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Abstract

Metric entropy is a good invariant for a useful class of measure preserving
dynamical systems. This is due to metric entropy’s computability and in-
variance under isomorphism. Many have tried to generalise metric entropy
to the larger class of dynamical systems that are null-measure preserv-
ing. The problem with these proposed definitions is that they are difficult
to compute. In this thesis we take one such entropy, the critical dimen-
sion, and show that with certain assumptions it is preserved under the
induced transformation. This has far reaching consequences as many trans-
formations between null-measure preserving dynamical systems are induced
transformations. Hence many familiar transformations preserve the critical
dimension. This allows us to compute the critical dimension for a larger
range of dynamical systems, including some I'TPFI factors of bounded type.
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Chapter 1

Introduction

A dynamical system consists of a measure space (X, B, i) together with a
transformation 7' : X — X, where T represents the discrete iteration of one
unit of time. If VA € B, u(T'A) = p(A) then the dynamical system is called
measure preserving. If 7' is null-measure preserving then the dynamical
system is called nonsingular.

The problem of deciding if two measure preserving dynamical systems
are isomorphic was first studied by Kolomogorv [25,26], who showed that
a notion called metric entropy could be used to distinguish between non-
isomorphic measure preserving dynamical systems. The converse true only
for special cases, such as the class of Bernoulli shifts [38]. In this case en-
tropy is a complete invariant: two Bernoulli shifts are metrically isomorphic

iff they have the same entropy.
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Metric entropy is regarded as the “most successful invariant so far” [45,
Chapter 4, p. 75]. Many authors have extended the definition of entropy
into the realm of nonsingular dynamical systems, such as the Krengel en-
tropy [28], Parry entropy [39], Silvia and Thieullen’s entropy [43], and the
critical dimension [35]. Unfortunately “these invariants are less informa-
tive than their classical counterparts and they are more difficult to com-
pute” [6, Section 9.

Indeed, computation of the critical dimension is difficult. Under certain
conditions, the critical dimension is equal to the Average Co-ordinate (AC)
entropy for product odometers [13], and Markov odometers [7,8,12]. The
significance of this result being that AC entropy is easily computed. This
is re-proven in chapter 2 with a small improvement on the conditions.

The critical dimension is also more useful than previously thought. In
chapter 3 an extension of orbit equivalence is explored, called Hurewicz
equivalence. Some common orbit equivalences are shown to be Hurewicz
equivalence. In particular, chapter 4 gives a sufficient condition for the
induced odometer of type 111, Markov odometers to be Hurewicz equiva-
lence.

The importance of this result is that a large class of Markov odometers
(called product-type odometers) are orbit equivalent to product odometers

[5,17,19]. Under some assumptions, we can compute the critical dimension
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of product odometers. Under the same assumptions, the orbit equivalence
preserves the critical dimension. This allows us to compute the critical
dimension of the original Markov odometer.

There exist Markov odometers which are not of product type [30], such
an odometer was constructed by [9]. Nevertheless, we can say something
similar. Any Markov odometer is orbit equivalent to a full Markov odometer
[10]. Under some assumptions, we can compute the critical dimension of a
full Markov odometer. Under the same assumptions, the orbit equivalence
preserves the critical dimension. This allows us to compute the critical

dimension of the original (non product-type) Markov odometer.

1.1 Background from Measure Preserving

Systems

For the purposes of providing context, we begin with a brief mathematical
history of entropy for measure preserving dynamical systems based on [41].
Given a measure space (X, B, i) and a transformation 7' : X — X which
is measure preserving in the sense that for any measurable subset A € B

then u(T'A) = p(A). We define the join of two partition o = {A4;};, and
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6 = {Bj};n:1 as
aVfB={ANB;:1<i<n,1<j<m}

and the entropy of a partition « as

Zu ) log((As))

and the entropy of a partition with respect to T" as

h(T,a) = lim 1H (Vi T ")

n—oo 1,

The entropy, or what we shall call metric entropy to distinguish it from

other definitions of entropy, is the supremum of A(T, «) over all partitions

h(T) = sup h(T, «)

«

The supremum over all partitions makes this quantity difficult to calculate.
However the same result holds if we restrict our attention to partitions that
generate the o-algebra B in the sense that B is the minimal o-algebra that

contains the all the sets T« for i € Z.

Example 1.1.1 (Bernoulli shifts). For I = [0,1,--- ,k—1] C N, let p;
be a probability measure on I where ) ., p;(i) = 1. Define the infinite

product space X = [].., I, infinite product measure p = ®jezp;, let B

JEZ.

be o-algebra generated by cylinders, and 7" : X + X be the “left shift”
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defined by (T'(x)), = @41 for n € Z. The dynamical systems (X, B, u,T)

is called the Bernoulli shift. The entropy of the Bernoulli shift is

k-1

WT) = p(i)log(u(i))

=0

Two measure preserving dynamical systems (X, B, u, T') and (X', B/, i/, T")
are isomorphic when there exists a bi-measurable bijection ¢ : X — X' such
that ¢(T'(x)) = S(¢(z)) for p-almost every € X. The claim that entropy

is a good invariant is justified by

Theorem 1.1.2. [f the measure preserving dynamical systems (X, B, u, T')

and (X', B', 1/, T") are isomorphic, then

The claim that entropy is a complete invariant for Bernoulli shifts is

justified by

Theorem 1.1.3 ( [38]). Two Bernoulli shifts with the same entropy are

1somorphic
There are three other theorems which are included for comparison

Theorem 1.1.4 (Birkohff ergodic theorem). Given a measure preserving

dynamical systems (X, B, u,T) and an integrable function f, then

n—1
Tim %;ﬂm) - [ f@au
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Theorem 1.1.5 (Kag’s theorem). Given a measure preserving dynamical
systems (X, B, u, T') with u(X) =1 and A € B be a set of positive measure.

Let ny(zx) be the return time to A. Then

/AnA(x)du =1

Theorem 1.1.6 (Abramov’s formula). Given a measure preserving dynam-
ical systems (X, B, u, T) with 1(X) =1 and A € B with u(X — U, T A) =

0, the induced dynamical system (A, Bla, pla, Tla) has entropy
h(Tla) = M—h(T)

Abramov’s formula shows that metric entropy is not preserved for the
induced dynamical system. This should be contrasted with the earlier claim
that the critical dimension s preserved for the induced odometer. As we
shall see later, the critical dimension is always 1 for measure preserving
dynamical systems: including (X, B, u,T) and (A, Bla, pa, T]a) regardless
of their metric entropy.

This ends our brief summary of metric entropy as an invariant, and mea-
sure preserving dynamical systems in general. The beauty of nonsingular
dynamical systems is that these theorems often have their own nonsingular

analogy:.
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1.2 Terminology and Theorems

This section follows [18, Chapter 1]. Common use makes definitions into
terminology; we revise some popular definitions and defer numbering our
definitions until such practice becomes practical.

Two o-finite measures p, i/ on (X, B) are equivalent when for A € B,
w(A) = 0iff 4/(A) = 0. Given (X, B, n), (X', B',1/) and an invertible, mea-
surable mapping ¢ : X — X', the mapping ¢ is called an isomorphism. In
the special case of X = X', the isomorphism is called an automorphism.
When p/ ~ po¢ then ¢ is called nonsingular. A countable group of nonsin-
gular automorphisms is denoted G, the elements can be enumerated g; for
i € N. The full group of G, is denoted [G] and consists of all automorphisms
that can be written piecewise as functions of G: that is to say that f € [G]

when for some partition A; of X
f(z) = gi(zx)Vx € A;

We consider the case where ¢g; = 1", € Z, for some automorphism 7'. The
nonsingular transformation g € G is said to have a periodic point when
g'x = x for some x € X,i € N, and G is called aperiodic when no g € G

has a periodic point. It is called conservative if for every A € B,

H(A —UgeagA) =0
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The set A € B is called G-invariant when gA = A for some 1 # g € G.
If the only G-invariant sets are () and X then G is called ergodic. This is
equivalent to saying that the only g-invariant functions are the constant
functions.

We make the standing assumptions that the group action of GG is amenable,
aperiodic, conservative and ergodic. A measure p is assumed to non-atomic
(Vx € X, u(x) = 0), o-finite and p(X) < oo unless otherwise stated.

The orbit of a point x € X under the transformation 7" is Orby(z) =
{T'z :i € Z}. The forward orbit is Orb;.(z) = {T%z : i > 0}. The forward
orbit can be considered as an ordered sequence by using the natural ordering

on i from T°.

Theorem 1.2.1. Given two nonsingular transformations (X, B, u,T) and

(Y,C,v,S) the following are equivalent:

1. They are orbit equivalent. Or sometimes called weakly equivalent.

2. There exists a null-measure preserving isomorphism ¢ such that

[S] = ¢[T]o™".

3. The T-orbits of x are mapped to the S-orbits of ¢(x):

Orbs(¢(x)) = ¢(Orbr(x))
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4. For some cocycle 0 : N x X — N

oT7 0y = S"ga

In the special case where ¢T"z = S"¢x, (when o(n,x) = n) then the
transformations are said to be isomorphic or strongly equivalent.

Given a nonsingular ergodic transformation 7" and n € N, the measure
poT™ is equivalent to p by definition. Hence the Radon-Nikodym derivative

exists, which we denote by w,(z) = %

(). Note that the cocycle relation
wit; () = wi(z)w;(T"z) holds.

When there is more than one nonsingular transformation in our context,
we distinguish between the derivatives of (X, B,u,T) and (Y,C,v,S) by
decorating w, with the transformation, as w (z) = %25=.

We are now in a position to cite the nonsingular analogy of Birkhoff’s

ergodic theorem [23].

Theorems

Theorem 1.2.2 (Hurewicz Ergodic Theorem). Let T' be a ergodic and non-

singular transformation of (X, B, ). If f is an integrable function then

o Do F(Tw)wi(r) / rd

mee 3Ty wilz)

Given a conservative nonsingular transformation 7', and A € B of posi-

tive measure. Then for z € A define the return time na(z) as the smallest
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power k of T such that T*z € A. The transformation Ti4(z) = T"4®)(z) is
an automorphism of the restricted measure space (A, B4, 1) and is called
the induced transformation or induced odometer when (X, B, u,T) is an
odometer. This definition is repeated as 4.1.1. We shall abbreviate the
m’th return time as n’j(z). Return time also obeys the cocycle relation

() = na (T4 ) + n 1 (z) where nly(x) = na(z).

Theorem 1.2.3 (Nonsingular Ka¢’s Theorem ). When u(X) =1 and T is
conservative and ergodic nonsingular transformation of (X, B,u). If A€ B

has positive measure then

Proof. We give a different proof to that in [42, Section 5.2].

Since T' is conservative, the function n(z) is finite for p-almost ev-
ery ¢ € A. Define f(z) = Z?jo(x)*lwi(x) for z € A and f(z) = 0
otherwise. This function is measurable since for every n € N, f,(x) =
Z;ﬁg{"’“(m)_l} w;(x) is measurable and f(z) is the pointwise limit of these

functions [27, Theorem 2, Section 28]. If n is the m’th time T« returns to

A for i < n, written m = k(n,x) = }ZZ;& 14(T'z)|, then
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n—1 na(z)—1 n% (z)—1 n} (z)—1
Zwl(;ﬂ) = wi(x) + wi(z) 4+ -+ Z w;(x)
=0 i=0 i=n4(x) 1:@1*1(@
= J() + Wa @) (@) (T™) 4 s (@) f(TE )
n—1
=) La(T"2) [(T*x)w;(z)
=0

By theorem 1.2.2

S (T (T ()

e Yy wil®)

:/XlA(a:)f(x)duz/Af@)dﬂ

The nonsingular Kag’s theorem can also be proven (again, differently
to [42, Section 5.2]) by constructing the Kakutani tower with base sets

B; = n;'(i) and using the fact that, because of conservation, the tower



12 CHAPTER 1. INTRODUCTION

covers the whole space X

I
£
=

=Y
=

While the latter proof is shorter, the former proof is preferred as this is

the style proof is used in later chapters.

Lemma 1.2.4 (Borel-Cantelli Lemma). Let (X, B, 1) be a measure space,
and C,, € B be a sequence of sets. If > " u(C,) < oo then for almost

every x € X there exists an N, such that for alln > N, x ¢ C,,.

