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Chapter 1
Introduction

Definition 1.0.1. Define the Fourier transform f of a function f € Li(R) by

F(Dw) = 1) = <= [ s@e s (L)
for all y € R.

The uncertainty principle is the phenomenon that a function f and its Fourier
transform f can not both decay rapidly.

To interpret the uncertainty principle rigorously, we need to have a precise def-
inition of what the decay of functions f and f means. Different measurements of
the decay of functions f and f give us different theorems that demonstrate the
uncertainty principle.

Suppose that @ > 1 and define the decay of f to be

2] £ (@)1l 1,z
Dy =
T @)y

(1.2)

Then the uncertainty principle becomes a mild generalization of the Heisenberg-

Pauli-Weyl inequality (see Cowling and Price [6]):
DsD; > C. (1.3)

In particular if & = 1 then the above inequality is the Heisenberg-Pauli-Weyl uncer-
tainty principle (see Dym and McKean [7]).
Also, suppose that the decay of f is defined as

Dyla) = || /(@) (1.4)

o

Then Hardy’s uncertainty principle says that if Dy(a) and D() are both finite and
aff = 1, then there exists a constant C' such that f(z) = Ce=***/2. Also if Ds(«)
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and D;(fB) are both finite and af > 1, then f is zero (see Hardy [11]).

Similarly, suppose that we define the decay of f to be

. (1.5)

By e
o) =||f@e|

If Dy(a) and Df(ﬁ) are both finite and o > 1, then f is zero (see Cowling and
Price [5]).

Moreover, the Morgan-Gel’fand-Shilov type uncertainty principle interprets the de-
cay of functions f and f by

)| e®lxl”/p
f(x)| eBl="/a
Dy(B) = /n Wdl‘, (L.7)

where 1/p+1/q = 1. Gel’fand and Shilov [10] extended the work of Morgan [13] and
proved that if Dy(«) and Dj(f) are both finite and a8 > 1/4, then f is zero unless
aff = 1/4and p = ¢ = 2, in which case f(z) = P(z)e~*"**/2 where P is a polynomial.

Suppose N > 0 and 1 < p,q < co. Then in the Cowling-Price type uncertainty
principle, the decay of the functions f and f may be defined by

[ (1@t
Df(oz)—/n (W) da (1.8)

Blal?/2

Df(ﬁ):/n ‘f(x)— dz. (1.9)

(1 + [ )

If Dy(ar) and Dy(B3) are both finite and a8 > 1, then f is zero. Also if ¢ =1 then
f(x) = P(z)e****/2_ where P is a polynomial (see Cowling and Price [6]).

We notice that the Hardy style theorems are about a pair a and f such that Dy(«)

and D;(f) are finite. We can ask a natural problem: if we define
Dy =sup{a | Df(a) < oo} (1.10)

and
D;= sgp {B | Di(B) < oo}, (1.11)



what can we say about Dy and D; ? Generally if DyD; > 1, then f is zero. So the
interesting case is when DyDy = 1. The growth of Dy(«)D;(8) when a8 — 1 plays

an important part here and this leads to our first problem, as follows.

Problem 1.0.2. Suppose that f € Li(R),

/ |f(2)] €2 de < O(1 — 5)~N+D/2 (1.12)
R

/R f(w)

when 0 < s < 1. What can we say about the function f ¢

and
eV Pdy < C(1 — s)~NHD/2 (1.13)

Answer: If f satisfies the above conditions, then there exists a polynomial P of
degree at most N such that f(x) = P(x)e*x2/2. Part of Problem 1.0.2 can be solved
via standard arguments that already exist in Hardy’s paper [11]. In this thesis, it is

also implied by Theorem 4.4.4 in Chapter 4.

In Beurling’s uncertainty principle, f(z) and f(y) are considered together, and

the decay is interpreted by

Dy = //RQ’f(x) f(y)| el da dy. (1.14)

Beurling’s uncertainty principle says if the above integral is finite, then f is equal

to zero. This was generalized by Bonami, Demange and Jaming, who proved that if

NS

then f(z) = P(x)e”4%?) where P(z) is a polynomial and A is a positive definite

el @ dy dy < oo, (1.15)

f(@)f(y)
(14 [a] + [y)¥

matrix (see Bonami, Demange and Jaming [3]).

Similarly, in Beurling’s uncertainty principle, we can define
Dy =sup{a | Ds(a) < oo}, (1.16)
where

Dy(e) = [[ |#@) f)| et dady, (117

When Dy > 1, f is zero by Beurling’s uncertainty principle. Thus the interesting
problem is what we can say about f when Dy = 1. Again the growth of Dj(«)
when a goes to 1 plays an important part here. In this thesis, the following problem

regarding this uncertainty principle is discussed and solved (Also my paper ”On

3



Beurling’s uncertainty principle” was accepted and published by the Bulletin of the
London Mathematical Society).

Problem 1.0.3. If a function f on R is such that

J L@ fw e iz ay = o -0 (1.18)

as A — 1—, what can we say about the function f ?

Answer: If f satisfies the above condition, then f is the product of a polynomial
of degree of at most [N — 1/2| and a gaussian. Problem 1.0.3 was open and by
solving this problem we developed an approach that can actually treat Problem 1.0.2
and Problem 1.0.3 in a uniform way in Chapter 4. Also in Chapter 5, this problem

18 generalized into higher dimensions by using an Radon-transform reduction.

Before we state the last problem, we define the Mellin transform M’Jﬁ of a function
f by
M(e) = [ faysent(a) ol d

Problem 1.0.4. Suppose that f and f are of gaussian decay and a sequence of

complex numbers {z,} satisfies the condition

=1
> — =00 (1.19)
n=1 """
Is f uniquely decided by the values of M'}(zn) ?

Answer: This can be answered affirmatively by further exploring the approach
in Chapter 4. In Chapter 6, I showed that the value of M’}(zn) uniquely decides the

function f.

In the literature, a useful approach to understand the uncertainty principle for
a given function f is to construct an analytic auxiliary function based on f and
then try to conclude certain properties of that auxiliary function which imply useful
properties of f.

In this thesis three different analytic functions built from f are discussed. The
most obvious one is the natural analytic extension of the Fourier transform, defined

as follows.

Definition 1.0.5 (Analytic continuation of the Fourier transform). Given a function
f in L1(R), we define the analytic extension of f to be

1) = [ Fperay, (1.20)
R
for all complex z for which the integral is defined.
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The second way of constructing an analytic function from f is by the Bargmann

transform.

Definition 1.0.6 (Bargmann transform). Given a function f in Li(R), we define

its Bargmann transform By as follows.

By(z) = (f(-) exp((-)*/2), exp (= (- — 2/2)%)) (1.21)

for all complex z for which Bs(z) is defined. Here (-,-) denotes the usual Lo(RR)

inner product.

The third method of getting an analytic function from f is the © transform

which is defined as follows (a formal definition is found in Chapter 3.

Definition 1.0.7 (O transform of f). Given a function f in L(R), we define

?)
_|_

k
Mf
+

—~

Ok(z) = o 1 (1.22)

ISR

=
(IS

for all z € C for which ./\/l’}(z) is defined.

This transform was not in the literature before and is my main contribution in
this thesis. This thesis is dedicated to showing the idea behind the solution of all
above three problems by examining properties of @’Jﬁ and how these properties can

be used. Roughly speaking, our result about @’}" can be stated as follows.

Observation 1.0.8. Suppose that there exist positive numbers ¢, d, o and 3 such
that | f(z)| < ce=*"*/2 and ‘f(y)‘ < de P/ for all z,y € R. Then ©% is an analytic
function of order 1 and, by the Hadamard factorization theorem (see Chapter 2),

Ok(2) = 2me ﬁ <1 - i) exp (i) (1.23)

n=1

for some fixed values m, a and b.






Chapter 2

Background material

2.1 The Fourier transform and Schwartz space

Definition 2.1.1. Define the Fourier transform f of a function f € L;(R™) by

: % |
F =)= (52) [ faee i 1)

for all y € R™.

In this thesis we denote by 7, the gaussian function e~*/2 on R, and then

r}?a(y) = \/g’)/l/a(y)' (22)

Definition 2.1.2. The Schwartz space on R™ is the function space
SR = {f € C*R"): |fll,5 < o0 Va8 N,

where C*(R™) is the set of smooth functions from R™ to C, and

1]l = sup [2°D?f ()|,
TzeR™
where sup denotes the supremum, while x is the monomial and D? is the partial

deriwative given by the standard multi-index notation.

It is well known that the Fourier transformation is a bijection on S(R™), and
hence we may extend the definition of the Fourier transformation to the dual space
S'(R™) of tempered distributions.



2.2 The Hermite functions

Definition 2.2.1. We denote by h,, the nth Hermite functions (18], defined as fol-

lows: ” ,
1 A (e™™) -
() = —1)n e /2, 2.3
(z) (ﬁQ"n!) (=1) dz  © (2:3)
It is easy to check that, when m < n,
/ 2" (2)e ™" do = C/ D™(e™*" )™ dz = 0, (2.4)
R R

by repeated integration by parts, where D denotes differentiation. Thus [ by (2)h, () dz =
0 when m # n, and the {h,} form an orthonormal basis in Ly(R). Also h,, is a poly-
nomial multiplied by =, () and we denote by H, the Hermite polynomials, defined

as follows.

Definition 2.2.2.

H,(x) = ——=€"". 2.
(x) ¢ (2.5)
It is easy to check that
1 1/2
N 1\ —x2/2
hn(x) = (ﬁan!> (—1)"H,(z)e . (2.6)
Moreover (see Thangavelu [18])

2.3 The Mellin transform

Suppose that f : R¥ — C. Then we can define a function f(z) = f(e*) and by

direct computation
- 1 _
FP© = == [ e an
_ 1 —ig 0t
= o Js fe)t .

This leads to the traditional definition of the Mellin transform, as follows.

Definition 2.3.1. Suppose that [, |f(z)|z* '/ dz < oo when s € [a,f] C R.
Then the Mellin transform My is defined by

M(2) = V2 F(f) (Zz - %) =/ f)=Y2 dt (2.9)

when Re z € [a, B].



If f(t) isin Ly(RT, dt/t), then foexp is in L;(R). Also we can check that by

the above definition .

V271

Thus by the Fourier inversion formula we can compute f(x) when x > 0:

F(f)(@) = —7m=M;(~1/2 — ix).

) =5 (M2 i) ) o)

1 .
— —ti—1/2 ilog xt
27T/RMf( ti —1/2)e dt

| (2.10)
_ L T it
= 27T/RMf( ti —1/2)x" dt

1 200

== M (y)z™" 12 dy,

21 ) o

where the last integral is a complex line integral.

Definition 2.3.2. Define the Mellin inverse transform of a complex function f
defined on the strip {z € C : |Re(2)| < ¢} by

1 100

M (z) = — Flya—v=12dy (2.11)

o

where x > 0 and the integral is a complex line integral.

It follows that, by defining the Mellin inverse transform M~ as above, we can
reconstruct half of the function f on R*. To reconstruct the whole function f on R
we will also need M v = ]-"(}:\7), where fY(t) = f(—t).

For convenience, to uniquely reconstruct f via M™!, we adjust the definition of

M as follows.

Definition 2.3.3. Given a function f € L1(R), define
M(2) = [ f@ysent(a) o e (212)

for all z € C for which M’}(z) is defined.

It is easy to check that if f is even, then M(} is twice the traditional Mellin
transform of f. Similarly if f is odd, then M} is twice the traditional Mellin
transform of f. Also MY% = MY%, and M} = —M]lvv.

A function f can be split into an even part f. and an odd part f, such that
f = fe+ fo. Then we can reconstruct f on R by

f@) =5 (MTMP)(Jz]) + sgn(a) (MM (|2]) (2.13)

N | —

9



for all z in R.

2.4 Multiplicative convolution

Definition 2.4.1. Suppose that |f| and |g| are bounded and in Li(R*, dt/t). Then

we define the multiplicative convolution f %y g between f and g by

P = [ g ()% (214)

Y

for all x € R.

