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Abstract

Transport and mixing in dynamical systems are important properties for many
physical, chemical, biological, and engineering processes. The detection of transport
barriers for dynamics with general time dependence is a difficult, but important
problem, because such barriers control how rapidly different parts of phase space
(which might correspond to different chemical or biological agents) interact. The key
factor is the growth of interfaces that partition phase space into separate regions. In
a recent paper, Froyland introduced the notion of dynamic isoperimetry: the study of
sets with persistently small boundary size (the interface) relative to enclosed volume,
when evolved by the dynamics. Sets with this minimal boundary size to volume
ratio were identified as level sets of dominant eigenfunctions of a dynamic Laplace
operator. In this dissertation, we develop a data-driven approach for transport
barrier detection, by extending and generalising dynamic isoperimetry to graphs
and weighted Riemannian manifolds.

First we model trajectory data as dynamics of graphs. We use minimium dis-
connecting cuts to search for coherent structure in dynamic graphs, where the graph
dynamic arises from a general sequence of vertex permutations. We develop a dy-
namic spectral partitioning method via a new dynamic Laplacian matrix. We prove
a dynamic Cheeger inequality for graphs, and demonstrate the effectiveness of this
dynamic spectral partitioning method on both structured and unstructured graphs.

We then generalise the dynamic isoperimetric problem on manifolds to situations
where the dynamics (i) is not necessarily volume-preserving, (ii) acts on initial agent
concentrations different from uniform concentrations, and (iii) occurs on a possibly
curved phase space. Our main results include generalised versions of the dynamic
isoperimetric problem, the dynamic Laplacian, the dynamic Cheeger’s inequality,
and the Federer-Fleming theorem. We illustrate the computational approach with
some simple numerical examples.

Finally, we form a connection between the weighted graph version of our dy-
namic Laplacian matrix and the manifold dynamic Laplace operator. We then
form a dynamic Laplacian-based manifold learning algorithm, which is designed to
approximate solutions of our generalised dynamic isoperimetric problem from tra-
jectory data. We highlight the robustness of our dynamic manifold learning method

through numerical experiments.
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Chapter 1
Introduction

The classical isoperimetric problem on a plane can be stated as follows: among all
simple 2-dimensional closed curves C of fixed length L, find the set of curves for
which the enclosed area A is maximum. The intricate geometry of this question has
attracted substantial interest from many mathematicians, with the earliest work on
the problem dated as far back as antiquity. The ancient Greeks proposed that the
unique solution to the isoperimetric problem is a circle, when Zenodorus attempted
to proof that a circle has greater enclosed area than any polygon of the same perime-
ter. Due to Zenodorus’s work, the isoperimetric problem has often been expressed

as the isoperimetric inequality [95]: for any curve in C show that
L? > 47 A, (1.1)

with equality if and only if the curve is a circle. The proofl] of the isoperimetric
inequality arrived in the 19" century by Steiner [I15], solving the isoperimetric

problem on a plane.

Inspired by the elegance of the inequality (L.1)), many generalisations and exten-
sions of the isoperimetric problem have been formulated in areas such as differential
geometry [23], mathematical physics [18] and dynamical systems [49], as well as
non-geometric analogies in partial differential equation [97] and graph theory [25].
The purpose of this thesis is the development of a dynamic isoperimetric problem
in two settings: graphs and weighted Riemannian manifolds. The motives, formu-

lations, previous works and connections of the two dynamic isoperimetric problems

are elaborated in Sections [I.1], 1.2 and [I.3]

IThis proof was incomplete as it did not show the existence of the solution. The more vigorous

treatment using Steiners techniques were developed in [19].



Chapter 1

1.1 Dynamic isoperimetric problem on graphs

Many spatio-temporal systems arising from physical processes can be modelled as
dynamics on graphs, or dynamics of graphs (see [33] for a discussion of the distinc-
tion). The motivation for a dynamic isoperimetry problem on a graph is an attempt
to understand the complex combination of dynamics and graph structure in terms
of graph connectivity. The strength of graph connectivity concerns the number of
edges that needs to be removed in order to disconnect the graph, and is a fundamen-
tal characteriser of graph structure. Efficient algorithms for graph partitioning and
the detection of community structures have led to applications in image segmenta-
tion [110, 64], parallel computing [72],social graph analysis [108], dynamical systems
[50], image and video synthesis [81], nonlinear fluid flow [58], and route planning

[30] (see [16] for a recent review on several numerical algorithms and applications).

1.1.1 Cheeger inequality on static graphs

In order to quantitatively measure how interconnected a graph is, we make use of
the well-known graph Cheeger ratio [25, 64, 8]: denote a simple, connected graph
by G = G(V,E), where V. = {vy,vg,...,v;} is the vertex set and F € V x V
is the set of (undirected) edges. We define a disconnection G' = G'(V,E') of G
by partitioning V' = V; U V5 into two disjoint vertex sets Vi, V5 and forming the
reduced edge set £ = E\ {[v;,v;] € E : v; € Vj,v; € Va}, where [v;,v;] € E is
an undirected edge. The balanced graph bisection problem for a connected graph
G(V, E) asks for a disconnection G'(V, E’), where the set of removed edges E \ E’
is minimised, while maintaining a similar number of vertices (counting multiplicity
of degree) between Vi and V,. We define the partition boundary C(Vy, V) between
the partitions Vi and V5 as the set of edges removed to disconnect G; that is,
C(W1, Vo) = {[vi,v;] € E : v; € Vi,v; € Vo}. The total degree of the vertex set
V' C V is denoted by D(V') = > d(v;), where d(v;) is the degreﬁﬂ of the
vertex v;. For any nontrivial partition V' = V; U V5, the graph Cheeger ratio for G

v, eV’

is defined by the number

|C(V1, Va)]
min{D(V1), D(V2)}

He(W,Va) = (1.2)

A vpartition {V;,V5} that achieves a low graph Cheeger ratio Hg(V7, V2) has high
internal connectivity within each component corresponding to vertices V;,i = 1, 2,
and low connectivity between the two components. Moreover, neither component is

small in terms of total degree.

2The degree of the vertex v; is defined as the cardinality of the set {v; € V : [v;,v;] € E}.
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Example 1.1.1. In Fz’gure setting Vi = {vg,v5}, Vo = {v1,v9,v3}, we have
He(Vi, Vo) =1/ min{3,5} = 1/3.

(a)—5s

®—o

2

Figure 1.1: Graph with 5 vertices, coloured vertices = Vj, coloured edges = E \ E’
and Hg(V1, V) =1/3.

1.1.2 Vertex permutation dynamics of graphs

The connective structure on an evolving graph can be transformed as time pro-
gresses. Examples of graph dynamics include transmission of diseases in popu-
lations [83], transmission of happiness in social graphs [46], and synchronisation
of community structures [83]. We consider the situation where the vertex labels
of G are subjected to permutation; dynamics of graphs. Abstractly, we have a
permutation w, : V — V., which induces an action 7, : £ — E on edges via
Te([vi, v;]) = [mp(vi), mu(v;)], [vi,v;] € E. In this way, the entire graph G is trans-
formed by 7 : G — G, where m(G(V,E)) = G(my(V),7e(E)). The transformation
7 is a graph isomorphism: clearly edges m([v;, v;]), 7 ([v;, v1]) are adjacent in G if

edges [v;, v;], [v;,v;] edges are adjacent in G.

Example 1.1.2. For example, in Figure 1.2, we see the image of the graph of
Figure [1.1 under the cyclic permutation T,(v;) = vis1 (mod 5),i = 1,2,3,4,5. One
has Hyc)(V1, V) = 1.

Figure 1.2: The graph of Figure under cyclic permutation.

One can ask the very natural question: how well does a fized partition {V;, V5}
represent a minimal disconnection of both G and 7(G), according to the edge sets
E and 7. (E), respectively; that is, we ask for a nontrivial partition V' = V] U V3, so
that the graph Cheeger ratios Hg(V4,Va) for G and H(q)(Vi, Va) for 7(G) are both

3
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small. Persistently highly interconnected subregions on a dynamic vertex-labelled
graph can highlight important physical properties of the underlying process, such as
the stability of subprocesses and community structures over time. Partitions that
are robust to specific vertex permutations offer a method to add extra pressure to
keep the permuted vertices in the same community, and are required in situations
in which there is uncertainty about a graph such as vertex identity. Persistently
interconnected regions in a network of human contacts throughout the day could
arise from individual’s professional and social status, and are vital for modelling
disease spread in human population. Similarly, the transmission of happiness in a
social network could be dependent on the history of friendships.

It is well-known that the complexity of graph partition problems are NP-complete
(see [59]), however, the importance of these problems have generated an extensive
collection of heuristic algorithms that can produce good solutions [45], [16]. A very
popular graph partition method for studying graph connective structures is known
as spectral graph partition. This approach was initiated by Fiedler [43] (also [5]),
and has been developed by several authors (e.g. [3, 9I]). The essence of spectral

graph partition is the Cheeger inequality [25], which we now review.

1.1.3 Cheeger inequality for graphs

Recall that the graph Cheeger ratio (|1.2]) measures the connectedness of a graph. To
generate minimum-cut balanced partitions of a vertex-labelled graphs, one considers

the graph Cheeger constant defined by

Hg = min Hg(Vi, Va). (1.3)
V1,V» partition v

Introducing the graph Laplacian [25] for G(V, E). Define the adjacency matrix A
by

, (1.4)

0 otherwise

Aij:{ 1 if [, v;] € E,i # j

and the degree matrix D by a k x k diagonal matrix with entries D;; = d(v;), for
1 <i,7 < k. The graph Laplacian is defined by
L=A-D. (1.5)
The normalised graph Laplacian is defined by £ = D™Y2LD~?;i.e. L is the k x k
symmetric matrix
1 . ) ) . .
W if [U“Uj] S E,Z 7£j
Lij=4 -1 if i = : (1.6)

0 otherwise
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Standard results concerning £ are: (i) the eigenvalues A\; > Ay > --- of L are
non-positive and real, and (ii) the eigenvalue A\; = 0 and has unit multiplicity (so
that Ay < 0) [44, B]. The eigenvector corresponding to Ay is commonly used to
construct a balanced bisection V;, V5 of G with a small number of edges connecting
Vi to V5. One computes go, the eigenvector of £ corresponding to \o, and sets
f = D '/2g,. For each 8 € {f;}*=!, one defines the sets Vi’ = {v; € V : f; < S}
and V) = {v; € V : fi > B}. The sets V| VJf partition V and there are at most
k — 1 nontrivial partitions of this form. One evaluates Hg(‘/lﬂ , Vf ) for these at
most k — 1 distinct partitions and selects the partition that minimises He(V;”, V).
This approach was described in [38]; see [64] for a modern treatment. To create
partitions of more than two components, further eigenvectors gs, g4, . . . can be used
in an analogous way to existing algorithms in the static case; see [67, 21, [4, [TT0] for
the use of multiple eigenvectors to partition static graphs. One has the celebrated

Cheeger inequality [25]:
He < v/—2)\ < 2¢/Hg, (1.7)

where ) is the smallest nonzero eigenvalue of £. Moreover, the optimal partition
{VZ, VY that minimises Hg(V, V) over B € {f;}*7!, satisfies Hg (VP V)) <

vV —2\,.

1.1.4 Original contributions of Chapter

The classical graph Cheeger inequality is limited to application on G or 7(G), and
in general cannot be used to find a graph partition that represents a minimal dis-
connection on both G and 7(G). In Chapter [2| we consider a dynamic minimum-cut
balanced partition on dynamics of graphs. In particular, we generalise to a
dynamic graph Cheeger inequality (see Theorem [2.2.3)), and formulate an efficient
algorithm designed to find good solutions to the dynamic isoperimetric problem on
graphs (see Algorithm [2.1]); the contents of Chapter 2] are published in [53].

1.2 Dynamic isoperimetry problem on weighted

Riemannian manifolds

The mathematics of transport in nonlinear dynamical systems has received consid-
erable attention for more than two decades, driven in part by applications in fluid
dynamics, atmospheric and ocean dynamics, molecular dynamics, granular flow and

other areas. We refer the reader to [90], 102, 89, [6, 123] for reviews of transport

5
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and transport-related phenomena. Many transport processes can be modelled as
dynamics on weighted Riemannian manifolds [66], because each of these manifolds
is equipped with a measure to track the mass distribution of the physical quantity
being transported (e.g. chemical concentrations in fluids, air mass in the atmosphere,
salt in the ocean). We attempt to characterise transport barriers by identifying sub-
sets of a weighted Riemannian manifold that have persistently small boundary size
to enclosed mass ratio as the domain is transformed by a general dynamical sys-
tem. Thus we introduce a dynamic isoperimetric problem on weighted Riemannian

manifolds.

1.2.1 Cheeger ratio for weighted Riemannian manifolds

To provide a mathematical description of our dynamic isoperimetry problem on
a weighted Riemannian manifold, we develop a weighted version of the well-known
Cheeger ratio [24]: let M denote a compact, connected r-dimensional C*°-Riemannian
manifold, and I'" denote a piecewise C'*°-hypersurface that disconnects M into full
dimensional submanifolds M;, My; that is { My, My, T'} is a partition of M.

Example 1.2.1. For example, in Figure the manifold M 1is a 2-dimensional
cylinder [0,4)/ ~ x|0, 1], where ~ is identification at interval endpoints; that is, M
18 periodic in the first coordinate with period 4. A piecewise C*°-curve in M can

either be a curve I' from boundary points to boundary points as in Figure|l.3d, or a
closed curve T" as in Figure[1.38,

0.8 -
0.6 -
0.4

0.2 -

0.5 1 15 2 2.5 3 35 4
(a) T
0.8
0.6 - B
0.4 - b
0.2
Il Il Il Il
0.5 1 15 2 2.5 3 3.5 4
(b) T’

Figure 1.3: Disconnecting curves I' and I” on a 2-dimensional cylinder.

Let p, denote the measure equipped on M, and assume p, is absolutely contin-

uous. The size of a set My C M is given by p,.(M;) and by a process of inducing

6
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explained in Chapter , we develop a measure y,_; to determine the size of (r — 1)-
dimensional objects such as I'. In order to track the transport of non-uniformly
distributed passive tracers, we require the measure p, to represents the initial dis-
tribution to be tracked. Similarly, in order to estimate the amount of material
that would be ejected through the boundary at any given time by small amplitude
isotropic diffusion, we require the measure pu,_; to compute initial boundary size.
To find subsets of M with small boundary to interior size ratios with respect to the

measure 1 and p,., we define the weighted Cheeger ratio by

o MT*l(F)
Hu(D) = it ). 1 (0B} (18)

The numerator of ([1.8)) quantifies the boundary size of I, while denominator of

(1.8) is a standard normalisation condition in isoperimetry problems to avoid trivial

solutions and ensure that both M; and M, are of macroscopic size [23].

Example 1.2.2. Suppose the 2-dimensional cylinder in Figure 15 equipped with
the Lebesgque measure py = o, then the induced co-dimension 1 measure py is given
by 1-dimensional Lebesgue {1. Therefore in Figure[1.3d, the size of the disconnecting
curve ' is 61(T') = 2 and size of the interiors My, My are lo(My) = lo(My) = 2.
Hence Hy (') = 2/2 = 1. By similar calculations, Hpy (') = 2 for the disconnection
curve I in Figure [1.50

1.2.2 Dynamics on Manifolds

Let N denote another compact, connected r-dimensional C'**°-Riemannian manifold,
and suppose that the dynamics over a finite time duration is given by T : M —
N. The manifold N is equipped with a Riemannian metric n, and an absolutely
continuous measure v,.. For many applications we may not want n to be related to
the metric tensor m on M, however conservation of mass enforces v, := pu, o T~ !;
i.e. m need not be the pushforward of m but v, must be the pushforward of pu,.
Importantly, the pu,_q-size of a hypersurface can be drastically different compared

to the v,_1-size of its the image under dynamics of 7.

Example 1.2.3. Returning to Ezample [1.2.3. Figure shows the images of the
disconnecting curves I' and I in Figure cmd under linear shear T(x,y) =
((m+y mod 4), y). Clearly, the disconnecting curve I'" is invariant under the action
of T as shown in Figure [I.4Y However, in Figure the size of the new discon-
necting curve TT' of N have increased by a factor of v/2. By volume preservation
of T, one has loy(M;) = lo(TM;) = 2, for i = 1,2, where My, My are the partition

7
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elements of M separated by either I' or I''. Therefore, computing the Cheeger ratio
on N, one has Hy(TT) = /2 and Hy(TT') = 2.

‘

0.8+ .

0.6, 8

0.4+ /

0.2+ .
| | | |

0.5 1 15 2 25 3 35 4
(a) T
0.8+~ .
0.6 - .
0.4
0.2+~ .
Il Il Il Il
05 1 15 2 25 3 35 4
(b) I

Figure 1.4: Disconnecting curves I' and I in Figure transformed by a linear

shear.

To identify transport barriers under a single iteration of 7', we search over all
piecewise C'*°-disconnecting hypersurfaces of M, and find a hypersurface I" that rep-
resents a balanced minimal disconnection on M according to the pu,_q-size of I' and
the v,_y-size of TT'; that is, we attempt to find a fixed disconnecting hypersurface
I’ such that Hy(I') and Hy(TT) are both small. In situations where T is a con-
catenation of several maps over several discrete time steps, or the flow map for a
time-dependent vector field over some duration 7, we measure the weighted Cheeger
ratio on the disconnecting curve at each discrete time step, or we continuously check

the boundary size under continuous time dynamics (see Section (3.2.1)).

We have seen previously in Section , that the analytical inequality
formed a link between the linear operator £ and the connectedness of
the associated graph. On a Riemannian manifold, the analogous operator is the
Laplace-Beltrami operator. The Laplace-Beltrami operator has deep connections to
the geometry of the Riemannian manifold on which it is defined [22] 13]. The two
well-known classic results are: the Cheeger inequality on a Riemanian manifold [24]

and the Federer-Fleming theorem [41]. We now give a brief review on these results.

8
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1.2.3 Cheeger inequality for unweighted Riemannian mani-
folds

To partition a Riemannian manifold into {M;, My, T'}, such that the p,_;-size of T’
is minimal, while maintaining a balanced p,-size between M; and Ms, one considers

the Cheeger constant defined by

where Hj; is as in . Suppose the measure p, equipped on the Riemannian
manifold M is the full-dimensional volume measureﬂ. The following spectral prop-
erties of the Laplace-Beltrami operator A, on M are well-known: (i) eigenvalues
A1 > Ay > ... of A\, are non-positive and real, and (ii) the eigenvalue A\; = 0 and

has unit multiplicity (so that Ay > 0) [22]. One has the dynamic Cheeger inequality

H) <2\, (1.10)

where ), is the first non-trivial eigenvalue of A,,. In addition to the inequality (1.10)),
one has the classical Federer-Fleming theorem (see e.g. p.131 [23]), which equates
the geometric constant Hy; to the Sobolev constant (a functional representation of
H,,, where the disconnecting hypersurface I' is generated by level surfaces of smooth
functions).

To find a disconnecting hypersurface with small Cheeger constant H,;, we sug-
gest a spectral manifold partitioning algorithm analogous to the graph partitioning
method outlined in Section [I.1.3} let ¢o be the first nontrivial eigenvector of A,,.
One searches over the level surfaces I'? = {z € M : ¢5(z) = B} to minimise the ra-
tio Hp(T?), rather than all piecewise smooth C'*°-disconnecting hypersfaces I' that
partitions M into { My, Ms}.

1.2.4 Original contributions in Chapter

The notion of combining dynamics and isoperimetry was first introduced by Froy-
land [49], whereby the optimisation problem was modified to take into account
of evolving size of the disconnecting curve I' in a time-averaged sense under general
time-dependent nonlinear dynamics. In particular, a dynamic generalisation of the
Federer-Fleming theorem and Cheeger inequality in the setting of a flat, unweighted
Riemannian manifold under volume-preserving dynamics was formulated in [49].

Moreover, Froyland [49] formed a link between his purely geometric approach of

3The volume measure is defined by the the nowhere-vanishing top-dimensional form associated
with the metric tensor m on M, see Appendix
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dynamic isoperimetry for finding transport barriers to the purely probabilistic con-
structions for finding almost invariant sets [48]. In Chapter[3, We extend the results
of [49] in three ways: (1) to dynamics that is not volume preserving, (2) to tracking
the transport of non-uniformly distributed tracers, and (3) to dynamics operating on

curved manifolds; the contents of Chapter |3 are published in [54].

1.3 Manifold learning for dynamic isoperimetric

problems

Manifold learning is a method in nonlinear dimensionality reduction, used for ap-
proximating low-dimensional features of a manifold from point-cloud data belonging
to a high dimensional space [14] [10, 29]. Applications of manifold learning include
data representation [I1], pattern recognition [70] and image processing [122]. Man-
ifold learning methods have also been used in dynamical systems for discovering
slow manifolds 2 93] 121]. The motivation of this work is the approximation of
transport barriers from sparse trajectory data. In particular, following the geomet-
ric characterisation of transport barriers in Section [I.2] we attempt to approximate
solutions to the dynamic isoperimetric problem on weighted Riemannian manifolds

from non-uniformly distributed trajectory data.

1.3.1 Point-cloud data as weighted graph

The evolving structure of trajectory data can be modelled as dynamics of graphs.
First we capture the local geometry of the initial points of the trajectory data via
a weighted graph. Let M and N be compact, connected r-dimensional Riemannian
manifolds, which are embedded in a possibly higher dimensional Euclidean space
R% d > r. On M we place a Riemannian metric m and an absolutely continuous
measure [i,; the measure i, describes the mass distribution of the physical quantity
being transported by dynamics as in Section . Let S¥ = {1, 79, ..., 23} be a finite
set of points randomly drawn from M in independently and identically distributed

(i.i.d) fashion.

Example 1.3.1. Suppose M is a 2-dimensional torus M := [0,4) x [0,1)\ ~. In
Figure the set S* is 1000 data points randomly sampled from M according to
a uniform probability distribution. In Figure the set S* is 1000 data points
randomly sampled from M according to a nonuniform probability distribution.

For fixed € > 0, one forms a weighted graph from S* by taking 1, s, ..., T; as

M€

vertices, and defining w;;" as the weight of the edge between the vertex pair z;, x; for

10
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Figure 1.5: Random samples drawn from a 2-dimensional torus.

each 1 <4, j < k. The edges w;;® are designed to capture the ji,-weighted geometry
between the data points x; and z; via a process to be elaborated in Chapter [,
and the scalar € is a standard parameter in Laplacian-based manifold learning [10].
We denote the set of all edge weights by W< = {wﬁ‘j’E ?,j:lv and use the notation
G(S*, W) for the weighted graph formed from S* and W< as above.

1.3.2 Trajectory data as dynamics of graphs

Recall that N is another compact, connected r-dimensional Riemannian manifold
embedded in R% d > r. Suppose the dynamics over a finite time interval is given
by T': M — N. Under a single iteration of 7', the measure p, on M is pushed
forward to the measure v, := p,, o T~! on N, and the point-cloud data S* is trans-
formed into S¥ = {Tx1,Txy,...,Txy}, forming the trajectory data {z;, Tx;} for
i = 1,2,..., k. Similar to Section [I.3.1] one forms another weighted graph from
Sk by taking T'xy, Tz, ..., Tx as vertices, and setting wff as the edge weights be-
tween the vertex pairs T'x;, T'x; for each 1 < ¢, 5 < k. We denote the weighted graph
formed from S* by G(S*, W**), where W< = {w;}¥,=1. In situations where the
dynamics is over 7 time steps, by obvious modifications to the domain of @, , one
can form a sequence of 7 weighted graphs from the input trajectory data of length
T (see Section [4.2.2)).

By construction the transformation 7" : M — N induces the graph transfor-
mation Ty : G(S*, WHe) — G(S*, W"¢). Now as a dynamic extension of manifold
learning, we ask for the recovery of low-dimensional features from an unknown dy-
namical system, by studying the evolving connective structures of G(S*, W#<) under
Tg. In particular, we search for a low-dimensional embedding map @g,, : S* — R®
(s < k) using the connective structures of both G(S*,W#<) and G(S*, W**), such
that low dimensional dynamical features of T': M — N can be extract from the
collection of points @, (S k) € R®. Moreover, point-cloud clusters of limy_,o0 PaynS k

correspond to submanifolds of M that have persistently small boundary size relative

11
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to enclosed volume, when the geometry of M is evolved by T
Our approach for finding g4, builds on the idea of the Laplacian eigenmaps

[10, 11] for static manifold learning, which we now review.

1.3.3 Laplacian-based manifold learning

Laplacian-based manifold learning is a popular method for dimensionality reduction,
that utilises the spectral properties of the graph Laplacian to approximate low-
dimensional geometric structures on M (see also [28] for the closely related diffusion
maps). The spectral graph partitioning method outlined in Section laid the
groundwork for Laplacian-based manifold learning, where the second eigenvector g,
of the normalised graph Laplacian £ offered a 1-dimensional representation of

a connective structure of an unweighted graph G(V, E); components of D~1/2

go rank
the vertex set V' by magnitude. More generally, the first s nontrivial eigenvectors
92,93, -.,9s11 of L provide an s-dimensional embedding of V', which are
used to gain insight into the connective structures of G(V, E) [112]. Analogously,
in [I0, 11] the Laplacian eigenmaps are formed as follows: let || - ||ge denote the

d-dimensional Euclidean norm on R?¢. Set the edge weights of G(S*, WH€) as

XTi—Tyj 2 . . .
e . exp (—%) ifi#y
0 ifi=y

for each 1 <4, j < k. Define the degree of the vertex z; € S* by d*(z;) = Z?:l wg;,
and adjacency matriz A€ by the k x k matrix with entries A§; = wg;. Then analogous
to (L.5)), the graph Laplacian associated with G(S*, W) (see e.g. Chapter 2 in [15])
is given by L€ := A — D¢, where D¢ is diagonal with entries D, = d(x;); that is,

[

the matrix L€ has entries
e . wi; ife#£7
i k ¢ i -
=D wiy ifi=

In addition, analogous to ((1.6) the normalised graph Laplacian for G(S*, W) is
defined by

N

L= (D) 2 LY(D") 2, (1.11)

The crux of Laplacian eigenmaps is to use the first s nontrivial eigenvectors
92,93, ..,9s11 of %Eﬁ, to construct an s-dimensional embedding map ¢(z;) =
{(D*)"2gy(z;), (D) 2gs(x;), ..., (D) 2g,1(x;)}, 1 < i < k that preserves cer-
tain low-dimensional geometric structures on M; i.e. Low dimensional features of

an unknown manifold is ‘learned’ from the new representation of ¢(S*) in R*.

12
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Example 1.3.2. For example, applying the classical Laplacian eigenmaps to the
random samples in Ezample [1.3.1. Figure and Figure are the images of

Figure and Figure under the embedding map ¢ = {(D)"2g,, (D) 2gs5},

where go, g3 are the first 2 nontrivial eigenvectors of L€.

5 %1073 %1073 u
o
7
1 10 i
& 0 & i
5 ;
_1 i !
2 0 &_!
2 0 2 5 0 5 10
g %1073 g x1073
(a) (b)

Figure 1.6: Laplacian eigenmap on the random samples in Figure .

We note that the standard Laplacian-based manifold learning method [10}, [11] is
designed for analysis on uniformly distributed data. In Figure the symmetrical
structure of the 2-dimensional torus [0,4)\ ~ x[0,1)\ ~ was recovered from a
uniformly distributed sample. On the other hand, the nonuniform distribution of
the random sample in Figure [1.5b]is incorrectly captured as a geometric feature of
[0,4)\ ~ x[0,1)\ ~ by the standard Laplacian eigenmap ¢; as shown in Figure[L.6D]

1.3.4 Original contributions of Chapter

Since the Laplacian eigenmap ¢ does not depend on the density h, of y,, it is clear
that the standard Laplacian-based manifold learning method described in Section
does not account for the measure y,, on M. Moreover, according to Theorem
5.2 in [12], the Laplacian eigenmap ¢ is dependent on the probability distribution
of the random sample S*. In particular, the Laplacian-based manifold learning
method in [10} 1] is limited to applications on uniformly distributed random sam-
ples, and it is also limited to approximating the features of unweighted manifolds.
In Chapter 4] we extend the work of [10, (1] in three ways: (1) application on in-
put samples with nonuniform probability distributions, (2) approzimating features of
weighted Riemannian manifolds, and (3) a dynamic manifold learning method for

approzimating transport barriers from trajectory data.
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Partitions of graphs that are
robust to vertex permutation

dynamics

Spectral graph partitioning algorithms such as the method described in Section|[1.1.3]
are highly successful for finding highly interconnected subregions of static graphs.
Prior work to extend spectral methods to application on dynamics of graphs includes
the temporal network approach [42], 92], which encodes the additional dimension of
time by making a copy of the graph at each time instance. A common technique for
analysing evolving community structures on a temporal network is to reverse the
time-extension by projecting the multiple temporal copies of the graph back to a
single graph. However, such a technique involves making decisions on how to col-
lapse vertices across time between one or more slices of a temporal network, which
can produce an associated loss of temporal information. Extensive work has been
done to improve the time-projection approach, e.g. [74] designed a dynamic qual-
ity function for community detection based on a time-projected temporal network.
Changes in graph structures have also been considered by treating the changing
graph as a series of static ones and evaluating the connective structures in each
step (see [27, [39] for applications in image processing and social graphs, respec-
tively). However, considering a series of static connectivity problems can only be
use to find graph subregions that are community structures at a particular moment
in time, rather than graph subregions that are persistently highly interconnected as

the graph evolves.

In this chapter, we consider a dynamic balanced graph bisection problem de-

signed for finding persistently highly interconnected subgraphs of dynamic graphs.
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In particular, let G = G(V, F) be a connected graphﬂ with V' = {vy,ve,..., v}, and
E = {[vi,v]}},_,. Let 7 = (m,, ) be a graph isomorphism on G, where 7, : V — V
is a vertex label permuation and 7, : E — F satisfies 7, (v, v;) = [1,(v;), 7 (v;)] for
all [v;, v;] € E. Under a single iteration of vertex permutation dynamics m, : V— V

that transforms G into 7(G), we consider the dynamic optimisation problem:

HY = min  HP(W, V), (2.1)
V1,Va partition v

where

C(Vi, Vo) +|C (m  (Vh), 7 (V2)) |
min{D(V1), D(V2)} + min{D(m;(V1)), D (7, (V) }

HE"(Vi, Va) = (2.2)
where C'(V}, V3) denotes the set of edges removed to disconnect G, and D(V]) is the
degree sum of all vertices in V;. We show later in Section that the quantities
|C (7, (Vi), 7, 1 (Va)) |, D(m, ' (V1)) and D(m, ' (V2))} appearing on the RHS of (2.2)),
are in fact related to the graph Cheeger ratio Hy)(Vi, V2) on the graph 7(G).
Alternatives to are: (1) minimising the sum of the Cheeger ratios of a fixed
partition {Vi,V2} on G and 7(G); that is, find {Vi,V2} such that Hg(Vh,Va) +
H)(V1, V) is minimal, or (2) minimising the Cheeger ratio on the graph formed
by “averaging” the edges of G and 7 (G); see for details. To produce a
good solution to , we develop a spectral method for dynamic graphs in Section
2.2} the proofs of the stated theorems are deferred to Section [A] of the appendix.
A multiple time-step version of the dynamic balanced graph bisection problem is
considered in Section 2.3} In Section [2.4] a numerical algorithm for dynamic spectral
partitioning is applied to both structured and unstructured graphs, and the strength

of the evolving community structures of the partitioned graphs are investigated.

2.1 A graph Cheeger constant for dynamic graphs

Note that the set of edges removed to disconnect G via the partition {Vi,V2} is
C(W1,Va) = {[vi,v;] € E : v; € Vi,u; € Vo}. To describe the disconnection of
the graph 7(G) induced by {Vi, V,}, we denote the reduced set of edges 7 .(E) =
Te(E) \ {[vi, v;] € me(E) : v; € Vi,v; € Vo}. Let Cr denote the set of edges removed
to disconnect 7(G); that is

Cr(V1, Vo) :==A{vi,vj] € me(E) 1 v; € V1,05 € Vol (2.3)

'For simplicity we assume there are no self-loops or multiple edges on G; although the method

we describe could be extended to cover these cases
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in words, fix V; and V, and compare edges in 7(G). Equivalently,

Cx(Vi, Va)| = [{[my S ()] € E v € Vi,u; € Vol
‘{vz,v] J€ E:venm, (Vh),v; €, (Va)}]; (2.4)

that is, pullback the vertex sets Vi, Vo with 7w, and compare edges in GG. Thus,
|Cr(V1,V2)| = |  (Va), (Vo). (2.5)

We now consider the computation of vertex degree in 7(G). For V' C V, define
Dr(V') = 2 v dx(vi), where dr(v;) is the degree of v; computed in the graph
(G):

do(v;) == {v; € V i [v3,v5] € m(E)}. (2.6)

Let d(v;) denote the degree of the vertex v; of the graph G. One can also do this
degree computation in the original graph G' by noticing that

{v; €V : [vi, 0] € me(EN} = vy €V 2 [m, (vi), 7w, (v)] € B}
= d(m, " (v))- (2.7)

Thus,
D, (V') = D(m, 1 (V")). (2.8)

v

Example 2.1.1. In Figure[2.1], setting Vi = {v3,v5}, Va = {v1,v2, 04} and applying
the cyclic permutation m,(v;) = viy1, 1 = 1,2,3,4,5 as in Example . We have:
|C=(Vi, Va)| = [{[vs, va], [vs,va], [vs, 1]} = 3 and |C (m;' (Vi), 7, (Va)) | = [{[v2, 0n],
[va, 03, [va,vs]}] = 3 (using 7, (Vi) = {va,va}, 7,1 (Vo) = {Usz v, vs}). Also,
Dr(Vi) =5 = D(m,' (V1)) and Dx(V2) =3 = D(m, (1))

@ )
@ @0

(a) G (b) 7(G)

N4

(D—
N

/N\ /A\

Figure 2.1: Cyclic permutation on a graph with 5 vertices, colored vertices = Vi,
colored edges = E'\ E'.

Due to ([2.5) and (2.8), the graph Cheeger ratio Hre) (1.2) on the partition
{W1, Va} for m(G) can be expressed as

|Cx(V1, Va)| _ e (), m (V)
min{D(V1), D~(V2)}  min{D(m;1(V1)), D (7, (V2))}

HTI'(G)(%? ‘/2) =
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Moreover, can be written as

[C(V1, Va)| 4 [Cx (11, V)|
min{D(V1), D(V2)} + min{D(V1), D= (V2)}’
Thus, the optimisation problem is linked to the magnitudes of Hg(V1, Vs) and
Hcy(V1, V) on a fixed partition {Vi, Va}.

HE™ (Vi V) = (2.10)

Example 2.1.2. Returning to Example we compute
2+3
min{2,6} + min{5, 3} B
If choose V| = {vy, vy, vs}, Vi = {ve,v3}, we find
242 1
min{l +2+ 1,3+ 1} +min{l + L +2,1+3} 2

1.

HY™ (Vi Vy) =

HG"(V{,V3) =

i fact, this is the unique partition achieving this minimal value Héyn.

Remark 2.1.3. One could alternatively define a dynamic balanced graph bisection

problem:

HZ":=  min  HZ"(K, V), (2.11)
V1,V» partition v

where

min{D(V1) + Dz (V1), D(V2) + D (V2)}
Such a definition places less emphasis on producing a balanced partition both before

HE™ (i, V) = (2.12)

and after the application of m because low degrees sums can be “averaged away”.
Clearly, ﬂde" < Hde", however, in general, one cannot conclude that the connectivity
of a partition optimizing (2.12) is greater or less than a partition optimizing (2.1)).

Thus, in our numerical experiments we report results for both quantities.

Example 2.1.4. Returning to Example we compute
2+3 _ 9
min{2 +5,6+3} 7
Because the partition V = V,UV5 is highly unbalanced in vertex degrees on both G and
(@), but |D(Vi) — Dr(Va)| = 1 and |D(Va) — D(V1)| = 1. The ratio H¥"(Vi, V3) =

1 incurs a larger penalty compare to I:Igyn(\/l, Va) due to degree unbalance.

HY™ (v, V) =

2.2 A spectral method for dynamic graphs

We now introduce a dynamic graph Laplacian to provide good solutions to the
dynamic balanced graph bisection problem (2.1)). Define the square permutation

matrix

{ 1 if m,(v;) = v; (2.13)

0 otherwise
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Note that the matrix P is obtained by permuting the rows of the identity matrix,
hence P is invertible. Motivated by the properties and , we define the
dynamic graph Laplacian
L+P'LP
5 )
where L is as in ((1.5)). The first term in acts on G, while the second term
transforms from G to w(G) using P, then applies L to m(G), and finally pulls the
result back to G with P~!. If one defines L™ to be the Laplacian matrix for the

graph 7(G), then by (2.7)),

d(my M) ifi=j

v

LT :={ -1 if [y (v;), 7 (v))] € BLi # (2.15)

)

L% .= (2.14)

0 otherwise

=L, (2.16)

™ (j)

where 7, is the vertex label permutation associated with m,; i.e. vy ) = o (V7).
From the definition of P, it is straightforward to show that L™ = P"'LP. Let D
be k x k diagonal with entries

D;; = d(v). (2.17)

We apply a degree normalisation to L®" and define the normalised dynamic graph

Laplacian by
L+ LT

L:dyn — D—1/2LdynD—1/2 —
9 )

(2.18)
where L™ = DYV2L™D1/2,

Remark 2.2.1. The connection between the above normalised dynamic graph Lapla-
cian £%" and the directed graph Laplacian studied in [26] is as follows: On a directed
graph, the dynamics of vertex transformation is captured by directed edges as a tran-
sition probability matrix. Therefore, the static isoperimetry problem on a directed
graph concerns clusters of vertices that are more likely to be transfered within a
cluster than between clusters. While Chung [26] can only see almost-invariant struc-
tures, there is no true time-dependence in [26], in contrast the dynamic Laplacian

allows the coherent structures to be time-dependent.

Theorem 2.2.2. Let G = G(V, E) be a simple, connected graph with |V| = k. Let
7w = (my, ) be a graph isomorphism as in Section and denote by m, the vertex
label permutation associated with T, as above. Define P and L™ as in ([2.13) and

(2.18)), respectively. One has

1. The eigenvalues \y > Xy > --- of LY qre nonpositive and real.
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2. The eigenvalue \y = 0, and is of unit multiplicity.

3. Let D be the degree matriz of G given by (2.17), and g1 an eigenvector cor-
responding to \;. Then D~Y2g, is constant on a connected componen of

G.

4. Let 1 € R¥ be a constant vector with unit components, and let {-,-) be the

inner-product on R¥. Denote by Y_. . the ordered summation over all pairs of

i~vj

vertices such that [v;,v;] € E. One has

> i (fi = £i)? 4 (i) — prm)Q'

FERk(f,D1)=0 Dict d(vi) f?

(2.19)

The minimum of (2.19) is attained when f = D~'/%g,y, where g, is the eigen-

vector of LY corresponding to .

Proof. See Appendix [A] ]

The connection between £%" and HE" is given by the following theorem.

Theorem 2.2.3 (Dynamic graph Cheeger inequality). Let G = G(V, E) be a
simple, connected graph, and LY, Héyn, ﬂde" be defined by (2.18), (2.1), (2.11])

respectively. If Ay is the second smallest eigenvalue (by magnitude) of L™™, then

1.

HY™ < \/—2)\,. (2.20)
2. If in addition, d(v;) < D(V')/4 for each i, then

HY" < 2¢/— . (2.21)

Proof. The proof of part 1 is simple to deduce from by noting that £%" is the
normalised Laplacian matrix for the edge-weighted graph G (V, EU WE(E)), where
each edge contributes 1/2 in the partition boundaries C'(V7, V5) and Cr(V4, V). The
stronger degree balancing in the definition of Hcg’m (part 2) requires a more detailed

proof, which is elaborated in Appendix [A] n

Remark 2.2.4. The additional condition for Theorem [2.2.3(2) can be made more
precise, and only requires two particular vertices to have degree less than or equal
to D(V) /4. Specifically, let g, = D2 f be the eigenfunction of L™" corresponding
to Ao, and order the vertices of G according to f by f; < fir1. Define S* =

2If V' is a connected component of G, then either (D*I/zgl)i =1or (Dil/le)i = (0 for all
v; € V.
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{v1,v9,...,v;}, and let r and ¢ denote the largest integer such that D(ng(S’“_l)) <
D(V)/2 and D(m,;*(S9)) < D(V)/2. It is sufficient for the degree of v,_; and v, to
have degree less than or equal to D(V')/4.