Theorem 1.2.5 ( [34, Lemma 2.2] ). For anyp € N

Proof. Our proof is different to that of [34]. Instead we appeal to the

Hurewicz ergodic theorem 1.2.2
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n—00 n—1

= lim
n—oo Nl

=0
n—1 n+p—1
> wilw >, wi(z)
. 1=p i=n
= lim -— =
Wi (ZE) Z wl<x)
i=0 i=0
n+p—1
> wiw)
=1+ lim ==
n—oo N—1
wi ()
1=0
from which the conclusion follows. O
Corollary 1.2.6.
n n—1
log(Z% wi(z))  log( Z% wi(z))
1. 1= o 1= — O
rarsel log(n + 1) log(n)
Proof. By theorem 1.2.5
> wi(z)
lim =9 T LG N
n—oo N1 oo =1

> wi() > wi(z)

1=0 =0
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taking log
i Tog(3 (1)) ~ oY) = 0

and using the fact that lim,, o log(n + 1)/log(n) =1

log(3- wi(w) 103 wi(e)
= logl(_n—i-l) N fo_g(n)
log(3- wi(w) 1o wi(x)
= e T log)
log (3 wi(0)) — 1o w(2)
B S E
=0

There are two theorems from infinite ergodic theory that are relevant

for the purpose of comparison

Theorem 1.2.7. Suppose (X, B, u,T) is a conservative, ergodic, measure

preserving transformation, with u(X) = oo, for every f € L'(p)

n—1
1 ,
lim — T'z) =0
Ji 2 ST

Furthermore, any attempt to re-normalise this limit by replacing n with
some sequence a, will result in either being asymptotically too small, or

too large, for every function f € L'(u)
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Theorem 1.2.8 (Aaronson’s Theorem [1, Theorem 2.4.2] ). Suppose (X, B, u,T)
is a conservative, ergodic, measure preserving transformation, with p(X) =

oo and let a, > 0, then either
1. hminf%ﬁml) =0 for all f € L'(u), or

n—oo

n—1 i
2. limsupzi:“a—i(Tx) = o0 for all f € L' (u)

N oo

The Three Types

An nonsingular ergodic transformation 7" on measure space (X, B, i) is of
Type [ if the measure p is atomic.

Type I if there exists T-invariant o-finite measure v equivalent to .
Type 111 if no equivalent o-finite measure is 7T-invariant.

Given a type /I nonsingular transformation, any 7-invariant measures

v,V equivalent to p are necessarily different by a constant. Assume v, " ~

1, since v(TA) = [, 22Ldy = v(A) then dv o T/dv = 1 (similarly with /)

and the function

dvoT dvoT dv dv'’ _dv
dvoT  dv dvdvoT dv

is a T-invariant function, hence constant by ergodicity. If v(X) < oo then
so is every T-invariant measure equivalent to p. So for a type I system,

the T-invariant measures are either all finite (/1) or infinite (I/).
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The existence of type III odometers was foretold by [16] and the first

example was given by [37].

Lemma 1.2.9 (The first type 1] mesaure). Define A,, = {0,--- ,n} and

define a measure v, on A, by

T if i=0

vy =14 °

1 . .
o if 0<i<n

For the measure 1 = ®3°, on the space X = [[;=, A(t). There exists no

equivalent o-finite measure.

Proof. Define z,,.x as the element of X such that Vi € N, (2,ax); = ¢ . For

any * € X, T # Tmax, let ni(x) be the index of the first non-maximal digit
ni(z) =min{i: z; <i},ny(Tmax) = 00

An automorphism 7' : X + X can be defined pointwise as

0 if 7<ny(x)

(Tz)i =< z;+1 if i=n(2)

xz; if i >n(x)
\

and T'(2max) = (0);. This style of automorphism is called the odometer

action. This is a nonsingular transformation since

dpoT, "Wy ((Tz),) | (@) —DYm@), if 2@ =0
dp (=) = U Vn(7y) B .
n=0 (nl(x) - 1)!, if Ty (z) 7& 0
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Suppose, by way of contradiction, that there exists a 7" invariant mea-
sure v equivalent to p and define ¢(x) = ‘;—5(33). By T-invariance w!'(z) =
é(T'z)/p(z) and 0 < ¢(z) < oco. For a fixed C' > 1 let Ec = ¢~ C™1, (]
be a set of positive measure. We can approximate this set by cylinders:

choose n so large that for some cylinder [ag, - - - , a,] with measure u(Eqc N

lag, - -+ ay)) > 0.9u([ag, - - -, an]). Then

p(Ee 0 oo, anl) > 1 (e (la0, 01 (Uil - a0 1))
_ 1% (e ([aoy -+ an, 0]) + 2 (U [ag, - - , anyd])
_ 1% (N([aoa‘“  an, 0]) + %;u([am... 7OLn]))

T~
=
=
<

' 7an70]) + %:u (U?:I[GJU? e 7an])>

’ vamo]) + M(U?:l[aov T 7an70]))

I
Sl sle Sle
—
=
—~
S
o)

’ 7an70]))

—
=
—~
e
e

and
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u(Ee O [ag, - a,)) = 11 (B 0 [ag, -+ an, 0)) + p (Be 0 (U ag, - an, i)

< 1% (EC N [a07 T amo]) + M((U?:I[GO’ T ami]))

= 1 (Ee N ag, - ay, 0]) + 1 (([ag, - -~ an, 0]))

Combining the above equations

p(Ec N lag, -+ - an, 0]) > (1 ([ag, - -+ an, 0]))

S|

Similarly

n

> pn(EeNlag,- - ap,i]) >

i=1

—
S
R
INgR
=
e
=
<
@

g

S

S~—
~

So for at least one ¢ € [1,--- ,n]

8

/J’(Ecm [a'()?'..a’n?i]) 2 10

(,U ([a07 e ’an’i]))

Let N,, > 0 be the smallest odometer power which maps |[ao, - - -

to [ag, - ,an,i|. For all € [ag,- - ,ay,0],

(1.1)

’a'n’ O]



1.2. TERMINOLOGY AND THEOREMS 19

dpo TV
dp

(x) = wh, (2)
B lo—O[ v (TN ),
= Y ()

C Unsr(n) 1
=0~ (1.2)

Let B C Ec N ag,- - ,ay,,0] be the elements of E¢ not returned to E¢
by TN: T" B ¢ EcNlag,- -+ ,apn,i]. SoTN"B C X —(E¢Nlag, -+ ,an,i])

which has measure

2 2
Nn < = 1) —
M(T B) = 10,&([@0, 7an7?’]) 10M(T [a07 aa'nao])
since wyy, (z) = N:H is constant on both [ag, - - - , a,,0] and B C [ag, - - , ay, 0],
then by equation 1.2.
—u(B) = (1" B)
n + 1 -/
< (T 0)
—_— "la an’
—_ 10” 07 )
2 1
I e ay, 0]) ——
rollae, - an )77
consequently
2
M(B) < _:u([a07 o 7an70]) (13)

10
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Together, equations 1.1 and 1.3 imply that the subset Ey = EcN[ag, - - , ap, 0]—

B has positive measure.

(e M as, s aal) = p(B) 2 Top(ao, 1 a0,0)

For all x € Ey, both z, Tz € E¢, hence

1
n+1

= why, (¥) = d(z)p(T""z) > C~2

since n was arbitrary, this is a contradiction.

O

In the case where p is a product measure on the space of infinite binary
strings, Moore’s criteria [32] gives a less demanding method of determining

the type according to the properties of the measure.

Theorem 1.2.10 (Moore’s Criteria). An nonsingular ergodic transforma-
tion T on measure space (X, B, ), where p = @i, and X = [[2,Zo,

and

1—a,»

pi(0) = —5— (1) =

L where a; € (0,1).
Then p is
1. type I iff 3 °:2,(1 —a;) < o0

2. type I iff "2 a7 < 00

3. type 1T iff 322, ((1 — a;) (min (12—(121-’ 1))) = 00
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4. type Il otherwise.

Example 1.2.11 (Type Il measure). Take X = [[*°,Z,, and A C

N of asymptotic density d < 1. Then define a product measure u(zr) =

o0

H Hn (l’n), where

n=0

s if ned
4 (0) = |
oy i ngAj=n—|An)

1+

where j = n — |A(n)| means that n is the j’th element not in A. Since this

is a binary odometer p, (1) =1 — u,(0).

Moore’s criteria tells us that this measure is type I/...

Types I1; and 1., are invariant under orbit equivalence [14], and they
are the only orbit equivalence classes of type II. There are uncountably
many orbit equivalence classes of type 111, subclasses of type 11 are distin-
guished according to the ratio set and associated flow. The ratio set R(T)
is a closed multiplicative subgroup of [0, 00] [29]. Defined by r € R(T) iff
for every B € B and ¢ > 0, there exists kK € Z* and C C B of positive
measure such that T*C' C B and for all x € C, |w_g(x) — 7| < €. The ratio

set allows us to subdivide type I11 systems because

Lemma 1.2.12. The ratio set is an invariant of orbit equivalence
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Proof. Given € > 0 and B € B, take a subset of C C B on which %(z) is

close to some non-zero constant a:

< exp (¢/3)

exp (—¢/3) < 'j—j‘(w)/a

Let 0 # r € R(T, ), we show that r € R(T,v). By definition there
exists some k # 0 and a subset C” of C such that T-*C" C C and e~*/3 <
W (x)/r < e </ for all z € C' C C.

Since both z, T*z € C

exp (—¢/3) < Z—'Z(:C)/a < exp (¢/3)

d—u(Tkx)/a < exp (¢/3)

exp (—€/3) < -

SO

exp (—e¢) < d”(zx) o < exp (€)

Where the quantity in the middle is equal to w”+(x) Hence r € R(T,v).

So the ratio set depends only on the equivalence class of p rather than p

itself. The case for r = 0 is similar. O

All transformations in an orbit equivalence class share the same ratio set.
The converse (transformations with the same ratio set are orbit equivalent)
is true when R(T') = {1},{0, A" : nZ, 0o} and [0, ool; called type [, [11)

and 11, respectively. But not when R(T") = {0, 1, 00}; called type I11j.



1.2. TERMINOLOGY AND THEOREMS 23

The ratio set builds upon Moore’s criteria, and allows us to further

identify orbit equivalence classes within type I11.

Example 1.2.13 (Type III, measure). Take X = [[* Z,, and A C N

of asymptotic density d < 1. For A € (0,1) define a product measure x as

p(x) = T[] pn(w,), where
n=0

and p,(1) =1 — p,(0).

By Moore’s criteria 1.2.10, this is a type III product measure. Since
the Radon-Nikodym derivatives are all of the form \,i € Z, this is a type

11T, measure.

ITPFI transformations

A nonsingular transformation (X, B, u,T) is said to be an Infinite Tensor
Product of Factors of type I (or just ITPFI) if it is orbit equivalent to a
product odometer (Y,C, v, S) where Y = [[2,[0,--- ,[; —1] and v = ®°,v;
is a product measure. If the [; < M for some constant M then T is IPTFI
of bounded type, and IPTFI; when M = 2.

Given a type Il nonsingular transformation (X, B, u, T'), define a new

measure v on the space X X R given by dv(x,y) = du(z)e?dy. Define a new
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transformation
T(z,y) = (Tx,y — log(wi()))

Since T is conservative, T is also conservative and commutes with the flow
Si(z,y) = (x,y +t). However T is not always ergodic, so we restrict our
attention to the space Z of T-ergodic components. The nonsingular action
(Z,B x Riz,v,S;) is called the associated flow. As with Moore’s criteria, it

is possible to classify T according to its associated flow

Proposition 1.2.14 ( [15]). T is of type

1. I1 iff the associated flow is v — x +t,t € R.

2. 111, iff the associated flow is x — x +t (mod (—log(\))).

3. 111 iff T is ergodic.

4. 111y iff Sy is not transitive.

For T to be IPTFI, there is a necessary and sufficient condition on the
associated flow, called approzimately transitive flow or AT-flow. This was
first proven in the context of von Neumann algebras by [5], and a measure
theoretic proof was given later by [17,19]. In particular [17, Prop. 6] con-
structs a subset H € B of positive measure such that the induced odometer

(H, By, v, Tlg) is isomorphic to a product odometer.
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Without the AT-flow assumption, the same construction can be per-
formed [10]. What is lost is that the induced odometer (H, By, v, T|y) is
no longer isomorphic to a product odometer, but is instead isomorphic to
the more general Markov odometer.

We can compute the critical dimension of a product odometer (Y, C, v, S)
where Y = [2,00,--- ,l; — 1] where each l; < M for some constant M, and
if the orbit equivalence preserves the critical dimension, can we equate the
computed critical dimensions with the critical dimension of any type 111
IPTFI factor of bounded type.

Similarly we could compute the critical dimension of some non-IPTFI

nonsingular transformations.

