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Abstract

This dissertation is composed of three stand-alone research projects on the valuation

of contingent claims.

The first essay proposes an extension of the Kou (2002) double exponential jump-
diffusion model. Displacing the two exponential tails introduces additional degrees of
asymmetry in the jump size distribution. The model dynamics are supported by a general
equilibrium framework. Our main contribution is to derive closed-form solutions for
European plain vanilla options. A further extension to displaced gamma tails is possible
while retaining full analytical tractability. We propose an efficient routine to estimate the
physical model parameters through maximum likelihood. Our empirical analysis covers a
diverse sample of assets across equities, commodities and foreign exchange. We find that
for the vast majority of assets, the original Kou (2002) model can be rejected in favour of

our newly introduced displaced double exponential dynamics.

The second essay proposes an approach to valuation and risk management of deferred
start barrier options within the Black and Scholes (1973) framework. We provide closed-
form solutions which are functions of the implied volatility smile. Our barrier options are
contingent claims on two perfectly correlated assets that diffuse with different volatilities.
While the terminal payoff is a function of one of the assets, the barrier trigger is determined
by the path of the other. To mitigate the dynamic hedging problems associated with
large discontinuous sensitivities, we suggest the application of an additional exponential
bending of the barrier close to maturity. By generalizing the method of images, we obtain
closed-form solutions for both deferred start piecewise exponential barrier options and

associated rebates.

The third essay models logarithmic asset prices under the physical probability measure
as additive jump-diffusion processes. The corresponding risk-neutral probability measure
is defined through an Esscher transform. We are interested in the conditions under
which the jump size distributions under the two probability measures fall into the same

parametric class. We show that it is both necessary and sufficient for the jump size
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distribution to follow a natural exponential mixture family at all points of time. Examples

for applications of this result in financial engineering are provided.
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Chapter 1

Introduction

The recent decades since the opening of the Chicago Board Options Exchange (CBOE) in
1973 have seen a substantial increase of the global turnover in contingent claims. The Bank
for International Settlement (2013) reports a total notional amount outstanding of 685,039
billion USD as of December 2012, 92.34% of which is attributed the over-the-counter
(OTC) market. This amounts to a more than fourfold increase over a period of ten years,
despite the global financial crisis of 2007 and 2008 which had a particularly strong and
negative impact on the market for credit derivatives. Figure 1.1 shows the corresponding
time series for equity, commodity and foreign exchange underlying assets. This increased
trading volume can be both attributed to a higher liquidity in standard derivative products,
such as forwards and plain vanilla options, and the increased popularity of more exotic

payoff profiles.

These developments represent major challenges to academics and practitioners alike.

(i) First, they necessitate the development of consistent valuation frameworks that
are both able to reflect the stylized empirical facts of the historical time series of
returns and jointly explain the cross section of observable contingent claim prices. In
particular, this commonly involves a calibration of the risk-neutral model dynamics

to the Black and Scholes (1973) implied volatility surface for plain vanilla options.

(ii) Second, the increased liquidity in so-called flow derivatives, which are traded in
continuous markets and include, among others, plain vanilla, binary and barrier
options, creates a need for pricing functions that are numerically stable and fast to
evaluate. As computational resources are limited, this objective is usually conflicting
with the one previously mentioned. Often, model complexity is sacrificed for the

ability to price contingent claims in closed-form.

(iii) Lastly, they demand for a robust dynamic hedging and risk management. This is
especially crucial for contingent claims that exhibit discontinuities in their payoff

profile.
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Figure I.1: Total amounts outstanding of OTC derivatives on foreign exchange,
equities and commodities in billion USD. The y-axis is scaled logarithmically.

Source: Bank for International Settlement quarterly reviews.

This dissertation is composed of three independent research projects, each of which is
concerned with one or more of the above objectives. Our analysis applies to equity,
commodity and foreign exchange markets alike. In what follows we briefly outline the
research questions in Chapters II through IV. Each chapter is self-contained and presents
a more detailed motivation as well as an extensive literature review. Chapter V briefly
concludes this dissertation, summarizes its main contributions and discusses potential

avenues of future research.

In Chapter II, we expand on previous work by Kou (2002) and propose a novel jump-
diffusion model for asset prices. One of the key feature of our dynamics is their highly
flexible jump size distribution, which generalizes the Kou (2002) double exponential model
in two directions. First, it independently displaces the two exponential tails away from the
origin. Second, it allows for each of the displaced tails to follow a gamma distribution with
an integer-valued shape parameter. The newly introduced degrees of freedom represent
additional means to control the higher moments of the corresponding logarithmic return
distribution. Despite its increased complexity, our model still admits closed-form solutions
for European plain vanilla options, thus pushing the boundary of the aforementioned
trade-off between Objectives (i) and (ii). To provide an economic foundation of our
proposed dynamics, we show that they are supported by an equilibrium economy in which

a representative agent faces a infinite horizon consumption and portfolio choice problem.