Because we can check that, when u > 0,
My, ()= [ flu)a™ 2 da
R+
— / u—1/2—2f<t)tz—1/2 dt (215)
R+
_ U_I/Q_ZM]@(Z>,

where fod,(z) = f(ux), we can find the formula for the traditional Mellin transform

of a multiplicative convolution as follows:

Meos) = [ ([ 1wa (2) %) a2 o
L L))

» F@y P My (2) dy
= M;(2)M,y(2).

In this thesis we define an operator x,, that is similar to multiplicative convolu-

tion as follows.

Definition 2.4.2. Suppose that functions f and g are in Ly(R). Then we define
[Hm g by

(f 4 9)(a /f (2.17)

From the above definition, we get a similar equation regarding the Mellin trans-

form as follows.

Lemma 2.4.3. Suppose that f and g satisfy the integrability condition

Awwwmwm (2.18)

10



and
/ l9(z)| 27V < o0 (2.19)
R

for all s € [—a,a]. Then
M, (2) = ME(=2)M(z) (2.20)
when Re(z) € [—a,al.

Proof. When Re z € [—a, a] we have, by computation,

Mis, () = [ se(e) f(aw) ol da
R
= / |Oé|_z_1/2 sgnk(t/a)f(t) |t|z—1/2 dt (221)
R
= sgn(a) |oz|_z_1/2./\/l’}(z).

It follows that when Re(z) € [—a, d
Mj(2) = [ sent) ([ fgtan) dy) o o
R R

— /[R fy) ( /R sgn” (2)g(yz) |2~/ dl“) dy (2.22)
:/Rf(y) sgnt () y| > dy Mii(2)

= Mb(—2) ME(2),

g

as required. O

2.5 The I' function

The I' function shows up in the Mellin transforms of certain functions in this thesis.
Here we recall several useful formulas that are needed to compute the inverse Mellin

transform.

We first define the I' function as follows.

Definition 2.5.1. For all z € C such that Re(z) > 0, define

I'(z) = /]R+ ¥ e " dr. (2.23)

To extend the I' function to the whole plane we use the following reflection

formula, due to Euler.

11



Lemma 2.5.2. For all z € C\Z,

T

(1 —2)(z) =

(2.24)

sin(7z)’

We can thus quickly conclude that I' function has no zeros anywhere in the
complex plane; we will need this property in Chapter 4. Also by computing the

Mellin transform of gaussian functions, we get the following result.

Lemma 2.5.3. For all z € C,

1 say\ —(z/2+1/4+k/2) z 1 k
: =—|= '=-+-+-=-1>. 2.25
My (2) = 5 (2) <2+4+ 2) (2.25)
Proof.
M(')k'Ya(Z) = / e_axQ/sz—l/Q"rk dx
R+
1 9\ #/2H1/4+k/2
= —/ e V|- 23R gy, (2.26)
2 R+ a
1 <a>(2/2+1/4+k/2)r z n 1 . k
- 21\2 2 4 2)7
as required. O

By changing a to 2e~* we notice that

1 z 1 k
_ k z
e WM e, () = 52T (5 T 5) ' (227)
It follows that
o, 1 2 z 1 k
Y (,—t(1/44k/2) — —(Z\n Zt/?l'\ ~ - 2. 29
815(6 M(,)k,be_t)(Z) 2(2) e (2 + 1 + 2) (2.28)

Thus we have the following lemma to compute the Mellin inverse of functions of the
form M%(z) = P(z/2)e" T (5 4+ 1 + %) for z € C, where P is a polynomial.

Lemma 2.5.4. Suppose that the Mellin transform M(z) satisfies

1 Kk

M;(z) = P(2/2)e”* T (z + -+ —) ; (2.29)
2 4 2

where k = 0,1, z € C and P is a polynomial of degree d. Then

f(z) =2 {P (%)} . (ke /AR exp(ea?)) (2.30)

for x € R. Hence f is a polynomial of degree 2d + k times the gaussian function

Y2e—20-

12



Proof. Combine Lemma 2.5.3 and the above arguments. m

Suppose that f is a function on the complex plane, analytic except at the points

+i, of the form
k

f(z) = ZZ% (2.31)

k=0 5=0
In order to get the Mellin transform of f on the real line, we need to compute the
Mellin transform of each term in the above equation on the real line. For convenience,

we define 0y, as follows.

Definition 2.5.5. We define

.’L’k

Okn(x) = (e

(2.32)

for all z € R.

It is easy to compute the Mellin transform of each 6, and we have the following

results.

xk+z—1/2

M, () = /R+ (1 + 22)n+1/2 da

/2 htz—1/2
_ / (tan 9)2 1 50
o (1+tan?0)"*1/2 cos? 0

w/2
= / (sin §)F 712 (cos §) 212 k== qp (2.33)
0

—;F n+1_ﬂpl+k+z
- 2(n+1/2) 4 2 4 2 )
1 k+2z 1 k+2z

It follows that, for f of the form (2.31),

N
MO(Z):EZCL oC, I n—i—l—z r 14_5
f 2 o 4 2 4 2

n=0 (234)
1 =z 1 =z
where P is a polynomial of degree at most N. Also similarly
N
1 =z 3z
1 e — _— o —— — —
Mi(z) = ZanlCnF <n 1 2) (4 2)
n=0 (235)



where () is a polynomial of degree at most N — 1.

2.6 The Hadamard factorization theorem

In this section we give a quick review of some classical results about analytic func-
tions.

Suppose that f is analytic in B(0,r), the ball around 0 of radius r, and that f
has no zeros in B(0,r). Then log|f| is also a harmonic function in B(0,7) and by

the mean value theorem we have

L[ ,
log | f(0)] = 2—/ log ‘f(r619)| do. (2.36)
T Jo
Jensen’s formula says that if f is analytic in the ball around zero B(0,7) and f has
zeros {z}, then
N 2
log | £(0) Z ( ) + —/ log | f(re”)| df. (2.37)
k O
From Jensen’s formula, we can derive a lemma regarding the connection between

the number of zeros of an analytic function f and the growth of f.

Lemma 2.6.1. If f is an entire function, B(r) is an increasing function defined on

RT and |f(2)] < B(]z]) | f(0)| where f(0) is not zero, then

log B(2r)

n(r) < o 2 (2.38)

where n(r) is the number of zeros in the unit ball B(0,r).

Proof. See Conway [4, p. 282]. O

If we know that log B(2r) < rlog 2, then the number of zeros n(r) of function f
in the ball B(r,0) is less than r by applying the above estimate. It follows that if
we randomly pick {z,} such that

| {zk @ |zk| <r}| <,

where |S] indicates the cardinality of a set S, then the values f(zx) uniquely deter-

mine the function f.

Definition 2.6.2 (order of an entire function). The order (at infinity) of an entire

14



function f(z) is defined by

log(log || f1

5,)

p = limsup
r—00 log r

where B, is the disk of radius r and ||f||B, is the mazimum value of |f(x)| for all
x € B,. Also it is equivalent to the infimum of all m such that f(z) = O(e*™) as

Z —r 0Q.

Definition 2.6.3 (rank of an entire function). Suppose that f : C — C is an entire
function with zeros at z, and a zero of order m at 0. If there exists an integer p
such that

o0

Dzl T < (2.39)

n=1
where {z,} is sorted so that |z,| increases, then f is defined to be of finite rank. The
smallest p such that the above inequality holds is defined to be the rank of f. If f

has only finite many zeros, f has rank 0.
We recall the Weierstrass factorization theorem.

Theorem 2.6.4 (Weierstrass Factorization Theorem). Suppose that f is an entire
function with zeros at z, where |z,| # 0 and a zero of order m at 0 and there exists

a sequence {p,} such that
Piz) =T E,, (i> (2.40)
converges, where

E,(z) = (1 —z)exp (Z ﬁ) : (2.41)

Then
f(z) = 2" P(2). (2.42)

In the Weierstrass factorization theorem g is not necessary a polynomial. How-
ever if ¢ is a polynomial of degree p and the rank (defined by Definition 2.6.3) is ¢,
we can define the genus p of the entire function f to be max(p,q). The Hadamard

factorization theorem says that if f is of order A, then u < A.

Theorem 2.6.5 (Hadamard factorization theorem). Suppose that f is an entire

function of finite order \. Then f also has finite rank p and f has a canonical form
f(z) = 2meIP P(2), (2.43)
where g is a polynomial of finite degree q and P(z) is as in Theorem 2.6.4. Moreover

A — 1 <max(p,q) < A (2.44)
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Proof. See Conway [4, p. 289]. ]

2.7 Notation

Suppose that f and g are functions with domain D. We say |f(x)| < |g(z)| when
there exists a constant C' such that |f(z)| < C'|g(x)| for all z € D. We denote by o
the composition operator such that (f o g)(z) = f(g(x)). Also we denote by 4, the

dilation function such that d,(x) = ux.
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Chapter 3

Hardy’s uncertainty principle

revisited

3.1 Introduction

Hardy’s uncertainty principle on R is a classical result in harmonic analysis. Hardy

initially states his result by saying that if

@] S (1+ ]2l (@) and [F)] S 0+ 1y n)

for all z,y € R and if ab = 1, then f is equal to P~, where P is a polynomial. Also
if ab > 1, then both f and f are null. Moreover if ab < 1 then there are infinitely
many linearly independent functions that satisfy the condition.

In this chapter, I will firstly review this classical result and then use similar
techniques to get estimates of derivatives of functions that satisfy Hardy’s condition.
With the estimates of derivatives we will be able to estimate the coefficients for
Hermite expansion of function f. It turns out that the estimating of coefficients
for Hermite expansion gives us a new and quicker way to prove Hardy’s uncertainty
principle.

In Garg and Thangavelu [8], it is proved that if f € L;(R) and satisfies estimates
|f(x)] < Ce /% and ‘f(y)‘ < Ce=’/2 for some 0 < a < 1, then

[(f, he)| < C(2k + 1)ee+11/2

where ¢ is determined by the condition tanh(2t) = a/2. Also, conversely, if |{f, hy)| <
C(2k + 1)e@ D42 then |f(z)| < Ce~tanb®F/2 In this chapter, we consider the

related condition
(@) < Ce et and | f(y)| < Cemv e (3.1)

17



for small . We show that this condition implies that

nt"

Nk

Conversely, we show that if [(f, h,,)| < nt"/v/n!, then

[(foha)| S

—1‘2 x
f(@)] S (t|a] + D)e /e,

3.2 Analytic continuation of the Fourier trans-

form

3.2.1 Hardy’s uncertainty principle

There are many ways to rephrase Hardy’s uncertainty principle. The simplest way

is the following.

Theorem 3.2.1. Suppose that |f(z)| < e **/2 and ‘f(y)’ < e ¥'/2. Then there
exists a constant C such that f(zx) = Ce /2.

The above theorem has two different proofs in Hardy’s initial paper (see Hardy

[11]), but the usual proof is the following.

Proof. Let z = x + yi. Then we have

o )| = | = [ staeonar
Ca —t2/2_yt (3.2)
< \/%/Re e'dt

= Caey2/2.

f2)] =

#/2 is bounded

Thus f is an entire function on the whole complex plane and f(z)e
on both the real and imaginary axes. We can check that the auxiliary function F' J‘?,
given by

Fj(2) = f(2)e” 202, (3:3)

is bounded on the line z = re? when 6 = 0. Indeed, when r > 0 and = 7/2 —

18



arctan d, we have

|F;(Teei)’ _ ‘f(reei)e(regi)2/2€i5(r cos O+ir sin 0)2 /2
< Caerz sin? 9/26(77“2 sin? 6+r2 cos? 9)/26751"2 sin 6 cos 6
— Caer2 cos? 9/26767'2 sin 0 cos 0
— Cae(r2 cos? 0)(1/2—6 tan 0)
— Cae—(r2 cos? 0)/2

< C,.

Also F}S is of order two in the region
T
{z € C: Arg(z) € [O, 5= arctand} } :

Thus by applying the Phragmen-Lindelof principle to the auxiliary function Fj‘f,

we know that it is bounded where Arg(z) € [0,% — arctand]. Because arctand — 0

12
when 6 — 0, by letting 6 go to zero, we conclude that F ]9 is bounded in the first
quadrant. Using a similar technique on the other three quadrants of the complex
plane, we can show that F ]9 (z) is bounded on the whole complex plane, and thus

must be constant. Thus f = C,. O

Although this proof is simple, it is based on two important techniques. First,
we find an analytic auxiliary function F' }) based on f and extended it to the entire
complex plane. Second we find attributes of the auxiliary function F' J9 based on the
decay of f. In the above example we conclude that the decay of F’ 19 on the real axis
is controlled by the decay of f by definition while the decay of F J(? on the imaginary
axis is controlled by the decay of f.

