therefore model a larger cross section, see Fig. 2.1, up
to where shear heating gets dissipated and far field boundary conditions of temperature can be
applied. Moreover, this distance was shown to be the physical length scale of the shear zone
system by Poulet et al. (2017), which makes this scale in a sense the master-scale of the system,
also referred to physical scale in this contribution. By capturing the physics at this scale only,
Alevizos et al. (2014) have indeed been able to match real case studies of episodic tremors for
example.

2.2 Steady-state behaviour of the system

The first step to understand the behaviour of the model is to investigate its stability regimes with
respect to some parameters of interest by solving the system of equations in steady-state. The
sensitivity analysis is performed using a numerical bifurcation analysis in REDBACK (Tung
et al., 2017) based on a pseudo-arclength continuation method from Keller (1977). It can provide
a continuous evolution of the mathematical solution of the steady-state system with respect to a
given parameter, including unstable solutions. This approach is particularly well adapted to track
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Fig. 2.2 Stability curves of the system using shear stress as the continuation parameter.

the influence of parameters leading to instabilities such as fault reactivation as can be seen in the
original study of the chemical shear zone problem (Alevizos et al., 2014). For the problem of
fault reactivation described in Section 7.1.1, the critical parameter controlling the fault movement
at the meso-scale is the deviatoric stress of the fault i.e. shear stress, which is evolving at the
reservoir scale during production. We select therefore the shear stress boundary condition as
continuation parameter to study its influence on the fault stability at the meso-scale.

Fig. 2.2a and 2.2b show respectively the evolution of slip rate and permeability of the fault
and both illustrate the same behaviour. Both figures display a characteristic "S-curve" response of
the system explained in details in Alevizos et al. (2014), with three distinct branches. The main
driver of the system is the temperature evolution, governed by the thermo-mechanical coupling
between shear heating and thermal weakening of the flow law, quantified by the Arrhenius
number Arm. The lower branch, displayed in solid line on Fig. 2.2, corresponds to the creeping
regime in which the fault is slipping at low velocity (in the order of cm/year) over the whole
range of shear stresses. It represents the case where the fault is shearing slowly enough for the
corresponding frictional heat produced to be diffused, keeping the system in the slow creep
regime. The thermally activated chemical decomposition is therefore proceeding slowly and the
permeability of the fault remains nearly constant, at a low value. The second branch forming
the S, displayed in dashed line, is the unstable part of the curve (see Alevizos et al., 2014) and
represents a separatrix between the stable lower and upper branches for the range of shear stress
values (between 45 and 50 MPa approximatively) where three possible solutions exist. The
higher branch corresponds to the reactivated fault, creeping at much faster rate and characterised
by a much higher permeability as the chemical decomposition is fully active. This branch
corresponds to the case where the heat generated excesses its diffusion rate and triggers the
chemical decomposition reaction

Having established the stability regimes of the system, we now run a transient simulation
simulating an induced chemical fault reactivation then deactivation, starting at an initial shear
stress value of 47.6 MPa corresponding to the geological conditions of a carbonate fault near
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criticality at 4km depth, dipping at 60º (scenario from Sec. 7.1). The shear stress is then arbitrarily
moved in two successive phases detailed below. Fig. 2.3 superposes the results of this transient
simulation on top of the steady-state continuation curve displayed on Fig. 2.2.

During a first phase, the shear stress is increased up to a value of 51.5 MPa to reproduce the
scenario of nearby well production. The results show on Fig. 2.3 that the velocity is initially
increasing continuously with shear stress from the initial state (marked with a star) to the first
turning point of the stability curve (point A1). This increase of slip velocity is augmenting
progressively, along with temperature, due to the thermo-mechanical coupling between shear
heating and thermal weakening of the flow law, quantified by the Arrhenius number Arm. Bratu
(1914) showed that this behaviour is unstable, leading to a thermal runaway. Passed a critical
value of shear stress, 50 MPa (point A1), the fault then reactivates as the slip velocity jumps
by more than two orders of magnitude, reaching the upper branch at point A2. The capping of
the thermal runaway is due to the endothermic nature of the chemical reaction (Veveakis et al.,
2010), which stops the temperature instability and keeps the fault in a stable, activated state.
The fault activation event is marked simultaneously by a corresponding jump in permeability
(see Fig. 2.3b) as the temperature activated chemical decomposition is actively producing fluid.
Further increase of the shear stress moves the system along the upper branch of the S-curve,
keeping the velocity and permeability of the fault to high values and augmenting with shear
stress (up to the arbitrary end value of 51.5 Mpa).

During a second phase we simulate a stress drop that the fault would experience after
activation due to its resulting increased slippage. The stress is decreased from the end value of
the first phase, 51.5 MPa, to an arbitrary end value of 43.6 MPa. During the first phase of this
stress decrease, we can see that the fault stays activated, as the corresponding steady-state tracing
the segment of the upper branch of Fig. 2.3 between the points A2 and B1. The stress decrease
leads indeed to progressive reduction in velocity and permeability through the thermo-mechanical
coupling. This process continues until a critical value of stress is reached, 45 MPa, at which
point (B1 on Fig. 2.3) the amount of energy input into the system through shear heating fails to
balance the energy dissipated through heat diffusion and the endothermic chemical dissolution.
The response of the fault is to drop from point B1 to B2, on the stable lower branch characteristic
of the creeping regime with a low velocity. This drop is accompanied by a return of the chemical
state close to its original equilibrium through the reverse precipitation reaction which brings
back the permeability to a low value. Passed this event, any further evolution of the shear stress
moves the fault along the lower branch as explained in the previous paragraph.

2.3 Rate dependency of the system

This stability analysis conducted in the previous section is critical as a preliminary step to
determine the key parameters of our system. It provides for example the existence and location
of the critical points A and B (see Fig. 2.2) as well as the velocity of the fault after activation. It
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Fig. 2.3 Transient behaviour of the system for an arbitrary loading and unloading. Results are
compared with the continuation of Fig. 2.2. The star represents the start of the simulation.

can also determine the permeability of the fault after dissolution when the fault has reactivated
which is necessary to characterise the leakage of the reservoir after the loss of fault seal.

This steady-state analysis, however, does not account for the dynamics of the system and it is
therefore necessary to solve the transient problem to check whether the short production time,
compared to the geological time-scale, affects the general behaviour that can be understood from
Fig. 2.2. One could indeed expect some discrepancies due to the transition time required for
variables like temperature to switch from one branch to the other. Another interesting aspect to
investigate is the rate dependency of the system since the loading rate on the fault depends on the
production flow rate applied at the well, which varies during oil and gas operations depending
on the production strategy targeted. In this regard, Fig. 2.4 presents two additional transient
simulation results based on the same activation/deactivation scenario shown in Fig. 2.3 but with
slower and faster loading rates. As expected, the response of the system depends on the flow
rate and the three resulting curves of Fig. 2.4 do not superpose, with a difference mostly visible
during the unstable path from point B1 to B2 (drop from the higher to the lower branch), and to a
lesser extent from point A1 to A2 (jump to from the lower to the higher branch). This difference
is easily explained by the fact that the rate dependency is more pronounced during those two
transitions, which are quasi-instantaneous. Naturally, a faster loading rate will displace point
A2 further along the stress axis and a faster unloading rate will move point B2 to a lower stress
value on the lower branch.

It is interesting to note that all results of the transient configurations tested still superpose
mostly to the original S-curve. This means that the system remains very close to steady-state
when moving along the lower or upper branch and it highlights the critical importance of a
steady-state analysis to understand the overall response of a transient scenario. The behaviour
of such a chemical fault is mostly driven by the coupled physics of all processes involved and
transient phenomena only affect the results at the second order.
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Fig. 2.4 Transient behaviour of the system for an arbitrary loading and unloading. The different
curves correspond to different loading/unloading rates and the curves are superposed with the
stability analysis of the system. The star represents the start of the simulation.

This section focused on explaining the physical model used for characterising the ductile
behaviour of chemically active faults in high P,T environments. The final results obtained in this
section show that the transient behaviour of the fault in Fig. 2.3 can be for the most critical parts
approximated by the steady state behaviour of Fig. 2.2. Interestingly this figure is directly derived
from the combination of the physical mechanisms implemented in Eq. 2.2, 2.3, 2.4. In summary
the fault behaviour at such temperatures can be explained predominantly by the physics of the
processes involved, contrary to shallower brittle fault where geometry and material heterogeneity
control the behaviour of brittle failures. This allows our model to be more predictive towards
the detection of fault reactivation and this study showcases the importance of monitoring for
example the temperature of deep faults as it is the main tracer of the thermal runaway responsible
of the fault activation, discussed in Sec. 2.2.



Chapter 3

Accounting for the reservoir scale (macro)

While the meso-scale model presented in Sec. 2.1 captures accurately the behaviour of a fault
during a reactivation event, the evolution of the principal slip zone and fault core cannot be de-
correlated completely from the larger scale. Far field stresses and fluid pressure perturbations can
indeed have major impacts on faults, with studies reporting that injection wells could reactivate
faults as distant as 90 km apart with a more accepted average impact distance around 10 km
(Peterie et al., 2018). Without neglecting the importance of other scenarios where faults can be
reactivated by drilling directly into them, in this contribution we focus on that less intuitive case
of distant reactivation.

The steady-state analysis of the fault at the meso-scale (Alevizos et al., 2014) shows that
it is possible to observe episodic stick-slip movements under specific circumstances. Such
cases, however, are usually restricted to extreme tectonic environments like subduction zones
(Veveakis et al., 2014) or megathrusts (Poulet et al., 2014b). For all other cases, the model
of Sec. 2.1 leads to constant creep steady-state, whether slow – locked faults at engineering
time-scales – or fast. Under those conditions, a fault reactivation can only be triggered by a
change in boundary conditions, which can be accounted for by the modelling of the larger scale.
This section describes the macro-scale model selected to simulate a fluid pressure perturbation,
including its effect on the fault through pore pressure and stress changes (Sec. 3.2.1) as well as
the feedbacks of the fault evolution on the larger scale (Sec. 3.2.2).

3.1 Macro-scale model

3.1.1 Macro-scale environment

For the sake of simplicity, we consider a generic 1 km wide model of a fully saturated fluid
reservoir, as shown in Fig. 3.1, separated in two distinct compartments by an impermeable
dipping fault. Various scenarios could be distinguished based on the possible applications to the
fields of nuclear waste storage, carbon capture and storage, groundwater extraction, or oil and
gas production, but we keep a non-specific scenario to illustrate the more general approach. A
fluid perturbation is induced at a source point, located 50m from the fault, and can affect the



3.1 Macro-scale model 16

1km

200m

4km

50m

Impermeable cap rock above 

Impermeable rock layer below

Under lithostatic and 
hydrostatic pressure

60°

Horizontal stress
𝜎" < 𝜎$

High pore pressure

Low pore pressure

Fig. 3.1 Schematic of macro-scale model showing geometry and boundary conditions.

fault stability through the three physical processes considered: pore fluid pressure, stresses and
temperature.

Fluid pressure p and (Cauchy) stress σi j are linked through the classical poromechanical
concept of effective stress (Terzaghi, 1923) σ ′

i j = σi j − pδi j. A fluid overpressure reaching the
fault through diffusion can then classically trigger a fault reactivation through the resulting drop
of effective stress (Segall, 1989). This scenario is conveniently illustrated by the Mohr circle,
shifted by the pore pressure change and eventually touching a pressure-dependent yield surface.

The existing scale separation between the kilometre-scale reservoir and the fault, with a
thickness of the order of metres or less makes the computational costs for resolving such features
numerically very high. This results both from the considerable number of fine mesh elements
required as well as the associated time-step size reduction to accommodate smaller elements.
It is therefore represented by a zero-thickness interface and its behaviour is described using
interface laws to link all variables on both sides, as presented in the next section.

The reservoir at the macro-scale is mainly influenced by the fluid’s movement and resulting
mechanical deformation through the poromechanical couplings. The fluid motion at this scale
is largely governed by the permeability and the flow obeys Darcy’s law. Note that for the sole
purpose of showcasing the framework in this contribution, we focus on the application example
of fluid production, see Chapter 7. In addition, the shear heating of the fault has no neighbouring
influence at the scale of the reservoir. For these reasons, we consider for the macro-scale model
that the temperature in the reservoir remains constant and do not model its evolution. Overall, the
large scale model is well characterised by the momentum and mass balance equations, including
gravity, written as

∂ jσ
′
i j −∂i p+ρmgi = 0, (3.1)

∂t p−∂i

[
k

µ f
(∂i p−ρ f gi)

]
= 0, (3.2)

where ρm is the density of the solid-fluid mixture. Even though the fault undergoes some
important plastic strain, plasticity usually remains restricted to the principal slip zone and
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surrounding fault core. We consider therefore the reservoir to deform elastically even when the
fault slips. Without loss of generality, we select an isotropic linear elastic constitutive model
characterised by the Young’s modulus E and the Poisson ratio ν .

3.1.2 Interface laws for the fault

The negligible thickness of the fault compared to the length scale of the reservoir justifies the
choice of modelling the fault as an interface, rather than facing the prohibitive computational
costs associated with the discretisation of that feature at the large scale. The fault is then modelled
at the meso-scale and considered at steady state at each timestep at the macro-scale, with its
impact accounted for at that level through interface laws implemented in REDBACK for the
mechanics and fluid flow, allowing us to solve hydro-mechanical simulations with discontinuous
fields of pore pressure and displacement.

We take advantage of the support for interfaces in the MOOSE framework, which handles
automatically the duplication of nodes at interfaces and allows the handling of discontinuous
variables simply through the implementation of the weak form terms needed at the interface.

Hydraulic

The flow behaviour at the fault interface, described by its normal vector n(F)
i , is a critical feature

for the macro-scale simulation. Faults can indeed form impermeable barriers between reservoir
compartments, which have been known to transform temporarily into fluid pathways during
fault reactivations, as reported in the cases of Wiprut and Zoback (2000) and Dos Santos and
Oliveira (2014). To model this behaviour, the interface is assigned an effective thickness HF and
permeability k(F) so the difference of pore pressure between the two sides of the interface (F),
denoted by the exponents (A) and (B), can be computed using Darcy’s flow. Assuming fluid
incompressibility, the continuity of flux can be written as

k(R)

µ f
(∂i p(R)−ρ f gi)n

(F)
i =

k(F)

µ f
(∂i p(F)−ρ f gi)n

(F)
i , (3.3)

where the exponent (F) and (R) refer to the fault (interface) and reservoir respectively. The
gradient of pressure across the interface is computed as

∂i p(F) n(F)
i =

∆p
HF

=
p(A)− p(B)

HF
. (3.4)
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Combining 3.4 and 3.3 we end up with an equation for the interface law defined for each pressure
variable as:

−k(A)

µ f
p(A),i n(F)

i +
k(F)

µ f

p(B)− p(A)

HF
+

ρ f gi n(F)
i

µ f
(k(A)− k(F)) = 0 (3.5)

−k(B)

µ f
p(B),i n(F)

i +
k(F)

µ f

p(B)− p(A)

HF
+

ρ f gi n(F)
i

µ f
(k(B)− k(F)) = 0 (3.6)

To verify the implementation of this pore pressure interface, we compare the results against
an analytical problem for a simple one-dimensional (1D) case. We consider three regions (R1,
R2, R3) of various thicknesses (D1, D2, D3) and permeability values (k1, k2, k3), as shown in
Fig. 3.2 and solve for the steady-state of the 1D horizontal flow through. We apply a pressure
gradient across these three blocks with constant boundary conditions at each end (p1 and p2).
The two pressures p′1 and p′2 at the interface between the regions 1-3 and 2-3 can be expressed
as:

p′2 =
k1k3D2D3 p1 + k2D3(k1D3 + k3D1)p3

(k3D2 + k2D3)∗ (k1D3 + k3D1)− k3k3D1D2
, (3.7)

p′1 =
k1D3 p1 + k3D1 p′2

k1D3 + k3D1
. (3.8)

This analytical solution is used to validate the numerical results obtained by solving a similar
problem where the middle region is replaced by a flat interface, on Fig. 3.2.
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Mechanical

The mechanical behaviour of the fault can also be accounted for at the macro-scale with an
interface, to accommodate the displacement generated by a slip event modelled with an arbitrary
friction law or in the case of this contribution with the dynamic upscaling of the meso-scale
model. Given the negligible thickness of the fault at the large scale, the problem reduces to
a sliding block problem and we use the same environment as described above for the flow.
We introduce the two displacement fields u(A)i and u(B)i on both sides of the fault, marking the
discontinuity at the interface.

For a sliding block problem, common interface approaches include frictional laws such as
rate-and-state laws. Interestingly, the model presented in Section 2.1 presents a generalisation of
the rate-and-state friction law through a physical approach which identifies the role of temperature
and pore pressure in the evolution of the effective friction coefficient (Veveakis et al., 2017).
This model offers therefore a more general tool in the specific context of chemical shear zones,
extending the knowledge from the more empirical approaches. To integrate that model in
our multiscale framework we introduce a mechanical interface law which takes for input a
displacement jump between each side of the interface and that is compatible with the value of
the stresses applied to the fault through the constitutive model assumed.

The displacement jump ∆u(F)
i follows the equation:

u(A)i −u(B)i +∆u(F)
i = 0 (3.9)

It can be noted that the normal displacement discontinuity across the shear zone is negligible
since most of the deformations happen in shear and the shear zone itself has a negligible size at
the macro-scale. It means that the displacements are discontinuous only tangentially to the fault,
with the transversal effects of dilation accounted for at the meso-scale, and it simplifies Eq. 3.9 to

u(A)i −u(B)i +∆u(F)w(F)
i = 0 (3.10)

with w(F)
i the tangent unit vector of the fault.

In addition to this constraint on the displacement, the mechanical law for the interface needs
to respect the stress equilibrium. This condition translates to the continuity of the traction across
the interface and this relationship is written as:

(σ
(A)′
i j + p(A)δi j)n

(F)
i = (σ

(B)′
i j + p(B)δi j)n

(F)
i (3.11)

Note that the total stress is continuous despite the fluid pressure discontinuity at the interface
(see Sec. 3.1.2), making the effective stress discontinuous as well.

The two conditions (Eq. 3.9 and 3.11) are enforced weakly using a penalty method. Eq. 3.9
is used to define the error δui = u(A)i − u(B)i −∆u(F)

i , which can be interpreted physically by
considering a virtual spring at the interface with a high spring constant α , that we take as the
penalty parameter. Following this approach, the traction on each side of the interface is equal
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Fig. 3.3 Two-way couplings for the macro/meso-scale model.

to the product of α times the elongation δui of the spring, which enforces continuity of the
traction across the interface. Numerically, the higher the value of α , the smaller the error δui

on our displacement discontinuity condition. In this contribution, the value of 106 proved to be
sufficient.

3.2 Macro/meso-scale couplings

In order to have a model that can study real phenomena of fault reactivation and their conse-
quences, the connection of the macro-scale to the meso-scale is necessary. Indeed, as stated
before, the meso-scale cannot simulate a realistic scenario of fault reactivation because the
perturbation that cause it happens at a larger scale. On the other hand, the macro-scale model
alone is also insufficient: it lacks a physical law for the interface that links the stress experienced
by the fault to both the slippage and the evolution of permeability.

These holes can be filled by considering a macro/meso-scale model that couples both the
scales. In this multiscale model, the perturbation simulated at the macro-scale is transferred to the
interface and applied as a boundary condition for the meso-scale. The meso-scale is now solving
for a dynamic boundary value problem that can actually place the fault reactivation in its context.
The macro-scale can in turn obtain the missing constitutive law for the interface by upscaling
directly the behaviour of the fault from the meso-scale. These couplings are summarised in
Fig. 3.3.

In order to have the interface fully characterised, common multiscale models would select
directly all the nodes on the interface to perform an upscaling. However, in order to reduce on
computational costs, we choose to select only certain points of interest along the interface and
interpolate the upscaled properties in between.
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3.2.1 Transfer of boundary conditions

The macro scale provides the dynamic boundary conditions for the meso-scale. These boundary
conditions are the normal and tangential stress to the fault, the two pore pressures and the
temperature that are applied to the fault at the macro-scale.

For simplicity, we consider the fault at the meso-scale in its local referential as seen in
Fig. 3.3 (where the fault is horizontal). Since the fault is cutting the reservoir with a dip angle of
θ , see Fig. 3.1, the two referential are rotated from one another by θ . It means that we need to
transfer from the macro-scale the normal and tangential stress in the local referential of the fault.
The formula is derived by decomposing the traction vector at the fault, defined standardly as
ti = σi jn j, into his normal (N) and tangential (T ) component in the local referential of the fault.

ti = t(N)
i + t(T )i = σi jn j (3.12)

t(N)
i = (t jn j)ni = ((σ jknk)n j)ni (3.13)

t(T )i = ti − t(N)
i = σi jn j − ((σ jknk)n j)ni (3.14)

As seen in Eq. 3.13-3.14, the formulas make use of the normal vector ni. Since ni is computed
for each element separately in the finite element simulator. We do not need to assume a linear
fault dipping at a given angle θ , the interface can be a curve with a normal vector ni defined at
each discretised segment.

3.2.2 Feedbacks to the interface law

Displacement discontinuity The mechanical interface law takes in input the stress applied
to the fault and returns the displacement discontinuity tangential to the fault. Contrary to most
interface laws, it does not assume any constitutive law to solve for this discontinuity. Instead it
upscales a physical law from the meso-scale.

With the set of boundary conditions provided from the macro-scale, the chemical shear zone
model can solve for the displacement across the shear zone. The difference of displacement
between each side of the shear zone is the discontinuity of displacement that is transferred to the
macro-scale and applied at the interface’s corresponding material point using Eq. 3.10.

Permeability evolution The macro-scale needs to capture the evolution of permeability, being
solved at the meso-scale, in order to simulate the pressure equilibration that happens after reacti-
vation of the fault. For this reason, the permeability of the fault computed at the meso-scale is
transferred and applied on the fault at the macro-scale. The upscaling of this permeability is not
straightforward. The reason is that when reactivation occurs, a part of the fault dissolves. The
permeability is therefore not homogeneous across the fault at the meso-scale. The homogeni-
sation we want to perform has to respect the condition that the averaged Darcy flow across
the fully-saturated fault at the meso-scale is equal to the flow inputted in the interface law of
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Sec. 3.1.2. This condition translates to:

k(F)

µ f

p(B)− p(A)

HF
=

1
HF

∫ B

A

k(M)

µ f
∂i p(M)n(F)

i (3.15)

where (M) design the meso-scale values. With Eq. 3.15, we can express the homogenised value
of permeability for the fault as:

k(F) =
1

p(B)− p(A)

∫ B

A
k(M)

∂i p(M)n(F)
i (3.16)



Chapter 4

Enriching the meso-scale model from a
lower scale (micro)

On top of all efforts to homogenise micro-processes at the meso-scale (see Chapter 2), direct
modelling of specific phenomena at the micro-scale can add a level of refinement that cannot
be accounted for by static homogenisation. In this contribution the lower scale of interest is the
one at the micrometre level where the microstructure can be discretised as pore space and solid
matrix. At this scale, the complex evolution of the pore microstructure results from the interplay
between geometry and the major non-linear feedbacks linking all physical processes involved,
mechanical, thermal, hydraulic, chemical. In turn the evolution of this microstructure affects
the upper scale in terms of homogenisation of material properties and constitutive relationships.
Selecting the list of properties to upscale is a balancing act between accuracy and computational
cost. As mentioned in Chapter 2, capturing the essence of a micro-scale process at the meso-scale
also presents huge benefits for the stability analysis, which can then quantitatively account for.
As such, even though many phenomena are rooted at the micro-scale, only a limited number of
critical ones will usually be upscaled numerically for each of the THMC physics.