The Laplacian matrix for a given graph is constructed from the graph’s adjacency
matrix; all information regarding the graph’s connectivity is encoded within the
graph’s Laplacian. Since our new dynamic graph Laplacian was constructed from
both the Laplacian for G and 7(G), it is possible that the complex interactions
between dynamics and graph connectivity are contained within the dynamic graph
Laplacian. Indeed, Theorem tell us that the subregions on a dynamic graph
that are persistently highly interconnected are closely related to the second smallest
magnitude eigenvalue of £%". In fact, in the proof of Theorem [2.2.3(1), it is shown
that the eigenvector corresponding to Ay indicates how the graph of interest should
be partitioned. In particular, if the vertices of G are ordered according to the
magnitude of each component of the degree normalised eigenvector of Ay, then there
exists a threshold in which the partition elements yielded would have a dynamic
graph Cheeger constant that satisfies the inequality ([2.21]).

Although, vertex permutation dynamics on a graph is equivalent to a specific se-
quence of edge addition/deletion on a temporal network (for example, Figure [2.1] (a)
and (b) can be represented in a manner similar to Figure 1 in [92]), there is a key dif-
ference between the temporal network approach of [42],[92] and the current dynamic
spectral method for community structure detection on time-dependent graphs: The
multislice extension of (6) in [82] by (1) in [92] does not follow the scheme of pushing
forward, evolving, then pulling back of our normalised dynamic graph Laplacian in
([2.18)), because time-dependence of (1) in [92] is invoked by the coupling constants
Cirs.

One could also use the results Theory 2.2.3 to formulate a surrogate network
generation algorithm. In particular, since the size of the second smallest magnitude
eigenvalue of £%" is an indication of the strength of evolving community structure
of the dynamic graphs, a process based of the dynamic graph Laplacian can be used
to generate random graphs of a fixed size with prescribed community structures (see

[79, 111] for details of random graph generation).

2.3 Dynamics over 7 time steps

If one has 7 — 1 permutations 7, ...,7,_1, which are applied in sequence to the
graph, then one can naturally extend (2.1)-(2.10]) to form dynamic graph Cheeger

constants Hf, and ﬂg over 7 time steps. Denote 7@ =1d, 7® = 71,0+ om0 7y,
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t=1,...,7—1, and define

Hy=  min_ HL(Vi.Va), (2.22)
vi,Va partition v
where )
o C (V4L VL
(V1. V3) = it (0L )L (2.23)
> i min{ D oy (Vi), Do (Vo) }
Similarly, define
HY, = min  HL(V, Vo), (2.24)
V1,Vz partition v
where .
A O o (Vy, Vs
H&(‘/ly‘é): Zt:ol ﬂ‘()( 1, 2>| (225>

min{>"7Z5 Dy (V1), 12y Do (V) }
To construct the 7-time step dynamic Laplacian, denote by P, the permutation
matrix for m; (according to (2.13))) with Py = Id, and define
-1 _
(P - P,P)'L(P,--- PP,
LT — t:()( t 2 1) ( t 2 1)' (226)

T

The 7-time step normalised dynamic Laplacian can be found by
LT =D '*L"D7V? (2.27)

where D is the degree matrix for the initial graph G(V, E). One has the following
trivial extension of Theorem [2.2.3|(1):

Theorem 2.3.1. Let G = G(V, E) be a simple, connected graph. Define ﬂg and
L7 as in (2.24) and (2.27), respectively. If Ny is the second largest (by magnitude)

eigenvalue of L7, then
HY, < /—2)\,. (2.28)

The results of Theorem [2.2.2] (see appendix) also hold in this 7-step situation,
however, we do not present a 7-time step version of Theorem [2.2.3|2).

Remark 2.3.2. The expressions and calculate the quality of the cut on
7®(G) after each permutation 7). If one is interested in a sequence of permutations
71, ..., Tr—1 but only cares about the quality of the cut at time 0 and at time 7 — 1,
then one would instead consider 7(7~V) as a single permutation and use —

or (2.11)-(2.12)) instead.

2.4 Numerical method and experiments

We can use the new Laplacian matrix £%" to construct bisections of G that are

robust to a single (resp. multiple) permutations. The algorithm to partition G

22



Chapter 2

Algorithm 2.1: Dynamic spectral partition for graphs

1 Let G be a connected graph, and 7 a graph isomorphism on . Form the
matrix £%" according to (2.18).

2 Solve the matrix eigenvalue problem Edy"gg = A2go, Where ), is the first
non-trivial eigenvalue of L%", with corresponding eigenvector go.

3 Let f = D~'/2g,, where D is the degree matrix of G. Then for each
B € {f;}k_,, partition the vertex set V of G into V;° = {v; € V : f; < 8} and
Vf ={v; € V: f; > B}; there are at most k — 1 nontrivial partition of this
form.

4 Output the partitions V = V° UV} that minimises H"(V,’, V) or
g (VP vy),

under a single iteration of dynamics is a minor modification of the construction of
bisections of a static graph in Section |1.1.3] which we outline in Algorithm ({2.1])

For dynamic spectral partition over 7-time steps, one applies the following mod-
ifications to Algorithm

1. In step 1 and 2 of Algorithm replace L™ with £ (2.27).

2. In step 4 of Algorithm , replace HZ™(V, V) and HZ™(V V) with
HE(VE, VYY) @23) and Hz (VY Vy) (225), respectively.

To illustrate our method, we apply vertex permutation dynamics to two graphs
with very different connective structures. Firstly, a graph with obvious static com-
munity structures, where we apply dynamics to disrupt these community structures.
Secondly, we consider dynamics to a large randomly generated graph, where there
are no clear static community structures, nor dynamic community structures. In
both cases, we search for community structures that are robust to the given vertex
permutation dynamics. We note that Algorithm can be applied to large graphs
with thousands of vertices, because only the first nontrivial eigenvector of £%" is
required to generate the partitions {V{B ,Vf } for some 8 € R, and at most k — 2
comparisons are made between the partitions {V;”,VS’} to find a § that minises
Ha(V,Vy).

2.4.1 Example 1: A structured graph
Let G be the 3-regular Ellingham-Horton 54-graph; see Figure
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Figure 2.2: Ellingham-Horton 54-graph. Obvious static community structures are
labelled “A”, “B”, “C”. Shown is the result of the spectral bisection method de-
scribed in Section using L£. The resulting partition is shown as V] (colored
vertices), V3 (non-colored vertices) and the partition boundary (red edges). (a)
G: |C(Vi,Va)| = 4, D(Vi) = 54, D(V3) = 108. (b) 7(G): |Cx(VA,V3)| = 30,
D, (V1) =54, D.(V,) = 108.

The standard (static) spectral bisection method

We first attempt to solve the static balanced bisection problem using the second
eigenvector g, of the Laplacian matrix £ as described in Section |[1.1.3] The vector
f = D7'/2g, (shown in Figure orders the vertices and produces at most k£ — 1
distinct partitions of the form {V;”, V’}; we select the partition with the lowest value
of Hg(Vf , VQ’8 ) given by . The results are shown in Figure with the vertices
corresponding to Vj colored green and those in V5 uncolored. The edges that connect
Vi and V5 are colored red. The corresponding numerical quantities are in the “L”

column of Table 2.1 The degree counts of V; and V; are relatively unbalanced; this

24



Chapter 2

is because the graph consists of three main clusters of approximately equal degree
sum, and it is natural to statically partition the graph by grouping two clusters
together. In practice, many graphs may not have a natural community structure.
For example, consider a complete graph G of any degrees. There can be at most
k — 1 unique values of Hg(Vi,Vs) for any {V;,V42} that partitions G, with each
unique value of Hg(Vi, Vs) corresponding to |Vi| = 1,2,...,k — 1. Moreover, since
|V16| =1,2,...,k —1 for some B € R*, the partition {Vf,Vf} is optimal for Hg
some 3 € R*.

degree normalised eigenvector value
degree normalised eigenvector value

vertex label vertex label

(a) £ (b) L7

Figure 2.3: Plots of f = D~/2g,, where g, is the second eigenvector of either £ or
L%" on the Ellingham-Horton 54-graph. (a) f from the static Laplacian £. (b) f
from the dynamic Laplacian £%". The letters “A”, “B”, “C” and the vertical red
lines refer to the static community structures labelled in Figure 2.2 The horizontal

green line indicates the optimal value of 5 used for selecting Vi, V5.

We now introduce a vertex permutation m, : V — V, which will disrupt the
cluster structure. The particular permutation we apply to the vertex labels is the
cyclic permutation (18,36,18 4+ 2,36 + 2,18 + 4,36 + 4,18 + 6,36 + 6,...,18 +
16,36 + 16). The vertex collections Vi and V5 in 7(G) are shown in Figure [2.2D]
colored green and white, respectively. The edges in m.(E) that connect V; and V;
are colored red, and one now sees a large increase in the number of these edges.
Thus, the partition Vj, V5, which nicely captured the cluster structure of the static
graph, is not robust under the permutation 7; in other words, V7, V5 do not capture
community structures for both G and 7(G). The relevant numerical quantities are
listed in the “£” column of Table . One sees a large increase in Hyq)(Vi, Va)
compared to the value of Hg(V1, V3).
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New dynamic spectral bisection method

We now seek to determine community structures that are robust under the permu-
tation 7. To do this, we form the matrix L™ and compute the second eigenvector g,.
The vector f = D~'/2g, (shown in Figure orders the vertices and produces at
most n — 1 distinct partitions of the form {V;”,VJ’} as described earlier in Section
; we select the partition with the lowest value of Héy"(\/lﬂ ) VQB ) given by (2.10).
Because the degree of each vertex is 3, one has He?™(V, Vi) = HY"(V, Vf) for
all partitions Vlﬁ , Vf , thus we report only the former quantity.

The results are shown in Figure and Figure with the vertices corre-
sponding to V; colored green and those in V5 uncolored. The edges that connect V;
and V3 are colored red. In contrast to the partition in Figure[2.2] there are relatively
few red edges in both Figure and Figure 2.4b, The corresponding numerical
quantities are in the “L%" column of Table .

Quantity L L
|C(V1, V3)] 4 4
|C(V1, V2)] 30 4

D(V), D(V3) | 54, 108 | 114, 48
D,(V4), Dx(Va) | 54, 108 | 114, 48
He(Vi,Va) | 0.0741 | 0.0833
Hyy(Vi, V) | 0.3148 | 0.0833

Table 2.1: Results of spectral bisection using the second eigenvectors of £ and £%"
for the Ellingham-Horton 54 graph. The column headed “L” contains evaluations
using the partition {V;, V5} that minimises Hg(V;”, V). The column headed “£%"”
contains evaluations using the partition {V;, 3} that minimises H&" (V" Vy). The

partitions V;, V5 are obtained using the methods described in Section [1.1.3] and

Algorithm .

The value of Hg(Vi, V) produced via £%" is slightly larger than that produced
by £ (0.0833 vs. 0.0741), as the latter is tailored to minimising Héy”, however, the
value of Hy(q)(V1,Va) produced by £%™ is much lower than that via £ (0.0833 vs.
0.3148). Note that the partition found by the degree normalised eigenvector f in
Figure cannot be found as a partition from f in Figure because f arising
from the latter vector assigns extreme negative and positive values to the clusters B
and C in Figure[2.2] Thus, the static Laplacian £ will not group together clusters
B and C and prefers to adjoin cluster A to cluster B or C.
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Figure 2.4: Ellingham-Horton 54-graph. Shown is the result of the spectral bisection
method described in Section using L£7. The resulting partition is shown as V;
(colored vertices), V4 (non-colored vertices) and the partition boundary (red edges).
(a) G: |C(V1, V)| = 4, D(Vi) = 114, D(V,) = 488. (b) n(G): |Cr(V1,Va)| = 4,
D, (V1) =114, D, (V,) = 48.

Dynamic spectral bisection with multiple permutations

We now demonstrate the dynamic spectral bisection of G' over 10 time steps. We
have a set of 9 graph isomorphisms 7;,t = 1,2, ...,9 applied in sequence to G. This
set of transformations is designed to disrupt the cluster structure corresponding to
the subregions B and C in Figure [2.4] via vertex interchange between the subregions
BUC and A. In particular, when ¢ is an even integer, the permutation on vertex
labels corresponding to ; is the concatenation of the eight disjoint transpositions:
(18 + 2¢,36 + 2i), for i = 0,1,...,8. When ¢ is an odd integer the vertex label
permutation 7, corresponding to 7 is given by m, ((t +1)/2) = (¢ + 1)/2 + 17,

The sequence of graph isomorphisms 7, t = 1,...,9 produces a total of 10
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graphs, each corresponding to the state of the graph at time ¢; i.e. the set of graphs
7®(G) where 7® = 70, . .omom, t =1,...,9 and 7®©) = Id. We seek to determine
a cluster structure that remains intact in each of these 10 graphs. To do this, we
form the matrix L7 using and compute the second eigenvector g;. The vector
f = D~'/2g, orders the vertices and produces at most k — 1 distinct partitions of
the form {Vlﬁ , Vf } as described earlier in Section ; we select the partition with
the lowest value of HL(V, V) given by [2-23).

Figure 2.5: Ellingham-Horton 54-graph. Shown is the result of the spectral bisection
method described in Section using the 10 permutations 7, ..., Ty to create £L"
as defined in . The resulting partitions shown are V; (colored vertices), Vs,
(non-colored vertices) and the partition boundary (red edges) at times ¢t = 2 and
t="17. (a) 7(Q): |Criy(V1,Va)| = 15, D2 (V1) = 81, D2 (V3) = 81. (b) #(V(G):
|Croeny(Vi, Va)| = 15, Doy (Vi) = 54, Doy (Va) = 81.

The results are shown in Figure [2.5a] and Figure for the time steps t = 2
and t = 7 respectively. The vertices corresponding to V; are colored green and

those in V5 uncolored. The edges that connects V; and V5 are colored red. Note
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that the community structures at the two different times t = 2 and t = 7 are
exactly the same; in fact our computed partition displays the same community
structure across each time step including the initial time with the corresponding
graph G. The numerical quantities for 7®(G), t = 0,...9 are |Cq(f)(V17 V)| =15
and DT(rt)(Vl) = Dgrt)(Vg) = 81 for each ¢; the partitions V; and V5 are perfectly
balanced in terms of degree. Finally one computes HX(V;,V3) = 0.1852 using
([223). We note again that HE(Vi,Va) = HEY(V4,Va) as all vertices have degree 3.
Detailed information on each of the graphs 7 (G), t = 0,...,9 is provided in Table
2.2

Quantity 1CY (i, Va)] DY) | DY) | He(Vi,Va) | HE (V1 Va)
t 0 1 1345|678 9]1,...,9]1,...,9 - -
L 4 1301304 [10]32(32]10]16 | 34 54 108 0.0741 0.3741
L 15|15 15| 15|15 (15|15 |15 | 15| 15 81 81 0.1852 0.1852

Table 2.2: Results of spectral bisection of the Ellingham-Horton 54 graph, using the
second eigenvectors of £ and L7 to minimise Hg and HY, respectively. The parti-
tions V1, V5 are obtained using the method described in Section and Algorithm

@.

Recall that in addition to the large disruption of the clusters B and C by the
vertex permutations, just over half of the 10 permutations induce vertex exchange
between the cluster A and BUC. The dynamic community structure of the regions
A and BUC is therefore weakened. Thus we see in Figure [2.5]a preference to group

some vertices from A with those in B U C', and vice-versa.

2.4.2 Example 2: Randomly generated graph.

We now illustrate our method on a large random graph. We randomly generated a
connected graph G on £ = 1000 vertices, with average degree approximately eight, as
follows. Create a 4000-vector « filled with uniformly randomly distributed integers
sampled from {1,2,...,1000}. Create a second vector y by sorting « in ascending
order. Produce 4000 edges of the form [z;,y;],7 = 1,...,4000, and remove all self-
loops and duplicate edges. We arrive at a graph with 3985 edges (and a total degree
sum of 7970).

The permutation m, : V. — V is given by m,(v;) = vi1300 (mod 1000),i =
1,...,1000. We computed the second eigenvector of both £ (resp. £™") for this
graph and from these eigenvectors we created the corresponding partitions that
minimise Hg(Vi, Va) (resp. HE™(Vi, Vi), HE™(Vi,V3)). The numerical results are

summarised in Table 2.3l
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L Edyn Edyn
Quantity minimising Hg(Vi, V) | minimising H&(V;, V) | minimising Héy"(\/l, Vs)
|C(Vi, Va)] 1122 1438 1445
|Ce(Vi, V)| 2035 1550 1557
D(V1), D(V3) 3986, 3984 3776, 4194 3845, 4125
Dr(V1), DA (Va) 3975, 3995 4006, 3964 4131, 3839
He (V1 Va) 0.2816 0.3808 0.3758
HE™(Vy, Va) 0.3967 0.3860 0.3907
HE™ (i, Va) 0.3966 0.3840 0.3769

Table 2.3: Results of spectral bisection using the second eigenvectors of £ and £
to find low values for Ha(Vh, Va), HY"(Vi, Va), and HEY™ (V4 Va), for a randomly gen-
erated graph of 1000 vertices. The partitions Vi, V5 are obtained using the method

described in Section and Algorithm .

Referring first to the solution obtained from L, Table [2.3|shows that the number
of edges cut to disconnect the graph and minimise Hg is just over one-quarter of
all edges (1122 edges), indicating that there is no strong clustering in the random
graph. Moreover, the bisections are almost perfectly balanced in terms of total
degree counts. When subjected to the permutation dynamics 7, the number of edges
cut in m(G) almost doubles to 2035 edges. This is because there is no particular
relation between the structure of G and the permutation 7, so the bisection induced
on 7(@G) is effectively random, and cuts about half of the total number of edges.

Considering the bisection obtained from £%", attempting to minimise H, éy"(Vl, Vs),
we see that this bisection cuts slightly more edges (1438 edges) than the bisection
from £ (1122 edges) on G. However, when the dynamics of 7 is applied to the
graph, the number of edges traversing V; and V5 in 7(G) increases only a little (to
1550 edges). Thus, one pays a little extra to bisect the initial graph, but this reaps
large benefits when the dynamics are applied. The bisection obtained from £%",
attempting to minimise ﬁg‘}m(VI, V5), cuts a slightly larger number of edges and is

slightly less well degree-balanced in this example.

2.5 Conclusion to the chapter

(Classical isoperimetry theory on graphs studies the connective structures of static
graphs. In this chapter, we considered a dynamic extension of classical graph
isoperimetry theory, whereby the graph connective structures are evolving due to

vertex permutation dynamics. We search for community structures that are robust
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to permutation dynamics, by introducing a dynamic balanced graph bisection prob-
lem designed for finding persistently highly interconnected subregions of dynamic
graphs.

To find good solution to our balanced graph bisection problem, we constructed
a dynamic graph Laplacian, and show that the spectrum of our dynamic graph
Laplacian is characterised by a dynamically modified version of the Rayleigh quo-
tient. Furthermore, we proved a dynamic graph Cheeger inequality, and proposed
a natural extension of the Laplacian matrix-based spectral method of graph par-
titioning. Finally, we numerically demonstrated that eigenvectors of our dynamic
graph Laplacian efficiently separate the graph into components that retain their
community structure under dynamics.

The discrete dynamic isoperimetry problem on graphs naturally leads to the con-
tinuous dynamic isoperimetry problem on manifolds considered in [49]. The result
of dynamic graph Cheeger inequality in this chapter, as well as the known connec-
tion between the normalised graph Laplacian and the Laplace-Beltrami operator
(see e.g. [12]) shows promise for forming a theoretical connection between dynamic
isoperimetry on graphs and dynamic isoperimetry on manifolds. Many prior works
that relates graph partitioning problems and dynamical systems used Ulam-Galerkin

method to approximate the Perron-Frobenius operator; e.g. [31], 107].
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A dynamic Laplacian for
identifying Lagrangian coherent
structures on weighted

Riemannian manifolds.

Early attempts to characterise transport barriers in fluid dynamics include time-
dependent invariant manifolds (such as lobe-dynamics [102]) and finite-time Lya-
punov exponents [98, 99 [37, [68, 109]. More recently, in two-dimensional area-
preserving flows, [69] proposed finding closed curves whose time-averaged length is
stationary under small perturbations; this aim is closest in spiritﬂ to the predecessor
work of this chapter [49], though the latter theory applies in arbitrary finite dimen-
sions and the curves need not be closed. In parallel to these efforts, the notion of
almost-invariant sets [32] in autonomous systems spurred the development of prob-
abilistic methods to transport based around the transfer operator. In relation to
transport barriers, numerical observations [56] indicated connections between the
boundaries of almost-invariant sets and invariant manifolds of low-period points.
Transfer operator techniques were later extended to dynamical systems with gen-
eral time dependence, with the introduction of coherent sets as the time-dependent
analogues of almost-invariant sets [58], [48]. Topological approaches to phase space
mixing have also been developed [63], including connections with almost-invariant

sets [I00]. A differential geometric perspective of shape coherence in transport was

IThe extension [94] of [69] to three dimensions is less aligned with [49], as [94] asks for uniform
expansion in all directions in the two-dimensional tangent space to potential Lagrangian coherent
structures surfaces, whereas the approach of [49] in three-dimensions is simply concerned with

surface growth without a uniform expansion restriction.
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studied in [85], [86].

In [49], Froyland considered the identification of Lagragian coherent structures by
searching for subsets of a manifold whose boundary size to enclosed volume is min-
imised in a time-averaged sense under general time-dependent nonlinear dynamics.
Solutions to this dynamic minimisation problem were constructed from eigenvectors
of a dynamic Laplace operator, a time-average of pullbacks of Laplace operators un-
der the dynamics. It was shown in [49] that the dynamic Laplace operator arises as
a zero-diffusion limit of the transfer operator constructions for finite-time coherent
sets in [48]. This result demonstrated that finite-time coherent sets (those sets that
maximally resist mixing over a finite time interval), also had the persistently small
boundary length to enclosed volume ratio property; intuitively this is reasonable be-
cause diffusive mixing between sets can only occur through their boundaries. Thus,
finite-time coherent sets have dual minimising properties: slow mixing (probabilis-
tic) and low boundary growth (geometric). The theory in [49] was restricted to the
situation where the advective dynamics was volume-preserving, and to tracking the

transport of a uniformly distributed tracer in Euclidean space.

In the current setting of weighted Riemannian manifolds, whereby the manifolds
M and N are equipped with the full dimensional measures p, and v,, respectively.
The generalisation of the above dynamic minimisation problem for a single iteration

of transformation T : M — N is

H;\l}/n(r) L ,ur—l(r) + Vr—l(TF)

- Zmin{:ur(Ml)mur(MQ)}7 (31>

where M; and M, are connected components of M disconnected by I'. Comparing
to the classical Cheeger ratio , the numerator of not only measures
the initial p,._i-size of I', but also measures the v,_;-size of image TT. We elaborate
on the importance of the formulation later in Section , for now we point
out that is the natural non-volume-preserving generalisation of Equation (1)
in [49)].

Beyond the generalised dynamic isoperimetric problem, our main contributions
are firstly the formulation of a dynamic Sobolev constant (a dynamic version of the
classical Sobolev constant given by Definition 2 on p. 96 in [22]) in our general
setting and a corresponding proof of a dynamic version of the celebrated Federer-
Fleming theorem (see Theorem 3.2 in [49] for the dynamic statement in the volume-
preserving, uniform density, flat manifold setting), which equates the geometric
Cheeger constant with the functional dynamic Sobolev constant. Secondly, we define

a generalised version of the dynamic Laplace operator constructed by equation (4)
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in [49]. In our general setting (see Section for details), this operator is
1
AW = 3 (D +HAH), (3.2)

where A, A, are weighted Laplace-Beltrami operators, weighted by ., v, respec-
tively. The operator H : L?*(M,m,pu,) — L*(N,n,v,) is defined by normalising
the transfer operator P : L'(M,V,,) — L'(N,V,,) via Hf = P(f - hu)/h, (previ-
ously defined in Section 4.1 of [48] in the flat, weighted manifold setting), where
hy, h, are the densities of p,, v, with respect to the volume forms dV,,,dV,,, and
H* is the adjoint of H. We will see later that H is simply composition with 71
and H* is composition with T. See Section for continuous time versions of
A% A related construction is considered in [9] from the point of view of heat flow,
where they search for a single metric for a Laplace-Beltrami operator, rather than
solving an isoperimetric-type problem, and follow ideas of [117] to consider flow in
Lagrangian coordinates and make connections to almost-invariant sets subjected to
time-dependent diffusion.

We prove a dynamic version of the well-known Cheeger inequality in our gen-
eralised setting (see [24] for the classic (static) Cheeger inequality and [49] for the
dynamic Cheeger inequality in the volume-preserving, uniform density, flat manifold
setting), which bounds the Cheeger constant above in terms of the dominant non-
trivial eigenvalue of A%" f = \f (with natural Neumann-like boundary conditions).
Finally, we prove that

iy HeHe —1d)f

lim = =c- AW, (3.3)
where Id is the identity, H. is an e-mollified version of H (see (3.43))), used to compute
finite-time coherent sets in [48] and c is an explicit constant. Because singular vectors
of H,. (eigenvectors of H:H,) are used in [48], and eigenvectors of A%™ are used in
the present work, this result shows that in the small perturbation limit, the purely
probabilistic constructions of [48] coincide with the purely geometric constructions
of 3.2

This chapter is arranged as follows. In Section we provide relevant back-
ground material from differential geometry. Section describes the dynamic
isoperimetric problem on weighted Riemannian manifolds and states the dynamic
Federer-Fleming theorem. Section details the dynamic Laplace operator on
weighted manifolds and states the dynamic Cheeger inequality. In Section (3.4} we
state the convergence result . Section contains illustrative numerical ex-
periments and most of the proofs are deferred to Appendix [B] In comparison with
[49], Theorem [3.2.4] [3.3.3] [3.3.4] and [3.4.1] in this chapter generalise, respectively
Theorems 3.1, 4.1, 3.2 and 5.1 in [49)].
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3.1 Primer on differential geometry

Let M be a compact, connected r-dimensional C'**° Riemannian manifold. We denote
the boundary of M by OM. If OM is non-empty, then we assume that OM is C*.
We are interested in tracking the masses of the » and » — 1 dimensional subsets of
M as this manifold is transformed by a general smooth dynamical system. We now
give a brief introduction of the key tools in differential geometry for performing the
above task; additional details are provided in Appendix [B.2]

Recall that to compute the r-dimensional volume of the objects in M, one consid-
ers a metric tensor on the tangent space 7T, M at the point x € M. In particular, the
Riemannian metric m on M associates each point x € M with a symmetric bilinear
form m(-,-), : T.M x T,M — R, yielding a volume form w], on M (see Appendix
for more details). The differential r-form w], defines an r-dimensional volume
measure on any measurable subset U C M by V,,(U) := [, w/,. To describe the
mass distribution of the objects in M, we consider a weighted Riemannian manifold
(M, m, u,), where p, is an absolutely continuous probability measure with respect

to V,; that is, there exist h, € L*(M, V},) such that

ur(U)Z/durz/hu-w%>
U U

for all measurable U C M, and u,(M) = 1. Since any subset of M with p, measure
zero has no physical impact, without loss of generality we assume that the density
h,, is uniformly bounded away from zero.

Let (N, n,v,) be another weighted Riemannian manifold, where NNV is a compact,
connected r-dimensional C'* Riemannian manifold, n the Riemannian metric on /V,
and v, an absolutely continuous probability measure with respect to V,,. As before,
we shall assume that the density h, of v, is uniformly bounded away from zero.
Consider a general dynamical system 7" : M — N that acts as a C'*°-diffeomorphism
from M onto N. For the purpose of modeling physical processes, we assume that no
mass is lost under transport; that is, the measure p, on M is transformed under the
action of T to v, := p, o T~!. Because the densities hy, h, are uniformly bounded
away from zero, v, = pu, o T~!, and T is a diffecomorphism, the nondegeneracy of
the metrics n, m implies that the Jacobian associated with 7" must be uniformly
bounded above and away from zero (see Appendix . We emphasise that n is
not necessarily the pushforward of m, and that T is not an isometry from (M, m)
to (IV,n) in general.

Let TM denote the tangent bundle of M; that is, TM = Uzep{x} X T.M. A
vector field V on M is a section of the bundle 7 M; that is the image of x € M
under V is the tangent vector V, € T, M. For k > 1, we denote the space of k-times
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continuously differentiable vector fields on M by F*(M). For a pair VW € F*(M),
one can view m(V,W) : M — R as a C* function on M given by m(V, W)(z) =
m(Ve, Wy). for all x € M. Denote by 7*M the dual bundle of 7M; that is the
cotangent bundle T*M : Upep{x} x T,)M, where T,*M is the vector dual of T, M.
The covector fields on N are sections of the bundle 7*M.

It is practical to associate the diffeomorphism 7" : M — N with the linear tangent
map T, that takes vector fields on M to vector fields on N, which we now define. Let
o: 1 (—€,€) = M be a family of parameterised curves in M, with ¢,(0) = x € M.
Suppose for each € M that V, € T,M is tangent to the curve o, at x. The action
of V, on a differentiable function f at each point x € M is defined to be the number

Ifoo,)|
ot ’

t=0

fo|w = (3.4)

that is V, f |x measures the initial rate of change of f along a curve with tangent V),
at the point x. The local pushforward map (7%)., : TooM — Trz, N is defined at a
fixed point zp € M as

[(T*>$0V$0]9’Two = Vi, (g ° T)|m07

for all ¢ € C*(N,R). The collection of local pushforward maps define a linear
tangent map T, : F*(M) — F*(N) via

(TV)g)(T) = [(T2)aVilgl . (3.5)

for all z € M, and g € C*(N,R).

Next, we define the linear cotangent map 7™ that takes covector fields on N to
covector fields on M as follows. Given a vector field ¥V on M, the action of V on a
differentiable function f on M is a function Vf : M — R given by Vf(z) := V, f }x
By the duality of the tangent and cotangent spaces, the cotangent vector fields are
differential 1-forms df that map vector fields on M to functions on M via df (V) =
Vf. The cotangent mapping on differential 1-forms is defined by

[T*(dg)]V :=dg(T.V) =V(goT) = (T.V)g, (3.6)

for all V € F*(M) and g € C*(N,R). One can associate the cotangent mapping 7"
with an exterior product of p-forms, 1 < p < r (see Appendix [B.2.1)). In particular,
since the metric tensor n is a symmetric 2-form on F*(N), one defines the pullback

metric of n by
Tn(Vi, Vo) () == n(TV1, T.Vs)(T'x), (3.7)

for all vector fields Vi, V, on M, and each point x € M; that is, the pullback metric
T*n is defined in such a way that T is an isometry from (M, T*n) to (N,n).
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To compute the co-dimension 1 volume of r— 1 dimensional subsets of (M, m, u,)
and (N,n,v,), one uses the induced Riemannian metric. Suppose I' is a compact
C*° co-dimension 1 subset of M. The embedding ® : [' — M induces a Riemannian
metric on I' via the pullback metric associated with ®; that is ®*m is the induced
metric on I'. Let w’~! denote the (r — 1)-dimensional volume form corresponding
to the induced metric ®*m (i.e. w" ! = w;., ). To describe the distribution of mass

on I', we define the (r — 1)-dimensional measure p,_; on M by

pea(D) o= [ by (3.5)

where h,, is the density of p,; the measure p,_; captures the mass distribution on I'
via h,. Similarly, the co-dimension 1 mass distribution on a C*°, compact subset of
N is captured by the r—1 dimensional measure v,_; via the density h,, of v,.. We now
provide an example to demonstrate that the u,_; measure on certain hypersurfaces

can be significantly increased under the action of a transformation 7.

3.1.1 Shear on a two-dimensional cylinder

Let M = [0,4)/ ~ %[0, 1] be a 2-dimensional cylinder in R? where ~ is identification
at interval endpoints; that is, M is periodic in the first coordinate with period 4. The
Riemannian metric e on M is given by the Kronecker delta d;;, so that the volume
form w? on M is w?, = dz;dzy. To form a weighted Riemannian manifold (M, e, us),
we set the density h, of ps to be a positive and periodic function h,(xq1,22) =
£ (sin(may) +2).

Consider the hypersurface I' = {z € M : x; = 1.5,3.5}; we choose this surface
because it is the solution of the classical “static” isoperimetric problem defined
by minimising without the second term in the numerator. The curve I' is
two vertical lines on M that pass over regions with minimal density %, as shown
in Figure [3.1a] One can compute 4;(I') analytically by noting that the induced

Riemannian metric on I' is given by dz,; thus

1 1
Ml(r):/ hu(1.5,x2)dx2+/ hu(3.5,25) dirs — 0.25.
0 0

Let us now apply the following transformation to M,

h(2z,) — 1
T(z1,22) = (351 + %,332) )

where the first coordinate is computed modulo 4. The map 7' is a nonlinear horizon-

tal shear. The hypersurface I' is transformed to TT under the action of T" as shown
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Figure 3.1: Deformation of 2-dimensional cylinder under nonlinear shear 7. (a)

0.5 1 15 2 2.5
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Colours are values of h,, and black lines are the hypersurface I'. (b) Values of
h,oT™! and TT.

in Figure m The shearing magnitude (cosh(2z5) — 1)/2 is chosen to simplify
the analytical computation of v (TT). It is easy to verify that T is area-preserving.

Since T is area-preserving and vy = g 0o T 1, one has

/ h,,dl'ldl'gz/ hudxldxzz/ hy, o T dzidz,,
™ M T™

which implies h, = h, o T in this example.

To compute the v; measure on TT, we parametrise the curve TT by TT' =
(0c(s),s) for s € [0,1], where o.(s) = ¢+ %, for ¢ = 1.5,3.5. Furthermore,

by using the fact that h, = h, o T, one has

fu(e(s), ) = hule,s) = %

1
o)
c=1.5,3.5 8

for all ¢ € [0, 1]. Therefore

2

0035 - h, (03.5(8)75) ds

5s ()

1%} (TP)
1

1
:/ v
0
! 5015
1+ -
Lyl
1

/ 1 + sinh?(2s) ds = 0.4534.
0

S

8;1.5 (S)r ~hy(015(5), 5) ds + /01 \/1 ’

2
ds

2
8
2
8
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Thus the v; measure of TT is almost double that of the p; measure of I'. Cor-
respondingly, the numerator in (3.9) will be undesirably large. In Section we
show how to use our new machinery to find an improved choice for I' that takes into

account both the weight h, and the dynamics of T'.

3.2 A dynamic isoperimetric problem on weighted

manifolds

Our goal is to detect Lagrangian coherent structures on the weighted Riemannian
manifold (M, m, u,); i.e. subsets of M that resist mixing with the surrounding phase
space by having persistently small boundary size to internal size. Following [49], we
introduce a version of the dynamic isoperimetric problem, generalised to the situa-
tion where the dynamics need not be volume preserving, and occurs on a possibly
weighted, possibly curved manifold.

Let I be a compact C"*°-hypersurface in M that disconnects M into two disjoint
open subsets M; and My with M; UT' U My = M. To begin with, we model the
dynamics as a single iterate of T. The subsets M; and M, are transformed into
Ny :=T>M; and N5 := T'M,, with TT the disconnecting surface separating N; and

N5 in N. Consider the following optimisation problem:

Definition 3.2.1. Define the dynamic Cheeger ratio Hj'\ljm by

pr—1 (') + v, 1 (TT)

HPM 1) = = : 3.9
) = S wwing, (001). 1, (O] 39

The dynamic isoperimetric problem is defined by the optimisation problem
H{y" = inf (3" (1)}, (3.10)

where I varies over all C'*°-hypersurfaces in M that partition M into M = M; U
' U M5. The number H‘]i\f’[” is called the dynamic Cheeger constant.

Note that by the definition of v,., one has pu,.(M;) = v,.(Ny) and u,(Msy) = v,.(Ny).
Importantly, one does not have p,_1(I') = v,—1(TT) in general, because n is not
necessary the pushforward of m (see also the direct computation in Section .
Thus, one could rewrite as

_ fr—1(T) X vr—1(1T)
2min{ (M), (M)} 2min{v, (T M), v,.(TMa)}

H™(T) (3.11)

By searching over all C*°-hypersurfaces I in M to minimise H]C\l}’" (T"), the first ratio
term of (3.11)) attempts to minimise mixing between the subsets M; and M, across
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the boundary I', through the mechanism of small co-dimensional 1 mass p,—1(I")
at the initial time, and small co-dimensional 1 mass v,_1(7T) at the final time.
Having a persistently small boundary is consistent with slow mixing in the presence
of small magnitude diffusion, and is also consistent with measures of mixing adapted
to purely advective dynamics such as the mix-norm [87] and negative index Sobolev
space norms [I18]. The reason for the constraint min{u, (M), u.(Ms2)} is to ensure
that M; and M, found, both have macroscopic r-dimensional mass to avoid trivial
solutions. Thus, the optimal solution for (3.10)) is a C*°-hypersurface that represents
an excellent candidate for a Lagrangian coherent structure, in the sense that the
corresponding subsets M; and M, are able to retain their resistance to mixing in
the presence of the prescribed dynamics 7.

To see why this problem is a truly dynamic problem, consider the 2-dimensional
flat cylinder [0,4)/ ~ x[0, 1] described in Section [3.1.1] The hypersurface T' = {z €
M : xy = 1.5,3.5} partitions M into two disjoint subsets M; = (1.5,3.5) x [0, 1] and
M, =10,1.5) x [0,1] U (3.5,4) x [0, 1], forming the partition M = M; UT'U M,. It is
straightforward to calculate ps(M;) = puo(My) = 0.5. We note that I' is optimally
minimising for the first ratio term of ; thus mixing is minimised between M;
and M,. However, under the action of 7', the v; measure on TT is almost doubled
(from 0.25 to 0.4534). Thus, the sets M; and M, are not able to maintain their
resistance to mixing, and therefore are poor candidates for Lagrangian coherent
structures (LCSs).

3.2.1 Multiple discrete time steps and continuous time

The “single iterate” problem described above can easily be extended to multiple
discrete time steps or continuous time. Let {(M?* m' ut)};_; be 7, r-dimensional
weighted Riemannian manifolds, where each M, M2, ..., M™ is C*, compact, and
connected. For each 1 < ¢t < 7, define co-dimension 1 measures p’. ; on M' via
the densities hz of each pl analogous to . Let us now consider a composition
of several maps Ti,Ts, ..., T, 1, such that Ty(M?') = M'™ and pf = pl™ o T, for
t =1,2,...7 — 1. Denoting T = T,0---0ThoTy, t =1,...,7 — 1 and with
T© the identity map. These maps might arise, for example, as 7-time maps of a
time-dependent flow. If we wish to track the evolution of a coherent set under these
maps, penalising the boundary of the evolved set T™(I") after the application of

each T;, then we can define

£ A (TOT)

Hul) = gl ), (31}

(3.12)
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and consider the time-discrete dynamic optimisation problem
Hj, = irrlf Hy, (1), (3.13)

as a natural generalisation of H%”.

In continuous time, we consider an evolving Riemannian manifold M (t), t € [0, 7]
under a (possibly time-dependent) ODE & = F(z,t), where F(z,t) is C* at each
x € M(t); i.e. the initial manifold M (0) is transformed under the smooth flow maps
T® : M(0) — M(t) arising from F for each t € [0,7]. We denote the Riemannian
metric on M(t) by m!, and define absolutely continuous probability measures p’
on M(t) for each t € [0,7]; one has an evolving weighted Riemannian manifold
(M(t),m', ut). Note that the metrics m’ need not be related for different ¢. For all
t €10,7], we assume p = pf o T® on M(t). Define

L [Tt (TOT) dt

oIy = rJo -l : 3.14
)= il (M (0)), i (M5(0))) 34

and
HT = inf a1, (3.15)

. . . . d
as a time-continuous generalisation of H{/".