Sums of Radon-Nikodym derivatives

Notice that in both examples 1.2.11 and 1.2.13, the type was independent
of the asymptotic density d. Changing d does not effect the type, but it
does effect how quickly the Radon-Nikodym derivatives grow: as d — 1,
more Radon-Nikodym derivatives are equal to 1 and the sum of derivatives
grows in proportion to n.

Analysis of the asymptotic growth rates of the Radon-Nikodym deriva-

tives belongs in the same mathematical toolbox as Moore’s criteria and the
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ratio set. We begin by replicating Moore’s criteria.

A nonsingular transformation (X, B, i, T') is said to have an equivalent
T-invariant measure v if v ~ p and v(TE) = v(E) for all E € B. According
to [16, p. 571] a equivalent T-invariant measure v exists iff there exists a
measurable function f such that f(7"z)w,(z) = f(z) and 0 < f(z) < oc.

Indeed the measure v can be constructed as

Which is T-invariant because

v(E) = /E f(@)dps = /E fraan@d= [ fa)du=o(TB)

It is clear that f plays the role of the Radon-Nikodym derivative du/dv.

By the Hurewicz ergodic theorem 1.2.2
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uB) = [ fan
S 1p(Tia) (T2 (2)

. i—0
= lim =
n—00 n-1

Where the B € B is necessary to handle the type 11, case. We rearrange

the above equation to

n—1

D wil)
0< f(z) = J/(B)J'l_)rgl“:o— < oo

>, 1(T')

i=0
Notice that this equation is not within the jurisdiction of Aaronson’s
Theorem 1.2.8, as the normalising factor is a function of both n and x; not
x alone. In this case the return time to B grows at the same rate as the
sum of derivatives.
In the type 11, case (B = X, v(X) < oo ), this equation can be simplified

to
n—1

> ()
f(z) = v(X) lim =2—— (1.4)

n—00 n
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As noted by [31], while the type I]; Radon-Nikodym derivatives aver-
age nicely, great care must be taken while averaging the derivatives type
I1,,. Nevertheless, collecting these results gives us a Moore’s-criteria style

theorem.

Theorem 1.2.15. Given a nonsingular ergodic transformation T on the

measure space (X, B, 11).
1. if p is an atomic measure, then p is type I.

2. Define
folz) = 22—

if limy, oo fu(x) = f(x) emists, f(x) € LY () and 0 < f(z) < oo

p-almost everywhere, the p 1s type I,

3. if for some subset B € B,

w;(x)
fn(m) =

n—1

>

=0
n—1 )
> 1p(T'x)
=0

if limy, oo fu(z) = f(x) emists, f(x) € LY (i) and 0 < f(z) < oo

-almost everywhere, then i is type Il

4. type II1 otherwise
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It is doubtful that this theorem gives any advantage over existing meth-
ods for classifying measures according to types I, I and [11. But it does

. . —1 . .
serve to motivate our analysis > ., w;(z) as an object of interest.



Chapter 2

Average Co-Ordinate Entropy

and the Critical Dimension

The critical dimension, loosely speaking, is the order of growth rate of the

sum nz_jl w;(x). The previous chapter established this as an object of interest,
i=0

and we were able to replicate a Moore’s criteria style classification using this

quantity.

Unfortunately, there no known method for computing the critical di-
mension directly. It was shown by [35], that under certain conditions it is
equal the easily computable AC entropy.

In this section we re-prove the connection between AC entropy and the
critical dimension, with a small improvement on the conditions under which

these quantities are equal. This will be used in chapter 4, where the critical

30
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dimension is computed for a larger class of dynamical systems.

2.1 The Critical Dimension

We reiterate the standing assumptions that 7" is a nonsingular transforma-
tion on the o-finite probability space (X, B, u). The transformation 7T is

ergodic and conservative. We follow [13] and define

Definition 2.1.1 (The Lower Critical Dimension). The set

Xa/:{I'GX

n—1
1
mint (o) }

Is T-invariant, and hence has measure 0 or 1. Define the lower critical

dimension o as

a=sup{a : u(Xy)=1}.

Definition 2.1.2 (The Upper Critical Dimension). The set

n—1
1
lim sup — sz(fﬁ) = O} :

Is T-invariant. Define the upper critical dimension [ as

Xﬂ/:{JCEX

B =if{f : u(Xg)=1}

As a direct consequence of these definitions



CHAPTER 2. AVERAGE CO-ORDINATE ENTROPY AND THE
32 CRITICAL DIMENSION

o n-l 0 when p>a
ip(m) = hﬁg}f = ;wi(gp) =

oo when p<a

Similarly for limsup:

n-l 0 when > [
1 Y
fp(x) = limsup — sz(aj) =
=0

nsoo MNP 4

oo when p<p

The definitions do not specify what happens when p = « or 5. As
[31] has shown, for a type II; odometer « = f = 1 and 0 < f,(z) =
f,(x) = f(z) < co. We can also say something about this value for type

I11 measures. Since

n—1

[ (Tx)wi(x) = lirrlgicgf n—la ; wi(Tx)w (z)
n—1

= lim inf — E wir1(x)
n—oo N 4 5
1=

For a type 111 measure, the function f () must be either zero or infinity
p-almost everywhere, otherwise by theorem 1.2.15 this is a type I/ measure.
Similarly the function f,(x) must be either zero or infinity. Hence we

have a result similar to Aaronson’s Theorem 1.2.8: that for all p either
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ip(m) = 0 or f,(z) = co. The value p at which this change occurs is the

lower (for ip) and upper (for fp) critical dimension.

The critical dimensions can also be expressed in the language of Dirichlet

series. For a,,s € C, the ordinary Dirichlet series

oo
a;

Z's
1=0

The abscissa of convergence is defined as

1 o
0. = lim sup 08 \Zuizo %) (ZZZO a )
n—00 log(n)

If a, = wy(z), then

0. = limsup log <Z wl(x)> /log(n) = f.

n—00 -
=0

Similarly,

n—1
a = liminf log (Z wz(x)> /log(n)
=0

This relationship means that the machinery of Dirichlet series may be
brought to bear on the critical dimension. This relationship could provide

an alternative method for computing the critical dimension directly.

Markov odometers

So far our examples have all been product odometers. We shall work in the

more general setting of Markov odometers. The realm of Markov odometers
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is genuinely different from that of product odometers, and there exists type
111, measures which are not even orbit equivalent to a product odometer
[5,30].

We begin with the usual definition of a Bratteli-Vershik system. This is
adapted from [20], and is included here to establish notation.

Let V = U;5oV? be a vertex set, where each V() is considered disjoint
and V(© = {yy} contains a single element. Let E = U;», E® be a directed
set of edges, where (uv) € E@ implies v € V=D v € V@, Multiple edges
are permitted. Note that the graph (V@ U V@=1 E®) is bipartite. Define

the source and range maps

sp: B s VOl e g0y ()

which can also act on x € X by

St X > VO s () = s, ()

o X = VO or (2) = ro(2)

Two edges e,¢’ € E™ x EM*Y are connected iff r,(e) = s,,1(¢'). Define
for v € V™ let E™(v) be the set of all edges e € E™ with common
range r,(e) = v. If F is equipped with a partial order > so that two edges
e,e/ € E™ are comparable iff they share a common range r,(e) = r,(¢')

(i.e. the edges E(™(v) are totally ordered), then (V, E) is called an ordered
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Bratteli-Vershik diagram. Define the Bratteli compactum X as set of all

infinite paths starting from vy. The maximal and minimal paths are
Tmax = (ei Ve € E(l)arl(ez) = 7"7;(6) == € > 6)
Tmin = (€; : Ve € ED ri(e;) =ri(e) = € < e)

The Bratteli compactum X is called essentially simple when there is a
unique infinite maximal and minimal path. Denote the set of all paths

from V(™ to V(" by Pr

m?

and call any such path [e,,, - ,e,] € P",e; €
EW m < i < n a cylinder. Let B be the o-algebra generated by these
cylinders.

For any = € X, we define the number of cylinders from vy of length n
by s(n).

Given a sequence of stochastic matrices {P(”)}n, where the entries of

P™ are indexed by (v,e) € V("1 x E®) and:
1. P((:;) > 0 when v = s,(e), and

2. for allv e V=1, Zzg(gzgv Pv(,? =1

so the edges leaving a vertex have weights summing to 1; whereas the edges

entering a vertex are totally ordered. Define a Markov measure p on X by

N([emu e 7671]) - H P(isi(ei)ﬁei)

n
=m
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This measure is ergodic, conservative, non-atomic, and reduces to a
product measure when the columns of the stochastic matrix P™ are iden-
tical.

We define the Vershik Transformation T : X +— X as the odometer
action on the path space. That is Txpmax = Tmin, and otherwise Tz is
the next element in the lexicographic (partial) ordering of X as defined in
lemma 1.2.9.

The essentially simple Bratteli compactum X, o-algebra B, Markov
measure p and Vershik transformation 7" is called a Markov odometer and
will be denoted by (X, B, u,T'). When p is a product measure this is called

a product odometer.

Example 2.1.3 (The Full Product Odometer [10, Example 2.1]). Let each
V() = {y,} be singleton. Denote the edges E™ by the numbers 1, , 1,
where every edge e € E(™ has the same source and range: for all i € E™,
$n(1) = p_1,7(i) = v,. Then the Bratteli compactum is the product space
X =TIZ,7Z,,. Together with the Vershik transformation 7' and Markov

measure p, call (X, B, u, T) the full product odometer.

Example 2.1.3 is easily seen to be a product odometer as there is only one

v to index the stochastic matricies P\

(0¢)> S0 all (one) columns are trivially

identical.



2.1. THE CRITICAL DIMENSION 37

Example 2.1.4 (The Full Markov Odometer [10, Example 2.2]). Let each
V™ consist of I, € N, 1, > 2 vertices. Endow this graph with the full range
of possible edges E™ = V=1 x V() 5o that every vertex at level n — 1 is
connected to every vertex at level n (this property will later be called BV1).
Order all edges with common range according to the integer value of their
source vertex. Then the Bratteli compactum is again the product space
X =T1I:2,%,. Together with the Vershik transformation 7' and Markov

measure f, call (X, B, u, T) the full Markov odometer.

Example 2.1.4 can still reduce to a product odometer if on our choice of
P((;f)e) is independent of v.

Not every type 11 Markov odometers is orbit equivalent to a product
odometer [30]. But, as was shown by [10] that every type III Markov
odometer is orbit equivalent to a full Markov odometer, as in example 2.1.4.
To be precise, it was proven that every type I/l Markov odometer there
exists a set of positive measure A such that the induced odometer on A is
orbit equivalent to the full odometer. The use of the induced odometer will

become important in chapter 4.
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Computing AC entropy of a Markov odometer

In this section, we show how to compute the AC entropy of a Markov
odometer, we follow [8] and make some assumption on the connectivity
between V"1 and V(™ and another assumption on the number of edges

in E™,

BV1 There exists some constant K such that for each i, 7 € N, if |i — j| >
K then every vertex in V? is connected to every vertex in V7 by at

least one path.

BV2 The number of edges at each level grows sub-exponentially: ‘E (”)| <

log(an) 0

n =

a, where lim,, ,o.

Assumption BV1 is the same as that of [8,13] in the case when K =1,
our BV2 assumption is weaker than that of [8], in as much as some growth
is permitted. For example polynomial growth is permitted by BV2; but
exponential growth, such as a,, = 2", is not permitted.

Since s(n) is the number of cylinders of length n, the assumption BV1

also gives the following lower bound:

1 log(2F) _ log(s(n)
K nK n - n

(2.1)

Choosing a, to be bound by some constant enables us further say that
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log(s(n))) _ Yo nloa(N)

n n

= log(N) < o0

Under these assumptions, the quantity m is not bound from above.

If we allow linear growth a,, of with n: say for example a,, = n. By Stirling’s

approximation

>ico log(ai)  (n—1)log(n — 1) — (n — 1) + O(log(n))

n n

— OQ.

So unlike [8,35] we can only say that m <

3=

Definition 2.1.5 (Entropy of a Partition). Let P, be a partition of X by

cylinders of length n. Then the entropy of this partition is

H(P,) = Y —p(C)log(u(C))

CePy,

Definition 2.1.6 (Vertex Measure). The push-forward measure v™ : V™)
0,1] is
V'(v) = p({(zi)iz0 € X : ro(x) = v})
Definition 2.1.7 (Co-ordinate entropy). For a given Bratelli- Vershik dia-
gram, the entropy of the i’th co-ordinate is
H;(x) =H ({[e]iﬂ . where e € BV ri(z) = sHl(e)})

_ it1 i+1
- Z Psi+1(6),€ log(PsiH(e)’e)
ecB(i+1)
ri(z)=s;t1(e)
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For example, H},(x) from figure 2.1 is

) _ i+1 i+1 i+ i+1 i+1 i—+1
H,u (1:) i log(Pn (z),e1 ) _Pn- (z),xit1 1Og(Pri(x),cci+1 ) _Pri(z),ez 10g<Pm (z),e2 ) :

ri(z),e1

Because we have a Markov measure, the entropy of the i'th co-ordinate

depends the vertex: r;(x).