This equilibrium also implies a risk-neutral probability measure under which both the

diffusion and jump risk are priced.

This extension is not only academically interesting but succeeds at capturing statistical
properties that are consistently present in asset returns. We advocate the use of maximum
likelihood estimation to infer the physical model parameters from the historical time
series of logarithmic returns due to its asymptotic efficiency. It furthermore requires
no discretionary choices when defining the estimation objective. A computationally
efficient routine to simultaneously evaluate the likelihood function for the full time series
is discussed. Based on a diverse sample of assets, we find strong empirical support for
non-zero displacements. The original Kou (2002) model can be rejected in favor of our

newly introduced model dynamics in all cases.

Chapter III discusses the valuation and risk management of deferred start barrier
options, where the monitoring window is limited to the some closed interval including
the option maturity. It is related to the Objectives (ii) and (iii) above. =~ When
the underlying dynamics do not follow a constant coefficient Brownian motion, these
contingent claims generally need to be priced through numerical approximation routines
due to the complexity of their payoff profiles. However, even within the Black and Scholes
(1973) setting, it is not clear how the diffusion coefficient should be chosen when the
implied volatility exhibits a strike-dependent smile pattern. One remedy to this problem is
to use an outside barrier option approach, where the terminal payoff and the barrier trigger
are determined by two distinct but perfectly correlated assets that diffuse at different
volatilities. We show that this is equivalent to valuing a deferred start exponential barrier

option on a single asset.

While this so-called two-volatility approach yields a smile adjusted pricing, it does
not by itself improve the robustness of the corresponding replication portfolios in real-
world markets. The dynamic risk-management of reverse knock-out barrier options is
particularly challenging due to the discontinuity in their payoff profiles. They exposes the
holder of the short position to a substantial gap risk when the underlying asset price does
not evolve as a pure diffusion process but exhibits jumps. To mitigate this problem, we
suggest to employ a functional form for the barrier shift that explicitly takes the time-
dependent nature of the risk exposure into account. We show that there again exists an
equivalent single asset valuation problem in terms of a deferred start piecewise exponential

barrier option.



The second half of Chapter III derives the prices for these types of contingent claims
and their associated rebates. It represents our main contribution. The valuation problem is
simplified considerable by introducing the image operator for exponentially bent barriers.
We explicitly establish its connection to an appropriately chosen coordinate transformation
applied to the Black and Scholes (1973) partial differential equation and the evaluation
of a risk-neutral conditional expectation. By considering the contingent claims as nested
compound options, we can iteratively derive their valuation functions, moving backwards
in time. We obtain closed-form solutions in terms of higher-order binary options and their
respective images that can be readily evaluated using standard statistical libraries. A
Monte Carlo simulation study confirms that a time-dependent barrier shift ceteris paribus

yields more robust dynamic hedges.

Chapter IV considers a model-independent question related to the class of additive
jump-diffusion dynamics. It is linked to Objective (i) above. We consider logarithmic
asset prices that follow a jump-diffusion process with a possibly time-dependent jump
intensity and jump size distribution. The corresponding risk-neutral measure is generally
not unique, if it exists. A common construction is to define the Radon-Nikodym derivative
process through an Esscher transform of the logarithmic return process; see for example
Gerber and Shiu (1994). We are interested in conditions under which the jump size
distributions under the two probability measures fall into the same parametric class. We
argue that this is not only a desirable property from a modeling point of view but it
also simplifies the valuation problem for Furopean plain vanilla options considerably.
Our main finding is that additive jump-diffusion processes whose jump sizes follow a
natural exponential mixture distribution at all points in time are closed under an Esscher
transform measure change. Furthermore, we fully characterize the dynamics under the

new probability measure and illustrate our results through various examples.
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Chapter 11

Analytical Option Pricing under a
Displaced Double Exponential Jump-
Diffusion Model

We propose an extension of the Kou (2002) jump-diffusion model. By
independently displacing each of the two exponential tails of the jump size
distribution away from the origin, we introduce additional flexibility in the
tails of the corresponding return distribution. Our model is supported by an
equilibrium economy and we obtain closed-form solutions for European plain
vanilla options. Our solution is computationally fast to evaluate and robust
across the full parameter space. We further allow generalization to displaced
gamma tails while retaining full analytical tractability. We propose an efficient
routine to estimate the physical model parameters through maximum likelihood.
Our empirical analysis covers a diverse sample of equities, commodities and
exchange rates. For all assets, the original Kou (2002) model can be rejected
i favor of our newly introduced asymmetrically displaced double exponential

dynamics.