3.2.2 Dynamic Federer-Fleming theorem on weighted man-
ifolds

Our first result on dynamic isoperimetry is the dynamic version of the Federer-
Fleming theorem, which links Hﬁ" with a function-based optimisation problem.
The gradient of f € C*'(M,R) denoted by V,,f is a vector field satisfying

m(Vinf, V) =Vf, (3.16)

for all V € F¥(M). To track the transformation of a function in L'(M,V,,) under
T, the standard tool in dynamical systems is the Perron-Frobenius operator P :
LY(M,V,,) = L'(N,V,) given by

/Ph~w;:/ e, (3.17)
U T-1U

for all measurable U C N. For a point-wise definition of P, see (B.22) in the
appendix. Recalling h, € LY(N,V,) is the density of v, with respect to w”, , and the
fact that v, = u,, o T71, one has

/Phﬂ-w:;:/ h,-wh = u.(T'U) = v,(U) :/ hy - w;, (3.18)
U T-1U

U
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for all measurable U in N. Therefore, h, = Ph,. We define the pushforward
operator H : L*(M,m, u,) — L*(N,n,v,) (from [48]) by

Hf = w (3.19)

Lemma 3.2.2. The operator H : L*(M, m, u,) — L*(N,n,v,) is well defined, may
be expressed as Hf = f o T, and has adjoint H*g = goT.

The proof of this result is given in the Appendix (see Lemma [B.2.4)). Following

[49], we define the dynamic Sobolev constant:

Definition 3.2.3. Define the dynamic Sobolev constant s®" by

. ; 3.20
f 21nfa€]R fM’f_a|md,ur ( )

S

where f: M — R varies over all C* functions on M, and H is given by ({3.19)).

The dynamic Sobolev constant s%" defined above admits the following geometric
interpretation: consider the numerator of s%", one can show (by Lemma in
the appendix) that

| 1%nsindn = | Z por(Lf = B} dt,

and,

/ VA f iy = / ({1 = ) dB.
N [e%)

_ / T (T{f = 8Y) dB,

where the final equality is due to Lemma [3.2.2] Furthermore, there is a deep con-

nection between s®" and the dynamic Cheeger constant Hjl\g”. One has

Theorem 3.2.4 (Dynamic Federer-Fleming theorem). Let (M, m,u,) and
(N, n,v,) be weighted Riemannian manifolds, where M and N are C*, compact and
connected. Let T : M — N be a C™ diffeomorphism, with v, = pu, o T~1. Assume

the density of p, is C*° and uniformly bounded away from zero. Define Hﬁl\gn and

s by (3.9) and (3.20) respectively. Then
st = HIY". (3.21)

Proof. The inequality s®" > ng” is a straightforward modification of the corre-

sponding result in [49]. The other direction is deferred to the appendix. ]
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Furthermore, in the notation of Section [3.2.1 one can define the continuous time-

step dynamic Sobolev constant for continuous-time dynamics by

[0,7] . %IOT (fM(t) |thf|mt dﬂli) dt
st =1n -
7 infa [y 1 = almo dpa

(3.22)

Again by the linearity of our construction, it is straightforward to obtain a dynamic

Federer-Fleming theorem for continuous-time dynamics; that is
sl = g7, (3.23)

The proof is obtained by a straightforward modification of the proof of Theorem
3.2.4] analogous to the continuous-time modification in the proof of Corollary 3.3 in
[49].

3.3 The dynamic Laplace operator on weighted

manifolds

In this section, we further develop the theory of dynamic isoperimetry established
for R” in [49], to obtain results that hold on weighted, non-flat Riemannian mani-
folds (M, m, ) for non-volume-preserving dynamics. More precisely, we define the
dynamic Laplace operator and state and prove dynamic versions of Cheeger’s in-
equality. The dynamic Laplace operator will be the key object in the computation

of solutions of the dynamic isoperimetric problem.

3.3.1 The dynamic Laplace-Beltrami operator

Classical isoperimetric theory has deep connections with the Laplace-Beltrami oper-
ator (see [17, 22, R0, [90]). It is well known that one can recover certain geometrical
information about a manifold M from the spectrum of Laplace-Beltrami operator
[101), [105]. In this work, our domain of interest is a weighted Riemannian manifold
(M,m, p,). The dynamics T" maps M onto N = T'(M). The geometric properties of
N can be drastically different to M, and we are motivated to construct an operator
on (M, m, p,) whose spectrum reveals important geometric structures on both M
and N.

For an unweighted Riemannian manifold M, the standard Laplace-Beltrami op-
erator is defined as the composition of the divergence with the gradient [22]. Let
U C M be open, with C* boundary OU and unit normal bundle n along U i.e.
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for W € F*(0U), m(W,n)(z) = 0 for all z € U. The divergence of V € FY(M),

denoted by div,,V is a function satisfying

/divmv-w; ::/ m(V,n)-wi (3.24)
U ouU

for all open U C M. The Laplace-Beltrami operator acting on a function f €
C?*(M,R) is defined by A, f := div,,(V,.f), where V,, is as in (3.16)).

Recall that in the setting of a weighted Riemannian manifold (M, m, ), if by, is
the density of u,, then when computing weighted volumes, the volume form w;, is
scaled by h,, at each point in M. According to the definition , the gradient does
not depend on the weight h,, because the metric m is independent of h,. However,
the divergence given by does depend on h, because it is defined in terms of
w!.. We define the weighted divergence div, of a’ V € F*(M) for (M, m, u,) by

1
div,V := —div,,(h,V), (3.25)
hy
where the density h, of p, is assumed to be C'(M,R). Note that by (3.24))

/(divHV)-h#w:n:/divm(h#V)w:n:/ m(h,V,n)-wh :/ m(V,n)-hwh
U U oU ou
(3.26)
Hence, the definition ([3.25]) for weighted divergence is analogous to the unweighted
version ((3.24)).
Now as a consequence of (3.25) and the well-known fact that div,,(h,V) =
div,,(V) + m(Vh,, V) (see e.g equation (13) p.3 in [22]), one has the following

definition for the weighted Laplacian on a weighted Riemannian manifold (M, m, p,.):

m(Vhu, Vi f)

h, ’
for all f € C?(M,R). Analogous to , one forms the weighted Laplacian A,
on N with respect to the metric n and density h, for the weighted Riemannian
manifold (N, n,v,).

We now describe the construction of the dynamic version of A, where we push

(3.27)

Auf =div, (Vi f) = hidivm(huvmf) =0 f+

forward and pull back functions between L?(M,m, p,) and L?(N,n,v,) by using H
(3.19) and its adjoint H*.

Definition 3.3.1. Assume the density of y, is C'(M,R). Define the dynamic Lapla-
cian A% . C*(M,R) — C°(M,R) by

1
A= Q(A# +HAH), (3.28)
where the weighted Laplacians A, A, are given by (3.27), and H is as in (3.19)).
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The first term in the RHS of is the weighted Laplacian A, on f €
C?*(M,R). The second term pushes f forward by H to the function Hf. This
is then followed by the application of the weighted Laplacian A, to the function
Hf. The weighted Laplacian A, provides geometric information on the weighted
manifold (N, n,r,). The result is finally pulled back to a continuous function on
M via H*. For example, consider the familiar setting of (M, e, (), where M is an
open subset of R”, with ¢ the Lebesgue measure on M and e the standard Euclidean
metric (i.e. on each point in M, e;; = ¢;; for all 1 < 4,5 <r). T : M — N is
volume preserving, then in the standard Euclidean coordinates {xz;}/_, for M, and

{yi}i_, for N, one has

I~ (0*f O*foT™Y
Ly - T

! 2;(81‘?+ o )
for all f € C*(M,R); i.e. A%" is precisely the definition of the dynamic Laplacian

in [49] (where it is denoted by A).
Corollary in the appendix provides an alternate representation of A%":

Adynf —

(Do + H OGH) f+ % (m(thy, Viuf) | 1(Vahy VuH ) 0 T) |

h’# huoT

N | —

(3.29)
The effect of the densities h,, h, is completely captured by the terms in the second
parentheses of (3.29). Finally and importantly, we have

Proposition 3.3.2. The operator AY" may be represented as
dyn 1
AW = §(AM + ) f, (3.30)

where Ay is the weighted Laplace-Beltrami operator on M defined by (3.27)) with
respect to the metric T*n and density H*h, = h, o T.

For the proof, see Corollary in the appendix. We briefly discuss some
special cases of Proposition [3.3.2l If (M, m) = (N,n), then Aj; in (3.30) is the
weighted Laplace-Beltrami operator on M with respect to the metric 7*m and
density H*h, = ‘de}i—“JT‘,
B.7). It N =T(M) C R* m =n = e, and T is volume preserving, then Aj;

is the Laplace-Beltrami operator on M with respect to the metric T%e and density

where Jr is the Jacobian matrix associated with 7' (see

H*h, = hy,. Finally, if h, =1 (uniform density) and 7" is volume preserving, one is
in the setting of [49], and A in (3.28)) is the unweighted Laplace-Beltrami operator

with respect to the metric T*e.
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3.3.2 Continuous time

We now describe a time—continuou version of (3.28). Let (M(t),m',ut) be an
evolving weighted Riemannian manifold as in Section with flow maps 7®) :
M(0) — M(t) arising from a (possible time-dependent) ODE & = F(z,t), where
F(x,t) is C* at each © € M(t). We define a time-continuous Perron-Frobenius
operator P 1 LY(M(0),u0) — LY(M(t), ut) by Jarw POf . wr, = Jory F o Wio
for all t € [0,7]. One now has the time-continuous pushforward operator H® :
LA(M(0),m°, uf) — L*(M(t),m", ut) given by

PO 1)
)¢ ._
HYf = IOV (3.31)
for all ¢t € [0, 7], where h is the density of the initial measure 0.
Define the time-continuous generalisation of A" as
1 [ ¥
AP =~ / (HY) 2 HO £t (3.32)
T Jo

where A, ; is the weighted Laplacian given by (3.27), with respect to the metric m’

and measure p! for each ¢t € [0, 7]. Furthermore, by a straightforward modification

of Corollary in Appendix [B] one has
(’H(t))*Au,{H(t) — Aﬁ,ta

for each t € [0, 7], where A, is a weighted Laplacian on M defined by (3.27) with
respect to the metric (7®)"(m!) and density P®h o T, Hence, one may express

(3-32) as
1 T
Al — - / N f dt. (3.33)
0

3.3.3 Spectral theory and a dynamic Cheeger inequality on

weighted manifolds

In standard isoperimetric theory for a compact, connected Riemannian manifold M,
one may use the spectrum of the Laplace-Beltrami operator A\,, to reveal geometric
information about M. Variational properties characterise the spectrum of A, (see
e.g. p.13 in [22] or p.210 in [88]). Extensions of these variational properties, which
carry dynamic information, can be developed for dynamic Laplacian on a compact
subset of R", under volume-preserving dynamics as in Theorem 3.2 in [49]. Here, we
generalise Theorem 3.2 in [49] to weighted, non-flat Riemannian manifolds, subjected

to non-volume-preserving dynamics.

2The time-discrete version of (3.28)) is constructed similarly compared to the time-continuous

version.
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Theorem 3.3.3. Let (M, m, p,.) and (N,n,v,) be weighted Riemannian manifolds,
where M and N are C*, compact and connected. Let T : M — N be a C*-

diffeomorphism such that v, = p, o T-'. Define A%" and T*n by (3.28) and (3.7)

respectively. Consider the eigenvalue problem
AW = g, (3.34)

with initial Neumann-type boundary condition
m([Vim + Vo, n), =0, Ve dM, (3.35)

where m is the normal bundle along OM. Assume the density of p, is C* and

uniformly bounded away from zero.

1. The eigenvalues of AW™ are nonpositive, real, and form a decreasing sequence

0=XA > X > XA3> ... with \y, = —0o0, as k — oo.

2. The corresponding eigenfunctions ¢1,¢g, ... are in C(M,R), the eigenfunc-
tion ¢y is constant, and eigenfunctions corresponding to distinct eigenvalues

are pairwise orthogonal in L*(M,m, u1,).

3. Let (-,-), denote the inner-product on L*(M,m,u,), and | - |m = /m(-,-)
the norm on tangent spaces induced by the metric tensor m. Define F° =
L*(M,m, p,) and F* :={f € L*(M,m,pu,) : {f,¢:), =0 for i =1,...,k}, for
k=1,2,..., then

[if |V f 120 dpe + [ [VuH 2 du,

Ay = — inf 3.36
: felgk—l 2 [, [2du, (3.36)
Vol 12, + Vren fl7e,) dir
g LTl Bt IVt ) die a
sanf 2 I Pl

where H is given by (3.19). Moreover, the infimum of (3.36) is attained by
[ = ok

Proof. See Appendix [B] O

Equation shows that the eigenvalues of A%" take on larger negative values
when |V, f| is large with respect to u, and |V, H f|, is large with respect to v,.. To
obtain Ay close to zero, one needs f and H f to have low gradient, and particularly
in regions of high u, and v, mass, respectively. Compare this to ,
and , which make connections with level sets of f and the pushforward Hf.
Another way to state that Ay is close to zero is to say that one needs the level

sets of f and Hf to be not large with respect to p,—; and v,_;, respectively. This
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probably means a combination of not being large according to w’, ! and w’~! (e.g.

if M is two-dimensional, the level sets are generally a small number of short curves
produced by an f which is not very oscillatory), and avoiding high density areas of
(M, m, u,) and (N,n,v,).

The following theorem provides an upper bound on how bad (how large) the
average size of an evolving boundary I' can be; it bounds above the geometric
quantity Hﬁg" in terms of Ay, the first nontrivial eigenvalue of A%". The classical
“static” version of this result, due to Cheeger [24], can be intuitively described in
terms of heat flow. Consider heat flow (generated by the Laplace operator) on a
solid dumbbell in two dimensions with a narrow neck. By initialising “positive heat”
on one side of the dumbbell and “negative heat” on the other side, the rate at which
the heat flow equilibriates will be slow because of the narrow neck. The eigenvalue
Ay will be close to zero because of this slow equilibriation. Of course, the narrow
neck means that it is possible to very cheaply partition the dumbbell M into two
pieces My, My, with I' cutting across the neck. Cheeger showed that a small Ag
implied a small H(Ji\f’[" (a cheap way of disconnecting M). Theorem injects
general nonlinear dynamics into these ideas, and extends Theorem 3.2 of [49] to
weighted manifolds and non-volume-preserving dynamics. In terms of heat flow, we
are effectively averaging the heat flow geometry across the time duration over which

our dynamics acts.

Theorem 3.3.4 (Dynamic Cheeger inequality). Let (M, m, u,) and (N,n,v,)
be weighted Riemannian manifolds, where M and N are C'*°, compact and connected.
Let AW and H]‘\i}” be defined by (3.28) and (3.9)) respectively. Assume the density

of p, is C'*° and uniformly bounded away from zero. If \g is the smallest magnitude
nonzero eigenvalue of the eigenproblem (3.34)-(3.35) with eigenfunction ¢o, then

Hy" < _inf H" ({62 = 8)) <2V A, (3.38)
Proof. See Appendix [B] O

By the linearity of our construction with respect to time, it is straightforward
to use variational properties to characterise the spectrum of A7 (see (3.33))) as in
Theorem [3.3.3. Moreover, by a modification (see Appendix for details), one

can obtain a continuous-time dynamic Cheeger inequality

HY < 24/ AP

where )\go’T] is the second eigenvalue of A% defined in 1) Consequently, one
can find good solutions to the continuous-time optimisation problem (3.15) by a
process identical to that outlined in Algorithm [3.1] below.
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Theorem [3.3.3] and Theorem [3.3.4] suggest the following dynamic spectral par-
titioning strategy: Let (M, m, u,) be a weighted Riemannian manifold. Suppose
one wishes to find a C'*° co-dimension 1 surface I' in M, such that I' partitions
M = M;UT'U M, and the dynamic Cheeger ratio Hﬁ"(l“) given by (3.9), (3-12), or
is small. Instead of searching over all possible smooth co-dimension 1 surfaces
in M to find the optimal solution for , one can consider a significantly smaller
collection of C* co-dimension 1 surfaces generated by the eigenfunction ¢-, and
still find a good solution to (3.10)). This is the content of Algorithm which is

standard in manifold learning and graph partitioning, and is also used in [49] [51].

Algorithm 3.1: Dynamic spectral partitioning

1 Given a weighted Riemannian manifold (M, m, p,) and a single iteration of
transformation 7" on M, form the weighted Laplacian A, are as in

2 Solve the eigenvalue problem A®"¢py = Aoy, where )y is the first non-trivial
eigenvalue of A%" with corresponding C*°(M) eigenfunction ¢.

3 For each f € [min ¢y, max ¢,|, partition M into M = Mlﬁ uT?u MQ”B via
MP ={xe M: ¢y(x) < B}, MY = {x € M : ¢5(x) > S}, and the C*
hypersurface '’ = {z € M : ¢o(x) = 3}.

4 Compute H]C\l}[m(l“ﬁ ) for each § € [min ¢, max ¢»] and extract the optimal [y;

the hypersurface I'* is an approximate solution to the dynamic isoperimetric

problem (3.9)).

Remark 3.3.5. Algorithm can be extended to multi-element partitions if one is
searching for multiple coherent objects. Early transfer operator based methods (e.g.
[32, B34]) proposed the use of a numerical spectral gap as a heuristic for determining
the number of almost-invariant sets; that is, a gap between Ay and A\,.; indicates
that k is a natural numbeif] of almost-invariant sets to search for. This idea is
commonly used in the transfer operator community and is equally applicable to
finite-time coherent sets [48] (where one would look for a gap in the singular value
spectrum) and to the dynamic Laplace operator [51]. Such a heuristic has also been
used for eigenvalues of (static) Laplace-Beltrami operators and their discrete graph-
based counterparts in manifold learning (see e.g. the review [84]), where it is called
the eigengap heuristic. Once an estimate of a natural number k£ > 1 of coherent

objects has been determined in this way, one embeds the eigenfunctions ¢s, . . ., ¢ri1

3In settings where there is a good functional analytic setup for the transfer operator P, one
defines the number of almost-invariant (resp. coherent) sets as the number of eigenvalues (resp.

Lyapunov exponents) outside the essential spectrum [31] (resp. [55]).

20



Chapter 3

in k-dimensional Euclidean space, as per e.g. [110]). One can then employ standard
clustering methods to identify k£ + 1 distinct coherent objects My, ..., My, 1. In the
case of weighted manifolds, the balancing of the u, measures of the sets My, ..., M,
is important. This could be achieved by, for example, weighted fuzzy clustering,

analogous to the algorithm in [47].

3.4 Geometry and probability: linking finite-time

coherent sets with dynamic isoperimetry

We demonstrate that the probabilistic approach for identifying coherent structures
in [48] is tightly connected to the dynamic Laplacian given by , extending
Theorem 5.1 of [49] to the non-volume-preserving, weighted manifold setting. Let
(M, e, ) and (N,e,v,) be weighted Riemannian manifolds, where p,., v, are abso-
lutely continuous probability measures with respect to the Lebesgue measure /., e
the Euclidean metric, and M a compact, r-dimensional subset of R". In [48] (see
(3-40)-(3.43) below for the corresponding treatment in (M, m, p,)), one applies lo-
cal diffusion on M, by locally averaging the functions in L'(M, ¢) via the operator
Dx.: LYX,t,) = L*(X., (), where X C X, C R". By composing Dx . with the
Perron-Frobenius operator P, one obtains an operator P, that applies local diffusion
to X before and after the application of dynamics. Furthermore, it was shown in
[48], that by normalising P., one obtains an operator H,. : L*(X, u,) — L*(X/,v,),
where X and X! are subsets of R"; the operator H, applies diffusion and advection
to the weighted space (M, e, i), where e is the Euclidean metric on R". Finally, it
was shown in [48] that the leading sub-dominant singular vectors of the operator H.
correspond to finite-time coherent sets.

Theorem 5.1 in [49] states that if 7" is volume preserving and ¢, = p, = v, then

P (A —1d)f

e—0 52

(z) = %(Ae + P AP)f(x), (3.39)

for all z € M C R", where P* is the adjoint of the Perron-Frobenius operator
P with respect to the standard inner-product (-,-).; namely composition with 7T
(the Koopman operator), and H? is the adjoint of H,. with respect to a weighted
inner-product (see below).

In the following, we first generalise the above constructions to a weighted Rie-
mannian manifold setting. We then improve the point-wise convergence (3.39) to a
uniform convergence over all f € C*(M,R). Let E,(x) denote the Euclidean ball,

centered at x with radius p. Define ¢ : RT — R with support in the open interval
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(0, 1), such that for any vector v =v — 0 = (vy,v9,...,v,) € R"

/ vz-vjq<\v|2>de<v>:{ A (3.0)
E1(0) C

ifi=y

for some fixed constant ¢, and the integral is over all unit vectors in R" centered
at the origin. For € > 0, let Qc(z,2) = e /?q(dist,,(z,2)/v/€) be a family of
functions, where dist,, is the Riemannian distance function on M with respect to
the metric m. For open subsets X C X, C M and each € > 0, define the diffusion
operator Dx . : LY(X,V,,) = LY (X, V,,) by

Dy f(z) = /X Qe (2. 9) £ () - (1), (3.41)

for all # € M. If necessary we rescale ¢ so that for e sufficiently small Dx Zx = Zx_,
where Zy : M — {0,1} is the characteristic function. In particular, we assume
lim,_,¢ fo v)dv = 1. One can interpret Dx . as a mollifier on f, that averages f
at the point z € X over the e-neighbourhood of x according to the distribution q.
Similarly for Y/ C Y. C N we define a local diffusion operator Dy, : L' (Y!,V,) —
LNYe, Vo) by Dyyof () = [y Quel, 9) F(y) - wp (y)-

Recall the deﬁmtlon of the Perron-Frobenius operator P given by . Set
Y! = TX,, one has an advection-diffusion process between L'(X,V;,) and L*(Y,, V,,),
given by the following diagram:

Dy
LMX, V) 25 LNXL, V) D LMY, V) 255 LMY, V). (3.42)
We form P, : L'(X,V,,) — LY., V,) according to (3.42)) via the composition
P.f := Dy:coPoDx,f. Normalising P, yields the operator

PE(f ) hu)

Hef(y) == 7
ey

_ /X () f () dpn (), (3.43)
where

L. Que, T2)Qum (2, 2) -
S ([, Qne, T2)Qme(z,) - wi(2)
(x

Let h,, = Pch,, and define v, := dh,_/dV,. If k(x, y) e LA(X
H.: L(X, py) — L*(Ye,v) is compact (by Lemma 1 in [48]).

By obvious modification of the arguments in [48], one can verify that the adjoint

?)

Ke(T,y) =
dp,(x

N—

X Ye, fty X V) then

operator H} : L*(Y,,v.,) — L*(X, ) is given by the composition
H;g=Dx oM oDy, g. (3.44)

Note that for small €, H Zx = Zy, and H:Zy, = Ix, the leading singular values H.
approaches 1 as ¢ — 0, with corresponding left and right singular vectors Zx and
Zy. (by Proposition 2 in [48]).
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By construction, with a suitable choice for ¢ the leading singular value of H, is
always 1, and the second leading singular vector of H, is used to partition X C M
into finite-time coherent sets in [48]. The operator H. applies local diffusion on
X C M, before and after X is transformed into Y, under the action 7. Similarly, the
operator ‘H! applies local diffusion on Y., before and after Y, C N is pulled-back to
X C M under T. Therefore, if X contains finite-time coherent sets (and Y, contains
their images), then there will be a tendency for the boundaries of these coherent sets
to be small both before and after advection in order to minimise diffusive mixing
through their boundaries. The reason for adding diffusion is to give compactness
of H. acting on L?, ensuring the singular values of H, close to 1 are isolated, and
to detect subsets of X and Y. that have small boundary both before and after the
application of T'; see Section 4 in [48] for details.

14

An interesting question is “what happens in the limit ¢ — 0?” The composition
H:H. is approximately the identity for small €, which appears to provide no dynam-
ical information. However, by subtracting the identify and rescaling by ¢, one can
extract the next term in an e-expansion of H*H.. The following result generalises
Theorem 5.1 in [49] for R to the case of non-flat weighted Riemannian manifolds;

subjected to non-volume-preserving dynamics.

Theorem 3.4.1. Let (M, m, p,.) and (N,n,v,) be weighted Riemannian manifolds,
where M and N are C*, compact and connected. Let T : M — N be a C*®
diffeomorphism. Assume v, = p, o T, and the density of u, is C3. Define A"
by , and H. and its adjoint H} by (3.43) and (3.44) respectively. There exists

a constant ¢ such that

He —1d
lim sup Gt —1)f c- AW f =0, (3.45)
O NI lles (ar <1 € CO(MR)
where the constant ¢ is as in (3.40)).
Proof. See Appendix [B] O

As in the analogous result for small magnitude diffusion presented in Theorem
5.1 [49], one now has a geometric interpretation of finite-time coherent sets con-
sidered in [48]. Due to Theorem [3.4.1] given e sufficiently small, the action of the
operator HH. — I is approximated by the action of the dynamic Laplacian A%",
Thus, one has a dual interpretation of finite-time coherent sets as defined proba-
bilistically in [48] to minimise global mixing (including now in the weighted, non-
volume-preserving situation), and as defined geometrically in [49] and the present

chapter using the notion of dynamical isoperimetry to force small boundary size
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under nonlinear dynamics. A similar result has also been proven in [9] for a slightly
differently defined A",

3.5 Numerical experiments

In this section we use Theorems [3.3.3] and [3.3.4] to compute solutions to the dy-

namic isoperimetric problem . Our examples will showcase Lagrangian coher-
ent structures on weighted domains with non-volume-preserving dynamics. To keep
the numeric simple, we do not explicitly model curvature and limit the dimension
in the examples to 2. However, numerical examples in 3 dimensions are complete
feasible. We consider 2-dimensional weighted, flat Riemannian manifolds (M, e, 1)
and (N, e, v,), where M and N are 2-dimensional compact subsets of R?, and e is
the Euclidean metric. We consider measures pp with smooth densities h, that are
uniformly bounded away from zero, and nonlinear dynamics 7' : M — N such that
vy = g 0 T71. Before we give the specific details on the 2-dimensional weighted
Riemannian manifolds (M, e, uo), (IV,e,v5) and the transformations 7', we outline
the numerical discretisation of the weighted Laplacian A" defined by and
the operator H. We have employed a very simple low-order method, but in principle

any standard operator approximation method can be used instead.

3.5.1 Numerical approximation for H and H*

To obtain a numerical approximation for H, we start with tracking the time evolution
of the density h, under T'. To achieve this, we numerically estimate the Perron-
Frobenius operator P using Ulam’s method [120]. We follow the construction of [58]:
partition M and N into the collections of small boxes { By, ..., B;} and {C4,...,C;}
respectively, and let T be the transition matrix of volume transport between the
boxes in M and boxes in N under the action of 7. Let 2z, k = 1,..., K, be K;
uniformly distributed test points in the box B;. We numerically estimate the entries
of T' by computing
 #Haig € Bi 1 T(zy) € Cj}.

T, = 3.46
= (3.46)

The matrix T is a row-stochastic matrix, where the (i,7)" entry estimates the
conditional probability of a randomly chosen point in B; entering C; under the ap-
plication of T. The connection between the matrix T' and the operator P is as
follows. Denote by 77 : L'(M, e, V,,) — span{Zp,,...,Zp,} and 05 : L'(N,e,v,) —
span{Z¢,, ..., Z¢,} the orthogonal Ulam projections formed by taking expectations

on partition elements. Define Py ; := 6; 0 P. One has P;; : span{Zp,,...,Zp,} —
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span{Z¢,, ..., Z¢,}, so that T' is the matrix representation of P ; under left multi-
plication.

We discretise the density h, of u, to a column vector u of length I, by setting
w; = pr(B;). If some sets B; have zero p,-measure, then we remove them from our
collection as there is no mass to be transported. We therefore assume that u; > 0 for
all @ =1,...1. To approximate the density h, of v,, we use the fact that h, = Ph,
(by (3.18)). Thus v = T'w is the numerical approximation of h,. We assume
v; > 0 (if v; = 0, then we remove the corresponding sets C; because they represent
v, (C;) = 0).

To numerically estimate ‘H given by , we use the matrix T and the vectors

u and v. In particular, the components of 0;(# f) are approximated by

(Hflj = M (3.47)

i=1 J

where f; are the components of the vector f := 7, f. Define the I x J matrix T by

Then is equivalent to 6;(Hf) ~ T'f; that is the matrix T under left
multiplication is the numerical approximation of H. To numerically estimate H*
from H, we note by definition (Hf,g), = (f, H*g),, for all f € L*(M,m, p,) and
g € L*(N,n,v,). Hence,

I

1 J 1 J
=1 j=1

i=1 =1 j=1

where [H*g]; and g; are the components of the vectors w;(H f) and ;g respectively.

Therefore, we have
J
[Hgli = ) Tyg;. (3.49)
j=1

The operator H* is numerically estimated by the matrix T under right multiplica-

tion.

3.5.2 Finite-difference estimate for A"

To numerically solve the eigenvalue problem A,f = Af on (M, e, i), we discretise
A\, using the second equality of (3.27); that is

1

Duf = T dive(,Vef). (3.50)
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In preparation for the numerical approximations for our 2-dimensional examples,
which will be a rectangle, cylinder or torus, we construct a K by L grid system
for M. Let (z1,72) be Euclidean coordinates on M. We cover M with I grid
boxes {B;}L_, of uniform size b,, x b,, (one can easily consider the more general
case of nonuniform box sizes), and re-index the boxes {B;}/_; to { By} 1<k<ri1<i<r,
indexing the x;-direction with k, and the xs-direction with [; clearly K x L = I.

The re-indexing of the grid boxes By ; induces a re-index of f via

f=00 ki figs foo s fins for oo, frL), (3.51)

and similar re-index of w and v.

We employ standard finite-difference schemes to obtain numerical approxima-
tions for the RHS of . Starting with the approximation of h,V.f, one has
in Euclidean coordinates (x1,x2), the vector h,V.f = h,(0f/0x1,0f/0zs). To
compute the derivatives 0f/0z; and 0f/0xy numerically, we apply the standard
central-difference technique to obtain on the grid box By,

of ~ Jr10 — fre1y and of ~ frasr — fri—1
0y 2b,, 0xy 2b,., ’
thus on the grid box By

1 — fk_l’l,uk,l fris1 — fk,l—l) ' (3.52)

N frt1,
hVef (“’“’l 2, %,

Next, we numerically solve the divergence div,. applied to the RHS of (3.52)). By

central-difference approximations, one has on the grid box By

1 1 — o=
Auf = h_(diVe(huvef)) ~— [Uk+1,l—fk+2’l 3 Jud — uk_u—fk 21 5 S
1 U] 4b3, 402,
(3.53)
T Jeiv2 — i —u Jei — Jri—2
k’l+1—4b§2 k,l—1—4b9262 :

Denote the resulting finite-difference approximation of A, by the I x I matrix A,.
Rearranging (3.53)), then A, applied to f is a vector of length / with components

T upyay I ug—1y T g
2 frg20 + R fr—21 + R fri+2
Tl u l Tl uk)l ] UkJ

1 Uk,l—lf < L g1 + w1y I upe1 + Uk,l—1>f
— — Jkl-2 — + k.l
2 ) 2 2 )

4bx2 Up,1 4bm1 Ukl 4b$2 Ukl

AL flitk-1) =

(3.54)

for 1 <k < K,1 <[ < L. Note that if u; is constant for all 1 < £ < K and
1 <1 < L, then the expression ([3.54]) becomes the standard 5-point stencil Laplace

matrix. Moreover, as in the standard 5-point stencil approximations, the error of

the approximate (3.53)) is max{O(b3 ), O(b3,)}.
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To treat the numerical approximation of A, at the boundary of M, we apply
the usual Neumann boundary condition e(V.p,n), = 0 for all x € OM (where n is
unit normal to 9M). This Neumann boundary condition is imposed by symmetric
reflection [116] in the above modified finite-difference scheme as follows: Consider
the grid boxes By, for 1 <[ < L; one has a boundary on the left side edge of each
of these grid boxes. By construction, the unit normal n along the left side edge
of the grid boxes {By;}, is given by (—1,0). Therefore, the boundary condition
e(Vep,n), = 0 is satisfied by reflecting the artificial fo; = fa;, fo1; = fi; and
up; = ugy for all 1 <1 < L. One applies similar symmetric reflections to all By ; at
the boundary of M.

By definition (j3.28]), and the numerical approximations we obtained for A, A,
H and H*, one has the finite-difference approximation for the weighted dynamic
Laplacian A%™ given by

AW = A, +TA,TT, (3.55)

where the matrices T and T are given by (8.46) and (3.48) respectively, and A, A,
by (3.54). We note that the matrices A, A,, T and T are sparse and consequently

A" is sparse. One can numerically solve the finite dimensional eigenvalue problem

A% f = \f for small eigenvalues ), and in particular Ay and corresponding eigen-
function ¢,. To find a good solution T" to the dynamic isoperimetric problem ((3.9)),
one can use the level sets of ¢, as candidates for I' as in Algorithm [3.1]

3.5.3 Case study 1: dynamics on a cylinder

We now demonstrate our technique on a weighted 2-dimensional cylinder (M, e, us),
where M = [0,4)/ ~ x[0,1] and hy(z1,22) = §(sin(rz1) + 2) as in Section m
We set our computational resolution for M to be K x L = 256 x 64 square grid
boxes By of side length b = 1/64, and select the number of test points in each grid
box to be ) = 40@. We consider two different types of nonlinear transformations

T, and T5 acting on M:

h (2 —1
Tl(‘rla IQ) = (‘Tl + %7'%2) ) (356)
To(xq,29) = (3:1 + T, 9 + 0.129 sin(27rx2)), (3.57)

where the first coordinate is computed modulo 4 in both cases. The map T} is
the area-preserving, nonlinear horizontal shear from the example considered in Sec-
tion |3.1.1} The map T is a linear horizontal shear, composed with vertical area-

4One can also use as few as 25 points per box and still obtain good results.
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distortion; i.e.

~

TQ([L’l, 1‘2) = TQ(Qfl + T, ZEQ),

where

A

To(xqy,29) = (xl, Ty + 0.1z sin(27r:v2)),

compresses the mass distribution of M in towards the horizontal line x5 = 0.5.

The transformation 7} on M

We optimally partition M using Algorithm to find a good solution I' to the
dynamic isoperimetric problem (3.9)). First, we consider the dynamic Laplacian for
T, acting on M. In step 1 of Algorithm we construct the matrix A%" given
by as the numerical approximation of A®" via the finite-difference scheme
outlined in Section [3.5.2] and numerically solve the finite-dimensional eigenproblem
AW = \p. The leading numerical eigenvalues \;, \a, ... Ay of A" are 0, —0.6046,
—1.3739, —2.3221, —3.2886, —3.4091, —3.7056 . . .. The components of the numerical
eigenvector ¢, corresponding to Ay takes on at most 256 x 64 unique values; at most
one value on each of the grid box. Step 2 of Algorithm [3.1] generates partitions of
M =M 16 uréu Mf from level sets of ¢o. Finally, one computes Hﬁ”(Fﬁ ) for each ¢,
and finds the optimal I'? as a solution to the dynamic optimisation problem (3.9));

the results are shown in Figure |3.2]

It was found that the hypersurface I'% is Hj'\l}’n minimising for Sy = —1.211 x
107°; see figures and . Note that the densities i, form a region of low
pi-mass in M about the lines {z € M : z; = 1.5,3.5}. Thus, to minimise the
pi-mass of the hypersurface I'™ in M, it is advantageous to have ' as short
curves in close proximity to the vertical lines {x € M : z; = 1.5,3.5}. Moreover,
to effectively counter the shearing imposed by 7T} so that the size of v;-mass of
TyI'P0 stays persistently small in TM, the curve I'® bends horizontally towards
the left progressively more as x5 approaches 1 from 0. The p;-mass of ' and its
image under Tj are p;(I'™) = 0.3088 and v (T11%) = 0.3815; the level surface ['%0
experiences significantly reduced deformation under the action of T3, compared to
the results of Section shown by Figure 3.1} Moreover, the partition M =
M U TP U M has a perfectly balanced jip-mass distribution between M and
MZ°. One has HY"(I'%) = 0.6903, and this solution is a suitable candidate for
LCSs on (M, e, u2).
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Figure 3.2: Partition of M using the eigenvector ¢, of A%™ under nonlinear shear
Ty given by (3.56). (a) Colours are values of h,,, and black lines are the level surface
[P0 = {¢y = —1.211 x 107°}. (b) The level surfaces of ¢5. (c) Colours are the values
of h,, and black lines are the level surface T1T'%. (d) The level surfaces of Has.

The transformation 75 on M

We repeat the above numerical experiment on the 2-cylinder, replacing the trans-
formation 77 with 75, and setting the initial mass density h, to be uniformly
distributed on M. The leading numerical eigenvalues Ai, Ao, ...\ of A%" are
0, —0.7747 4+ 0.00927, —3.0900 % 0.0199¢, 3.8702, —4.5674 £ 0.0250:. In this example,
although A, and A, have real eigenvalues to numerical precision, when combined to
form A%¥" one obtains small imaginary parts. The eigenvalues o, A3 should be real

and equal (i.e. Ay has multiplicity 2), because of the symmetry obtained by trans-
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lating all objects in the z-coordinate direction. As before, we apply Algorithm
to partition M using the level surfaces of the second eigenfunction ¢y corresponding

to Ag = —0.7747; the results are shown in Figure |3.3
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Figure 3.3: Partition of M using the eigenvector ¢, of A%" for the nonlinear shear
T, given by (3.57). (a) Colours are values of h,, and black lines are the level surface
[0 = {¢y = —3.4232 x 107°}. (b) The level surfaces of ¢,. (c) Colours are the

values of h,, and black lines are the level surface ToI'. (d) The level surfaces of

Hoo.

It was found that the hypersurface I'% is H]C\l}[m manimising for By = —3.4232 x
107?; see figures and The co-dimension 1 mass of [ and its image under
Ty are p11(T%) = 0.5682 and v (To1'70) = 0.5435, respectively. Recall that the action

of T; on M has the effect of compressing the mass distribution towards the horizontal

60



Chapter 3

line 5 = 0.5. To avoid a large v;-mass of ToI'™ on T,M, one makes appropriate
compromises on the pi-mass of ' in M. For example, in Figure as the black
curves approach the dark green, high density region, they become more vertical
so as to traverse this high density region using a shorter curve length and reducing
their v;-mass. This necessitates I'* being slightly curved and having slightly greater
p1-mass. Once again the partition M = Mlﬁ oyt y Mzﬁ ? has a perfectly balanced
piz-mass distribution of M and M}°. One has HY"(I'%) = 1.1117.

3.5.4 Case study 2: dynamics on a torus

Next we demonstrate our technique on a weighted 2-dimensional torus (T2, e, us),
where T? = 27(R/Z) x 2r(R/Z) and h,(z1, ) = o (sin(zy —7/2) +2). We set our

— 82
computational resolution for M = T2, to be K x L = 128 x 128 square grid boxes
By, of side length b = 1/64, and select the number of test points in each grid box

to be () = 400. We consider the transformation 7" := T, o T3 acting on M, where

T3(xq,x9) = (:1:1 +0.3 cos(23:1),:1:2), (3.58)
Ty(xq,x9) = (xl + X9, 9 + 8sin(zy + 1:2)), (3.59)

computed modulo 2. The map T3 distorts the area of T? in the horizontal direction,
and T} is the “standard map”.