Lemma 2.1.8.

n—1

H(P,) =Y E(H(x))

1=0

Proof. This proof sums over the paths in P, in two ways. First, from the

definition of v*(v)
V()P = u({ € X 5 3101 = e})
so for any e € F0+Y

- w(v)Pjﬁ@,e log(P;Tl(e),J == log(Psill(e),e)M({x € X:wi =e})
(2.2)

For i from 0 to n — 1, sum the left hand side of equation 2.2 over all V()

grouped by v € V1

n—1 si+1(e)=v n—1
Yo > )| Y, —PlMleg(PY) | =) E(H(x)
=0 yev (@) ecE(i+1) 1=0

Rewrite the right hand side of 2.2 as

ei+1=€

—10g(P§:11(e),e)M({$ € X =e}) =— log<Psi:_11(e),e) Z p(ler, -+

le1, - ,en]EPy
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O O
U(()i—l) v((]l) (()i—i—l)
K/ 5
O O
i Li (4) T i
ng 1) v Lit1 U; +1)
€2
O O
Uéi—l) vél) §z+1)

Figure 2.1: The middle path z follows edges z;, ;1. Edges in e, e, € ECHY
share the same source as x;1

If this quantity is summed over paths [eq, - ,e,] of length n
Sl (et )
le1, ,en]EPn =1
- Z _M([€1, T ’e”]) <log<H Ps(ilj-l(ei):ei)>
le1, - ,en]EPy i=1
= H<Pn)

While the order of summation is different, these two quantities represent

the same object, hence, they must be equal. O

Definition 2.1.9 (The lower average co-ordinate entropy). Denote the

lower average co-ordinate (AC) entropy by

hac(p) = h?{gio{:lf _%
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Definition 2.1.10 (The upper average co-ordinate entropy). Denote the

upper average co-ordinate (AC) entropy by

hac(p) = liﬂsogp —%

Definition 2.1.11 (The average co-ordinate entropy). If hac(p) = hao(p),

say the average co-ordinate (AC) entropy exists. Denoted by

P
hac () _anoo log(s(n))

Our aim for the next two sections is to examine the conditions for which

the AC entropy can be computed

hac (1) = lim inf — == i(ai)
—AC'(:U’> %E}gg log(s(n))

and when it is equal to the critical dimension

o = liminf —
n—00 log(s(n))

this is summarised in theorem 2.1.26

Computing AC entropy

In this section we compute the AC entropy. Recall lemma 2.1.8,

n—1

H(P,) =Y E(H,(x))

=0
To prove

h _ 1 . f— — KAVl
hac (1) 1m m log(s(n))
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it is sufficient to prove

i log(Pl ) — 2oy E(H)
lim —
e log(s(n))

=0
because

hac () = lim inf %

YV E(HY)
= liminf =—/——F~

oo log(s(n))

o i log(Pl iy w) = i 08( P 4y 1) + 2y E(H)
= liminf —

=00 log(s(n))

= liminf — + lim —

00 log(s(n)) =00 log(s(n))
= liminf —
n—00 log(s(n))

Two approaches have been taken to prove 2.1.18. Both invoke, as may be
expected, the law of large numbers. The first approach [13] assumed p was
a product odometer, and hence the random variables X; = log(Pji(xi)ym) are
independent because the quantity (P; (mi)’mi) does not depend on the source

vertex s(x;).

The second approach [8] assumed:

1. the probabilities in the stochastic matricies Pj,e were bound below by

some constant, and
2. the number of vertices at every level is bound by a constant.

then the law of large numbers applies due to theorems of [40] and [46].
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One of the purposes of this thesis is to relax these assumptions, while
still being able to compute the critical dimension. In this section we define
a condition on Markov measures, which gives a sufficient criteria for the
law of large numbers to hold. Loosely speaking, we require the Markov
odometer to be a product odometer at regular intervals.

Define the random variable X; = — log(PS(:()e)ﬁ), where e € B is chosen
with probability PSz ©)e Notice that in the general Markov measure setting,
the random variable X; is dependent on X; ;. As in figure 2.1, choosing
edge z; € E® limits the possible choices of edge at B¢V to ey, x4, and
es. Even with the connectivity assumption BV1, the stochastic matricies
P can be chosen in such a way as to make E(Xy)E(X)) # E(Xi X))

The claim that the random variables X, X} are (weakly) independent

was first made by [10]. Here we do not claim that they are always indepen-

dent, but instead give a sufficient condition for independence .

Definition 2.1.12. A Markov Odometer has a bow at level n if the stochas-

tic matrix P™ has all columns identical, and each entry non-zero.

The intuition behind a bow at level n is that edge choices at level 7 <
n are independent of edge choices at level ;5 > n. That each entry in
the stochastic matrix is nonzero requires each vertex at level n — 1 to be

connected to each vertex at level n.
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Lemma 2.1.13. A product odometer has a bow at every level.

Proof. This is the definition of a product measure, since the (single) columns

of P™ are always identical. O

The reason for definition 2.1.12 is the following lemma about of Radon

derivatives.

Lemma 2.1.14. Suppose (X,B,u,T) is a Markov odometer with a bow
at level n. Let Eyi, be the unique infinite minimal path in the Bratteli
compactum X. Let C = [Enwli™', and r = r(z) = nc(z) be the return

time to C. Then fori <r

wi(T"z) _ w,(T'z) 9
wi(x) wy(x)

Proof. Denote the edges in £ (v) by integers 0,1, --- ,1, — 1. By the bow

assumption for each v,u € V=Y and e € {0,1,--- 1, — 1}
P, =Pr,
Define
y="Tz
z=T"zx
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In general, the return time to a cylinder is not constant. However by
the bow assumption the return time r = r(z) = |P0"_1’ is the number of
cylinders of length n — 1. Hence the abbreviation r is justified.

By assumption, every vertex at level n — 1 is connected to every vertex
at level n. So i < r means that 7%z can only change the first n edges; but
r(T'z) is fixed. So the edges of Tz and z agree for all edges after n. So

too do the edges T"z and z agree

VEk >n, (Y = (), (2)r = (W)

The edges of x and T"x agree for all k < n since they are both members
of the same cylinder C. So too are y and T"y both members of T°C" and

hence the edges are equal

VEk <n, (2)r = (), (y)r = (W)

Denote by u,v € V"1 the common source vertex of s,(x) = u = s,(2)

and s, (w) =v = s,(y), and let

m;(z) = max {k : x # (T"2),} < oo.

be the index of the largest edge changed by T x. As already noted this

must be less than n, furthermore
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) () [/_\ m

Vo

E®)

Figure 2.2: The paths z transitions from low to high at level n; y = Tz
transitions from high to high; z = 7"z transitions from low to low, and
w = T"*ig transitions from high to low on the odometer

P?’L n
= szn 7:L7Zn wl (Trl’)

While the edges z,,, v, have different source, they have the same integer
value =, =y, € {0,1,--- ,l, — 1} and 2z, = w, = 2, + 1 (mod [,,), we now
use the fact that the columns of the stochastic matrix are independent of

U, v
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wi(z) = PTPT%( )

ULy, © V,2n

= w;(T"x)

Hence w;(z) = w;(T"z). Using this equation and the cocycle relation

Wity (1) = wi(2)w, (T'7)

= w;(T"x)w,(z)

Hence w,(T"z) = w, ().

The same can be said for multiples of r

Corollary 2.1.15. Let m € N, and given a Markov odometer with a bow

at level n, for p-almost every x € X. If i <r then

wi(T™x) Wy (T')

wilz)  Wmne(2) =1
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Proof. This is m applications of lemma 2.1.14

wi(T™z) 1 will7"x)
wilr) H wi(TU=Drg)

:ﬁlzl

j=1

O

Lemma 2.1.16. For k < n <[ if a Markov odometer has a bow at level n,
and Xy, X; : X — R functions that depend only on the k,l’th co-ordinate

of v € X respectively.
E(Xy X)) = E(Xy)E(X))

Proof. For any m € N, collect the results of corollary 2.1.15, and the as-

sumption that X depends only on co-ordinate £ < n, and X; is independent

(n—1

of co-ordinates 0, ...,n — 1. Again define C' = [Epn|y ) and ne(x) =ris

the constant return time to C.

Wiy (T'2) = w,(z)
wi(z) = w;(T™ x)

These are our tools. For z € C
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njz: wi(z) = j_ol ZO Wiy jr(2)
_ mz Z (T ) ()
_ mz i(w)op(o)
_ m_ol 7«0 wz(x)) e
_ <; wz(x)> (21 wjr(a:)>
and
m; Xy(Tz)uoi(z) = m:O ;O KT )i ()
_ mi; z; Xpo(T'2)wi (T z)wjr ()
_ ’”Z X(T 2)wn(z)oy (2)
— :01 ;0 Xk(T”:c)wz(:c)> wir(x)
— (2; Xk(TZx)wi(x)> (721 wjr(:r)>
similarly
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and combine the previous three equations into

Xi(T'2) Xy (T7" ) w; (2w (2)

m—1 r

X (T )w; (x)) X(T7" x)w;, ()

j=0 \i=0

e

3

£

3

S
N——
AS
.
I3

s

e

]

=

£

:

=
N—

So, thanks to the bow, we have been able to separate > X;(T"x)w;(z)

from Y Xi(T"z)w;(z). By the Hurewicz ergodic theorem 1.2.2, for all x €
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C = [xmin}g_l (a set of positive measure)

S X () X (T ()
B(XX) = lim ==
;} w; ()
mlek(Tix)wi(x) mlel(Tix)wi(x)
= lim =2 =0 >
e (Z;Zo_l W%(“f'))
m;) Xo(Ti)wss(x) m;) Xy(Tia)wi(z)

M—00 Z?:o_l wl<x) Z;?;ro—l wl(a:)

Hence E(X;X;) = E(X;)E(X;) and the random variables X;, X}, are inde-

pendent. O

This lemma allows us to apply the law of large numbers to a Markov

odometer that contains a bows at regular intervals.

Lemma 2.1.17. If (X, B, u,T) is a Markov odometer with Bratteli- Vershik
diagram (V, E), and X; : X — R a sequence of integrable functions that
depend only on the i’th co-ordinate of x € X. If for some k € N the

odometer has a bow at level jk for all j € N, then

- (HZ‘iX - E(XZ-)> ‘ —0

Proof. Split the sequence Y; = X; — E(X;) into k subsequences: define

lim
n—oo

Y™ =Y, for i = jk+m,m,j € N. Then for fixed m € [0,k — 1] the
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random variables {Y;-(m)} are independent (by the bow assumption and
§=0

lemma 2.1.16) and identically distributed (E(Y;) = 0) then by the law of
large numbers, the sample average converges to the expected value almost
surely:

Zn Y(m)

lim &4=2"J7
n—oo n

In the ergodic setting, almost sure convergence implies convergence almost
everywhere!. We now recombine these sequences: for any € > 0 and for

each of the k sequences, there exists an N; . such that for all n > N,

7?_ Y»(m)
n

Choose NE = IMaX;e[0,k—1] Ni,e- Then
SERARES
I <

Hence the law of large numbers applies to the full sequence X,,.

n (m)
Lymo¥y <e
n

lim S Xi(x) — E(X(2))

n+—00 n

~0 (2.3)
O

Corollary 2.1.18. If (X, B, u,T) is a Markov odometer with bows at every

k’th level, and P™ is a sequence of stochastic matricies,

.1 u ; B
nlnl—{{olo n (Z - 10g<P5i(xi)yxi) - H(Pn)> =0

=1

Lwhich is not always the case, as shown by Riesz [21, Theorem (11.26)]
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Proof. Let fi(z) = —log(P!

i (1)1 ), apply 2.1.17 to the functions f; = X,

where the expected value is

~3 S e ai = ehlog(PL,)

VeV ecEiTl
si+1(e)=v

:—Z Z p({x:r(x 'U})PZ log(PZ )

VeV ecEiT1
si+1(e)=v

= E(H,(x))

By linearity of expectation, E(} ", fi(x)) = > E(fi(z)) = Y1, H)(x) =

H(P,). The result follows by application of lemma 2.1.17 O

Corollary 2.1.19.