For the flow, upscaling of permeability has been an active area of research since the discovery
of using µCT-scanning for rocks (see review from Blunt et al., 2013). The relationship between
porosity and permeability for instance, which can even been negatively correlated in some
cases (e.g. Morin, 2006), is inherently dependent on the pore or grain structure. It can’t always
be represented by empirical laws to use directly at the meso-scale and does require specific
modelling at the micro-scale to capture the inherent complexity. The other common upscaling is
the mechanical behaviour where discretising the grains using Discrete Element Method allows
to upscale directly a constitutive mechanical model at the upper scale (Nitka et al., 2011) and
helps resolve regularisation of the mechanical localisation (Desrues et al., 2017b). The upscaling
of thermal processes is usually not done since the temperature is considered constant at the
micro-scale. Regarding the chemistry, the upscaling process is tedious as the micro-scale involves
the interplay of numerous chemical reactions.

This contribution covers most processes mentioned above, distributed as follows. Chapter 5
will focus entirely on the upscaling of mechanical properties. The focus will be centred around
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the yielding of the material that is particularly important in the context of fault reactivation
as it affects directly the onset of the reactivation. Chapter 6 focuses on the upscaling of fluid
flow. At the meso-scale the flow is dictated by Darcy’s law, which means that it is directly
controlled by the permeability selected then as the property to upscale. In the context of a fault
reactivation in a reservoir, the permeability is the most important parameter as it affects both the
onset of reactivation (Alevizos et al., 2014) and the amount of resulting leakage across the fault.
Chapter 5’s interest lies specifically on the onset of reactivation and for this reason the influence
of the microstructure will be analysed at constant porosity since the change of porosity before the
reactivation is negligible. However, Chapter 6 looks at the full evolution of the microstructure
because of the permeability influence on the whole behaviour of the fault reactivation. Chapter 6
tackles the main challenge of capturing the permeability evolution with porosity, which has been
shown to greatly evolve during the event of reactivation in Chapter 2.

With the objective of simulating the multiphysics problem of induced fault reactivation that
involves all three scales in Chapter 7, we select the upscaling of the permeability as the illustrative
application for our meso/micro-scale framework, whose description is the purpose of this chapter.
We will first cover the necessary aspects of the micro-scale model needed to capture the influence
of the microstructure of the pore space. The second section will address the two-way couplings
that are used when incorporating the micro-scale in our multiscale framework.

4.1 Micro-scale model

4.1.1 Modelling the evolution of the microstructure

To study the impact of the microstructure on properties like permeability, we need to characterise
the evolution of this microstructure, which is influenced by multiple physical processes. Thermal
expansion induces the swelling of grains. The competition of the pore pressure and the mechani-
cal stresses can result in either pore collapse or hydraulic fracturing and this hydromechanical
feedback will be addressed in Chapter 6. Chemical alterations however, whether dissolution or
precipitation, have the most influence in our specific context of chemical fault reactivation. As
the predominant driver of the rock microstructure evolution, this process is selected to illustrate
the framework in this chapter and will also play a major role in the final three-scale application in
Chapter 7. Note that the geometrical modelling of the chemical alterations on the microstructure
is detailed in Sec. 6.3.

4.1.2 Representative Elementary Volume (REV)

The homogenisation of a property like permeability requires to be working on a REV of the pore
structure for this specific property in order for the homogenisation approach to be valid (Bear,
1972; Hill, 1963). Interestingly, a REV for the geometry of the pore structure itself does not infer
that the REV is achieved for the property considered. For example, Mostaghimi et al. (2012)
showed for multiple digitised rocks that porosity had a much smaller REV than permeability.
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The determination of the REV size for a given microstructure remains a challenging task and
for instance even the existence of the REV for heterogeneous rocks like carbonate remains
an open question (Mostaghimi et al., 2012). An extra level of complexity gets added when
considering chemical alterations. Dissolution and precipitation mechanisms change indeed the
geometry of the microstructure dynamically which in turn affects the REV size. For the purpose
of showcasing the framework, the difficult question of determining the REV falls outside the
scope of this contribution and the REV convergence study is only done when computationally
manageable.

4.1.3 Creating digital rock samples from CT-scan images

Simulations at the micro-scale require a 3D mesh capturing the geometry of the pore space and
solid matrix. In this section we present the approach for obtaining digital rock samples from
µCT-scan images. As the name implies, the digital rock samples are reconstituted µCT-scan
images in the form of a finite element mesh. Since raw µCT-scan images display however only a
density variation in a continuous grayscale manner, a first pre-processing treatment of the image,
called segmentation, is needed in order to differentiate the rock matrix from the pore space. To
obtain the final digital rock samples, we have developed a framework (Fig. 4.1) to construct 3D
meshes from a stack of already segmented 2D µCT-scan images in two steps.

Image reader

The first step consists in reading the information from each segmented image (Fig. 4.1a) using
the Visualisation ToolKit library (Schroeder and Martin, 2005), where the pore space and grains
are represented by black and white pixels respectively, of intensity 0 and 1. This pixel data is
transformed to domain information on the regular generated mesh (Fig. 4.1b), and the interface
between the grains and pore space is automatically tagged. The resolution of the mesh created
and the original images are not necessarily linked, even though it is recommended to use the
same.

Mesh adaptivity

To optimise the mesh quality while reducing computational costs, a second step can be performed
to keep the resolution of the pore-grain interface and coarsen the mesh in the zones far away from
this interface. This step is computed by tracking the difference in intensity gradient between two
neighbouring elements, as this gradient is null between neighbouring voxels of same nature and
strictly non-null at the pore-grain interface. The mesh can be coarsened iteratively where the
intensity difference is zero (within numerical precision), following a traditional octree method
(Meagher, 1982). Note that the MOOSE numerical simulator can handle this type of inconsistent
meshes (Gaston et al., 2009). As such, the maximum number of coarsening levels is computed
as the exponent of the factor two in the initial pixel number. For example, a mesh of 300 pixels
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(a) Segmented 128× 128 µCT-
scan image

(b) Reconstituted mesh with
16,384 quadrangle elements

(c) Final optimised mesh with
7,597 quadrangle elements

Fig. 4.1 Example of meshing workflow on a 2D subsample of the LV60A sand pack (Imperial
College Consortium On Pore-Scale Modelling, 2014c).

in each direction provides a maximum of two levels of refinements since 300 = 75×22. The
resolution of the initial mesh is therefore selected in order to maximise the possible coarsening.

In the end we obtain a 3D mesh with optimal refinement from the stack of µCT-scan images,
as shown in Fig. 4.1c.

4.2 Meso/micro-scale couplings

The micro-scale mesh obtained in the previous section can be used to refine the computation
of selected material properties for each timestep and on each sampling point of the mesh at the
meso-scale. For each chosen point, this is done in sequential steps illustrated in Fig. 4.2. Some
meso-scale information is transferred to the micro-scale, where it can be used, most often as
boundary conditions, for a separate simulation. The results of that simulation are then upscaled
and placed back at the original point of the meso-scale mesh, ready to use for the following
timestep.

In our multiscale model, we select the permeability as the property to upscale based on the
evolution of the microstructure due to chemical alterations. Chemical reactions at the micro-scale
can include many different aspects which remain active fields of research, including fluids
mixing, fluid-rock interactions, advection, diffusion, electrochemical migration and all coupled
combinations of those processes (see review from Yoon et al. (2015)). A comprehensive micro-
scale chemical simulator falls therefore outside the scope of this thesis and we follow instead an
illustrative approach by considering a homogenised model of the chemical reaction considered
as presented in Chapter 2. For the application to fault reactivation, the advantages of using an
analytical computation of chemical porosity evolution at the meso-scale outweigh largely the
drawbacks of not simulating the chemical reactions directly at the micro-scale. The benefits are
clear in terms of numerical efficiency (speed and convergence) but also for the resulting ability to
run stability analyses (Alevizos et al., 2014) to understand and quantify the impact of all material
parameters. The change of porosity ∆φchem stemming from chemical dissolution/precipitation is
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Fig. 4.2 Meso/micro-scale model: length scales and couplings. Note the drastic increase of fluid
velocity between a point in the dissolved fault core and one further away from the center.

then computed at the meso-scale and downscaled at the micro-scale through an erosion/dilation
algorithm presented in Chapter 6. This allows the permeability to be computed with a flow
simulation at that level and upscaled at the meso-scale.

The first section addresses the downscaling of ∆φchem while the second section explains how
a smart interpolation is used to upscale the permeability on the whole mesh of the meso-scale
with only a few upscaled points of interest.

4.2.1 Downscaling information from the physical scale

In this framework, the information transferred down from the meso-scale is the evolution of
porosity due to chemical dissolution/precipitation, ∆φchem, which is not passed as a boundary
conditions but used directly as a target for the erosion/dilation algorithm to get distributed
spatially across the mesh of the microstructure. This erosion algorithm must apply the changes
of porosity to the µCT-scan in the same way the dissolution/precipitation would have been
simulated and the detailed explanation of the algorithm and the validity of its assumptions is left
for Sec. 6.3.1. Two important aspects, however, are worth mentioning here. Firstly, the erosion
algorithm can be qualified of discrete in nature. Every element of the mesh is indeed treated in a
boolean manner as either grain or pore space, which implies that the distributed porosity cannot
be a continuous field. The erosion can then be qualified of discrete in that sense. Secondly, the
amount of erosion imposed is applied homogeneously across the whole surface of the pore-grain
boundary. Reaching the target ∆φchem is then a matter of eroding or precipitating the appropriate
number of layers on that boundary. This discretisation of the erosion affects directly the fitting
quality of the porosity evolution in time. Fig. 4.3 compares the evolution of the (continuous)
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Fig. 4.3 Evolution of the downscaled porosity over time during a fault reactivation for different
resolutions n×n of the micro-scale mesh. The curves are compared to the reference value φ

computed at the meso-scale. Note that a sensitivity analysis is performed in Sec. 6.3.1 to quantify
performance vs accuracy.

chemical porosity update requested by the meso-scale with the resulting (discretised) value
computed by the erosion algorithm at the micro-scale, highlighting the importance of the mesh
resolution for the quality of the fit.

Given the computational time associated with the simulations following that geometrical
erosion algorithm, it is important to note the advantages and drawbacks of the approach. While a
coarse discretisation of the porosity can potentially impact negatively the quality of the results,
it also presents a considerable performance gain when porosity changes remain limited, which
is the case when the fault remains locked (slow creep). Indeed, if the target chemical porosity
change is smaller than the corresponding porosity obtained by updating a single layer, then the
algorithm leads to no porosity update at all. In order to take advantage of this time-saving feature,
we modified the multiapp functionality of MOOSE to add this important check at every time
step and every downscaling point, before the multiapp runs blindly an expensive micro-scale
simulation. If the target chemical porosity change is below the minimum threshold, the previous
(unchanged) value of permeability gets returned instantaneously. Without a loss of results quality,
this smarter multiscaling routine allows to cut down an enormous amount of computational time
for two compounded reasons, temporal and spatial. Firstly, as the fault reactivation is a short
event at the production time scale, the fault often remains in its slow creeping (locked) regime.
Secondly, the localisation of the deformation within the fault can result in specific zones (and
corresponding sampling points) experiencing very little to no chemical alteration, even when the
fault reactivates.
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Fig. 4.4 Profiles of porosity across the fault core and damage zone at different time during
reactivation (left) and deactivation (right). Times are normalised by the peak reactivation time.

4.2.2 Upscaling properties

As the meso-scale passes a chemical porosity target information to the micro-scale at N sampling
points Mi1≤i≤N where the mutliapp is run, the main information transferred back from the
micro-scale to the meso-scale is the corresponding value of permeability computed on the eroded
or dilated mesh for that timestep, explained in detail in Sec. 6. Those updated permeability
values at the sampling points Mi then need to be interpolated across the full meso-scale mesh.

A common multiscaling procedure consists in selecting every single Gauss point of the
macro-scale mesh as sampling point (Kouznetsova, 2004). The upscaled property is then
interpolated naturally on the whole mesh by following the internal finite element interpolation
used, linearly for elements of first order or with higher polynomial functions for higher order
elements. In comparison, the multiapp functionality of MOOSE provides more freedom in the
multiscaling procedure as the sampling points can be selected independently from the mesh
discretisation. The number and position of the sampling points on the mesh are user-defined and
those sampling points do not even need to be located on mesh nodes. Compromise can then be
made between computational efficiency and results precision by selecting the location of the
sampling points Mi appropriately, shown below. For our particular case, given the regular shape
of the chemical porosity target across the fault core of the meso-scale observed in Fig. 4.4, which
is essentially one dimensional and symmetrical around the centre of the fault, we can expect a
similar permeability profile. This simplifying configuration allows to recreate a permeability
profile with an appropriate interpolation scheme and a limited number of sampling points
including:

• The middle point of the core zone. This point must be selected as it is experiencing the
most drastic change of porosity.

• The far-field boundary condition. The permeability of this reference point only gets
computed once at the beginning of every meso-scale simulation since this point sits at the
edge of the mesh with a constant temperature boundary condition and does not experience
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Fig. 4.5 Profiles of permeability across of the fault for increasing sampling. Note that the middle
point and the boundary points are sampled in each simulation. The visible kinks on the curves
are due to visualisation issues.

dissolution or precipitation. It is indeed far away from the fault core and all excess heat
generated by the localised shear heating gets dissipated by that point.

• A few points in between those two. Those points are selected with higher density closer
to the middle because of the expected bell curve profile, with the exact number of points
depending on the precision required, as shown in Fig. 4.5.

Note that, despite the symmetrical geometry of the meso-scale mesh, the existence of a pore
pressure gradient across the fault breaks the symmetry of the problem, preventing us from using
sampling points on a single side of the fault and replicating the symmetrical profile across the
centre of the fault. The results show, however, that this pore-pressure contribution remains
negligible on the porosity profile, providing a nearly perfectly symmetrical profile nonetheless
(see Fig. 4.4). Therefore, we sample only one half of the fault and we compute the other half by
symmetry.

Finally, the interpolation between all sampling points can itself be done in different ways and
MOOSE proposes two different options by default: inverse distance weighting and radial basis
function interpolation. While those two interpolation methods are more well suited for 3D cases,
for our study we implemented a Bezier interpolation to better capture the localised reactivation
in the fault core. This algorithm is explained independently in Appendix A.

In addition to the macro/meso-scale framework presented in Chapter 3, this chapter presented
the possibility of incorporating yet another scale of importance in the model. Indeed, the
information of the rock microstructure is lost at the meso-scale where it is only reduced to the
porosity parameter. The only way to retrieve this information is to incorporate the micro-scale
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in the framework. We focus in this contribution on the effect of chemical alterations on the
permeability. This chapter explained how the multiscaling procedure was done. Because the
chemical model is solved at the meso-scale, the downscaled information passed to the micro-scale
is directly a chemical porosity change. If this change is small enough, we do not run an expensive
upscaling of the permeability since the value would not change much. The permeability is
computed on the eroded mesh and transferred back to the sampling points. By adapting the
sampling positions to the shape of the expected permeability profile, we can reduce the number
of sampling points while keeping a good approximation of the shape of the curve.



Part II

Examples of properties homogenised from
the micro-scale



Chapter 5

Upscaling of mechanical properties: yield
stress

Many studies are aiming at accounting for the micro-structural influence on rock mechanical
properties, whether on elastic properties (Hashin and Shtrikman, 1963; Mackenzie, 1950), rock
strength (Dunn et al., 1973; Green, 1972; Gurson, 1977; Hoshino, 1974), or plastic flow law
(Green, 1972; Gurson, 1977), to cite only a few. In the context of Part I, the yield value of rocks
becomes the most critical material property as it can be traced back directly to fault reactivation,
when assuming that faults reactivate when reaching the Coulomb Failure Criterion, which
corresponds to the notion of yield. Some models already account for the impact of microstructure
on yield through quantitative measures of microstructure, the Minkowski functionals (Armstrong
et al., 2018), and particularly through its original and simplest parameter: porosity (Green, 1972;
Gurson, 1977; Hamiel et al., 2004). In this chapter, we extend this work on the notion of yield
itself, as well as the way it is affected by porosity and the microstructure from a more general
perspective.

The only unambiguous determination of mechanical yield point is possibly restricted to
the simplest case of ideal non-porous linear elastic and ideally plastic materials, like metals
for instance. Indeed, experimental compression tests of such materials lead to characteristic
stress-strain curves displaying a sharp transition between the linear elasticity and plasticity,
where strain increases at constant stress. For more complex materials, however, including real
geomaterials like porous rocks, strong debates remain about the notion of yield point and its
quantitative characterisation. This is well illustrated, for instance, by the various definitions of
yield from the sixth edition of the McGraw-Hill Dictionary of Scientific and Technical Terms
(Parker, 2003):

• yield [MECHANICS] That stress in a material at which plastic deformation occurs.

• yield point [MECHANICS] The lowest stress at which strain increases without increase in
stress.

• yield strength [MECHANICS] The stress at which a material exhibits a specified deviation
from proportionality of stress and strain.
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The fact that there exists more than one notion of yield highlights the ambiguity of the term
for complex materials, and the three points defined above only represent three of all possible
concepts.

This chapter tackles the challenging problem of homogenisation of the yield, which is not
unique. A convenient starting point to study the links between microstructure and yield is to
consider the theoretical scenario of the simplest configuration, which consists in a single spherical
pore, following the seminal work from Gurson (1977). Different yield surfaces identified in
that configuration will then be extended to more complex microstructures. In order to so, we
introduce in this chapter a mechanical simulator, benchmarked on Gurson’s study. Finally,
compression experiments on 3D printed samples with a given microstructure will allow us to
link the theoretical, numerical and experimental approaches on the topic to capture the yield of a
real microstructure reconstructed from µCT-scans.

5.1 Upper yield: Benchmark of Gurson’s criterion

Reducing the complexity of the microstructure to the extreme, the single spherical pore system
becomes simple enough that a full numerical study should not be required to derive the yield
surface of the corresponding porous material. This is indeed the case when considering the yield
as "the lowest stress at which strain increases without increase in stress" (yield point from Parker
(2003) mentioned above), since only the limit load of the material is then needed. As such, the
yield point can be determined with an analytical method called limit analysis.

Gurson (1977) used that technique to distillate the influence of the porosity on the yield
surface of rocks. He considered a single spherical pore as the unit cell of a void-matrix aggregate
and produced therefore a study which has since then been extensively used for more complex
microstructures. To avoid any non-essential complexity and restrict the study to the influence
of microstructure, he selected a rigid and ideally plastic material. The outer geometry of the
unit cell was taken as spherical, like the void shape, in order to retain the geometrical isotropy
benefits from the symmetry in the analysis.

Limit analysis allows to directly get the limit load state of the material without having to
compute the full elasto-plastic behaviour of the system. This technique is particularly useful
in geotechnical engineering which is highly interested in system stability. This technique is
particularly efficient in comparison to the full elasto-plastic analysis in dealing with complex
geometries and complicated loadings. An exhaustive review of limit analysis can be found in
Chen (1975). Two methods are possible to obtain either the lower- or the upper-bound of the
limit load. For the lower-bound a stress distribution needs to be identified, which respects the
equilibrium equation and the boundary conditions and does not violate the yield criterion. For
the upper-bound, the loads are obtained by equating the external rate of work to the internal rate
of dissipation.

Gurson (1977) chose to follow the upper-bound method and took an approximation of the
internal rate of dissipation as an infimum of the exact dissipation. With subsequent derivations
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(see review from Leblond and Morin (2014)), Gurson obtained an approximate upper solution
to the yield surface of the hollow sphere geometry, which proved to be precise enough to fit
experimental data (Springmann and Kuna, 2005; Xie and Shao, 2006). Extending his work,
numerous studies followed which improved on the model, including derivations accounting
for other shapes of voids (e.g. elliptical Gologanu et al., 1997), the interaction between voids
(Fritzen et al., 2012; Tvergaard, 1981), or the consideration of more complex matrix materials
(e.g. viscoplasticity Besson, 2009).

Starting from Gurson’s original setup, we use a Finite Element approach to derive more
characteristic points associated with the yield. Retrieving first the upper-bound estimate allows
us to benchmark our numerical framework, which can then show its full potential. Unlike
the semi-analytical approach, it can indeed be extended easily to more advanced mechanical
behaviours on more complex microstructures.

5.1.1 Geometry and material considered

We present in this subsection the meshing of the hollow-sphere geometry and the material of the
matrix considered for the numerical simulation.

The hollow sphere consists in a layer of solid matrix delimited by two spheres: the outer one
with a radius Rout and the inner one with a radius Rin. The porosity of the system is φ = ( Rin

Rout
)3

and it can be controlled by varying Rin for instance. The spherical layer is meshed in spherical
coordinates with hexahedra of the second order using the software Gmsh. The use of spherical
coordinates allows to get a good mesh quality as can be seen on Fig. 5.1 indicated by a signed
inverse condition number close to one, the value for a perfectly shaped element. Note that in
Sec. 5.2 we are interested in the behaviour at the surface of the inner sphere so for this section,
the radial thickness of the elements is varied progressively along the radius to obtain thinner
elements at the centre.

To approach the limit analysis results obtained with a rigid material with an elasto-plastic
Finite Element simulator, we chose a large value of Young’s modulus at 200 GPa so the material
stays close to rigidity, along with Poisson ratio of 0.3 and yield stress of 100 MPa. As such, a
small strain formulation is sufficient since the mesh deformation remains minimal. As mentioned
in the introduction of the section, in order to retrieve exclusively the effect of porosity on the
behaviour of the material, the constitutive model for plasticity is taken as ideal, which implies a
J2 (or von-Mises) rate-independent plasticity model with no hardening or softening.

5.1.2 Homogenisation: Hill-Mandel condition

Calculating the homogenisation of a microscopic field to the next scale up on a heterogeneous
medium like the one described in the previous section is not straightforward. Out of the many
methods available (see review from Geers et al. (2017)), Gurson chose the Hill-Mandel condition
(Hill, 1963) which postulates that the integral of the local mechanical work should be equal to
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Fig. 5.1 Mesh of the hollow sphere with a porosity of 30%, showing only half for visualisation
purposes. It is composed of 8 layers of elements amounting to a total of 19,200 elements. The
signed inverse condition number for the mesh is higher or equal than 0.867.
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the global mechanical work of the Representative Elementary Volume (REV):

σ i jε i j =
1−φ

|Ω|

∫
Ω

σi jεi jdV (5.1)

In short, this lemma describes a conservation of energy across the scales and requires conditions
to hold at both scales for a system to comply. The two paragraphs below describe the setup of
our specific problem for this Hill-Mandel condition to be respected in terms of strain and stress.

Regarding the strain, we first note that the loading condition is actually specific to the
homogenisation theory itself, as the REV – the hollow sphere of Fig. 5.1 in our case – has to be
submitted to an homogeneous macroscopic rate of deformation Di j. Consequently, we impose
the velocity vi = Di jx j ∀x ∈ ∂Ω, the external surface. As a result, we can write the homogenised
strain for the structure as ε i j = Di jt.