We optimally partition M using Algorithm [3.1} The leading numerical eigen-
values A1, Mg, ... A7 of A%" are 0, —0.3584, —0.3751, —1.0750, —1.1349, —1.4358,
—1.4966. We generate partitions of M using the level surfaces of the second eigen-
function ¢ corresponding to Ay = —0.3584; the results are shown in Figure [3.4]

It was found that the hypersurface I'? is Hﬁ” minimising for By = —4.5492 x
107?; see figures and The py-mass on I and the vi-mass of its image
under T are pu;(I'?) = 0.4584 and v, (TT%) = 0.2375, respectively. Similar to
the results of the previous case study of Ty acting on M, one makes appropriate
compromises on the p;-mass of I'® in T?, to ensure that the v;-mass of TT'™ in
T? remains small. For example, in Figure the black (almost straight) curves
attempt to follow the yellow, low density regions, but when they have to cross the
dark green, high density regions, the curves briefly turn to cross these high density
regions at a sharper angle. While slightly increasing the curve length, this behaviour
reduces the v;-mass of the curves.

The partition T2 = M UT% U ML is almost perfectly balanced, with uy(M;) =
0.49994 and p5(Ms) = 0.5006. One has HY"(I'*0) = 0.6968. Despite the highly non-

linear nature of T', evident in the distribution of h,, shown in Figure |3.4c, one can
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Figure 3.4: Partition of T? using the eigenvector ¢ of A%" under T' = T} o T given
by and (3.59). (a) Colours are values of h,, and black lines are the level
surface %0 = {¢y = —4.5492 x 107°}. (b) The level surfaces of ¢. (c) Colours are
the values of h,, and black lines are the level surface TT%. (d) The level surfaces

of Hepo.

find curves that are rather short according to v, both before and after the applica-
tion of T'. Therefore this solution is a suitable candidate for LCSs on (T2, e, ), for

the finite-time (single) application of T'.

We remark that the curves ' and TT% in Figure are qualitatively similar to
those found in [49], where an analogous computation was performed on the original
volume-preserving standard map with ps = ¢5. In the current setting, these curves
are additionally optimised to take into account the nonuniform ps and non-volume

preserving nature of 7.
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3.6 Conclusions to the chapter

The dynamic isoperimetric theory initiated in [49] was concerned with identifying
subsets of R" with persistently least boundary size to volume ratio under general
nonlinear volume-preserving dynamics. The motivation for this theory was that the
boundaries of such sets have optimality properties desired in Lagrangian coherent
structures. In the present work we have extended the constructions and theoretical
results of [49] to weighted, non-flat Riemannian manifolds and to possibly non-
volume preserving dynamics. This entailed developing a nontrivial generalisation
of the dynamic isoperimetric problem to weighted manifolds and allowing for non-
volume preserving dynamics. We proved a new dynamic version of the classical
Federer-Fleming theorem in this setting, which very tightly links the (geometric)
dynamic isoperimetric problem with a (functional) minimisation of a new dynamic
Sobolev constant.

We then constructed a weighted dynamic Laplacian, and showed that under
a natural Neumann-type boundary condition, the spectrum of this weighted dy-
namic Laplacian can be completely characterised using variational principles tied to
the finite-time dynamics of T" and the geometry of the manifold. We additionally
proved that a dynamic Cheeger inequality holds on weighted Riemannian manifolds,
extending a result from [49] for flat, unweighted manifolds, and volume-preserving
dynamics. We demonstrated numerically that the eigenfunctions of the weighted
dynamic Laplacian are able to identify sets with small boundaries that remain small
when transformed by general dynamics. Such persistently minimal surfaces are ex-
cellent candidates for LCSs as diffusion across their short boundaries is minimised
over a finite-time duration.

Finally, we further developed the connection between two very different meth-
ods for detecting transport barriers in dynamical systems, namely the relationship
between finite-time coherent sets and LCSs as defined using isoperimetic notions.
The connection between these sets, explored in [49] in the flat manifold, volume-
preserving dynamics setting, is that in the limit of small diffusion, regions in phase
space that minimally mix (a purely probabilistic notion) are linked with sets that
have persistently least boundary size (a purely geometric notion). We further en-
hanced this link by extending and strengthening the result of [49] to the more gen-
eral setting of weighted, curved Riemannian manifolds with possibly non-volume

preserving dynamics.
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A dynamic manifold learning
method for approximating

Lagrangian coherent structures.

Standard Laplacian-based manifold learning method [10] [11] is designed for approx-
imating structures of unweighted manifolds, from uniformly distributed point-cloud
data (see Theorem 5.2 in [12] or Theorem 2 in [28]). Dynamic extensions of the
standard Laplacian-based manifold learning method were formulated in [9, 40} 60],
which have enabled the analysis of trajectory datasets arising from dynamical sys-
tems. However, the dynamic manifold learning methods in [9], 40, 60] are designed
for approximating dynamical features of evolving unweighted manifolds, from tra-
jectories that are formed by volume-preserving dynamics with uniform initial dis-
tribution. Recently, improved manifold learning methods have emerged to study
unweighted manifolds from non-uniformly distributed point-cloud data. In [77], a
local normalisation was applied to the relative distance between the data points of
the input sample, before proceeding with the standard Laplacian-based manifold
learning method [10, [11]. In [75], a robust neighourhood selection process was used
to account for the nonuniform distribution of the input sample. The dynamic mani-
fold learning methods in [40, 60, 9] can readily incorporate the improvements of [75]

r [77], thus extending their application to trajectory data with nonuniform initial
distribution. However, a dynamic manifold learning method is currently missing for
approximating dynamic structures of weighted manifolds, from trajectories formed

by non-volume-preserving transformations.

In this chapter, we first develop an improved Laplacian-based manifold learning
method for weighted Riemannian manifolds, which is designed to be robust to the

probability distribution of the input point-cloud data. In particular, let (M, m, u,)
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be a weighted Riemannian manifold as in Section , and let S* be a random
sample drawn from (M, m, pu,) according to some possibly nonuniform probability
distribution in i.i.d fashion. In Section , we form a weighted graph G(S*, 1<)
from S* with edge weight set W<, and prove that there exists a constant C,, and a

sequence of scalars {e; }x>1 such that for every x € M and f € C3(M,R)

Lk f(a) = Dyf (), (4.1)

kh—golo exC)
where L#*€ is the continuous extension of the graph Laplacian on G(S*, W#<) (see
(4.15)), and A, is the weighted Laplacian on (M, m, i) as in (3.27). The novelty
of our approach for manifold learning is the introduction of a set of scaling factors
for the edge weight set W€ which makes G(S*, W*€) independent of the proba-
bility distribution of the sample S* for sufficiently large k. More importantly, the
weighted geometry of (M, m, p,) is incorporated into the graph G(S*, W), As an
improvement over the robust manifold learning methods in [75] and [77], our mani-
fold learning method is designed for approximating features of weighted Riemannian
manifolds.

Next, we extend the above improved Laplacian-based manifold learning method
to a dynamic manifold learning method, designed for approximating solutions of
the dynamic isoperimetric problem on weighted Riemannian manifolds from sparse
trajectory data. Let (N,n,v,) be another weighted Riemannian manifold, where N
is the image of M under a general transformation 7" : M — N and v, = p, o T7L.
The initial point-cloud data S* € M is mapped to Sk € N under T, and we
form another weighted graph G(S’“, W»e) from Sk with edge weight set W*<. The

dynamic generalisation of the operator L**€ is given by

Ldyn,k,e — (L,u,k,e + Lu,k,e) 7

N | —

where L"** is the continuous extension of the graph Laplacian on G (S’k, Wve). The
dynamic version of (4.1]) is

lim — LAk f(g) = ADf (), (4.2)

k—o0 Ek‘Op

where A" is the dynamic Laplacian as in Definition [3.3.1l For situations where
the trajectory dataset arises from a system with multiple time-step dynamics, the
suitable version of is given by .

In addition to the statement of the convergence result , in Section we
outline the numerical algorithm associated with our robust Laplacian-based man-

ifold learning method, and conduct numerical experiments to test this algorithm
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on random samples with very different probability distributions, as well as approxi-
mating the weighted geometry of domains equipped with general measures. Section
contains statement of the convergence result , an outline of the numerical
algorithm for our robust dynamic manifold learning method, and numerical experi-
ments for testing our robust dynamic manifold learning method on both artificially

generated and real-world trajectory data. The proofs of this chapter are deferred to
Appendix [C]

4.1 A robust Laplacian-based manifold learning

method for weighted Riemannian manifolds

Let M be a compact, connected r-dimensional Riemannian manifold, which is em-
bedded in a possibly higher dimensional Euclidean space R%; d > r. On M we
have the absolutely continuous measure p, and the metric tensor m, forming the
weighted Riemannian manifold (M, m, u,) as in Section . On R? we have the
d-dimensional Euclidean norm | - ||gs. As in Section [3.1] we assume that the density
h,, of the measure p, is bounded above and uniformly away from zero.

For p > 0, define g, : R* U {0} — RT U {0} by

qp(7) = ¢, exp(—2°)L,<,, (4.3)

where Z : R* U {0} — {0, 1} is the characteristic function, and the constant c,

is chosen so that [g,(z)de = 1. For ¢ > 0, we construct a family of kernels
Qpe: M x M —R*U{0} by
- [®(z) = (y)|[re
Que(z,y) =€ "%, ( 7 ; (4.4)

where ® : M — R? is an isometric embedding. The kernels Q, . are symmetric for
all € > 0, and almost-stochastic in the sense that lim._,o @, is stochastic [9]; that
is, for all x € M, lime_,o [;; Qpe(2,y)wi, (y) = 1, where w), is the volume form on M
as in Section 3.1} The kernel @, is a modified version of the kernel used in [10] 11]
for standard Laplacian-based manifold learning (here in (4.3]), we have adapted the

normalisation factor ¢, and the cutoff Z,<, from [9]).

Remark 4.1.1. Alternatively, if one has access to the metric tensor m of the unknown
manifold M, then the expression ||®(x)—®(y)||ge on the RHS of (4.4]) can be replaced
by m(z,y); see [2§].
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4.1.1 Graph Laplacian for scalar weighted graphs

Let S* = {z;}*_, be a random sample drawn from M according to a C® probability
density p in 1.1.d fashion. The regularity condition for p is to ensure that p and the
second order partial derivatives of p are well approximated by point-cloud data S*:
see and . In practice, any real probability distribution will be sufficiently
smooth. However, extremely small sample size or poor sampling strategy will lead
to reductions in the accuracy our manifold learning methods. In order to formulate
a manifold learning method that is robust to the probability distribution of S*, we
first discuss how the kernel @), provides an approximation to p (In practice p may

be unknown). For € > 0, define

1 k
= > Qpelw, ). (4.5)
i=1

Since S* is an i.i.d random sample drawn from M according to the probability

density p, one has by an application of the law of large numbers [73]

lim p*<(x) = lim kZ@pex ) / Qpela)p(y)(y),  (46)

k—o0 k—o0

for all x € M, where w; is the volume form on M as in . Moreover, due
to the assumption p € C*(M,R) and the properties of the kernel Q,. (namely
almost stochastic, rotational invariance and bounded support), by a straightforward
modification of Lemma [B.7.3 one has

| Quula )b () = plo) + G Lopla) + (s %), Bla, &) € O,

Y (4.7)
where a, > 0 depends on the second moment of g,, and O(¢*/2) denotes the class of
polynomials a1€%/? + aze*/? 4+ a3e®/? + . ... Therefore, if we set € := ¢, as a sequence
of scalars, such that lim,_,, €, = 0, then by the expression p* converges
pointwise to p as k — oc.

We now introduce the key modification we have made to the standard Laplacian-
based manifold learning method [10, 11]: we set

Qp,e(xi,zj) hu(x;)  .p - .
pe o ) ) Ve 107

K 0 ifi=j

(4.8)

for each 1 < 4,7 < k. As in Section we construct a weighted graph from S*
by setting wfj’e as the edge weight between the vertex pair x; and z;. We denote
the weighted graph formed above by G(S*, W), where W< = {w/]>* The

z]l
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purpose of the term +/h,(z;)/h,(z;) in (4.8) is to incorporate the density h, into

the edge weight w,f‘j’ﬁ of the graph G(S*, W#<). For technical reasons of establishing
Theorem below, we have scaled @, by \/h,(x;)/h,(x;) instead of just h,(z;)
(This technical step serves the same purpose as the normalisation in standard
Laplacian-based manifold learning; see Theorem 5.1 and Theorem 5.2 in [12]).
Denote by L*¢ the graph Laplacian for G(S*, W#€) as in i.e. L"° has

entries
whe ifi#£j
=4 Y iz (4.9)
Zl Jwi ifi=
for 1 <1,5 < k. We note that wij’ is not symmetric, hence L*€ is not self-adjoint
with respect to the standard inner product on R¥. However, we can define a weighted

inner product (-,-), : R¥ x R¥ — R by

k
(9. fu= Zngz%7 (4.10)

with respect to which L*€ is self-adjoint; see Corollary below. We define the
weighted eigenproblem of LM with respect to the weighted inner product (4.10) by

(£, L™= XNF F). (4.11)
Let B*€ be the k£ x k matrix with entries

h,(z;)
poe _ RN T e 4.12
ij pk’6<xi) ij ( )

Solution pairs (A, f) to the standard matrix eigenproblem B*€f = \f are also

solutions to (4.11]), since

e
f.L ), Zfl- wll) (), by @19

p

— - hﬂ(ml) : ke
= ZZlfz ' pre(x) JZ1L fi

k k
=> fi-Y BUf; by

i=1 j=1
= (f.B"f)
=XF, f). (4.13)

The matrix B** has the following spectral properties:

Theorem 4.1.2. Let G(S*, W) be a weighted graph, where W = {w}:*
with wi;* as in [@.8). Define B*< as in ([4.12). One has

2]1
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1. The matrix B*¢ is self-adjoint with respect to the standard inner product on
R,

2. The eigenvalues 0 = Ay > Xy > ... > M\ of B*€ are nonpositive and real.

3. If G(S*, WHe) is connected, then N, is unit multiplicity and the eigenvector

corresponding to Ay 1s 1.
Proof. See Appendix [C] ]

Corollary 4.1.3. Let L*€ be as in Theorem and let (-,-), be the weighted
inner product as in (4.11). The matriz L*< is self-adjoint with respect to (-,-),; that

is, (g, L"*f), = (L'g, f), for all g, f € R,

Proof. This follows immediately by part 1. in Theorem and a straightforward
modification of (4.13)). O

4.1.2 From graph Laplacian to Laplace-Beltrami operator

Denote by A, the weighted Laplacian on (M, m, u1,) as in (3.27). The connection
between L*¢ and A, is as follows: Let f € C*°(M,R). Denote f; = f(z;) for each
1 <i<k,andset f={f1,fo,..., fr}. Since

(L*<f), ZL Zw Zw Zw f) (4.14)
J#l

for each 1 < i < k, one extends the linear action L*¢ : R¥ — RF to LHFec :
C>®(M,R) — C*(M,R) by defining

Lukef Z Qpe X xj hﬂ((;;])) (f(il?]) . f(.??)), (415)

for all z € M. We have

Theorem 4.1.4. Let S* be a random sample drawn from the weighted Riemannian
manifold (M, m, u,) according to some C° probability density. Assume the density
h, of p, is in C3, bounded above and uniformly away from zero. Define L**< and
A, as in and , respectively. If 0 < p < Sy, where Sy is the scalar
curvatur(ﬂ of M, then there exists a constant C, > 0 and a sequence of scalars
{€r}e>1 with limy_, €, = 0 such that

.
Jim, ( sup

Hf”cS(M,R)Sl

1

e @)~ B f @)

=0, (4.16)
CO(M,R)

!The scalar curvature is defined as the trace of the Ricci curvature tensor; for more details see

e.g. p.117 in [7].
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forallx € M and f € C*(M,R).
Proof. See Appendix [C] O

The spectral properties of A, were studied in Chapter : By setting the dynamics
acting on M as the identity map in Theorem [3.3.4] one has

ﬁe(—O0,00

where H); is the weighted version of the classical Cheeger ratio (see (L.§)), and X
is the first nontrivial eigenvalue of A, with corresponding eigenvector ¢,. Hence,
among the level surfaces of ¢, there exists a level surface I'y in M that yields a small
Cheeger ratio Hy (T'g). Let {M;, My} be full dimensional, connected components of
M, which are separated by the interface I'g. Using Theorem and , we
can attempt to approximate {Mj, My} using the first nontrivial eigenvector fy of
L*¢ with respect to ; that is, we use the components f;; of f3, to search for
B € R such that sets S¥ = {z; € S*: fo, < B} and S§ = {z; € S* : fo,;, > B} are
good representation of {M;, Ms}. Our Laplacian-based manifold learning method is
a heuristic that builds on this idea (see also [10] for the classical treatment), which

we now discuss.

4.1.3 Algorithm for weighted Laplacian eigenmap

Let S* be an i.i.d random sample drawn from M C R? according to a C® probability
density p, and recall the induced co-dimension 1 measure y,—1 on (M, m, u,) given
by . Let T be a piecewise continuous hypersurface in M, that partitions M into
full dimensional submanifolds M, M, ..., Mg. Suppose we are given the following
information: (1) The R?-coordinates of each x; € S*, and (2) the value of the density
hy(z;) for each 1 < ¢ < k. The aim of our weighted Laplacian-based manifold
learning method, is to find a coordinate map ¢, : S*¥ — R* independent of p with
s < k, such that certain low-dimensional structures of (M, m, u,) are encapsulated
by the set ¢, (S*) € R®. In particular, geometrically close clusters {S¥, S5, ... Sk}
of S* with respect to R*-distances of ¢,,(S*), represent full dimensional submanifolds
{M;, My, ..., Mk}, which partitions M so that the ratio

SE (1)
Y RO ANTR A NTRETAT (4.18)

is small; we call the coordinate map ¢, the weighted Laplacian eigenmap.

HM,K(F) =

We now present the algorithmic procedure for forming the weighted Laplacian

eigenmap ¢,. This algorithm is an extension of the standard Laplacian eigenmaps
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algorithm in [20], and we have incorporated the computational processes for setting
e and p in [9] for the kernel @, ..
Algorithm 4.1: Weighted Laplacian eigenmap
1 Let S* = {z;}}_| and {h,(z;)}}_, be input data, and w(;* be as in (&.8).
Define e, to be the smallest real number such that the graph G(S*, W#€) is

connected, and define €., to be the smallest real number such that
wfj’e"““‘ # 0 for each 1 <i,7 < k.

2 Fix 0 < p < Sy, where is Sy is the scalar curvature of M. For a sequence of
€1 € [Emin, €max), construct the k& x k matrix B* according to .

3 Solve the eigenproblem %B"’q f = X f for each € € [emin, €max), and find €,
amongst the sequence of ¢ such that |[\5' — A\5™"| is minimal, where \3
denotes the first nontrivial eigenvalue of %B’W.

4 Denote the eigenvalues of %B’“L by A1 < A < .... Find the smallest integer
1 < s < k, such that the magnitude of |Ag1o2 — Asy1] is comparable to
2| Ay — Ay|. If no such s exists, return s = 1.

5 Let f5, f3,... be the eigenvectors corresponding to A, A3, . ... Define
pul@i) == {fo(@i), f3(i), ..., forr(2;)} for each 1 < i < k.

6 Return ¢,,.

Remark 4.1.5. In step 2 of Algorithm [£.1I] the parameter p was bounded above
by the scalar curvature Sy of M. In situations where Sy, is unknown (a common
occurrence in many situations), we set p = V2 to ensures that the point of inflection
of the function g, is at the midpoint of [0, p|, so that the corresponding graph
G(S*, WH€) has edge weights that are most capable at discriminating distances
between any pairs of data points z; # x; that are in the support of @), (see also
[90)-

Remark 4.1.6. In practice, one can save computational resources by reducing the
range of € € [€min, €max]. We suggest setting €. at 30% sparsityﬂ of B#*max which

should adequately capture the pointwise geometric structures of S*.

4.1.4 Numerical experiments for weighted Laplacian eigen-

map

We detail numerical examples of Algorithm for weighted Riemannian manifold
learning. To highlight the advantages of our weighted Laplacian eigenmap ¢, formed
by Algorithm compared to the the standard Laplacian eigenmap ¢ described in
Section [I.3.3] we apply both manifold learning methods to random samples that are

2The sparsity of a matrix is number of nonzero entries divided by the total number of entries.
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distributed very differently. We then attempt to capture the geometry of weighted
Riemannian manifolds from random samples using ¢,,.

Let S* :=[0,4) x [0,1)\ ~ be a two dimensional torus, where ~ denotes identi-
fication at interval ends. The manifold S? is embedded in R3, and the metric tensor
e on S? is given by the Kronecker delta; that is, the components of e satisfies e;; = 1
for i = j and e;; = 0 for i # j. If a random sample S* = {x;}}, is drawn from
S? according to the C® probability density p : S* — R™*, then for all measurable
U C S?, the probability that z; € U is fU pdxdy. We form a weighted 2-dimensional

torus (S?, e, pa), where py is an absolutely continuous measure on S2.

Randomness of input data

To demonstrate how the eigenmap ¢, is robust to the randomness of the input data,
we fix the density h,, of us to be 1 on all of S?, and artificially generate a few random
samples of the form S* = {(x;,y;)}%_, from S?, with each sample having a different
probability density. Although, one can calculate the scalar curvature of S? to bound
the parameter p in step 2 of Algorithm [3.1], we simulate the situation where nothing
is known about S?. Thus we set p = V2 in (), in accordance to Remark .

To maintain some predictability of the randomness of our input data, we ma-
nipulate the probability density of each sample as follows. Partition S? into two
half-toruses S? := [0,2) x [0,1)\ ~ and S3 := [2,4) x [0,1)\ ~, then draw a fixed
number of data points from each of S? and S3 uniformly in i.i.d fashion. One has
control over the ratio of the number of data points between the regions S? and S3.
For our numerical experiments, we fixed £ = 1000 and set the ratios of points be-
tween S? and S2 tobe 1:1,1:4 and 1:9; we denote these sets by SF¥,, S¥, and
St 4, respectively. The distributions of Sf,, S¥, and S¥, embedded in R? are shown
by the first column of Figure

We start with the formulation of the unweighted Laplacian eigenmap ¢, formed
by applying Algorithm with the following modifications:

1. In steps 2 - 4 of Algorithm [4.1] replace B* with £° (L.11)).

2. Let D¢ be as Section[1.3.3] In steps 5 and 6 of Algorithm replace ¢, with
p(wi) = {(D) 2 folwi), (D)2 fs(wi), ..., (D)2 fua ()},
The key difference between the use of L for standard Laplacian-based manifold

learning [10, 11] and the use of B** in Algorithm 4.1} is the application of the

scaling factors

(4.19)
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in to the diffusion kernel @), ; the purpose of this scaling factor (4.19)) was
discussed in Section 4.1.1] To form the standard Laplacian-eigenmap ¢, the reason
for the left multiplication of f5, f3,..., fs11 by (D€)_%, is that L£° is the normalised
graph Laplacian (see step 3 of Algorithm where this multiplication was applied
for spectral graph partition).

Denote by Li.,, L], and L], the normalised graph Laplacians formed from
SF., Sk, and SF,, respectively. First we choose the parameter € in £, £, and
L. using steps 1 - 3 of Algorithm . For the set S¥, we have ¢ = 0.055 with
the first 7 eigenvalues of %Ei:l given by 0, —0.1994, —0.2371, —0.7754, —0.9354,
—1.7633 and —1.8310. For the set ST, we have ¢ = 0.065 with the first 7 eigenvalues
of 1L, given by 0, —0.2139, —0.2281, —0.9267, —1.0257, —1.5606 and —2.0103.
Finally, for the set S¥y, we have ¢ = 0.065 with the first 7 eigenvalues of %[,izg
given by 0, —0.2431, —0.2704, —0.6847, —0.9671, —1.9913 and —2.2876. For each
operator L., L, and L4, there is a gap in the spectrum between the 3" and
4 eigenvalues. Thus, by steps 4 and 5 of Algorithm , the eigenmap ¢ for
each of the random sample S¥.,, S¥, and S¥, is the 2-dimensional embedding given
by ¢ = {g2,g5} = {(D°)"2fo, (D) 23}, where f, f3 are the first 2 nontrivial
eigenvalues of the corresponding L, £, or L.q; the images S¥,, SF, and S},

under their eigenmap are shown in the second column of Figure [£.1]

The most notable feature of the 2-torus is its translational symmetries. There-
fore, to assess the quality of th eigenmap ¢ for capturing the geometry of S?, we
search for symmetries of the point-cloud data S¥,, S¥, and S}, embedded in R? via
¢. For the set SF,, the eigenmap ¢ embeds S¥, into a circular point-cloud loop in
R?; as shown in the first plot in the second column of Figure . We note that the
symmetrical structures of the circular point-cloud loop (S,) reflect the symme-
tries of S?. Therefore, we were able to use the standard Laplacian eigenmap [10, [11]
to gain insight into the symmetrical structures of S? from a uniformly distributed
point-cloud dataset. On the other hand, we note that the point-cloud geometries of
©(S¥,) and ¢(SFy) in R? do not reveal the symmetrical structures of S?, because
the shapes of p(SF,) and p(SF,) can broadly be described as cones; as shown in the
second and third plots in the second column of Figure 4.1} We speculate that these
cones ©(S¥,) and ¢(SF,) are formed as elongated circles of the circular point-cloud
loop ¢(S¥,). The elongation of ¢(ST,) and ¢(ST,) can be explained by the point
distributions of S, and SF,, the unbalanced number of data points between the
half toruses [0,2) x [0,1)\ ~ and [2,4) x [0,1)\ ~ of SF, and S}, are treated as
a geometrical features by the eigenmap ¢ (with the cone ¢(SF,) being significantly

more elongated due to the distribution of the set S¥, being more unbalanced).
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Figure 4.1: Comparison between standard and weighted Laplacian eigenmaps. Rows
represent different input data, ordered from top to bottom S¥,, Sk, and SF,. First
column is the point-cloud data embedded in R3. Second and third columns are the

eigenmaps ¢ and ¢, respectively.

Next, we repeat the above numerical experiments conducted on the input data
Sk, Sk, and SF,, but using Algorithm [4.1| without modifications. Let By, B
and B! denote the matrix formed from step 2 of Algorithm [£.1] from the data sets
Sk 1,SF, and SFg | respectively. We set the parameter € in B}y, Bl and B}’ using
steps 1 - 3 of Algorithm . For the set S¥, we have e = 0.085 with the first 7
eigenvalues of %B{‘f given by 0, —0.3262, —0.3462, —1.2654, —1.3492, 2.7474 and
—2.8294. For the set ST,, we have e = 0.085 with the first 7 eigenvalues of %ij
given by 0, —0.2950, —0.4286, —1.2398, —1.5413, —2.8071 and —3.0029. Finally
for the set Sfg, we have ¢ = 0.085 with the first 7 eigenvalues of Bl given by
0, —0.2646, —0.5286, —1.1575, —1.7126, —2.9238 and —3.3729. Again, there is a
gap in the spectrum between the 3" and 4% eigenvalues of B, Bl and BYj.
Thus, by steps 4 and 5 of Algorithm 4.1 . the eigenmap for each S¥,,SF, and Sf, a
2-dimensional embedding given by ¢, = {fs, fs}, where fs, f; are the dominant 2
eigenvectors of the corresponding BYy, Bi’; or BY’s; the images of Sf.l, Sk, and Sk,

under their eigenmap are shown in the third column of Figure [4.1, Comparing the

75



Chapter 4

0 % 0 —
¥ g 5 &
-2 -2
g @ X x
O O
O ]
< -4 < -4 )
g o
Dy, % & x Ny, o) %
_6 I o B‘IJIF ’ _6 I o EE:I
o By o L,
B‘IJ‘; EE:S’! o
-8 . . . . . . . -8 . . . . . . .
0O 1 2 3 4 5 6 7 8 0O 1 2 3 4 5 6 7 8
S S

Figure 4.2: The spectra of the first 7 eigenvalues of A,,, %B{‘; and ﬁﬁjj, for
j=1,4,9. Left: colours represent eigenvalues for %Bi”; for j =1,4,9, and crosses
represents the eigenvalues of A\,,. Right: colours represent eigenvalues of A\, and

ﬁﬁi:j for j = 1,4,9, and crosses represents the eigenvalues of A,,.

eigenmaps ¢, and ¢ on each of S¥;,S¥, and ST, we observe that ,, is significantly
more robust to the distribution the input sample compare to .
One can calculate the eigenvalues of A, on S* = [0,4) x [0,1)\ ~ analytically:

the eigenfunctions ¢ of A\, are given by
¢(x) = sin ((az + by)7) + cos ((az + by)7), (4.20)

with corresponding eigenvalues —(a? + b?)7?. Periodicity of S? enforces a = 0, +1,
j:%, :I:%,... and b = 0, £1, £2, £3,.... Thus the first 7 eigenvalues of A,, are
0,—0.6169, —0.6169, —2.4674, —2.4674, —5.5517 and —5.5517. To compare the first

7 eigenvalues of A, to those of BY'f, B’ and By, we calculate the constant C,

in (4.16) by numerically integrating

C,=5 Y [wllo i)

7,j=1
NN
- % / / (2% + 2y +y*) exp(a” +y*) dxdy by ([L.3)
0 0
~ 0.5482,

where the first equality is due to technical calculations done in (C.12)) and (B.139))

of the appendix, and the ¢, = 0.8459 was numerically calculated from

Cp (/O\/i exp(—xQ)dx) = 1.
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To provide numerical verification of Theorem | we plot the spectra of the first

7 eigenvalues of A,,, 61 B, Bl and - B{‘ 5 onto a single plot; as shown in

1:1> eC
the left side Flgure . Similarly, we compare the first 7 eigenvalues of 260 .
2510 L., and 55 L]y to those of A,,; the results are shown in the right side plot of

Fi 1gure For ] = 1,4 and 9, we note the first 3 eigenvalues of - 1 EE and the first
5 eigenvalues of - B“ © all approximate well the Correspondmg elgenvalues of A\,
see Figure However the higher order eigenvalues of both - B“ i and - E
are much poorer at approximating the higher order eigenvalues of JANS because the
construction of both B and L] are designed to optimise the stability of Ay in
step 3 of Algorithm [.1]

Weighted domains

For our second numerical experiment, we test the ability of the eigenmap ¢, pro-
duced by Algorithm for learning the weighted geometry of a weighted manifold.
Let (S% e, u2) and (S? e, i) be weighted Riemannian manifolds, where jy and fio
are absolutely continuous measures. Respectively, the densities h,, hj of o, fio are
given by

hu(z,y) = sin(rz) + 1.2, (4.21)

and

hy(z,y) = sin(2rx) 4+ 1.2. (4.22)

Let Hps i be as in . Due to the periodicity of h, along the x-direction, one
could analytically find a co-dimensional 1 surface I', that yields a minimal ratio
Hy i (I),) for K = 2; that is, the the vertical lines at + = 1.5 and = = 3.5. Similar,
due to the periodicity of h; along the z-direction, one could find a co-dimensional
1 surface I'; that yields a minimal ratio Hys i (I's) for K = 4; that is, the vertical
lines at © = 3/4, v =7/4, v = 11/4 and = = 15/4.

Our objective is to use the eigenmap to approximate the above H); x-minimising
surface I', (resp. I';) from point-cloud data. To initiate these numerical experi-
ments, we draw a fixed random sample S* from S? uniformly in i.i.d fashion, then
extract the values of h,(z;) and hy(z;) for each x; € S¥; the random sample S* and
the heat maps of h, and h; are shown by the first column of Figure

We apply algorithm to the point-cloud data S* with input measurements
h,(S*). By steps 1 - 3 of Algorithm , we set the parameter ¢ = 0.055, with
the first 7 eigenvalues of %B“’E given by 0, —0.1448, —0.7383, —1.4026, —1.6984,
—2.9513 and —3.4292. There is a gap in the spectrum of B*¢ between the 27
and 3" eigenvalues. Hence by step 4 of Algorithm , we set the eigenmap ¢, to
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be the 1-dimensional embedding ¢, = f2, where f5 is the dominant eigenvector of
B#<. To provide a meaningful display of the eigenmap ¢,, we relabel the dataset
S* according to the value of ¢,(S*) in increasing order, and plot (x;,,(;)) for
1 <4 < k; the result is shown by top-right plot of Figure

Next we apply algorithmto the point-cloud data S* with input measurements
h;(S*). By steps 1 - 3 of Algorithm , we set the parameter € = 0.055, with the
first 7 eigenvalues of ﬁB’W’e given by 0, —0.2476, —0.2591, —0.6166, —2.7948,
—3.6149 and —3.6187. There is a gap in the spectrum of B%¢ between the 4" and
5" eigenvalues. Hence by step 4 of Algorithm , we set the eigenmap ¢, to be the
3-dimensional embedding ¢; = {f2, f3, f1}, where f5, f3 and f, are the dominant

3 eigenvectors of B*#<. The image of S* under ¢ is shown in bottom-right plot of

Figure [£.3]
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Figure 4.3: Laplacian-based manifold learning on the weighted Riemannian mani-
folds: First row shows S* in (S?%, e, u2) on left and {fo(S*), f3(S*)} in R? on right,
colours denote the clusters of ¢, (S*). Second row shows S* in (S?, e, fi2) on left and

eigenmap ;(S*) in R? on right, colours denote the clusters of (,(S5*).

First we illustrate how the eigenmap ¢, = f» can be used to approximate the
hypersurface I', to minimise Hyy g (T',). We search for clusters of ¢, (S*) on R!, using
the x; vs ¢, plot in the top-left of Figure Recall that the indices of S* = {z;}F_,
is arranged in increasing order in terms of ¢, (S*). Hence, a small gradient on the
x; vs ¢, plot between a set of consecutive points from z; to xr, L > [ > 1 shows

that the set {z;}~, is a cluster in ¢,(S*); one has K = 2 distinctive clusters given
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by the sets S¥ = {x; € S* : fo(x;) < 0} and S§ = {z; € S* : fo(x;) > 0}. To
extract ', from S¥ and S§, we colour coordinate the clusters S and S5 and plot
their positions on (S?,m, i), as shown in the top-right of Figure . One can see by
the colour coordination that the partition SF and S} are good representation of the
submanifolds {M;, M,} separated by the interface I', (vertical lines at = 1.5 and
x = 3.5). Similar, the eigenmap ¢, = {f2, fs, f1} can be used to approximate the
hypersurface I'; to minimise Hys ;¢ (T';). The set p,(S*) in R? forms a 3-dimensional
point-cloud loop; as shown in the bottom-left of Figure We note that the 4
turning points of this point-cloud loop ¢;(S*) contains a higher concentration of
data points compared to the rest of the loop. Hence, there are K = 4 distinctive
clusters of ¢,(S*). Again, to extract I'; from the 4 clusters of ¢,(S*), we colour
coordinate the clusters and plot them on (S%,m, fi3); as show in the bottom-right of
Figure . We see that the 4 clusters of goﬂ(Sk) provides a good representation of
the submanifolds { M, My, M3, My} separated by the interface I'; (vertical lines at
r=3/4,x="T/4, 2 =11/4 and x = 15/4).

4.2 A Dynamical manifold learning for dynamics

on weighted Riemannian manifolds

The weighted Laplacian eigenmap for manifold learning discussed in Section
provides the foundation for the core objective of this chapter: the formulation
of a robust dynamic manifold learning method for transport barrier detection on
weighted Riemannian manifolds. First we develop our dynamic manifold learning
method for systems formed by a single iteration of dynamics; we then extend our
techniques to situations where the dynamics arise from multiple time-step trans-
formations. As in Section [3.1] let (M, m, u,) be a weighted Riemannian manifold,
and let T': M — N be a possibly nonlinear and/or non-volume-preserving trans-
formation acting on M, where N is another Riemannian manifold. On N we have
the metric tensor n and the absolutely continuous measure v, := u, o T}, forming
another weighted Riemannian manifold (N, n,v,). We assume M U N C R? thus
we have an isometric embedding map ® : (M U N) — R¢. By using the embedding
map @ : (M UN) — R?, one readily extends the domain of the kernel @, . given by
to Qpc: (MUN) x (MUN) — R*.

Let S* be a random sample drawn from (M, m, u,) according to the probability
density p in i.i.d fashion. The transformation 7" : M — N maps S* into Sk =
{T(z;)}%_,. As in Section , from S*, h, and Q,. we form the weighted graph
G(S*, W), where Wi = {wi;},_; with w);* is as in (4.§). Similarly, we form a

ij=1
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weighted graph from S*, h,, and Q. as follows: Since @, : (MUN) x (MUN) —
R*, analogous to (4.5 we define p*<: N — R by

k
W) = 13 Qoely, T (.23
i=1

Let p be the probability density of the random sample Sk Then analogous to (|4.6])

and (4.7)), there exists a sequence of scalars {eg }r>1 with limy_, €x — 0 such that

lim P (y) = lim — ZQ“ Y, i)

k—>oo k—oo k

= lim [ Qpe(y, 2)p(2)wy,(2)

€E— 00 N
= =p(y), (4.24)
for every y € N. Thus, analogous to (4.8]) we define

Qp,e(Tz;,Tx;) [hy(Txy) p - .
v,€ Pﬁk’€(ij) J hV(TJJZ) lf 1 ;é ]

w.. = s
0 if i = j

” (4.25)
as the edge weights between the vertex pair T'(x;) and T'(z;). One has the weighted
graph G(S*, W"<), where W*¢ = {wyf Niz1-
M — N induces a dynamics of the graph T : G(S¥, W) — G(S* W¥*).

Let L"* be the graph Laplacian on G(S’k’, Wve). We define the dynamic graph
Laplacian for the dynamics of graphs Tg : G(S*, WH<) — G(S’k, W"€) by averaging
L#*¢ and L"Y¢; that is

In this way, the transformation 7' :

1
Ldyn,é - 5 (LN:G + LV7€) . (426)

As in Section the matrix L%™¢ is not symmetric, hence not self-adjoint with
respect to the standard inner product on R*. Thus, similar to (4.12)) we define the

k x k matrix BY¢ with entries

BVt — hl/(T'xl)

5= Sy T (4.27)

and then form
1
By — 5 (B* + B”), (4.28)

where B*€ is as in (4.12)).

The matrix B%™¢ has the following spectral properties:

Theorem 4.2.1. Let G(S*, W“’e) and G(gk W’“) be weighted graphs, where W =

{wli Yy 2y with wli* as in and W*< = {wj}F,_) with w; as in [{£.25). Define
BYme s in - One has
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1. The matriz BW™< is self-adjoint with respect to the standard inner product on
RF.

2. The eigenvalues 0 = Ay > Xy > ... > N\ of B¢ qre nonpositive and real.

3. If each row of BW™¢ contains at least one nonzero entry, then A\ is unit

multiplicity. The eigenvector corresponding to Ay is 1.

Proof. Due to the linearity of the construction [4.28] the above listed spectral prop-
erties for B¥™¢ follows immediately from the spectral properties of B*¢ and B"*¢
in Theorem [A.1.2 O

In Theorem [4.1.4] we have formed a connection between the graph Laplacian
L for G(S*, W) and the weighted Laplacian A, for (M, m, u,). In the dynamic
setting, the analogous connection is between the dynamic graph Laplacian L%m¢

and the dynamic Laplacian on weighted Riemannian manifolds.

4.2.1 From dynamic graph Laplacian to dynamic Laplacian
Let A% . C?(M,R) — C°(M, R) be the dynamic Laplacian as in (3.28]). Analogous
to (4.14)-(4.15), we extend the linear operator L%™< : R¥ — R* to an operator
Ltynke . C°(M,R) — C°(M,R) as follows: Let f € C*°(M,R). Denote f; = f(z;)
for each 1 <i <k, then set f = {f1, f2,..., fr}. One has

(L™ f); = (w4 w) (f(2;) = fl@2))

N | —
M-

LS
Sl
-

N | —
M-

S

Qpec(xiyzy) [hu(x;)  Qpe(Txy, Txy) |hy(Tx)) .
( () \ () " phe(T'x;) h,,(Txi)> (Fs) = f (i),

.S
S

(4.29)

for each 1 <i < k. Due to (4.29), we define the continuous extension of L%¥™¢ by

n,k,e 1 : QEZL'I h'u(l')
s __kZ(p )

Qpe(Tx, Tx;) |hy,(Tx;) ) — Fl
T hy(Tx)>(f( i) = f(@), (430)

for all z € M.