. 1 n . B
a5 ) (Z ~10g(P (1).0,) H(m)) ~0

Proof. By 2.1 < %

’ Klog( (n))

1 - 7
K n1'1_>1£10 log(s(n)) (Z log(PSz(-Tz) :m) - H(Pn>>

—_

AMS

< lim — < —10g(PL(p)0;) — H(Pn)> =0
n—oo 1 i1

In summary, the equation

h _ 1 . f— — KAVl
hac (1) 1m m log(s(n))
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is true if any of the following sufficient conditions hold

Corollary 2.1.20. For the Markov odometer (X,B,u,T), the upper and

lower AC entropy can be computed when
1. p is a product measure [35], or

2. the stochastic matricies are bound below by a constant, and there are
finitely many vertices at each level of the Bratteli- Vershik diagram [8],

or

3. the Bratteli- Vershik diagram contains a bow at every k’th level for
some fized constant k by corollary 2.1.19. This generalises the case

for product measures.

Computing the Critical Dimension

In this section we look at a sufficient condition to compute the critical

dimension as the quantity

. 2?21 log(Psii(:vi),zi)
a = liminf —
00 log(s(n))

Let n,(x) be the index of the pth non-maximal edge of x, and I,(z) be
the integer k such that each (T%z); is maximal for 1 < j < n,. The link

between the sum of derivatives and co-ordinate measures is given by
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Ip(z) €
3 Alleln,”) (2.4)
’iZIp_1(I)+1 eeE‘("p) M([‘x] )
Tnp<e

As observed by [8,13], this allows us to compute the sum of derivatives

Z?;()l w;(z) whenever n — 1 = [,(z) for some p € Z™.

Lemma 2.1.21 ( [11, Lemma 5.3(i)]).

> log(u([213))
a < liminf —=
~ oo log(s(np-1))
Proof. by equation 2.4
Ip p
w([ e 1 1
>l =3 Y (nﬁ < oy <P )
i=I j=1 eeE<" ) i([x]y j=1 p([x]7) p(z]i ™)
<6

taking logs

log <Zp wz(x)> log(p Zlog

=1

and using the identity s(n,—1) < I,(x)
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«(E)

(n)

o = lim inf
N—00 1

log (
< lim inf

pmoo 0g(1p))

log ( Wz(@)
= lim inf i

bt log(s(ny 1))

M &

I
o

o
—~

=

% log(u([2]))
o log(p) &
= hp]:r—l>10£31f log(s(n,—1)) log(s(np-1))
Zp log(p([2]7))

— lim inf — =1
poe log(s(np-1))

Lemma 2.1.22 ( [8, Lemma 5.2]). For p-almost every x € X

I A GED)

=0

Proof. Given ¢ > 0, define A; = {z € X : —log(v'(r(x;)))/i > €}. Then
w(A;) < N;27¢ where N; is the number of distinct edges in E®) that share
a common range with some = € A;. There are at most ‘E(i)‘ < a; such
edges.

p(A) < a2

By assumption BV2, for the same € > 0 there exists some N, such that for

alln > N,
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log(ay,)

Then

M(An) < anzfen _ 27n(6+log(an)/n) < 2*n(e+e) < 2725n

Which is summable. Hence the series pi(A4,,) is summable. By the Borel-
Cantelli lemma (1.2.4) log(v"(r(z,)))/i > € can only occur for finitely many

1. Hence the limit exists and is equal to zero

log(v'(r(x1)))

lim — - =0
00 7
O
Lemma 2.1.23. For p-almost every x € X
log | > nlleln)
ecE(™)
lim ———" =0
00 n

Proof. Let b; be a summable sequence » > b; < pu(X) for which log(b;) /i —

0, we first show that

i o M) <, 25)
"7 eeBM

rp<e

holds for all but finitely many n.
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For v € V(Y define eyay as the largest element in the total ordering

EM™(v), and f: V1 s EM as the smallest edge ¢ such that

> ulel) < ba

e’ <e<emax

notice that f(v) = epax when > u([e]&")) > b, for all ¢ € E™(v)

e,<e§emax

Define the set

E(n)= |J U .

UEV(nil) f(v)<e§emax

this set has measure

pEm)= Y > ulle)

UGV(”) f(v)<6§€max
< Z V" (v)by,

veV(n)
— b,

which is summable by assumption. Equation 2.5 follows as a conse-
quence of the Borel-Cantelli lemma.
Rewrite the sum

S u(lel) = ;) S ule)r ()

ecE(™)
rn<e rp<e
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then, using lemma 2.1.22, equation 2.5 and our assumption about b,

lim — iy 108("(sn(a)))  log(bn)

n—00 n =00 n n

=0+0=0

The purpose of these lemmas is to prove

Lemma 2.1.24 ( [11, Lemma 5.3(ii)]).

B "glog(u([w]i))
azhggloglf_ log(s(ny))

Proof. For any n there exists a p such that [,_y <n < I, < s(n). Then

taking logs,

n og | X w(ew) | n ,
log (3 wi(z)) eeB 1) ; log(p([z]}))

i=0 acnp71 <e

log(n) - log(3(ny)) log(s(ny))
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and using lemma 2.1.23

> liminf — =
=00 log(s(np))

So far lemmas 2.1.21 and 2.1.24 have proven that

o Sl S los(u(lel)
N T R N TR

We are now in a position to prove

Theorem 2.1.25 ( [8, proof of Theorem 5.1]).

Y los((a])
o = = et (n)

Proof. The remainder of this proof is largely identical to that of [8, Theo-

rem 5.1] and [13, Theorem 3.2]. By lemmas 2.1.21 and 2.1.24

o Sesuel)) S los(u(leli)
ST loglolm)) TR Togo(my)

All that needs to be done is to show that

p )
i=np_1

=0 (2.6)

W T loa(s(n)
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Given any € > 0, define D, , as the set of all x € X such that xz; is

maximal in the total edge ordering of E®(z;), and

u+v )
Z: log (P, 1) ;)

u—+v

>e>0

Here u plays the role of n,_;, and v is the distance to the next non-maximal

edge. Now p(D,,) < 27+ and summing over all v gives

o0

WD) <2y 2

v=1

—€Eu 26

—geu_%
1—2¢

which is itself a summable sequence. By the Borel-Cantelli lemma 1.2.4.

Equation 2.6 is greater than e for only finitely many values of u. The limit

must be zero. O

Recall that definition of cylinder sets: p[z]: = Pji(xi)ym, and assumptions
BV1 and BV2 were required to hold. Theorem 2.1.25 and corollary 2.1.20

can be summarised as

Theorem 2.1.26. If the Markov odometer (X, B, u,T) satisfies BV1 and

BV2, then the lower critical dimension is given by the formula

o = liminf —
n—00 log(s(n))

If, in addition, the Markov odometer satisfies any of the equivalent condi-

tions of 2.1.20 then this quantity can be computed, as it is equal to the lower
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AC entropy

ozzliminf—271 ( i(z0), ’)

BT T ogls(ny) el

2.2 Katok’s Lemma

For measure preserving transformations, Katok’s lemma gives a connection
between the number of balls of size § required to cover all but 1 — ¢ of
the space [24]. An analogous result was proven for product odometers
by [13, Corollary 3.1}, and their proof ports seamlessly to the more general

context of Markov odometers. We present a different proof to that of [13].

Definition 2.2.1 (n-covering number). Given a measure space (X, B, i)
and a set A € B of positive measure, the n-covering number is the smallest

number of cylinders of length n required to cover A

k—1
cn(A) = min {k 2@ c X AC U[x(i)]?—l}

=1

Recall that in the setting of Markov odometers if xg-i) =e;,1<j<n-1

n—1
log(u([z )7 7") = log(u([erea - ena]i ™) = Y log(PL ) )
j=1
Proposition 2.2.2. Given a Markov odometer (X, B, u,T)

1. 1If

n—1
o — liminf  08HE)

o log(s(n))
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then for p-almost every x € X

o < liminf ﬁ log (M in cn(A))

n—oo  log A)>1-6

for all § € (0,1)

2. If

B 71
p= sy == (s(n)

then for p-almost every v € X

: 1 :
£ > limsup Tog(s(n) log (u( inf cn(A)>

n—00 A)>1-6

for all § € (0,1)

Proof. Given 6 € (0,1) choose any set A of measure 1 — 9 < p(A) < 1.

Then suppose for each n that A can be covered by ¢,(A) cylinders

cn(A)
Ac |
i=0

Because ¢, (A) is the minimal number of cylinders required to cover A, the

cylinders Ci(n) are pairwise disjoint and

At least one of these cylinders C’i(n), 0 <i < cy(A) — 1 has measure less

than or equal to u(A)/(c,(A) — 1), otherwise



2.2. KATOK’S LEMMA 65

ju(A) e
i< ) <) > a3l >

and at least one cylinder has measure greater than or equal to p(A)/c,(A),

otherwise
(A) cn(A)—1
Wi < cu(A), p(C) < C“( gy 3 w(C) < pld)
n i=0

Call these cylinders C™ and &

min

N(Cmin <

then

log(1(C{)) < log(u(A)) — log(ca(A) — 1)

log((A)) — log(c,(A)) < log(u(CL))

dividing through by log(s(n)), and using the fact that lim log(u(A))/log(s(n)) =

n—0o0

g 0B o og(cn(A))
hr{ggf log(s(n)) SITHOOf log(s(n))

—~

log(1(Ciin))

£

) 1 A)—1
lim sup — 2 > lim sup og(cn(4) )
I Tog(s(n) = e " log(s(n)
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by theorem 2.1.26

. ([x]7
=1 f M=)
CT AR T Tlog(s(n)
(

... o X
=B oglo(n))
log(cn(4))

)

.. . log
<l f
= T Tog(s(n)

and

= lim su —M
p= e = (s(n)
. log(1(Chn)
= s = e (s(n))
 log(en(4) — 1)
zlnﬁwp og(s(m))
= lim sup ( n(Aé)

n—00 IOg(S(n)
since this is true for any set A of measure pu(A) > 1 — 0, we have the

result.



Chapter 3

Entropy Preserving

Transformations

In the previous chapter we (re)introduced the notion of AC entropy, the
critical dimension, and how they can be computed. In this chapter we
look at transformations which preserve the critical dimension. The original
motivation was [33, Prop 2.6.3(a)|, which invited us to consider the class
of permutations of a product measure which preserved AC entropy. The
construction is then repeated for the more general Markov measures, and a

notion of equivalence is explored in section 3.3.

67
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3.1 The Lévy Group

Our study of transformations which preserve entropy begins with the study
of asymptotic density. Particularly, transformations that preserve asymp-
totic density. The term “Lévy Group” appears after work on the critical
dimension by [31,33], where the latter uses this idea all but in name [33,
Proposition 2.5.2]. Much has been said about the Lévy Group and invariant

measures on the integers [3,4,44], which we highlight now.

Definition 3.1.1 (Lévy Group). The Lévy Group G is the group of all
permutations m of N such that

lim |k k <n<n(k)

n—00 n

=0

For ACN, let A(n) = An(1,---,n). Then the Lévy group can also

be characterised as the set of all permutations such that

lim A(n)ArA(n)

n—»00 n

=0
for every A C N

Definition 3.1.2 (asymptotic density). The asymptotic density of a set
A C N is defined as

d(A) = lim Aln)

n—oo M

The set of all sets for which d is defined is denoted by D.
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Definition 3.1.3 (density measure). A density measure is a finitely addi-

tive measure on N which extends asymptotic density. That is, for some set

P DCPCP(N)and \: P [0,1] such that

1.AN) =1;

2. M(AU B) = X(A) + A(B) for all disjoint A, B C N;

3. XN|p =d. Which is to say X coincides with d whenever d is defined.

We shall cite two theorems about the Lévy Group.

Theorem 3.1.4 ( [36, Theorem 2|). For any injective function f : N —

N which preserves the existence of asymptotic density, i.e. A € D —

f(A) € D, then d(f(A)) = Md(A) where A = d(f(N)).

This says that constant multiples of asymptotic density are the only
functions which preserve the existence of asymptotic density.

In our case the functions are permutations and d(f(N)) = A = 1. So
the permutations which preserve the existence of asymptotic density must
preserve the actual value of the asymptotic density as well. A permutation
which preserves the existence of asymptotic density must also preserve its
value.