Keywords: displaced double exponential, jump-diffusion, option pricing,

maximum likelihood estimation
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II.1 Introduction

Over the 40 odd years since the publication of the seminal articles by Black and Scholes
(1973) and Merton (1973), a large strand of the option pricing literature has been devoted
to generalizing the mostly unrealistic assumption of the underlying asset price following
a geometric Brownian motion and the corresponding normal distribution of logarithmic
returns. This misspecification is unveiled in the model’s strong pricing biases first reported
by Rubinstein (1985); see also the review in Bates (1996a). The central issue in this field
is thus to develop price dynamics that are both consistent with the observed option prices

and the empirical properties of the return distribution.

While option valuation through Monte Carlo simulation is possible even under
very general assumptions, the availability of computational fast and numerically stable
algorithms is crucial for their practical applicability. Computational speed is particularly
important for the class of European plain vanilla options, as these are usually liquidly
traded and serve as the reference prices that the risk-neutral model parameters are
calibrated against. It is thus of high interest to develop generalized model dynamics that

still admit a (quasi-)analytical solution for European plain vanilla call and put options.

Analytical or closed-form solutions are those, where the option price can be expressed
in terms of a (possibly infinite) series of elementary and special functions. We explicitly
distinguish analytical solutions from quasi-analytical ones, which might also involve limits
of some kind. In particular, this excludes expressions in terms of integrals which have to
be evaluated through numerical quadrature routines. The distinction, though essential,
is often ignored in the literature. In what follows, we briefly discuss the most important

models and classify them accordingly. This overview is by no means exhaustive.

I1.1.1 Literature Review

Very few non-trivial models admit genuine analytical solutions. First among these
is Merton (1976), who extends the geometric Brownian motion by introducing normally
distributed compound Poisson jumps to the logarithmic stock price process. The jumps
are considered to represent purely idiosyncratic shocks and are thus not priced. European
plain vanilla options can be valued analytically through an infinite summation over Black
and Scholes (1973) prices with exponentially decaying summands. Cox and Ross (1976)

consider various alternative pure diffusion and pure jump models, where the jump size is a



non-random function of the stock price immediately preceding it. This assumption renders
the contingent claims redundant assets and allows for perfect replication. The authors
obtain closed-form solutions in the special cases of proportional jumps, constant volatility
and proportional variance. Kou (2002) introduces asymmetry to the discontinuous return
component by modeling the jumps to follow a double exponential (DE) distribution. He
derives closed-form expressions for the tail probabilities under the two relevant pricing

measures; see also Kou and Wang (2003, 2004).

To account for the heteroscedasticity observed in empirical returns, several different
stochastic volatility models have been suggested. Wiggins (1987) models the logarithmic
volatility as an Ornstein-Uhlenbeck process correlated with the underlying asset and relies
on a two-dimensional finite difference scheme for pricing. Hull and White (1987) show that
when volatility risk is non-systematic, the values of European plain vanilla option can be
expressed in a quasi-analytical fashion as the Black and Scholes (1973) price integrated
over the distribution of the mean variance until maturity, given that at least the latter
is known in closed-form. Stein and Stein (1991) also consider the case of independent
spot and volatility dynamics and show that while the density of the mixing distribution is
not available when the volatility follows an Ornstein-Uhlenbeck process, its characteristic
function can be obtained in closed-form. This allows the authors to price general Furopean
contingent claims through Fourier inversion in terms of a double integral, which has to be

evaluated numerically.

In a seminal paper, Heston (1993) models the stock price as a diffusion process
whose variance itself follows a Cox et al. (1985) square-root process. Given closed-
form expressions for the characteristic functions of the logarithmic terminal spot price
under the two relevant numéraires, he obtains the corresponding exercise probabilities
through a numerical Fourier inversion. This model independent approach yields European
plain vanilla option pricing formulas, which are very similar in structure to the ones
obtained by Black and Scholes (1973). Quasi-analytical Fourier techniques have since
been widely applied to contingent claim valuation since the characteristic function of
the logarithmic asset prices is often available under more complex underlying dynamics.
We refer to Carr and Madan (1999), Lewis (2001) and Attari (2004) for alternative
pricing representations. Bakshi and Madan (2000) provide an economic foundation for
valuation using the characteristic function, by showing that it represents an equivalent
basis for spanning the payoff universe of most contingent claims. Bates (1996b) adds

independent Merton (1973) type jumps to the spot price process. Scott (1997) augments



the Heston (1993) stochastic volatility model by a correlated Cox et al. (1985) process for
the instantaneous risk-free interest rate and suggests a martingale approach for computing
the characteristic functions. Based on these results, Schobel and Zhu (1999) derive a
solution to the characteristic function of the correlated Stein and Stein (1991) model.
Bakshi et al. (1997) empirically test different special cases of the Bates (1996b) stochastic
volatility and jump-diffusion model with an independent Cox et al. (1985) short-rate
process. Duffie et al. (2000) unify much of the previous theoretical work by showing
that an affine structure of the drift, covariance matrix, jump intensity and instantaneous
interest rate allows us to obtain the Fourier transforms of the relevant random variables

in terms of a system of ordinary differential equations (ODEs).