Theorem 4.2.2. Let S* be an i.i.d random sample drawn from the weighted Rie-

mannian manifold (M,m,u,) according to some C° probability density, and let
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T : M — N be a C® diffeomorphism. Assume the density h,, of u, is in C®,
bounded above and uniformly away from zero. Define q,, L% and A™" as in
[@.3), and (3.28)), respectively. If 0 < p < min{Syr, Sy}, where Sy and Sy
are scalar curvatures of M and N, then there exists a sequence of scalars {ex }r>1

with limy_, €, = 0 such that

1

Ldyn,k,ek o Adyn
el f f

— 0, (4.31)
CO(M,R)

where the constant C, depends on the second moment of q,.

|

Hchii(M,R)fl

Proof. See Appendix [C] ]

4.2.2 Trajectory data from multiple time step dynamics

The above dynamic Laplacian construction for trajectory data formed from a single
transformation, can easily be extended to situations where the trajectory data arises
from multiple time-discrete transformations. Let (M* m!', u!) be a weighted Rie-
mannian manifold, and suppose we have a sequence of diffeomorphisms 7} : M* —
Mt for 1 <t <7 —1, where M? M?3,..., M7 are full dimensional images of M*
under sequential applications of T;. On each M®, we have the metric m! and the
absolute continuous measure pl := ut* o T}, forming a sequence of weighted Rie-
mannian manifolds {M*, m’, uL}7_;. Moreover, we assume all M" is embedded in a
single, possibly higher dimensional Euclidean space R?; d > r. Denote the density
of pf by hf,, and let A, be the weighted Laplacian on (M*,m!, ul) as in (3.27). We
define the time-discrete dynamic Laplacian A7 C?(M,R) — C°(M,R) by
Al f %; (HO)* A, HOY, (4.32)
where H®) : L2(MY, m!, ul) — L*(M!,m?, ut) is as in (3.31)), with adjoint (H®)".
Let T® = T, 0T,y 0...0T; with T = Id. Given an i.i.d random sample
Stk = Ly 29, ..., 21} drawn from (M*, m!, ul) according to some C® probability
density, the sequence of transformations 7; generates 7 — 1 point-cloud data from
Sk of the form SR .= {T® (21), T (25),..., T®(2,)} € M for 1 <t <7—1.
Denote the trajectory data formed from 71,75, ..., T,_; acting on SY* by STl
To capture the evolving pointwise geometry of SIV7* we model the trajectory data
Shk as dynamics of graphs: Due to the assumption UL_,M! C R we have an
isometric embedding map ® : UL_, M! — R%. Hence, one can extend the domain of
the kernel to Qe (U, M) U(U_ M") — R*. Therefore, analogous to (4.23))
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we define a sequence of pt*€: M* — R by

phEe(x) : ZQm (z, T V), (4.33)

fort € [1,7]. Let ot = T¢Y(x;) for each 1 <i < k and 1 < 7. Analogous to (4.25),

we set

Queletat) [GH .o,
wi't,'e — pfakvé(xé-) hﬂ(l‘f) it 7& J , (434)

ij
0 ifi=7

as the edge weight between the vertex x! and z for each 1 <i,j < k. From (4.34),
we form a sequence of weighted graphs {G(St*, W€)}7_,, where Wt = {w K izt
Therefore, associate with the transformations 7, : M* — M'™! is the dynamics of
graphs T} ¢ : G(SY", Whe) — G(STF Withe) for 1 <t <7 — 1.

For 1 <t < 7, denote by L% the graph Laplacian for G(S%*, W) as in
with wj;“ replaced by wf]’-e. The multiple time-step generalisation of L%™¢ ([4.26) is
given by

T

1
L= =3 "t (4.35)
T

t=1

As in (4.27)), we define a k x k matrix B¢ with entries

te
B = p—t”fﬂﬁ(x;?) b (4.36)
and then as in (4.28)), we form
1 T
Bl7le = =\ " gt 4.37
'y (13

Due to the linearity of B! the spectral properties listed in Theorem are
valid for B¢ as well. Moreover, extending the linear operator L7he : RF — RF
to the operator LI7hEe . (MY R) — C*°(M',R) as in (£.30), then again by
the linearity of L7 and A7 a multiple time-discrete version of Theorem [4.1.4]
holds; that is, if 0 < p < minj<;<,{Sy+} where Sy is the scalar curvature of MY,

then there exists C, > 0 and a sequence of scalars {ej};>1 with limy_, €, — 0 such

that
lim sup . (4.38)
ko0 (nfncs(Ml,R)g exCyp CO(Ml,R)>

The weighted Laplacian eigenmap in Section for manifold learning is a

L[lr]kekf AlT]f

heuristic formed from a weighted version of the classical Cheeger inequality and
Theorem Similarly, by using the multiple time-step dynamic Cheeger inequal-
ity in Theorem and , we develop a dynamic Laplacian eigenmap as a
heuristic for dynamic manifold learning. We now elaborate on the computational

aspect of this dynamic Laplacian eigenmap.
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4.2.3 Algorithm for dynamic Laplacian eigenmap

Let SI7bF be trajectory data generated by T, : Mt — M for 1 < ¢t < 7 —1,
where the initial points of the trajectories SF = {x;}%_| are drawn from M* C R?
according to some C® probability density in i.i.d fashion. Let pl, p?, ..., ul be
absolutely continuous measures on M?*, M2, ..., M? respectively, which tracks the
mass distribution of the objects being transported. For each 1 < ¢ < 7, let ul_,
be the induced co-dimension 1 measure on (M, m’, u!) as in (3.8) with h, replaced
by hfw and let T" be a piece-wise continuous hypersurface in M, that partitions M*
into full dimensional submanifolds M}, M, ..., M.

Suppose one can track: (1) The R?-coordinates of each trajectory {T®x;}7_ and
(2) the mass density {hZ(T(t)xi)}Zzl, for each 1 < i < k. The aim of our dynamic
manifold learning method is to formulate a coordinate map @g,, : S™* — R?
1 < s < k independent of p, such that certain dynamical structures are encode
by @ayn- In particular, clusters Sll’k,SQI’k, e ,S}gk of SV* with respect to the R?-
distances of gy, (S"*), represents full dimensional submanifolds M}, M, ..., M},
that partition M! so that the ratio
1 Zt 0 My 1( t)F)
Tmin{ul (M), pk(M3), .., pt(ME)}’

is small; we call the coordinate map ¢q,, the dynamic Laplacian eigenmap.

(4.39)

1,7
Hy (D) =

The algorithm for dynamic Laplacian eigenmap construction is a straightforward

modification of Algorithm [4.1] with the following adjustments.

1. In step 1 of Algorlthm , replace w pemin with ST wt “min “and replace wt emax
with Y7, te’““".

2. In steps 2 - 4 of Algorithm [4.1] replace B¢t with Bl

3. In steps 4 and 5 of Algorithm Replace ¢, with @gy,.

Missing data : In many real-world applications, failures of equipment and/or
errors in recording measurements may lead to the instantaneous coordinates 7 (z;)
of some trajectories to be missing or corrupted. To handle this situation, we modify
the matrix B¢ used in the above dynamic manifold learning algorithm as follows:
Suppose at the time instant ¢, we have a set of missing data points x} := T (x;),
for each ¢ € I in the index set I; that is, there are |I| data points are missing from
the set S“*. Then for each i € I, set the i*" row of the matrix B¢ to be zero so that

[L7le Similar

the data points z! for each ¢ € I have no contribution to the matrix B
approaches for treating missing data as above were employed in [57, 0]. Also, a

triangulation technique was used to treat missing data in [52].
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4.2.4 Numerical experiments for dynamic Laplacian eigen-

map
Weak standard map on torus

For our first numerical experiment on dynamic manifold learning, we compare our
new dynamic Laplacian eigenmap algorithm in Section to the existing space-
time diffusion map algorithm in [9]. The space-time diffusion map is created by
applying the following modifications to Algorithm [4.1}

1. Let QM7 be the k x k space-time diffusion matrix as in equation (3.15) in

[9]. In step 1 of Algorithm , replace w};® with QE’T]’G.

2. In steps 3 and 4 of Algorithm , replace éB“’El with ellQ[lvT]‘l.

3. In steps 4 and 5 of Algorithm 4.1} replace the eigenmap ¢, with the space-time

diffusion map ¢.

The key differences between the space-time diffusion matrix Q™7 in [J] and the
matrix B ([£.37) used in our dynamic Laplacian eigenmap are: (1) we have
scaled the diffusion kernel @, (2%, %) in (4.34) by the factor

R
1 ht (zf)
P\ e
foreach 1 <i4,j < kand 1 <t < 7, and (2) the matrix Qe in [9] is modelled
on a ‘double diffusion” process based on the forward-backward transfer operator

in [48]. The scaling factors (4.40) are dynamic extensions of (4.19). Importantly,

as improvements over the space-time diffusion map in [9], our dynamic Laplacian

(4.40)

eigenmap is designed to be robust to the distribution of the input trajectory data,
and it is designed for learning dynamics acting on weighted Riemannian manifold. In
the following, we illustrate the robustness of our dynamic Laplacian-based manifold
learning algorithm on artificially generated trajectory data.

Let T? be a 27 x 27 torus, with metric tensor e on T? given by the Kronecker

delta. Consider the ‘weak standard’ map 71" : T? — T? given by
T(x,y) = (x+y+ asinz,y+ asinz), (4.41)

computed modulo 27, where the parameter a = 0.971635 is chosen so that a promi-
nent KAM curve is destroyed, and T? exhibits both regular and chaotic motions
under 77 see [51].

We consider the analysis of trajectory data that are formed by 2 applications
of T. Fix k = 2000, and 7 = 3. Let S'* be a random sample drawn from T?
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uniformly in i.i.d fashion, and let S; * be a random sample drawn from T? according
to a nonuniform distribution in i.i.d fashion, such that 40% of data points in S; ok
are concentrated in the horizontal strip [0,27) x [5£,27]\ ~ in T?. We map the
initial data S* and Sbl’k forward by T' and T2, forming the trajectory data Sl
and Sl[)l’ﬂ’k; time slices of the trajectory data SIELT] are shown in Figure (Since T

)

is volume preserving, all time slices of the trajectory data ST shows a uniformly

distributed point-cloud data and we do not plot this).

Figure 4.4: Time slices of the trajectory data S}f’f““, k = 2000 and 7 = 3.

First we form the space-time diffusion map in [9] for the trajectory data STk
and Sl[,l’T]’k. Let QL7 (resp. QE’T]’G) be the space-time diffusion matrix formed
from the trajectory data SL 7" (resp. SIEI’T]’k). We set the parameter € in QL™
and QE’TLG using step 1 - 3 of Algorithm H For the set S([ll’ﬂ’k, we have ¢ =
0.35 with the first 7 eigenvalues of Bl given by 0, —0.2114, —0.2561, —0.2742,
—0.2942, —0.4752 and —0.5310. For the set S/"™*, we have ¢ = 0.55 with the first
7 eigenvalues of Q" given by 0, —0.1970, —0.2058, —0.2591, —0.2927, —0.4139
and —0.4821. Let go, (resp. g2;) be the first nontrivial eigenfunction of QE’T]’e
(resp. Q£17T]’E). For 1 < s < 5 < k, there are no gaps in the spectral of the first
s + 2 eigenvalues of QL™ and QE’T]’G. Thus, by step 4 of Algorithm , we set
the space-time diffusion map ¢ to be the 1-dimensional embedding ¢ = g2, for
the input trajectory Sc[bl’ﬂ’k, and ¢ = gy for the input Sl[)l’T]’k. To meaningfully
display the space-time diffusion map ¢, we numerically interpolate the unit norm
eigenfunctions gs./[|g2.4ll2 and ga2p/l|g2sll2 t0 g2u : T> — R and gop : T?> — R,
respectively; the level surfaces of g4, g2 and their images under the pushforward
operator H for t =0,1,2 are shown in Figure .

The level surface plots of g,2 and its images HO 9a,2, HP) ga2 in the first row
of Figure [4.5] highlight coherent structures of the dynamical system that generated

SC[LI’T]’k; one has reflective symmetry about the horizontal line y = 7. In contract,
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of HWgy,. (f) Level surfaces of H gy

this important symmetrical feature was not present in the level surface plots of gj 2
and its images HW gy, HPgyo; as shown in the second row of Figure The
discrepancy between g, and g2 comes purely from the variation in distribution of
the input trajectory datasets SR and Sl[)l’ﬂ’k. By construction, the trajectories of
SR are uniformly distributed initially and remains uniformly distributed under

T, whereas trajectories of SIELT]”f

are persistently more densely concentrated in the
region [0, 27) x [, 27) compare to [0, 27) x [0, 7); as shown by time slices of Slgl’T]’k in
Figure @ Quantitatively, we compare the eigenfunctions g, 2 and g2 by computing

a2 — Gvall2 = 0.7967.

k

We repeat the above numerical experiments conducted on S,[ll’T]’k and Sl[,l’ﬂ using

our dynamic Laplacian eigenmap described in Section . Denote by Bl (resp.
B[ the matrix formed from the trajectory data S&* (resp. SI"*) in step 2
of Algorithm We set the parameter € in Bl and BE’T]’G using steps 1 - 3
of Algorithm u For the set SE’T]’k, we have € = 0.55 with the first 7 eigenvalues
of BE’T]’e given by 0, —3.3861, —4.0110, —4.2742, —4.3276, —7.2880 and —7.6287.

For the set SE’T]’k, we have € = 0.65 with the first 7 eigenvalues of B,[)l’ﬂ’E given by
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Figure 4.6: Level surfaces of the interpolate first nontrivial eigenfunctions f;, and
fou of BV and Bl respectively. (a) Level surfaces of fo,. (b) Level surfaces
of HY £, 4. (c) Level surfaces of H? f, ,. (d) Level surfaces of fo. (e) Level surfaces
of HW foy. (f) Level surfaces of H? fy,.

0, —3.0032, —3.1241, —4.3756, —4.9048, —6.6646 and —8.9010. Let fo, (resp. fay)
be the first nontrivial eigenfunction of BY"™ (resp. B['). For 1 <'s <5 < k,

e and

there are no gaps in the spectrum of in the first s 4+ 2 eigenvalues of BT
BE’T}’E. Thus, by step 4 of Algorithm we set the dynamic Laplacian eigenmap
©Payn to be a 1-dimensional embedding gy, = f2, for the input trajectory S,[ll’T]’k,
or ¢ = fo for the input S,EI’T]’k. To meaningfully display the dynamic Laplacian
eigenmap gy, we numerically interpolate the unit norm eigenfunctions f . /|| f2.4ll2
(resp. fau/|fonll2) tO fou: T? = R (resp. fop : T> — R); the level surfaces of the
eigenfunctions f5,, f2, and their images under the pushforward operator H® ([3.31))

are shown in Figure [4.5

The level surface plots of f,» and its images HD fa2, HO fa2 shown in the
first row of Figure [4.6, are consistent with the corresponding level surface plots of
the space-time diffusion matrix in Figure Moreover, despite the nonuniform

distribution of the trajectory data S,El’T]’k

, the level surface plots of f;o and its
images HW fy o, H? f,5, still highlight coherent structures of the dynamical system

that generated SIEI’T]’k; as shown in the second row of Figure Quantitatively, we
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compare the eigenfunctions f, 2 and f; 2 by computing || fo2 — fo.2l/2 = 0.4895. Since
|ga.2 — gb2ll2 = 0.7967 for the space-time diffusion maps g,» and g2, we conclude
that the current dynamic Laplacian eigenmap is more robust to the distribution of

the trajectory data compared to the dynamic manifold learning method [9].

Standard map on weighted torus

Next, we test the ability of our dynamic Laplacian eigenmap to approximate dy-
namical structures of non-volume-preserving transformations on weighted Rieman-
nian manifolds. Let M = N = T? be a 27 x 27 torus as in the last numerical
example. We equip M with the absolutely continuous measure p, with density
hu(z,y) = o= (sin(y — 7/2) + 2), then form the weighted Riemannian manifold
(M, e, p2). We consider the transformation 7' = T o T3 acting on M, where

T3(z,y) = (z + 0.3z cos(2z), y),
Ty(x,y) = (m + v,y + 8sin(z + y)),

both computed modulo 27. The weighted Riemannian manifold (M, e, uy) is trans-
formed into (N, e, 5) under T, where v = o o T~'. The nonlinear, non-volume-
preserving transformation 7" on (M, e, p2) was studied in Section : the dynamic
spectral method introduced in Chapter [3|finds a partition {M;, Ms} of M with small
ratio H ][\1/[]( for K = 2; as shown in Figure , (a) and (c). The interface T
that separates M; and M, is given by the level surface ¢y = —9.276 x 10~%, where
&9 is the unit norm, first nontrivial eigenfunction of the dynamic Laplacian A%"
(13.28)).

We now consider the situation where both the manifold M and the dynamics T’
are unknown; that is, the dynamic spectral method introduced in Chapter |3| cannot
be applied to find the partition {M;, M>}. Suppose we have a set of trajectory data
initial sampled from M, and suppose we can track the measurements h, and h, at
the trajectories locations. We illustrate how our dynamic manifold learning method
can be used to approximate the partition { M7, My} from the given information. To
initiate this numerical experiment, we start by generating a set of 2000 trajectories,
by drawing 2000 initial data points SY* from (T2, e, y2) uniformly in i.i.d fashion
(Importantly, the distribution of S* does not depend on ps). We then map each
point in SY* forward by 7. Denote by S?* the image of S** under T', and denote
the trajectory data formed from S'* and S?* by SIV7hE: 7 =2 k = 2000.

We form the dynamic Laplacian eigenmap ¢4, from the above trajectory data
using Algorithm [4.1]together with the modifications stated in Section[4.2.3] By steps
1 - 3 of Algorithm we have € = 0.5 with first 7 eigenvalues of %B [L7l¢ given by
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Figure 4.7: Approximation of {My, M>} from the trajectory data SI'7* using dy-
namic Laplacian eigenmap. (a) Colors represent partition elements M; and M, of
M. (b) Colors represent the partition elements S ék and g;’k of SV* with g = 0.0277.
(c) The image of (a) under 7. (d) Image of (b) under 7.

0, —0.0768, —0.0832, —0.1529, —0.1984, —0.2414 and —0.2717. For 1 < s < 5 < k,
there are no gaps in the spectrum of the first s+2 eigenvalues of BI'7¢. Thus, we set
s = 1 in accordance with step 4 of Algorithm [4.1 Therefore by step 5 of Algorithm
[.1] the dynamic Laplacian eigenmap is given by a 1-dimensional embedding map

Payn = f2, where f5 is the first nontrivial eigenvector of B [Lirle,

Since the dynamic Laplacian eigenmap ¢g,, = f2 is 1-dimensional, for some
S € R the subsets S}B’k = {x; € SV fy(x;) < B} and §;’k = {x; € SY*: foxy) >
B}, are clusters of S™* with respect to the R!-distances of (g, (S"*). To find
B € R such that {Sé’k,gg’k} is a good representation of {M;, My}, we interpolate
the eigenfunction f5/]|fall2 to fo : M — R, and numerically determine the level
surface fo, = [ that minimises H ][\1472]({ fa = B}); there are at most k — 1 clusters of
the form {S 1”“,3?}. We found optimally § = 0.0227; the level surfaces (with the
level surface fo = 0.0277 in black) of f; and their images under H are shown in Figure

[1.8 (a) and (c). To evaluate the accuracy of our dynamic Laplacian eigenmap f for
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Figure 4.8: Approximation of the dominant eigenfunction ¢, of A¥" from the in-
terpolate first nontrivial eigenfunction f, of B7< (a) Coloured lines are level
surfaces of fy, with black line as the level surface fo = 0.0277. (b) Coloured lines
are level surfaces of ¢, with black line as the level surface ¢ = —9.276 x 1074, (c)
Image of (a) under H (d) Image of (b) under #.

approximating the eigenfunction ¢, we compute the L%-error ||¢s — fal|o = 0.4208,
and display the level surfaces (with the level surface ¢ = —9.276 x 10~* in black)

of ¢ in Figure [4.8 (b) and (d).

Ocean drifters

For the last numerical example, we study geophysical fluid dynamics using our
new dynamic manifold learning method on real-world data. In particular, we con-
sider the trajectory data from the Global Ocean Drifter Program available from
AOML/NOAA Drifter Data Assembly Center (http://www.aoml.noaa.gov/envids/
gld/). We focus on the years 2005 — 2009 and restrict to those drifters that have
a minimum lifetime of one year within this five-year time span; there are a total
of 2267 trajectories that satisfies these conditions. We output the position of these

2267 trajectories (in longitude, latitude coordinates) every month, i.e. the length
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of our trajectories is 60 months. Denote the ocean drifter data by Sk 7 = 60,
k = 2267. The set SI7I* was studied by [57] and [9].

We apply our new dynamic manifold learning method to SI"7b* with the ob-
jective of identifying transport barriers under ocean dynamics. In particular, we

71k into bundles of trajectories, such that initial points of these K-

partition S
clusters represent submanifolds M|, My, ..., M} of the ocean surface with small
ratio . We note that typical drifters do not operate over the whole five years,
and there are also gaps in observations when there is a failure in recording the drifter
location (see Figure 17 in [57] for statistics of the drifters). Thus, we are dealing
with highly incomplete trajectory data. Therefore, we apply the missing data treat-
ment discussed at the end of Section [£.2.3] We also note that the distribution of the

drifter locations are nonuniform; as shown by plots of the ocean drifter locations in

Figure [4.10]

We form the dynamic Laplacian eigenmap ¢g,, from the trajectory data S [Lr)k
using Algorithm together with the modifications stated in Section 4.2.3. By
steps 1 - 3 of Algorithm we have € = 0.105, with first 7 eigenvalues of %B (L)€
given by 0, —0.2317, —0.6777, —1.4946, —2.1596, —2.9291 and —3.3550. There is a

177—]’6

gap in the spectrum between the 3" and 4" eigenvalues of B¢, Hence by steps
4 and 5 of Algorithm the dynamic Laplacian eigenmap gy, is given by a 2-
dimensional embedding g, := { f2, f3}, where f5 and f; are the first two nontrivial

eigenfunction of B¢ respectively. Let S'* denote the initial point-cloud of the

trajectory data S7*. The image of SU* under the dynamic Laplacian eigenmap
©Pdyn is shown in Figure . To cluster the trajectory data S into K = 5 parts
(we choose K =5 for comparison with [57] and [9]), we partition the initial point-
cloud S** by applying K-mean partitioning algorithm to ¢g4,,(S"*). We colour
the partition elements of (g,,(S"*), and display all drifter locations on the ocean
surface at certain months as in [57] (In addition to [57], we have chosen to show the

ocean drifter location for September 2008 to highlight drifters in the Arctic ocean);
as shown in Figure [£.10]

In each plot of Figure [1.10] by the geographical locations of drifters that are
grouped together, the 5 clusters we found can roughly be described as Northern
Pacific (red), Southern Pacific (yellow), Northern Atlantic (green), Southern At-
lantic/Indian Ocean (blue) and Arctic Ocean (purple). From the colour coordina-
tions in Figure [£.10] one can see that a significant number of drifters have moved
between Southern Atlantic/Indian Ocean and Southern Pacific over the 60 months
time period we have tracked. The large quantity of drifter mixing between Southern

Atlantic/Indian Ocean and Southern Pacific, is an indication that the strength of
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Figure 4.10: Partition of ocean drifter data using dynamic Laplacian eigenmap @gy,
colours represent drifters that are grouped together. Shown are location of all ocean

drifters overlap in periods of 15 months. Shown are 4 time slices of the ocean drifters.

transport barrier that separates these oceans is weak. The strength of the transport
barrier between Southern Atlantic/Indian Ocean and Southern Pacific is reflected
by the dynamic Laplacian eigenmap in Figure the blue and yellow dots are not

well separated in terms of the coordinate {f, f3}. In contrast, the blue and green
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dots in Figure 4.9 are well separated, as they are concentrated at the extreme ends
of the coordinate fy. Correspondingly, there are only a few drifters that have flowed
between the Southern Atlantic/Indian Ocean (blue) and Northern Atlantic (green);
as shown in the plots of Figure [4.10] In a similar manner, we can make speculation
on the strength of transport barriers between between any oceans by studying the

dynamic Laplacian eigenmap in Figure [4.9]

4.3 Conclusion to the chapter

In this chapter, we had considered the problem of approximating transport barri-
ers for non-volume-preserving dynamics, from trajectory data that are randomly
distributed on weighted Riemanian manifolds. We have extended the standard
Laplace-based manifold learning method [10, 11}, concerned with the approxima-
tion of low-dimensional feature of manifolds from uniformly distributed point-cloud
data, to a situation where the manifolds are weighted, and the point-cloud data are
randomly distributed (Importantly, the distribution of the point-cloud data need not
coincide with the density of the manifold). We constructed a scalar weighted graph
from randomly distributed point-cloud data, and show that the Laplacian of this
graph converges to the weighted manifold Laplacian operator. We demonstrated
numerically that the eigenfunctions of the scalar weighted graph Laplacian are (1)
robust to the distributions of the point-cloud data, and (2) encode the weighted
geometry of weighted Riemannian manifolds.

We then considered a dynamic extension of our robust Laplacian-based manifold
learning method. We modelled trajectory data as dynamics of graphs, and con-
structed a dynamic Laplacian matrix for dynamics of graphs. We show that this
dynamic Laplacian matrix on dynamic graphs converges to the dynamic Laplacian
on weighted Riemannian manifolds (Importantly, the weights on these Riemannian
manifolds need not be related to the evolving distributions of the trajectory data).
We demonstrated numerically that the eigenfunctions of our dynamic Laplacian ma-
trix are (1) robust to the distribution of the trajectory data, and (2) can be used to
approximate solutions to the dynamic isoperimetric problem considered in Chapter

Bl
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Appendix A

Let G = G(V, E) be a simple, connected graph, where V = {vy,vq,..., v} is the
vertex set and F € V x V the edge set. On G, let d(v;) denote the degree of the
vertex v; € V., D(V’) the total degree of the collection of all vertices in V/ C V' and
C(V4, V) the partition boundary between V;,V, C V as in Section . Define the
k x k diagonal matrix D;; = d(v;), and the graph Laplacian L by ([L.5).

Let m be a graph transformation on G, induced by the vertex permutation m,
on V' and edge permutation 7, on E as in Let H& be the ratio given by (2.10),
and let the matrices L™, L%" be as in ([2.17), respectively. Define the vertex

label permutation 7, associated with 7, by 7,(v;) = vz, ).

A.1 The proof of Theorem

To obtain the desire spectral properties for £%", we compute the Rayleigh quotient
for L%". Let g be a vector in R, and (-,-) the inner product on R¥. Denote by
>_i~; the summation over the set of all pairs of vertices such that [v;,v;] € E. One

has

ZLUfJ => (=1, (A1)

’LNj

for each 1 <7 < k. Hence

(F.LF) =D f(fi— 1)

i
=S L=+ _f(fi— )
i< i~
=S Hli=f+ ) L
i< 1=
= =) (- )
2
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For the remainder of Appendix , we write Y i~jas ), ; unless otherwise stated.
i<j
Note that (Pf); = fr,q); thus

(f.L7f) = (Pf.LPF) =Y (fu) = frui) - (A.2)

i~vj

Let g = DY?f. By (A1) and (A.2), the Rayleigh quotient for £L%" is given by

(g, L""g) _ (f,(L+L™)f) _ Ziwj (fi — fj)2 + (pr(i) - pr(j))2
(9,9) 2(DY2f, DV2f) 2 2111 d(vi) f7

— R(f).

(A.3)

Due to the characterisation , the proof of Theorem m proceeds as in the

static graph situation. Parts 1, 2and 3 follow from Theorem 1 in [5] (the A in [5] is

our L, so the obvious modifications are applied to treat £ = D~Y2LD~'/2), and
part 4 follows from the Courant-Fischer theorem (see e.g. Theorem 4.2.11 [70]).

A.2 The proof of Theorem 2.2.3|(2)

We define the sub-vertex sets S* = {vy, vy, vs,...,v;} and ST = {v;1q,... v}, with
the set extensions S° = Sk = (J; {S?, 7} partitions G for each i = 0,1,...k. We use
the abbreviations C'(S?) = C/(S%, §7) and D(S?) = min{D(S"), D(S?)}. The ordered

cut value « is defined by

a ;= min |CL(SZ)| i |?(W;1(Si))|.
1<isk D(S1) + D(m,1(S7))

(A.4)

The following Lemma forms the crucial link between the cardinality of the partition
boundary C(7,*(S)) and a vector f € R”.

Lemma A.2.1. Let G = G(V, E) be a simple, connected graph with |V| = k, and
7 = (7, Te) a graph isomorphism. Let 7, be the vertex label permutation associated
with m,. If f € R* satisfies f; < fi1 foralli=1,...,k— 1, then

k—1
> M = Fryr| = 21 = fiah1C (7, (5) . (A5)

i~vg

Proof. We perform induction on the number of vertices of G. For k = 2, V' = {vy, v}

and E = [vy, vs], the vertex permutation 7, either fixes both vertices or interchanges
them. In both cases of m,, the LHS of (A.5) is

Z |\ froti) = o) = |1 = fol,

i~vj

98



Appendix A

while on the RHS of (A.F)), the partition boundary C(m,*(S")) contains the single
edge [v1, 1], so that

2-1
D= Sl lC@ (SN = i = fol:

=1

Thus holds for a graph with two vertices. We proceed to show that the
statement (|A.5) is still valid for any finite number of vertices, by adding the addition
vertex viy1 to GG, and counting the increase in both sides of .

Let K = d(vgy1), then define V' = {vg,, vy, ..., Uk, } to be the sub-vertex set
of V, such that each vertex in V’ is adjacent to vgiy in G and m,(ky) < my(ks) <
. < mp(kr). Set a = m,(k+ 1), and suppose 1 < m,(ky—1) < a < mp(ky) < k + 1,
for some 1 < b < L (in the following arguments the situations where a > m,(kr) or

a < m,(k1) can be treated in a similar fashion).

a. LHS With the addition of the vertex vy, and its associated edges to G, the
LHS of (A.5) is increased by an amount of | fr k) — fr,k+1)| foreach I =1,2,... L
so the total increase to the LHS of (A.5)) is given by

L

L
Z | frp(k) = Frphrny| = Z | frpk) — fal- (A.6)
=1

=1

We expand the summands of (A.6) using the assumption that f; < f;4; for each
i =1,2,...,k, and the fact that m,(k1) < m,(k2) < ... < m,(k). There are two
cases to consider, when [ < b and when [ > b. First the case [ < b, for [ =1 < b,

|f7rp(k:1) - fa|

= |fryer) = frpko)+1] T [ frpe)rr = Frpeyr2l oo [ frpka) =1 = frp(ha)—2]
+ | frpe) = Frpten) 1| + [ Frptho)e1 — Frptra)ral + - 4 [ frptea)—1 — Frp(ha)—2]

F | frptiy—1) = Srpteo 1] F [ frpro)41 — Jrptiy_n)2] + -+ [fam1 = fal

and for [ =2 < b,

|f7rp(k2) - fa‘
= | frptha) = Frptho)1] + | frpho)r1 = frphaye2| + oo [ frptha)=1 — frp(hs)—2]

+ ‘fﬂ'p(kbfl) - fﬂp(kb,1)+1| + |fﬂ'p(kb,1)+1 - fﬂp(kb,1)+2’ _|_ A + |fa71 - fal
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Repeating the above expansion for each 1 <[ < b and adding them together, then
we have an expression for the summation of (A.6]) over the indices [ € [1,b — 1]:

b—1
Z |f7rp(kl) - fal (A?)
=1

= | frpr) = rptkn)e1] F [ frpte)+1 = Frper)r2l + o F [ frpha)=1 — Frp(ho)—2|
+ 2 (| frpth) = Frpta)r1] + 1 frptha)r1 — Frph) a2l + - oo+ o=t = Frpiha)—2l)

+ (b - 1) (|f7rp(kb—1) - fﬂp(kb—l)—i-l‘ + |f7rp(kb—1)+1 - fﬂp(kb_1)+2| +..+ ’fa,1 - fa|) .

Next we expand the summand of (A.6) when [ > b. For [ =0

| froky) = fal = |fa = fasil + [fas1 = farel + o+ [ frphe)—1 — Frpin)l

and for [ =b+ 1,

|f7rp(kb+l) - fa'
= ‘fa - fa+1| + |fa+1 - fa+2| T+ ’ffrp(kb)—l - frp(kb)l
+ |y ) = Frpe)+1] + | frp )1 — Frpr2l + 0+ | frptrop -1 — Frptngn) |-

Repeating this expansion for each b < [ < L and adding them together, then we
have an expression for the summation of (A.6) over the indices [ € [b, L]:

L
Z |f7rp(kl) - fa| (AS)
I=b

= (L —b+ 1)(|fa - fa+1| + |fa+1 - fa+2| +.o+ ’fﬂ'p(kb)_l - fﬂ'p(kb)l)
+(L =) (| fryhy) = Srptr)a1] + [ Frpin)t1 — Frptrnyaal + - [ frptipsn)—1 — Frpthnen)])

H frapkr 1) = Srper_ 1l [ frper 041 = Frper o2l + o+ e —1 — Frpen) |-

The total increase in the LHS of (A.5)) is accounted for by the sum of (A.7) and
3.

b. RHS Next we consider the increase in the RHS of ({A.5]) due to the additional
vertex v4+1 to G (or v, to m(G)) and the associated edges. We note that

C(m, ' (SY) = {[vsvs) € B v, € m,1(SY), 05 € m, ' (S7)}
{[vr,v5] € E = my(v,) € S, my(vs) € S}
{

[Up,0s] € E:mp(r) <i < my(s)}.
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In words, due to the additional vertex vy,;. For any ¢ < a = m,(k+1), the cardinality
of the partition boundary |C(m,*(S"))| increases by 1 for each vertex v, € V with
label 7,(r) < i connected to vj41. Otherwise for any ¢ > a, the cardinality of the
partition boundary |C'(7,'(S%))| again increases by 1 for each vertex vy € V with
label 7,(s) > i connected to vgy1. Since {vg,, U,, ..., vk, } are the set of all vertices
connected to vy, we can account for the total increase in the RHS of by
consider the set of all C(m,*(S")), 1 <4 < k that contains the edge [vy,, v+1] for
each [ =1,2,..., L. We consider two cases by splitting the summation on the RHS
of over the indices ¢ < a and ¢ > a.

Recall that 1 < m,(ky—1) < a < my(ky) < k+ 1 for some 1 < b < L and
mp(k1) < mp(ks) < ... < my(ky). First we consider the case ¢ < a. For [ = 1, the
partition boundaries C'(7,!(S%)) contains [vy,, vx41] for each m,(ki) < i < a. Thus,
due to the edge [vk,,vry1] the total increase in the RHS of over the index
1<i<ais

| froer) = Srper)+1| [ frptenye1 — Frpe)t2] + - - F | frpha)=1 = ()|
[ frpthn) = Jrph) 11l F [ frpha) 41 = Frptho)ral + - oo [ frpths)—1 — Frp(rs)]

+ ’fﬂ'p(kbfl) - fﬁp(kb,1)+1| + ’fﬁp(kb,1)+1 - fﬁp(kb,1)+2‘ + A _'_ ‘fafl - fa|
Similarly, when | = 2, the edge [vg,, vk41] is contained in C'(7,1(S7)) for all m,(k;) <

1 < a, and contributes to the total increase over the index 1 < i < a by

| fro(ha) = Jrpeo)+1] + [ frp o)1 — Jrpeo)2] - - A | frpa)=1 = Frp i)

+ [ frntkyor) = Frothy—p)t1] + [ frpoon) 1 = Frptipor)r2l + o+ [fa1 — fal-
Repeating this for all 1 <[ < L, then we see that the total increase in the RHS of
(A.5)) over the index 1 < i < a is given by

| fro(er) = Jrper)+1] T [ frpen) 1 = froe)2] oo | frptha)—=1 = frpha)])
+ 2] frpha) = Frptha)+1 | + | Frptea) 1 — Frpha)a2l + - - 4 [ frpha)=1 — Frph)])

+ (0 = V(| frp k1) = Frotho) 1l T [Frphoo)e1 = Frphoo) 2l + -+ [ famr — fal)-
(A.9)

Next we calculate the total increase to the RHS of ({A.5]) over the indices i > a.
For this case, we need to consider the set of partition boundaries C(7,(5%)), for

i > a that contains the edge [vy,,vk+1] € E for | = 1,2,..., L. Since i > a, we
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note that the edge [vy,, Vk+1] € E is not in C’( (S’)) for any m,(k;) <. Thus for
this case, we start with the index [ = b, which corresponds to the smallest index [
such that [vk,,vk+1] € E and m,(k;) > a. The edge [v,,vk+1] € E is contained in
C(m, ' (S%)) for all i < m,(ky), hence contributes to the total increase of the RHS of
over the indices a < 7 < k by an amount of

|fa - fa+1| + |fa+1 - fa+2’ +.o..+ |f7rp(kb)—1 - ffrp(kb)’

Similarly, for [ = b+ 1, the edge [vy,,,, Vx+1] € £ is contained in C’( (SZ)) for all
i < my(b+ 1), thus contributes to the total increase over the indices a <1i < k by

|fa - fa+1| + ‘fa—i-l - fa+2| +.. |f7rp(kb—1 - fﬂp(kb|
+ | frp) = Frpo) 1l + [Frpty 1 = Frptyaal + oo+ o) —1 = Frpten) |-

Repeating this for all [ = b+ 2, ..., L, we see that the total increase in the RHS of
(A.5)) over the indices a < i < k is given by

(L —b+ 1)(|fa+1 - fa’ + ’faJrQ - fa+1| +...+ |f7rp(k?b)—1 - fﬂp(kb)D
+ (L - b)(’fﬂ'p(kb fﬂ'p(kb +1’ + |f7rp kb fﬂ'p kb +2‘ + + ’fﬂp(kb+1)71 - fﬁp(kb+1)‘)

+ | frper 1) = Srper )1l 1 frper 041 = Frper_n+2l + oo+ [ o) -1 — o)
(A.10)

Comparing the expression (A.7)) to , and (|A.§ - ) to , we see that with the
addition of the vertex k£ + 1 to G, the increase to both sides of ( are equal. [

If we set m, to be the identity permutation in Lemma then we obtain

Corollary A.2.2. Let G(V, E) be a simple, connected graph with |V| = k. If a
vector f € R¥ satisfies fi < fiy1 for eachi=1,...k — 1, then

Sl - m-Zm fl OS] (A.11)

7/\‘]

Lemma A.2.3. Let G = (V, E) be a simple, connected graph with |V| = k, and
7 = (my,me) a graph isomorphism. Let f € R* be a nonnegative vector, such that

fi is increasing for each v > r, for some 1 < r < k. If the vertex v, satisfies
d(ﬁv_lvr)ng];:r-yl d(m, 'v;), then

k

(Zd ;) > (Zd vi) f2+ d(m) ) f ) < Zd(vi)ff—l—Zd(wv’lvi)fz
i7r

i=1
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Proof. Since d(r;'v,) < SF

1 > r, we have

1 d(m;'v;) and f; is positive with f; < f;41 for each

Zdw v; f2<2d7r v;) fE. (A.12)

i=r+1

z;ér
Therefore
k k
(Z d(w)ff) (Z d(v:) f7 + d(wglv»ﬁ)
i=1 i=1

i=1

- (Z d(vi)ff) D dw)f7+ Y d(m o) |+ (Z d(w)f?) d(m, ') (fr)?
= -

Zd v;) fE+ Zd ) f + <Z d(Ui)fi2> d(m,'r)(fr)?

i=1
z;ﬁr
2

2 2

IA
=
£
S~—
-

[N}
+
iyg
=
3
IS4
S}—‘
S~—
o
=
|
(1~
SN
—~
3
<
§H
=
[\o}

[\

IA
(]

S

+
E

=

3

IS

where (A.12) has been used to obtain the inequality on the penultimate line. O

Observe that if the nonnegative vector f in the statement of Lemma is
such that f; is decreasing for each ¢ < r, for some 1 < r < k. Then given that

the vertex v, satisfies d(m; 'v,) < 27—} d(m; 'v;), we have the following analogue for
(A12)

Consequently, by performing exactly the same calculations as in Lemma [A.2.3] we

obtain

Corollary A.2.4. Let G = (V, E) be a simple, connected graph with |V| =k, and
7, : V. — V be a graph isomorphism. Let f € R* be a nonnegative, such that
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fi is decreasing for each i < r, for some 1 < r < k. If the vertex v, satisfies
A1) < Y7 d(mtoy), then

2

(Zdvz )(Zdv,f + d(m, M vy) ) Zdvzf +Zd7r vi)f

Lemma A.2.5. Let G(V, E) be a simple, connected graph with |V| =k, and 7 =
(7w, Te) @ graph isomorphism. Let m, be the vertex label permutation associated with
the vertex permutation m,, and R : R* — R be defined as in (A.3). One has for all
f ERE

Zz'Nj |12 = f]2| + |f7%p(i) - fﬁp(j)|

2/ R(f) > : (A.13)
J(Sdr) (S + a2,
Proof. For each 1 <i <k,
SN i+ )+ (- £)
=2 Z fi2 + fj2
Zrl:j
=2 d(v)f’. (A.14)
i=1
Similarly
k
ST (v + Fro) <2 d(i) f2 . (A.15)
inj i=1
By adding to then rearranging, we arrive at the inequality
. )2 ) 2
Zi~j(f;+ fi)* + (pr(z) + fm(])) <1 (A.16)
2 <Zi:1 d(vi)ff + d(“i)fi@))
Therefore
ZZN ( ) (fﬂ (i) — fﬂ )
R f _ 7 P p(J
( ) 2 Z’L 1 d(’U )
D iy i = 112+ (frp) — Jro)’
= 2 Zi:l d(vi) f7 < Ll
_ (a® + 8)(a? + 1) (A.17)

4 (X0 dw)f2) (S dw) 2+ dw) £2, )
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where

N|=
M=

a= <Z(fi - fj)2> b= (Z(pr(n - pru))z)

a= (Z(fz + fj)z) b= (Z(f%(i) + fﬁp(j))2>

Observe that each of the term a, b, @ and b are positive and real, so that
(a® + b%) (a2 + b?) > (ad + bb)>.