The corresponding macroscopic stress is defined as the average of the stress over the total
volume. Since the material is considered dry, the pore space is not pressurised. This translates
to a traction-free boundary at the inner surface which is directly imposed through the natural
boundary conditions emerging in the weak form when using the divergence theorem on the
divergence of stress. Eventually the macroscopic stress can be expressed in terms of the porosity
as σ i j =

1−φ

|Ω|
∫

Ω
σi jdV ≈= 1−φ0

|Ω|
∫

Ω
σi jdV . Note that in this relation, the porosity is taken as the

initial value, with the assumption that the deformations of the REV are small for our material
close to rigidity. In order to visualise the yield surface of the material, we are particularly

interested in the Von Mises stress of the material, defined as q =
√

3
2σ i jσ i j and the mean stress

p = σ ii.

5.1.3 Numerical simulation

We solve the problem presented in Sec. 5.1.1 using the Finite Element simulator described in
Part I. For this purely mechanical exercise, the system of equations reduces to the momentum
balance equation, which is solved without external forces (gravity).

Compared to Gurson’s semi-analytical derivation of the yield surface equation, the only way
for us to determine the yield surface of the material is to follow the experimental procedure.
Multiple loadings of different stress paths are simulated until they reach the limit load that marks
one point on the yield surface on the material. The full surface can then be interpolated from all
the different points gathered.

In order to map the yield surface in the p− q space, we need to impose different stress
paths while still respecting a homogeneous macroscopic rate of deformation to comply with the
Hill-Mandel condition. We choose to follow the loading function used by Fritzen et al. (2012)
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Table 5.1 Different combinations of α and β values that correspond to loading paths of different
triaxiality ratios following Eq. 5.4. The loadings vary from pure shear on the left to isotropic
extension on the right.

Alpha 1 1 1 1 1 1 1 0.5 0
Beta 0 0.05 0.15 0.25 0.35 0.5 0.75 1 1

analysis and have the velocity imposed on the sphere expressed as:

vx = ε̇0(α +β )x, (5.2)

vy = ε̇0(−α +β )y, (5.3)

vz = ε̇0β z (5.4)

with ε̇0 the reference loading strain rate and α and β parameters controlling the triaxiality of
the stress path, governed by the ratio α

β
. The different combinations of α and β used to map the

yield surface, from pure shear to isotropic extension can be found in Table. 5.1. Note that we
take ε̇0 > 0 in order to focus our study on the yielding in extension as Gurson did.

As mentioned in Sec. 5.1.2, it is important to verify first that the Hill-Mandel condition
holds, which is done by computing separately and comparing the (integrated) microscopic and
macroscopic contributions of Eq. 5.1. We use the setup described above with a prescribed α

and β . Fig. 5.2 shows a perfect superposition of the results, which confirms the validity of the
numerical approach.

The next numerical aspect to check is the impact of the mesh discretisation on the results. We
perform therefore a mesh sensitivity analysis by running the same simulation as above on various
meshes of increasing density from 12,738 up to 871,038 degrees of freedom. Fig. 5.3 compares
the relative error obtained on the limit load value of both invariants of the macroscopic stress, p
and q by comparing those values for a given mesh with the corresponding value obtained on the
biggest mesh. The results show the expected convergence of both invariants with respect to the
mesh size. For the following simulations, we select the mesh with 489,702 degrees of freedom,
for which the relative error on p and q remains below 0.2% (see Fig. 5.1).

Having verified the numerical approach, we perform the triaxial extension simulation for
each α and β combination shown in Table. 5.1. Fig. 5.4 shows that for every simulation, both
the macroscopic mean stress and Von Mises stress converge to limit load values before the
normalised time reaches one.

The limit load values of p and q (at t = 1) from all simulations are then plotted on Fig. 5.5
as separate points in the p−q space to indicate the yield surface obtained numerically for this
hollow sphere. The results are then compared with Gurson’s yield criterion, derived through
limit analysis and expressed as

q2

σ
2
0
+2φcosh(

3
2

p
σ0

)−1−φ
2 = 0 (5.5)
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Fig. 5.2 Comparison during a prescribed loading of the hollow-sphere of the two energies defined
in Eq. 5.1, local (microscopic) and macroscopic, normalised to their range of values. Note
that the purpose of the figure is to show the perfect superposition of the two curves that proves
Hill-Mandel condition is respected.
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Fig. 5.3 Mesh convergence of respectively the mean (left) and Von Mises (right) stress for the
hollow sphere under the loading conditions of Eq. 5.4 with α = 0.5 and β = 1. The error is
plotted against the number of degrees of freedom (DOF) of the mesh.
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Fig. 5.4 Mean (left) and Von Mises (right) Stress vs loading time for the hollow sphere of Fig. 5.1,
following the loading paths obtained for all couples (α , β ) in Table. 5.1. The graph on the
left-hand side goes from pure shear to isotropic compression from the bottom to the top and the
other way around for the graph on the right hand side.

The whole exercise is repeated for a different value of porosity of 12.5% and the results are
also plotted on Fig. 5.5.

For both scenarios (φ = 30% and φ = 12.5%), fig. 5.5 shows reasonable matches between
our numerical results and Gurson’s upper bound approximation, with Gurson’s curve naturally
falling above the yield envelope computed numerically. Given the numerical precision of our
results (see Fig. 5.3), the difference between both curves even allows us to quantify the (relatively
constrained) approximation error coming from Gurson’s upper bound approximation of the
dissipation, since the full numerical simulations computed the exact yield surface within a very
strict numerical tolerance.

Note that the porosity has a weakening effect on the material for any stress path in the p−q
space. Even in pure shear, Fig. 5.11 shows that, when following a vertical stress path from the
origin, the porous material does not reach the value of 100 MPa input as the yield strength of the
matrix.

5.2 Lower yield

After the analysis in Sec. 5.1 of an upper value of the yield, we can now study a lower value
by selecting a different definition from the McGraw-Hill Dictionary of Scientific and Technical
Terms: (yield) "That stress in a material at which plastic deformation occurs". This definition
leads indeed to a lower bound as it focuses on the onset of plasticity, a concept more relevant
from a mathematical point of view than an experimental perspective. This threshold is indeed
nearly impossible to track experimentally on real geomaterials as it is can be reached for a
minimal stress value when a single minuscule part of the sample stops behaving in an elastic
manner. Such events could be absolutely imperceptible in samples with heterogeneities (Desrues
et al., 2017a), which is the case for rocks. This case study remains interesting nonetheless, not
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𝜙 = 30%

𝜙 = 12.5%

Fig. 5.5 Yield surface of the hollow sphere in the p−q space for two different porosities φ=30%
and 12.5%. The results of our simulation are compared with Gurson’s yield criterion.

just from a theoretical perspective but also to get an estimate of the admissible range of yield
envelopes that could be obtained with any existing or new definition. Note that it can be used by
itself for the development of macroscopic elastoplastic constitutive models of foams (Daxner,
2010), where the homogeneous nature of the material makes the lower yield more relevant to be
used as a macroscopic yield surface.

Contrarily to the experimental viewpoint, the occurrence of the first irreversible deformation
in the material is easy to compute numerically, with the timing of the event determined by the
first element of the mesh that enters plasticity. In our hollow sphere model, since the pore acts as
a weakness for the material, the stress concentrates around the pore and the first element to enter
the plastic regime will therefore be located on the inner spherical surface of the model for any of
the admissible loading paths considered. For this reason, the mesh used to determine this lower
yield is modified from the one shown in Fig. 5.1, keeping the same number of elements but with
a different radial distribution of element thicknesses, with finer elements towards the centre of
the sphere to capture the onset of plasticity more precisely.

The results are plotted on Fig. 5.6a, which shows that this lower yield surface has a different
shape from Gurson’s. While the behaviour is similar for shearing stress paths, the lower yield
surface becomes almost linear in p−q for loadings that are more isotropic.

5.3 Experimental yield

The upper and lower values of the yield identified in Sec.5.1 and 5.2 are particularly useful
as they provide bounds in between which any other definition of yield will fall. For practical
purposes, however, experimentalists rely instead on the third definition of the yield stated in the
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(a) Plotted in the p−q space.
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Fig. 5.6 Lower yield surface for the hollow sphere of porosity φ=30% obtained under the loading
boundary conditions of Eq. 5.4 for various triaxial ratios.

introduction of this chapter, (yield strength) "the stress at which a material exhibits a specified
deviation from proportionality of stress and strain".

This definition, which assumes that the material behaves linearly in elasticity, is more
subjective than the previous two since the deviation from proportionality cannot be determined
in a unique manner on real measurement data. This experimental yield is usually identified
graphically on the stress-strain curve and it requires the specification of an ad-hoc strain threshold
X , given by ASTM standards and typically of 0.1, 0.2 or 0.5% (ASTM E8/E8M-16a, 2016).
An offset method, often called X% proof stress (Ross, 1999), then determines the yield as the
intersection of the stress-strain curve with a line parallel to the initial linear-elastic part of that
stress-strain curve, shifted by the amount of strain X (see Fig. 5.7).

Since our virtual material is taken as extremely rigid and does not correspond to any ASTM
standard, we will consider an arbitrarily small offset of 0.04% of plastic strain of deviation. The
identified experimental yields for several loading paths on the hollow sphere are reported on
Fig. 5.8b.

5.4 Energetic yield

As useful and widespread as the experimental yield is, its determination method remains empirical
and dependent on an arbitrary threshold value. From a modelling perspective, it is therefore
interesting to investigate other potential indicators marking the transition between elasticity
and plasticity. Given the critical role of the energy in the framework presented in Part I, it is
particularly attractive to identify an energetic transition, as elasticity stores energy, whereas
plasticity dissipates energy. Indeed, a clear regime transition can be observed on Fig. 5.2 at
approximately 0.0075 normalised time. In this specific case, the transition can be determined by
the location of the maximum of the derivative of mechanical work as a function of loading time
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Fig. 5.7 Figure showcasing the offset method to determine the X% proof stress. Modified from
Ross (1999).
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(a) Plotted in the p−q space.
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Fig. 5.8 Experimental yield surface for the hollow sphere of porosity φ=30% obtained under the
loading boundary conditions of Eq. 5.4 for various triaxial ratios.
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Fig. 5.9 Derivative of the energy with the loading time vs loading time for various loading paths.
The energy is defined as the macroscopic stress tensor contracted with the macroscopic strain
tensor. The maximum is achieved for higher values the closer we get to an isotropic extension.

which corresponds to the maximum of mechanical power dissipated. Fig. 5.9 shows that this
maximum actually does exist for each loading path ranging from pure shear to isotropic loading
for our problem at hand.

We propose therefore to use this indicator – when it exists – as an energetic yield, which is
plotted in the p−q space in Fig. 5.10a. It is quite reassuring to see that this surface matches
rather well with the experimental yield surface, at least in the regimes closer to pure shear.
This means that in cases of uniaxial experiments, for instance, the experimental yield is also
energetically meaningful. For regimes in compaction closer to isotropic compression, however,
the link becomes looser and the experimental yield no longer tracks the same energetic transition.

5.5 Summary of the different yield surfaces derived

The previous sections have shown that considering a unique yield point is a misconception for
porous materials. Various definitions lead to different envelopes in the p−q space and Fig. 5.11
superposes the four envelopes derived from the definitions considered so far. As mentioned
previously, Gurson’s upper bound limit load analysis (see Sec. 5.1) provides the upper yield,
an upper bound to all possible yield envelope, while the theoretical definition (see Sec. 5.2)
provides the lower yield, a corresponding lower bound. We see indeed that all other curves, like
the experimental yield (see Sec. 5.3) and energetic yield (see Sec. 5.4), fall indeed in between.

The criterion for selecting a given yield surface has to be established for the specific motive
behind the determination of this material property. For instance, most modellers use the yield to
fit stress-strain curves and therefore the experimental yield becomes particularly useful because
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Fig. 5.10 Energetic yield surface for the hollow sphere of porosity φ=30% obtained under the
loading boundary conditions of Eq. 5.4 for various triaxial ratios. Results are superposed with
the ones obtained in Fig. 5.8.
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Fig. 5.11 Different yield surfaces considered in this contribution plotted in the p−q space for
the hollow sphere of porosity φ=30%.
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that yield point accounts for the homogenisation of all processes occurring at the scale of the
sample. Nevertheless, the other definitions also present their advantages and the list considered
here is by no means exhaustive. Christensen (2007), for example, derived a yield criterion based
on the maximum of the second derivative of stress with respect to strain, which characterises
the inflexion point in the elasto-plastic transition. We could also mention the approach from Lin
et al. (2019) who are inverting for a yield closer to the lower yield from experimental data.

The respective shapes of the four yield envelopes plotted on Fig. 5.11 also provide some
interesting information. We observe that only the upper and energetic envelopes seem to be
scaled one from another. This indicates some consistency between the two approaches based
on energy considerations. The difference in shape with the other two curves also highlights
that one must be careful when using a given yield envelope for another purpose than originally
intended. Simple scaling coefficients are not necessarily enough to transform one yield curve
into another. For example, the lower yield exhibits a quasi-linear relationship for stress paths
close to isotropic compression, whereas all other curves remain elliptic. It is also worth noting
that, while the experimental yield is larger than the energetic one for low mean stresses (pure
shear), those two curves intersect each other and the energetic yield is above the experimental
yield for deformations with stronger volumetric components. Hopefully, the comparison between
those four curves will serve as a stepping stone to identify translating relationships between the
various yield curves in the future.

A critical result, highlighted by Fig. 5.11, is that the presence of porosity in a pressure
insensitive material causes it to become pressure sensitive and exhibit a cap in compression,
regardless of the yield surface considered. As a historical anecdote, this cap was discovered by
von Kármán in 1910 (Döhne and Von Kármán, 1912) using the first triaxial machine as he wanted
to test the validity of the Mohr failure envelope (Mohr, 1900) on marble expecting a monotonous
function of shear strength with respect to pressure. Despite its very low porosity the marble
displayed nonetheless a compression cap at very high confining pressures. This fundamental
point highlights, as Green (1972) or Gurson (1977) pointed out, that all natural materials, which
are porous to some extent, will be subject to compaction caps. Interestingly at the early stage of
subsurface exploration, the cap was hardly ever observed because the confinements were still
low at shallow depth of operations. Therefore, modellers commonly used open yield surfaces
such as Tresca or Mohr-Coulomb. With subsurface exploration moving deeper to higher pressure
environments, compaction caps are observed more frequently and modellers turn towards closed
surface models like the modified cam-clay model (Roscoe and Burland, 1968) for instance.

5.6 Validation on 3D printed material

The previous sections showed explicitly the influence of porosity on the yielding of a material
with the simplest microstructure, made of a single spherical pore. By taking a virtually ideally
plastic material, the relationships extracted can indeed be attributed solely to the microstructure
without any interfering influence of any other material properties. That analysis was an important
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Fig. 5.12 Ultimaker 3 at the Innovation co-Lab of Duke University.

first step which allowed us to identify four different definitions of yield and observe their
differences in terms of yield envelopes.

We aim now to verify how the understanding gathered above holds for physical materials, by
complementing our theoretical analysis with an equivalent experimental study on a real material.
To reach this objective, we run compression tests on a sample with an internal spherical void, like
the hollow sphere geometry of Gurson shown in Fig. 5.1. In order to obtain a perfect control of
the internal geometry of our sample, we reach out to 3D printing for the creation of our samples
as it is arguably the best technique available.

3D printing is a revolutionary technique which is progressively impacting every engineering
discipline, from printing planes in aerospace engineering (Marks, 2011) to printing organs with
organic tissues in bioengineering (Mironov et al., 2003), to cite only a few of a long list of
achievements. Its penetration in various fields remains disparate and in geomechanics, like
many other areas, 3D printing is only beginning to transition from visualisation (see review from
Melis et al. (2018)) to functional purposes. As such, work on characterisation of the mechanical
behaviour of the printed material remains necessary to better understand, in turn, the mechanical
response of printed parts (see review from Popescu et al. (2018)). Since no accepted mechanical
constitutive model exists for 3D printed materials, we conduct our own analysis of the 3D printed
material and propose an elasto-plastic model for it. The following section describes our printing
and testing procedure before suggesting a model for the 3D printed material in the last section.

5.6.1 3D printing and mechanical testing procedure

In recent years, many 3D printing methods have been made available (see review from Dizon
et al. (2018)). Without loss of generality we choose to work with the standard Fused Deposition
Modeling (FDM) on the Ultimaker 3 machines of the Innovation co-Lab of Duke University,
as shown in Fig. 5.12, with a nozzle of 0.4mm diameter. The machine offers the possibility to
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print multiple materials (see exhaustive list1 from the manufacturer), with polylactic acid (PLA)
and acrylonitrile butadiene styrene (ABS) two of the most commonly used in mechanical testing
of 3D printed materials (Dizon et al., 2018; Popescu et al., 2018). Without any preferences, we
choose to work with PLA.

Many of the printing settings influence the mechanical properties of the printed sample, as
can be seen in the extensive review of Popescu et al. (2018) and the references therein pointing
to studies on the influence of slicing parameters, building orientation and temperature conditions.
It is therefore important to keep those parameters constant for consistency purposes between
all samples preparation. Starting from the default settings of the 3D printer, we keep the infill
density at 100% in order to have a non-porous matrix material. For the building orientation,
the samples are printed vertically and each layer is printed with a rotation of 90 degrees from
the previous one in order to reduce the anisotropy of the printing that you would obtain when
stacking directly the filaments on top of each other. For the temperature conditions, we follow
the recommendation of the Ultimaker 3 user manual for PLA2 for the extruder’s temperature at
200ºC and the one of the bed table at 60ºC. For the slicing parameters, the wall/shell thickness of
the sample is taken to be equal to the layer height in order to be printed with a single filament in
size. Finally, the printing speed is set to 30 mm/s which produces a sample of good quality.

All the compression tests presented in this contribution were performed on the HM3000.3F
load frame (see Fig. 5.13), manufactured by Humboldt Mfg. Co., with a maximum loading
capacity of 50 kN. In order to measure the stress on top of the sample, we use the HM-2300.100
S-Type load cell (see Fig. 5.13), which has the same load capacity as the machine and is also
manufactured by Humboldt Mfg. Co. The strain is measured directly from the speed of the load
plate and it was verified that the deformation of the load cell, which is taken in account with this
method, had a negligible effect on the results.

An important parameter to choose for compression tests is the ratio of height to diameter
of the cylindrical samples, as various size ratios lead to different modes of deformations; an
exhaustive list can be found in Kuhn and Medlin (2000) and is reproduced in Fig. 5.14. The
two particular modes to avoid are barrelling on one end of the spectrum and buckling on the
other. Barrelling, as its name implies, is the distortion of the specimen in a barrel shape during
compression, as visualised on the 1:1 size ratio sample of Fig. 5.15a. It is promoted by low size
ratios and primarily caused by the frictional contact on the faces of the sample in contact with
the press, which restrains the lateral movement of those boundary conditions. Using lubricants
at the contact reduces this effect, although it does not work for large strain/stress (Banerjee,
1985). Buckling is a mode of failure that refers also to the shape that the specimen deforms in,
as visualised on the 2:1 size ratio sample of Fig. 5.15c. It is characterised by an unstable lateral
material deflection and appears predominantly for elongated samples, i.e. with high size ratios.
The phenomenon can be reduced by a perfect flatness, parallelism, and perpendicularity of both
the sample and the loading plates, even though those conditions do not prevent systematically

1http://ultimaker.com/materials
2http://ultimaker.com/en/resources/22225-how-to-print-with-ultimaker-pla

http://ultimaker.com/materials
http://ultimaker.com/en/resources/22225-how-to-print-with-ultimaker-pla
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Fig. 5.13 Load frame and load cell used for the uniaxial compression testing in this contribution.
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Fig. 5.14 Possible deformation modes in compression, figure modified from Kuhn and Medlin
(2000).
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Fig. 5.15 Displacement fields for deformed sample of different size ratios. The displacement
fields were obtained by Digital Image Correlation, using the evolution of speckle patterns spray
painted on the sample.

the occurrence of buckling. Since both of those deformation modes result in non-uniform strain
and stress distributions, we therefore try to avoid them to obtain representative results. We
found out that buckling was considerably reduced for size ratios under 2:1 which is also the
recommendation of the ASTM standards mentioned in Kuhn and Medlin (2000) for controlling
this deformation mode. Eventually we choose to test samples with a size ratio of 1.5:1 in order
to avoid promoting barrelling for lower ratios. Comparison tests on the effect of lubricant on
such samples showed no noticeable difference and all tests presented below were therefore
conducted without any lubricant. We note that for every size ratio sample, a shearband is created
during compression. The shearbands are visualised as a superposition to the different modes of
deformation on Fig. 5.15 or isolated on the photo of Fig. 5.16.

For a given size ratio of the samples, the absolute size itself plays a non-negligible role.
Compared to injection moulding that creates a sample made of pure homogeneous material, the
3D printing method introduces a notion of internal length scale related to the filament diameter,
which is also the layer height in the printer setting. Since the filaments are not fused perfectly,
there exist some void gaps between them which results in a global micro-porosity of the printed
material. Huang et al. (2015) measured that this porosity could amount to as much as 4%. This
micro-porosity could explain the discrepancy observed between mechanical response of PLA
samples printed and moulded (Ahn et al., 2002; Divyathej et al., 2016). From our full numerical
study previously, we understand that, for this reason, it is necessary to test the mechanical
response of the 3D printed PLA. In order to have representative and reproducible results, we
need to achieve a good scale separation between the filament size and the sample size. In other
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Fig. 5.16 Visualisation of the shear band of the 1.5:1 size ratio sample of Fig. 5.15b at 20% strain
under red light.

words, we need to print a sample above the REV size of the 3D printed PLA. We make the
hypothesis that this is achieved with a sample of diameter 22 mm and height 33 mm, considering
a filament size of 0.1 mm, and we will verify this assumption after the results obtained.

One last possible parameter which could influence compression tests on 3D printed samples is
the time elapsed between the impression and compression of the samples. One can indeed wonder,
with the heat treatment that the polymer receives during the printing process, if there is a needed
relaxation time for a sample to reach a static steady state once the impression is finished. In this
regard, a study from 3D Matter (2015) measured that the peak stress of the material increases
with time after printed until it reaches a steady value after 3 days approximately. To verify and
complete this analysis, we test this theory on the whole stress-strain response of our samples. The
specimens are left next to the machine in the Multiphysics Geomechanics confined laboratory for
different periods of time after they are printed. Note that the temperature and relative humidity
are monitored to be constant at respectively 22±2°C and 58.8%. Fig. 5.17 shows the resulting
stress strain curves for different times of relaxation. We observe no difference between the
curves and can infer that the relaxation time has no influence on the mechanical behaviour of
our samples. In addition, it is important to note the good superposition in Fig. 5.17 of the large
number of curves produced for this study, demonstrating the high level of reproducibility of
experiments on 3D printed samples, which cannot be easily achieved when testing rocks. This
reproducibility also validates our assumption that the selected sample size is above the REV size.

5.6.2 Proposed experimental protocol to measure the macroscopic yield

Sec. 5.4 had defined a new indicator to get the value of the macroscopic yield. In this section, we
verify the theory for real experiments and suggest a new experimental protocol to measure the
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Fig. 5.17 Stress strain curves of non-porous cylindrical samples of 3D printed PLA for different
relaxation times. 0 days means that the sample was tested just after being printed. 4 different
curves correspond to 5 days of relaxation.

macroscopic yield. We specifically use the data of one the previous tests performed for Fig. 5.17
to demonstrate the method.

Sec. 5.4 showed that we could define the macroscopic yield energetically as the stress corre-
sponding to the maximum of mechanical power dissipated. In the case of uniaxial compression
where only the compressive stress is non null, the expression of the mechanical work reduces to
ε11σ11. The power dissipated by this work can be derived by taking the derivative in time of the
mechanical work, whose maximum can then be reported on the stress-strain curve, as showcased
in Fig. 5.18.