The main limitation of the approaches discussed above is their sole reliance on
compound Poisson processes as the sources of jumps. An alternative strand of the
literature focuses on modeling the logarithmic stock prices as Lévy processes, which
encompass time-homogeneous jump-diffusions as special cases. All relevant models within
this class also admit closed-form solutions for the corresponding characteristic functions.
Thus, quasi-analytical Fourier techniques can be applied to price European plain vanilla
options. Madan et al. (1998) model logarithmic stock prices through a variance gamma
process; see also Madan and Senata (1990) and Milne and Madan (1991). They subject
a drifted Brownian motion to an independent random time-change given by a gamma
process. Barndorff-Nielsen (1998) discusses normal inverse Gaussian processes, where
the time-change is given by an independent inverse Gaussian process. Barndorff-Nielsen
and Shephard (2001a,b) propose a stochastic volatility model where the instantaneous
variance follows a non-Gaussian Ornstein-Uhlenbeck process driven by an independent
Lévy subordinator. It allows for simultaneous jumps in the logarithmic return and the
volatility processes. Non-Gaussian Ornstein-Uhlenbeck processes are characterized by
their stationary distribution; common choices are the inverse Gaussian and the gamma
distributions. Geman et al. (2001) consider asset prices driven by purely discontinuous
time-changed Brownian motions. Carr et al. (2003) incorporate volatility clustering
effects by subjecting various Lévy processes to a stochastic clock whose instantaneous
activity follows either a Cox et al. (1985) square-root process or a non-Gaussian Ornstein-
Uhlenbeck process. Carr and Wu (2004) capture the leverage effect in equity markets by
correlating the Lévy process and the time-change. They retain analytical tractability of
characteristic functions by introducing a complex-valued auxiliary measure under which

the leverage effect vanishes.
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We emphasize that, despite its fairly general applicability and widespread use, a
numerical implementation of the Fourier inversion technique that is both fast and stable
for the whole parameter space is very intricate. Nevertheless, or maybe even because
of its non-trivial nature, most authors avoid an explicit discussion of this issue. The
first remark hinting at its inherent complexity can be found in Footnote 7 of Schobel
and Zhu (1999), p. 28. In what follows, we present a brief overview of three typical
numerical issues encountered when implementing this approach. While focusing on the
representation proposed by Carr and Madan (1999), similar problems arise in alternative
formulations of the pricing equations such as in for example Heston (1993), Lewis (2001)

or Attari (2004).

First, and as already noted by Carr and Madan (1999), the integrand in their approach
becomes highly oscillatory for options that are far out-of-the-money relative to their
maturity, thus exacerbating the pricing problem. To circumvent this issue, they consider
the Fourier transform of the time value only. Alternatively, Andersen and Andreasen
(2002) and Joshi and Yang (2011) suggest to employ the Black and Scholes (1973) model

as a control variate, thus stabilizing the numerical Fourier inversion.

Second, the lack of integrability of the European call option price as a function of the
logarithmic strike price requires the use of either a dampening factor as in Carr and Madan
(1999) or the generalized Fourier transform as in Lewis (2001), where the integration is
carried out along a horizontal strip of regularity in the complex plane. As shown by Lord
and Kahl (2007), there exists an optimal choice for this contour of integration. It is chosen
to minimize the cancellation error that arises due to the limited machine precision when
numerically evaluating the integral for far out-of-the-money options; see also Lee (2004),
who suggests to minimize the total error from both the numerical evaluation and the

necessary truncation of the upper limit of integration.

Finally, the computation of the characteristic functions themselves is not as straight-
forward as it may seem due to the presence of complex logarithms and square roots.
As first explicitly discussed in Schébel and Zhu (1999), always evaluating the complex
logarithms at their principal branch leads to discontinuities. Kahl and Jéckel (2005)
propose a rotation-count algorithm that keeps track of the number of crossings of the
negative real axis to overcome this problem; see also Lord and Kahl (2006). Albrecher
et al. (2007) obtain a representation of the Heston (1993) characteristic function which is

numerically stable in an unrestricted parameter space. Lord and Kahl (2010) generalize
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this result by showing that there exists a formulation of the characteristic function for

affine jump-diffusion models where the principal branch is the correct choice.

Lastly, we briefly review some classes of models within which European plain vanilla
options need to be priced through purely numerical methods. The most important of these
are the local volatility or implied diffusion models proposed by Dupire (1994), Rubinstein
(1994), Derman et al. (1995) and Derman et al. (1996). Here, the underlying asset price
follows an Ito process. Dupire (1994) shows that an arbitrage-free continuum of European
plain vanilla option prices implies a unique time-and-state-dependent diffusion coefficient.
While this model perfectly matches any market implied volatility surface, its assumptions
about the underlying dynamics largely contradict empirical evidence and yield unrealistic
forward implied volatility smiles. Andersen and Brotherton-Ratcliffe (1997) propose an
unconditionally stable finite difference lattice for the corresponding partial differential
equation. It is first calibrated through forward induction and subsequently evaluated

subject to contract-specific terminal and boundary conditions.