Furthermore, application of the Cauchy-Schwartz inequality on the expressions ada
and bb yields

a&:(Z(fi—fj>2> (Z(fi+fj)2> ZZ‘f;_f]?‘

i~vg i~vJ in~v]

N|=

1
2
2 2 2
<Z(pr<i>+pr<j>>> > e — frol

bb = (Z(pr<z>—f7rp<j>)2> > >
i~] ad)
2
(S 172 = 2182 0 = £2.))

4 (S ) 2) (S diw) f2 +dw) £2,)

by taking square root on both sides of (A.18]), we arrive at the required result. [

=
=
v
E
—_
=!
Y

: (A.18)

The proof of Theorem [2.2.3](2): Assume G(V, E) is simple and connected with
V| = k. Let g» = D'Y?f be the eigenvector of L% corresponding to Ay and
1 € R* be the vector with each element equal to 1. We order the vertices of G
according to f by f; < fir1, and let r and ¢ denote the largest integers such that
D(S™1) < D(V)/2, and D(m,;'(S9)) < D(V)/2. We first consider the situation of
r < ¢, and define the positive and negative parts of f; by

PRI S
! 0 otherwise

and

7

‘ﬁ:{ﬁ—ﬁﬂﬁZﬁ,

0 otherwise
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ie. f; = ft — f7 + fr, then form the vector f* and f~. First we show that

R(f) > min{R(f"), R(f~)}. Due to Theorem m, S d(v)fi = (f, D1) = 0.
Thus

Z d(vi) f} (A.19)

r—1 k

<O dw) (P + )+ dw) (7 + f7)
:ﬂill o r—1 k k

= dw)(f2+ ) = 2£ > dw) fi—2f > dw) fi+ Y d)(fF + f2)
=1 =1 i=r i=r

= Z d(vs) ()% + d(vi) (f7)*. (A.20)

Furthermore, by the definitions of f;” and f;", f;" fi =0and f; — f; = ( = j+) +
(fi = f;)- Therefore

(fi= ) = =)+ = F))
= (= =G ) =)
=T =)+ = )% (A.21)

Note that ¢, j can be replaced with 7, (), m,(j) in (A.21)) to obtain analogous results

for (fr, i) — fr,(j))? Applying (A.21)) and (A.19) to the numerator and denominator
of R(f) respectively, then

lej<fz ) ( f“p ]))

= Pl
- D= o — fE ) = ) ey — fa)’
B 2300 d(w) ()2 + d(wi) (f)?
> min{R(f"), R(f7)} (A.22)

where we have used the fact that for any positive real numbers a, b, ¢ and d

il > min 4 b
c+d— cdf”

Now by Theorem [2.2.2(4), one has Ay = —R(f). So if min{R(f*), R(f")} =
R(f*), then (A22) becomes Ay > —R(f"). Thus, by Lemma [A.2.5]

5o R = P14 ) = o)
V (Ead@2) (Sh de) (592 + deo(£7,)7)

27—\ > . (A23)
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In the following, we consider the expression on the numerator of (A.23). By the
application of Lemma and Corollary

SO = D+ 1 )7 = ()

ZNj

= ZI i)t = (PGS +1C(x 1 (5h)]) - (A.24)

On substituting the ordered cut value

C(SH+1C (m, ' (5)]

= min . A.25
1i<k - D(SY) + D(m;1(S7)) o

into 1} where ﬁ(S) = min{D(S), D(S)} for S C V. Then using the fact that

D(S*) = D(8%) = ( SH(SM)) = D(7,;1(5%) = 0, we have

(A29 >aZ! S0 = (FDPD(SY) + D(, ' (5Y)
ZaZ(fi+)2-(ll5(Si‘1) D(S)| +1D(m, 1 (571) = D(m, (59)1). (A.26)

Observe by the definition of f;" and the assumption that f; < fi,1, one has f;" =0
for ¢ < r. Therefore, we only need to consider the summation of over the
indices r < i. Furthermore, for each i > r, D(S""') = D(Si~1) because r is the
largest integer such that D(S™') < D(V)/2. So that for i > r

D(S™Y) — D(S d(v;) d(v;) = d(v;) A.27
( Z i) Z i) (A.27)

j>t j>i+1

Now for the expression D (7, '(S"1)) — D(r;'(S7)), when i < ¢, D(m,;'(S7")) <
D(m;1(S%) < D(V)/2. So that for i < ¢

D(m, ' (S7) = D(m, ' (8Y) = D d(mw, o) = > dl(m,'vy) = —d(m, 'v). (A.28)

1<i—1 1<t

In addition, when i > ¢, D (7, *(S%)) > D(m,*(S""!)) > D(V)/2. So that for i > ¢

D(m, (7)) = D(w, ' (89) = > _d(m, vy) = > dlm,'vy) = d(m,'v;). (A.29)

>i >i+1

Combining (A-28) and (A29), we conclude that [D(m,'(S"")) — D(m;1(S9))| =
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d(m;'v;) when i # q. Therefore,

ST D (ST = D(my(8Y)]

r<i<k

= | Do U o) |+ FPID(m (57) = D (59)
r<ilk
i#£q
> ) (Sl ). (A.30)

r<i<k
i#q

Inserting equation (A.30) and (A.27) in (A.26]) gives

(A24) > a [ Y (£)%dw) + D (f7)dr, v) | - (A.31)
r<i<k Tf;é%k

Next we treat the denominator of - Recall the theorem hypothesis
d(m;'v,) < D(V) /4, this implies d(m; 'v,) < S5 o1 (7, ), because if otherwise

D(m, (87) = D(V) — D(m, (7))

= D(V) —d(m; 'v,) Zdﬂ' v;)

i=q+1

> D(V) = 2d(m,'vg) > D(V)/2,

which contradicts the fact that ¢ is the largest index satisfying D(m,(57)) <

D(V)/2. Furthermore, f;" is positive and increasing for i > ¢, and q # k because

D (w1 (S 1)) = D(V)/2. Hence by Lemma

\<2dvz () )(Dzv, )+ d)(f, >2)

~\ (Zdvz () )(Zdv, )(f)2 + dn ‘1vz)(f+)>

< Z d(v;)(f7)? + Z d(m, i) (fi7)?

i#£q
= > dw)(f7)+ Y dm o) () (A.32)
r<i<k r<i<k
i#q

By substituting (A.31) and (A.32)) into the numerator and denominator of (|A.23)
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respectively, one has
D reicn A0 (fi)? + Zm;;k d(my i) (fi7)?
Do rcizn A (i) + Drcik d(mry o) (f;7)2

i#q
= a. (A.33)

2 —)\2204

By comparing the definition of the ordered cut value « to the constant
Hde" given by , we immediately see that a > Hde", so the required inequality
follows from (A.33). If instead min{R(f*), R(f~)} = R(f~), then one can obtain
by following similar arguments from equation and onwards, with the

following alterations:

1. Replace f* with f—,
2. The summation in (A.26)) only needs to be considered over the indices ¢ > r,

3. (A.27) is replaced by
D(S™) = D(S) = Y d(v;) =Y _d(vy) = —d(vy), (A.34)

71<i—1 7<i

while (A.28) and (|A.29|) are replaced by
D(W[l(Si_l)) ) Z d(m,  v;) Zd 7 ;) = —d(m) M.
71<i—1 1<t
(A.35)

To complete the proof, suppose we have the other situation of ¢ < r. Then
one defines the positive and negative parts of f; as before, and follow from equation
(E19)- (K22) to obtain R(f) > min{ R(F*), R(F)}. Now if min{ R(F*), R(f)} =
R(f~), then by making the appropriate alterations from (A.23)-(A.31]), one has

Dorzicr (f)2d(0) + X a<i<n (fi7)2d (7 )
A >« el . (A.36)
(S d2) (S dw) 2 + ) 17, 2)
To treat the denominator of (A.36]), note that the theorem hypothesis d(m, k) <
D(V)/4 also implies d(m, 'v,) < 3% d(; 'v;) as before. Furthermore, f;~ is posi-

tive and decreasing for ¢ < ¢, and ¢ # 1 because D(m,*(S")) < D(V)/4 < D(V)/2
(contradicts ¢ — 1 being the largest index satisfying this condition). Thus, by Corol-

lary [A.2.4]
J (Zd vi)( ) <Zd vi) ()% + d(vi) (f p@))Q)
< D d)(f)+ D> dlm ) () (A.37)

1<i<r 1<i<r
i#q
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Hence, by (A.36)) and (A.37) we have 2v/—\y > « and the result follows. The case of
min{R(fT), R(f)} = R(f*) is a straight forward modification to the r < ¢ case,

thus the details are omitted.
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Let (M, m) and (N,n) be compact, connected r-dimensional C*° Riemannian man-
ifolds, where m,n are the Riemannian metric tensors on M and N respectively. Let
T be a C'*°-diffeomorphism of M onto N, and V,, the volume measure on M. Let
(M,m, p,) and (N, n, ) be weighted Riemannian manifolds, where p,. is absolutely
continuous probability measures with respect to V,,, and v, = pu, o T~1. Denote by

h, and h, the densities of the measures p, and v, respectively.

B.1 Muckenhoupt weights A,

For a measurable function f on M, the essential supremum of f is the number
ess supf :={a e R: Vm(f_l(a, oo)) = 0}.

Recall from Section that the volume form w] on M is given in terms of the
volume measure V,,, on M via V,,,(U) = [, w;, for any measurable subset U C M.
Define the class of A, weights [119]:

Definition B.1.1. Let B,(z) C M denote the metric ball centered at x € M with
radius p > 0. The density h, of the measure p, is said to be an A, weight of

(M, m, u,), if there exists a constant C,, such that for every = and p, h,, satisfies

1 T ; _p%l " -
(W /Bp@) h"'”m) <vm(3p(x)) /Bp(r) i m) <C. (BY)

for 1 < p < o0, or

1 / 1
sy hy-wy, | | esssup—— | < C,, (B.2)
(Vm (Bo(2)) /B, g ) (zEB,,(;v) hu(z)) .
for p = 1. We call C, the A, constant of h,,.

Proposition B.1.2. Suppose the density h, of the measure i, is Lipschitz and

uniformly bounded away from zero. Then h, is an A, weight for all 1 < p < oo.
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Proof. Let B,(x) C M, and denote by dist,, be the Riemannian distance function
with respect to the metric m. Since h, is Lipschitz and nonnegative, for every
x,z € M one has h,(z) < h,(z) + Kdist,,(z, z) for some K < oco. Hence, for every
xe€ Mandp>0

1 -
m/&w "ul2)nl2)

IN

h‘M('r)—i_Kp wr ~
Vi (By()) /Bpm w(2)

h,(z) + Kp. (B.3)

Since M is compact and B,(xz) C M, one has p < oo. Also, since h,, is Lipschitz, it is
bounded on M. Hence, the RHS of (B.3)) is bounded above by sup,c,, (hu(z)+Kp).
In addition, since h,, is uniformly bounded away from zero, h;l and h,;l/ P=1 are

bounded for 1 < p < oo. Hence, there exist constants 7, and v; such that

1 / L
- By W <y (B.4)
Vi (Bo(2)) J,@) '

1 < p < oo, and

z€By(x) hu(z)

1
(ess sup—) <, (B.5)

Hence, by (B.3), there are constants C, = !/ @) -supgen(hu(z) + Kp),
such that is satisfied for 1 < p < oco. Similarly, there is a constant C,, =
Y1 - supgens (Kp + hy(z)), such that is satisfied for p = 1. Hence, h, is an A,
weight. O]

Let Ll

loc

(M, V,,) denote the space of locally integrable functions; that is, if f €
Ll

loc

(M, V,,) then pr(x) f-wl < oo for every z € M and p € RT. Given a weighted
Riemannian manifold (M, m, ), we wish to determine the condition on the density

h,, so that LP(M, p,) C L (M, V).

loc

Proposition B.1.3. Let B,(x) C M denote the metric ball centered at x € M with
radius p > 0. If hy /7Y s in L}

loc

(M, V,,) for p € (0,00), or if for every x and p

ess sup

< 00,
z€B,(x) hu(’z)

forp=1. Then L*(M,m, p,) C Li (M, V).

loc

Proof. This result appeared in [I19] for the case M = R"; the arguments for the
present version is identical, thus are omitted.
m
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B.2 Additional notes on differential geometry

By a local chart on M, we meant a pair (U, ¢) such that U is an open subset of
M and ¢ : U — R" a local C*°-diffeomorphism. The countable collection of local
charts (U;, ¢;)ier such that U;e;U; forms an open cover for M is called an atlas. For
a fixed k € I, one can define a set of local coordinates (x1, s, ..., z,) on Uy as the
set of smooth projections of the image of ¢ onto the j coordinate, 1 < j < r;
that is z; : Uy — R is a homeomorphism for each 1 < j < r. Moreover, the atlas
on M defines a local coordinate system for each point z € M. In local coordinates,
it is possible to carry out the operation of partial differentiation on a differentiable
function f at the point x € Uy, k € I as

2] =2, (B.6)

for each 1 < j < r. It is well known (see e.g p.7 in [30]) that the above oper-
ation is independent on the choice of ¢, and therefore we use the abbreviation
[0/0x;], f = 0f/0x;(x) = 0;f(x) whenever there is no confusion on whether the
partial differential is carried out on R" or M. It is straightforward to verify that the
set {0;}i_, forms a basis for the vector fields on M. Hence, one can write the metric
tensor m in coordinates as m;;(x) = m(0;, 9;)(z).

Given a diffeomorphism 7" : M — N, and local charts (U, ), (T'U,9) on M, N
respectively. Observe that ¥ o T : M — R" is smooth. Therefore, it is possible to
carry out the operation of partial differentiation on 7" at the point x € U as

{%] ) T .= o ng: v) (¢(2)). (B.7)

One can construct the Jacobian matrix Jr in local coordinates via , asarxr
matrix with entries (Jr);; := 0,T;, where T; is the smooth projection of the image of
¥ o T onto the i coordinate, and the abbreviation 9;T;(x) = 97;/0z;(x) had been
applied.

B.2.1 Differential forms

Let (x1,29,...,z,) be local coordinates on M. Denote by dx; the differential 1-
forms dual to the tangent basis 0;, for each 1 <7 < r. For p < r, one can express a

differentiable p-form 7 in coordinates via the exterior product of 1-forms

n= Z aj1...jpdxj1 VAN d.TjQ VANPIRAN d(lfjp, (B8)

71<g2<...<Jjp

where a;, . ;, are real-valued functions on M.
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The exterior derivative on a differentiable f : M — R is a 1-form given by
df =37, 0;fdx;, and the exterior derivative on the p-form 1 defined by (B.§) is a
(p + 1)-form satisfying

dn: Z d(ajlmjp) /\dl’jl /\de2 N .../\dl’jp.

J1<j2<...<jp
The interior derivative i(}) on a p-form 7 with respect to a vector field V on M, is

a (p — 1)-form satisfying
[Z(V)T]](Vl, V27 s 7VP—1) = U(Vu Vla V27 cee 7VP—1)7

for all vector fields Vi, Vs, ..., V,—1 on M.
Recall the definition of the tangent and cotangent mappings 7T, and 7™ associated
with 7', given by (3.5 and (3.6 respectively. For the differential p-form 7 given by

(B.8), one has
(T ) Vi, Vo, ..., V) (z) = (T V1, T Vs, ..., TV,) (Tx),

for all vector fields Vi, Vs, ...V, on M. Therefore, in coordinates

T*n =T Z a/jl...jpdwjl A d.ijQ VANPIRAN d$jp

J1<j2<...<Jp
== Z Clemjp ol - T*dle VAN T*dZL'jl VAN Ywdl’j2 VANPIRAN T*d[Ejp
J1<g2<...<jp
= Z aj,.j, 0T -d(xj oT)Nd(xj, oT) Nd(wj, o T)N... Nd(zj,0T),
J1<g2<...<jp

(B.9)

where the last line is due to the fact that [T*(df)]V = V(f o T) = [d(f o T)]V, for
all f € C®(M,R) and vector fields V on M.
Let G,,(z) be a r x r matrix with components m;;(z) at the point € M. The

volume form w!, in the local coordinates {x;}!_; is defined by

wy (x) == +/det G, () - dzy Ndzy ... A dx,, (B.10)

for each point x € M. Let I' be a C* co-dimension 1 subset of M. Recall from
Section that the embedding ® : I' = M induces a Riemannian metric on I' via
the pullback metric ®*m; that is w! ' = ®*w’ . The following is a classical result in

geometric measure theory (see Theorem 1.3.1 in [23]):

Lemma B.2.1 (co-area formula). Let f € C'(M,R). For an open, connected U C
M with compact closure, and any function h : M — R" in L*(M,V,,), one has
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where | - |2, =m(-,-) and V,,f is the gradient of f with respective to the metric m;

defined by (3.16)).

The co-area formula connects the spatial integral over the gradient of a function
to the co-dimension one measure on the level sets generated by that function. If the
density h, of the absolutely continuous probability measure y, is a positive function
in L'(M,V,,), then one can apply the co-area formula (B with h = h, to obtain

Vo flom - Py, Vo f P - @ p—a(f7H{BY) dB,
J -, o

for all measurable U C M.

B.2.2 Differential operators on weighted manifolds

Recall the definitions of the gradient V,,, divergence div,, and weighted divergence
div,, given by (3.16)), (3.24)) and (3.25)) respectively. One can express V,,f in local

coordinates {z1,...,z.} on M as,

Vol =Y mi0,f0;, (B.12)

ij=1
for all f € C¥(M,R), and where m%¥ is the components r x 7 matrix G! (see p.4,
equation (22) [22]). As a consequence of Stokes’ theorem (see p.124, [I13]), the
divergence given by ([3.24]) can be written as,

div,,V - w;, = d[i(V)w,

ml;

(B.13)

for all V € F*(M). Since {0;}_, forms a basis for the vector fields on M, one can
express the vector field V on M as V = >"" | V'0;. Then (B.13) in local coordinates
is (see equation (32) on p.5 in [22]),

div,,V =

\/delt Gl z_; 0 (VierG,'). (B.14)

Hence, the Laplace-Beltrami operator is given in local coordinates by
1 ! g
Donf = e > 01 (MY At Gty f ) B.15
/ vdet G, Z; if ( )

Let f: M — R be differentiable, and V;, V5 vector fields on M. The standard
divergence properties (see equation (12) and (13) on p.3, [22]) holds analogously for
the weighted divergence (3.25)); that is, for h, € C*(M,R)

1
diVu(Vl -+ Vg) - h—le(huvl -+ huV2>
m

1 1
= —div(h, V1) + —div(h,V2)
h, h,

= div, Vi +div, Vs, (B.16)
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and

div, (fV1) = hidiv(hu V1)
o

1
— idiv(huvl) + —m (Vo f, b V1)
I, h

i

= fdiv, Vi + m(Vi f, V1) (B.17)

B.2.3 Properties of T, and T*

Let g : N — R be differentiable. One can express the tangent mapping 7. given by
(3.5)) in local coordinates {x1,...,z,} as
—~,0(g0T)
T.V)g = T)= e
(T.V)g = V(goT) ;V 5o,
where V = Y77 V'0; € TM. The following result computes coordinate representa-
tions of the pullback metric Tn.

Lemma B.2.2. Let n;; be the local coordinates representation of the metric tensor
n. Denote by G, the r x r matriz with components n;; and Jp the Jacobian matriz

of T'. We have at the each point x € M

(Gren)ij = (Jg - GnoT - Jr) (B.18)

ij’
where T*n is the pullback metric of n given by (3.7)).

Proof. Let (U, p,,) be a local chart on M, containing the point xy € U with cor-
responding coordinates {x;}!_,. Then the local chart (TU,¢,) on N contains the
point Tz € N. Let {y;}7_, denote the local coordinates on T'U. Due to and
, one has for all differentiable g on N

0 0
T, — = T

OgoT ot

Agopytop,oT o)

O(n © T 0 93! d(gop;t
(¢ = 2 )(Spm(xo))%(%@%))

0 0
o), (o
=1 vz Yk Tzo

M-

=l

—
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where the last equality is due to (B.7)). Therefore,

9 - 4 0

at the point T'xy; that is 7,.(9/0x;) is a tangent vector in Tr,,(/N) with components
(T*(a/(()xi))lC = (Jr)woT ', 1 <k < r. To obtain (B.18) at the point zy, we

compute

o) (vas))

I
ko
T
/\\l
S
x
7 N
b
o5

= (JJT -GpoT- JT) (z0).
ij

Since z € U is arbitrary and (U, ¢,,) is a chart for M, we conclude that the above
calculations hold for all points in M. m

Corollary B.2.3. Let n be the metric tensor of N, with volume form w, given by
(B.10)). Define the co-tangent mapping T* as in (3.6)). One has T*w; = wi.,,.

Proof. Let {x;}'_; and {y;}/_; be local coordinates on M and N respectively. Then
by , one has for each 1 <7 <r,

T T, "L 0T,
T*(dy;) = d(y; o T) = Z A yzo Z Ty Oy, oT - dz; = ﬁaik.dxj,

= 890] Y o O

where ;4 is the kronecker delta. Therefore, T*(dy;) = > '_, 9Ti/0x; - dz;. 1t follows
that

T*(dyi Ndya A . . ANdy,) =T dyy NT*dya A . .NT*dy, = | det Jp|-dxi Adxs A. .. Adx,.
(B.20)

Let G, G+, to be the r x r matrices with entries n;;, (I%n);; in coordinates
{yi}r_y, {x:}i_, respectively. Then by Lemmal|B.2.2] one has det (Gp+,) = | det(J7)|?-
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det (G,,) o T, which implies

T*(w;) =+/detG, oT -T*(dy; A ... Ndy,) by
=+/detGpoT -|det Jp|-dxy A... Ndzx, by (B.20)
= det Gpep - dzy Ao AN dxy = Wiy

]

Recall that T is an isometry from (M,7T*n) to (N,n). Due to Corollary

one has
| wi= [ o= [ T, (B.21)
T(U) U U

for all measurable U C M. Hence, by the definition of P given by (3.17), one has
for all f € LY(M,V,,)

[ 1= [ Pr
U T(U)

— [ ProT wp, by (B2D
U
:/PfoT-\/detGT*n-dazl/\.../\dx,,
U
:/PfoT-]detJT\-\/dethoT-dxl/\.../\dxr,
U

where the last line is due to Lemma [B.2.2] Hence, since T is a diffeomorphism and

wr = +/det Gy, - dzy A ... Adz, by (B.10)), one has

B foT ! VdetG,, o T7!
~ |det Jpo T Vdet G,

Vdet G, o T—1
= foT ™' |det Jpa| Yoo TmO L
vdet G,

where we have applied the inverse function theorem to obtain the last line. Moreover,

setting f = h, in (B.22) and using the fact that Ph, = h, (by (3.17))) yields

VdetG,oT

Vdet G,
Now by assumption, 7" is a diffeomorphism and the densities h,, and h,, are uniformly
bounded away from zero. Therefore, by (B.23|) and the nondegeneracy of the metrics

m and n, the Jacobian | det Jr| is bounded above and uniformly away from zero.

Pf

(B.22)

hy = h,oT - |det Jp| (B.23)

Let Zy, denote the characteristic function on a measurable subset V' C N. One

has for all f € LY(M,V,,)

/pr.zv.w;:/‘/pf.w;:/T_lvf-w:n:/Mf-IVoT-w:n. (B.24)
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Hence, the Koopman operator K adjoint to P is given by f = foT.
Recall the pushforward operator H : L*(M,m, u,) — L*(N,n,v,) is defined as
in (3.19), with L2(M,m, u,) adjoint H*.

Lemma B.2.4. The operator H : L*(M,m, ui,) — L*(N,n,v,) is well defined, may
be expressed as Hf = f o T, and has adjoint H*g = goT.

Proof. Let f € L*(M,m, j1,,). Due to and the fact that h, > 0, one has
JAet G o T
Vdet G,
Vdet G, 0o T1
Vdet G,
VdetG,, o T7!
Vdet G,

P R P = 1(f - hy) o TP - |det Jp-a -

= )(fQ-hM)OT_1 - |det Jp-1] -

X |hy, o T~" - |det Jp-1] -

= |73(f2 ) hu)| ’ |Phu|
=P(f* h) - . (B.25)

Therefore

2
-h,w

P(f ) h#)
h

[ v = [
P

“h)|?
:/—M-w; since h, > 0
N hy

r
n

= [ P
= [ ),
- /M 12 du,. (B.26)

where the second last line is due to (3.17). Thus, since f € L*(M,m, p,) the RHS
of (B.26]) is bounded and H is well defined.

To show that Hf = f o T~ !, we use (without the squares) to compute
P(f-h,), and to compute h, = Ph,, and note that all terms in the quotient
H =P(f - h,)/h, not involving f cancel to leave H = foT 1.

For all measurable U C M,

/T(U) Hf - hw, = /T(U) P(f-hy) w, = /Uf - hywy,. (B.27)

Let U C M be measurable. Since Ph, = h,, one has P(Zy - h,) = Zrw) - ho.
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Therefore,

Z - h,
/ ngr:/%'ngr
(W) N

= / —P(ZU i hu) . ngT
N
= / H(Zy) - g dv,
N
= / Ty - H*gdp,. by definition of H*
M
= [ #gdy,, (B.28)
U

for all g € L?(N,n,v,). Therefore, using the fact that v, = p, o T, one has for
any measurable V. C N

/H*Ivd,uT:/IVdVT:/ IT—lvd,LLT:/ Ty o T dpu,. (B.29)
M N M M

Thus, H*g = go T for all g € L*(N,n,v,). O

Proposition B.2.5. Let H : L*(M,m,pu,) — L*(N,n,v,.) be as in (3.19)), with
adjoint H*. For any f € C'(M,R) N L*(M,m, ), one has

T{xeM: f(zr) =5} ={y e N:H[f(y) = B}
Proof. This follows immediately from Lemma O

Lemma B.2.6. Let H : L>(M,m,u,) — L*(N,n,v,) be as in (3.19)), with adjoint
H*. One has

1. V, =T,V H",
2. H*div,, T, = divys,,
3. H AN Hf = Dpey.
Proof. 1. Let g € C'(N,R) N L*(N,n, ) and V € F'(M). One has by

n(Tu NV H g, TYV)(Tx) = T*n(Vr-nH g, V)(x)
= V(H*g)}x by with respect to T*n
=V(goT)| by
= (T.V)gl,,
=n(Vang, T.V)(T),

for all z € M.
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2. Let V, V1, Vs, ..., V.1 be r vector fields in F'(M). One has at each point
reM

(T (T VL, TV, . TV ) (T)
=W (T,V, TV, T Vs, ..., T*V, 1) (Tx)
= (T*W)Y(V, Vi, Vs, Vet ) ()
= [i(V)whe ] Vi, Vo, .. Vo) (),

where we have applied the identity T*w! = wh..,, in Corollary on the last
line. Hence, by the duality of T}, and T, one has at each point x € M

T*d[i(TV)wy]| = d[i(V)whs,,). (B.30)
Therefore,
div, (T.V) o T - Wi,

div,(T.V) - w), by (B.21)

/ H*div, (T.V) - wis, =
U

/
/.
= / di(T.V)w,] by (B.13]) with respect to n
TU
_ / T dfi(T. V)]
U
= /d[z( whw,] by (B-30)
U

= / leT*n(V) . wl‘,:*n.
U

3. Due to 1. and 2. and the fact that H*H is the identity by [B.2.4] one
has H* A, Hf = Hrdivy (VoK) = Hodivg (T penHHS) = diveenVien f =
Apenf, for all f € C*(M,R) N L*(M,m, ).

[l

Corollary B.2.7. Let H : L*(M,m, p,) — L*(N,n,v,) be as in (3.19), with adjoint
H*. One has

1 m(Vhu, Vi ) n(Voh,,VyHf)oT
dyn £ _ — K
A f Q(A +HANH) f+ 2( h, + hooT )
(B.31)
for all f € C*(M,R) N L*(M,m, ).
Proof. By definition
AW = N, +H N H. (B.32)
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Substituting a straightforward modification of (3.27)) into the second term on the
RHS of (B.32), one has for all x € M and f € C*(M,R) N L*(M,m, u,),

HAHf(x) = A, (Hf)(Tx)
Voo, Vi HE)(Tx)

= AH)(Tr) +

h,(Tx)
n(Vyhy,, Vo, Hf)(Tx)
— WA, .
H AN Hf(z) + By o T(x)
Similarly, one can expand the first term of (B.32]) using ([3.27)) to obtain the required
result. O]

Corollary B.2.8. Let A%" and A, be defined by (3.28) and (3.27) respectively.
One has .
AW = 5 (Bu+ L), (B.33)

where Aj is given by (3.27) with respect to the metric T*n and density h, o T

Proof. Due to Lemma [B.2.6] one has V,, = .V, H*. Therefore, by the definition
of the gradient (3.16]) with respect to the metric n, one has for all x € M

n(vnhm Van)Tz - (van)hy‘Tm
= (T*VT*nf)hu|Tm by Lemma
vT*nf)(h'V o T) |ac

=T*n(Vyen(hy o T), Veur f) (B.34)

where the equality on the last line is due to (3.16]) with respect to the metric T%n.
Moreover, by Lemma [B.2.6] one has the identity H*A,H = Ars,. Thus, by substi-
tuting (B.34]) into the fourth term on the RHS of (B.31]), one has

m(thM, me) + T*n(vT*n(hu o T)> VT*nf)
h/j, hl, oT

1 1

= S(But A5, (B.35)

where the second equality is due to the definition of weighted Laplacians (3.27). O

B.2.4 Local properties of charts

An important analytical tool for reducing a global calculation on M to local calcu-

lations on each chart of an atlas on M is the partition of unity.

Definition B.2.9. Let (U;, ;)icr be an atlas on M. A partition of unity subordinate
to the covering {U, }ier, is the collection of smooth functions o; € C°(M,R) such
that:

122



Appendix B

1. supp(o;) C U;.

2. Any point 2 € M has a neighbourhood O, such that O, Nsupp(o;) = 0 except

for a finite set of o;.
3.0<0;<land} ,  o,=1

It is well known that the partition of unity exist for paracompact manifolds (see
e.g. Theorem 1.12 [7]). Since every compact manifold is paracompact, a partition
of unity exist for M.

Furthermore, for each point x in a compact Riemannian manifold M, there exist
coordinates on a neighbourhood about z, and a constant ¢ > 1 (depending on the

injective radius of x, and the dimension of the sectional curvature of M), such that

1
—0ij <my; < cdyy, 1 <45 <, (B.36)
c

where §;; is the Kronecker delta (see e.g p.507 in [7§], or Chapter 1 of [71]). The

following lemmas are consequences of (B.30)).

Lemma B.2.10. Let (U, ) be a chart on (M, m), set Q = o(U), and denote by dl

the density with respect the Lebesque measure. One has
2 [P dn < [Nfoe P Gopae < [ apda, (BT
U Q U
for some real number ¢ > 1 and all f € LP(U,m, pu,), p € [1,00).

Proof. Let ¢;; denote the Kronecker delta, and pick local coordinates on U such that
the components of the metric tensor m satisfy léij <mj(x) < cd;j for allx € U and
1 <i,j <r. Due to the inequality m;; < 18;;, one has \/det G,,(z) < ¢/ forallz €
U. Furthermore, the Riemannian volume form is given by w”, = v/det G,,,-dz1 Adxa A

..Adx, on U, and the Lebesgue density satisfies df = (o~ 1)*(dxy Adza A ... ANdz,)
on ). Hence by the change of variable formula

c_r/2/ |fIP dpy = C—W/ |fIP - hu/det G, - dy Adag A ... A da,
U U

</ \fIP - hy - doy Ndzo AN day,
,1(

/Ifoso P (o) dl,

where the equality is due to (B.2I). The inequality [, [f o ¢ P - (h, 09 1) dl <
"2 [ | fIP du, is obtained analogously using 18;; < m;.

U
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Lemma B.2.11. Let (U, ) be a chart on (M, m), set Q = o(U), and denote by e
the Fuclidean metric on §2 with respect to the Lebesque density df. One has

0 [ (Ot < [ 970 oy e < [ (90817 du,
U Q U
for some real number ¢ > 1 and all V,,f € LP(U,m,pu,.), p € [1,00).

Proof. We start with the case p = 2. Let J;; denote the Kronecker delta, and pick
local coordinates on U such that the components of the metric tensor m satisfy
%(Lj < my;(z) < cdy; for all z € U and 1 < i, j < r. Denote by m* the components
ij, So that

16;; < m'(z) < ¢b;j. Moreover, due to Lemma [B.2.10} the inequality (B.37) is valid

with constant c. Hence, by writing V,, f in the given local coordinates via (B.12]),

of the inverse matrix G,!. One has the contraction Y, m*my; = &

one has

) [ (98
U
<t [(Vnslhowtdr
Q

= Cil / m(vmfv me)tp_l(m) : h,u o 9071(x) dg(@
Q

_ c—l/Q 3 mi (Z mkia(f;xs:‘ )) (Z mzja(fgxslf )> (hy oo ) dl

ij=1 =1
G (0o )N (N~ 0o -
=c! — B2 2 ). (h Y de B.38
/z( L N TR UEY
where we have contracted the index 7 to obtain the last line. Furthermore, using

the fact that m” < cdy;, one has

T 1 2
RHS of (B.38) < / Z (%) (hpo@ ") dl since mY < cdy;
L J

_ /Q|Ve(fogp_1)|g (hy ooty de. (B.39)

The inequality [, |[Ve(fo e ™)2- (hyo@ ) dl < 2D [V, f|2, du, is obtained
analogously using %(513- < mg;j.
The general case p € [1,00) is a straightforward modification of the calculation

done to obtain (B.38) and (B.39). O

B.3 Weighted Sobolev spaces

Let C§°(©2,R) be the space of smooth real-valued functions with compact support

on ) C R", and ¢ the Lebesgue measure on R". For locally integrable functions
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f.fe€ L (9Q,0), we say that f is the first order weak derivative of f if Jo f-0igdl =
— Jo f - gdt for all g € C°(Q,R), and each 1 < i < r (see p.21 in [1]). We write

f =0, f, and note that O f is uniquely determined up to sets of measure zero.

Definition B.3.1. Let (U, ¢) be a chart on M with corresponding local coordinates
(21,23, ...,2,). Define the first order weak gradient of f € LL _(M,V,,) at the point

xr € M by

loc

Z m op | 9, (B.40)

i1 »(x)

where the partial derivatives appearing on the RHS exist in the weak sense.

It is straightforward to extend the operation T, on weak gradients, and verify that
Lemma [B.2.6] and [B.2.11] hold for weak gradients. In addition, if the density of u, is
an A, weight, then by Proposition|[B.1.3| any f € LP(M,m, p,) is also in LL (M, V).

Thus, one can define weak gradients on LP(M,m, p,) via the Definition m The

following proposition provides the key motivation behind the construction of the

weak gradient given above.

Proposition B.3.2. Let f € L*(M,m, i), where the density of i, is an Ay weight.
Assume the first order weak gradient of f defined by (B.40) exists. One has

U U
for all measurable U C M and g € C§°(M,R").

Proof. Let (Uy, pr)rex be an atlas on M, with corresponding local coordinates

(1, 22,...,2,). Due to (B.10)), one has du, = h,v/det Gpdry A dxs A ... A da,.
Additionally d¢ = (¢, ")*(dxy A dzy A ... A dx,). Hence, for each k € K and any

measurable ; C ¢r(Uy), one has by the coordinate representation of A, given by

(B.15)), for each k € K
/ f-Aungr:/ f- Za mh,\/det G,)0;9 - duy Adxzg A ... A da,
o () o (%)

i,j=1

:Z fosa; Oil(m"hy\/det Grn) 0 " - (059) 0 g ] dl

2,J=1
= Z 8 (four!) - [(m7hu\/det G,) oot - (0;9) 0wy '] dl
2,j=1
_ / (Vo f, Vo) i, (B.42)
2 (%)

where the last line is due to m(Vof, Ving) = (Vif)g = > i =1 m70if05g and
Definition [B.3.1]
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Now since M is compact, there exists a smooth partition of unity o subordinate
to the covering {Uy }rex (see Definition [B.2.9). Moreover, since ¢y, is a diffeomor-
phism, for any measurable U C M, there exist K’ C K and countable collection of
measurable (), C ¢x(Uy), such that U = Upexr (¢, ' (). Hence, applying
to each k € K', one has by setting >, . o =1

/f'Augd,ur = Z O-kf'Augd,ur
U

keK' 90;1 Q)

=2 /_1(Q )m(@m(ffkf),vmg) dps,
P k

keK'’

v keK’
= /Um<@mf; Vmg) d/vbrv

where we have used the linearity of V,, and the fact that supp(oy) C Uy to obtain

the penultimate line. O

We introduce the weighted Sobolev space W2(M,m, p,) of L*(M,m, u,) inte-
grable functions, whose first order weak gradient exists in L*(M,m, u,). We equip
WY2(M,m, pi,) with the inner product (f,g)wrz(umu) = [y (M(Vif, Ving) +
fg)du, for all f,g € WH2(M,m, p,), with the norm associated with (-, -)w1.2(asm )
denoted by || - |lwr2(azm p)-

There exist embedding theorems and the completeness property for weighted
Sobolev spaces on R”, and for the unweighted Sobolev spaces on Riemannian mani-
folds (see [119] and [71] respectively). We develop the corresponding results for the
weighted Sobolev space W12(M, m, u,) defined as above. Let (U, ) be a chart on
M. In the following, we first obtain the results of the desired properties in a local
setting; i.e. the weighted Sobolev space W12(U, m, ). One can then use the fact
that M is compact, and apply the standard partition of unity arguments to extend
these local outcomes to global ones for WY2(M, m, u,.).