The derivative can be roughly but directly obtained on the raw data by doing a discrete
differentiation of the data. However, if the result has too much noise to be able to measure an
unambiguous maximum, like in Fig. 5.18 for instance, we advise to apply numerical processing
to obtain a smoother curve. Particularly in the case of Fig. 5.18, we fit a polynomial function of
degree fifty on the experimental curve of mechanical work and can therefore obtain the smoother
derivative shown in Fig. 5.18.

For this 3D printed full cylinder of PLA, we obtain a value of the energetic yield at 74.5 MPa.
In comparison, the offset method of 0.1% strain currently used by experimentalist gives a value
of 78 MPa, just a bit higher on the stress-strain curve as seen in Fig. 5.18. Once again, we would
like still to point out that this ’offset method is dependent of an arbitrary threshold.’
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Fig. 5.18 Mechanical power dissipated during with loading time.
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Fig. 5.19 Stress strain curves of uniaxial compression of 3D printed full cylinders of PLA. Our
suggested elasto-plastic model is superposed to the curves and determined by three parameters:
the slope of the linear elastic part, the yield value, and the limit load.

5.6.3 Mechanical model for 3D printed PLA

In this section we propose an elasto-plastic model to fit the stress-strain curves, plotted in
Fig. 5.19, of the PLA cylinders printed as described in Sec. 5.6.1.

We can observe on that figure that the material does not behave in a linear elastic manner
at first but rather displays a non-linear phase due to strain measurement errors (Jardine et al.,
1984) (e.g. bedding error). Relatively quickly, however, the material follows a linear elastic
response once the top stress value reaches a threshold of approximately 5 MPa, as seen on
Fig. 5.19. In order to remove the inconsistent bedding error and have the elastic part of all curves
superposed for assessing the reproducibility of the results, we shift the origin of vertical strain of
each stress-strain curve so it corresponds to the stress value of 15 MPa, a safe arbitrary value of
above which linear elasticity is fully observed.

As can be seen on Fig. 5.19, the elastic properties are extremely consistent between all
samples as the elastic parts of the curves completely superpose. We can then measure a Young’s
modulus of 1375 MPa on the curves of Fig. 5.19 since the Young’s modulus of the material is
directly given by the slope of the elastic part in uniaxial compression. Since Poisson’s ratio does
not play a role in uniaxial compression, we do not measure it and assume the value reported in the
literature of 0.45 for our numerical model, as the material is known to be quite incompressible.
Note that despite the value being close to 0.5, the limit of incompressibility, no numerical
instabilities were observed in the results.
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Fig. 5.20 Stress strain curves of uniaxial compression of 3D printed PLA cylinders under different
loading rates.

As a polymer, PLA naturally remains viscoplastic after the printing process, as can be seen
on Fig. 5.20 which shows the different responses obtained for varying loading rates. It is worth
noting that the expected viscoelasticity of the PLA was not observed as the elastic part of the
curves of Fig. 5.20 are superposing even at different loading rates. Since this contribution is not
focused on quantifying the rate-dependency of the material, we select an arbitrary loading rate of
0.08mm/min for all experiments in this contribution.

The plastic part of the curves in Fig. 5.19 is decomposed in three different phases: Past
the end of elastic behaviour, the material is hardening, which is due to the viscoplasticity of
the polymer, until the peak stress is reached; after the peak stress, the material experiences
softening, arguably from the shearband forming; eventually, the material converges to a limit
load. Note that the curves on Fig 5.19 do not display a limit load per se as the stress increases
again at large strains. The reason is that the sample is compressed above an amount of strain
at which the top surface of the sample starts increasing due to the shearband, as can be seen on
Fig. 5.21. As a result, even though the stress might have converged to a steady value, the load
is increasing because the surface on which the stress is applied enlarges. Due to the technical
difficulty to properly take this change of surface area into account, the stress plotted is calculated
by accounting for the initial top surface area only, which can therefore not capture the eventual
hardening at large strains. For this reason we decide to disregard the last part of the curves where
the load increases and consider for the value of limit load the minimum value of stress achieved
after softening.

Our contribution focuses on the influence of the microstructure on the material yield. For this
reason, we do not necessarily need to capture in the model the parts of the stress strain curves
that corresponds to the intrinsic behaviour of the material, i.e. the hardening from viscoplasticity
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Fig. 5.21 Top view of cylinder compressed at large strains. Contacting surface has increased
non-uniformly on the left side from initial surface highlighted in white.

and the softening from shearbanding. We focus instead on the two end points of the plastic
behaviour: the macroscopic yield which corresponds to the onset of plasticity, and the limit load.
Fig. 5.19 shows the calibration of the plasticity model for the 3D printed PLA with a value of the
macroscopic yield measured at 78 MPa with the protocol of Sec. 5.6.2 and the value of the limit
load at 55 MPa.

Note that the model selected here is only suggested for the specific printing settings with the
testing procedure detailed in Sec. 5.6.1 and may not be applicable with other parameters as we
have shown – non-exhaustively – that many parameters influence the mechanical properties of
the printed PLA.

5.6.4 Forward prediction of the microstructure influence on PLA yields

The objective of this section is to verify that our numerical model is able to determine the
influence of the microstructure on the yield points of a real material as it was showcased in
Sec. 5.5 for an ideal material. In order to so, we verify if the numerical model can correctly
predict the yielding of printed PLA sample with a specific microstructure. Specifically, we
simulate numerically a uniaxial compression test on cylindrical PLA samples with the same
internal geometry as in Sec. 5.1.

Because the model presented for the printed PLA in Sec. 5.6.3 focuses only on the two end
members of plasticity and does not model the hardening and softening behaviour that happens in
between, we are only looking at the evolution of those two points. In order to get the evolution
of each yield point we model the plastic behaviour separately with an ideal J2 material as it is
defined by our single parameter of interest, the yield point. Each simulation is run using the
same model with respectively the energetic yield and the limit load value as input parameters
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Fig. 5.22 Forward prediction of elasticity and characteristic plastic points of 3D printed PLA
cylindrical samples with spherical void of varying normalised diameter: 0.6 in red and 0.7 in
blue.

for plasticity. The value of the macroscopic yield of the porous system is measured using the
protocol of Sec. 5.6.2 on the results of the first simulation. The value of the limit load is retrieved
by taking the limit load value of the second simulation. Each computation is performed for
two geometries of different hole diameter (normalised to the cylinder diameter), 0.6 and 0.7,
meshed with second order tetrahedra. The results are displayed in Fig. 5.22, following the layout
introduced in Fig. 5.19.

In order to validate the results of the numerical model, we run experimentally the equivalent
uniaxial compression on 3D printed PLA samples that gives the exact behaviour of the porous
material.

Compared to Sec. 5.6.3, the cylinders printed for this section contain a spherical void of
varying diameter at their centre, which will collapse in plasticity. Due to the FDM principle of
printing, the molten filament is deposited vertically on the sample, which makes it impossible
for this technique to print correctly any overhanging part with an angle greater than 45º. Un-
fortunately, this is the case of the spherical void with the overhang going to 90º at the top of
the sphere. To help the printing, FDM usually relies on printing under these overhangs some
support structure that the user can remove after the print is finished. However, our overhang is
fully enclosed in the structure so we would not be able to remove such a support structure and
keeping it in place would increase artificially the resistance of the system. We decide therefore to
print without any support structure and the resulting print is photographed in Fig. 5.23. We can
see that the print remained acceptable, even though the quality is definitely affected. Fortunately,
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Fig. 5.23 Visualisation of the printing quality of the top of the spherical void of the hollow
cylinder. Half of the cylinder was printed for visualisation purposes and the sample is displayed
upside down.

during the mechanical compression, this top part of the sphere is the location which experiences
the minimum of stress overall, so this quality of printing is suitable for our purposes.

The experimental results are plotted in Fig. 5.24 for two different sphere diameters, similarly
to the numerical study, with each test repeated two times for reliability reasons. The good super-
position of all curves shows that the results of hollow cylinders experiments are as reproducible
as the full ones. The curves for the porous cylinders display sequentially a hardening and a
softening phase, before converging to a limit load. As a reminder, an eventual hardening occurs
artificially due to the increase of the surface area of contact, which is disregarded. All in all, the
mechanical behaviours of the porous samples are very similar to the one for a full sample but
with a lower and faster transition to plasticity as porosity increases. The modes of deformation,
however, are different, as visualised in Fig. 5.25b. Due to the presence of the weaker sphere
in the centre, the deformation localises in that area and results in a pore collapse, whereas the
deformation of the full sample remains homogeneous.

The comparison of the numerical and experimental results of Fig. 5.24, quantified in Ta-
ble. 5.2, shows that the simulation is matching closely the two properties of plasticity considered:
the energetic yield and the limit load value. Interestingly, this perfect fit, observed in Fig. 5.24,
demonstrates that the influence of the microstructure on a real material’s yield could be retrieved
even with an idealised model without taking into account the intrinsic behaviour of the real mate-
rial. Particularly, we showed in this section that the influence of the microstructure on the yield
is independent of the hardening and softening behaviour of our 3D printed PLA. This conclusion
highlights the potential of the numerical approach to extract the impact of the microstructure on
the yield despite an idealised modelling of the material.
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Fig. 5.24 Stress strain curves of uniaxial compression of 3D printed cylinders of PLA containing
a spherical void of different normalised diameter: 0.6 in red and 0.7 in blue. The results of the
simulation using the model of Sec. 5.6.3 are superposed to the experimental results.

(a) before plasticity (b) after substantial plastic deformations

Fig. 5.25 Photos of a hollow cylinder, printed with semi-transparent PLA, in front of red light at
two different stages of an uniaxial compression.
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Table 5.2 Mechanical properties measured for the experimental and numerical results of the
uniaxial compression of hollow cylinders.

Void diameter (normalised) 0.6 0.7
Specimen number exp 1 exp 2 simulation exp 1 exp 2 simulation
Young’s modulus (MPa) 1215 1181 1113 1123 1122 964
Energetic yield (MPa) 49.30 47.34 49.59 36.88 37.58 39.75
Limit load (MPa) 40.85 39.78 40.30 31.3 31.51 31.50

The advantage of studying the single pore compared to any arbitrary structure is that this
geometry was designed as an idealised REV of a real rock microstructure. Therefore, our
study should in principle be representative of one conducted on a real rock microstructure,
which is confirmed by the fact that Gurson’s theory on the hollow sphere is able to fit real data
(Springmann and Kuna, 2005; Xie and Shao, 2006). We can therefore propose the hypothesis
that our approach should be able to predict correctly the influence of the microstructure on the
yielding of any given material, which is put to the test in the next section.

5.7 Application to real microstructure geometry

After the theoretical study on an idealised microstructure of a single spherical pore (Sec. 5.1-
5.5) and its experimental validation (Sec. 5.6), we can eventually move our focus to a real
rock microstructure and determine its influence on the rock’s yield. As seen previously, two
approaches are possible to do this analysis, numerically and experimentally. Both are detailed
and compared below.

5.7.1 Experimental approach

In order to determine the rock’s yield from its microstructure, we run a uniaxial compression
laboratory experiment on a 3D printed reconstituted rock microstructure. The original rock
selected is a 0.5 mm3 subsample of the Berea sandstone from the Imperial College Consortium
On Pore-Scale Modelling (2014a). This geometry is first meshed using the method of Sec. 4.1.3
and then converted to an STL file format in order to be processed by the Ultimaker 3 machine
for printing. The printer settings are detailed in Sec. 5.6.1 and the sample is printed as a cube of
22 mm3 size. The quality of the printed sample is quite remarkable in terms of details, capturing
very well the overall complexity of the original rock, even though the quality of the print remains
imperfect, as can be seen in Fig. 5.26-5.27, due to the 45º limit of any overhang discussed in
Sec. 5.6.4.

Five printed samples are then tested in uniaxial compression following the experimental
procedure of Sec. 5.6.1, with a loading speed of 0.08 mm/min. The results are plotted in Fig. 5.28.
The resulting stress strain curves, plotted in Fig. 5.28, all have the same general shape, including
the same elastic properties and plastic hardening, but noticeably different values of experimental
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(a) (b)

Fig. 5.26 Side face of the printed microstructure (a) compared to the digital rock (b).

(a) (b)

Fig. 5.27 Top face of the printed microstructure (a) compared to the digital rock (b).
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Fig. 5.28 Stress-strain curves of the uniaxial compression of 3D printed samples of digital rock.

yields. We can only infer that the lack of reproducibility is due to the poor printing quality
because the curves of Fig. 5.24, whose samples’ printing quality was high, superposed completely.
Compared to Fig. 5.24, the complex microstructure plays a different role than the idealised
single pore: the sample shows no softening nor limit load, but instead hardens continuously. The
complex pore network in the µCT-scan results in a very disperse pore collapse over the whole
sample that could prevent therefore an homogeneous shearband to form which would explain the
absence of softening.

Following the protocol of Sec. 5.6.2, we determine the energetic yield of the rock, as shown
on Fig. 5.29. We note that the value does not match the experimental yield, found a few MPa
below. The energetic yield is reported on Fig. 5.28 for each experimental curve. The error margin
on the macroscopic yield, of 7 MPa, is directly correlated to the difference in magnitude of the
different curves.

5.7.2 Numerical approach

In order to numerically determine the yield of this rock from its microstructure and be able
to compare the results with the experimental approach in the following section, we run the
same analysis as Sec. 5.6.4 on a digital version of that same microstructure, reconstructed from
µCT-scans and meshed following the method of Sec. 4.1.3. In order to retrieve exclusively the
influence of the microstructure on the yield, we take an ideal J2 model for the plasticity of the
matrix material as mentioned in Sec. 5.1.1. Still, for the sake of comparison, we calibrate this
model to resemble the behaviour of the printed PLA plastic, on the response of 3D printed PLA
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Fig. 5.29 Determination of the energetic and experimental yield of the 3D printed samples of
digital rock.
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(a) Stress-strain curve. (b) Deformation state at 12% strain.

Fig. 5.30 Numerical uniaxial compression of a 0.5mm3 subsample of the Berea sandstone from
the Imperial College Consortium On Pore-Scale Modelling (2014a).

cubes of 22 mm size. Eventually the elasto-plastic model selected is an isotropic linear elasticity
with a Young’s modulus of 875 MPa and a Poisson ratio of 0.45 and a yield point of 70 MPa,
calibrated on the energetic yield measured with the protocol of Sec. 5.6.2. The resulting stress
strain curve is plotted in Fig. 5.30a. We can observe that we do not reach indeed a limit load like
in Fig. 5.28.

Compared to the experimental approach, the advantage of the numerical one is that we can
determine the lower-yield of the rock following the methodology of Sec. 5.2. Interestingly we see
that the value obtained, reported on Fig. 5.30a, falls quite low on the stress-strain curve compared
to the one obtained for the hollow-sphere, shown in Fig. 5.6b. This difference falls within
our expectations because local stress concentration around the large number of heterogeneities
present in real materials lowers the lower-yield and in comparison, the ideal hollow sphere
geometry, without any heterogeneities, results in a unrealistically high value. Since the lower-
yield does not represent any visible change of behaviour in the stress-strain curve, as we can
see in Fig. 5.30a and even Fig. 5.6b, this is rarely the one measured in reality because, despite
abiding to one of the possible definitions of yield (Parker, 2003).

5.7.3 Comparison of the two approaches

We can see that the curves obtained with both approaches, superposed in Fig. 5.31, are matching
qualitatively as they all display a similar shape. However, the porous material appears to be
stiffer and stronger (higher macroscopic yield) with the experimental approach. This could be
explained by the reinforcement of the structure due to the existence of artificial bridges between
pores that were created during the imperfect printing process. A µCT-scan of the printed sample
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could possibly validate and quantify this effect but, in any case, the suboptimal printing quality
adds to the incertitude of the experimental results, which brings us more confidence in the value
of elasticity and macroscopic yield determined with the numerical approach.

Despite the difference in magnitude, all curves display a similar hardening after the onset of
plasticity. At large strains (past ∼20%), however, the hardening of the experimental curves is
increasing, which is not the case on the simulated curve. This increase is easily explained by
the creation of new contacts in the sample that occur after local pore collapses. The simulation
cannot reproduce this behaviour since contacts are currently not supported in our mechanical
simulator. Numerical results are therefore unrealistic passed a certain amount of strain, denoted
by a dot on the numerical curve.

In conclusion, both approaches, experimental and numerical, proved able to determine able
to determine one of the influences of the microstructure on a rock’s yield, yet both with their
own limitations. On the one side, the printing process we selected did not produce a quality
high enough to obtain perfectly reproducible and therefore trustful results. On the other side,
the lack of contact mechanics in the numerical simulator prevented the numerical results to be
trusted at large strains. Nonetheless, those defaults remain at the technical level and one could
expect improvements on both fronts in the near future: We can use 3D printing techniques more
suited to print µCT-scans with high resolution (achieved for instance in Ishutov et al., 2015);
and MOOSE proposes a contact mechanics module (Gaston et al., 2009), but incorporating this
functionality in our numerical model remains to be done.

It is important to note that , on top of their current abilities, both these methods present some
extra capabilities which will also allow to superpose the intrinsic material behaviour of rocks
to the influence of the microstructure. On the experimental side, we refer to the technology of
powder bed and inkjet 3D printing technique that allows the creation of composite materials
made of material powder bonded with a liquid agent. This method has been used in recent
studies to replicate rocks with 3D printing (Fereshtenejad and Song, 2016; Jiang et al., 2016),
producing materials with the same brittle characteristics as rocks. On the numerical side, the
model can be extended to capture different mechanisms and better reproduce particular rock
properties. In particular, the next section showcases the extension of our mechanical simulator to
the implementation of viscoplasticity.

5.7.4 Extension of the numerical model to viscoplasticity

Following on the study of a real microstructure above, this subsection presents the extension of
the analysis to a matrix made of a more complex material. Specifically, we incorporate in our
mechanical model the finite strain elasto-viscoplastic model used in REDBACK. The full system
of equations was presented in Sec. 2.1 and the following paragraph briefly presents again the
equations required for the scope of this study.

We here use an overstress (visco)plastic formulation, as described by Poulet and Veveakis
(2016). For the simple case of the matrix modelled with associative J2 plasticity, the flow law
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Fig. 5.31 Stress-strain curves of the uniaxial compression of 3D printed samples of digital rock.

reads:

ε̇εε
p
s = λ̇

∂ f
∂σσσ s

(5.6)

λ̇ = ε̇s,re f ⟨
q

qY
−1⟩ (5.7)

In the above expressions, f = q−qY is the yield surface, qY is the yield stress of the material in
pure shear and ε̇s,re f is a reference strain rate value.

To demonstrate the role of the mechanical model used in this study we simulate the uniaxial
compression of the reconstructed LV60A (Imperial College Consortium On Pore-Scale Mod-
elling, 2014c) sandpack sample, considering for simplicity a cubic subsample of 0.6 mm3. We
consider an elasto-visco-plastic behaviour for the solid matrix with a von-Mises (i.e. pressure
insensitive) yield criterion. A constant velocity is imposed to the top face of the sample. Isotropic
elasticity is assumed and standard values for sandstone samples are used for the Young’s modulus
(10 GPa), Poisson ratio (0.3) and yield stress (qY = 30 MPa).

Fig. 5.32a shows the results of the numerical simulation in terms of stress-strain response in
solid lines, compared with the same response for a homogeneously solid cube represented in
dashed lines. Fig. 5.32b shows the deviatoric stress distribution in the subsample used at peak
stress, denoted by a star in Fig. 5.32a, showing the expected stress concentration and plastic
zones at the grains contact. We observe and confirm an important point already stated that the
pore structure induces a softening effect in the mechanical response of the sample. In addition,
an extra unloading step is performed and shows that the unloading curve deviates from linearity,



5.7 Application to real microstructure geometry 67

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030

Axial St rain

0.000

0.005

0.010

0.015

0.020

0.025

0.030

A
x

ia
l 

S
tr

e
s
s

LV60A subsample

Homogeneous cube

(a) Normalised stress-strain curve. Grey line shows
deviation from linearity in unloading.

(b) Visualisation of normalised deviatoric stress
at maximum loading time (see star symbol in
Fig. 5.32a)

Fig. 5.32 Simulation results of uniaxial test on a subsample of the LV60A sandpack from Imperial
College Consortium On Pore-Scale Modelling (2014c) of size 0.6 mm, meshed with 138,070
elements. The normalised value of von-Mises yield stress is 0.03.

suggesting a degradation of the elastic modulus of the structure due to irreversible deformation
of the pore structure, observed in the experiments of Sari (2019, Fig. 2.15-2.16).



Chapter 6

Permeability homogenisation of deforming
microstructure

Having studied the influence of the microstructure on the mechanical behaviour of the material
in the previous chapter, we now focus our analysis on its influence at the micro-scale on fluid
flow, which gets homogenised to Darcy’s law at the meso-scale though the notion of permeability.
The first section (Sec. 6.1) presents our flow simulator at the micro-scale and the method to
homogenise permeability at the next scale up. Using this framework, we then study the influence
on the flow behaviour of both mechanical deformations (Sec. 6.2) and chemical alterations
(Sec. 6.3) of the microstructure.

6.1 Flow simulator (Eulerian)

In this section, we present the underlying system of governing equations describing the flow of a
fluid through a fully saturated rock pore space. We consider a porous rock at the micro-scale
composed of a solid matrix and a pore space containing a single phase incompressible fluid.

6.1.1 Flow equations at the micro-scale

Generally, the flow in the pore space is governed by the Navier-Stokes equations (Batchelor,
2000). Given the geological applications targeted (see Part I), we can restrict the study to the case
of low-velocity flow and consider therefore the flow to be laminar. For the purpose of computing
permeability, solving the steady-state flow is even sufficient. Based on these assumptions the
system is reduced to the traditional Stokes equations. To normalise the system we introduce the
dimensionless variables

p∗f =
Lre f

µ f v f ,re f
p f , (6.1)

v⃗ f
∗ =

v⃗ f

v f ,re f
, (6.2)
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where v⃗ f denotes the fluid velocity and p f the fluid pressure in the pore space, µ f is the fluid
viscosity and Lre f and vre f are respectively length and velocity references. The Stokes system
can be expressed in dimensionless form as

− 1
Re

∇
2v⃗ f

∗+∇p∗f = 0, (6.3)

−∇ · v⃗ f
∗ = 0, (6.4)

where Re is the Reynolds number. All symbols are defined in Table 1. Eq. 6.3 expresses the
momentum balance in the case of laminar, steady-state flow, while Eq. 6.4 presents the simplified
mass balance under the assumption of incompressibility. This set of equations requires some
boundary conditions to be solved and a common approach consists in imposing no-slip at the
interface between the pore space and the grains.