I1.1.2 Contribution

The previous survey highlights the apparent trade-off between the generality of the
model dynamics and the computational tractability of the associated valuation functions.
While analytical expressions for the prices of plain vanilla options are often hard to derive
in the first place, their numerical implementation is usually straightforward. Besides its
preference independence, this is one of the major reasons for the success of the Black and
Scholes (1973) option pricing model. Despite their usually faster computational speed,
analytical solutions are also superior in terms of numerical stability over the full range of
model parameter values. As discussed in Section II.1.1 above, there are many intricacies
to be considered in the implementation of quasi-analytical or purely numerical techniques.
Closed-form solutions for special cases of these models can serve as pricing benchmarks
for their implementation. The higher the complexity of the benchmark dynamics is, the

larger the parameter space is which can be used for testing the numerical results.

The contribution of this chapter to the literature is fourfold. First, we introduce
a new generalization of the Kou (2002) model that allows for the jump sizes to follow
an asymmetrically displaced double exponential (AD-DE) distribution. We derive the
statistical properties and propose two approaches to obtain the spot price dynamics under

a martingale measure. Second, we show that the model still admits genuinely closed-
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form solutions for the prices of European plain vanilla options. Although our valuation
function appears quite formidable, it is composed entirely of elementary functions that
can be readily implemented. Third, we demonstrate that these results can be further
generalized to an asymmetrically displaced double gamma (AD-DG) distribution for the
jump sizes while still maintaining full analytical tractability. Fourth, we estimate the
model parameters under the physical probability measure through maximum likelihood
(ML) estimation and based on the historical time series of returns. Our empirical analysis
covers a diverse sample of assets, from equity indices over commodity indices to foreign
exchange. Statistical tests confirm that for all assets, the asymmetric displacements
provide a significantly better fit to the data than both the models with symmetric and no

displacements.

The motivation for the generalizations introduced in this chapter is based on the
symmetrically displaced double exponential (SD-DE) jump-diffusion dynamics considered
by Weber and Wystup (2008) and Detering et al. (2011, 2013). These authors are
interested in the performance of different investment strategies for equity-linked retirement
plans. They do not consider the valuation problem for European plain vanilla options but
instead analyze path-dependent payoff structures under stochastic interest rates. This
necessitates the valuation through Monte Carlo simulations. In contrast, this chapter’s
main contributions is to show that a closed-form solution for European plain vanilla options
can be obtained even when considering two further generalizations of their dynamics,
asymmetric displacements and gamma tails, both of which are novel. This key property
sets our model dynamics apart from other possible parametrizations that might find equal

empirical support.

The remainder of this chapter is organized as follows. Section II.2 defines the physical
dynamics of the AD-DE jump-diffusion model and derives its statistical properties.
Section II.3 discusses two possible constructions of the risk-neutral probability measure.
In Section II.4, we show that there exists a model economy such that the asset price
follows the postulated dynamics in equilibrium. Section I1.5 derives closed-form solutions
for European plain vanilla options. Section I1.6 further generalizes the model dynamics to
jump sizes that follow an AD-DG distribution. Section I1.7 discusses alternative estimation
approaches based on the time series of logarithmic returns. In Section I1.8, we describe the
data set and apply ML estimation to infer the physical model parameters. Statistical tests
confirm that the newly introduced displacement terms are significant for a wide variety

of underlying assets. Finally, Section I1.9 summarizes and concludes the chapter. The
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appendices provide the derivations of various technical results and present the empirical

estimation results.

II.2 Model Setup

Let W = {W,:t € [0,T*]} be a standard one-dimensional Brownian motion, N =
{N;:t€[0,T*]} be a one-dimensional Poisson process and (Y;),cy be a sequence of
independent and identically distributed (i.i.d.) random variables on a complete filtered
probability space (2, F,F,P). We interpret P to be the physical or real-world probability
measure, and we consider continuous trading in the interval [0,7%] for a fixed terminal
time 0 < 7" < oo. The filtration F = (§¢),c[o+) is the P-augmentation of the natural
filtration induced by the processes W and N and the sequence of random variables (Y;),cy,
that is

St =0 Wy, Ny :ue[0,t];Y;:ie{1,2,...,Ni}) VN,

where N are the corresponding P-null sets. This construction ensures the right-continuity
of FF; see for example Proposition I1.7.7 in Karatzas and Shreve (1991), p. 90. We further
assume that the processes W and N as well as the sequence of random variables (Y;),cy
are independent. The Poisson process N has a constant intensity of A € Ry, and each

random variable Y; follows the probability density function (PDF) f(z).