Since we are using the most straightforward way to construct an analytic function
A based on f by letting A(z) = F{(z) for all z € C, we only require f(x)e* to be
integrable on R for all positive A\. Thus if we replace the condition of Theorem 3.2.1

by the following looser pair of conditions

f(2)] S e/ [y ()]
Fw)| s e ),

and pick 1 (z) carefully, we can still get an analytic function F })(z)

(3.4)

Remark: If we carefully check the definition of the Bargmann transform in Defi-
nition 1.0.6, we will find that the Bargmann transform of f is very similar to F JQ .
It is because that if a function f is not of gaussian decay, we can always multiply

f(x) by e **/2 to make a function of gaussian decay. Thus By can be treated as a
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normalized version of F' ]9( f e~/ 2). This kind of relationship explains why they can
both be used to estimate the coefficients of Hermite expansions of f in the following

sections.

3.2.2 Estimation of Hermite expansions (first approach)

We will develop properties of F ]9 and their applications in this section.

Lemma 3.2.2. Suppose that r > 0, A > 0 and n is a positive integer. Then

e r’ Ae\”
min— =max— = [ — | .

roorn eAr n

Proof. Notice that

d(e /r™) _ AeN P — Tl (W= n)en
dr - r2n - rntl
d AT /.M d AT [

Thus de /r) < 0 when r < n/\ and e /r") > 0 when r > n/A. So when

r

Ar A n
r =n/\, — is minimal and is equal to (_e) , as required. O]

rh n

Lemma 3.2.3. Suppose that f satisfies the conditions (3.4) and | (z)| < e!l*l where
0<t<1. Then |F}(z)| < eV2tlal,

Proof. Let u,v € R, we have

f(u—i—vi)

1 ) )
N —z:p(u+w)d
= xT)e X
‘ 2T /]Rf( )

_ L —uzritvr
= ‘m/ﬂ{f(x)e dx

< L[ et i) g,

~ V2 Jr (3.5)

<L e eliel e g

T 27 Jr

<L oz / ozl +02/2 g
2T R

< oV /2t
It follows that F7(z)e "+ given by
F}?(Z)e—tz-&-itz _ e—tz+itzf(z)ez2/2€i6z2/2’ (3.6)
satisfies the following: when z =7 € R and r > 0,

|F}5<2)6—tz+itz‘ — 6—tr

fmee| < c.
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Also when z = re% where § = /2 — arctan § and r > 0

}F}S(z)e—tz—i-itz |

o e—tr(cos@-i—sin@) ‘]E(re&')e(reoi)2/26i6(eei)2/2

—tr(cos 0+sin 6) 67’2 sin? 9/26257" sin 06(77’2 sin? 9412 cos? 0)/2 —dr? sin cos 0

(& (&

2 (ne2 _s5r2i
el cos 9/26 6r?sin 6 cos 6

AR A

_ e(r2 cos? 0)(1/2—6 tan 0)

r2 cos? 6)/2

6_(

1.

IN

Thus F}(z)e " is bounded on the half line z = r where 7 > 0 and on the half

—tz+itz

line z = re? where § = Z — arctand and r > 0. Also F]‘f(z)e is of order two in

2
the region

{z € C: Arg(z) € [0, g — arctamﬂ } :

Thus by applying the Phragmen-Lindel6f principle to the auxiliary function F§(z)e~"**%=,

we know that it is bounded where Arg(z) € [0,% — arctand]. Because arctand — 0

? 2

when § — 0, by letting 0 go to zero, we conclude that F}(z)e ">

is bounded in

the first quadrant. Hence
|F]9(Z)‘ <C ’ezt(l—i)‘ < Cet(x-i—y)

where z = = + iy, that is, F}(z) < CeV2l:l By using the same techniques on the

other three quadrants of the complex plane, we get the result. O

A direct consequence of the above estimate is that when t approaches 0, the
space of functions satisfying condition (3.4) approaches the one dimensional space
{C~}. Moreover we can use Lemma 3.2.3 to estimate the growth of not only the

function FJ? itself, but also its derivatives, by analyticity.

Lemma 3.2.4. Suppose that g is an analytic function such that |g(w)| < e*™! for
allw e C. Then
(D"g)(w)] < APl (3.7)

Proof. Because ¢ is analytic,

_n!
o

[(D"g)(w)| : (3.8)

where I' is the circle of radius r around w. Because |z| < |w|+r for y on this circle,

we have the following estimate:
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o= | [ 22 a

. [ n! 2mreMvlEn)
<min| ————
r \ 27 rntl

e)vr (39)
< min (—) nlev!
r rn
n ?
where the last line follows from Lemma 3.2.2. Because
Zlogk < / log(z + 1) dux,
k=1 0
it follows that
n! = exp (Z log k) < exp (/ log(z + 1) dx)
k=1 0
=exp ((n+1)log(n+1) —n) (3.10)
(n + 1)n+1
=e )
e
Thus
e ntl e
< —. 3.11
(n + 1) ~ nl (3:11)
It follows that <E> ! < n—? and we can simplify the above inequality to get |(D"g)(w)| <
n n!
nA\"eAwl, O

By combining Lemma 3.2.3 and Lemma 3.2.4, we get the following.

Lemma 3.2.5. Suppose that f satisfies the conditions (3.4) and | (z)| < etl*!. Then
|(D”F19)(Z))‘ < n(v2t)"eV2El for all z € C.

A straightforward application of this estimate is that we can estimate inner

products between F?(z) and e /2D™(e~") in Ly(R) by the following lemma.

Lemma 3.2.6. Suppose that A > 0 and [ has an analytic extension to the whole

complex plane such that
‘f(w)eMQ/Q‘ < Ml (3.12)

for all w € C. Then for alln € N,

)\n
’<f7 hn>| S 2n€A2/47Tl/4—

NeTTh (3.13)
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where
7T_1/4 2 2
hp(z) = —=€" /QD”(e_x ) (3.14)

21!

is the Hermite function defined by Definition 2.2.1.

Proof. Using 3.2.3 and setting g in Lemma 3.2.4 to be fv_1, we have
Dn(f<x>ex2/2> < n)\ne)\\ad

on the real line. Thus

T—1/4 -
/f /2Dn —x? )dl’

Tl =
V2mn/!
T—1/4
/Dn ev /2 712 dr
2n
_l/f (3.15)
< n "/e 2 Aol gy
2nn)! R
N2/4_1/4 A"
< 2ne™ 1t ——,
o 2nn)
as required. O

The reason that we can integrate by parts is that P(z)e** /e always tends to

zero as x — £0o. Thus we can now conclude the following theorem.

Theorem 3.2.7. Suppose that f satisfies the conditions (3.4) and | (x)| < el for

all x € R. Then
nt"

n!

[(foha)l & —= (3.16)

for alln € N when 0 <t < 1.
Proof. By Lemma 3.2.6 and Lemma 3.2.3. O]

Because the Hermite functions form an orthogonal basis in Ly(R), the above
estimate leads to a new proof of the following form of Hardy’s uncertainty principle

as follows.

Theorem 3.2.8. Suppose that |f(z)] < (1+]|z|)Ny1(x) and ‘f'(y)) S (A+]y) V()
for all x;y € R. Then there exists a polynomial P of degree at most N such that

f=Pmy.

Proof. By Lemma 3.2.2, |z|¥ < (N/te)Ne!l”l for all 2 € R, when 0 < ¢ < 1. Thus

by assumption,

te

Ok (5)Net'x'm<x> (3.17)
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and

) < (X e (3.18)

te

for all z,y € R. From Theorem 3.2.7 we can conclude that

s (X)) 1 (5.19)

It follows that |(f, h,)| < nt" N /v/n! for all n > N. Because this inequality holds
for all 0 < ¢ < 1, by letting ¢ approach zero, we see that |(f, h,)| = 0. So there

exists a polynomial P of degree at most N such that

N

f(x) = arhi(z) = P(a)m(x), (3.20)

k=0

as required. O

So far we have shown that |f(z)| < e **/2e!*l and ‘f(y)) < e v/etll for small ¢

implies that
nt”

NeT

Moreover we claim that if |[(f, h,)| < %, then

[{f )| S

|f(z)] < (t]z] + 1)e—w2/26\/§t|m|_

Theorem 3.2.9. Suppose that f is in Lo(R) and satisfies the estimate

nt”

Vn!

[(fs )| S
where 0 <t < 1. Then
|f(z)] < (t]z] + 1)6_$2/2€\/§t|m|‘

Proof. First we observe that, when 0 < p <1,

o0

n?p" d d P d d o

We also recall a particular case of Mehler’s formula (see Thangavelu [18, p. 8]):
when 0 < p < 1,

( >n |H )| ( 12)1/2€2p:1:2/(1+p).
IL—p
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By definition of h,,, we have

1 1/2 EyS

Now suppose that [(f, k)| < % Then when |z| > 1 and 0 < ¢t < 1, by the

Cauchy-Schwarz inequality;,

o0

= 2> {fs ha)ha(z)

n=0

oo . n
< C;t gz 110 ()]

00 1/2 / « o\ 1/2
n? t "|H,(x
<o (Somarh) (3 (sam) )

_ PP VR el (el
~ e p<ﬁ) p(ﬂ<l+t/|x|>>

S (tla] + D)ev>I2,

e

as required. O

3.3 Analytic continuation of the Bargmann trans-

form

In this section we introduce another way to produce an analytic auxiliary function.
Let

Bf(z):/]Rf(yc)egﬁpe(””'2/2)2 dx, (3.21)

where z € C. This auxiliary function By is called the Bargmann transform of f and
can be defined by standard convolution: Bf(z) = (fy-1 * 72)(2/2).

Recall that in the previous sections we have discussed the auxiliary function
F{(z) = f(z)e*"/%. Notice that

Bi(vV2w) = /]Rf(x)e“2/26‘/59“"“)2/2 dx
:/f(t/ﬁ)e—t2/4€tw—w2/2 dr
R

where g(z) = f(x/v/2)e *"/%. Thus although the Bargmann transform is usually

treated as a separate topic in the literature, it is related to F'.
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3.3.1 Estimation of Hermite expansions (second approach)

Using the Bargmann transform we can prove Theorem 3.2.7 in a different way.
(Recall that Theorem 3.2.7 says that if |f(z)] < vi(z)e'l*! and f(y)‘ < yi(y)etl,

then (f, h,) < nt"/v/nl. )

Let g(w) = f(z/v/2)e /%, Because | (2)] S m(@)e™! and | f(y)] S n(w)e™, it
follows that

l9@)| = | F(z/v2)e1)
5 6—x2/2€\/§t\m|/2
< o= /2 tlal
and
9@)| = | (V2F(vV2()) x e O7) ()]
< <e—<~>2€ﬁt\-| « €—<~>2> ()

< 2/ eV eV2y o~ (z-y)? dy
R+

=2 / exp(—2y% + V2ty + 2zy) dy
R+

2
2
_ 26_332/ oo [ 2 (y_ \/§t+2x> | (V2t+2u) "
R+

4 8

2
2t + 2
= 26t2/4e—w2/2€\/§tlm|/2/ exp | —2 (y — u> dy
+

R 4

< 6_$2/26t‘$|.
Thus, by Lemma 3.2.5, |(D”F£)(z))‘ < n(v2t) eVl for all z € C. Tt follows that

(B =|0nr) (5 )| s 2rourret

If By(2) =Y, cu2", then |e,| < 272nt"/n!l. By using the fact that

2 1\ d" (e
— o=z /4 —1)" Tz
Br.(z) =e (ﬁZ"n!> (=1) /R dz ¢

no—nm Zn
= (=1)"2 /2_ﬁ
and f =" (f, hy)hn, we have
- no—nm Zn
Bf(z) = ;Ota hn><_1) 2 mm'
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Thus

(3.22)

| DM(BA)O) | nlle, nt"
.01 = | D@y = s S Vo

when 0 <¢ < 1.