The next theorem characterises members of the Lévy Group as those

permutations which preserve asymptotic density for all sets.
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Theorem 3.1.5 ( [3, Lemma 2]). The following are equivalent
1. meg

2. For any f € (>°(N) (bounded real functions on N)

T 237 (70— i) =0
3. VA CN,
7}1320 A(n) —TEWA)(n) _0

Let f(i) = H(u:) < 1, then item 2 of theorem 3.1.5 connects the AC

entropy with the Lévy group. Hence we can say

Corollary 3.1.6. Suppose (X, B, u,T) is a product odometer with AC en-
tropy hac(p) = hac(p). A permutation © : N = N preserves AC entropy

for every product odometer iff m € G

This says that if a permutation 7 preserves AC entropy for a product
odometer - regardless of the co-ordinate measures - then 7 is a member
of the Lévy group and vice versa. Theorem 3.1.4 can be used to extend
this result, and say that no permutation can preserves the existence of AC
entropy and change the value of AC entropy. As opposed to the previous
similar statement for the density of integers.

We shall see later that m € G preserves the upper and lower AC entropies

too; but the converse is false by proposition 3.2.7.
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There are also permutations, not in the Lévy group, that preserve AC
entropy for a particular product measure p - as opposed to every u. For
example, the permutations which are trivial in the sense that they only
permute co-ordinates with the same co-ordinate measure: p; = pr;. Hence
to include such permutations in our analysis, we must look beyond the Lévy

group, and regard the actual value of the measure p.

3.2 Permutations of a Product Measure

The following proposition proves, in a different way to corollary 3.1.6, that
AC entropy is invariant under members of the Lévy Group. Unlike 3.1.6,

it does not show that these are the only such permutations.

Proposition 3.2.1 (adapted from [33, Prop. 2.5.2]). Suppose p = @32, u;
and let v be the permuted measure v = 32, jir;) for some permutation .

Ifm €@, then hac(v) = hac(p) and hac(v) = hyo(p)

Proof. Since 7 is a member of the Lévy group, for any ¢ > 0, we can find

N, such that for all n > N,

(1, n)Ar (1, ,n)| <en
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define A(n) = (1,--- ,n)Ax (1,---,n). For any n > N,

%(ZH<MZ->—H<V¢>>| =12 S H) - HOw)
= 1€A(n)
< 0N e (11 ) — 1)
Al _,
So
lim |~ (ZH 4;) Z)) =0 (3.1)

Because this limit exists, equation 3.1 can be separated from the lim inf

1
hoac(p) = liminf —H (;)

n—oo N
1
= hTILglol.}f nH v;) (ZH 1) Z))

= lim inf — H(I/z) + lim = (ZH 14:) H(”z’))

n—oo N n—oo 1
= hac(v) +0
similarly the upper AC entropies are equal. O]

Equation 3.1 can be seen as a weighted version of the definition of Lévy
group 3.1.1. Indeed, equation 3.1 is sufficient to ensure equal entropy. We
can extend this to a sufficient condition on permutations to preserve AC

entropy.

Example 3.2.2. Let X = HEOZO Zo. Given some set A C N with lower and

upper asymptotic density d and d respectively. Let 1 be a product measure
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1= T1" tn, where H(p,) =1 when n € A and H(p,) = 5 for n ¢ A. For

any n,
n—1
1 ~|A(n)] [A(n)\ 1
—;H(uz)_ 1+ (1 3 (3.2)
A1
oon 22
Hence

AW 11
hae(p) = liminf ——==2 4 o = do + o
T A1 =1
hac(p) =liminf —=20 4+ o = do + 5

Equation 3.2 shows that for any permutation, the upper and lower AC

entropies must be a convex combination of the co-ordinate entropies.

Proposition 3.2.3 ( [35, Proposition 4.4]). For any A € (0,1] and ¢ € [0,1]
there exists a type 111y binary product odometer (X, B, u, T') with hac(p) =

C

Corollary 3.2.4. For any A € (0,1] and o, 8 € [0,1],a0 < [ there exists
a type 111 binary product odometer (X,B,u,T) with hyo(n) = a and

hac(p) =8
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Proof. From proposition 3.2.3 there exist type [11, product odometers with
AC entropies « and 3. Call them (X, B, u®,T) and (X, B, u”,T)

Now take any set of integers A with lower asymptotic density 0 and
upper asymptotic density 1. Construct a new measure g on X by u; = 0
for i € A where j = |A(7)| (¢ is the j'th member of A), and u; = Mf for

i ¢ A where j =1 — |A(3)].

%T,LZH — (%HZM ) + (%ilN—A(i)H(Ui)>

|A(n)|
A(n)| 1
‘( " ) Ay 2 )

—|A(n)|

+(1_|A£Ln)|) n—]A Z H(1?)

So the AC entropy is a convex combination of a and . The ex-
treme points of this interval are achieved. Take the sequence ny such that

lim %’Z’“)‘ =1, then

k00

S
:r

H
—~

The lim sup of [ is similarly achieved.

Proposition 3.2.5. Suppose pu = @32, ju; and permuted measure v = Q372 fix (i)
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for some permutation w. If

)|

then hac(v) = hac(p) and hye(v) = hac(p)

lim
n—oo

Proof. The proof is the same as the proof of proposition 3.2.1 from equation

3.1 onward.

1
hpe(p) = liminf —H (4;)

n—oo M

1
— llgl’ig.}f nH Vi) (Z ))

1

1

= liminf —H(y;) + lim — ( H(p;) (%))
n—oo M n'—>00 n

=hac(v)+0

]

There is a partial converse to proposition 3.2.5, however it requires that

the upper and lower AC entropies to be equal.

Proposition 3.2.6. Suppose p = @32, ju; and permuted measure v = Q72 fir (i)

for some permutation w. If

hac(p) = hae(p) = hac(v) = hye(v)

then
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Proof. By assumption, the limits
i 3 () = i 3 ()
dm 5 D H () = lim 03 H v
exist and are equal. By linearity of limits,

lim
n—oo

L (Z H(p) - H(w))‘ =0

The next result shows that the condition that the AC entropies are equal

cannot be omitted.

Proposition 3.2.7. There are permutations which preserve the upper and

lower AC entropies, but do not satisfy equation 35.1.

Proof. We construct an example. Consider the measure in example 3.2.2,

and choose A C N such that

A A
liminfM = O,limsupM =1

=00 n n—00 n

hence the measure p has upper and lower AC entropies of 1 and % respec-
tively.

Construct a new measure v, again as in example 3.2.2, however using
A’ = N— A instead of A. This new measure clearly has the same upper and

lower AC entropies. However equation 3.1 does not hold. By assumption
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A(

lim sup,,, T") = 1, so Ve > 0 there exists some sequence {ny}, y such

that for all k € N

A
() >1—¢€
ny
1 & Alng)1 1 ¢
- ; () == =5+5 5
for that same sequence {nk}keN
A/
(nk) _1_ A(ny) <€
ng ng

1 & Al 1 1 1
> H(v) = ()1 1 1 ¢

— n, 2 2 2 2
SO

1 & € 1 €
— H(p,)) —Hy;)) >1— - — - — =
oy S H )~ H) > 1= 5 -5 -

1

=——c¢
2

Hence the limit of this sequence, if it exists, cannot be zero. Finally,
since A and A’ are both countable, there exists a bijection ¢ : A — A’
Define a permutation 7 : N — N by 7(i) = ¢(i) when ¢ € A and 7(i) =
¢ (i) when i € A’ = N — A. This proves that the product measure v is a

permutation of p.
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]

This example emphasises the fact that for two measures v, i the values
of w and w may not grow together - even when the lim sup
and liminf are the same. This is important because it highlights the need

>ty H(pi)

to look not just at the values that are achieved by the sequence ==t—==

but also consider when they achieve them.

AC entropy of a randomly generated measure

We finish this section with one final example, which is an extension of

example 3.2.2 with a finite number of distinct measures at each co-ordinate.

Example 3.2.8. Let X = [[° (%, and let {Hy},x,K C N, |K| < o0
be the set of possible co-ordinate entropies for the product measure y =
[1>2 ttn- Define

A ={n: H(un) = Hi}

then

and

. Ar(n - , Ak(n
hﬁgg}fz kri )Hk:hAC(u)§hAC(,u):hmsupZ kT(L )Hk (3.3)



3.2. PERMUTATIONS OF A PRODUCT MEASURE 79

If the elements of A; C N are chosen independently and at random with

1 € Ay with probability p, then by the law of large numbers nlggo W = px
and Aj has an asymptotic density: A, € D.

Given a sequence {pi}.cx K C N of positive real numbers such that
> rer Pr = 1, independently allocate each integer to the set A with prob-
ability p,. Then by the law of large numbers each set A; has asymptotic

density pi. So equation 3.3 from example 3.2.8 becomes

.. Ay, (n)
hac(u) =liminf y === H}
keK

= fim ) pithy

keK

= lim sup H,

n—oo keK

= EAC(N)

from which we conclude

Lemma 3.2.9. A product measure i constructed by choosing co-ordinate
measures { e ndependently and at random according to some fived

probability distribution {py},c has AC entropy

hac(p) = Z peH ()

keK
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3.3 Hurewicz Equivalence

In the previous section we saw that for product odometers, there exists
a sub-class of permutations which preserve AC entropy. In this chapter
we use the more general Markov odometers, and show that there exist a
sub-class of orbit equivalence relations that preserve the critical dimension.

Loosely speaking, for large values of n the quantity

n—1

f(w) =log(Y _ w* (x))/ log(n)

=0

moves between o and 5. The manner in which this is done is arbitrary. Two

odometers (X, B, u,T) and (Y,C, v, S) with the same critical dimensions

liminf f*(x) = liminf f¥ (z) = «
00 n—oo

limsup fX(z) = limsup f () = 8

00 nH—00

may move between « and /3 in completely different ways. We define k(n, x)

as a scaling factor to bring one close to the other, so that lim fX(x) —
N o0

Fana(x) = 0.
Definition 3.3.1. Hurewicz less than: <g

An orbit equivalence ¢ : X — Y between Markov odometers (X, B, u,T')
and (Y,C,v,S), is “Hurewicz less than” denoted X <g 'Y, if for all x € X

there exists a function k(n,z) such that lim,, .. k(n,z) = oo and

log(Yrd wX(2))  log(Xe ) ) (4())
s log(n) log (k(n, z))
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Proposition 3.3.2. Hurewicz less-than is reflexive and transitive.

Proof. That (X,B,u,T) <y (X,B,u,T) is obvious, since ¢(x) = z and
k(n,z) = nsatisfy the definition. Furthermore, if (X, B, u,T) <y (Y,C,v,S)
and (Y,C,v,S) <y (Z,D, p,U) then there exist orbit equivalences ¢; : X +—

Y, s : Y — Z and non-decreasing functions ki (n, ), ko(n,y) such that

po Jog(in W (0)  log(E T wl (61())
o0 log(n) log (ki (n, x)

=0

o eI W ) os(RE Y (0al)
00 log(n) log(k2(n,y))

=0

Define the orbit equivalence ¢ = ¢9 0 ¢ : X — Z and k(n,z) =

ko(k1(n, ), x), this satisfies the definition of <p since

log(31) wi¥(x)  log(oi20" ™) ™! wZ(da(1(x)))

7}520 log(n) log(ka(k1(n, x), )
< i 08O wX(@)  log(RRE T W) (41(2))
~ neroo log(n) log(k1(n, x))

i OSSN (61(2))  To(2G T w (0(61(1)))
00 log(k1(n, z)) log(ka(ki(n, ), y))

=04+0=0

The purpose of defining < is made clear by the following lemma
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Proposition 3.3.3. Given two orbit equivalent Markov odometers (X, B, u, T')

and (Y,C,v,S). If X <g Y then ay < ax < fx < fBy.

Proof. Since {k(n,z):n € N} CN

log(Xiy wi¥ ()

ax = liminf

n—00 10g<n)
g 28O0 w0 (6(2)))
— hrrlgloglf log[;)(k(m )
n—1
= ay

the proof that Sx < fy is similar, and ax < fx is true by definition. [

The converse is also true, although the construction of k(n,z) is not

useful beyond this proof.

Proposition 3.3.4. Given orbit equivalent Markov odometers (X, B, u,T)

and (Y,C,v,S). If ay < ax < fx <Py, then X <g Y

Proof. Define the sum

_ log(Xim @ (1))

) = e

Given the orbit equivalence ¢ : X — Y and ay < axy < Bx < fBy. We are

required to define k(n,x) such that

n—oo
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n

Figure 3.1: For each n, a corresponding k(n,x) can be found. Note that in
this picture (Y,C,v, S) £y (X, B, u, T).