The frictionless market consists of two assets. The first is a non-dividend paying
limited liability spot asset S = {S; : t € [0, 7%}, which later serves as the underlying asset
for contingent claims. In the empirical analysis of Section I1.7, we consider S to be the spot
or futures price of an equity (index) and a commodity as well as the spot exchange rate
between two currencies. The second asset is a money market account B = {B; : t € [0,T%]}
with non-random dynamics

dB; = rB,dt,

where the risk-free interest rate » € R is a constant and By = 1. Imposing non-random
interest rates is necessary to obtain a tractable closed-form solution. As shown by Scott
(1997), the variability of actual interest rates has very little impact on the prices of short-

term options. Due to the presence of the randomly distributed jumps, this market is
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in general incomplete in the Harrison and Pliska (1981) sense. Consequently, contingent

claims are not redundant assets and cannot be priced by pure no-arbitrage arguments.

11.2.1 Physical Spot Price Dynamics

The logarithmic yield X; = In (S;/Sp) with Sy > 0 follows a time-homogeneous jump-

diffusion process of the form

Ny
Xp=qt+oW;+ > Y, (IL.1)
=1

under P, where the drift term v € R and the diffusion coefficient ¢ € R, are constants.
The random variables Y; follow an AD-DE distribution defined by

&t with probability p € [0,1]
}/7: ~ 9

—&~  with probability 1 —p

where £T — k4 and £~ + k_ are exponential random variables with means 1/n4 and 1/7_
respectively. We require that the two parameters controlling the tail behavior of the jumps
satisfy . > 1 and n— > 0. The former condition is necessary to be able to compute the
drift-compensator in Section II.3. However, since X is the logarithmic asset return, it
corresponds to the mean size of an upward jump being less than 100%. Consequently, this
restriction should not be binding in any real-world implementation in equity, commodity
or foreign exchange markets. The displacement terms satisfy x_ < 0 < k4 and each jump

is positive with probability p € [0,1]. The corresponding jump size density is given by

F(@) = pnpe ™ )1 e > kb + (1 —p)p_e™ T D1{z < k_},

E[E]Zp(ﬁ++nl+) +(1-p) (/‘é——nl_)

We refer to Appendix I1.B.1 for details. This parametrization nests the original Kou

with mean

(2002) double exponential jump size distribution as a special case when ki = k_ = 0.
Ramezani and Zeng (1999) independently propose the same model dynamics as Kou
(2002). However, the authors are solely interested in estimation and do not obtain
closed-form solutions for the corresponding transition densities. We obtain the Weber
and Wystup (2008) and Detering et al. (2011, 2013) model with symmetric displacements

by imposing k_ = —k4. Figure II.1 shows a sample AD-DE jump size density.
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sample jump size density
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Figure I1.1: Sample AD-DE jump size density for p = 40%, n, = 80, n— = 60,
ky = +1.50% and x_ = —2.00%.

Introducing the additional displacement terms allows us to better disentangle the price
fluctuations caused by the diffusion and jump components, respectively, over discrete
time intervals. While jumps can be clearly identified as a discontinuity in continuous
observations, the effect of the two driving sources of uncertainty blends when samples are
discrete. In the original DE model, the jumps not only account for large changes in the
asset price but also contribute to the small noise in returns. This contradicts our intuition
that jumps are relatively rare events with significant absolute returns. Furthermore, the
displacements introduce an additional degree of asymmetry between jumps corresponding
to good and bad news, respectively, which is one of the main motivations that leads

Ramezani and Zeng (1999) to introduce two distinct exponential tails in the first place.

Lemma II.1 (Spot Price Dynamics).

The spot price dynamics are given by

d 1
st}t - (ry 4 202> dt + odW; + (eYNt — 1) d.V;.
tf

Proof This follows immediately from applying the Ito formula for jump-diffusion

Xt

processes to the function f (¢, X;) = e*t; see for example Proposition 8.14 in Cont and

Tankov (2004), p. 275. O
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As will be shown in Section I1.3, the drift can be expressed in terms of the instantaneous

mean return p € R as

d.S; n n >> Y,
— =lpu—Alp——e"++(1-p e~ —1 dt + odW; + (e™Nt — 1) dVy,
Sy < < Ny — 1 ( )7] +1 t ( ) t

where the additional term is a compensator for the expected price change due to jumps.