Darcy-Brinkman model

Imposing no-slip boundary conditions at the pore-grain interface requires the identification
and tracking of that interface at every timestep, which can become a numerical challenge by
itself when the interface evolves in time due to quasi-static mechanical deformation or chemical
alteration of the microstructure. Fortunately, this issue can be avoided altogether using a
slightly different approach and solving for the Darcy-Brinkman system of equations, which was
introduced by Brinkman (1949) as an extension of Darcy’s law in order to be able to simulate
"the viscous force exerted by a flowing fluid on a dense swarm of particles" (Brinkman, 1949). It
can be expressed in a dimensionless form as

− 1
Re

∇
2v⃗ f

∗+
1

Re k∗
v⃗ f

∗+∇p∗f = 0, (6.5)

−∇ · v⃗ f
∗ = 0, (6.6)

where k∗ = k
L2

re f
is the normalised permeability. This system is particularly useful to simulate

flow in fractured porous media, for instance, as the usage of the permeability in the second
term of Eq. 6.5 allows an easy handling of the flow with Darcy’s law in the matrix, where the
permeability value is determined, as well as in the fractures, where the permeability would
be considered infinite, simply cancelling that term in the equation and reducing the system
to Stokes flow. The same approach can be used on a micro-scale structure, using infinite
permeability in the pore space (1015 in this contribution) and an arbitrary low but positive value
of permeability within the solid matrix (10−15 in this contribution), as the grains are considered
impermeable. This technique allows to simulate the flow within the pore space without having
to discretise the interface boundary and impose on it no-slip boundary conditions. Instead the
no-slip boundary conditions are respected automatically at the pore-grain interface delimited
only in the distribution of permeability, where it jumps from infinite to infinitesimal.
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6.1.2 Numerical Implementation

In this section, we introduce the implementation of the flow simulator used to model the fluid
behaviour within the pore space, having drawn inspiration from the early development of the
Navier-Stokes module of MOOSE (Gaston et al., 2009), now published as Peterson et al. (2018).
Both models presented in the previous section are implemented as part of REDBACK (Poulet
and Veveakis, 2016), within the FEM platform MOOSE. Compared to other numerical simulators
specifically designed to solve such flow problems, the finite element approach selected comes
at a computational price in terms of processing and memory usage, but the hybrid parallelism
of MOOSE compensates for those limitations as the code is specifically designed to run on
supercomputers, as needed in Sec. 6.1.6. The model equations (Eq. 6.3-6.4) and (Eq. 6.5-6.6)
are introduced in the numerical platform through their variational statement, also known as
weak form, which can then be solved on any provided mesh, with different mesh types being
supported.

Weak form

Given the similarities between the Stokes and Darcy-Brinkman systems, we illustrate the weak
formulation on Stokes’ problem only. The system of equations (Eq. 6.3-6.4) in three dimensions
involves four coupled variables: three variables for the fluid velocity v⃗ f (one for each spatial
dimension) and a variable for fluid pressure p f . For error consistency reasons, as stated by Hood
and Taylor (1974), we use a polynomial interpolation of second order for the velocity and first
order for the pressure. This constrains the mesh to use second order elements.

The weak form of the system is derived by introducing test functions (ψp, ψvx, ψvy, ψvz)
for each variable, which are multiplying the system in its integral form to reduce the continuity
requirements of the solution.

For the mass balance, multiplying Eq. 6.4 by ψp and integrating over the whole volume Ω

leads to the weak form ∫
Ω

ψp(−∇ · v⃗ f
∗) = 0 (6.7)

For simplicity of notation, round parentheses are used to denote volumetric integrals, (a,b) =∫
Ω

a ·b, and this weak form can then be written as

(ψp,−∇ · v⃗ f
∗) = 0 (6.8)

Similarly, the weak form of the momentum balance for i = (x,y,z) is derived from Eq. 6.3 as∫
Ω

ψvi(−
1

Re
∇

2v∗f i)+
∫

Ω

ψvi∂i p∗f = 0 (6.9)

where the Einstein notation does not apply. Using the divergence theorem to reduce the polyno-
mial order of both the velocity and the pressure variables in the residual, this equation can be
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rewritten as∫
Ω

∇ψvi ·
1

Re
∇v∗f i −

∫
∂Ω

ψvi(
1

Re
∇v∗f i · n⃗)−

∫
Ω

∇ψvi · p∗f +
∫

∂Ω

ψvi(∂i p∗f · n⃗) = 0 (6.10)

and finally, as

(∇ψvi,
1

Re
∇v∗f i)+ ⟨ψvi,−

1
Re

∇v∗f i · n⃗⟩+(∇ψvi,−p∗f )+ ⟨ψvi,∂i p∗f · n⃗⟩= 0 (6.11)

using an angular bracket notation to express surface terms for the boundary conditions ⟨a,b⟩=∫
∂Ω

a ·b.
In order to set up a pressure-driven flow, the common approach is to impose a high pressure

at the inlet and a low pressure at the outlet. However, due to stokes system formulation where the
pressure variable is essentially reduced to a Lagrange multiplier of the divergence free condition
on the velocity, no boundary conditions on the pressure can be prescribed. The pressure gradient
has to be imposed with a Neumann boundary condition of velocity at the inlet equal to the value
of the pressure gradient that needs to be imposed. One possible solution is for instance to switch
the formulation to the pressure Poisson equation (see discussion by Gresho and Sani (1987)). In
this contribution we chose a different solution that allows us to use directly Dirichlet boundary
conditions of pressure to simulate a global pressure gradient. The approach consists simply in
not integrating by part the pressure term of Eq. 6.9.

The system of equations is solved using a Newton solver, and as such the jacobian of the
system is required in order to improve numerical convergence (Gaston et al., 2009). The jacobian
formulation of Eq. 6.8 and 6.11 in its matrix form derived respectively by v⃗ f

∗ and p∗f is expressed
as

J =


(∇ψvx,

1
Re ∂v∗f x

(v∗f x∇Φvx)) 0 0 (ψvx,∂p∗f
(v∗f x∇Φvx))

0 (∇ψvy,
1

Re ∂v∗f y
(v∗f y∇Φvy)) 0 (ψvy,∂p∗f

(v∗f y∇Φvy))

0 0 (∇ψvz,
1

Re ∂v∗f z
(v∗f z∇Φvz)) (ψvz,∂p∗f

(v∗f z∇Φvz))

(ψp,∂v∗f x
(p∗f ∇Φp)) (ψp,∂v∗f y

(p∗f ∇Φp)) (ψp,∂v∗f z
(p∗f ∇Φp)) 0


where Φi denotes the trial functions for each variable. The implementation of all jacobians is
indeed essential for the convergence of a Newton scheme, however the numerical problem in this
case remains stiff and requires a good preconditioning scheme. The scheme used in this study is
detailed in the following section.

Divergence-free condition

In order to respect the divergence-free condition from Eq. 6.4 we need to ensure that the number
of velocity unknowns will be greater than the number of pressure unknowns for the equation to
be numerically consistent. This can be obtained for example by using admissible elements as
stated by the Brezzi-Babuška condition (Brezzi, 1974). Taylor-Hood elements (Taylor and Hood,
1973) respect this condition and have been shown to be more accurate that regular second-order
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elements (Huyakorn et al., 1978). In 2D these are Taylor-Hood quadrangle (QUAD9) elements,
using nine nodes for the interpolation of the flow velocity and four nodes for the fluid pressure.
In 3D these are Taylor-Hood hexagonal (HEX27) elements with 27 nodes for the velocity and
eight for the pressure. Note that the divergence-free condition can still be respected without the
Brezzi-Babuška condition by using a Petrov-Galerkin method of stabilisation that introduces a
stabilising term in the system. In this contribution we use the pressure-stabilising/Petrov-Galerkin
formulation (Tezduyar et al., 1992) or Taylor-Hood elements, depending on the application at
hand.

6.1.3 Preconditioner

The Stokes problem (Stokes, 1845) has been extensively studied (see review from Blunt et al.,
2013) already and as such a lot of research is focusing on improving the robustness of the
underlying solvers. This research field falls outside the scope of this contribution and we limit
ourselves to existing numerical solutions available in the PETSc (Portable, Extensible Toolkit
for Scientific Computation) library (Balay et al., 2016b). We are using a suitable preconditioner
to fit the block definition of the underlying system of equations, which can be written in matrix
form as (

A B
BT 0

)(
v⃗ f

∗

p∗f

)
(6.12)

with
A
[
v⃗ f

∗](ψ) = (∇ψ,
1

Re
∇v⃗ f

∗)

B
[
p∗f
]
(ψ) = (∇ψ, p∗f )

BT [v⃗ f
∗](ψ) = (ψ,∇ · v⃗ f

∗)

The matrix in Eq. 6.12 presents a saddle point problem since the mass balance equation does
not depend on fluid pressure, leading to zero entries on the diagonal. As a result it is numerically
challenging to solve without adapted preconditioning. Following Elman et al. (2008), the Schur
method is used to precondition the system. We follow a prescribed solution from Balay et al.
(2016a) and use a Jacobi preconditioner for the fluid pressure subsystem and the algebraic
multigrid method (BoomerAMG (Henson and Yang, 2002)) from HYPRE for the fluid velocity
subsystem.

6.1.4 Verification of flow simulator

To test the validity of the flow simulator presented in this section, we present some benchmark
applications, including the Poiseuille flow in a tube and some permeability computations, before
applying it to realistic geometries with tortuous flow paths in the following section.
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(a) Flow velocity results
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Fig. 6.1 Dimensionless velocity profile on the outlet for Poiseuille flow for the coarsest mesh,
2×2 Taylor-Hood elements, leading to a machine-precision match between the numerical results

and the analytical solution v f x,max =
h2∆p f
8µ f L = 0.125.

The simplest application to benchmark a numerical flow simulator is the traditional Poiseuille
flow, a pressure-driven flow in a constant diameter tube, because of its simple analytical solution.
The expected velocity field in 2D in cartesian coordinates is expressed as

v f x =
∆p f

2µ f L
y(h− y) (6.13)

with h the height of the tube following the y-direction, µ f the fluid viscosity and L the length of
the tube in the x-direction. The vertical velocity is equal to 0.

The problem is setup numerically by using a square domain of size 1 m, using the left hand
side as a flow inlet and the right hand side as the corresponding outlet. The fluid considered
is characterised by a viscosity µ f = 1 Pa.s and the overall problem is described by a Reynolds
number Re = 1. A pressure gradient of 1 Pa is applied horizontally over the domain by setting
p f = 1 Pa on the inlet and p f = 0 Pa on the outlet. No-slip boundary conditions are imposed
at the top and bottom boundaries. Vertical velocity is also forced to zero on the inlet to ensure
horizontal flow, in compliance with Poiseuille flow.

The obtained velocity profile matches the analytical solution from equation 6.13 at machine
precision, as illustrated in Fig. 6.1, using any number N ≥ 2 of elements across the channel
because of the second-order nature of the elements used (QUAD9).

Since Darcy-Brinkman is used specifically to simulate flow in porous media, in order to
validate the implementation presented in Sec. 6.1.1, we place the Poiseuille flow channel of
Fig. 6.1a in the middle of a solid phase layer. The flow in the fluid channel follows the Poiseuille
law and therefore we can compare the numerical result to the analytical solution. Fig. 6.2 shows
the mesh convergence of the simulation for the value of the horizontal velocity in the middle
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Fig. 6.2 Mesh convergence of the horizontal velocity in the middle of a Poiseuille flow channel,
simulated with the Darcy-Brinkman formulation. At each point, the mesh is refined following
the octree method.

of the channel. Compared to Stokes benchmark of Poiseuille flow that converges exactly to the
analytical solution even for the coarsest mesh, it takes a high resolution for Darcy-Brinkman to
converge. This study points out that Darcy-Brinkman’s simplicity of dealing with porous media
is counterbalanced in the precision of the results compared to Stokes. However, given the large
permeability evolution due to mechanical and chemical deformations (see Fig. 2.2) considered
in the following sections, a precision of 10−3 for the less accurate method, Darcy-Brinkman, is
acceptable. Therefore, both methods are suitable for this problem.

6.1.5 Validation of permeability computation

One of the principal applications of flow simulations at the pore-scale resides in the numerical
computation of permeability. As a second type of applications, we propose therefore to compute
permeability for porous samples in different configurations.

Permeability computation scheme

The steady-state flow is computed using no-slip boundary conditions at the fluid-rock interface
and the sample boundaries. A pressure-driven flow is imposed across the whole sample by
setting a higher pressure at a chosen inlet and a lower pressure at the corresponding outlet. All
samples used in this contribution are cubic and the inlet and outlet are considered on opposite
faces. A pressure difference ∆p∗ = 1 is selected to remain in the laminar regime.

The concept of permeability was first introduced by Darcy (1856) as an empirical quantity
k relating the superficial fluid flow v f s with the applied pressure gradient across the sample, in
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order to quantify the value of hydraulic conductivity.

k = µ f Lre f
v f s

∆p f
(6.14)

Darcy’s law was first derived empirically but eventually proven to be a homogenisation of the
Stokes formulation (Whitaker, 1986) under a strict set of conditions.

The velocity v f s used in Darcy’s law is the superficial velocity, defined by the flow rate
through a cross-section. This velocity is different from the variable v⃗ f used in the Stokes
formulation, representing local velocities. In a porous medium, the superficial velocity and the
local velocity are linked by the relationship

v f s = φ v⃗ f · n⃗

Note that the superficial velocity is not the norm of the local velocity vector, but its projection on
a selected flow direction defined by a unit vector n⃗.

Using the dimensionless variables of Eq. 6.1-6.2, the permeability definition becomes

k =
φ v⃗ f

∗ · n⃗
∆p∗f

L2
re f (6.15)

Note that the reference length Lre f used in this contribution is the length of the sample’s
considered. This equation provides a value for a given direction by averaging over the whole
volume, in line with the homogenised nature of permeability. This computation of permeability
is used to test the flow simulator on a series of usual configurations presented below.

Kozeny-Carman law

One of the most commonly used formulas to calculate permeability of granular porous media
is the Kozeny-Carman model. Modelling originally a granular bed with an equivalent array of
Poiseuille channels, it provides a relationship between permeability k, porosity φ and average
grain size ds, and as such is well suited for permeability calculation for undeformed granular
rocks. The equation derived by Carman (1937) reads

k =
d2

s
36K

φ 3

(1−φ)2 (6.16)

The parameter K represents the Kozeny’s constant and has been experimentally calibrated by
Carman to an approximate value of 5 for uniform sphere packing, which is the case in this
section.

This relationship was originally obtained by studying a head of water filtering through a
sand bed by gravity. Starting from the analytical Poiseuille law, the model was derived semi-
analytically and calibrated with experimentation on real samples. One of the main assumptions
of this model is the consideration of spherical grains, which is suitable for unconsolidated sand
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(Taylor, 1948) on which the model was built. For this reason we are testing firstly the numerical
calculation of permeability with the flow simulator on beds of packed spheres and comparing the
results with the Kozeny-Carman relationship. The meshes required for such a configuration are
created in the meshing software SALOME (Ribes et al., 2017), using the NETGEN meshing
algorithm which was selected for its ability to handle topological operations. This functionality
is particularly important as the medium is consolidated and grains are touching. A Python script
for SALOME was developed which takes as input parameters the spheres distribution defined
by all centres coordinates and corresponding radii. The resulting meshes are unstructured and
capture the interface of the spheres, accordingly to the level of refinement selected. Grouping
of elements is performed to define the boundaries and pore-grain interface needed for the flow
simulation. Note that this workflow generates unstructured second-order but not Taylor-Hood
elements (see Sec. 6.1.2), so the divergence-free condition is not strictly enforced. This limitation
however does not affect the results for the benchmarks presented in this section.

Regular packing We consider a Simple Cubic Packing, the simplest regular sphere packing,
where spheres of diameter ds are located at the corners of a cubic periodic pattern of length L.
We compute the permeability of the whole packing (Fig. 6.3b) for a single pattern geometry by
applying periodic boundary conditions for the flow. In this configuration, the close touching limit
of the spheres happens for ds = L, which corresponds to a value of 47.6% porosity. We can see
in Fig. 6.3a that in this case the permeability is very close to the one calculated with the Kozeny-
Carman relationship. This comparison is repeated for various values of porosity, following the
configuration described by Zick and Homsy (1982) by varying ds. Since the porosity variation is
obtained through changes of the sphere radius, the dimensionless permeability k/d2

s is plotted in
Fig. 6.3b as it is independent of the grain size. The result matches previous results from Larson
and Higdon (1989). Note that this packing is not expected to reproduce precisely the Kozeny-
Carman results away from the Close Touching Limit when Carman’s underlying assumption of
touching spherical grains is no longer respected.

Random Close Packing The perfectly periodic packing presented above (Sec. 6.1.5) is not
particularly representative for rocks and we now consider a more realistic scenario for granular
media with Random Close Packing (RCP).

To create such a distribution of spheres, we use the YADE (Smilauer et al., 2015) package and
its randomDensePack function. The center coordinates and radii of all spheres are then extracted
to feed the meshing script presented above. The lack of periodicity for this configuration, unlike
the Simple Cubic Packing, adds an extra step to identify the permeability of such a packing.
The identification of a representative elementary volume (REV) for this parameter is indeed
required. It can be obtained by computing the evolution of the overall permeability (see Fig 6.4)
for a given flow direction as a function of the sample size, which we monitor via the number
of spheres considered. The choice of flow direction should not affect the final convergence
value of permeability since the overall packing remains isotropic for a large enough number of
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(a) Permeability vs porosity. The geometry of the pore
space seen from the inlet is shown for different values of
sphere radius.

(b) Simple Cubic Packing at the close
touching limit. Pressure gradient is im-
posed from front to back.

Fig. 6.3 Comparison of permeability vs porosity evolution against Kozeny-Carman and results
from Larson and Higdon (1989) for a Simple Cubic Packing.

Fig. 6.4 Simulation results on RCP with 942 spheres, showing the flow intensity, streamlines,
and mesh elements in parts of the model. The mesh contains 1,521,836 elements.
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(b) Corresponding anisotropy degree convergence

Fig. 6.5 Permeability evolution as a function of the number of spheres for RCP.

spheres. As such we compute the permeabilities kx, ky, kz in all three axis directions to monitor
an anisotropy degree I convergence to zero. This index is inspired by the definition from Clavaud
et al. (2008) and is defined as

I =

[
(kx − kiso)

2 +(ky − kiso)
2 +(kz − kiso)

2

k2
x + k2

y + k2
z

]1/2

(6.17)

where

kiso = (kxkykz)
1/3 (6.18)

Fig. 6.5 shows the evolution of permeability and anisotropy index with the number of spheres.
The index I reaches a value below 1% for the final simulation with 1132 spheres and seems
to converge towards zero, the limit of perfect isotropy, from the shape of the plotted curve.
The same convergence rate can be observed for each directional permeability (kx, ky, kz), all
converging towards the predicted value by Kozeny-Carman. The total number of spheres was
capped for numerical reasons as the simulations were computationally too expensive in memory
for the currently unoptimised version of the code used (see Sec. 6.1.3).

6.1.6 Flow on µCT-scans

A last validation test is performed on a digital rock to demonstrate the ability of the flow simulator
to work on real samples.

We run a flow simulation on the LV60A (Imperial College Consortium On Pore-Scale
Modelling, 2014c) sandpack shown in Fig. 6.6, which has already been used to evaluate other
codes (e.g. Dong and Blunt, 2009; Mostaghimi et al., 2012). The total size of the sandpack
sample is 3 mm3 and it has been scanned with a resolution of 10.002 µm. The quality of the
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simulations is assessed by comparing the computed values of permeability with the reported
value of 35.3 D in the original online database for that sample (Dong and Blunt, 2009), computed
on both voxelated images and pore networks. Note that this reference permeability is itself the
result of numerical simulations and does not match exactly the value of 32.2 ± 0.3 D obtained
experimentally on that sample by Talabi and Blunt (2010) for example. This difference highlights
the fact that significant uncertainties remain at all levels, both from physical assumptions on
the numerical side and from practical limitations on the experimental side. Uncertainty arises
from laboratory measurements due to the lack of resolution when capturing micro- and meso-
porosities, cumulated to errors arising from the signal treatments and the binarisation process
(Guibert et al., 2015). Both of these uncertainties affect the digital reconstruction of the real
pore space and consequently the computation of transport properties, which is why the reference
permeability value is selected as the value obtained from numerical experiments and reported
officially on the online database.

We use the previous REV study from Mostaghimi et al. (2012), not based on the number of
grains, to evaluate the minimum sample size required for permeability REV at around 100 pixels
per dimension. The process consists in progressively increasing the sample size considered
for the flow simulation to compute the permeability until convergence occurs, starting from
a subsample at the centre (x = 0). For each subsample size considered, the permeability is
evaluated at random locations within the global sample, including one centred on the center
of the image displayed in Fig. 6.7. This procedure improves on the approach from Guibert
et al. (2015) who only computes permeability at the center of the sample and is therefore not
conclusively addressing the representativeness of the sampling. Given the identified minimum
size N ≈ 100 of pixels per dimension (corresponding to 1 mm3) to define a REV for that sample,
as well as the numerical cost of the flow simulator, we limit our analysis to a maximum of
N = 150 pixels per dimension, obtained using supercomputer computational power and display
the results of this analysis in Fig. 6.7. Results show a good match with the study of Mostaghimi
et al. (2012), with permeability converging for N ≥ 100 to a value of 37.9 D, in between the
respective values of 39 D and 35.3 D reported by Mostaghimi et al. (2012) and Dong and Blunt
(2009). Even more precision could have been achieved by adding periodic boundary conditions.

This successful study concludes the validation of our Eulerian simulator for permeability
computation on µCT-scan data. In the following section, we briefly present the solid mechanics
(Lagrangian) simulator, used to deform mechanically the grain skeleton.

6.2 Fluid-microstructure coupling scheme (Eulerian-Lagrangian)

When studying multiphysics phenomena, coupled effects between the different physics have to
be recognised and considered. In the case of hydro-mechanical simulations in porous media
at the micro-scale, the main interaction is the direct transfer of force between the fluid and the
grains at their interface, with the two following opposite couplings.
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Fig. 6.6 Visualisation of pore space and flow intensity and streamlines on a 1.5 mm3 subsample
of LV60A meshed with 1,237,177 elements.
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Fig. 6.7 Evolution of permeability with increasing subsample size.
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Fig. 6.8 Illustration of the FSI scheme presented in detail in Sec. 6.2.

The first one accounts for the effect of the fluid pressure on the solid stress, as documented
by Terzaghi (1923) at the macro-scale through the concept of effective stress, defined as σσσ ′

s =

σσσ s− p f III. The second and opposite coupling accounts for the effect of mechanical deformation on
the flow through geometrical changes of the pore space due to the displacement of the fluid-rock
interface. This last coupling triggers a permeability variation due to flow path changes imposed
by grain movements. In certain scenarios this variation can be significant, potentially ranging
orders of magnitude when pore throats are closing for example. The following subsections
explain in detail the scheme used in this contribution, conceptually summarised in Fig. 6.8.

6.2.1 Mathematical framework

The model formulation for the fluid flow within the pores can be coupled with a mechanical
deformation of the solid matrix (described in Chapter 5, using the specific material of Sec. 5.7.4)
by considering the fluid-microstructure interaction (hereinafter simplified to fluid-structure
interaction (FSI)). The pore-grain boundary movement and the fluid pressure on the grains
represent the two main couplings between the fluid and solid presented above.