Remark: A similar theorem can be found in Garg and Thangavelu [8] where
they used Bargmann transform as a tool to estimate the coefficients of Hermite
expansions of f when f and f are both of gaussian decay. Also in [9], they proved

that if the following Beurling style inequality holds:

/ |f(x) f(y)‘ N dy dy < oo, (3.23)
R2

then (f, h,) is of exponential decay with a rate that depends on .

3.3.2 Application of the Bargmann transform

In the above proof, we used the estimate of the derivative of By to estimate (f, hy)
while, in the proof of Theorem 3.2.7, we use the estimate of derivative of f(x)y(x)
at = 0. Both approaches lead to the same result. Because By can be treated as
a normalized version of F' ]9, we claim that we can use both approaches to prove the

following uncertainty principle regarding functions in S’.

Theorem 3.3.1 (Bonami et al. [3]). Suppose that e/ f(x) € 8" and that ev*/2f(y) €
S'. Then f(z) = P(z)y(x) for some polynomial P.

Proof. We will prove this by estimating the derivative of the Bargmann transform
of f:
By(z) = (fell/? e (=227, (3.24)

where z € C. Because e /2f(x) and ev’/2f(y) are tempered distributions, there

exists an integer NV such that

By(z) = (fell/2, e=(=/27)

< C max |z°0Pe (@227
© atpN

3.25
SCN‘1+Z|N ( )

N
< (L)
~ \te

for all t € [0,1]. If B(2) =), c,2", then we have

eal S et (= ’ (3.26)
e te) '



By computing the maximum value of the right hand side of the above estimate we

len] S (%e)n (é)N : (3.27)

Therefore for any 0 <t < 1 we have

get

|, h)| = Vnl ||
te\" [ 1\"
< 1 = -
~ \/n_<n> (te) (3.28)
n N

< (L)

~ Vn! \te
Because the above estimate holds for all ¢ € [0, 1], we can conclude that (f, h,) =0
when n > N by letting ¢ go to zero. Thus f(z) = P(x)y1(z). O
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Chapter 4

Beurling’s uncertainty principle

and its generalization

4.1 Introduction

Beurling’s version of the uncertainty principle states that if

/R/R ’f(x)f(y)‘ el dx dy < oo, (4.1)

then f = 0. This was generalized by Bonami et al. [3], who proved that if

o).

then f(z) = P(x)e % where P(z) is a polynomial and A is a positive definite

f(x)f(y) [(z,y)]
0+ o]+ 1] e dx dy < oo, (4.2)

)N

matrix.

Hedenmalm extended Beurling’s result in a different way.

Definition 4.1.1 (Hedenmalm auxiliary function). Given function f € Ly(R), de-
fine the Hedenmalm auziliary function Fy by

R = [ s do. (43)

Using this auxiliary function, Hedenmalm showed that F(\) = ¢o(1 + \?) for

some constant ¢ if f satisfies (4.1). Thus f is an even function and

(MY(2)| :C‘F G+§> , (4.4)

where z € iR and /\/l?f is the Mellin transform of the even part of f [12].
Although f(z) = Ce~*” is a solution to equation (4.4) when C' € C and a > 0,
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it is not clear whether this is the only form of solution for equation (4.4). In this
chapter I will show that if f € L(R), f € Ly(R), and

[ [Jr@iw|ea < oo s

for all A € [0,1), then there exists a € RT and a polynomial P of degree at most N
such that f = P~,. Also in Chapter 6, I will show that a similar theorem also holds
in R™.

Remarks: Some original ideas of this chapter are from Hedenmalm[12]. I revis-
ited and translated them into operational statements to obtain new estimates whose

interest is obvious.

4.2 The O transform

Recall that we define the Mellin transform of a function f on R by

M(:) = [ faysente) ol do (46)

for all z € C where the right hand side is defined. It is obvious that given a
function f, the Mellin transform M’; might not be defined on the whole complex
plane. However if f is bounded and for all N > 0, there exists C'y such that
|f(x)] < Cyz™ when 2 — oo, and then M’ will be defined on the half plane
Re(z) > —1/2.

However, even if MY is defined on the half plane Re(z) > —1/2, it does not
have an analytic extension to the whole complex plane unless | f(z)| < Cyz™ when
|z| = 0 for all N. The condition |f(z)] < Cyx" when |z| — 0 is too strong to
be useful. It can be shown that if f is C°° near 0, then M(} has a meromorphic
extension to C with possible poles at —1/2 — 2k where k is a non-negative integer,
and ./\/l}c has a meromorphic extension to C with possible poles at —3/2 — 2k where
k is a non-negative integer.

Thus we introduce a transform ©; as follows.

Definition 4.2.1. Given f € Ly(R), define

<

[CIRSE I N

2)

+

k
f

Ok(z) = e (4.7)

INIES

)

for all z € C such that M(z) is defined.

Because I' has no zeros in the whole complex plane, © is defined wherever M
is defined. In particular, if M¢(z) is defined where Re(z) > —1/2, ©¢(z) is also
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defined when Re(z) > —1/2.

So far we still can not extend ©(2) to the points where M(2) is not defined.
But we can hope that the singularities of M(2) at Re(z) < —1/2 are canceled by the
singularities of the I' function. More precisely, we will show that ©;(—z) = © f(z),
when M (z) and M ;(z) are both defined, that is, when |[Re(z)| < 1/2. Thus we can
extend ©y(z) to Re(z) < 0 by extending ©4(z) to Re(z) > 0, which only requires
that f(x) has good decay at x — oc.

Lemma 4.2.2. When Re(z) € (—1/2,1/2),

Lo\ T(A/4+2/2)
(‘ | ) e

and AOT(3/4+ 2/2)
. . _1/2+Z = i . . _1/2_2
(sanC 25 = iy SO
Proof. See Theorem 4.1 in Stein and Weiss [16]. O

Lemma 4.2.3. Suppose that f and f are both integrable. Then Of(—2) = @’}(2)
when |Re(2)] < 1/2.

Proof. Because f and f are both integrable, f and f are both bounded. Thus
MG(z), Mj(=2), M?@(z) and M}(z) are defined when —1/2 < Re(z) < 1/2. By

direct computation we have

60(z) = /Rf(x) @V D (14 + 2/2) " da

L /T ) e
- ST T 2201/ = 22 ]

, (4.8)
= 2) 2|7V da
- =g @)l
and
03(2) = [ Fo)sgn(a) ol A/ + 2/ o
_ 1 I'(3/4+2/2) 2 sonla) o -12= 4o
G727 [ TG s a1 (19)
= EED) /Rf(:z:) sgn(z) |z| ¥ dx
as claimed. O

Corollary 4.2.4. Suppose that f(-)e®!! € Li(R) and f(-)e’ll € Ly(R) for some
a >0 and > 0. Then ©¢(z), initially defined on Re(z) > —1/2, has an analytic
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continuation to the whole complex plane. Also we have

@f(—Z) = @f(z) (410)
for all z € C.
Proof. Since ©y(z) is defined on Re(z) > —1/2, by Lemma 4.2.2 we know that when

[Re(2)] < 1/2,
O5(—2) = ©4(2). (4.11)

Because the right hand side of the above equation is defined for all Re(z) > 0, O¢(z)
can be extended analytically to the whole half plane Re(z) < 0. O

4.3 Estimate of the growth of the © transform

Suppose that f and f are bounded and f(-)ell € Li(R) and f(-)e’ll € Li(R) for
some > 0 and § > 0. We have shown that ©(s) is an entire function. Now we

will show that ©(s) is an analytic function of order at most 1.

Lemma 4.3.1. If f is a bounded function and f(-)e®l € Li(R) for some a > 0,
then O¢(z) is defined for all z with Re(z) > —1/2, and there is a constant A, which
depends on o, such that when Re(z) >0

107(2)] S elliostlsD, (4.12)

Proof. From the definition, we know that M is defined when Re(z) > 0. When |z|
is sufficiently large and Re(z) > 1 we have

1/2 1/2
|Mf(2)| ,S (/ |f(:€)|2e°‘|x‘ dx) (/ e—alel ‘x’—l—&-ZRe(z) dx)
R R

1/2 1/2 Lan 1/2
S IFIM2 [ et ( [ e<z>d$)

(4.13)
< a” B (2Re(2)) 12
Re(z)
< (2F
~Y ae )
where the last inequality follows from the Stirling’s approximation. Thus
M;(2) A
) < |\ < pAlzllog(l4z]) 4.14
050411 < | g | < , (4.14)
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where A is a constant that depends on . When 0 < Re(z) <1 we have

|Mf(2)| S/ efa\m|x71/2+Re(z) dr

R+

1 00
< / e—oa|:c\x—1/2 dr _|_/ e—a|a:|$1/2 dr (415)
0 1

< OQ.

Thus there exists a constant A such that
104(2)| < ellTostFlD, (4.16)

when Re(z) > 0, as claimed. O

Lemma 4.3.2. If f is a bounded function and f(-)eﬂ"| € Li(R) for some 5 > 0,
then ©(z) is defined for all z with Re(z) < 0, and there is a constant A which
depends on [ such that

0(2)] S eAlloatr+ia, (117)
for all z when Re(z) < 0.
Proof. This result is a combination of Lemma 4.3.1 and Lemma 4.2.3. O]

Now we can conclude the following theorem.

Theorem 4.3.3. Suppose that f is a bounded function and f(-)e®!l € Li(R) and
FO)eP e Li(R) for some o > 0 and 8 > 0. Then O4(z), initially defined on
Re(z) > —1/2, extends analytically to the whole complex plane and is of order 1.
Moreover if ©¢(z) has finitely many zeros, then the degree of the canonical Weier-
strass form of ©f(z) is finite, thus it must be of the form P(z)e® where P is a

polynomial.

Proof. This is a result that follows from Lemma 4.2.4, Lemma 4.3.1 and Lemma
4.3.2, and the fact that the degree of the canonical Weierstrass form of an entire

function with finite order is an integer if it has finite many zeros (see Conway [4]). [

4.4 A generalized Beurling style theorem

In this section, we use Hedenmalm’s ideas but define a slightly different auxiliary
function Fy based on f € Ly(R) as follows:

Fi0) = [ fa)f0a)da (4.18)

for all A € R.
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Lemma 4.4.1. Suppose that f is a bounded and integrable function, C' >0, N > 0

| [ lr@iw T

when 0 < A < 1. Then ©(z) is entire and can have at most (N — k)/2 zeros.

and
Nyl gy dy <

(4.19)

Proof. Suppose that f satisfies the condition (4.19). Then for A = 1/2, the following
holds:

[ [ i) dasay < oo

Thus
[ lr@i] ez ar < o

for almost all y € R. Hence there exists o > 0 such that
/ ’f(x)e_O"‘”w dr < 0. (4.20)
R

Similarly there exists 5 > 0 such that

[l

Now we are going to show that there exist constants C), € C and D, € C such
that for all A € R

dy < 0. (4.21)

N

F(\) = /R fl@) fOa)de =" Cu(1+X) 243 DAL+ M) 120 (4.22)

k=0 k=1

This is a generalized version of the result of Hedenmalm [12]. To start, we define
G/(z) where z € R as follows:

G(z) =V14 22 / f(z)f(zz) dx. (4.23)
R
Now G(z) extends analytically to the strip {z € C: [Im(z)| < 1}, because

G(z) = V% 22 / / F(@) fy)e= dy de.

[ [Jrmiwe=

< [ [Jr@iw] ety i (1.24)
1
<

™ (1= [Im(z))A=1/2

and
dy dx
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Secondly we can verify from the definition (4.23) that

1
G(z) =G (—) : (4.25)
z
initially for z € R\ {0} and then by analytic continuation wherever both sides are
defined. Because the strip {z € C : |Im(z)| < 1} contains all points of the closed
unit ball except £i, G will continue analytically to the whole complex plane with

possible singularities at +4, and is bounded at infinity.