It is instructive to discuss how we expect the parameters of the AD-DE model and
the original parameterization to relate to each other, when estimated based on the same
data set. Our analysis rests on the assumption that the newly introduced displacement
terms are both non-zero. First consider the special case where (i) the displacements are
symmetric around the origin and (ii) the two tail parameters coincide, that is k4 = —k_
and 4 = n_. Our objective is to keep the Lévy measure on the set A = (—o0, k_]U[k4, 00)
unchanged when moving from the AD-DE to the DE model. The assumption behind this
is, that the tails of the return distribution can be well approximated by a linear exponential
decay. It requires that the two parameters controlling the tail decay agree under the two

models. In the special case where both (i) and (ii) hold, we then obtain

P = b,

= A,

While the probability of an upward jump stays unchanged, the jump frequency increases.
Next, we analyze the effect of dropping only Assumption (i). We assume without loss
of generality (w.l.o.g.) that the lower displacement is larger in absolute terms, that is

K+ < —k_. The corresponding DE model parameters are given by

p = pe'”’“’/ (pe'”"* + (1 _ p)e—ﬁ—n—) ,

>
I

A (peN+77+ +(1- p)e*"‘—”—) )

We find that the probability of an upward jump decreases and the jump frequency
increases. Next, we drop only Assumption (ii) and assume w.l.o.g. that the lower tail in
the AD-DE model is longer, that is n— < n4. The expressions for the two free parameters
in the absence of displacements are the same as before. Now, both the probability of an
upward jump and the jump frequency increase. Note that it is in general not possible to
relax both Assumptions (i) and (ii) simultaneously while still keeping the Lévy measure

on the set A unchanged. In actual estimations, we thus expect a trade-off between the
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Table II.1: The upper panel shows the parameters of the AD-DE model and
the corresponding estimated parameters of the original Kou (2002) DE model
including standard errors. The lower panel compares the cumulative distributions

for daily returns at different levels.

Parameter o A P i - Kot K
AD-DE 20.00%  15.00  40.00%  80.00 60.00 1.50%  -2.00%
DE 19.48%  44.19  42.12%  76.41 57.34 - -

(0.08%) (2.21) (0.73%) (2.09)  (1.45) _ ;

Return -4.50% -3.00% -1.50%  0.00% +1.50% +3.00% +4.50%

AD-DE 1.05%  2.87% 14.07% 50.63% 87.24%  98.25%  99.64%
DE 1.02%  2.88% 14.24% 51.10% 87.60% 98.29%  99.62%

two effects. While the jump frequency always increases, the sign of the change in the
probability of an upward jump might be both positive and negative. As argued before,
small jumps and diffusive changes are hard to distinguish on discrete time scales and thus

the diffusion coefficient should be lower in the DE model.

We sum up the preceding discussion on the differences in estimated model parameters
in the following three hypotheses. We expect these to hold for all markets under
consideration, conditional on the newly introduced displacement terms being statistically

significant in the AD-DE model. Their empirical validation is presented in Section II.8.

Hypothesis I1.1. Compared to the AD-DFE model, the empirical estimate of the diffusion

coefficient o is smaller under DE model.

Hypothesis I1.2. Compared to the AD-DE model, the empirical estimate of the arrival

rate X\ is larger under the DE model.
Hypothesis I1.3. Assume that the empirical estimate of the AD-DE model parameters
satisfy K+ > —k— (k4 < —k_) and Ny > n— (ny+ < n—). Then the empirical estimate of

the probability of an upward jump is larger (smaller) under the DE model.

Hypothesis I1.4. The empirical estimate of the tail parameters ny and n— agree under

the AD-DE and the DE model.
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Figure I1.2: Jump size densities for the AD-DE model (solid) and the correspond-
ing DE model (dashed). The parameters are given in Table II.1.

We illustrate these hypotheses using a numerical example. We assume that the risk-
neutral parameters of the AD-DE model are given by the values in the first row of the
upper panel of Table I1.1. We then estimate the corresponding parameters of the DE model
using the ML routine described in Section I1.7. The inference is based on a simulated time
series of daily logarithmic returns of length T' = 100, 000. The estimated parameters and
their corresponding standard errors are given in the second and third rows of the upper
panel in Table II.1. In accordance with Hypotheses II.1 I1.2, the diffusion coefficient is
lower and the jump frequency is higher under in the restricted model. Both differences
are significant at the 1% level. While the assumptions of Hypothesis I1.3 are not met, we
observe that the exponential tails decay slower under the DE model with both difference
being significant at the 10% level. Figure I1.2 compares the two Lévy measures that
correspond to the jump size density scaled by the respective jump intensity. We observe
that the Lévy measure of the DE model closely resembles that of the AD-DE model on
the set A = (—o0, —2.00%] U [1.50%, c0).