Given a chart (U, ) on M. Set Q@ = ¢(U), and let £, be an absolutely continuous
measure with density h, o ¢! with respect to ¢, where ¢ is the Lebesgue measure

on R". One has the weighted Sobolev space W12(€, £,,) for the open subset 2 C R";
that is, the space W12(£,¢,,) is equipped with the norm

I ¢ Wnaman = [ (If 007 P+ 19l 00 ) - (hop™)at, (B3

for all f € L*(U, p,), and where V., is the first order weak gradient with respect
to the Euclidean metric e. Suppose the density h, of u, is an Ay weight (i.e. h,
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satisfies (B.1]) when p = 2). Clearly, h,, is an A, weight restricted to the sub-domain
U. Moreover, since U has compact closure and ¢ is a diffeomorphism, it is easy

to verify that the density h, o ¢!

of £, is also an A, weight. Since the density of
(, is an Ay weight, the weighted Sobolev space W2(Q,¢,,) is a Hilbert space and
C>(,R) is dense in W2(€2,¢,,) (see Theorem 1 in [62]). We show by the following

lemma that if f € WY(U,m, p,), then fop™t e WH(Q,4,).

Lemma B.3.3. Let (U,¢) be a chart on M, and set Q = ¢(U). Denote by || -
w12, and || - lwi2@myp,) the norms on the weighted Sobolev spaces W?(€, (,,)
and Wh(U,m, ) respectively. Then ||f o o™ lwi2ey and || fllwr2@myp,) are
equivalent for all f € WY2(U, m, u,)

Proof. This follows immediately from Lemma and [B.2.17] O]
Due to Lemma one now has global completeness for W12(M, m, u,).

Proposition B.3.4. Assume the density of u, is an Ay weight. The weighted
Sobolev space WY2(M,m, p1,) is complete.

Proof. First we show that the Sobolev spaces on any charts on M are complete. Let
(U, ¢) be a chart on M, and f; a Cauchy sequence in W2?(U, m, u,.). Then fjop™!is
Cauchy in W2(Q,¢,) due to Lemma [B.3.3] so by the completeness of W2(€,¢,,),

the Cauchy sequence f; o o™

convergences to an element f o o' € WhH3(Q,¢,).
Hence, the Cauchy sequence f; converges to f in Wh2(U, m, p,).

Now, let g; be a Cauchy sequence in W4(M,m, ), and (U;, p;)icr an atlas
on M. Since M is compact, {U;}ics is a finite cover for M. Hence, there exist
a fixed s € I such that WH2(U,, m, u,) contains infinitely many terms of the se-
quence g;. Let g; be a subsequence of g; contained entirely in W'?(Us, m, ),
then g;, is Cauchy in Wh2(Ug, m, u,), so that g;, converges to an element g €
Wh2(Ug, m, i) by completeness. In particular, the Cauchy sequence g; converges

to g in WHY2(M, m, p,.). O

We proceed to demonstrate that the space W12(M,m, p,) is approximated by
smooth functions in C*°(M,R) N W12(M,m, u,.). The key idea is to locally subject
the functions in W42(M, m, u,) to mollification.

Definition B.3.5. Let © be an open subset of R”, and ¢ € C§°(R",R) be nonneg-
ative such that supp (q) C E1(0) and [, ¢dl = 1, where E;(0) is the open unit ball
centered at the origin in R". We define a mollifier by the function ¢, := ¢ "q(z/e).
For all f € LP(Q, (), p € [1,00), we call the convolution

gox f(x) = / 4oz — 2)f(2) dU(2), (B.44)
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the mollification of f by g..

One has the following weighted version of the well known result @e(q6 *xf) =

e * Vef, and density theorem (Lemma 7.3 and Theorem 7.9 in [61] respectively).

Theorem B.3.6 (Theorem 2.1.4. [119]). Let Q2 be an open subset of R", and f €
LP(Q2,4,,), where €y, is an absolutely continuous measure with respect to Lebesgue.
Define f. := q. * f, where the mollifier q. and * are as in Definition [B.53.5. For
p € [1,00), if the density of £, is an A, weight, then f. € C>(,R) N LP(Q, {y,),
@efe = qﬁ*@ef, and as € = 0, fo — fin LP(Q,4y,).

Corollary B.3.7. Let WY2(M,m,u,) be a weighted Sobolev space. Assume the
density of u, is an Ay weight. The space C*°(M,R) N WY2(M,m, u,) is dense in
Wh2(M,m, p,).

Proof. Let f € WY2(M,m, u,) and choose some v > 0. We will show that there is a
g € C°(M,R)NWY2(M,m, 1), such that Hf—gH%Vl,Q(M’mw) < . Let (U;, ¢;)ier be
an atlas on M, then pick local coordinates on M, such that the components of the
metric tensor satisfy %5jk < mjp(x) < cdji for some 1 < ¢ < oo, and each = € Uj,
1 < j,k < r (such coordinate exist due to the compactness of M, see (B.36).
For each 1 < i < r, let {,; be an absolutely continuous measure with density
hy, o ¢; ! with respect to £. Since M is compact, there exists a smooth partition of
unity {o;}ic; subordinate to the finite covering {U; };cs; i.e. 0; is given by definition
B.2.90 Therefore, o;f and its first order weak gradient vanishes outside of U;, hence
o f € WHh2(U;,m, ). Set Q; = ;(U;) for each i € I, then due to Lemma, the
fact that o;f € WL2(U;, m, u,) implies (0;f) o ;' € W'2(Q;,€,,;). Consequently,
both (o;f) o ;! and V. ((0if) 0 p;') are in L2(, €, ;) for each i € I. Let g, and *
be as in definition m, then by Theorem applied to (o;f)op;* € L2(Q, £,4)
with p =2 and ¢, = {,,; for each i € I,

Ve laor ((0:f) 0 67) = aex (Ve ((eif) 0 97)) (B.45)

and there exist ¢; > 0 such that

y
wid = 20/ (I

for all i € I. In addition, applying Theorem to Ve ((oif) o p; ') € L3, L,y)
with p =2 and ¢, = {,.;, one has e, > 0 such that

laex (@) o 65) = (@) 05 | (B.4)

[V (aex (@@ o) = Ve (@i o0 | L,
= ||de * <@€ ((O-lf) © 901_1)> - @e ((sz) © 901_1)) L2(Q4,0,.4) by B45
il (B.47)

2cr/4+2 | [)2
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for all i € I.
Let dist,, denote the distance function admitted by the metric m. Set

€ = min {61, €, dist,, (supp[q6 * ((aif) o goi_l)], GQi) }, (B.48)

and let f.; :=gq.* ((aif) o goi_l) o ;. Since € satisfies , the function f.; and its
first order weak gradient V,, fe; vanish outside of U; for all i € I. Moreover, since
1| is finite, fe:= s fei € C°(M,R) N WY2(M, m, p, ).

Set g = f., then by Lemma and the inequality

lg — f||2,m,u = Z Jei—oif
iel 2 mp
%
< Z (/ | fei — Uif|2 dur) by triangle inequality
iel WM
) 3
= Z (/ |f5,i - Uz.ﬂ d,ur>
el Ui
. _ e B 2
< N (/Q g x (03 f) 007 h) = (0if) o 07|+ (huo¢; 1)d€)
icl i

<\/A/2. (B.49)
Similarly, by Lemma [B.2.11} and the inequality (B.47)

1Ving = Vonf ll2ms (B.50)

= Z @mfs - Uif
i€l 2,m,

§ Z (/ |@mfe,i - 6m(a—lf)’?n d:u?”>

i€l Ui

. . 2 3

< S e (/ ‘Ve (e % ((0:f) 0 0;7")) = Ve ((04f) 09021)‘ ~(hy o w[l)df)

i€l i ‘
<V7/2 (B.51)

ThUS, ||g - f||%/V1v2(M,m“u,,«) <7 -

As before, let ¢, be an absolutely continuous measure with respect to £. The
Hardy-Littlewood mazximal operator M is a non-linear operator on locally integrable
functions f € L (R",¢) defined by

loc

1
M) = s s / | wla) (B.52)
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where E,(x) is the Euclidean ball centered at x with radius p. If the density of the
measure ¢, is an A, weight, then M is bounded as an operator from LP(R",/,,) to
LP(R", ¢,,) for 1 < p < oo (see Theorem 1, p.201 in [114], or Theorem 1.2.3 in [119]).
This property of A, weights on the operator M forms an essential argument for

Theorem [B.3.6] and leads to the following result:

Lemma B.3.8. Let K C Q C R", where K is compact and ) is open and bounded.
Let WH2(Q,£,,) be a weighted Sobolev space. Assume the density £y, is an Ay weight.
Suppose f; is a sequence in Wh2(Q, £,,) with support K. Then there exists a subse-
quence f;,, and some f € L*(Q,{,), such that

/ (fi; = f)? dlw — 0, (B.53)

as j — oo.

Proof. Let fe; = qe* fi, where gc and  are as in Definition [B.3.5] Denote by |- [|2.,,
the L?-norm associated with L?(K,¢,,). First we show that

| fei = fill2e, — 0, (B.54)

uniformly with respect to i. Due to Theorem [B.3.6] it is sufficient to proof (B.54)
for f; € C>*(Q,R) N W%(Q, 4,). By a change of variable y = (z — z)/e and using
the facts [, gdl =1, supp(q) C E1(0), one has

i) = o) = [ ala = 2)2) ) = i
—er [ G (B2 ) s - [ i an)
Ec(x)

€ lyl<1

= [ awlitr =) 5] det)
yl<
< lqlfoo - / [fi(x —ey) — fi(x)] dl(y) Dby Holder’s inequality
lyl<1
gl € [ 1)~ i+ ) dece). (B.5)
Ec(x)
As a consequence of , one has

2

Ifos = il < Nl | dt(z)

K

smﬁl/
~lal = [
R'r‘

aé(¢ma—ﬁ@+wﬂﬂw

2

€ [U(E(x)] - H(fi(x) — filz + ey))| dlu(@)

2

dl,(x), (B.56)

H(fi(z) — filz + ey))
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where H is defined as in (B.52). Furthermore, by using the fact that the density
of £, is an A, weight, the operator H : L*(R",¢,) — L*({R",{,) is bounded. This

implies
RHS of B30 < lal2 -+ | M)~ fla+ )| dtato)
<lalle 7€ [ 150 = S+ ) dtula), (B5T)

where the constant C' depends only on r, p and the A, constant of w; the constant C'
is uniform with respect to 7. Since f; is continuous independent of i, by -
one has the convergence f.; — f; in L*(€2,£,,) uniformly with respect to i.

Due to , we can now pick a subsequence of f;, so that for any fixed v > 0,

there exists an € sufficiently small such that

for all ¢; > 1. Furthermore, since the density of ¢,, is an Ay weight, by a straight-
forward modification of Lemma [B.1.3| one has L*(Q,¢,) C L _.(Q,¢). Hence the
sequence f; belongs to L (€, ), therefore

loc
/rfircw:/ il de < oo,
Q K

which implies

sup | fei(z)| = sup |ge * fi()|
z€Q e

= sup

Sup /Qqe(x—z)fl(z) de(z)
elloo * i dé )
ol [ 151 < oc

IN

so that f.; is uniformly bounded on 2. Similarly, by using Leibniz’s rule for differ-

entiating under integral sign, one has
sup |vefe,i(x)|e = Ssup |V€q6 * fz(x)|€
z€Q e
V. </ qe(z — 2) - fi(2) d@(z))
Q

sup / Veaele — 2)le - ()] de(z)

€N

= sup
e

e

IA

< Vel - / il de < oo,

which implies f.; is equicontinuous on (). Therefore, by the Arzela-Ascoli theorem

(Theorem 11.28 in [T04]), there exist a subsequence f;, that convergences uniformly
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on every compact subset of ). In particular, there is an f. such that

im ||fi, = ficll3e,
j,k—00
S z}clinoo {||fl_7 - fe,ijl %,Zw + ||f€7ij - f6||§,iw + ||f6 - fe,ik”%,éw + er,ik - f'Lk %,Zw}

<7/2+40+0+7/2=1, (B.59)

where the convergence of the first and last term on the RHS was handled by (B.58)).
Hence f;, is a Cauchy sequence in L*(K,¢,). Therefore, by the completeness of L

spaces, the Cauchy sequence f;; convergences to some f in L*(K,ly,). O

One now has the weighted version of the well known Sobolev compactness em-

bedding theorem for R”, which applies to W'2(M, m, ).

Theorem B.3.9 (Rellich Compactness). Let W2(M, m, u,.) be a weighted Sobolev
space. If the density of pi, is an Ay weight, then the embedding WY2(M,m, p1,) —
L*(M,m, p,) is compact.

Proof. Let f; be a sequence in W4(M, m, ), and (U;, ¢;)icr an atlas on M. As in
the proof of Corollary [B.3.7] pick local coordinates on M such that the components
of the metric tensor satisfy %551) < mgy(x) < by for some 1 < ¢ < oo, and all
r € U,i€ I 1< sp<r. Futhermore, let {0;}ic; be a partition of unity
subordinate to the finite covering {U;};cr. For each i € I, set ©; = ¢;(U;). One
has o;f; € WY2(U;, m, ), so by Lemma[B.3.3) the sequence (:f;) o ¢; ' belongs to
W2(Q;, £,.4), where £,,; is an absolutely continuous measure with density h,, o ¢; !
with respect to £. Moreover, the compactness of the closure of M implies (o; f;) op;
has compact support C; C ;. Therefore, for each ¢ € I one can apply Lemma[B.3.§|
with £, = ¢,,; to obtain a subsequence (0;f;,)op; ', and a function g; in L2(;,£,,),

such that for any v > 0, there exist a K(y) € N with

-1 2 2 Y
(/C |(@if3) 0 i — gil dﬁ,m) < SR (B.60)

for all & > K(v).
Since each ¢; is a diffeomorphism and g; € L*(€;,¢,;), each g; o ¢; belongs to
L*(U;, m, p,). Extend g; o p; to g; € L*(M,m, 1), by setting

. giowi(z) xeU;
Gi(z) := ,
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for each ¢ € I. Then by a similar argument as in (B.49)

fie =3

i€l

%
<> (CT/Q/Q loifi — Gil* 07! dfw)

2,m, 1 el
1
2
=2 </ (oifi) 00" — il dé’”)
el Ci

<7

where the inequality on the last line is due to (B.60). Since g; € L*(U;,m, u,)
and || is finite, we have ), ; §; € L*(M,m, u,); this completes the proof of the

theorem. []

Lemma B.3.10 (Poincaré inequality). Let WY2(M,m, u,) be a weighted Sobolev
space, and denote by a(f) the weighted mean of f; i.e. a(f) = [y, f-huw),. Assume
the density of u, is an Ay weight. There is a constant K depending on v and M
such that

1f = &Pz < KV ll2imer (B.61)

for all f € WY2(M,m, u,).

Proof. We follow a standard argument as in corollary of Theorem 5 on p.194, [8§].
Suppose the inequality is false, then due to Corollary there exists
a sequence in fi, € C®(M,R) N WY2(M,m,u,), such that ||fx — a(fi)|lzmu >
E\IV i fill2m,p for k=1,2,.... Define

_ fr—alfw)
| fi = a(fi) l2mp

9k

then || gkll2,m,. = 1, @(gx) = 0 and ||Vgkll2m, < 1/k. In particular, g is a bounded
sequence in W12(M,m, u,). Hence, by Theorem there exists a subsequence
G, € W2(M,m, ), which converges to some g in L*(M,m, j1,). One has

1gll2mn =1, (B.62)

and
alg) = / g+ hu, = lim / gi, - hyol, = Tim a(gy,) = 0 (B.63)
M J—=oo Jar j—o0
and lim;_, o0 || Vg, |2,mu = 0.
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Now, for any ¢ € C3°(M,R), the weak gradient of g satisfies

M M
= = hm 9k; A;ﬂﬁ d,ur
= S
= hm m(vmgkja Vm?/J) d,ur
j—oo Jas

< Vg lzamp - V@ llzm.p
j—oo

J

1
= (Jllglo k_> IVt ll2mu = 0.

Therefore

Vg = 0. (B.64)

But since M is connected, (B.63|) and (B.64) implies g is the zero function, which
contradicts (B.62)). O

B.4 The proof of Theorem [3.2.4

To obtain the inequality s®" < Hﬁ", let T' be a compact, connected C'*™ hyper-
surface in M that disconnects M into two open disjoint subsets M; and M,. Let
dist,, (21, 22) denote the Riemannian distance function with respect to the met-
ric tensor m between the points z; and xo in M, then define U, := {z € M :
dist,, (z,I") < €} for e > 0.

Consider the set of functions

1, x € M \ U,
-1, € My \ U,

fulz) = | v €M\ U (B.65)
(1/e)disty,(z,T), x€ M;NU,

—(1/e)dist,,(z,T), =€ MyNU,

In the following, we obtain an upper bound for s®"

tions in C*°(M,R) by f..

by locally approximating func-

Lemma B.4.1. Let H, s%" and f. be defined by (3.19), (3.20) and (B.65) respec-
tively. If the density of u, is C*, then for e > 0 sufficiently small, one has

dyn ||vmf6||1,m,u + anere”l,n,V.
- 2infg [fe = allim

S (B.66)

Proof. We claim the existence of g € C*(M,R), such that the terms V,,f. and

fe — B are approximated by V,,g and g — « respectively in the norm || - ||1 ., and
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the term V,, % f is approximated by V, g in the norm || - ||;,,,. In particular, due
to these smooth approximations and the definition of s%#”, one immediately obtains
the required inequality .

Let (U;, p;)ier be an atlas of M, and set €2; = ¢;(U;) for each ¢ € I. For each
i € I, let £,,; be an absolutely continuous measure with density h,0¢; ! with respect
to Lebesgue measure £. Since M is compact, there exist a smooth partition of unity
{0:}icr subordinate to the finite covering {U;};c;. Moreover, one can verify that
f. is a Lipschitz function in L'(M,m, u,). Therefore (o;f.) o ;' is Lipschitz in
LY(9;,¢,,;) for each i € I. It follows that the restriction of (o;f) o %—1 to any line
in ; is absolutely continuous, which implies all partial derivatives of (o;f.) o ;'
exist almost everywhere on €; (see Theorem 7.20 in [I04]). Therefore, the Euclidean
gradient Ve((aife) o gpi_l) € LY(Qy,0,;) for each i € I.

Set fs. := qs*fe, where g5 and * is as in Definition [B.3.5] Then by straightforward
modifications to the arguments used in Corollary to obtain and .
One can obtain for any v > 0, a 6 > 0 chosen analogously to such that
fs.. € C(M,R),

IVinfse = Vifellimu < (B.67)
and
1(fse = @) = (fe = )llimu = [ fse = fellimp <7
Finally, since T is a diffeomorphism and h,, is C*, Hf, is Lipschitz in L'(N,n,v,).

Thus, the approximation of V,,# f. by V,H s in the norm || -||; ., can be obtained
analogous to (B.67)). Thus, setting g = f5. proofs the claim. ]

To complete the proof of Theorem , we show that the RHS of is
bounded above by Hﬁn as € — 0. In order to show such convergence holds, we
require additional results concerning the connection between pu,(U,) and p,—1(T).

Suppose € is smaller than the injectivity radius of each point x € I', and recall
that U, := {z € M : dist,,(z,[") < €} are open subsets of M. Since M is compact,
the closure of U, is a compact subset of M. Due to the compactness of U, and the
size of €, by the Hopf-Rinow theorem U, is geodesically complete [35]. This implies
that the signed distance function f : U, — R defined by

disty,(z,T) x € M,
flz) = ¢ —dist,,(z,[') z € M, , (B.68)
0 zel
is smooth and |V,, f|m =1 on U \ " (Proposition 2.1 [106]).
The following concerns the regularity of the co-dimensional one measure p,_; on

the level surfaces of U..
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Lemma B.4.2. Let T' be a C* hypersurface in M that disconnects M into two
disjoint open subsets M, and M,. Define I'® := {x € M : dist,,(z,T) = 8}, and fix
€ to be smaller than the injectivity radius of each point x € I'. If the density of p.

s continuous, then the real valued function A given by

A(ﬁ) = ”T—l(rﬁ)7
is continuous on the intervals [—e, 0] and [0, €].

Proof. Let f: M — R be the signed distance function as in (B.68]), and let U; :=
{x € M : dist,,(x,T) < B}. Fix By € (0,¢), then I is in U, \ I'. Hence f is
C* restricted to I’ and df(x) # 0 for each x € T'. Therefore, by the implicit
function theorem there exist open neighborhoods O, about each point x € I'*, and
local coordinates (xy,xs,...,7,_1) for I’ such that (zy,2s,...,7,_1, f) are local
coordinates on O,. Let G, be the r x r matrix with entries m;; in the coordinates

(x1,22,...,2,_1, f). Then the volume form on O, is given by

wr = /det(Gy,) - dxy Ndxs ... Ndx,_1 N\df.

Moreover, by a combination of the Stokes’ and divergence theorem (see p.122, [113]

and p.7, equation (38) [22] respectively), one has

/ wfn_lz/ m(n,n)-w’;n_lz/ divmn-wfn:/ d(i(n)wy,) :/ i(n)w!,,
o o Ug, Ug Ao

0

where n is the unit normal bundle along I'*. Hence w’ ! = i(n)w!, for all z € %,
Now, since f = 3, along I'®, the vector V,, f is normal to the hypersurface I'*;
which implies n = V,,,f/|Vi f|m, and dx;(V,,f) =0 for i = 1,...r — 1. Therefore

wrrn_l‘rﬁo = i(n)w:n‘rﬂo

=+/det G, - i(n)(dxy Ndxg ... Ndx,._1 A df)’rﬂ
0

= (=1)"y/det Gy - ‘TJFVL}]JF) cdzy Adzs ... Ad,_y
mJ |m Ao

= (=1)"\/det G - [Viu flon - dat Adas ... A dxr_l‘rﬁ , (B.69)

where the penultimate equality is due to Leibniz rule on interior product, and the
fact that dx;(V,,f) =0fore=1,...,r — 1L

To complete the proof, we note that |V,,f| = 1 on the U, \ I" because f is the
signed distance function, h, is continuous by assumption, and G,, is smooth since
m is smooth. Hence huwfn_1|rﬁ is a continuous density for all 5 € (—¢,0) U (0, €).
Therefore A(8) = pr—1(I'?) = [1s hywl,* is continuous on [—¢, 0] and [0, €]. O
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Lemma B.4.3. Let T' be a compact, connected C* hypersurface in M. Define
Ue = {x € M : disty,(x,T") < €} for some ¢ > 0. Assume the density of u, is
continuous. One has

lim 2 1, (U) = 251 (T). (B.70)

e—0 €

Proof. Let f be the signed distance function as in (B.6§)), and I'¥ = {z € M :
dist,,(z,I") = B}. Then |V, f|, =1, and f is C* on U, \ I'. Hence, by the co-area
formula (B.11)

.1 .1 r
i (U0 = iy [ 9l
1 €
= lim — (/ hu-wfn_l) s
€S \Jr1ys)
li L[ /h 1) dB + 1 L[ /h 1) dg
= lim - -, im — )
e—0 € 0 8 ® m e—0 € —e 8 ’ m

1 [ L0
= lim= [ p_1(I'%)dB + lim —/ 1 (TP) dp. (B.71)
Bo e—0 € e

e—0 €

Take € to be smaller than the injectivity radius of each # € I'. Since h,, is continuous,
by Lemma the function A(B) := u,_1(I'?) is continuous on the intervals [—e, 0]
and [0, €]. Thus, one can apply the fundamental theorem of calculus to both terms
on the last line of to obtain

— a(0 0) — a(—
RHS of (B.7T) = lim M +lim M = 24(0) = 2u,4(T),
where a(/3) is the anti-derivative of A(f). O

Now, to obtain the inequality s#" < H%" via Lemma we start with the
term ||V, fe|l1,m, on the numerator of (B.66]). Note that f. is constant on M \ UL,
which implies V,,,f.(x) = 0 for all x € M \ U.. But if z € U, then |V, fe|m =
1|V, (disty,(2,T))|m = % for ¢ smaller than as in Lemma m Therefore, by
Lemma [B.4.3] one has

. i [ el
i 1 = Ty~ [, = i

e—0

Next, we consider the term ||V, H fe||1,n,, on the numerator of (B.66). Observe that
at each point x € M \ U,,

VuH f(T2)l = n(Va S, Va f)re
= n(T Vo f, TuNVrspnf)r: by Lemma
=Tn(Vrnf, Ve f)z by
=m(Vf,Vraf)e =0,

137



Appendix B

where we have used and the fact that V,,f(z) = 0 for all x € M \ U, to
obtain the last line. Hence, the integral f N\TO. |V H fe|n dv, vanishes. Set f to be
the signed distance function defined by (B.6§)), then f(z) =€ f.(z) for all z € U..
Thus Hf = e - Hf. on TU.. Let I'® be the level surfaces of the signed distance
function f; that is I’ = {x € M : f(z) = B}. Then TT” are generated by the level
surfaces of Hf; that is TT” = {y € N : Hf(y) = B}. Therefore, by the co-area

formula (B.11)) one has,

||vane||1,n,u - / |Vn7'[f5|n dVT

TU.

1
! / VK], o],
€ Jru.

1/_ </’H - n 1)
€J—c (H)~Ht}
2/ (/T o - 1)
€Jo NG

2 / 6 v 1 (TT?) dg. (B.73)

€

By a straightforward modification of Lemma [B.4.2 the expression v,_;(TT#) ap-
pearing on the RHS of (B.73)) is continuous as a function of # on the interval [0, €.
Thus by taking the limit of ¢ — 0 on both sides of (B.73|) and using the fundamental

theorem of calculus (see a similar argument used in Lemma [B.4.3)), one arrives at
liné \VoH felliny =201 (TT). (B.74)
€E—

Finally, for the denominator term of (B.66|), we may without loss of generality
assume that p,.(M;) < p,.(Ms). Then

| fe = | 1mp = / |fe — aldu,
M\Ue

= [1—af - (u(My) = p(Ue)) + [1 + o - (i (Ma) — pir (Ue))
> 2(MT(M1) - ,UT(U6>>7 (B'75>

for each € > 0. Hence, by taking the limit of ¢ — 0 on (B.75|) one has inf, ||f. —
allimy > 2p-(My) = 2min{(p, (M), p-(Mz)}. Combining this inequality with
(B-66), (B.72) and (B.74)), we conclude that s®" < H".

B.5 The proof of Theorem |3.3.3

In this proof we follow the work of [49] and [88], and consider a weak formulation

of the eigenvalue problem for the weighted dynamic Laplacian A%". One can find
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a set of weak solution pairs (¢;, \;) € L*(M, m, i) X R to the weak formulation of
A%" that satisfies the conclusions of Theorem Moreover, we show that the

operator A%" has the smooth uniformly elliptic property. That is, A% can be

expressed in local coordinates as A" = 37 =1 ij0;0; + b;0; + ¢, where a;j, b; and

¢ are bounded and smooth functions on M, and there exists a constant v > 0 such
that 7 =1 QijEi€5 > vle|? for all z € M and ¢ € R". The elliptic regularity theorem
(see Theorem 8.14 in [61]) gives the additional regularity of the eigenfunctions ¢; on
M . Thus, the weak solution pairs (¢;, ;) solve the eigenproblem

AW p = N\, (B.76)

for each 1.

B.5.1 Weak formulation of the A%" eigenproblem

Let f,g € C*(M,R), and note that the smoothness assumption on the density h,,
implies f,g € L*(M,m, ). Consider the integral [, g - A%"f - h,w . Recall by
(3.26]) that the weighted divergence div,, satisfies

/ m(V,n) - hyw " = / div, V- hw,, (B.77)
oUu U

for all open U C M and continuously differentiable vector fields V € F!'(M), and
where m is the unit normal bundle along OU. Since f,g € C*°(M,R), the vector
g Vuf € F°(M). Consequently, by taking U = M and V = g - V,,,.f in (B.77),
follow by applying the expansion rule for the weighted divergence div,, one
has the following weighted Green’s identity:

/ g-m(Vnf,n)- huwfn_l = / div, (g - Vi f) - huwy,
oM M

= / G- D, f-hyw, + / m(Vimg, Vi f) - huwr,.
M M
(B.78)
Rearranging (B.78) gives
| gtsufbsiy == [ (D0 Vod) byt [ gm(Vinfn) b (B)
M M oM
Since H is the adjoint of H*
/ g-H AHS du, = / Hg - AJHSf d,.
M N

Therefore, one has analogous to (B.79)

/ gH ANHf -hyw,, = —/ n(V,Hg, Van)-th,’;+/ Hg-n(VoHf,n)-hw !,
M N ON
(B.80)

139



Appendix B

where m is the unit normal bundle along ON. Combining (B.79) and (B.80), we

arrive at

2/ g-Ady"f-th:n

M

:/g-(AijL?-[*AVHf)-huwfn
M

— / m(Vof, Ving) - huw,, — / n(VoHg, Vo H) - how;,
M N

_ (B.81)
+P1(f7gaaM) +P2(fagvaN)7
where
Pi(f,g,0M) = / g -m(Vuf,n) - hw (B.82)
oM
and
Py(f,g,0N) = Hg - n(V Hf, ) - byt (B.83)
ON

Next, we demonstrate that if the boundary condition (3.35) in the hypothesis of
Theorem is satisfied for f, then the boundary term Py(f, g,0M)+ Py(f,g,0N)
of (B.81]) vanishes for all g € C>*°(M,R).

Proposition B.5.1. Let f,g € C*°(M,R), and define P,(f, g,0M) and Py(f,g,0N)
by (B.82) and (B.83), , where OM and ON are the boundary of M and N respec-
tively. If the boundary condition

m([Vm + Vren]f,n)(z) = 0,
holds for all x € OM, then
Pi(f,g,0M) + Ps(f,9,0N) = 0. (B.84)

Proof. Let the hypersurface OM be generated by the zero level set of » € C*°(M,R);
ie. OM = {z € M : ¢(z) = 0}. Due to Proposition [B.2.5 the surface N is
generated by the zero level set of Hi. Now by Lemma and the fact that H*H
is the identity,

(VoM f, Vo H)re = (TN [, TN penth) 12
=T"n(Vrnf,Vrnth): by (3.7)
= (Ve f)Y|, by
= m(Vrenf, Vinth)e. (B.85)
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Hence,

WV HELVHY)
. hyw'~Ld
/ /W . V. Hol, o dp

= / Hg - n(V,Hf, V,HY) - hyw! Dby the co-area formula (B.11])
N

- / g 1(V M,V HE) o T - hyt, by (B27
M

- / G- (Ve f, Uontd) - Byt Dy (B55)

_ / /lb K V|Tv;{p ‘me) howr ot dp, (B.86)
where the last line is due to the application of the co-area formula . Differen-
tiating both sides of with respect to 3, then at 8 =0
n(V,Hf, V., HY . m(Vrn f, Vi b _
/Hw B”Hg- ( VAL ) - hyw :/w Bg- ( A ) ~h,wlt (B.8T)
Additionally, the vector V,,1 is normal to the level surfaces of 1. Therefore n =
Vo /IV | m, and similarly n = V,, H1/|V, H1|,. Hence,

P2<fagaaN> = Hgn(vn,}{faﬁ) l/wr !
ON
n(Vo 1, Vi Hy) 1
= Hg . . h/]/w;
Hap=0 Vo !,

= [ g ML) by @5D
oo TVl

= / g-m(Vr,f,m) - huw:n_l.
oM
We conclude that
Pu(£.9.0M) + Pa(F,9.0N) = [ g (9 Vol fom) -
oM

which vanishes due to the theorem hypothesis of m([V,, + V| f,n)(xz) = 0 for all
x € OM. O

Due to Proposition and (B.81)), one has
/ g - A fdu, = —/ m(Vof, Ving) du, — / n(VoHg, Vo H) dw,, (B.88)
M M N

for all f,g € C(M,R). Note that (B.88]) is symmetric in f and g, hence the
operator A%" is self-adjoint in L*(M,m, p,).
Suppose the solution (¢, A\) € C*°(M,R) x R exists for the eigenvalue problem

(B.76). Then under the boundary condition (3.35]), one has by (B.81]) and Proposi-
tion the following formulation for the eigenvalue problem A%¥"¢ = \¢:

/ m(Vimg, Vimd) dur—i-/ n(V,Hg, V., Ho) dl/,.:—Q)\/ go dy,. (B.89)
M N M
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for all g € C*°(M,R). Equivalently,

M M

for all g € C*(M,R).

B.5.2 Existence of weak solution and variational character-

isation of eigenvalues

Let S be a weighted Sobolev space W'?(M,m, u,), where the density of yu, is h,,.
Recall from Section that the weak gradient with respect to the metric m is
denoted by V,,. Due to (B.89), the the weak formulation for the eigenproblem

is given by
/ MV g, Vin®) dpir + / n(VaHg, Vo Ho) dv, = —2) / g du,. (B.91)
M N M

We show existence of solutions (¢;, A;) € S x R for the above weak formulation
, for all g € S. We call such pairs (¢;, \;) weak Solutionsﬂ for the eigenvalue
problem (B.76)).

Our approach to finding the weak solutions for A%" is based on the construction

of functionals F' and GG, and using the method of Lagrange multipliers. For f € S,

we define G(f) =1 — [, f2du, and F(f) = (1/2)(F1(f) + Fa(f)), where Fi(f) =
[ug [V f 2 dpe and Fo(f) = [y [VaHf|2 dv,. First we list some useful properties of
the functionals Fi, F5 and G.

Lemma B.5.2. Let f € S, and denote the linear dual of S as S*. Define the

functional Fy as above.

(i) The functional Fy : S — R is well-defined,

(ii) The derivative Fy(f) is linear and bounded (hence Fy(f) € S*),
(11i) Fy is Fréchet-differentiable,

() f— F5(f) is continuous as a map from S to S*.

Proof. (i) Let (U, ¢r)kex be an atlas of M. Then due to the fact that T"is a C'*-
diffeomorphism, there exists a set of finite constants C’fj such that (T%*n)¥ =

CEmY on Uy for each 1 < 4,j < r and k € K. Hence, by writing Vo, in

!The weak solution pairs (¢;, \;) does not necessarily solve the eigenvalue problem A%n¢; =

A\i¢;, because ¢; may lack sufficient regularity on M, see p.210 in [88] for a discussion.
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coordinates form via (B.12) (with respect to weak partial derivatives 9), one

has on all points in Uy

Vo f = ZT* wafa_z 9(9,£)0; < C* -V f, (B.92)

for all k € K, where C}, = max;; C’k Furthermore, since M is compact, there

exists a partition of unity o, subordinate to the covering Upcx Uy (Lemma
B.2.9). Therefore,

n= [ et
/ (Vo HE, Vo 1) dv,
N

n(T*@T*nf, T*@T*nf) dv, by Lemma

T*TL(@T*n,ﬁ ﬁT*nf) o Til dVT by "
T*n(@T*nbﬂ 6T*nf) d,ur by ')
= [ lFrenf T e by @I

M

= Z/U Og - m<@T*nf7 6mf) d/vbr

Il
— s —

keK
< ZCk/ o - (Vo f, Vi f) dp - by (B:92)
keK Uk
<C- [ [Futfydu =C Fi(1) (B.93)
M

where C' = maxgex Ci. Since f € S, Vo f € L*(M,m, p,). Tt follows that
F5 S — R is well defined.

(ii) For all f,ge S

F5(f)g
_ iy P2 +eg) — Bo(f)

e—0 €
— lim fN |®nH(f + Gg)ﬁdm - fN |©an|$L dv,
o e—0 €

Sy (VAR + 26 n(V M, Vatg) + & [VaHgl2 = [V S12) d,
-l :
=2 / n(V,Hg, V. H) dv,, (B.94)

N

where to obtain the last line, we have used the fact that the coefficient of the

¢? term on the penultimate line is finite from part (7). Clearly Fj(f) is linear.
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Furthermore, by the Cauchy-Schwarz inequality, one has
RHS of (B:94) < 2| VaH fllonw - VaHyll2ms

szc~(/|@mﬂ;dm) ~(/|@mmaww) by (B09)
M M

§2C-(/|?mﬂ%@w) glls,
M

where C' is the same constant that appeared in part (i). Therefore, Fy(f) is
bounded.

By using the results of part (i) and (ii), the proof of (iii) and (iv) is similar to
the corresponding results of Lemma C.1 in [49)]. O

Remark B.5.3. One may obtain analogous results of Lemma[B.5.2]for F} by setting T
as the identity map in F5, while the corresponding results for GG is a straightforward

modification with

9= —2/Mfgd/w7«- (B.95)

An important concept associated with linear functionals is the weak convergence.
Let f; be a sequence in S. We say that f; — f weakly in S, if H(f;) — H(f) for
all H € S* (where S* is the linear dual of S). Moreover, since S is a Hilbert space
(Proposition , by the Riez representation theorem, if f; — f weakly in S then
(g9, fi)s = (g, f)s, for all g € S. One has the following standard result (see p.174,
[33])

Lemma B.5.4. Fvery bounded sequence in a Hilbert space contains a weakly con-

vergent subsequence.

Recall from Section that the A, condition on the density h, has important
consequences for the weighted Sobolev space W12(M,m, p,). By assumption, the
density h,, is smooth and uniformly bounded away from zero. Hence, by Proposition
[B.1.2] the density h, is an A, weight on the the space S.

Lemma B.5.5. F attains its minimum on the constraint set C = {f € S: G(f) =

0}.

Proof. Define the inner product (h, g)s = [ (n( (Vatg, Vo HA) 4+ H(gh)) dv, for all
g,h € S, and denote the norm associated with (.,.)s by ||.||s/. Set I = inf{F(g) :
g € C} > 0, and select a sequence f; € C such that F(f;) — I and F(f;) < I+ 1.
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First, we show that the sequence f; is bounded in both S and S’. Due to Lemma
B.3.10, there exists a constant K (independent of f;) such that ||fi — a(fi)|2, <
K|V, fill2, for each i. Hence,

1£ill = 1£:l13 0 + IV fill3
<|fi— a(f,-)Hg,m,M + a(fi)| + H@mfzﬂgmﬂ by triangle’s inequality

< (1 + KV fill3 e + le(fi)].
Moreover, by Cauchy-Schwarz

= ’/M fi dur </ i dur> =1-G(fi) =1

1fills < 1+ E)|Vonfillomp + 1= 1+ KDE(f) +1 < (1+ K +1) + 1,

Hence

so that f; is a bounded sequence in S. By applying similar arguments as in
the proof of Lemma m(l), one can verify that f; is also a bounded sequence in
S’

Since f; is a bounded sequence in S, and S a Hilbert space (due to Proposition
, by Lemma , there exists a subsequence f;, such that f;, — f weakly in S.
Moreover, due to Lemma , the embedding S < L*(M, m, ) is compact, which
implies the existence of a subsequence f;, of f;, such that f;, — f in L*(M,m, u,).
The strong convergence f;, — f in L*(M,m, p,) implies Hf;, — Hf in L*(N,n,v,),
because by the change of variable (B.27])

||flk - f”g,m,,u = / |f'Lk - f|2dMT - / |Hf2k - 7-[f|2dVT = ||Hf'5k - Hf”%,n,z/‘
M N

Next, we use the fact that the subsequence f; is bounded in S’ together with
the weak convergence of f;, in S, to show that f;, convergences weakly in S’. Due to
lemma (B.5.2)) and Remark [B.5.3 one has Fj(g) € S* and G'(g) € S* for all g € S.

Therefore

lim <flk7 >S’ = lim (V Hflkav Hg) dv, + lim H(fle) dv,

1 —>00 ik%oo N 1) —>00
= 5 Jim Fy(g)f, + Jim / fugdir by (B0 and (B27)
i) —>00
1
=3 lim Fy(g)fi, + hm G'(9)fi, by (B.99)
i —>00
1
= 5(F2(o)f + G’(g)f)
= <f7 g>S’
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where the penultimate line is due to the weak convergence of f;;; — f in S.