Third, we show that G is meromorphic by showing that G(z)(1 + 22)*V stays
bounded when z tends to +7. When z tends to +i inside the closed unit ball,

(1+ 22)2N
(1 = [Im(z)[)™

limsup |G(2)(1 + 2%)*"| < limsup
z—Ei z—Ei
|z|<1 |z|<1

N
_ 1+ 22
<sup [ ————
<1 \ 1 — [Im(2)]

(4.26)

14 2%
So it suffices to show that 1|—|FI—Z<‘)’ is bounded in the unit ball. Write z = u+iv.
— |Im(z
Then |u| < /1 —v? when |z| < 1, and
L4227 _ 2=zt
1 —|Im(2)] = 1—|Im(2)]
Alul + 4|1 — |v])? (4.27)
- 1= o]
<8.
Thus
sup |G(2)(1 + 2°)*| < oc. (4.28)
|2]<1

When z goes to +i from outside the unit ball, by setting w = 1/z, we see that

G(w)(1 + w?)*

limsup |G(2)(1 + 2°)*| = lim sup o < 00.
z—=+1 w—Fi |’UJ|
|21>1 lw|<1

Thus G(z) is meromorphic and we can conclude from (4.24) that the degrees of the
poles of G(z) at i are at most N. Thus

G(Z) i\f: 2N —k—1/2 Y 2\ —k—1/2
= G+ 4N T Dra(1427) 72 (4.29)
V1422 k=0 k=1
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Notice that by (2.34) the Mellin transform MY of the term

1
satisfies . |
MY(z) = C,T (——E+k‘)1—‘(—+i)
4 2 4 2
L 1 (4.31)
=PI (-—-Z )T (-+=
(=) (4 2) (4+2)’
where PY(2) is a polynomial of degree at most k. It follows that
1 =z 1 =z
0 — o rl===1\111(= =
My =@ (3-3)r(5+3).
where Q°(z) is a polynomial of degree at most N. Because
MG (2) = MG(2)MG(—=) vz e C,
it follows that
0%(2)0%(—2) = Q°(2) vz e C. (4.32)

Because ©%(z) is entire by Corollary 4.2.4, ©%(2) has no poles. Thus every zero
of Q°(z) is a zero of ©%(z) or ©(—z). It follows that ©%(z) can have at most
N/2 zeros. To show that the result also holds for @} we need to check the Mellin

transform M} of the following term

A

t(A) = A AT (4.33)
where k > 0. By (2.35), its Mellin transform M, satisfies
1 =z 3z
1. — - _Z e
Mt(z)_CkF( 175 +k>1“<4+2)
(4.34)

where P!(z) is a polynomial of degree at most k& — 1. It follows that

My = (3-3)r(3+3).

where Q' (z) is a polynomial of degree at most N —1. Because Mp(z) = Mj(2)Mj(—z),

it follows that
0}(2)0%(—2) = Q'(2). (4.35)
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Because ©}(z) is entire by Corollary 4.2.4, ©}(2) has no poles. Thus every zero of
Q'(2) is a zero of ©}(z) or ©(—2). It follows that ©}(z) can have at most (N —1)/2

Zeros. O

Lemma 4.4.2. Suppose that [ is a bounded real function on R and

Nl da dy <

m (4.36)

for all X € [0,1). Then there exist a,b in Rt and two polynomials G and H of degree
at most N such that f = Gy, + H,. In particular H is even and G is odd.

Proof. From Lemma 4.4.1 we know that ©%(z) can have at most (N — k)/2 zeros.
From Lemma 4.3.1 and Lemma 4.3.2 we know that ©¢(z) is of order 1. Thus there
exist « € C, f € C and polynomials P(z), Q(z) such that

0%(2) = P(2)e** and ©}(z) = Q(2)e’?, (4.37)

where P(z) is of degree at most N/2 and and Q(z) is of degree at most (N — 1)/2.
Notice that when Re(z) = 0 and f is a real function, by definition of the © transform

we have

0%(z) = 0%(—2) and ©f(z) = ©}(—2). (4.38)

It follows that
P(i)e™ = P(—i)e=% and Q(i)e” = Q(—i)e=Pi. (4.39)

Thus « and § are real. It follows that there exist {Cy} and {Dy} such that

N2 o
@?c(Z) = Z Ckw e
k=0
(oo a (4.40)
O4(z) = Z Dk eP?
and
N/2
M(z) = Zoka = | (D(1/4 + 2/2)e™)
4.41
(N=D/2 ok (4.41)
1 z
Mi(z) = 2 Dka—ﬁk (T(3/4+2/2)e™) .
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Thus by Lemma 2.5.4

GO R ) N =L N T
Rl DO (er )
(];1)/2 ) (4.42)
flx) = f(=2) 0 T (B
| X o) e )

So we can conclude that there exist a = 2e* > 0, b = 2¢® > 0 and polynomials
H(z), G(z) of degree at most N such that

f(x) +2f(—x) — H(z)e )2 (4.43)
and

f(z) —2f (=2) _ gayetere. (4.44)
So [ =Gva+ H. -

Lemma 4.4.3. Fizn € N. If f = g7a + hy, g and h are polynomials, and

[ [lr@iw

for all A € [0,1), then a = b.

yreMl de dy < (4.45)

C
(1 — N)N+1/2”

Proof. Assume that a < b, then f = éyl/a + lfl’yl/b, where G and H are also
polynomials and 0 < 1/b < 1/a. Therefore there exists a positive constant R such
that !f(x)} > ¢v, when x > R and }f(y)’ > dvi, when y > R. Further, the first
quadrant is the disjoint union of three sets; the first where 0 < x < R and y > 0;
the second where z > R and 0 < y < R, and the third where x > R and y > R.
When 0 < X\ <1, it is clear that

o) R [e’e)
/ / Ya(@) np(y)y" € drdy S R / (y)y" e dy < oo
o Jo 0

and

R 00 0
/ / Yao(@) Y1 (y)y" €Y dx dy < R™! / Yolx) e da < oo,
o Jr R

and so

/ / Ya () Yip(y)y" €M da dy < oo
R JR
if and only if
/ / Ya() Y1/6(¥)y" e dx dy < oo,
o Jo
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Moreover,

/ / Ya(@) V(W)Y M da dy = o™ / / Ye(@)ye(y)y"™ e da dy

where ¢ = (a/b)"/?; this integral is finite for all A € [0,1) if and only if ¢ > 1. So
(4.45) implies that a = b. O

Now we can conclude the following final result of this chapter.

Theorem 4.4.4. If f € L1(R), f € Ly(R) and

[ [ lr@iw

when 0 < X\ < 1, then there exist a in R and a polynomial P of degree at most N
such that f = Pr,.

Nl dz dy < (4.46)

C
(1 — A)N+1/27

Proof. We denote by f, and f; the real and imaginary parts of f. It is easy to check
that f. and f; both satisfy (4.46). Thus, from Lemma 4.4.2, we know that there
exist positive numbers a and b such that f,. = G,~v, + H,7, where G, and H, are
polynomials of degree at most N. Thus a = b by Lemma 4.45. Thus f, = P,
where P, is a polynomial of degree at most /N. Similarly, there exists ¢ > 0 such
that f; = P;y. where P, is a polynomial of degree at most N. Thus f = P, + P;e.
Again a = ¢ by Lemma 4.4.3. Thus there exists a polynomial P of degree at most
N such that f = P~,. O

4.5 Applications

Suppose that f satisfies the assumption of Bonami, Demange and Jaming [3] (see
(4.2)). Then for A = 1/2, the following holds:

el dy dy < 0.
// 1+|flf|+|y|

J

for almost every y € R when f(y) # 0. Thus there exists a > 0 such that

Thus

f@)f )| da < oo

/R ‘f(x)e_o‘|’”“ dr < 0. (4.47)
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Similarly there exists 5 > 0 such that

[l

dy < o0. (4.48)

Using the fact that

we deduce that f and f are real analytic. Thus they will not have compact support.

By using the assumption of (4.2) again, we see that
/ |f(x)] e/ dz < 0o
R
for all € > 0. So f and f are bounded and

/ / 1£(2) f()| X de dy < oo
min{|z|,|y|}<1

for all A € R™. Moreover,

ot
— O((1 — W\ ‘f(x)ﬂy)‘ @yl g d
(=4 )//min{x|7|y|}zl ( Ne o

L[] + [y])

since

(A=1)|zy| N N
max e 1+ x|+ =0((1=X\)").
win{lel ]} >1 ( 2| + [y]) (( ™)

(A=1)

Indeed, on a line segment where |x| + |y| is constant, e 7yl is maximum when

lz] =1or |y =1

Hence our arguments also imply the result of Bonami, Demange, and Jaming [3].
An argument we give later (see 5.1.4) shows that in fact these results are equivalent
in R. Unlike Hardy’s uncertainty principle, Beurling’s uncertainty does not has L,
versions in the literature. However by using the generalized version of Beurling’s

uncertainty principle (Theorem 4.4.4) we are able to prove the following theorems.

Theorem 4.5.1. Suppose that 1 < p < oo, that f and f are in L,(R), and

/]R/]R ‘f(x)f(y)‘pemxy' dx dy < 00. (4.49)
Then f is 0.
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Proof. Observe that if 0 < A < 1, then

| [ |r@iw
- [ [ Jr@iw]

<([ [Jreiw)

(Rwaﬂw
s(évm(f

/R/R ‘f(a:)f(y)‘p Pl dx dy < oo, (4.51)

there exist two positive numbers «, 8 such that

Nl d dy

P
el dy

p(=%) 1=A/p
‘ " ded )

v
>
~

=

(4.50)

Because

/R |f(2)]P el da < o0 (4.52)

and

/R )f(y)‘p Pldy < oo, (4.53)

by the same argument used to prove (4.47) and (4.48). Thus

o o o
R o -
) ~ et
< ( |f<513'>’p el dx) (/ e—;fi‘am dx) (454)
® R

Similarly

[Jiw[ av< [ ||
(/ ‘f ePll dy) = (/Re =281yl dy);“ (4.55)
(L =
(=)

Thus by combining the above inequalities there exists a positive number N such

)\

1-\ 1)
er Pyl p,xﬁly\dy
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that

| [lr@iw]es=tazay

< ( [ d) ( [}iw (dy> (456)
1

< -

T A=Y
It follows that there exists a constant ¢ such that f(z) = P(z)e™*" where P is a
polynomial of degree at most N. By checking (4.49) we can conclude that P(z) =
0. O

Theorem 4.5.2. Suppose that f and f are in L,(R) and there exists a positive

number N such that

/R/R‘f(:v)f(y)‘pe*p'xy da dy < ﬁ (4.57)

where p > 1. Then f is a polynomial of degree at most N + 1 times a gaussian

Proof. By picking positive numbers A and o such that A < ¢ < 1, we have, by
Holder’s inequality,

[ [lr@iw]es=tasay

_ /R /R @ )] | r @) f)

(/] ]f(x)f(y)\pekp'fy/"dxdy) (

1—0o

dx dy

p—o

p(1-0) e
@) f)| "7 da dy)

—0o

= o 5
<
s (= A/a)(/'f ) </Rf“ y) ‘
(4.58)
Because
/ / ‘f(x)f(y) " eovlal gy dy < oo, (4.59)
R JR
there exist two positive numbers «, § such that
/ £ ()P e d < 00 (4.60)
R
and
/ ‘f(y) pemy‘dy < 0. (4.61)
R
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Thus

(1—-0o)
/v )55 erselel gl gg

P alx| 113:7; *ﬁalx\ %
< (/R|f(x)| e d:v) (/}Re d:v) (4.62)

Similarly

[Jiw]* a< [ |fw]*
<(fjror e ></ ROSC
< =
(=)

Thus by combining the above inequalities, for all A < ¢ < 1, we have

| [ |r@iw]eazay

(= )(/v IS d )T<4ﬂwﬁf@>p (4.64)

5<u—iw>) oy

By picking o = 12 it follows that,
y 2

P eﬁmy‘e e 06|y| dy

1+>\ 2(p—1)

/R /R Ha)Fw)| o dedy <—8?§ ) (&) o)
< -
~ 1 - AN

Thus by Theorem 4.4.4, there exists a constant ¢ such that f(z) = P(z)e " where
P is a polynomial. O
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Chapter 5

The Beurling-Hedenmalm problem

on R"

5.1 Introduction

From the previous chapters, there are strong reasons for us to believe that if the

generalized Beurling style inequality on R™ holds:

fo Ll

for all 0 < A < 1, then f is a polynomial times a gaussian in R".