Take a non-increasing sequence ¢; > 0 such that lim; ¢, = 0. For
each ¢ € N and p-almost every x € X there exists some N, , such that

Vn > N, o

ay — €& < f (¢(x) < By + €
and by corollary 1.2.6
|fn (6(2)) = fuia (6(2))] < & (34)

Choose

n; =min{n > N, : [} (6(x)) — ay| < &}

mi = min {n > n; > N | £ (6(2)) - By| < &}
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so fY(¢(x)) is close to ay, and f) (¢(x)) is close to By and n; < m;. We
can divide the interval (a — ¢;, 5 + ¢€;) into M; subintervals of length at most
€;-

(a — €, 6 —+ 61') = U;\/io_llj(z)

where I/ = (a + (j — Dejya +je] if 0 < j < M; — 1, and I}) | =
(a+ (M; — 2)e;, B+ ;). Every interval contains at least one fY (¢(z)) by
3.4 for some n € [n;, m;].

Define the function k(i, x) as

(

k where f¥(x), f¥(é(x)) € I;i) for some k € [n;, m;]

k(i, x)

n; it ff2) <ay —¢

m; if fX(z) > By + &

\

It remains to be seen that this definition of k(7,x) meets our require-
ments.
Given any € > 0 there exists an N, such that for all i > N, ¢; < €/2,

and using the fact that ax, fx are the critical dimensions
ay —€/2 < ax —e/2 < f(x) < Bx +¢/2< By +¢€/2
For each such 7

1. either both f(z), fgzivm) el j@ belong to the same interval of length

€ < €/2 < e, or
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2. k(i,x) =n; and ay —€/2 < f*(x) < ay — €, s0
(@) = fia (0@))] < |7 (@) = a] + |a = £ (6(2))]

<e€/2+¢

<e€

or
3. k(i,x) =m; and By + € < f*(x) < By +€/2, s0

1 (2) = Flmy(0@)| < £ (@) = B| + |8 = fon, (6(2))]
<e€/2+¢

<e

Hence for all i > N,

|5 (x) = i (0(2))| < €

Definition 3.3.5. Hurewicz equivalence
If (X,B,u,T) <y (Y,C,v,S) and (Y,C,v,S) <y (X,B,u,T) then say

the Markov odometers are Hurewicz equivalent

Proposition 3.3.6. Hurewicz equivalence is an equivalence relation.
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Proof. Since <y is a preorder (reflexive and transitive), the definition of

Hurewicz equivalence makes this an equivalence relation. O]

Theorem 3.3.7. The Markov odometers (X, B, 1, T),(Y,C,v,S) are Hurewicz
equivalent iff they are orbit equivalent and have the same upper and lower

critical dimensions.

Proof. This is a consequence of definition 3.3.5, proposition 3.3.3 and its

converse 3.3.4.

The definition of Hurewicz equivalence emphasises when two odometers
are similar. In the case where ax = Sx = ay = 3, it is easy to construct the
required k(n,x), as k(n,xz) = n will do. In some special cases this choosing
k(n,z) = n will also do when the critical dimensions are unequal. How-
ever this case is the exception, generally when the critical dimensions are
unequal, k(n,z) must be chosen different from n. Proposition 3.3.4 demon-
strated that this can be done in theory, and theorem 4.2.1 demonstrates
that this can sometimes be done in practice too. Indeed, the remainder of
this thesis aims to demonstrate that definition 3.3.5 is a useful notion of

equivalence through examples.
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Metric Isomorphism

If (X,B,u,T) and (Y,C,v,S) are metrically isomorphic, then there exists
a bi-measurable null-measure preserving map ¢ : X — Y such that for all

1 € N and p-almost every x € X

O(T'(x)) = S'¢(x)

Hence

and

Taking logs, and dividing through by log(n), gives

' 1 n—1 . n—1 X
Tim Tog(1) <log (; w; (cb(x))) — log (; w; (@))

o lsr(e(X)) 5@

=0
oo log(n) log(n)

Choosing k(n, z) = n shows that this is Hurewicz equivalence. This includes

the case of Initial Co-ordinate Equivalence proposed in [33, Section 2.7].
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Original Hurewicz Equivalence

Definition 3.3.5 originated from notion of equivalence proposed by [8], which
stated that two orbit equivalent Markov odometers (X, B, u, T),(Y,C, v, S)

are Original Hurewicz Equivalent® iff for some ¢, C € R

n—1 n—1

> wit () > wit ()
0<e< liminfllzo— < limsupllzo— <(C<oo
n—oo T n—oo v
2 wy (p(x)) - ZO w) (o())

It was shown in [8] that two Original Hurewicz Equivalent Markov
odometers have the same critical dimension. If orbit equivalent odometers
have the same upper and lower critical dimensions, they are not necessar-
ily Original Hurewicz Equivalent, which is a consequence of proposition
3.2.7. So Hurewicz Equivalence is genuinely different to Original Hurewicz
Equivalence.

If (X,B,u,T),(Y,C,v,S) are Original Hurewicz Equivalent, then set-

ting k(n,x) = n yields, for sufficiently large n

0 < los(e) < loa(Y_ (1) ~ loa(}_ ¥ (6(2))) < log(C) < o0

Dividing this equation through by log(n) shows that Original Hurewicz

Equivalence is also Hurewicz Equivalent according to definition 3.3.5 with

n this thesis we have have hijacked the name Hurewicz equivalence from [8], and
refer to their definition as Original Hurewicz Equivalence
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k(n,z) = n. Hence this definition generalises and extends Original Hurewicz

Equivalence proposed by [8].

Canonical type /1], odometer with critical
dimensions «, 8

We have seen in example 3.2.4 that the critical dimension is independent of
the ratio set. That for each A € (0, 1] there exists a odometer with arbitrary

upper and lower critical dimension.

Definition 3.3.8 (The type III,, s odometer). Given X\ «,f such that
A€ (0,1] and 0 < a < B < 1, the product odometer constructed in example
3.2.4 with these parameters is type 11, and has lower and upper critical

dimensions « and 3. Call this the canonical 111 o5 odometer.
The canonical 111, odometer is unique in the sense that

Proposition 3.3.9. Any type [11\ odometer with critical dimensions «, 3,

is Hurewicz equivalent to the canonical type 111y . g odometer.

Proof. The odometers are orbit equivalent since they are of type I'11,. Since

they have the same critical dimensions they are Hurewicz equivalent. [

By itself, this is an unexciting proposition. For any I11, odometer, the

critical dimensions cannot always be computed. All that has been shown
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so far is that the given odometer is Hurewicz equivalent to a non-specific
canonical 1]y, odometer. If the critical dimension can be computed,
then this proposition becomes useful. Computing the critical dimension on

a larger class of odometers is the purpose of the next chapter.



Chapter 4

The Induced Odometer

Perhaps the most important example of a Hurewicz equivalence is the in-
duced odometer. It’s importance stems from the role it plays in generating

orbit equivalence of type 111y odometers.

4.1 Orbit Equivalence and the Induced

Odometer

Definition 4.1.1 (Induced Odometer). The induced odometer of a Markov
odometer (X, B, u, T) is the odometer (A, Bla, v, S), where A C X is a set of
positive measure, ¢ : X — A is a bi-measurable map, By = {ANB: B € B}

are measurable sets, the measure v : A — [0,1] has derivative 0 < ¢ <

dvog
dp

(x) < C < 0o for some constants ¢,C' and S is the induced transforma-

91
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tion S(x) = Tr4@) ().

For a type III Markov odometer (X,B,u,T) and for any set A €
B, (A) > 0 there exists a map ¢ : X — A which establishes an orbit
equivalence between T and the induced transformation of 7" on A. Fur-
thermore ¢ € [{Ti}i21]. This often used property is seldom proved. In this
section we re-prove this result, and in the following section extend the result
to show that the orbit equivalence is in fact a Hurewicz equivalence.

The following is based on from [18] where it is presented in the more
general context of a countable group of automorphisms G' = {g;},.- Recall
[G] = {T"},en], or g € [G] if there exists a countable partition 4; of X such
that Vo € A;, g(z) = T'z. In this section we specialise the results of [18] to
fit these standing assumptions.

Subsets A, B € B are said to be mutually G-equivalent if there exists
an isomorphism ¢ : A — B such that gz = T'x for all z € A; for some
countable partition A; of A. The map g is called a G-map from A onto B.
Notice that any G-map is a member of the full group [{T"}, . Define a
order relation < on B by A < B if there exists a G-map from A onto a
subset of B. This relation is anti-symmetric since if A < B and B < A

then let f map A into B, and ¢ map B into A. Define h: A — B by
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Figure 4.1: The Bernstien’s map: the left shaded area represents

(UZo {(gf)' A= g(f9)'B}) U (Nizo(9f)'(x)) and the enclosed white area
represents (J;Z, {9(f9)'B — (9.)' A}

flx) it zeUZ {(9f)'A—g(f9)'B}
h(x) = fl) it zeN_y(9f)(x)

g ' (x) if xeUZo{9(f9)'B —(9f)'A}

\

Then h is a G-map and an isomorphism from A to B. Hence A and B
are mutually G-equivalent. This construction is known as the Bernstein’s
map constructed by f and g. Since this relation is obviously reflexive and
transitive, G-equivalence is an equivalence relation.

Any set A C X is called G-infinite if it is G-equivalent to a proper subset

of itself A" C A and u(A — A’) > 0. Otherwise A is said to be G-finite.

Lemma 4.1.2 ( [18, Lemma 8)). all G-infinite subsets, if they exist, are
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equivalent.

Proof. Suffice to prove that a G-infinite subset is equivalent to the space
X. Let g be a G-map from A onto a proper subset of A. By definition
B = A — gA has positive measure. By conservation U;>,7"B = X and we
take the disjointification of these sets
n—1
{T”B -U T’B}
i=0
n—1
as a partition of X. Define f(x) = ¢"T"x for z € {T”B - U TZB}.
=0
Then f: X — Ais a G-map from X into A. The Bernstien’s map con-

structed from f and the identity map 1 : A — X gives a G-map from X

onto A. O]

Given a subset A of positive measure, the induced full group {1}, )4

is the set of transformations g : A — A such that ¢ is a G-map from A to

A.

Lemma 4.1.3 ( [18, Lemma 9]). For an ergodic nonsingular transforma-
tion T on measure space (X,B,un). If A C X has positive measure and
is G-infinite, then there exists an orbit equivalence ¢ : X +— A between

(X, B, 1, T) and (A, Bla, o ¢~1,Tl4a), where the orbit equivalence ¢ € [T).

Proof. By lemma 4.1.2, there is a G-map ¢ from X onto A. Let A; be the

partition of X such that ¢(z) = T'z for all z € A;. Then U;»T'A; = A.
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For p-almost every x € X, there exists some k € N such that x € A;. Then

»(Orbr(z))

I
©

({(T’z)) :j € Z})

Il
.Cg

@
Il
—

( ({Tj(x) 1j € Z} ﬂAi))

[
(G

({T7%(2) : j € Z} NT(Ay))

s
Il
—

[
(G

({77 *(p(2)) 1 j € Z} NTY(A))

@
Il
—

[
(G

({T7(¢(x)) : j € Z} NT(A))

({Tﬁim(x)) jez))

Th\(¢()) : j € Z}

@
Il
—

I
et

@
Il
—

Il
—~—

= Orbn, (¢(z))

It only remains to be said that ¢ is a null measure preserving isomor-
phism. That ¢ is an isomorphism is by definition of G-map. Suppose
w(B) =0, then u(T*(BN A;)) =0 for all k and u(¢(B)) = > oo, u(TH(B N
A)) =2 w(BNA;) = p(B) = 0. The proof that p(¢(B)) = 0 implies
w(B) = 0 is similar. O

Notice that because we chose the push-forward measure for the induced

dvog

odometer, the derivatives an (x) = 1. However we only require the deriva-

tive to be bound away from zero and infinity.
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The next theorem was proven by [16,22]. Cited below is the version

provided by [18].

Theorem 4.1.4 ( [18, Theorem 11]). Given a nonsingular, conservative,

ergodic dynamical system (X, B, u,T), then p is of type
1. 11 iff X is G-finite.

2. Il iff X is G-infinite, and contains a G-finite subset of positive

measure.
3. II1 iff every subset with positive measure is G-infinite.