Now, the weak convergence of f; in S" implies
||f||?5" = <f7 f>S’ = z;}l—g;o(fzk, f>S’

= lim {NnH fins Va i f)y + (Hfi, Hf>u}

1 —>00

S z;}l—rgo {H@anzkHQ,n,V : ||6anH2,n,V + ”HkaHQ,V . HHfHQ,n,V}a (B96)

where the inequality on the last line is due to Cauchy-Schwarz. In (B.96)), set
ay = H@n,}_[fzk’hnua by = ||6n7_lf”2nl/7 Az = HHf'LkHQnV and by = HHsz,n,u, and

consider the inequality

Cllbl + ang = \/a%bf + (I%b% + 2a1b2agbl

< \/a%bf + a3b3 + a2b? + a2b?  since 2¢d < ¢ + d?,Ve,d € R
= /(@ +a3) (4% + 1)), (B.97)
As a consequence of (B.97)), one has

RHS of
< i L/ (9 B+ 1 ) - (19 s+ 1)}

T —>00

= Iflls > dim [ i, |ls-
1 —>00

Thus, || fllsr < lim;, o0 || fi,. |ls7- Furthermore, the subsequence f;, is bounded in 5,

and liminf; . [|f;, |ls is the largest number smaller than lim;, . || fi||s/- Thus,

1A llsr < Jim [ fllsr == [1flls < lim inf || £ ][5 (B.98)
T} —> 00 1je—> 00

Similarly, the weak convergence of the bounded subsequence f;, in S gives

1flls < lim [Ifills == |Iflls < liminf|[f[|s. (B.99)
1} —> 00 1) —> 00

Finally, due to (B.98]) and (B.99)

2F(f) = /M ¥ 2 iy + /N -2 o

= A5 = A5 + s = I N30

< liminf || fi, |5 — [ 113, + lminf | £, 15 = IH S5,
1 —>00 1 —> 00

= inf{Lfi I3 = 1713} + Hin it (1o B = A3, 3 (B.100)
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By the strong convergence of f;, — f in L?*(M,m, u,), and the strong convergence
of Hf;, — Hf in L*(N,n,v,), one has
RHS of (B100) = Tim inf{l i, I — £l 0} + T inf i I — 1247315, )
< timint {112 = 1o B+ 1ol = [P

= 2liminf F(f;,) = 21. (B.101)

1 —>00

From (B.100) and (B.101)), we conclude that F(f) < I = inf{F(g) : g € C}; thus
the minimum of F' is attained by f. To complete the proof the theorem, it remains
to show that f € C; that is G(f) = 0. One has

G =1- [ fau

== 1 - ||f||%,m,u
. . 2
= 1 — 11520 ||fik||2,m,u
= lim G(fzk) - 7
’Lk—>00
since f;, € C. -

Due to Lemma[B.5.2] the functionals ' and G are continuously differentiable. In
addition, by Lemmammere exists a function f € S which minimises F over the
constraint set C. Therefore, using the method of Lagrange multipliers, one has the

equation F'(f)g = AG'(f)g for some A € R and all g € S. Expanding this equation

with (B.94)) and (B.95]) yields
/ (T gy Vo f) it + / (Mg, T HT) diy = —2) / of duy.  (B.102)
M N M

forallge S, fe{fe€S:G(f) =0} and some A € R. By comparing (B.91) and
(B.102)), one sees immediately that (f,\) € {f € S : G(f) = 0} x R is a solution

pair for the weak formulation (B.91]).
If we fix g to be f in ([B.102), then

F(f) = / ¥ P2, s+ /N ¥ HT du,

- / 7 du,
NG(f) +1). (B.103)
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Moreover, as a consequence of Lemma/|B.5.5| f is minimising for F. Thus rearranging
(B.103)) yields

: F(f)
A= —inf —~2—
jes G(f) + 1
— _inf fM|me|%zdﬂr+fN|van|idVr (B 104)
fes 2fo2dMT ‘ .

Let the solution (f, ) to be denoted by (¢2, A2). To find other solution pairs
to of the form (¢;, A;), one follows the standard induction arguments pre-
sented in [49] and p.212 in [88]: One constructs a sequence of decreasing, closed and
L*(M,m, u,)-orthogonal subspaces of S; that is for & > 1, a sequence of subspaces
of S of the form Sy = {f € S : [,, fodidu, =0, fori =1,2,... k}, where ¢ is
constant. One then uses the fact that the solutions ¢; and ¢; are L*(M,m, u,)-
orthogonal for A\; # A; (this follows immediately from Lemma C.3. in [49]), and
the fact that each Sy is complete (closed subspace of a Hilbert space), to apply the

variational method on S*~! to obtain

. fM‘@mf‘%zdur+fN|ﬁn,Hf’idVT
A, = — inf 5 ;
fesk—1 Qfo dur

for k = 2,3,.... Note that (¢1,0) is a solution pair to (B.91)), thus A; = 0. Addi-

tionally, the sequence J; is monotone decreasing and tends to —oo, with the solution

(B.105)

space finite for each ¢ (Lemma C.4. in [49]).
Furthermore, using the identity V,, = T.VyH* from Lemma [B.2.6|

/ |6n/Hf|i dV’“ - / n<T*6T*nfa T*@T*nf) dVT
N N

= / T*n(@T*nfa @T*nf) d,ur = / |6T*nf %‘*n d:urv
M M

where the second equality is due to (3.7) and (B.28). Hence, one can write (B.105))

as an integral of M as

/\k = — inf
fesk-1 2 [y 2y,

%*n) dMT‘

(B.106)

B.5.3 Ellipticity and global regularity of weak solutions

To complete the proof of Theorem |3.3.3], it remains to verify that the eigenfunctions
¢; of A®" are smooth and unique for each i. For then, the smoothness of ¢;
on M implies that the weak solution pairs (¢;, A;) which solves are also
solution to . Moreover, the uniqueness of (¢;, A;) implies that the solutions

of the eigenvalue problem (B.76|) are given by (B.105)) or (B.106]) (with the weak

148



Appendix B

gradients replaced with standard version due to the additional smoothness of ¢;).
To determine the regularity and uniqueness of ¢; on M, we utilise the elliptical
regularity theorem (see Theorem 8.14 in [61]).

We say that an operator L of the form

d 02 0

ij=1
is strictly uniformly elliptic if a,;, b; and c are bounded, real-valued functions on M,

and there exists a constant v > 0 such that

,
Z aijeic; > vlel?, (B.108)
ij=1

where ¢ € R" is non-zero.

As a consequence of the Elliptical Regularity theorem, if OM is smooth, and

A" is a strictly uniformly elliptic operator with a;;, b;,c € C*°(M,R) and ¢ < 0 in

M, then there exist unique solutions in C*°(M,R) for the eigenproblem (B.76]).

Lemma B.5.6. Let T : M — N be a C*°-diffeomorphism, and assume h,, is smooth
and uniformly bounded away from zero. The weighted Laplacian A" is a strictly
uniformly elliptic operator of the form (B.107)), with a;;,b;, ¢ in C*°(M,R) and ¢ <0
on M.

Proof. For this proof, we say that an operator has property E, if it is a strictly
uniformly elliptic, with coefficients a;;, b;,¢ in C*°(M,R) and ¢ < 0 on M. By
Lemma [B.2.7]

m(Vphy, Vi f) N n(Vohy,, Vo Hf)oT

QAW = N f +HA,
d FHHAHI h, hyoT

(B.109)

Clearly the sum of operators with property E is an operator with property E.
Additionally, if the second and fourth terms of has property E, then by
setting T' as the identity, one immediately see that the first and third terms of
also has property E. Thus, it is sufficient to show that the second and fourth
terms of has property E. To show that second term H*A, H of has
property E, we note by Corollary that H*A,H = Arps,. Therefore in local

coordinates at any point in M,

HAHS = Dpenf =

1 T g
_— 0; [ Vdet Gp«, (T*n)Y0; f ), B.110
vdet Gre,, ”ZI ! ( e ( n) f) ( )

for all f € C>°(M,R). Using Jacobi’s formula for differentiating the determinant of
a matrix A; that is 9x(det A)(x) = (det A)(x) Y., .(A™1);;(2)0kAij(x) for all z € M,

ij
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one has

1 1
§ vV det GT*n
1
"2

det GT* ET: _1
(G ) 105 (G )k
vV det GT*n kel=1

1 r
= 5\/ det GT*n Z (T*n)klﬁj (T*n)kl

k=1

(B.111)

Therefore, by using the product rule to expand the partial derivative in the sum-
mation on the RHS of (B.110)), and then applying (B.111]) to the first term one

has

RHS of (B.110)

1

vV det GT*n

::1 (Z

k=1

2? (S

n)"9;(T*n)y, )(T* )4 4+ 0;(T*n)”

> (T*n)70;(/det Grep)0; f + /det G-, 0;(T*n) 0, f
+4/ det GT*n(T*n)Uaj@f)

1,5=1

)0, (T"n) ) (T*n)90,f + 9,(T*n)70,f + (T*n)79,0,f

Oif + (T*n)"0,0:f.

(B.112)

Now the Riemannian metric n is a C'* bilinear symmetric form and positive-definite

for every y € N. Moreover, the mapping T is a C*°-diffeomorphism. Hence, the
components (T*n)% and 9;(T*n)" are both bounded and smooth for each 1 < i,j <
r. Therefore, the coefficients b; = Y, 5(T*n)79;(T*n) + 0;(T*n)7 and a; =
(T*n)Y in are both bounded and smooth. Additionally, due to Lemma
we have at the point x € M,

r

E aijeiaj =

3,j=1
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where the last line is due to the inverse function theorem. Therefore

RHS of (BI13) = Y  (Jr-10T ), (G, oT)u - (Jp10T-€), >0,

k=1

where we have used the fact that the matrix G,;! is positive definitive at every Tx €

N to obtain the last inequality. Hence, there is a v > 0 such that Z: i1

7|e|? for all z € M. Thus a;; satisfies the condition (B.108)), so by (B.110)-(B.112)
the term H*A,’H has property E.

To show that the fourth term n(V,h,, V., Hf)/H*h, of has property E,

we consider the numerator term. One has at each point Tx € N,

aij (I)&'i&"j 2

n(Viuhy, Vo) = n(V,h,, T,V f) by Lemma

- (T*VT*nf)hu
= Vi f(h, oT)oT™! by
=m(Vu(hy, o T), Ve f) o T (B.114)

Writing the RHS of (B.114)) in local coordinates, one has at any point z € M

RHS of (BITH) = > mj, (Z m'“‘akmyoT)) (Z(T*n)ﬂalf)
i,j=1 k=1 =1

T

= Z 0j(hy, oT) <Z(T*n)ﬂ@lf> on contracting the index i
j=1

=1
= > 0(h, o T)(T"n)" 0
=1
Therefore, at each x € M

n(vnhua van) ol . Z;l:l (‘%(h,j o) T) (T*n)]lalf
hl, (o] T o hy o T

= 0j(n (b, o T))(T*n)" 0, f

J,l=1

As before, due to the properties of the metric m, the smoothness of h,, and the
fact that 7" is a diffeomorphism, the coefficient b, = 3 _; 9; (In (hy o T))(T*n)" is
bounded and smooth, and so the fourth term of (B.109) has property E. O

B.6 The proof of Theorem 3.3.4

This proof is a straightforward modification of Theorem 3.2 in [49]. Let g : M — R™

be nonnegative and smooth. Since

/Hgdwz/ gdpr,
N M
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by , and densities h,, h, are both positive and smooth, the function Hg is
also nonnegative and smooth. Denote by I'? the level surfaces generated by ¢; that
is {x € M : g(x) = B}. Then the level surfaces of TT” are generated by Hg. Now,
due to the co-area formula given by Lemma [B.2.1] one has

/ ]Vmg]m-huw;Jr/ I Hgly - oot
M N

:/ (/ huwfn_l—i-/ hl,w:l_l) dg
0 rs T8

_ /0 " (s (%) 4 vy (TT9)) dB

> 9 inf HY({g— 8}) / min{i(g > B), (g < )} dB. (B.115)

te(0,00)

Let f: M — R be smooth, and ¢ the median of f with respect to p,; i.e. p.(f >
o) >1/2and p.(f <o) >1/2. Set f1 = max{f—o0,0} and f- = —min{f—0o,0}, so
that f —o = fy — f_. Observe that for each point © € M, either |f(z) —o| = fi(x),
|f(x) —o| = f-(z) or | f(z) — 0| = fi(x) = f-(x) = 0. Therefore

g FO(( = 9)) =min {_int B2 = 5D, int B2 = )

(B.116)
In addition, if f, is positive then f > o, and if f_ is positive then f < o. Hence,
by using the fact that o is the median of f, one has

and . (f2 > p) <

e (f2 > B) < (B.117)

1
2’

DO | —

for all § > 0. Moreover, if f, £ 0 then f_ =0, and if f_ # 0 then f, = 0. Hence,

(f—0)=fi+f2 (B.118)

and

Vi (f3 + £ = m(Vin(fE + f2), Vi (fF + £2))
= Vi (FD) [ + 20V (£2), Vi (f2)) + Vi (F2)

= Vi (F) o + [V (F2)

Vo F i+ 2 IV (FDlm (Vi (P + Vi ()5,

= (1Yl + Vo (F2)]m) (B.119)

Finally, by definition Hf, = max{H f — 0,0} and Hf = —min{H f —0,0}. Hence
analogous to (B.118])
(Hf—o) =HfL+HS? (B.120)
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and analogous to (B.119))

IVa(H L+ H2) = (Va(Lf2) + Va(HI2) ). (B.121)

Due to (B.118))-(B.121)), one has
/ |Vm[(f—a)2]|mdpr+/ IVa[(HS — o)), du,
M M
_ /M|vm(fi+f2>\mdm+/N|vn<yﬁ+ﬂf?)|ndw by and (BIT9)

= /M IV (D)l + V() |m) dpir + /N (IVa(H LD + [V (Hf2)]n) dor,
(B.122)

where the last line is due to (B.119) and (B.121)).
Now, consider the RHS of (B.122)). Since f? and f? are nonnegative and smooth

almost everywhere, one can set g = f? and g = f? independently in (B.115)), and
then apply (B.116)) to the result to obtain

RHS of
_ ZpLEU =) 7 (minGuet72 > 010172 < 50

g (2 > )12 < 5)}) do
=2 B = 01 [ el > )+ (s > 6)ds, (B.123)
0

where the equality on the last line is due to (B.117). Applying the Cavalieri’s
principle (Proposition 1.3.3 in [23]) to the RHS of (B.123)) yields

RHS of 200t B = 6D [ (724 )
€ M
= 2inf HY"({f = 5})/ (f — o) dp,. (B.124)

M

Next, we consider the LHS of (B.122)). In local coordinates, one has by (B.12))

Val(f =0)l = ) mYo(f - 0)%0,

Q=1
=2 mY(f - 0)0:f0
ij=1
=2(f —o)Vnf.
Therefore, by Cauchy-Schwarz
[ 1Valt =P dne =2 [ 1= 01|Vl
M M

S 2Hf - O—HZ,m,u : vafHZ,m,u- (B125)
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Also, analogous to
/N IVal(Hf = 0)?)|, dve < 2Hf = 0llomu - VK S l2ms
—o ([ s = o) 1A s
=2 ([ (=P i) 19T

=2[If = ollamp - IVaHf |20 (B.126)

Therefore, by (B.122])-(B.126)) one has

%relﬂngy"({f =B} /M(f — o) dpy < |If = llzmge - IV Fll2img + 1Vatfll2m)
Vo f zamp + I Vot fllzna

— inf HY"({f = 8}) < . (B.127)
ok (Ju(f = o) duy)

Let a(f) be the mean of f with respect to y,; that is a(f) = [, f du,. Then
[, (f—¢)? dp, as a function of ¢ € R is minimum when ¢ = a(f). Hence, by squaring
both sides of (B.127] m, one has

inf den f 6 ) (H o
(1t 1o s = 5 ey T
Vo f |2 d . V Hf dv,
fM )? dpsy

for all f € C*°(M,R), where we have used the fact that (a + b)? < 2(a* + ?) for
a,b € R to obtain the inequality on the last line. Furthermore, if A5 is the smallest
magnitude nonzero eigenvalue of A%" with corresponding eigenfunction ¢, then by

Theorem [3.3.3} one has ¢ € C®(M,R), a(p3) = [, 2 dp, = 0, and for k = 2 the
infimum of (3.34) is attained by ¢,. Thus, by setting f = ¢» in (B.128)),

fM |vm¢2|2 d/lr + fN |V H¢2|2 dl/r
Jar 162 = (o) dpss

(s <

= — 4.

This concludes the proof of the theorem.

B.6.1 Time-discrete and time-continuous case

To generalise Theorem to the time-continuous dynamic Cheeger inequality,
we note that apart from (B.128|) all arguments are applied linearly with respect to
time. Hence, the results up to (B.128)) are immediate via the constructions outlined
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in Sections [3.2.1] and [3.3.2] To modify the argument (a + b)* < 2(a® + b?) used to

obtain (B.128)), we apply Cauchy-Schwarz to obtain

(/OTatdt): (/OTat-ldt)Qs (/OTafdt> . (/07126115) :r-/OTafdt.

For the time-discrete case, one applies Cauchy-Schwarz analogously.

B.7 The proof of Theorem 3.4.1

Recall the definition of the diffusion operator Dx . given by (3.41). Given f €
C3(M,R), we wish to evaluate the ¢ — 0 limit of the image of f under the operator
HiH, where by (3.43) and (3.44)),

HHf =Dy oM 0D}, (R(f h”) | (B.129)
v\ P,

with P, = Dy 0P oDx,.. Let (U, ) be a chart on M containing the point x € M.
Recall normal coordinates at the point x, are the local coordinates on (U, ¢) such

that the metric tensor satisfies m;;(z) = 6;; and O;my(z) =0 for all 1 <4, 5.k <.

Introducing standard multi-index notation for «; i.e. @ = (a1, s, ...,q,) such
that
lal =1+ ...+,
ol = arlag! . . !
i (B.130)
D* =01 05% ... 0
v = vltvy? . vl
for a vector v = (vy, ..., v,). The following lemmas are well known results regarding

normal coordinates

Lemma B.7.1. Let (U,p) be a chart of M containing the point xo € M, with
corresponding normal coordinates {1, xs,...,2z,}. The Laplace-Beltrami operator

satisfies

Anfleo) =30 T2 (o(ay),

i=1

Proof. See p.90 in [103]. O

Lemma B.7.2. Let (U,p) be a chart of M containing the point xo € M with
corresponding coordinates {xy1,xs,...,x,}. The asymptotic expansion of \/det G,

about Be(xg) C U, centered at xq is given by

Vdet G (zo) =1+ Z Crjal(20) - (p(20))",

=2

155



Appendix B

where Cr jo|(T0) depend only on the Riemannian curvature tensor R and covariant

derivatives of R at the point xy. Moreover, if R is bounded on Bc(x), then

> " |CRja(0)| < 00 (B.131)

lof=2

Proof. See Corollary 2.10 in [65]. O

The following lemma generalises Lemma D.1 [49] for flat manifolds to the case

of general Riemannian manifolds.
Lemma B.7.3. Let Dy, be defined as in (3.41). There exist a constant c, such that

DX,ef - f

= (/2) D]

lim sup
TN F s ar ) <K

=0,
CO(M,R)

for each K < 0.

Proof. Let f € C*(M,R) with ||f|lcsupr) < K, fix g € X and set € > 0 to be
smaller than the injectivity radius of the point xqg € M. It is well known that the
exponential map exp,  at the point z; is a diffeomorphism of a neighbourhood of
0 € R” onto the metric ball B.(zo) (see Theorem 5.11, [7]). Moreover, there exist
normal coordinates on the chart (Bg(azto),expgjo1 ); that is the components of the
metric tensor m satisfy m;; = d;;, and 9ym;; = 0 at the point o for all 1 <4, j, k <r
(see Corollary 5.12, [7]).

Recall the definitions of ¢ and @, from Section By the Gauss lemma for
Riemannian manifolds, the exponential map exp,, is a radial isometry from the
Euclidean ball E.(0) to Be(zo) (see Lemma 3.5, p.69 in [36]). Thus,

Quuel0,2) = € 7g (M)

exp,lxg — exp,lz exp,,) 2
_ g (I Pzy L0 = XDy, |) — g (M) : (B.132)

€ €

for all z € B.(xy) C M. Moreover, due to the fact that supp ¢ C E1(0), the function
()m. vanishes for all z € M \ B.(zo).

Let {21,...,2,} denote normal coordinates on (B(zo),exp,). Recall that the
volume form on M is given by w; = Vdet G, - dzy Adxs A ... Adx,, where G, is a
r X r matrix with entries m;;. Hence (exp,,)*w!, = v/det G,, o exp,, df, where { is
the Lebesgue measure on R". Moreover, since supp Qum. (o, ) C Be(zo), one has

D fliro) = / Qune (10, 2) f(2) - WL, (2)

Be (mo)

= [ (%) (7 VaerEn) o w - detw), (3133
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where the last line is due to (B.132). An application of the change of variable
v = u/e to the RHS of (B.133) yields

RHS of (B.133) = f Vdet G, )oexpx ev) di(v). (B.134)

Eq(0

To complete the proof of the lemma from (B.133)), we follow the proof of Lemma
D.1 [49]. We apply Taylor’s theorem to the real-valued function f := f o exp, on
E1(0), centered at 0 to obtain

2

f(ev) Z Daf ) + Z (ev)* Ry (ev)

|a|=0 |a|=3

where the remainder term R, (ev) is given by

Ralev) = = /0 (1= 72D F(vew) dr. (B.135)

(0%}

Due to the above Taylor expansion of f, the RHS of (B.134) becomes

/E (O)q(lv|) ZE“'UO‘%!(O)%—ZE?’UO‘R;»)(EU) -det Gy (ev) dl(v), (B.136)

|o|=0 |a|=3

where det G,,, = (\/ det G,,) o exp,,. We evaluate the above integral term by term.

For the |a| = 0 term, one has

/ a(v]) fé?) TG (ev) di(v)
E1(0)
-/ ol ) T (o) (o)

= f(x0) / Q) 0, (2) = S(ao). (B.137)

For the |a| = 1 term, we note that the real-valued function ¢(|v|) is symmetric.

Hence, v;q(|v|) are odd functions of v for 1 < i < r. Therefore,

JARCIRD S

= Zaj(()) /E(O) vig(lv|)-e | 1+ Z C’Rw(xg)e‘ﬂ"vﬁ dl(v)

181=2

Gm(ev) dl(v)

:Z@f(xo)~ 0+ /E (O)q(yvy)-ZCR,ﬁl(xo)wﬂelﬁﬂde(v) . (B.138)

|8]=2
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where we have applied Lemma to obtain the second equality, with constants
Cr,5/(z0) < oo depend only on the Riemannian curvature tensor R, and the covari-
ant derivatives of R at the point xq. We return to this term later in the proof, but
for now we proceed to the |a| = 2 term.

For the || = 2 term, due to the property (3.40) for ¢ and the approximation of

VG, by Lemma one has
: 2:0;f(0 -
[t ( > 2—{”) {1+ X Crpptmeo? | o)
E1(0) :

ij=1 15=2

= Z —5i0]-2{(0) . / q(Jv]) - [ viv;e® + Z C’R7|5|(x0)vivjvﬁe|m+2 dl(v)
. ! F1(0)

ij=1 18/=2

N e F 0i9; f N 8 18l+2
=5 Za +Z /E(O)q(|v|)- > Crys(zo)vivjv’ e 2 di(v)
i=1 1

i,j=1 |8|=2

_ _Amf (20) + Z 0;0; f &) . / q(|v)) - i Cn,\m(xo)vivjvﬂelm“ df(v)

inj=1 B (0) 181=2

(B.139)
where we have applied Lemma to obtain the last line.

Now set € < min{p, 1}, where p is smaller than the injectivity radius for every

x € M, then the approximations (B.133))-(B.139)) are valid for every point x € M.
Moreover, since M is compact R is bounded on M. Therefore, by (B.131)), if v €
FE1(0) then there exists a constant C such that

- C
Z }CR 8 (x z)vvle \BI+1‘ <él Z ‘CR,\ﬁ\(x” f |;| o )63, (B.140)
|8]=2 18]=2 Ex(

for each @ > 1 and all x € M. Similarly, if v € E;(0) then there exists a constant
C5 such that

[e%9) 00 02 )
Z |CR7IB|($)U1‘U"UB€‘BI+2‘ <é Z ‘CR,|,B\(1')| €', (B.141)
1Bl=2 ’ 18l=2 fE q(|v]) dé(v)

for each 4,7 > 1 and all x € M. Due to (B.133)-(B.141]), one has

D f(x) — f(x) — & B f(@)

‘ <Z azf(@) - Cré®| + (Z aﬁjf@)) - Cye?

ij=1

(B.142)

w1 ale) - 3 o Rufew) T G(ew) )|

laf=3
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for all x € M. Consider the term on the second line of (B.142), one has

sup /El(o (Jv]) - Z - det G, (ev) dl(v)

Il army <K la|=3

CO(M,R)
< [ Ra@)lovr € / o) - 3 oAt Gy (ev) dev)
||fHC3(M,R)§K EI(O) |a| 3
la|=3,u€ Ec(0)
= sup [[Ra(u)lleoqarr - Cse,
||fHC3(1u R)= <K
la|=3,u€ Ec(0)
for some constant C'3. Therefore, rearranging (B.142)) yields
Dx.—1Id
sup w — (¢/2)A
“f||03(M7R)SK € CO(M,R)
sup (Z 8Zf> -CLet 4+ (Z @@f) - Cye?
1l e3 (aery) <K i=1 0 i,j=1
< AL ’ UML) (B.143)

+ sup ||Ra(u) ||CO(M,R) : 0361.
Hf”cB(]u’]R‘)SK
|a|=3,ucEc(0)

Since the first and second order derivatives of f are bounded for by K, the first
two terms on the RHS of (B.143) converge to 0 as ¢ — oo. Hence, to complete the

proof of the theorem it suffices to show that

3

Ra(u) = a|

/0 (1= 1) D*(f o exp,) (vu) dv.

is uniformly bounded on E(0) for || = 3 and every f € C*(M,R) with || f||csmr) <
K.

Let w € E.(0) and |a| = 3. Since € is less than the injectivity radius of z, the
exponential map exp, ' is a C°°-diffeomorphism from B.(z) onto F.(0). Thus, if
| fllesury < K, then all derivatives of f o exp, up to order 3 are bounded above
by K’ for some K’ < oo on E.(0). Now since u € E.(0), one has yu € E.(0) for
all 0 < ~ < 1. Hence, the term D%(f o exp,)(yu) is uniformly bounded in u for
0 <~ <1, and all [|f|lcsur) < K. It follows that the remainder R, is uniformly
bounded on E,(0), for |a| = 3 and every || f|lcsur) < K.

[l

Proof of Theorem [3.4.1 Let ||f|lcsrr) < 1, and set € > 0 to be smaller than
the injectivity radius of each point in M. We start with the asymptotic expansions
of Pc(fhy). Since | fllcsmury < 1 and hy, is bounded in the C*-norm, one has
| fhullesnry < K, for some constant K. Consider fhy, such that || fh,|csur) < K.
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Lemma yields Dx((fhu) = fhu + S A fhy) + O(€), where O() denotes
the class of polynomials ase® 4 ase* + .. ., with all coefficients as, a4, ... bounded on
M and independent of f. Combining the expansion of Dx .(fh,) with the linearity
of P, then PDx (fh,) = P(fh,)+ %PAm(fhu) +O(e*). Now, since P is given by
and 7' is a C*°-diffeomorphism, one has PDx (fh,) € F*(N,R). Therefore,
by a straightforward modification of Lemma [B.7.3] we have uniformly on N

Pﬁ(fh,u) = DYe’,e’PDX,e(fhu)
ce” ce’ 2 3
= P(fh) + 5 PO h) + = [AaP(fhy) + O(9)] + O(€”)
2
= P(fh) + 5 [PLw(f) + BaP(fh)] + O), (B.144)
where c is the same constant as in Lemmam (since the constant ¢ comes from the

property (3.40) of @, independent of f). Therefore, using the fact that Ph, = h,

(Fhy) PO + < PAW(fh) + AnP(fh)] + O

H f= Pe(fhu) _ (fhy.) 2 L (fhy.) (fhu)] (€ )7 (B.145)
Pehy, hy + < [PAphy, + Dphy) 4+ O(€3)

uniformly on N. Next we apply H! to H.f. According to (B.129)), the first step is

the application of the dual diffusion operator Dy, . to (B.145). In preparation for

this, we consider a general polynomial quotient of the form

a+ be? + ce3
d+ee?+ fe3
where a,b, ..., f are a set of known coefficients. By polynomial long division and
truncating at €, one has
a+be® +ce*  a  bd—ae,
— == O(€). B.146
el e at @ € o) (B.146)

Applying (B.146) to (B.145]), and noting that Hf = P(f - h,)/h, (see (3.19))) yields

Hf— @ N Czﬁ {Pﬂn;b(yfhu) . Ani(yfh“) P fhu)};l%PAmhu
‘Wh”;ig A"h”] +O()
2 . .
—Hf+ {PA”;L(W N An7’h<ﬂlu) S ZAmhu S hAnh,,} 4 o

uniformly on N. Since h,, is uniformly bounded away from zero, one can check that
Hef € F?(N,R). Hence, it is now straightforward to compute Dy, H.f via Lemma
[B.7.3 to obtain

2 [PAL(fR JANS h - PALK WA

2
+ %Am F+O(S), (B.147)
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uniformly on N. We write

P(Lulfh)) _ o, (Am(fhu))
hy h,
_ (f Al + By D f + 20V, me)>
- »
—H (—f . ﬁmh”) +H (Amf + Qm(mefLLM,me))
_Hf-PALK 2m(V sl Vo f)
B “+’H<Amf+ h: )

where we have used the linearity of H to obtain the penultimate line, and the fact
that Hf = f o T~! to obtain the last line. Thus, the 2" and 4" terms of (B.147)

can be combined to form

o (Plonlite) WS Pk} _ gy (B, ¥l Tl)) 14
Also,
NP (fhy) _ DNp(Hf-hy) _ hy - NGH +Hf - Dphy +20(Vohy,, Vi H)
h., h., h,
_AHS + Hf -hAnh,, n 2n(Vnh}VL, V,ﬂ-[f).

Thus, the 3", 5" and 6! terms of (B.147)) can be combined to form
ce? [A,ﬂ?(fhu) _Hf- Anh,,] N ce?

2 h, h, TA"W

2 (Vphy, Vi i f)
hy,

s n(Vphy, Vo, H)

= ce (Anf + I

= ce?(NH), (B.149)

2 2
- %An”ﬂf ¥ oce n %Anﬂf

where the last line is due to (3.27). Substituting (B.148)) and (B.149)) into the RHS
of (B.147)) yields,

Bnf m(Vinhy, Vi f)

* . 2
Dy, Hof = Hf + ce (H< : 3

) + Any> +O(€*), (B.150)

uniformly on N. It is straightforward to apply DY _ H* to the RHS of (B.150)via
Lemma which yields

HHS = f+ %EQAmf e ((A;f + me’;L“’ Vimf )) + ’H*Aﬂ-lf) L O

062

=f+ - (DLf +HAHS) + O(e%), (B.151)
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uniformly on M, where we have used (B.31]) to obtain the last line. Since the
coefficients of the O(€?) are uniform on M and independent of f, rearranging (B.151])
gives

(HeH - 1)f

= =0.

CO(M,R)

—c-AWf

lim sup
0N f s (army
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C.1 The proof of Theorem 4.1.2

Let L be as in (4.9), where w;;“ are given by (4.8) for 1 <14, j < k. Due to (4.14),
we have for all f € RF

(LEref), = > wh(f; = f). (C.1)
Let g € R*. By (4.10) and (C.1), one has
ho (2
(g, LMf), Z Wl (fy — gt

= pre(xi)

hy(z;) A/ hu(z;)
D INERS “% z) j,“( ) Ui = 1

1]1

= Z UZJ — [1)9, (C.2)

3,j=1

where

U — \/hu(xj) \/hu@i)
ij = Qp,s(xi,iﬂj) e e .
phe(xy)  phe(w:)
We note that U;; is symmetric due to the symmetry of @), ., and positive since each
h,, Q,. and p*< are positive. Therefore, by ((C.2)), the conclusions of Theoremm

follows by a straightforward modification of the arguments in Section 1.4 [25].

C.2 The proof of Theorem 4.1.4

We adapt the arguments of Section 5.1 in [12]. Let S* = {;}*_; be an i.i.d random
sample drawn from M according to the C® probability density p, and L**< be as in
[4.15). Fix f € C3(M,R) and x¢ € M. Define

huly)
hu(@
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where @, : M — Ris asin (4.4)). First, we show that there is a sequence of scalars

{€x }r>1 with limg_,o €, = 0, such that

lim
k—oo

L ks f(zo) — émek f(:co)‘ = 0. (C.4)

€k

Since S* is an i.i.d random sample with probability density p, h, > 0 is bounded,
and pP(z;) = ¢ LS Q,e(x;,7) > 0 the random variables

o Qp,e($0>xj) hu<$j)
Ny B(o)

are strictly bounded on the interval [a;, b;] for every j € [1, k]. Therefore by (4.15])
and the Hoeffding inequality [73], one has with high probability

(f(xo) - f(xj))>

lim L“kef — lim - Z Qpe l‘o,xj 3 («Tj) (f(.CE]) _ f(-To))

k—o0 k—00 ]i) ,u(ajO)

. Qp,e (3707 y) hu (y)
=1
koo Sy PR (y) \ Blo)

(f(y) = f(@0))p(W)wy, (y).  (C.5)

In addition, since p € C°(M, R) is bounded away from zero on M, by (4.6)) and (4.7)

there exists a constant a, such that

. 1 1 . ea,DNpp(y) + Ry, €6/?)
lim [ — — ——— ) = lim —% R 763/2 c O(3? ’
k00 (p(y) p’%(y)) Pl < ()p(y) 1(y,€77) (e%/%)

Therefore, by combining ((C.5)) and ( -

N AR B (pr
=t 3 [ Quuten) (s~ 507 ) P00 s () = )

€a 1 ,63/2 m r
= i 3 [ Quutan,y) (PSR SR (7))

(C.7)

Since p € C5(M,R), h, > 0 is bounded above, and p*<(y) > 0 for all k, there exists
a sequence of bounded functions g; in C*(M, R) such that

RHS of = klgilo/ Qpe(xo,y (gk( ) — ;y,(;)/2)> ::(%3) (f(y) - f(xo))w
= Jim [ Quelennian(o) [ 745 (70) = Fla) ) + Ralan )

(C.8)
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where Ry(zg, €%/2) € O(e/?). Moreover, since gy, h, € C3(M,R) and p < Sy, by

applying Lemma m to the functions gy - \/h, - f € C*(M,R) and gi, - \/h, €
C3(M,R), one has

RHS of = lim % [Am (gk /- f> (z0) = f (o) Am (gk : m) (SCO)]

+ Rg(l’(), 63/2) + Rz(fl?oa 61/2)7 (Cg)

where Rs(zo, €%/?) € O(e/?), and b, > 0 depends on the second moment of g,. Note
that by the assumptions on h, the fact that g, € C*(M,R) for every k, the RHS of
(C.9) vanishes as € — 0. Thus, by substituting ¢ = ¢, in — and using the
fact that limg_,o €, = 0, we arrive at the result .

Since f € C3(M,R) and xy € M were choose arbitrarily, one can easily extend

€ to

Jkeer I ek
lim sup -

= 0. (C.10)
k=00 ||f||cS(M,R)§1 CO(M,]R)
Therefore, to complete the proof of Theorem [4.2.2] it remains to show that there
is a constant C, > 0 such that tlimﬁo Licf(x) = A, f(x) for all 2 € M and
f € C*(M,R), because then by (C.10) one has

€k

lim — LR f () = lim — LA () = lim —— L f () = A f(2), (C.11)

k—oo €,C), k—oo €0, =0 eC,

for every f € C*(M,R) and x € M, and the desired conclusion follows. Since h, > 0
is in C®, by a similar argument as in (C.9) one has C, > 0 such that

lim —— L f ()

e—0 ECp

=l = [ Qe[S (W) - f) ) by @3

(Vi ) @) f@)An () (@)

o) e by Lemma [B.7.3]

AW | (Tl Vad), T (/)
hu(x) " hu(x) hu()

= A fla) + DYl VnS)e g, (C.12)

hu(@

where we had applied to the chain rule of differentiation on V,,(y/h,) to obtain the

penultimate equality.
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C.3 The proof of Theorem (4.2.2

Recall from Section , since M U N C RY, by a straightforward modification of
one has @, : (MUN) x (MUN) — R*. Also, recall that the random sample
Sk = {Tx;}%_, is drawn from N according to the C® probability density p. Finally,
recall the Definition [3.3.1]

1
AW = §(A# +HAH), (C.13)
where H : L*(M,m, p,.) — LQ(M, n,v,) is as in ([3.19)), with adjoint H*. Define
Q o Ta: Tx h,(Tz;)
Ll/,k € P J J o ) 14
where p€ is as in - By (4.30) and ( , one has
1
Ldyn,k,e — 5 (Lu,k,e + Lu,k,e) ) (015)

Furthermore, by Theorem , there exists a constant C, and a sequence of scalars

{€r}r>1 with limy_, €z — 0, such that

1.

||f||c3(M,R)§1

1 R
THEE £ A
€L Cp f ,uf

) , (C.16)
C3(M,R)<1

for all z € M and f € C3(M,R). Therefore, to obtain the conclusion of Theorem

4.2.2 by the linearity of (C.13) and (C.15)), and the convergence (C.16)), it is suffi-

cient to show that there exists a sequence of scalars {€ }r>1 containing {é}r>; and

with lim;_, o €, = 0 such that

1

Ll/,k,ek o *AV
o L MBS

lim sup

, (C.17)
k=00 ||f||03(M,]R)§1 C3(M,R)<1
were C), is as in (C.16]).

To show that ((C.17) is valid, we follow the proof of Theorem outlined in
Section Define analogous to (C.3))

f@) = [ QuiTo [ (10 - Fo)iw), (C18)

for all z € M and f € C°(M,R). Fix zy € M and f € C3(M,R). Since S* :=
{Tx1,Txy,...,Txy} is an i.i.d random sample drawn from (N, n,r,) according to
the C® probability density p : N — RT. Therefore, analogous to (C.5]), one has with
high probability

lim ;L”’“ f(wo) = lim / Q’” Txo y) hf(j(i?)o) (S(T™y) = flz0))p(y)wn(y)-
(C.19)
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Moreover, analogous to (C.6)) one has for all y € N,
1 1 i, /N Ry(y, €32
lim <— - > — lim p2nPW) + Baly, €7)
kooo \P(y)  pe(y) ) koo PH(y)p(y)
where Ry (y,e¥?) € O(¢¥/2). Hence, since h, € C3(N,R) is bounded above and
uniformly away from zero, by applying similar augments as in (C.7)-(C.9)), one has

analogous to (C.11])

(C.20)

Lmk,ekf o Ll/,ekf

€k

lim sup = 0. (C.21)
k=00 ||fH03(M,R)§1 C’O(M,]R)

Now analogous to (C.12)), there is a constant C), > 0 such that for all z € M and
f € C3(M,R)

1

i &L (0
. 1 hl/ — r
— tim = [ QT [ (10 ) = i) by (€T

B (Vhy foT7Y) (Ta)  f(x)l, (V) (Tx)
h, (Tz) Vh(Tx)
20(Vo(Vh), V(f o T7Y)
VI (Tx)
n(Vohy, Vo (f o T Y7,
h,(Tx)
n<vnhl/7 Vn(Hf)Tx
h,(Tr)

by Lemma

= An(foT7)(T) +

=An(foT 1) (Tx) +

=ANHf(Tzx)+

- H*AVH]C(I'))

where we have applied Lemma (3.2.2)) to obtain the last two equality. Therefore

co (M,R))

) by (C.21)
CO(M,R)

=0.
CO(M,R)

L VN T,
Eka

|

Hf||c3(M,R)§1§1

1
L H M

< lim ( sup c
€LLp

k—o0

Hf”C3(J\/I,R)§1S1

1
LV7Ek _ * AV
oL s

= lim sup
e—0 <1

HfHCS(M,R)Slf
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