A'”"dxdy< (5.1)

(1=

In this chapter we show that the generalized Beurling-Hedenmalm uncertainty
principle with assumption (5.1) is true. Moreover at the end of this chapter we will

show that if we weaken the assumption (5.1) as follows

fo Ll

for all A € [0,1), then we can use the tools of spherical harmonics and Bessel

1

NI dy dy < m

(5.2)

functions to prove that f is a polynomial times e‘“"‘z, where a > 0.
Before we start our proofs in R™, we first generalize the auxiliary function that

we used in R.

Definition 5.1.1. Given a bounded Li(R) function f with exponential decay at

infinity, we define the auziliary function Fy' as follows:

F}L(s) = /Rr"_lf(r)f(sr) dr (5.3)
for all s € R.
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Recall that in Definition 2.3.3 we defined M’; to be

M) = [ 1) sgn’(a) ol do.

Thus when f is bounded and of exponential decay at infinity, M'}(Z) is defined when
Re(z) € (=1/2,00) and M(—z + (n — 1)) is defined when Re(z) € (—oo,n — 1/2).
Also we can check that

Mip(2) = Mb(=2 + (n = 1)M(E), (5.4

when Re(z) € (—1/2,n —1/2).

Lemma 5.1.2. Suppose that real functions f cmdf are both of exponential decay
at infinity and F7(s), which is initially defined for s € R, extends analytically to
F?(z) to the strip {z € C: [Im(2)| < 1}, and satisfies

761 5 (1= ) (5.5

there. Then there exist polynomials py of degree at most [N —n/2| — k such that
O%(2)05(—z +n—1) = pi(2).

Thus there exist a positive number a and a polynomial P of degree at most [N —n/2]
such that

Proof. Let F(z) = (14 22)"/2F}(z), where we take a branch of (2 + 1)™/2 that is

positive on the real axis and analytic when |Im(z)| < 1. Also when z # 0 and z € R,

()= () R ()
(! ;zz)”” [eso0r (2) i
(

n/2
1+22) / L F () £ (2t dt
R

(5.6)

Thus by analytic continuation F'(z) = F'(1/z) holds when |Im(z)| < 1 and |Im(1/2)| <
1. Because the union {z: |Im(1/2)| < 1} U{z: [Im(z)| < 1} covers the whole com-

plex plane except the points +i, F' can be extended to a meromorphic function on
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C with poles at +i, and by using a similar argument to that in Chapter 4 we find
the degree of each pole is at most [N — n/2|. By restricting F(z) to the real line

we get
|[N—n/2] [N—n/2]
F(s) = Z ap(1 4 s2)7F /2 4 Z bes(1 + s2)~F /2,
k=0 k=1

and there exist polynomials p of degree at most | N —n /2] and ¢ of degree at most
|N —n/2] — 1 such that

My () = p()T (gﬁ)r(i—gﬂ;l) (5.7)
" My (2) = g(=)0 (g + Z) r (Z ~ I+ 1) , (5.8)

for all z where /\/lk?(z) are defined. In particular we notice that because F}(s)
is bounded, the right hand sides of the above equations are both defined when
[Re(z)| < 1/2. By Theorem 4.3.3, ©%(2) is analytic on the whole complex plane,

thus by analytic continuation and equation (5.4), we can conclude that
()0 (=2 +n — 1) = p(2)

and
O} (z)O(—z +n —1) = q(2).

for all z € C. By using same arguments as those in Chapter 4, we can conclude that
there exist a positive number a and a polynomial P of degree at most |N — n/2]

such that
as required. O
Lemma 5.1.3. Suppose that M > 0. Then

e—sr(l +’I"M) § S_M

for all >0 and all s € (0,1].

Proof. When 0 <r <1,
e (1 +rM) < 2e7 < 2.

When r > 1, by Lemma 3.2.2,

MM 1

eM M’

e (1 4+ M) < 2e7rM < 2
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Thus the lemma follows. O]

Lemma 5.1.4. Suppose that f € Li(R"), N > 0 and N is an integer. Then

/ / A'%’y‘dgcdy<(1—x) N (5.9)
for all X\ € [0,1) implies that
el (z.9)|
/n/n 1+’< i dx dy < oo. (5.10)
Conversely, if
‘f 6| z.y)|
/n/n 1+| dx dy < 00, (5.11)

then (5.9) holds.

Proof. (5.9) = (5.10):
If we integrate both sides of (5.9) N + 1 times with respect to A and change the

order of integration, we see that

1 A AN—1
// fgcfy)‘//.../ e>‘N|<x7y>|dxdyd)\N...d)\ld)\
L L e
AN-1 o
5/// C(1=An)Ndiy--- dr d)
0 0 0
< 0

By changing the order of integration, we also see that

1 A AN—1
/ / / ANIED gy - dNy dX
0o Jo 0
1l 1
_/ / / AN IEL AN AN, -+ dAy
0 Jan A
1l 1
:/ / / (1 _)\1)€>\N‘<x’y>|d)\1"' d\N
0 Jan A2

1 N
— / Mex\m(z,y)l d\n
0

V@I o dy dhy - -+ dhy dN

NI
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say. If [(z,y)| < 1, then

L=V 1 el{@y)l el{@y)l
1 2/ d)\ - Z 2 N\’
o N (N+DE e(N+ DT e(N + )11+ [(z,9)]7)

while if |(z,y)| > 1 then

FAN 1=z
_ =\){z,y
I —/0 N!e dA

z)l pl
_ € N ,=Alz.y)|
=N /0 Ae d\

[{z,y)] [{z,y)
-7 NI / tNe tdt
N[z, )] 0

[{z,y)| 1
> [
Nz ) Jo

ol(@.9)]

e(N + 1) [(z, )|
ol(@.9)]

e(N + DL+ [(z, )| ")

v

(5.11) = (5.9): From Lemma 5.1.3 we know that

67’

| I | T —
( RS e (14 rN)’

when A € [0,1) and > 0. It follows that

A @]
(1—A // z)f(y A'M'azgcdy<// d:vdy
n n n n 1—|—| ‘

Thus the lemma follows. O

Lemma 5.1.5. Suppose that f € Li(R") and that N > 0. If

fo Ll

for all0 < X\ < 1, then

A"”yld:cdy<(1—>\) N

\f( ) el < oo

for allw € S™ ' and all v > 0. Thus f and f are analytic functions on C".

Proof. Because [5, [on [f(2)

and f are continuous. Provided that f(yo) # 0 for some fixed number yo = |yo| wo,

f (y)’ drdy < oo, f and f are integrable and hence f

49



there exists a closed ball B(yo, €) such that f(y) # 0 for all y € B(yo,€). Fix A in
[0,1) close to 1. Then for almost all y € B(yo, €),

/.

Notice that for all w € S"1, yo + sgn((x, yo)) sen({z, w))ew is in B(yo, €) and

f(x)f(y)) N9l dy < oo. (5.12)

[{z, yo + sgn({z, yo)) sgn((z, w))ew)| = (2, yo)| + |e{z, w)| > € |(z, w)|.

We may choose y in B(yo, €) arbitrary close to yo +sgn((z, o)) sgn({z, w))ew so that
(5.12) holds, and thus

|f( )| efl@w/2 g « 0.

It follows that f is analytic on R", thus must have countably many zeros. So for all
ro > 0 there exists r > 1y such that f(y) # 0 for all y € B(yo, 7). Therefore by the

same argument

|f ()] e da < oo,
Rn

and the lemma follows. O]

5.2 The Beurling-Hedenmalm uncertainty princi-

ple on R”

Definition 5.2.1. Given a continuous function f € Lyi(R™), we define the Radon

transform of f relative to the nonzero vector w € R™ to be
Ry = [ s

where dx is the n — 1 dimensional Lebesque measure and r € R.

Lemma 5.2.2. Suppose that [ is a continuous function in Li(R™) and N is a

positive integer such that

/n/n1+|xy

Then for almost all vectors w on the unit sphere S™1,

‘Rf Rw ‘ 6|rs|8n71
/ / drds < oo.
1+ |rs|™
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Proof. Using the assumption

//Me<x,y>dxdy<oo,
nJre 14 [(2,y

we can show that, by changing to polar coordinates, that

sw)‘
/ // n—l e““"dasdsdw<oo
gn—1 n 1—|—|xsw>|

hence for almost all vectors w on the unit sphere S"~! we have

+ oy @)
// n=1gs|{@w)l ————y dsdr < .
n 1+ [{z, sw)]

Also we can verify that

— f(x)e—z(:c sw) dr (513)
Rn
= f(sw)
So it follows that
‘Rf YRY (s
/ / s”_le‘”‘ drds
1+ |rs|™
‘ " Lelmsl dr ds
u) JL)=r 1 + |7"S’
e f(sw)dz|s"drds
(w,z)=r 1 + \ ( >|N
‘ s Lelwalsl gy ds
/ / nl +| 1+ |s(w, z)[V
for almost all vectors w on the unit sphere S™1. O

Corollary 5.2.3. Suppose that f is a continuous function in Li(R™) and N is a

positive integer such that

/ / —’f@()f:(y))N el @Vl dx dy < .
nJre 14+ |2,y
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Then for almost all vectors w on the unit sphere S™!,

. 1
RY(r)R%(s)| ersls"tdrds < ———
INACLLE YR

for all X € [0,1).

Proof. This follows from the previous lemma and Lemma 5.1.3. From Lemma 5.1.3
1+ |rs)Y < 1
e(1=A)|rs| ~ (1 _ /\)N

/ / )R;ﬁf(rm;f(s)

RY( R
// ‘ f f " el dr ds
1+ |7‘s|

< 1
A=Y

we know that

, when A € [0,1). Thus

" LeAlsl g ds

as required. O

Lemma 5.2.4. Fix N € N, suppose that fi, fo,... fu(n = 1,2,...) are bounded
analytic functions on [0,00), and that f, — f locally uniformly as n — oo. If each
fn is of the form pn(x)e*)‘"IQ/Q, where p, is a polynomial of degree at most N and
An € RT then so is f.

Proof. By assumption, we may write

() = D0 (a:)e*A”zg/z.

By passing to a sub-sequence if necessary, we may assume that A\, — X in [0, +o0]
as n — oQ.
Suppose first that A — 0 as n — co. Then e***/2f, (z) — f(z) locally uniformly

as n — 00, SO

Thus f is a polynomial of degree at most N. Since f is bounded, f is constant, and
is of the required form.
To deal with the possibility that A, — co as n — oo, recall the Markov lemma

for polynomials of degree at most N:
max {|[p®(2)] : 0 < & <1} < Oy max{lp(y)| : 0 < y < 1}.
This implies that

[p(2)] < Cymax{|p(y)| : 0 <y < 1}(1 +2)™
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for all z € RT. In our situation, this implies that

[ fn(@)] < |pa(y)] e/
< Cpmax{|p,(y)] : 0 <y < 1H(1+z)Ne o'/
< Cpmax{|fu(y)]: 0 <y <1}(1 + x)Ne(lfAn)x2/2
< C(14 z)Nel- n)a?/2,

whence f,(x) — 0 uniformly on [2,00), and hence f = 0.
Finally, if \, — A € RT, then p,(z) — f(x)e*’/? locally uniformly, whence
f(x)e**/% is a polynomial, and f is of the required form. O

Lemma 5.2.5. Given a f € L1(R") and a positive integer N. If

fo Ll

for all 0 < A < 1, then RY is equal to a gaussian multiplied by a polynomial of
degree at most [N —n/2] for all w € S" 1.

N@vl g dy < (1 — N~

Proof. From Lemma 5.1.4 and Lemma 5.2.3 we can conclude that for almost all

vectors w on the unit sphere S"71,

- 1
// ’R?(T)qu(s) Arslsn = dr ds < % (5.14)
R JR (1=2)

for all A € [0,1). As before, it is sufficient to treat the case when RY is a real
function. Because RY(t) = f(wt), it is equivalent to prove the case when f is real.
Now by Lemma 5.1.2, for almost all vectors w on the unit sphere S"~!, there

exists a polynomial p,, of degree at most | N — n/2| such that
@%}U(z)@%}u(—wn— 1) = pu(2). (5.15)
Also by Lemma 5.1.5, for all w € S™71,
/ RY (¢ \dt</ lt/ x)| dx dt

< /n ol | ()| da (5.16)

< 00,

and for almost w € S™~!