Impact of mechanical deformations on the flow

Following the mechanical displacement computed on the solid matrix, the evolution of the pore-
grain boundary is taken as a boundary condition constraint for the flow problem resolution within
the pores. The fluid flow equations, however, are described in an Eulerian framework while the
existing mechanics is a Lagrangian description, leading to difficult implementation task as we
need a mesh that is suitable for both problems. In this contribution we propose to adapt the mesh
within the pore space at each timestep to account for the pore-grain boundary movement arising
from the mechanical deformation of the solid matrix. This re-meshing procedure is implemented
as part of the simulation itself by solving a diffusion problem for the (solid) displacement
variables within the pore space:

ϑ∆ ⃗us( f )
∗ = 0 (6.19)
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with its weak form and jacobian respectively written as

(∇ψui,ϑ∇u∗s( f )i) (6.20)

(∇ψui,ϑ∂u∗s( f )i
(u∗s( f )i∇Φui)) (6.21)

Note that a relaxation factor ϑ ≪ 1 is introduced, to be discussed in the following paragraphs.
The idea of this diffusion term is to adapt the mesh smoothly in the pore space without any

interaction with the mechanical problem, solved within the solid matrix only. The displacements
of the pore-grain interface, resulting from the mechanical deformation within the solid matrix,
should be imposed as boundary conditions for the diffusion within the pore space. However,
the mesh nodes at the pore-grain interface belong to different mesh elements where both the
mechanics (on one side) and the fluid flow (on the other side) are being solved. This results in
an unwanted coupling of the diffusion for the displacement variables at those nodes, expressed
through the following interface boundary condition:

⟨ψui,ϑ∇u∗i( f ) · n⃗⟩+ ⟨ψui,(σσσ
∗
s · n⃗)i⟩= 0 (6.22)

The second term is the natural boundary condition coming from the mechanical system solved in
the solid domain. The first term is the contribution of the re-meshing diffusion approach. As
such, we seek for a minimisation of this term in order to retrieve unaffected the mechanical
displacement of the solid-fluid interface.

To this end, we introduce a relaxation factor ϑ ≪ 1 to multiply the diffusion term, so that
its effect on the mechanical deformation becomes negligible, while the diffusion gets solved
identically within the pore space. This implementation allows the nodes in the pore space to
be smoothly displaced without having any interaction with the mechanical problem for values
of ϑ ≪ 1. To confirm this statement we run a suite of simulations for different values of ϑ

on a synthetic pore channel of a rock subjected to external compressive displacement. The 2D
rectangular model is composed of only two horizontal layers, a fluid channel at the bottom and
a rock layer at the top, as shown in Fig. 6.9a. This geometry of length to height ratio of 1.5 is
meshed regularly with 1,536 QUAD9 elements. An external mechanical force is applied on the
right hand side of the model as a displacement boundary condition with the left hand side being
fixed horizontally. The top surface is fixed vertically.

The results of Fig. 6.9b show the convergence of the proposed framework towards the
reference Lagrangian scheme where only the mechanical deformation is computed. A numerical
resistance to the compression σBC = ϑ∇u⃗ f

∗ can be noticed for higher values of ϑ , where the
gradient of displacement ∇u⃗ f

∗ is computed on the pore space, and is therefore constant in our
selected example. As such, the value of ϑ is selected for a given numerical tolerance tol as:

ϑ ≤ tol
tol +max∥∇u⃗ f

∗∥
(6.23)
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(a) Geometrical setup of synthetic pore channel
model
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(b) Stress evolution on the top boundary with re-
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obtained for ϑ = 1

Fig. 6.9 Benchmark of Eulerian-Lagrangian scheme and selection of numerical value for relax-
ation parameter ϑ .

For a tolerance of 10−8 and an imposed dimensionless horizontal displacement of 0.1 (leading
to a vertical gradient of displacement of 0.0146 through the Poisson effect), we can observe
in Fig. 6.9b the linear dependency between the stress at the pore-grain interface and ϑ , until
a value of ϑ ≈ 10−8 low enough to reach the numerical tolerance. These results highlight the
importance of considering this parameter ϑ as a value of ϑ = 1 yields an error on displacement
of about 7%. In the following examples of this section, we selected the ultra-conservative value
ϑ = 10−14 in order to avoid any influence of the diffusion even for large displacements.

The resulting geometrical changes of the pore space represent the first part of the fluid-
structure interaction by expressing the impact of the mechanical deformation on the flow path at
the fluid-rock interface.

Impact of fluid pressure on the grains

The second part of the fluid-structure interaction consists in accounting for the feedback of the
fluid pressure on the solid matrix at the same interface, by considering the fluid pressure as
a boundary stress for the rock. Since the mechanical problem solved involves displacement
variables, this external stress is expressed as a Neumann boundary condition for the displacement.
The weak formulation is written as

⟨ψui,−p∗f ni⟩ (6.24)

as an additional term to the boundary condition for the solid matrix stress equilibrium equation
(Eq. 6.22).
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Fig. 6.10 Validation of Terzaghi’s effective stress principle. The box has zero displacement on
all boundaries, and the normalised vertical stress of the solid domain equilibrates to the imposed
value of the normalised fluid pressure.

The jacobian of this term is introduced in the mechanical system of equation, which corre-
sponds to an off-diagonal jacobian term of the system, for the fluid pressure variable.

⟨ψui,−Φuini⟩ (6.25)

The final coupled scheme should be validated against Terzaghi’s concept of effective stress
(σσσ ′

s =σσσ s − p f III). In Fig. 6.10 we show the validation of this concept on the same channel setup
shown in Fig. 6.9a, when displacement is kept fixed on all sides. Since the fluid-solid boundary
is allowed to move, zero displacement boundary conditions correspond to zero total stress. This
means that the solid-fluid boundary accommodates all the stress variations between the fluid and
the solid domains. We observe in Fig. 6.10 that -as expected- the system equilibrates the stress
on the solid domain with the pressure of the fluid, which is the main coupling that needs to be
satisfied in this hydromechanical study (see Fig. 6.8).

6.2.2 Tight vs. sequential coupling

The fluid-structure interactions presented in Sec. 6.2.1 can be used to numerically couple the
hydraulic and mechanical components of the simulation either in sequential or in a tightly
coupled manner.

We initially implement a loose coupling, where the mechanical and hydraulic simulations are
run as separate simulations in a sequential manner. At each timestep, a mechanical simulation
updates the displacement field within the whole mesh, using a proper mechanical model within
the solid matrix and a simple diffusion within the pore space. The mechanically deformed mesh
is then used for the following substep where the fluid flow is computed within the pore space.
The resulting fluid pressure field is then used to apply a pressure boundary condition at the
pore-grain interface for the next mechanical simulation as part of the following timestep.
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Alternatively, the mechanical and hydraulic components can be solved simultaneously as a
tightly coupled system of equations with non-linear feedbacks stemming from the fluid-structure
interactions presented above.

The sequential coupling has a major advantage in terms of computational cost, as the two
subsystems are both smaller and easier to solve than the full system since they are solved
separately. This numerical efficiency easily explains the popularity of this approach (e.g. Jasinski
et al., 2015) in scenarios where the influence of the coupling terms remains reasonably small.
This is particularly interesting when coupling physical processes between different length-scales
for example.

The sequential approach however starts losing its validity when the coupling terms exert a
strong influence on the response of the global system, as illustrated in the following example.
A comparison between the two coupling strategies is performed on a flow simulation through
the synthetic pore channel shown in Fig. 6.9a, this time with the rock subjected to an exter-
nal compressive stress. This scenario is characteristic of fluid flow in deeper unconventional
petroleum reservoirs (e.g. shale), but is limited here to its simplest geometry for clarity. A
Young’s modulus E∗ = 1 is selected for the solid matrix. An external mechanical force σ∗

top = 0.8
is applied to the top of the model to simulate some particular confinement condition, while a fixed
velocity flow v∗f x = 0.01 is applied from the left hand side of the channel, with a fluid pressure
of p∗f = 0 imposed on the right hand side. The hydro-mechanical simulation is solved using both
approaches with the same PETSc options, an ASM (Additive Schwarz Method) preconditioner
with GMRES (Generalized Minimal RESidual) method and LU (Lower Upper) decomposition.

Under normal conditions, any simulation would be run in a single step to compute the
quasi-static rock deformation and steady-state fluid flow. The value of σ∗

top however is chosen
on purpose to be sufficiently large for the coupling interactions to be significant enough, and
several computational steps are repeated, keeping the boundary conditions unchanged, until
the system finally reaches a perfect equilibrium after an oscillatory behaviour (see Fig. 6.11).
Fig. 6.11b shows that after a single step of mechanical deformation and fluid flow, the fluid
pressure feedback on the mechanics is not yet taken into account and the solid matrix remains
horizontal. Fig. 6.11c shows the simulation results after the second step, where that feedback
is considered for the first time. The constant flow velocity boundary condition forces a fluid
pressure increase on the reduced channel, pushing back the solid matrix upwards on the left
hand side of the model. Fig. 6.11d shows the configuration after 24 steps, where convergence is
visually obtained.

To quantify the convergence rate of this simulation we track the displacement of point X in
Fig. 6.9a and display its evolution in Fig. 6.12a. The displacement is normalised by its final
value when convergence is reached and plotted as a function of the computational time used to
solve the problem, normalised by the time taken to solve the problem in a tightly coupled manner.
A star at coordinates (1,1) shows the reference of the tightly coupled approach. The solid line
shows the results for the sequential approach, highlighting the oscillatory response of the system
imposed by the lagging application of the fluid-structure interactions as boundary conditions
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(a) Initial configuration (b) After step 1

(c) After step 2 (d) After step 24

Fig. 6.11 Step by step evolution of sequentially coupled hydro-mechanics. No magnification was
applied for visualisation

from one step to the next. The x-coordinate of the star highlights the fact that the tightly coupled
approach is computationally more expensive, as more than three loosely coupled steps have
been computed during a single tightly coupled step. Looking at the y-axis however reveals the
slow convergence of the loosely coupled approach, with the error presented in Fig. 6.12b in
logarithmic scale. This figure shows that the tightly coupled approach gets computed to the
imposed numerical tolerance of 10−8 in a single iteration, while the loosely coupled simulation
reduces its error at a very slow pace, only reaching an error of 10−5 after a computational time
four times longer. The tightly coupled strategy is therefore the much preferred solution in this
instance when convergence accuracy is taken into account.

6.2.3 Fluid-microstructure interaction under oedometric compression

In order to illustrate the physical and numerical coupling scheme, we subject the digital rock
sample previously studied (LV60A) to an oedometric compression simulation. We therefore
confine the sample in a fixed container (i.e. zero lateral displacement) and increase the axial load
under constant velocity. We then record the average axial stress at the top of the sample, and
the axial strain experienced by the digital rock. The same loading protocol on the same digital
rock sample is used in two different scenarios, with and without fluid flow in the pore space
(see Fig. 6.13). In the case where fluid flow is present, the inlet and outlet pressures are being
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(a) Displacement of point X (see Fig. 6.9a)
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(b) Error comparison for the same data

Fig. 6.12 Comparison of convergence between the loose and tight coupling schemes

controlled and the fluid velocity is monitored. On all other sides of the sample, no slip boundary
conditions are imposed for the flow. On a computational perspective, this particular simulation
which results are exhibited in Fig. 6.13 and Fig. 6.14, was performed on a 2.7 GHz CPU with
20 processors (the number was chosen for scalability reasons) and took 33 hours to iterate 48
timesteps.

The first target is to showcase how Terzaghi’s effective stress concept is recovered when
the micro-scale of the digital rock is taken into account. To this end, we plot in Fig. 6.14a
the average axial stress at the top of the sample vs the corresponding axial strain for both the
dry and wet cases. We notice that both curves are identical, shifted by a constant which is
interpreted as the macroscopic value of the pore pressure at the top of the sample. This means
that through the numerical experiment, an equivalent value of the macroscopic pore pressure is
derived. As the calculated macroscopic pore pressure varies within 10% of the average of the
microscopic fluid pressure, we believe that this macroscopic pore pressure represents not only
the microscopic fluid pressure but also incorporates an homogenisation of the microstructure that
could explain the discrepancy, sometimes accounted for by the Biot coefficient (Biot and Willis,
1957). Deriving a conclusive relationship between the macro- and micro-scopic fluid pressures
requires a thorough homogenisation step. Since -as already mentioned- the current sample was
not tested for representativeness as an REV of the coupled hydro-mechanical problem, this
homogenisation step falls outside the scope of this work. This implies that even though the
calculated macroscopic pore pressure is comparable to the average of the microscopic fluid
pressure (computed on the model of Fig. 6.13 at less than 10% discrepancy) in this example,
those values cannot be conclusively linked.

The second target of this exercise is to monitor the macroscopic mechanical response of
the material and evaluate the permeability evolution of a real digital rock with increasing axial
deformation. Although the matrix was assumed to obey a pressure insensitive (von-Mises)
criterion, we observe in Fig. 6.14b a residual (plastic) volumetric strain after unloading. This
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Fig. 6.13 Oedometric compression for a dry (left) and a saturated (right) digitised rock sample at
the peak stress of Fig. 6.14a. Normalised yield stress is 0.005

indicates that pressure sensitivity is arising from the geometry of the digital rock, which is also
amplified by the presence of fluids.

The residual volumetric strain also suggests permanent changes in permeability. In the
literature, a linear reduction of permeability with increasing strain is reported for sandstones
(Ngwenya et al., 2003) in the relatively high confinement compaction regime. Since the oe-
dometric test performed here corresponds to this compaction regime, we indeed observe in
Fig. 6.14c a linear relationship between permeability and axial strain. The current framework
also provides the computation of cross-flow in all direction, leading to the full permeability
tensor. Fig. 6.14c shows for example the permeabilities in all three (X, Y, Z) directions for a
given imposed flow along the X-axis. In this case, the magnitude of the cross-flow along the
Y and Z axes is negligible (maximum permeability value reached in y and z is respectively 3
and 6% of the maximum value in x) and yet the linear relationship between permeability and
compression is preserved in cross-flow.

6.3 Influence of chemical dissolution on permeability

In the context of fault reactivation in a low permeability chemical shear zone (see Chapter 2),
chemical dissolution and precipitation can be responsible for permeability evolution of orders
of magnitude (Poulet et al., 2017). In comparison the change of permeability induced by the
hydromechanical mechanism described in the previous section is negligible. For this reason we
will focus in this section specifically on the chemical alteration of the rock microstructure. The
upscaled permeability evolution with erosion is compared to the common empirical porosity-
permeability relationship of Kozeny-Carman.

Chemical dissolution at the pore level is an active field of research which can involve different
coupled processes with various effects (see review from Xiong et al. (2016) and the references
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(a) Normalised stress-strain curve responses for
dry and saturated digital rock samples.
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Fig. 6.14 Comparison between purely mechanical and hydro-mechanical simulations. In (a), the
dry curve is retrieved when the saturated response is shifted by the pore pressure. The black dot
on each figure marks the end of the numerical simulation.
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therein). In general, dissolution can be related to the flow velocity inside the pore space, the
spatial distribution of chemical composition of the grains, and the stress on the solid skeleton,
just to cite a few. The focus of our study, however, is not to present the most accurate model
at the micro-scale, but to demonstrate how the effects at that scale can be linked to the next
scale up. As such, we restrict ourselves to the simplest case where the dissolution only depends
on the microstructure geometry, independently from the distribution of flow velocity, stress or
other properties. This choice also fits nicely with the application of fault reactivation selected
in this contribution where the flow remains low and host rocks like carbonates can be quite
homogeneous mineralogically. The dissolution can be assumed to be decoupled from the flow
and both computed sequentially. As explained in Chapter 4, the chemical porosity change
∆φchem is computed at the meso-scale (see Chapter 2) and fed to the micro-scale where its spatial
distribution is evaluated in order to update the permeability from a flow simulation. The first
section focuses on explaining the erosion/dilation algorithm used for accommodating ∆φchem at
the micro-scale and the last section compares this algorithm with the Kozeny-Carman law, to
validate the common usage of this law for problems involving precipitation.

6.3.1 Erosion/dilation algorithm

The effective chemical reaction considered in our model is a dissolution of the solid skeleton (see
Sec. 2.1), triggered by the rise of temperature of the fault’s core due to shear heating. Assuming
uniform temperature at the micro-scale and chemical homogeneity of the sample, we consider
at first order the dissolution to happen homogeneously at the surface of the pore space. Given
the target change ∆φchem of porosity imposed by the meso-scale, we implemented a geometrical
erosion/dilation algorithm which switches the nature of layers of voxels between pore space and
solid matrix at the interface. Since a dilation of the pore space is equivalent to an erosion of
the solid space, we only need to describe the erosion algorithm. The target change ∆φchem is
converted to a target volume ∆V and the algorithm evaluates successively whether a kth layer
of volume Vk should be converted from pore to solid, in order to approach the volume target as
closely as possible without exceeding it.

n

∑
k=1

Vk ⩽ ∆V <
n+1

∑
k=1

Vk (6.26)

Removing a discrete number of layers introduces a numerical discretisation of the porosity
evolution, which can be kept monotonous by approaching ∆V with its infimum value (Eq. 6.26).
This approach also captures well the general behaviour of the fault which is creeping slowly
during most of the simulation, with barely any change in porosity, and evolving quickly during
slip events marked by large porosity changes. The computed porosity remains thereby identical
to its initial value until a slip event becomes perceptible, after which the porosity jumps by steps
controlled by the mesh resolution. The erosion of each successive layer (of index k) is done by
the function BoundaryElements described hereunder.
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(a) Von Neumann (b) diag2D (c) Moore

Fig. 6.15 Visualisation of the three types of neighbourhoods.

BoundaryElements This function is used to find all elements at the pore-grain interface and
computes the volume of the next layer to be eroded. It parses all mesh elements and queries
each SubdomainID to compare it with those of its neighbours. Each element identified as grain
(SubdomainID = 1) with at least one of its neighbours representing a pore (SubdomainID = 0)
is added to the list of interface elements, whose SubdomainID is switched from 1 to 0 once the
whole mesh is parsed. The corresponding volume Vk is then used to assess the termination of the
iterative algorithm (Eq. 6.26) before the next iteration (k+1) can start if need be.

Elements neighbourhoods

For a regular grid, there exist three types of element neighbourhood. The simpler one considers
only the elements sharing a common face with the element queried and this neighbourhood
is referred as von Neumann, as commonly done in the field of cellular automata. The diag2D
type considers elements sharing common edges as well, and the Moore type considers elements
sharing any corner point. These three neighbourhoods are visualised in Fig. 6.15. In order
to select the most appropriate type for our model, we first check the erosion of some of the
fundamental shapes that are found in segmented µCT-scans of rocks.

The first shape that we erode is the cube since the mesh of the rock microstructure is a
reconstruction of µCT-scans images, that are naturally pixelated. From the initial cube displayed
in Fig. 6.16, we apply a high level of erosion using the three type of neighbourhood presented
above. We can see in Fig. 6.16 that using the von Neumann neighbourhood erodes the cube in
a spherical manner, as a small rhombicuboctahedron, whereas with the Moore neighbourhood
we retain a perfect cubic shape. With the diag2D neighbourhood we obtain an eroded shape in
between the two, a truncated cube. It is important to note that we do not necessarily want to
retain the cubic shape of the pixel since the discretisation is a distortion of the real microstructure.
In this case the Moore neighbourhood is less attractive.

The second shape that we erode is the sphere since we are mostly dealing with granular
materials. Indeed, if the resolution of the µCT-scan is high enough, we should see more or less
spherical grains. In this case we can see in Fig. 6.16 that the von Neumann neighbourhood creates
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Fig. 6.16 Erosion of a cube by considering three different types of neighbourhood.

Fig. 6.17 Erosion of a sphere by considering three different types of neighbourhood.

a regular octahedron, which differs a lot from the initial sphere. On the other hand, the Moore
neighbourhood will erode the sphere into a cube-like shape. It is the diag2D neighbourhood that
approaches a spherical erosion the most. It is more adapted to our hypothesis of homogeneous
dissolution which brings us to select the diag2D neighbourhood for the rest of the contribution,
in agreement with the study on the cube shape.

Still, we can note from Fig. 6.18 that the different implementations do not change much the
geometry of the microstructure for reasonable levels of dissolution/precipitation.

Mesh resolution sensitivity on porosity evolution

The mesh resolution of this approach has obviously a direct impact on the discretisation of the
porosity evolution with the erosion level, leading to the usual compromise between precision and
computational time. Fig. 6.19a shows the porosity evolution with the number of eroded layers for
two different initial mesh resolutions, highlighting the expected gain in porosity resolution with
increased refinement. Given the good resolution of the initial mesh, those porosity curves are
particularly smooth and a different behaviour can be expected for the corresponding permeability
evolution. The results of Fig. 6.19 will be used in Chapter 7 to decide on the resolution to balance
precision and computational time.
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Fig. 6.18 Comparison of the three types of element neighbourhood during the precipitation of a
1.2 mm3 size sample of the LV60A sand pack from its initial porosity of 37% to a target value of
27%.

(a) Visualisation of a few eroded layers in bright
blue. In white is the pore space; In dark blue
are the grains.
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(b) Evolution of layers volume at different resolutions.
The graphs entitled n have a resolution of n×n×n.

Fig. 6.19 Study on the error made on ∆φ using the erosion algorithm at different resolutions on a
0.2 mm3 subsample of the carbonate rock C1 from Imperial College Consortium On Pore-Scale
Modelling (2014b).
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6.3.2 Deviation of Kozeny-Carman equation due to precipitation

The algorithm described in this section combined with the flow simulator of Sec. 6.1 allows to
study the evolution of permeability during homogeneous dissolution/precipitation for any type of
rock microstructure. When used in the multiscale framework of Chapter 4, this model is meant
to replace empirical laws of permeability evolution by a dynamic physical upscaling. The most
commonly used empirical law to estimate permeability from changes in the microstructure is
the Kozeny-Carman law, which links permeability to porosity. A multitude of rocks have been
calibrated to respect the Kozeny-Carman law (Chapuis and Aubertin, 2003; Heijs and Lowe,
1995) but most studies focus on static porosity (Doyen, 1988) and few have been made on the
validity of the law after precipitation, which is what we verify in this section.

The material selected for this study is a sand pack, which should respect the Kozeny-Carman
law particularly well because of its granular structure, due to non-consolidation. The Kozeny-
Carman law chosen for this section is the more general form of Eq. 6.16, originally established
before making the hypothesis that the media is represented by a packing of spheres. Indeed,
although the grains of this natural sand pack are as spherical as can be found in a geomaterial,
they are not perfect spheres like the ones used in Sec. 6.1.5. This formulation of the law reads as

k =
1
K

φ 3

S2 , (6.27)

where a new variable is introduced, the specific surface area S, in m−1, denoting the area of the
pore space divided by the bulk volume of the rock sample.

The size of the subsample is taken at 1.2 mm3, larger than the REV size of permeability
which was computed to be ≈1 mm3 in Sec. 6.1.6. The unprecipitated sand pack’s permeability
was calibrated to match the Kozeny-Carman law for the corresponding initial porosity of 37.6%,
as shown on Fig. 6.20 by the superposition of the points on the far right hand side. This fit was
obtained by taking a value of the Kozeny constant K = 3.915, which falls close to the value of 5
proposed by Ergun and Orning (1949) for a packed bed of spheres, as predicted, and was kept
constant for the rest of the simulation.

The rest of the figure shows the evolution of this sand pack’s permeability during precipitation,
running through the graph from right to left, with porosity values decreasing from the initial
37.6% to 5%. we observe that the higher the precipitation level, the further the deviation from the
Kozeny-Carman law. This can be explained by the fact that precipitation creates thicker bonds at
the grains contact which were initially perfect. The porous medium can no longer be assimilated
to a packing of spheres and this deviation from the hypothesis of the model justifies the difference
in behaviour. This is confirmed by the similar study of Beckingham (2017). As mentioned
in Sec. 6.3.1, we note that the porosity-permeability relationship is not affected much by the
different types of neighbourhood considered, since all three types of erosion fall approximately
on the same interpolated curve in Fig. 6.20.