The combination of lemma 4.1.3 and theorem 4.1.4 says that for any type
I11 nonsingular system (X, B, i1, T'), and any subset of positive measure A,
there is an orbit equivalence ¢ between (X, B, u, T') and (A, Bla, po¢™t, Tla)
which is a member of the full group. None of this is new, except for the

emphasis on ¢ € [G] = {T"}, -

Control of the orbit equivalence relation

Let wX denote the i'th Radon-Nikodym derivative of (X, B, u,T) and w;*
denote the i’th Radon-Nikodym derivative of (A,C, v, S). For a set Y € B,
T

define ny (z) as the first return time of x to Y under the automorphism 7°

(to distinguish it from the return time under 5).
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Lemma 4.1.5. For a type 111y Markov odometer (X, B, u,T) and induced
odometer (A,C,v,S) where ¢ : X — A, ¢ € [T"en]. There exists a subset

Y C X of positive measure such that for u-almost every xr € Y
87500 XD () = 6T () (4.1)

Proof. Since ¢ € [{T"},.y], then X can be partitioned into sets X; such
that Vz € X, ¢(x) = T'x. At least one of these sets has positive measure,
say X. Take this X as Y.

Foranyye AC X
Orbl(y) = {S'y:i>0} =An{T'y:i> 0} = Orby, (y).
If we consider only those elements in ¢(Y) C A

Orb?

Sy Y (y) = Orb;\w’) (y).

Equate the first elements these ordered sets
S”§<Y>(y)(y) = T”af(Y)(y) (v)
or, written in terms of z € Y.

57502 XD ) = 170D (g(a))

The tricky part is to disentangle ¢ from x, which we can do because both
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z, T @) (z) € Y and we know how ¢ behaves on elements of Y.

Sni(Y)W(x))qb(x) — T (@(@)) (¢(2))

Where the last equality again uses the fact that ¢ = T* for T @y ey O

There is nothing sacred about the first return time, and this result can
be extended to equate the n’th return times.
The set Ay = {z : ¢(z) = T*z} gave us a workable relation between the

derivatives, but we also need a relation between the number of derivatives.

Mean Sojurn Time

A consequence of the conservation assumption is that for any set A of
positive measure, p-almost any x € X will return to A after finitely many
steps. It is natural to ask, how often do the points {77z},  appear in the
set A.

To make this question more precise. Define the upper and lower means
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sojurn times as the limit superior and limit inferior of the sequence

a,(x) = % 2_: 1a(T"2)

a(z) = limsup a,(z)

a(z) = liminf a, ()

In regards to the asymptotic behavior of these quantities, the following

is known.

e In the case of a measure preserving dynamical systems with p(X) <
00, these quantities coincide as a consequence of the famous Birkhoff

ergodic theorem (1.1.4). Furthermore they converge to the measure

of the set p(A).

e In the case of a measure preserving dynamical system with p(X) = oo,
these quantities coincide. Furthermore they converge to zero when

u(A) < oo.
For the odometers considered in chapter 2, we have the following lemma

Lemma 4.1.6. If (X, B, u,T) is a Markov odometer satisfying assumption

BV1, then for any set A of positive measure

n—1 n—1
1 1
0 < liminf — E 14(T*x) < limsup — E 1A(TFz) < 1
k=0 k=0

n—oo M n—oo 1
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Proof. Since the o-algebra B is generated by cylinders, there exists a cylin-
der C' C A of positive measure. If C' has length N then by assumption BV1
the return time to C' is bound above by s(N + K). The average time that
T*z spends in A is larger than average time that 7%z spends in C, and if

n=1iS(N + K)+ j, for some ¢ € N and j < S(N + K) then

n—1 n—1

1 1
=Y L) 2 - Y 1e(The)
k=0 k=0
1 iS(N+K)—1
> Lo (T"
= G+1)S(N +K) g o(T"z)

l

G+ )S(N LK)

hence we have proven the left hand side inequality

n—l1 n—1

1 1 1
—— < liminf — k < liminf — &

0< svrmy =lminty ; Lo(T"z) < liminf ; La(T")

If we replace A with X — A, then this becomes

n—1 n—1
1 1
0 < liminf — E Ix_a(T*2) = 1 — limsup — g 1a(T"2)

n—oo N n
k=0 o k=0

which is the right hand side inequality.



4.1. ORBIT EQUIVALENCE AND THE INDUCED ODOMETER 101

In general, these bounds are not known to hold [11, p. 6]. Furthermore,
an extension of Rokhlin’s lemma 4.1.7 was proven by [2, Theorem 1], which
shows that there exist sets with unbounded return times provided the ex-
pected value of the return times is finite. Hence the assumption BV1 is a

non-trivial assumption.

Theorem 4.1.7. Given probability vector m = (71, ma, - - - ) with the property
that the integers {k : m; > 0} are relatively prime and )y .-, im; < oo, then

there exists a measurable set B, pu(B) > 0 such that m; = p(x € B : 1 =

np(r))/p(B).

While assumption BV1 is familiar from computation of the critical di-
mension, it would be of interest to know if the same computation can be
performed under the weaker assumption that the average sojurn time is

bound away from 0 and 1.

n—1

Corollary 4.1.8. Define k(n,z) = > 14(T*x)), where the set A has mea-
k=0

sure 0 < p(A) < 1, If BV1 holds, then

i 108(k(n.2)

=1
n—oo log(n)

Proof. Since k(n,x) < n, we have that % < 1. By lemma 4.1.6 for
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some 0 > 0 there exists an N;, such that for all n > Ns,

k(n,x)

0<é

IN

log(d) < log(k(n,x)) —log(n)

—
Q
]
—
S
~
_l_
—
Q
a3
—
(9]
SN~—
N

log(k(n, x))

log(9) < log(k(n,x))
log(n) =  log(n)

Hence

]

If we define K (m, z) as the odometer power such that 75z € A for

the m’th time. Then there is a useful relation between k(n, z) and K (m, x):

k(K(n,z),x) =n (4.2)

4.2 Orbit Equivalence as Hurewicz

Equivalence

Let us summarise what we have so far: (X, B, u,T) is a type 111 Markov
odometer satisfying assumption BV1 and BV2 (see section 2.1) and A C X

a set of positive measure, the induced odometer is (A, Bla, v, Tla) is orbit
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equivalent to the Markov odometer X with orbit equivalence relation ¢ :
X — A. As we saw in the previous section, ¢ € [T]. Denote Sx = Tlyx =
Tra®) g as the induced odometer, and there exists constants ¢, C' such that
0<c§%(m)§0<oo.

We also have some control over the orbit equivalence: for some set

Ay = {z: ¢(x) = T*z} of positive measure

S”g(Ak)(¢($))¢(x) _ ¢T”£k(9€) (;E)

Theorem 4.2.1. If the Markov odometer (X,B,u,T) satisfies assump-
tion BV1, then it is Hurewicz Fquivalent to the induced Markov odometer

(A,C,v,S).

This proof is an application of the chain rule to equation 4.1, followed
by two applications of the Hurewicz ergodic theorem 1.2.2. Corollary 4.1.8

makes an appearance at the end.

Proof. Applying the chain rule to equation 4.1 gives
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dv o Sni(Ak)(qb(x))

s
“n 002 (P12)) ——(9())

dv o §"oan @@ o
B dv o ¢ ()
_dvo ¢Tn£k(x)
= T des @

T

oo, wt @, dpo T du

— P (T"A
du ( () du (x)dyogb(x)
Because ¢ = %(x)
X _ A
“nl (@) (x) = wnjmk)w(m))((ﬁ(iﬁ)) (4.3)

As remarked above, lemma 4.1.5 can be extended to equate the n’th
return times. Let k(n,z) be the number of times T%(x) returns to Ay for

i < n. Then summing equation 4.3 over the first k(n,z) elements

éjf;uk(m)wff () (1.4)
k(n,z)—1

= Z Loy (S'(2))w; (6(x)) (4.5)

SR DERCLENTE (46)

According to the Hurewicz ergodic theorem, equation 4.5 grows in pro-
k(n,z)—1

portion to v(¢(Ax)) Y. wi(¢(x)), and equations 4.4, 4.6 grow in propor-
i=0
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n—1
tion to u(Ag) > wi¥(z). Hence they grow at the same rate as each other.

)
=0

More formally

. > Loy (S'e(x))wi (o(x))
& <liminf — L
;) Ly, (T'x)wi¥ (x)
k(n,z)—1
> wie(z))

k(n,zx:)[il A
o) g o)
SR e
i=0
k(n,z)—1 ‘
> loan (S0(@))wi (6(2))
< lim sup —= —
R > Lo, (Tr)wi¥ (z)
i=0
C
S —
c

Taking logs, and dividing through by log(n) shows that the limit

n—1 k(n,z)—1
log (z w5<x>)—1og< > w;‘<¢<x>>>
7}'1—{130 log(n) =0

exists and is equal to zero. By lemma 4.1.6

k(n,z)—1

| log (nz_%lwlx(x)) 1082( zgo WZA(Qb(iU)))
AT g leg(ma)
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So X <y A. Choose n = K(m,z) to be the m’th return time to A, that is
to say the odometer power K such that |[A N {T%x :i < K}| = m. Then by

equation 4.2, k(K (n,z),z) = n and

log (K”ff“wﬂx)) o (£ wloa))

=0 i=0

li — =0
mevoe log(K (m, 7)) log(m)
So A <y X. Hence the measures are Hurewicz equivalent. O]

Example 4.2.2 (Transformation induced on a cylinder). Continuing from
example 3.2.2, given a (full) binary odometer (X, B, p, T') with X = [[°, Z>

with product measure! p = HiZO w; and AC entropies

n—1

1
hac(u) = liminf ~ ; (1)

n—1
_ . 1
hac(p) = lim sup - > Hw)

If we take A to be a cylinder of length [ and consider the induced odometer
(A, B, v, S) where S = T4 and v is the normalised push-forward measure

of . Then this measure has AC entropies

n—1
o]
hye(v) = hgggolf n ZI H (pi)

n—1

1
= liminf — > " H (1)

1=0

= hac(p)

'Markov measure works equally well
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Similarly hyo(v) = hao(p)

Example 4.2.3 (Kakutani equivalence). T'wo ergodic transformations (X, B, u, T)
and (X', B, i/, T") are Kakutani Equivalent if there exists subsets A, B such
that 7], and T"|p are isomorphic. This is also a Hurewicz Equivalence if
we assume that both X, X’ satisfy BV1. By theorem 4.2.1 both p and g/
are Hurewicz equivalent to their induced odometers. Since isomorphism is
also a Hurewicz equivalence (see section 3.3) the odometers on the spaces

X, A, B, X’ are all Hurewicz equivalent.

4.3 Applications

Theorem 4.2.1 allows us to say a great many things about odometers that

satisfy BV1

Corollary 4.3.1. Given a type 111y nonsingular measure (X, B, u,T). If
the odometer of the associated flow is conservative, aperiodic and approz-
imately transitive then it is orbit equivalent to a product odometer. If, in
addition, (X, B, u, T') satisfies BV1, then the orbit equivalence is a Hurewicz

equivalence.

Proof. The orbit equivalence between (X, B, 1, T) and a induced odometer

has been shown to be a Hurewicz equivalence by theorem 4.2.1. The induced
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odometer is isomorphic to a a product odometer [17, Prop. 6] and therefore

(X, B, u, T) is Hurewicz equivalent to a product odometer. O

If in addition the product odometer from corollary 4.3.1 satisfies BV2
(see section 2.1), then the critical dimension is equal to the AC entropy [13].
Notice that ITPFI, factors trivially satisfy BV2. Because Hurewicz equiva-
lence preserves the critical dimension, this lemma allows us to compute the
critical dimensions of measures of product type. This is to be contrasted
with corollary 2.1.20 which permitted computation of AC entropy for prod-
uct odometers, and some Markov odometers. By corollary 4.3.1, we have
been able to extend this to include Markov odometers which satisfy BV1
and are ITPFI,.

Of the measures that are not of product type, we can say

Corollary 4.3.2. Every type 111y Markov odometer (X, B, u,T) is orbit
equivalent to the full Markov odometer (as in example 2.1.4). If, in ad-
dition, (X, B, u,T) satisfies BV1, then the orbit equivalence is a Hurewicz

equivalence.

Proof. 1t was shown in [10, Theorem 1.1] that every nonsingular measure
(X, B, 1, T) is orbit equivalent to a full Markov odometer. Again this orbit

equivalence was born of an induced odometer [10, p. 121] which is the full
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Markov odometer. By theorem 4.2.1 the orbit equivalence is an Hurewicz

equivalence. O

Again, we have from corollary 2.1.20 sufficient conditions for computing
the critical dimension of a Markov odometer. If the induced odometer
can be chosen to satisfy the conditions of corollary 4.3.1, then the critical
dimension can be computed for the induced odometer and is equal to the

critical dimensions of (X, B, u,T) by theorem 2.1.26.
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