/ o
R

7@}”(16)‘ dt < /Ret f(wt)‘ dt

< oQ.

(5.17)
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So by Theorem 4.3.3, @%;,(z) is of order one for almost all w € S"~'. Thus

9]}(717)(2) = @%}u(—z) = Py (2)ed) (5.18)

for almost all w € S™!, where p,,(z) is a polynomial of degree at most | N —n/2]/2.
It follows that, by the arguments to prove Lemma 4.4.2,

F(RY(1)) = Pu(t)e @12

for almost all w € S"~! where P, is a polynomial of degree at most |N — n/2|
and @, > 0. Now F(R¥(t)) is locally uniformly continuous in the variables w and
t because F(R¥(t)) = f(wt) and f(wt) is continuous. Thus by Lemma 5.2.4,

FR} (1) = Pult)e 22

for all w € S™°!, where P, is a polynomial of degree at most |N — n/2] and
Quw 2> 0. L

Lemma 5.2.6. Suppose f is a smooth function on R", and is homogeneous of degree

M. Then f is a polynomial of degree M .

Proof. We prove this by induction on the degree of f. Firstly, if f is homogeneous
of degree 0, then

f(w) = lim (%) f(tw) = lim f(tw) = £(0).

t—0

Thus f is a constant which is of degree 0. Secondly, assume that a smooth homoge-
neous function on R™ of degree k is a polynomial of degree k. Then given a smooth
function f which is homogeneous of degree k£ + 1, we can check that each of its
partial derivatives is homogeneous of order k& and must be a polynomial of degree k

by assumption. So

f(z) = / f(tz)) dt / Z@x] (tz)x; dt

is a polynomial of degree k + 1. H

Theorem 5.2.7. Suppose that f € Li(R™) and that N > 0. If

fo Ll

for all 0 < X\ < 1, then there exists a polynomial P and a homogeneous nonnegative

NV g dy < (1 — N~
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polynomial Q) of degree 2 such that

~

fla) = Pla)e 2

for all x € R™.

Proof. Let m = |N —n/2]|. From Lemma 5.2.5 we know that for all w on the unit
sphere S™71,

F(tw) = Py(t)e~ Q@
= (ao(w) + aq (w)t 4+t am(w)tm) G_Q(w)t2

for all ¢ € R where a(w) is not always 0. Because f(tw) has an analytic extension

to the whole complex plane in variable w, for all w € R™\ {0} we may also write
f(tw) = (CLO (ﬂ) +a (ﬂ) lw|t+ -+ an (ﬂ) ]w|mtm) o~ Qw)t?
|wl |w] |w]
= (ag(w) + ar(w)t + - -+ + ap(w)t™) e" A,

where t € R. So we can extend the domain of a; to R"\{0} by letting ag(w) =
ao(w/ |wl), a1(w) = ai1(w/|wl|)|w|t, and so on. Thus a;(w) is homogeneous of
degree j. Similarly we can extend the domain of @ to R™\{0} by letting Q(w) =
Q(w/ [wl]) [w]*. Now

Ftw) = (ap(w) + ay (W)t + - - + ap (w)t™) e" AW,
for all w € R™\{0}. Also we can check that
f(w2) f(=w2) f(iwz) f(—iwz) = Py(2)Pu(=2)Puliz) Pu(=i2).

Thus by taking derivatives of z on both side for 4m times and let z = 0, we get

Thus a} (w) is analytic. Similarly

D) f o) flize) (i)
_ (diz Po(z) — 2Pw(z)Q(w)z) Po(—2)Pu(iz)Py(—i2).

Thus by taking derivatives of z on both side for 4m 4 1 times and letting z = 0, we
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get

Thus Q(w) is also real analytic. Because f(wz) = P,(2)e~Q®?=* P, (z) is analytic

in the variable w as well and

ap(w) = (j—;Pw(z)) (0)

is also real analytic. Thus by Lemma 5.2.6, ai(w) is a homogeneous polynomial of
degree k. Thus
fy) = P,(y/lyl)e %W

where P is polynomial of degree m as required. O]

We remark that a similar argument was given by [3].

5.3 The Mellin transform and spherical harmon-
ics

In this section we weaken the assumption (5.1) as follows:

fo o

when 0 < A < 1. By Theorem 5.2.7 we know that f is a polynomial times a gaussian

NI dy dy <

ST (5.19)

in R". In the rest of this chapter we will prove this weak result in a different way
by using spherical harmonics and Bessel functions.

Spherical harmonics are the restriction of homogeneous harmonic polynomials
to the unit sphere of R".

Definition 5.3.1. Suppose that S™~! is the unit sphere in R™ and p(x) is a harmonic
homogeneous polynomial on R™ of degree k. Then the restriction of p(x) on S™! is
called a spherical harmonic of degree k. We denote by Si(z) a spherical harmonic

of degree k.

Definition 5.3.2. The space )y, is defined to be the set of all the spherical harmonics
of degree k and we take {S ;} to be an orthonormal basis of ;.. Also for convenience

we denote by Sy a spherical harmonic in ).
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Definition 5.3.3. Given a function f in Li(R") and a spherical harmonic S,, of
degree m, we define f,, by

fm(r) = - fra")Sy(x') da’. (5.20)

Definition 5.3.4. Given a function f in Li(R"), define the Mellin transform of f

related to spherical harmonic Sy, ; as follows

M) = [ [ S, it (521)
R+ gn—1
Because o
F@) =323 Smala) [ Fre) S
m=1 j=1 ot
we have

Fl@) =32 Sugla) M (MF)(|a]). (5.22)
It follows that (5.21) can be rewritten as follows.
MY (z) = My, (2). (5.23)

Definition 5.3.5. Given a function f € Ly(R™), we define an operator G™ of [ as

follows

GP(r)=r"fu(r)=r"" fra")Sp(a") da'. (5.24)

Sn—l

In most cases, we consider G* to be a radial function on R"*2™ and we have the

following lemma regarding the Fourier transform of G} as a function in R+2m,

Lemma 5.3.6. Suppose that f is in Lo(R™) and g,,(z) is a radial function in R" 2™
such that g, () = G7(|z]). Then

Flgm)®) = G2 (o)) (5.25)
Proof. See Stein and Weiss [16]. O

Because g,,() is a radial function on R™"*2™

/R rEIGR (G (W) dr

— / (@) do (5.26)

= Wantm— 1/ / Gon ()€Y daz dy
Rn+2m Rn+2m



Recall that the weaker version of the Beurling-Hedenmalm uncertainty principle

assumes the following weaker inequality that

NS

when 0 < A < 1. To prove that f must be a polynomial times a gaussian if f satisfies

P f )] dedy S s (5.27)

the above inequality, we need to establish the relationship between the Beurling style

inequality of f on R™ and the Beurling style inequality of G?l(r) on R.
Definition 5.3.7. Given a positive number r, define
1
Qu(r) = wn_g/ e (1 — §%)n=3)/2 g, (5.28)
0
and
Y™ (r) —/ er|<w1’wy>|dwy, (5.29)
Sn—1
where wy s a vectors on the unit sphere S™1.

Lemma 5.3.8. Suppose that r > 0, and ", ), are functions defined in Definition
5.3.7. Then

P (r) = 2Q,(r).

Proof. Notice that v is a function does not depends on the selection of w,, we
can evaluate the inner integral of ™ by first integrate over the parallel Ly =
{w, € S"; (w,,w,) = cosf} orthogonal to w,. Because ezl is constant on

Ly and the measure of Ly is w,_»(sin )" 2, we have

wn(r):/ Wh—o(sin 0)"2eleos Ol qp.
0

Let s = cosf, we have

1
Y(r) = an/ (1-— 32)(”*3)/26T\8| ds
1
1
= 2wn2/ (1-— 52)(n*3)/2€r\8| ds (5.30)
0
= 2Q,(r),

as required. O

Lemma 5.3.9. Suppose that r > 0, and v, ) are functions defined in Definition
5.3.7. Then

Qusom(r) < Qu(r). (5.31)
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Thus by Theorem 5.3.8,
P () S T (r). (5.32)

Proof.

(n 3)/2
—wn ZZ/ ]{3' ds

. 1/2+k:/2) (n/2—1/2)
“’“Z T(k+1) T(k/2+n/2)
= 2Rk T(n/2-1/2)

T(k/2+1)T(k/2+n/2)

(5.33)

= Wp—2

where the last equation follows from the fact I'(2)['(z +1/2) = 2172, /7['(2z) for all
z € C. Thus, it follows that

B . 27kpk D(n/2—1/24m)
Onsan() =nsan2 D T3 ST TR /2 T /2 4 m)

ok ik T'(n/2—1/2+m)
= s ,; D(k/2+m/2+ 1) T(k/2+n/2 +m/2)

o

2" 27997 T(n/2-1/2+m)

< Wniom-2 j—;rl rmT(j/2+1) T(j/2+n/2) (5.34)
2"D(n/2—1/2+m) <~ 27707 T(n/2-1/2)

= 2 T T 2 — 172) 2 P(G/2+ 1) (/2 +n/2)

< Wniom—22" T(n/2 —1/2+m)

= w,g ™ I'(1/2 —n/2)

Qn(r)

as required. (Remark: The first inequality holds because
F(a)l'(b+2¢c) >T'(a+c)'(b+c),
when 0 < a < b and ¢ is a positive integer.) O

Lemma 5.3.10. Suppose that f is a function in Ly(R™), S,, is a spherical harmonic

fo Ll

for all X\ € [0,1). Then

) . 1\
Lo m@al e iy < (725) 630
Rn+2m J Rnt2m —

29

of degree m and

~

1 N
z) f(y A'I”yidscdy 5(—) , (5.35)
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where g () is a function in R"™™ and g,,(x) = G} (|z]).

f—/ / (9 () gin ()| X9 de dy
Rn+2m Rn+2m

— [ ) (5.37)
n+2m—1

Sn+2'm 1 RTL+2‘"L

| Ar|(

Proof. Let

Because gy, is a radial function, [g.,om 1 [gm(¥) weh)ldy is a function does not

depends on w,. Thus

r= [l ([ gl ey ) dn
R+ Rn+2m
1
— T,n—i—m—l - (r
— / ) )]

(/ gntm—l ‘fm(s)‘ Y2 (\rs) ds> dr,
R+

By Lemma 5.3.9, "™ (\rs) < (Ars) ™™™ (Ars). Thus after putting this inequality
back, we get

I< /R+ /R+ gt fm(r)fm(s)‘ Y (Ars) drds

IS/ / Sn—lrn—le)\rs
R+ JR+

/ / Frw,) S (wy) f(sw,)S(w,)| dw, dw, dr ds
Sn—1 . Jgn—1
/ / S ey
as required. O

Lemma 5.3.11. Suppose that f is a function in Ly(R™), S,, is a spherical harmonic

of degree m in R™ and

. 1 \V
/n /n 2)f(y Allyl dx dy < <m) 7 (5.38)
for all X € [0,1). Then
f(ra")Sp(2') da' =0 (5.39)
Sn—1
and
fra")Sp(2') da’ = 0 (5.40)
Sn—1



when N —n/2 < m.

Proof. As in Lemma 4.4.2 and Lemma 5.3.11, we can conclude that

ot s 1 \"
/r"+2m 1Gf (r) G (Ar)dr S (—1 — )\) :
R
Thus by Lemma 5.1.2, result follows. O]

Lemma 5.3.12. Suppose that f is a function in Ly(R™) and

).

for all A € [0,1). Then for each m, when m < |N —n/2], there ezists a positive

number a such that

f(a:)f(y)’ M dz dy < (ﬁ) i ; (5.41)

fra")Sp,(2') dz' = P (r)e™", (5.42)
Snfl

Fra")Sp(2') da’ = Qu(r)e "/, (5.43)
Sn—l

where P, and Q,, are polynomials of degree at most |[N —n/2].