Fig. 6.21a shows that in addition to losing the grain’s spherical shape with precipitation, we
are losing the REV convergence of the sample. This is visually highlighted on Fig. 6.21b where



6.3 Influence of chemical dissolution on permeability 95

0.05 0.10 0.15 0.20 0.25 0.30 0.35
Porosity

10−2

10−1

100

101

Pe
rm

ea
bi
lit
y 
(D

)

Ko eny-Carman
diag2D
Von Neumann
Moore

Fig. 6.20 Permeability evolution (solid line with squares) during the precipitation of a 1.2 mm3

subsample of the LV60A sand pack from an initial 37.6% porosity down to 5%. Superposed
is the permeability (solid line with triangles) calculated using the Kozeny-Carman law of
Eq. 6.27, calibrated to the unprecipitated state using K = 3.915. In comparison to the diag2D
neighbourhood, we plot one advanced state of precipitation of the same sample using separately
the Von Neumann (blue circle) and the Moore (red star) neighbourhood.
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(a) REV non-convergence curve. Both x and y
values are normalised with respect to the full-
sized sample.

(b) Visualisation of the flow streamlines of both the initial
(blue) and the precipitated (red) sample.

Fig. 6.21 Assessment of the REV non-convergence of the LV60A sample of Fig. 6.20, precipitated
to 8% of porosity.

we can see that the very homogeneous flow in the initial sample has been reduced to two major
flow paths after precipitation. If the precipitation ends up closing flow channels, the flow has
high chances to become heterogeneous and as such, the size of the REV increases.

An REV analysis was performed on that sample by increasing the sample size from 0.6 mm3

to its full size of 1.2 mm3 and computing the permeability in each case. Fig. 6.21a plots the
evolution of normalised permeability with the relative sample size and shows that precipitation
not only affects the grains’ sphericity but the REV convergence altogether. This is visually
highlighted on Fig. 6.21b where we can see that the very homogeneous flow in the initial sample
has been reduced to two major flow paths after precipitation. With precipitation closing flow
channels, the flow naturally become more heterogeneous and, as such, the size of the REV
increases, explaining the non-convergence observed in Fig. 6.21a.

In conclusion, this chapter presented a flow simulator on digital rock samples reconstructed
from segmented µCT-scan images (Fig. 4.1), where permeability can be directly computed
from the fluid flowing through a deformed sample. It has been verified against both analytical
formulas (Fig. 6.1) and other numerical approaches (Fig. 6.3 and 6.7). The flow simulator
can be coupled to either a Lagrangian solid mechanics simulator or an erosion algorithm in
order to determine permeability evolution with microstructure deformations. Incorporated in
our multiscale framework, the model become more specific of the rock considered and its
microstructure, in contrast with the previous use of generic laws like Kozeny-Carman.



Part III

Influence of multiphysics couplings across
scales



Chapter 7

Application to induced fault reactivation

Part I presented three separate length scales of importance in the problem of fault reactivation,
with the couplings between those scales detailed in Chapters 3 and 4. Part II showed in particular
the challenge to upscale two critical properties, yield and permeability, from the micro- to meso-
scale. Building on the theoretical presentation of this multiscale multiphysics framework, with all
components introduced in the previous chapters, we present now one particular application of this
approach for a fluid production-induced chemical fault reactivation. The first subsections present
chronologically the different phases of this complex phenomenon (reactivation, propagation,
deactivation) which displays a particularly strong interplay between the meso-scale and the
macro-scale and is therefore modelled only with the macro/meso scale model. In the second
section, we compare our framework with the empirical rate and state law, used to describe
frictional interfaces, and show that our model not only matches this empirical law but provides
in addition a physical description of the input parameters of the rate and state law. The third
section demonstrates the importance of the micro-scale and how a change in the microstructure
can directly affect multiple physical mechanisms at the macro-scale, using the full multiscale
framework.

7.1 Simulation using the macro/meso-scale model

7.1.1 Geological setup

We focus on the problem of a chemically active sealing fault near criticality embedded in a
carbonate reservoir under extension as depicted in Figure 3.1. In accordance with the Andersonian
depiction of a typical extensional setting, the fault is dipping at 60º (Anderson, 1905). The
reservoir, located at four kilometres depth, measures two hundred metres in height and stretches
horizontally far beyond the fault. We select therefore a zone of 1 km centred on the fault of
interest. With the cap rock above and an impermeable layer below, the reservoir is hydraulically
sealed at the top and bottom boundaries. In comparison to the 10% porosity and 10 mD
permeability of the reservoir, the pre-existing carbonate fault act as a seal with a porosity of 3%
(Sulem and Famin, 2009) and a permeability of 0.01 mD. The fault core has a thickness of 1
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Table 7.1 Parameters for the chemical shear zone model (refer to Sec. 2.1) in the geological
environment of Sec. 7.1.1. We take inspiration from Alevizos et al. (2014); Veveakis et al. (2014)
and the references therein as well as L’vov (2007) particularly for the calcite decomposition.

Name Symbol Value Unit

Activation energy of calcite decomposition E+ 52 kJ.mol−1

Activation energy of calcite precipitation E− 33 kJ.mol−1

Arrhenius number of the mechanics Arm 7 -
Fluid compressibility β f 5×10−10 Pa−1

Fluid viscosity µ f 0.00023 Pa.s
Molar mass of fluid specy B MB 0.018 kg.mol−1

Molar mass of solid species A and AB MAB 0.35 kg.mol−1

Pre-exponential factor of forward reaction A+ 1.4 s−1

Pre-exponential factor of reverse reaction A− 0.0014 s−1

Solid density (A and AB) ρs 2700 kg.m−3

Taylor-Quinney coefficient χ 0.6 -
Thermal conductivity of the mixture αm 2.7 kg.m.K−1.s−3

Thermal diffusivity of the mixture cth 10−6 m2.s−1

cm and is modelled at the meso scale (Fig. 2.1) within 1m of its surroundings. We model the
pre-existence of this fault core with a lower strength (16 MPa) than the reservoir (80 MPa). All
other properties than the strength and permeability are taken equal within the reservoir and the
fault. The reservoir is modelled as an elastic medium with a Young modulus of 20 GPa and a
Poisson ratio of 0.2. In order to apply the chemical shear zone model (see Sec. 2.1), we list in
addition the specific set of parameters from Table 7.1.

We impose on the layer the lithostatic overburden stress corresponding to four kilometres
depth and we select a vertical to horizontal stress ratio of 2.3 for the reservoir to be in the
extensional regime. The pore pressure is initialised with the weight of the hydrostatic column.
Given the low background geological strain rate, we assume no lateral displacement of the
reservoir during the relatively short time scale of production of a few years. This common
hypothesis results in a uniaxial strain loading condition for the reservoir (Jaeger, 2007). Note that
the lateral displacements are fixed only after the stress initialisation of the domain in Fig. 7.1a
in order to still capture the extensional nature of the reservoir as can be seen in the setting of
Fig. 7.1b.

Vertical uplift from a fault slip can propagates far away from the source, sometimes hundreds
of kilometres as Scholz (2002, Fig. 5.3) showed for the Nankaido earthquake of 1946. Since
this contribution focuses on the local repercussions of the fault reactivation on its environment,
we choose to model only a 1 km long section of the reservoir and the vertical slip of the fault is
accommodated uniformly across the bottom boundary of the domain on either side of the fault as
can be seen in the setting of Fig. 7.1c. Capturing the effects of the fault slip at the larger scale
would require further specific assumptions about the fault surroundings and falls outside the
scope of this generic study.
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Fig. 7.1 Schematic of boundary conditions. The reservoir, compartmented by a normal fault, is
in extension. Note that the stress imposed is total, with the effective stress retrieved with the
addition of the pore pressure boundary conditions (initialised with a hydrostatic oil gradient
on reservoir sides). The figure is purposely schematic in order to keep the focus of the reader
on the boundary conditions imposed. The pore pressure values are shown indicatively by the
colouring of the reservoir in those thee chronological steps, only to help the comprehension of
the boundary conditions (see full results in the following sections).
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The reservoir is filled with overpressurised oil, of density 0.8, at an initial pore pressure of
40 MPa. Even though the fault permeability is very low, geological times have allowed for the
reservoir to equilibrate the pressure on both sides of the fault. From this initial state, we are
investigating the fault reactivation scenario in the case of the production from a well drilled
through the reservoir located very close to the fault. This section presents the results of the
reactivation scenario due to production from a well located next to the sealing fault, as presented
in Sec. 7.1.1. The system displays three important phases: the reactivation of a first fault segment,
the propagation of the slip along the fault and finally, the fault deactivation and healing.

7.1.2 Production-induced fault reactivation

We consider a production well located at 50 m from the fault, as seen on Fig. 3.1. Initially,
the pore pressure is equilibrated on both sides of the fault, despite its low permeability. The
simulation starts when oil production begins from the well with a prescribed flow rate. Initially,
the pressure starts decreasing on the left compartment of the reservoir only, as the fault acts as a
seal. Fig. 3.1 shows the undisturbed pressure distribution across the fault at this early stage of
production.

This decrease in pore pressure can potentially lead to fault reactivation, under certain con-
ditions linked to the stress path followed during production and material properties, which can
easily be understood with a simple analytical approach. Following the uniaxial strain conditions
of the setup considered, known to match field observations of reservoir stress paths (Engelder
and Fischer, 1994), the evolution of shear stress ∆τ in elasticity can be analytically computed
from the variation of pore pressure ∆p f as ∆τ = −∆p f

1−K
2 , with K = ∆σH

∆σV
. This ratio K was

introduced by Teufel et al. (1991) to characterise field observations of reservoir stress paths and
is expressed as K = ν

1−ν
. For the common model of Coulomb failure criterion used to describe

the reactivation of faults, τ = c+µ(σ̄ − p f ). Therefore, if 1−K
2 is greater than the friction angle

of the fault, then reactivation will ultimately occur (Nacht et al., 2010). Our scenario falls under
such a case where the shear stress augments with production as pore pressure drops, as seen on
Fig. 7.2d before point A.

This increase of shear stress on the fault links to the generic scenario described in Sec. 2.2
and explains the reactivation of the fault around t ≈ 500 days, jumping from point A1 to A2 on
Fig. 2.3 which are correspondingly reported on the transient evolution of pore pressure, fault
permeability, slip, shear stress and slip velocity plotted in Fig. 7.2. The jumps in velocity and
permeability follow the expected behaviour described in Sec. 2.2. The permeability increase
leads to a loss of sealing capability of the fault and lets fluid invade the reservoir. Consequently,
the pore pressure on the left-hand side of the fault suddenly jumps (see Fig. 7.2a), as a result of
pressure equilibration to a lower differential across the fault.
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(a) Evolution of pore pressure on the left side of the
fault.
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(b) Evolution of the fault permeability.

A

B

(c) Evolution of the fault slippage.

B

A
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stress).
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(e) Evolution of the fault slip rate.

Fig. 7.2 Outputs of an event of chemical fault reactivation induced by reservoir production,
following the setup of Sec. 7.1.1.
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7.1.3 Slip propagation and synchronisation along the fault

The reactivation of the first fault segment occurs at a specific location determined by the
heterogeneous stress distribution along the fault, due to the radial diffusion of pressure depletion
around the well coupled with gravitational effects. This first slip triggers a cascading chain of
events, as the slip of one point of the fault directly impacts the stress state of the neighbouring
fault segments. The propagation of slip events is an active field of research (e.g. Lapusta and
Rice, 2003; Reches and Lockner, 1994; Segall and Pollard, 1983) and the exhaustive study of
all possible scenarios falls outside the scope of this thesis. In our particular example, the slip
propagates along the whole fault, leading to a complete synchronisation of the fault slippage.

The location of the first slip event corresponds to the zone of highest stress, but, interestingly,
it is not directly linked to the pressure depletion profile. Fig. 7.3 shows this pore pressure profile
evolution in time from the start of the simulation as fluid production occurs. It highlights the
homothetic transformation of those series of curves and shows that, quickly after the start of
production, the minimum of pore pressure shifts from the shallowest point of the fault to the
approximate middle of the fault (mid-height of the reservoir), where it remains from that time
onwards. Using the stress path explained above, this translates to a maximum shear stress around
the middle of the fault, which can be taken as proxy for fault stability, as usually done to assess
slip tendency for faults in the brittle regime (Morris et al., 1996). We can then see that the middle
of the fault, where the pressure depletion is the highest, has the highest tendency of reactivating.
Yet, the multiscale couplings between the fault and the reservoir lead to a more complex problem
of interferences between all segments of the fault and we actually observe an initial reactivation
of the fault at the top of the model, as can be seen on the timelapse of reactivation from the
simulation results shown in Fig. 7.4.

Once the first fault segment reactivates, the fault starts slipping, i.e. creeping at a faster
rate. The same couplings responsible for the initial reactivation remain at play afterwards and
lead to a cascading transfer of forces from that location to the neighbouring fault segments,
causing a sequential reactivation of those segments. Slippage is indeed known to propagate much
further away than just the surroundings the fault (Scholz, 2002). In order to numerically obtain
this phenomenon of propagation, we select some points of interest along the fault where the
multiscale couplings stated in Sec. 3.2 are computed, keeping this number as small as possible
for computational purposes, since the full study of the fault slip propagation is out of scope for
this contribution. A sensitivity analysis on the number of upscaling points is presented below
in Sec. 7.1.5. In the rest of the section, we still refer to Fig. 7.2 for clarity, which presents the
simulation results with one sampling point taken in the middle of the fault. Following the phase
of propagation that ends with the last reactivation event at the bottom of the reservoir, we observe
in Fig. 7.4 a synchronisation of the whole fault.
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Fig. 7.3 Profile of pore pressure along the fault reaching a steady shape during early production.
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Fig. 7.4 Profile of permeability along the fault before the first slip event until the full synchroni-
sation of the fault. The five curves show the chronological evolution of this profile at key stages
of the simulation.
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7.1.4 Fault deactivation and healing

The slippage of the fault results at the macro-scale in a horizontal elastic relaxation of the
reservoir. Indeed, in the context of a normal fault, with the reservoir in extension, the fault
slippage results in the hanging wall moving downwards. Due to the fixed lateral boundaries of
the reservoir, this movement translates in a shortening of both compartments of the reservoir,
relieving part of the extensive stress of the reservoir. This stress drop tends to bring back the
fault towards a deactivated state, competing with the pressure depletion which keeps it activated.
Given the difference of rates of those two processes, with pressure diffusing much slower than
the fault slips, the stress decreases faster than the strain rate increases. This relaxation decreases
the shearing stress at the fault, which corresponds to tracing downwards the highest branch of
Fig. 7.2d from the reactivated state (point A2). After a sufficient decrease, the stress reaches
a low enough value (point B1) where the fault cannot remain in its activated state and returns
to the lower branch of the S-curve (drop from point B1 to B2). The temperature and slip
velocity return to their initial value (see Fig. 7.2e) and the fault goes back to its initial slow creep
regime. Correspondingly, the permeability goes back to its initial low value (see Fig. 7.2b) as the
reversible temperature-activated calcite decomposition reaction switches from forward to reverse
direction. The chemical dissolution responsible for the large increase of permeability gives way
to its opposite reaction, which heals the fault by precipitating calcite at its core.

For the generic scenario selected, the whole reactivation event lasts for 250 days. Note the
small thickness of reservoir leads the slip to propagate to the limits of the domain and the whole
reservoir therefore accommodates the same vertical displacement jump as the fault. The fact
that the reactivated fault splits the whole reservoir leads to an artificially increased period of
slip. Considering a much deeper section of the reservoir, as well as its 3D nature, would be
required to model appropriately a more precise duration of the whole slip event. This example
illustrates nonetheless the ability of the approach to capture the physical couplings responsible
for the activation, permeability increase and deactivation. Nonetheless, we expect a longer
opening compared to a brittle fault slip, characteristic of ductile faults, along with an aseismic
slip (velocity of 10−11m.s−1 in Fig. 7.2e) as detailed in Chapter 2.

7.1.5 Sensitivity analysis on upscaling points sampling

We investigate the sparsest sampling of upscaling points required to approach the full solution
where all mesh points of the faults would be used to compute the macro/meso-scale coupling.
Fig. 7.5 shows the results of different configurations used to run the same simulation with 1, 2, 3
and 5 upscaling points at different positions along the fault. The property used to visualise the
convergence of the solution with the number of upscaling points is both the reactivation onset
and the opening time of the fault. Note that all configurations led to the same qualitative result,
with the top segment of the fault reactivating first and a synchronisation of slippage for the whole
fault across the full thickness of the reservoir.
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Fig. 7.5 Fault reactivation occurrence and duration depending on number of sampling points
considered. The bars lengths represent the reactivation duration. Points location along the fault
are visualised in grey. Note that for the one sampling point simulation, only the middle point
configuration leads to the fault reactivation.

We can see that our reduced system respects the full system behaviour as long as the top
and middle segments are included in the upscaling, for which the reactivation onset happens at
≈150 days and the fault stays active for ≈300 days. Increasing furthermore the number of points
shows that it increases slightly the precision of the solution but the relative error on the solution
has already qualitatively converged for 3 points of upscaling.

Results of the simulation using a representative number of sampling points (five) are visu-
alised in Fig. 7.7, displaying all phases of the reactivation event as a visual summary of this
section. Fig. 7.7a displays the sealing characteristic of the fault through the pressure discontinuity
at the interface and the small arrows of fluid velocity in the right-hand side compartment of
the reservoir. After a first reactivation event, at the top of the fault, the reactivation propagates
downwards. Particularly, we visualise in Fig. 7.7b the moment when the propagation reaches the
middle of the fault. The large arrows of fluid velocity indicate that the top segment has already
reactivated, whereas the bottom segment remains sealed. The peak of fluid velocity located at the
middle of the fault corresponds to the peak observed during propagation in Fig. 7.4. Following
the phase of propagation, the synchronisation of the whole fault is observed in Fig. 7.7c, charac-
terised by visible fault slippage and large arrows of fluid velocity along the whole fault. Healing
occurs as the last phase and Fig. 7.7d displays a similar state as Fig. 7.7a with, however, an
advanced stage of pressure depletion and the fault slippage accumulated during the reactivation
event.
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(a) Evolution of pore pressure on the left side of the
fault.
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(b) Evolution of the fault permeability.
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(c) Evolution of the fault slippage.
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(d) Evolution of the fault shearing stress (Von Mises
stress).
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(e) Evolution of the fault slip rate.

Fig. 7.6 Monitoring of the middle of the fault during a chemical fault reactivation induced by
reservoir production, following the setup of Sec. 7.1.1 with five sampling points along the fault,
referring to the final case of Fig. 7.5.
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High pore pressure Low pore pressure Strong fluid flow Weak fluid flow

(a) Early stages of production

(b) Propagation to the middle of the fault. Contrary to the bottom segment, the top segment has already
reactivated as shown by the difference of fluid velocity arrows size.

(c) Synchronisation of the whole fault

(d) Final state after fault deactivation and healing

Fig. 7.7 Schematic interpretation of numerical results showing the pressure distribution in
the reservoir and fluid velocity in the right-hand-side compartment at different times during
the reactivation event. The arrows size is proportional to the magnitude of the fluid velocity.
Displacements are magnified by 30 times for visualisation purposes. The effect of the reactivation
and corresponding permeability increase is observed on the pressure depletion across the fault.
Note the pressure drop in the right compartment of the reservoir indicating fluid invasion.
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Interestingly, when considering multiple points of upscaling and obtaining this event of
propagation, the whole behaviour of the fault is different from the one obtained with a single
point, as the phenomenon becomes one dimensional in space along the fault. If we do monitor
the point in the middle of the fault, see Fig. 7.6, we can observe the interferences from other
fault segments during the propagation event. They are visible on the plots of Fig. 7.6 as a
perturbation of the curves of Fig. 7.2 around point A. This noise lasts for ≈15% of the full event
and after synchronisation, the behaviour becomes similar to the solution with one sampling point.
Therefore, in order to keep a clear visualisation of the phenomena for the purpose of theoretical
understanding, we display later in the contribution cases computed with only one sampling point
in the middle of the fault.

7.2 Comparison with the rate and state law

The approach presented above is not particularly common to model the process of fault reac-
tivation and a large proportion of modellers usually chose instead to describe the mechanical
behaviour of faults directly as an interface, imposing a weakening mechanism at reactivation time
to simulate the stress drop observed during the reactivation of the fault (e.g. Cueto-Felgueroso
et al., 2018; Dieterich, 1992; Lapusta and Rice, 2003; Lapusta et al., 2000; Tse and Rice, 1986).
Our multiscale framework, however, is meant to replace such artificial imposition of an empirical
law by an upscaled law deriving from an enriched model at the meso-scale, leading to the
same stress drop, as observed in Fig. 7.2d from point A to B, but providing at the same time
a physics-based explanation for the reactivation of the fault and its temporary loss of sealing
capability. This section focuses on the comparison of the two approaches by taking advantage of
the capability of the macro-scale model of Chapter 3 to implement any constitutive model for
the interface laws. Specifically, our macro/meso-scale approach is compared with a macro-scale
only model implementing representative (but artificially imposed) interface laws, as detailed
below.

Fault stability is commonly assessed from a purely mechanical perspective using the Coulomb
Failure Criterion (e.g. Cappa and Rutqvist, 2011; Rutqvist et al., 2007; Zoback and Zinke, 2002),
which monitors the distance to the yield/failure envelope of the fault in stress space and leads
to reactivation when the stress state of the fault reaches this surface. Note that for the more
complex case of frictional interfaces, the strength of the fault depends on the normal stress, due
to asperities contacts at the interface, and the fault is then characterised by a friction coefficient.
For the purpose of reducing the complexity of material properties and focus on multiphysics
couplings of mechanisms, we choose, however, a pressure insensitive material for the fault which
nullifies the friction coefficient and justifies looking directly at the shear strength qy instead. For
the inclusion of the pressure sensitivity, we refer to Poulet et al. (2017). Fig. 7.2d shows that
the shear stress of the fault increases until it reaches point A, which is the reactivation onset.
This point corresponds in addition to a peak value of shear stress, which correlates well with the
theory that point A has reached the unexceedable strength of the fault, qy, initiating rupture. We
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calibrate therefore the value of qy to the shear stress value of point A, 50.4 MPa for this specific
example.

Despite not considering surface roughness, Chapter 2 showed that by including instead
multiphysical mechanisms, namely shear heating and chemical dissolution, the chemical shear
zone model is able to describe a fault reactivation behaviour described similarly by the theory of
frictional contacts, where the fault slip is first initiated when exceeding the value of static friction.
In that theory, the object then slides continuously, with a different friction called dynamic friction.
In the context of fault reactivation, however, the process is too complex to be captured by a
constant dynamic friction coefficient, which has been shown to depend on many parameters, see
review from Scholz (2002). Dieterich (1979) introduced therefore the rate and state law, which
models the two phases of the evolution of this dynamic friction coefficient. It first captures the
transient transition from the static (locked) state to the dynamic (active) state achieved when the
system reaches quasi-static values of friction and velocity. As observed on Fig. 7.2, this event
corresponds to the transition from point A1 to A2. Since it is negligible in time, we focus instead
on the second phase, which models the following quasi-static behaviour. This steady-state rate
and state law can be expressed (for q in our contribution) as

q = qy +(a−b)ln(
v
v0
) (7.1)

where a and b are experimentally calibrated constants. As mentioned earlier, the quasi-static
value of velocity v0 is achieved at point A2, calibrated at 1.1×10−7 m.s−1. This law is then
used as the mechanical interface law of the fault implemented in the macro-scale model and
calibrated, for the sake of comparison, to the results of the macro/meso-scale model. To do so,
we select (a−b) = 0.2 so that the slope of the macro-scale model using the rate and state law (in
dashed line) matches the tangent of the simulation results (in solid line) at point A2 on Fig. 7.8.
We notice that the fitted law actually matches the slip-weakening for most of the reactivated state
of the fault. This weakening is commonly capped at a critical velocity (Cueto-Felgueroso et al.,
2018), vc, below which the fault is assumed locked again. This corresponds in our simulation to
point B1, which represent the deactivation of the fault, when vc reaches 0.6×10−7 m.s−1.

We can observe a deviation between our model and the fitted rate and state law right before
the deactivation of the fault. As seen in Fig. 7.8, our model displays a smooth transition to the
deactivated state compared to the rate and state law that relies on a hard threshold of velocity
to return the fault to a locked state. This difference highlights the radically distinct concept
of our model, in which the fault evolution is a continuous process, compared to the discrete
nature of the reactivation and deactivation with the rate and state approach. We can see that the
two approaches are matching perfectly for the reactivation onset because of its abrupt nature,
as seen in Fig. 7.8. For the deactivation, however, the gradual decrease of velocity is arguably
more realistic with our framework, since it results from physical mechanisms like precipitation
gradually compensating competing mechanisms keeping the fault activated. In that respect, we
see this discrepancy in the deactivation phase as an improvement on the empirical law.
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B2

A2

A1

B1

Fig. 7.8 Velocity vs shear stress of the fault. The simulation results are taken from the case study
of Sec. 7.1.1 and represent an additional output of Fig. 7.2. The macro/meso-scale model is
compared with the macro-scale only model implementing a rate and state law for the mechanical
fault interface. The star denotes the start of fluid production.
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The good match overall of Fig. 7.8 represents an extended validation of our model, since the
rate and state law has itself been extensively fitted already against experimental and natural data
on fault reactivation (see review from Marone, 1998). Furthermore, our model goes beyond a
simple fit and actually retrieves the constitutive law as an output of the simulation. This means
that qy, v0, (a− b) and vc are not just calibrated, like for the rate and state law, but depend
naturally on material properties of both the fault and the reservoir, involved in the physical
processes described by the meso-scale model of Chapter 2.

On top of the fault slip, our model computes the permeability evolution during the reactivation
and this can also be taken into account in the macro-scale only model. For illustration purposes,
we select a simple arbitrary model which assumes the fault to be sealing when locked with a
permeability of 0.0065 mD and to become more permeable when active with a permeability of
≈ 0.08 mD, as displayed in Fig. 7.9b. Note that the permeability plotted in this figure is k(F)

introduced in Eq. 3.16. Using these two constitutive interface laws, we can compare the outputs
of the macro/meso-scale model with the macro-scale model in Fig. 7.9. We observe that by
matching the law of velocity vs shear stress and the evolution of permeability, we also match
other additional outputs of the models, including the pore pressure evolution.

Note that the calibrated value for (a− b) is positive, which corresponds as expected to
a velocity-hardening behaviour, specific to stable fault slips. This stable character is nicely
illustrated in our simulation where we can see that, even though production has pushed the fault
to reactivate, the activated fault tends naturally to go back towards stability and deactivate. The
reason behind this behaviour is that, qualitatively, the fault slippage leads to an elastic stress
relaxation which in turn decreases the shear heating and thus the velocity of the fault.

7.3 Influence of the microstructure on the system

The coupled macro/meso-scale framework of Sec. 3.2 was used in the previous section to simulate
an induced chemical fault reactivation event. Having understood the complex interplay between
the macro- and meso-scales, we add to the framework the micro-scale couplings described in
Sec. 4.2 and summarised by Fig. 4.2, in order to refine the evolution of the permeability of the
fault. As the study is not quantitative, note that we use a 2D linear interpolation between the
sampling points, that we implemented in MOOSE, instead of the Bezier interpolation algorithm,
for simplicity. The consideration of the micro-scale allows us to study the influence of the
microstructure on the whole multiscale phenomenon, which is done in this section by comparing
the effect of two different microstructures.

7.3.1 Permeability hysteresis

We consider two different synthetic microstructures, α and β , idealised to tortuous microscopic
flow channels, whose flow paths are shown respectively in Fig. 7.10a and Fig. 7.10d. Both
microstructures have the same porosity and tortuosity (the flow path has the same length),
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(a) Evolution of pore pressure on the left side of the
fault.

0 200 400 600 800
Production time (days)

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

Pe
rm

ea
bi
lit
y 
(m

D)

Macro/meso-scale model
Rate and state law

(b) Evolution of the fault zone permeability.
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(c) Evolution of the fault slippage.
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(d) Evolution of the fault shearing stress (Von Mises
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(e) Evolution of the fault slip rate.

Fig. 7.9 Outputs of an event of chemical fault reactivation, following the setup of Sec. 7.1.1,
obtained with our multiscale model and with a model implementing a rate and state law for the
fault and an empirical permeability evolution.
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therefore the same permeability. As such, these two configurations would be strictly identical
at the meso-scale if the porosity and permeability were the only properties considered in the
upscaling process. Yet, we can show a major difference of behaviour between those two
microstructures when subjected to the same arbitrary cycle of dissolution and re-precipitation,
as induced by fault reactivation and deactivation events. Fig. 7.10b (resp. 7.10e) shows the
eroded microstructure α (resp. β ) after dissolution and Fig. 7.10c (resp. 7.10f) the final dilated
configuration after the re-precipitation step. We observe that the narrow gap between the vertical
channels of microstructure β gets completely eroded during the dissolution process when the
porosity reaches a value of ≈18%, connecting the two horizontal channels and leading to a
shorter flow path.

Fig. 7.11 showcases this interesting phenomenon very clearly by plotting a graph of perme-
ability vs porosity. While both microstructures follow the same curve at first, the opening of the
new channel renders the flow path less tortuous and the permeability of the microstructure β

jumps to a higher value, following a new path on the permeability-porosity graph and remaining
permanently on that new path from that point on, not only for the rest of the dissolution process
but also for the whole re-precipitation phase. This channel creation has indeed a consequence
on the final state of the structure, after the fault has healed by re-precipitation. As illustrated in
Fig. 7.10f, even though the porosity goes back to its initial value, microstructure β ends up with
a different permeability than its initial state. We note that the hysteresis can only be taken into
account through the ability of the erosion algorithm of Sec. 6.3.1 to open flow channels during
dissolution, which is not possible with a standard algorithm of skeletonization. This important
permeability hysteresis phenomenon can only be observed when using the dynamic coupling
between the scales because the dissolution history needs to be taken into account. Indeed, if for
the case study of Fig. 7.11 the maximum of dissolution reached had remained under the critical
threshold of ≈18% then a new channel would not have been created and the permeability of the
two different microstructures would have remained the same.

Interestingly we observe that both dissolution curves in Fig. 7.11 follow a cubic law of
porosity. Since both configurations represent simple tortuous channels, they can indeed be
described by Poiseuille’s law, with the flow rate Q is given by:

Q =− D3

12µ

dP
dx

(7.2)

with D the diameter of the channel and x the length of the tortuous path. We can recognize here
Darcy’s Law, Q = − k

µ

dP
dx , and therefore retrieve the cubic evolution of the permeability for a

widening Poiseuille channel. The porosity is directly linked to the diameter of the channel, which
explains why Fig. 7.11 shows a match with a cubic law. The match is not perfect, however, as
the microstructure cannot be completely assimilated to an ideal Poiseuille channel due both to
the corner effects and heterogeneity of channel height along the path.
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Fig. 7.10 Visualisation of fluid velocity magnitude at the initial state, peak dissolution and final
reprecipitation (left to right respectively) of two different microstructures (α on top and β at the
bottom) for the case study of Sec. 7.1.1.

7.3.2 Influence at the macro-scale

The two microstructures α and β are now linked to the meso- and macro-scales simulations
of the case study of Sec. 7.1.1 and the outputs are plotted on Fig. 7.12 for the pore pressure,
permeability, slip, shear stress and slip velocity, in blue (resp. red) for microstructure α (resp.
β ). Until the reactivation, both sets of curves superpose perfectly since the initial permeabilities
of the two microstructures are equal.

At the peak of reactivation, however, microstructure β has reached a higher permeability from
the new channel opening (see Fig. 7.10e). This higher permeability results in a more pronounced
pressure equilibration, as seen in Fig. 7.12a for microstructure β (t≈300 days). Following the
stress path described in Sec. 7.1.4, a higher pore pressure translates to an increase in Von Mises
stress, which keeps the fault activated for a longer period as observed in Fig. 7.12e-7.12c.

This comparative study shows clearly that a change of geometry at the micro-scale, unnotice-
able with the restrictive characterisation of microstructure through the notions of porosity and
permeability only, affects different physical aspects of the behaviour at the macro-scale. The
dependency on the microstructure is achieved with our framework through a complex coupling
effect of scales and physical mechanisms, as visualised in the simplified diagram of Fig. 7.13.
Pressure depletion due to production increases the shear stress at the fault due to the stress path.
Past a stress threshold, the fault reactivates and slips. Simultaneously, chemical dissolution is
triggered and the two microstructures reach a different permeability. This permeability feeds
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Fig. 7.11 Evolution of permeability of the two different microstructures with respect to porosity.
The permeability is normalised with the value of the initial state. The two curves follow a cubic
law as shown by the black curves (a=1000 and b=10000). The square point corresponds to
the same initial state for both microstructures, Fig. 7.10a-7.10d ; The stars correspond to the
different peak of reactivation, Fig. 7.10b-7.10e ; The dots correspond to the different final states,
Fig. 7.10c-7.10f.
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back into Darcy’s law at the macro-scale and leads to a different pressure equilibration, which in
turns changes the fault deactivation time due to the stress path.
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(a) Evolution of pore pressure on the left side of the
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(c) Evolution of the fault slippage.
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(d) Evolution of the fault shearing stress (Von Mises
stress).
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(e) Evolution of the fault slip rate.

Fig. 7.12 Outputs during a reservoir production following the setup of Sec. 7.1.1. Blue curve
corresponds to the microstructure A and red curve to microstructure B.
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Fig. 7.13 Diagram showing a simplified loop of coupled scales and physics allowing for fault
reactivation and healing. A blue box represents a hydraulic mechanism; yellow is mechanical;
red is thermal; green is chemical.



Chapter 8

Summary and conclusions

This contribution focuses on the special phenomenon of chemical fault reactivation. On this
aspect, the contribution warns about the potential hazard of fluid production next to a sealing
fault in particular conditions. Indeed, we have shown that the phenomenon concerns chemically
active faults (e.g. carbonate) and is more likely to happen with increasing depth and background
velocity. If this type of fault reactivates from a pressure perturbation, the seal can be temporarily
broken because of thermally activated chemical dissolution, resulting in reservoir leakage or fluid
invasion, yet undetectable by classical seismic monitoring. The phenomenon of permeability
increase during such a fault reactivation was shown to be complex, because of the strong
couplings between all physical mechanisms at play, such as chemical dissolution, shear heating,
mechanical deformation and pressure diffusion occurring across the various scales of the system.
Part I and II introduced the components and framework required to couple all physical processes
at their appropriate scales of interest. All elements were then used together in Part III to model a
generic geological scenario, reproducing in a single simulation all characteristic aspects expected
for such a phenomenon: material instability, aseismic slip, permeability increase, elastic stress
relaxation, deactivation, healing and permeability hysteresis. This three-scale multiphysics
approach successfully simulated a chemical fault reactivation and showed the importance of
dynamically-upscaled laws, when the use of empirical laws can be too specific to a particular
configuration and lack information from the lower scales. The commonly used relationships
between porosity and permeability, for instance, do not allow to retrieve the permeability
hysteresis. On top of those overall conclusions, we list hereunder some additional results derived
for each independent component of the framework.

An important particularity of this multiscale framework is the master role of the meso
(m) scale, which corresponds to the physical length scale of the chemical fault reactivation
phenomenon. This approach contrasts from the common fault reactivation modelling done at the
reservoir scale (e.g. Cappa and Rutqvist, 2011) and the mechanical studies on localisation purely
upscaled from the micro-scale (e.g. Nitka et al., 2011). The meso-scale was shown to capture
adequately the chemical shear zone behaviour, which is applicable to high P,T environments,
where chemistry becomes more active. While fault reactivation in such deep environments might
suffer from a lack of data compared to brittle faults found at shallower depths, their study is
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actually more tractable because of the driving influence of the physics governing the system,
compared to shallower systems which are more strongly influenced by geometrical and material
heterogeneities. For a given setup, the stability of a ductile system depends solely on its material
properties and can be derived using an arc length continuation method (Sec. 2.2), which provides
a full description of the possible states of the fault. For instance, this analysis had previously
helped validate the chemical shear zone (CSZ) model against real data in drastic environments
like subduction zones (Alevizos et al., 2014; Poulet et al., 2014a; Veveakis et al., 2014) or
megathrusts (Poulet et al., 2014b), identifying an episodic oscillatory behaviour of such stick-slip
faults. In this contribution, the model was further validated by replicating the behaviour of
slip-weakening laws that are commonly applied to match real fault reactivation events (Sec. 7.2).
The study of historical cases is now necessary to validate and calibrate the model against real
data.

This framework extends the CSZ model’s range of applications to more complex behaviours
at the macro-scale where the boundary conditions at the fault evolve with time. Previous
applications of that model had indeed been limited to static boundary conditions corresponding
to tectonic forces (e.g. Alevizos et al., 2014; Poulet et al., 2014a; Poulet and Veveakis, 2016;
Poulet et al., 2014b; Veveakis et al., 2014). However, in the case of fluid production in the
reservoir, the stress state of the fault depends strongly on the level of depletion of the reservoir.
To take this into account, we introduced the reservoir scale (macro, Chapter 3) to simulate
through poromechanics the stress changes along the fault stemming from fluid production. The
macro-scale is used to provide the boundary conditions of stress and pressure to the meso-scale
at every time step. Due to the clear scale separation, the fault can be treated as an interface at the
macro-scale. Compared to common cases where the fault is either treated as a channel or a seal,
we need to be able to treat both states and the continuous transitions in-between. Our interface
law presented in Sec. 3.1.2 handles all configurations by directly resolving the flow through the
fault. After the meso-scale resolution, changes of permeability and increase of slippage are fed
back to the interface law of the meso-scale. By doing so, the consequences of fault reactivation
such as fluid invasion can be studied at the macro-scale. Particularly, we showed in Chapter 7
that the increasing slippage results in an elastic stress relaxation of the reservoir and leads to the
fault deactivation which was previously only artificially taken into account for empirical laws
(e.g. Cueto-Felgueroso et al., 2018).

Chapter 7’s case study displayed the model’s ability to predict the occurrence of the reactiva-
tion, which is the critical parameter needed for safe subsurface operations. By coupling strongly
all the physical mechanisms at play, our model is able to resolve continuously the instability of
temperature that controls the phenomenon. The transition between locked and active regimes
of the fault happens therefore smoothly, yet in a very short amount of time, matching nicely an
artificial switch between regimes used more commonly in fault reactivation models (Sec. 7.2).
This same smooth but sharp transition occurs in the deactivation stage.

We suggest that the extraordinarily high permeability increase observed during some fault
reactivation can be physically modelled with the consideration of chemical dissolution, which
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is active for deep carbonate rocks. Instead of a difficult calibration of an empirical law, with
the aperture of the fractures vs the shear strain for example, the permeability increase can be
quantified in our model using the chemical properties of the fault gouge which could be measured
from cores. Coupled with the finite duration of the reactivation event, the change of permeability
results in a temporary loss of the fault seal. Consequently, the model could compute the amount
of fluid that leaked through the fault which provides a good assessment of the consequences of
the reactivation event.

The consideration of the micro-scale in the multiscale framework (Chapter 4) allowed to
capture the phenomenon of permeability hysteresis stemming from flow channel creation during
chemical dissolution of the fault (Chapter 7). This effect can only be modelled with the consider-
ation of the rock microstructure evolution at this scale. This extension of the framework also
comes as an effort to link the field of data-driven science to physics-based modelling in the sense
that the microstructural data, collected to characterise rock properties, is used quantitatively for
physical modelling in this contribution, in a dynamical hydro-chemical simulation to simulate the
transient evolution of permeability with deformation. For that purpose, Chapter 6 presented a flow
simulator on meshed µCT-scans in order to homogenise the permeability of rock microstructure.
To apply that process on deformed microstructure, the simulator was coupled to either a solid
mechanics module (Sec. 6.2) which required the handling of an Eulerian-Lagrangian system,
and an erosion algorithm (Sec. 6.3) to simulate chemical dissolution or precipitation. The latter
was incorporated into the macro-meso multiscale framework in Chapter 7, which led to some
hysteresis due to the dissolution/precipitation path as new flow channels could be created. This
study showcased strongly the influence of multiphysics couplings across scales and highlighted
how to account for simple changes in the microstructure from µCT-scans and quantitatively
assess the resulting impact on the duration of the reactivation event at the macro-scale.

The framework introduced in this thesis is particularly rich in applications and opened the
door to further exciting studies. For instance, while the study of Chapter 7 focused mainly
on chemical alterations as the preponderant deformation mechanism of the microstructure,
mechanical deformations remain non-negligible during fault reactivation, especially for the shear
component, and affect as well the geometry of the microstructure. The permeability upscaling of
Chapter 7 could therefore be further refined when linked with the hydro-mechanical simulator of
Chapter 6 to capture other effects and link microstructural geological observations to the overall
fault reactivation process.

Similarly, the micro-scale model could be extended to upscale for mechanical properties,
which is an important feature since Chapter 5 confirmed that the presence of pore space is the
cause of pressure sensitivity in rocks. Mechanical simulations on digital rock microstructures
allow to go one step further and plot the entire yield envelope, with the compression cap, by
identifying homogenised yield stress values on the computed stress-strain curves for different
stress paths. Chapter 5 clarified the ambiguity around the notion of yield, revealing different
homogenised values when considering different definitions. For this reason, we suggested a new
protocol to measure the macroscopic yield of a rock based on energy considerations (Sec. 5.4-
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5.6.2), which was validated both numerically and experimentally. We believe that this method
could yield more valuable results than the classic experimental method in a modelling context,
because it corresponds physically to a transition of energy regimes, from elastic energy storage
to plastic dissipation, instead of a geometrical deviation of linear elasticity.

The upscaling of micro-scale properties is not limited to numerical modelling and Chapter 5
demonstrated that the various yields identified could either be computed numerically or measured
experimentally, with relatively good agreement between the two approaches when both are based
on µCT-scans. While these images are more commonly used to reconstruct 3D models as inputs of
the numerical simulations (Chapters 5-6), this contribution explored their potential in generating
3D printed samples for laboratory experiments (Sec. 5.6). The use of 3D printing is quite novel
in geomechanics and we demonstrated its particular value in retrieving the geometrical influence
of the microstructure on the rock yield (Sec. 5.7.1), as the only method able to recreate a physical
sample from a given microstructure. Sec. 5.6 showed that this promising technique has already
reached a satisfactory level of precision for geomechanical testing, extending its usage from
visualisation to the modelling field.

The overall modelling framework was illustrated on a specific application to production-
induced fault reactivation, yet it remains much more generic and flexible to capture numerous
other scenarios linked to fault reactivation. Within the context of petroleum engineering, fluid
injection is actually the most common cause for fault reactivation and could just as well be
modelled with this approach. Implementing more physics at the macro-scale could also easily
diversify the range of applications, including geothermal exploration, enhanced oil recovery
or CO2 storage. At even larger length scales and geological timescales, this framework is also
applicable to plate tectonics theory looking at purely tectonic perturbations of faults. In this
context, the framework can also be applied to mineral exploration, extending preliminary results
from Poulet et al. (2018a,b) where fault openings are inferred to cause the episodic propagation
of mineralising fluids, responsible for giant ore deposits when they reach lower P,T environments.
This modelling framework captures the evolution of multi-physical processes across scales in
a way that was unforeseeable previously and opens to door to truly exciting studies in a wide
range of fields.
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Appendix A

Bezier interpolation algorithm

We avoid a linear interpolation which would not account for the peak permeability values at
the centre of the shear zone very well (see Fig. 4.4). Instead, we chose an interpolation using
Bezier curves, which allows us to capture both the peak of the bell curve (since one of the
interpolation points is exactly at the centre of the fault) and reduce the number of sampling points
to a minimum.

The interpolation between the sampling points is essentially one dimensional across the fault
and is therefore well adapted for Bezier curves within each segment, which are characterised
by the location of their anchor points, which fix the value of the interpolation function at those
points, as well as control points, which determine the tangent of the function at the anchor points.
Every cubic Bezier segment is defined by the parametric equation:

B(t) = (1− t)3A0 +3(1− t)2tC1 +3(1− t)t2C2 + t3A3 , 0 ≤ t ≤ 1 (A.1)

where A0(x0,y0) and A3(x3,y3) are the two (end) anchor points and C1(x1,y1) and C2(x2,y2)

their respective control points. Varying the variable 0 ≤ t ≤ 1 draws the segment from A0 (for
t = 0) to A3 (for t = 1). For the case we’re interested in, permeability remains a function of the
distance x across the fault. For a given value of x we can then identify easily the corresponding
segment and the value of the t parameter, solution of the equation

(1− t)3x0 +3(1− t)2tx1 +3(1− t)t2x2 + t3x3 − x = 0 (A.2)

which can be solved with a Newton Raphson algorithm up to a numerical tolerance to get the
corresponding value of interpolated permeability with Eq. A.1.

We select every pair of consecutive sampling points as anchor points and introduce two
control points in between to ensure an overall smooth curve, but also a nicely defined peak at
the centre of the fault and flat tangents at the extremities. As such, most of the control points
are positioned on the tangent of the parabolic curve passing through the corresponding anchor
point considered and its two neighbouring anchor points (see Fig. A.1a). For the segments at the
extremities, which have no neighbour anchor points on one side, a horizontal tangent is selected
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Fig. A.1 Comparison of different weights used to calculate the distance of the control points to
the anchor point in the Bezier interpolation of the permeability profile.

to reflect a constant porosity away from the fault zone. Finally, the control points around the
anchor point at the centre of the fault zone are selected to generate horizontal tangents in order
to capture the peak at the centre. Some flexibility remains to control the distance between the
control points and their respective anchor point. We fix that distance as a fraction of the length
of the corresponding segment, as shown in Figs. A.1b-A.1c-A.1d where respective factors of 0.1,
0.25 and 0.5 are tested, and select the value of 0.25 for the remainder of the study.

There remains a potential problem with the position of the control points on the tangent of the
parabolic curve passing through three consecutive anchor points, when the interpolated function
marks a sharp peak at the centre, as is the case during a reactivation event. Indeed, in such
cases where the interpolated function suddenly picks up, there is a risk of undershooting when
following the parabolic guide line as shown in Fig. A.2a. In this case, we chose the control points
on the linear segment connecting two anchor points (A-B on Fig. A.2a) when the following
anchor point (C) is such that the angle ÂBC falls below six degrees. Fig. A.2b illustrates the
problem we would encounter without this correction in the presence of a sharp permeability
peak, with interpolated value falling below the limit values, which is unrealistic. Fig. A.2c shows
the corrected profile, which compares well with the shape of the porosity profile.

When integrated in the meso/macro-scale framework, the Bezier algorithm provides overall
a good interpolation for the profile of permeability ouputted in our fault reactivation simulations,
as shown in Fig. A.3 where Bezier matches well the non-interpolated law. It represents a great
advantage over a simple linear interpolation, particularly providing a much better match in
Fig. A.3b.
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Fig. A.2 Problem (left) and solution (right) with the tangents used for the Bezier interpolation of
the permeability profile.
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Fig. A.3 Comparison of the profile of permeability across of the fault at different times for a
fault reactivation simulation interpolated linearly or with Bezier between the same five sampling
points. The two interpolated laws are compared with an empirical law defined as 1−φ0
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