Proof. As in Lemma 4.4.2 and Lemma 5.3.11, we can conclude that

N
/r”+2m_1G?(T)G?(Ar)dr < (—1 i /\) )
R

Thus by Lemma 5.1.2, we can conclude that there exists a positive number a such
that

2

G (r) = P(r)e”™ (5.44)

where P is a polynomial of degree at most | N —n/2 —m/|. By the definition of G'?

we know there exists a polynomial P of degree at most | N — n/2 — m] such that

2

f(ra’) Sy (2" dz' = r™P(r)e . (5.45)

Sn—1

By a similar argument, we can conclude that for any S,,, there exists a polynomial
Q of degree at most | N —n/2 — m] such that

Fra')Sp(a') da’ = rQ(r)e " /4. (5.46)
Sn—1
The lemma follows by the fact that [N —n/2 —m| +m < |N —n/2|, when N,m

are all integers. O]
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5.4 A weak uncertainty principle on R”

Now we are ready to prove the weak Beurling-Hedenmalm theorem on R"™.

Theorem 5.4.1. Suppose that f € Ly(R™) and

fo Ll

for all 0 < X\ < 1. Then there exists positive constant a such that f(x) = P(x)e™**
where P(x) is a polynomial of degree at most N —n/2.

1

N g dy < m,

(5.47)

2

Proof. By Lemma 5.3.12 we know that for all m there exists P,, and @,, and a,,
such that

2

fra)Sy(2') da’ = r™ P, (r)e” %" (5.48)

Fra)) S () dz’ = 1™ Qp(r)e Tom” (5.49)

Sn—1
where P, and @,, are polynomials of degree at most | N —n/2—m|. Also by Lemma
5.3.11 we get that if m > N — |n/2], then P,, = Q,, = 0. So by reconstructing f

via its projection to .S, we get the following.

|N—n/2] [N—n/2] .
Z fullz)Sm(z) = 3" Pu(lal)e s, (2) (5.50)
m=0
and
A [N—n/2] [N—n/2]
flz) = fnllz))S Z Qe /em S, (). (5.51)
m=0

Denote |N —n/2] by M. Then we get
[ [ 1s@s e asay
n ]Rn

B // ZZSi(ﬂf)Sj(y)l%(as)Qj(y)exlx\\y|e—ai\x|2_|y|z/4aj
i () Pi(2)Q;(y)
:/n /n Zzeal (Jz|— ,\/2%2 (1/4a;— )\2/4a)|y\2

Because P; and @); are of finite degree, the above integral converges if and only if

dx dy

(5.52)

dx dy

1 A
lim max (— — —> > 0. (5.53)
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Thus a; = a;. So there exists a positive constant a such that

[N—n/2] ,
fle)y=">_ Pullz)e 5, (x), (5.54)
m=0
as required. O
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Chapter 6

Connection to the moment

problem

In this chapter we are going to develop a generalized result about the moment

problem.

6.1 Introduction

Suppose that ;1 is a measure on the interval I C R. Then the nth moment of p on
I is defined by

M, (n) = /I:c" dp. (6.1)

For a positive sequence {s,}, if there exists a positive measure p such that
M, (n) = s, for all n on I, then we say that 4 is a solution to the moments {s,} on
1.

Definition 6.1.1. We denote by M. 1)(n) = s, the classical moment problem of

finding a positive measure p that has moments {s,} on I.

If there is only one solution to the classical moment problem M. r)(n) = s,
then we say this moment problem is determinate. Otherwise we call this moment
problem indeterminate.

The classical moment problem was studied in great depth by Akhiezer and Kem-
mer [1]. In this chapter we give a quick overview of the standard moment problem,
and we notice that most of the results in the classical moment problems are about
the moments of a positive measure p with its moments on I C R. By comparing
the definition of the moments and the Mellin transform M¥%, we notice that the nth
moment M, (n) of an absolutely continuous measure x is just the value of M(z)

at z = n + 1/2, where f is the density function of pu. Thus a natural problem is
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raised: whether we can replace the nth moment M, (n) by Mj(z,) in the classical
problem and get similar results.

In this chapter we discuss the following generalized moment problem regarding
the Mellin transform of f.

Definition 6.1.2. Suppose that {z, :n=0,1,---} and {m,, :n=20,1,---} are two
sequences in C. If there exists a function f defined on C such that My (z,) = my,
then we say f is a solution to the moment problem M. c)(zn) = my. If this solution
is unique, then we say that M. c)(z,) = my, is determinate. Otherwise we say that
M. c)(2n) = my, is indeterminate.

It is worth mentioning that in the above definition we do not require f to be a

density function of some measure pu.

6.2 Review of the moment problem

Here we recall three classical moment problems, by considering three different types
of closed intervals I C R. When I = R, M. g)(n) = m,, is called the Hamburger
moment problem. When I = R*, M g+)(n) = m, is called the Stieltjes moment
problem. When I = [0, 1], M(.o.1))(n) = m,, is called the Hausdorff moment prob-

lem. Following are some basic observations.

e A positive measure with finite support is determined by its moments.

e The Hausdorff moment problem is determinate. More generally moment prob-

lems associated to positive measures with compact support are determinate.

Lemma 6.2.1 (Carleman). Suppose that 0 < m,, < R"n!, where R > 0. Then the
Hamburger moment problem M ry(n) = m,, is determinate. Also if there exists R
such that 0 < m, < R"(2n)!, then the Stieltjes moment problem M g+y(n) = my,

18 determinate.

Proof. See Shohat and Tamarkin [14]. See this reference for more details about

Carleman’s condition. O

Lemma 6.2.2 (Krein). Suppose that p is a solution of the Hamburger moment

problem M. gy(n) =m, and

log f
/R‘ii—g)dx < 0, (6.2)

where [ is the density function of u. Then M r)(n) = m,, is indeterminate. Also

if v is a solution of the Stieltjes moment problem M. g+y(n) = m, and

log f(z) V&

—————d .
/R+ v s 1 T < 00, (6.3)
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where f is the density function of pi, then M g+)(n) = m, is indeterminate.

Proof. See Simon [15]. O

Here is an example of an indeterminate moment problem.

Lemma 6.2.3. The Stieltjes moment problem of finding a positive measure p with

given moments m,, such that
o 1/4
mn:/ ¥ e dy
R+

where (0 < k < 4) is indeterminate.

Proof. This can be easily proved by Krein’s Condition (see Stoyanov [17]). For

simplicity we prove the lemma by showing that
1
(1 + 5 sin(a:l/4)a:_k/4) ke (6.4)
has the same moment sequence and is positive. It is equivalent to observe that

oo
. _.1/4
/ a"sin(zY4)e ™" dx
0

:/ 423 sin(x)e " dw
0
4

:Z ;

4 o0
* ((1 . Z-)f4(n+1) . (1 + Z-)f4(n+1)) / x4n+367x dr
0

x4n+3€—(1—i)a§ dr — / C(1,477,—5-36—(l-i-i):z dr
0 (6.5)

Y
4
9
— 0.

(=)' = (=" T (4(n +2))

In addition to (6.5), we also have

1
‘gsin(:vl/4)x_k/4 <1,

for all # > 0, which means that (1 + L sin(z'/4)a=*4) 2¥/4e=*"" is still positive on
R*. [

Suppose that v is a positive measure on R. Then we can construct a sequence
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of polynomials {py} based on p the via Gram-Schmidt process as follows:

1 qo0

(Jo(x):m7 Po —<q0’q0>

q1
ql<l’) =T — <xap0>p07 b1 =
<Q1:CI1>
q
@ (z) = 2 — (2, p1)p1 — (2°, po)po, P2 = <q272q2> (6.6)
n—1 q

G(z) = 2" = (2" p)pr, o= ——.

(@) =a" = {" ) (o)

It follows that p, is of degree n and

/pi(:z:) du(x) =1, thus {p,} are normalized.
! (6.7)
/pi(x)pj (x)du(x) =0, thus {p,} are orthonormal.
I

Once the sequence {p,} is decided, we can define two closely related matrices,

P and M related to the sequence of moments m,, = M,(n) as follows.

Definition 6.2.4. Suppose that {m,} is the sequence of moments of some positive
measure and {p,} is the normalized sequence of orthonormal polynomials constructed
via Gram-Schmidt procedure defined in (6.6). Then for all p,(x) there exists a

sequence {c,;} such that
pulz) = Z Cn T (6.8)
=0

We define the infinite matriz P to be the matriz with elements c; j in the i, j position.
Also we define the Hankel matriz M to be the matriz with elements m;y; in the i, j

position.

From the definition of the infinite matrices P and M, we can verify that PMP7? =
I. Thus M is uniquely decided by P. So it is natural to expect that properties of
{pn} imply the determinism of M. In fact we have the following (see Simon [15] for

stronger theorems).

Theorem 6.2.5. If the Stieltjes moment problem M. g+y(n) = m,, is indeterminate,
u 1s one of its solution and py is the normalized sequence of orthonormal polynomials
constructed via the Gram-Schmaidt procedure related to w, then for any z € C, the

sequence p,(z) is in [*.
Proof. See Simon [15]. O
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Here we present a quicker way to show the inverse of an indeterminate moment

matrix must have bounded entries on its diagonal.

Lemma 6.2.6. Suppose that M is a infinite Hankel matrix whose elements are
moments of a measure . Then (M1, are bounded if the moment sequence of u

1s indeterminate.

Proof. Suppose that p;(z) = > P, ;a7 are the normalized orthonormal polynomials
related to ;1 . Then PMPT = I which means M~ = PTP. So

I (fj |pn<e”>|2de> |

Because j is indeterminate, 3" |pn(2)]> converges on the whole complex plane
(see Simon [15]). Thus the above term is bounded. O

It is worth mention that the above lemma is also implied by Berg, Chen and
Ismail [2], who proved a strong theorem saying that the minimal eigenvalue of M

converges to a strict positive number.

6.3 A generalized moment problem

By the definition of Mellin transform, we notice that a necessary condition for a
moment problem M. cy(2,) = m, to be determinate is that M’} being uniquely
decided by the moments m,,. However M’Jﬁ is not necessarily an analytic function
thus we can not use the argument in Lemma 2.6.1. So we need to build a analytic
function from M¥, and again we use the © transform of f to achieve this. In Chapter
4 we have showed that @’}(z) is of order one when f and f are of exponential decay.
Thus we claim that f can be determined by ©%(z,) where {z,} is a sequence of
complex numbers whose modulus are of certain linear growth.

Suppose both f € Ly(R) and f € Ly(R) are of exponential decay at infinity.
Then, in Chapter 4, we have showed that @’; can be extended to the whole com-
plex plane and is of order one. Thus by the Hadamard factorization theorem (see

Theorem (2.6.5)), we can give out a very specific form of ©y.
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Theorem 6.3.1. Suppose that there exist positive numbers o and B such that f(x) <
}

e and f(f) < ¢ B Then there exist a complex sequence {zp :n=0,1,---

such that
O(z) = 2™ TP H (1 — —) exp ( ) (6.10)

Proof. This follows from the Hadamard factorization theorem and Theorem 4.3.3.
O

Now we are ready to conclude the final result for this chapter. It tells what kind
of point sequence {z,} on the complex plane can be picked such that the values of

M on these points uniquely decide a function f that satisfies Hardy’s condition.

Theorem 6.3.2. Suppose that f andf are of exponential decay and a sequence of

nonzero complex numbers {z, : n=0,1,---} that satisfies the condition

>

n=0

(6.11)

zn|

Then the value of ./\/l’;(zn) uniquely decides the function f.

Proof. Suppose that f, f, g and § are of exponential decay, and M(z) = Mg(2).
Then both f—g and f — § are of gaussian decay as well. By Theorem 6.3.1 we know

that if ©f_, is not constantly zero then

Oy (2) = e ﬁ(1 _ Uik) exp(vik)f[ (1 - z-i) exp (i) (6.12)

where z, and vy are zeros of ©(;_g)(2). Thus

Z (r/22) + Z (r/vi) <

n=0

for all » > 0. Thus it contradicts the assumption that > 7 (1/22) = co. It follows
that ©;_4(2) = 0 for all z in the complex plane. So f = g as required. O
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