While the dynamics proposed in this chapter aim at providing a realistic model for
the jump size distribution, they do not capture other empirical features that are typically
observed in asset returns. This is a deliberate modeling choice, as incorporating additional
effects would prevent us from obtaining closed-form solutions for European plain vanilla
options. Here, we briefly discuss the empirical shortcomings of our model. In all cases, it

presents no difficulty to augment the model dynamics, while at least preserving a closed-
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form solution for the corresponding characteristic function. Like in any pure Lévy model,
logarithmic returns are stationary and thus do not exhibit volatility clustering. Similarly,
the market prices of diffusion and jump risk are constant. Furthermore, as will be discussed
in Section II.2.2, the return distribution converges to a normal distribution as the time
horizon increases. Consequently, the model implied volatility smile for long times to
maturities flattens out and is unable to match the pronounced skew pattern observed
in equity (index) option markets. However, the flexibility of the jump size distribution
allows for a good calibration to the market prices of options with short times-to-maturity.
Furthermore, while the model can be reasonably well calibrated to option prices with
a common maturity date, the aforementioned effects prevent it from fitting the term-

structure of implied volatilities.

I1.2.2 Return Density, Characteristic Function & Moments

The following result will be used repeatedly throughout this chapter.

Lemma I1.2 (Characteristic Exponent).

The characteristic exponent of X under P is given by
. . 1
U, () = In (B [e431]) = iy — Sw0® + 2 (9 w) — 1),

Here, ¢y, (w) is the characteristic function of the sequence of random wvariables (Y;);cy
under P given by

_ N+ iwk 1_ - iwk—
1 () pm_ —wt T ( p)n_ i

Proof This is a direct consequence of the Lévy-Khintchine representation for finite
activity Lévy processes; see for example Theorems 1.2.14 and 1.3.3 in Applebaum (2004),
pp. 28, 41, or Proposition 3.4 in Cont and Tankov (2004), p. 74. We refer to
Appendix II.A.1 for details. [

Remark. The generalized characteristic function with w € C is then defined in the strip

of regularity —ny < Im(w) < 7_.
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Having an analytical expression for the characteristic function of logarithmic returns allows

us to compute the corresponding cumulants.

Lemma II.3 (Cumulants of the Logarithmic Return Process).

The n-th cumulant of the logarithmic return process X is given by

cn (Xy) =t (’yl{n =1} —|—021{n =2} + An! (pzn: :}%' +(1 —p)f:(_n,i;n_%)) )

i—0 M+ v i—0

Proof The n-th cumulant is defined as the n-th derivative of the cumulant generating
function with respect to the transform parameter evaluated at zero, that is

_ l anth

n (X0) = 5 552 (0);

see for example Theorem 2.3.1 in Lukacs (1970), pp. 20-21. The result then immediately
follows from carefully differentiating ¢ x, (w). O

Remark. While the first two cumulants are equal to the mean and variance, we can

obtain the skewness and excess kurtosis of the logarithmic returns through normalization

c3 (Xt)
cs (Xt)3/2 )

Cq4 (Xt)

Y2 (Xi) = — 5

71 (Xe) = o (%)

see for example Section 2.4 in Lukacs (1970), pp. 26-27.

We observe that the skewness can be both positive and negative depending on the
particular parameters, but the excess kurtosis is always non-negative and strictly positive

for A > 0.

Remark. Given closed-form expressions for the cumulants of all orders, we can also
compute all corresponding central moments. The second to fourth central moments are

given by

p2 (Xi) = c2(Xy),
ps (Xi) = e3(Xy),

pa (Xe) = ca(Xy)+ 3¢5 (Xy).
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Figure I1.3: Term-structure of skewness and excess kurtosis for A = 15, p = 40%,
ny = 80, n_ = 60, kK = +1.50%, k- = —2.00%. The right y-axis shows the
percentage of type II errors of a Jarque-Bera test for normality at the 5% level

based on a simulated time series of length 10,000.

Section 3.14 in Stuart and Ord (1994), pp. 85-89, provides a general result that links the

n-th central moment to the cumulants i = 2,3,...,n.

In Section II.7, we advocate to infer the physical model parameters through ML
estimation. However, the availability of closed-form expressions of central moments of all
orders alternatively permits an estimation through the generalized method of moments
(GMM). In this case, moment conditions can be constructed from matching the i-th
empirical central moment to the i-th central moment implied by a certain parameter

vector.

As for all Lévy processes with finite variance, the Lindeberg-Lévy central limit theorem
implies that X; converges in distribution to a normal random variable as ¢ — ooc.
Consequently, the impact of the jumps is averaged out and asymptotically vanishes. The
i-th standardized moment decays to zero at a rate of t(=2/2. Figure I1.3 illustrates
this time-smoothing effect for the skewness and excess kurtosis based on our reference
parameter set. In addition, we employ the Jarque-Bera test at the 5% level to test the
null hypothesis that a simulated time series of 1,000 realizations for Xa; at various time
horizons At is normally distributed. For each fixed At, we simulate 10,000 different such

paths. The dash-dot line corresponding to the left y-axis represents the percentage of false
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Figure I1.4: Conditional probability of zero and one jump(s) for yields that
correspond to standard deviations and sampling frequencies. The results are
based on p = 0%, o = 10%, A = 15, p = 40%, ny. = 80, n— = 60, Ky = +1.50%,
k— = —2.00%.

acceptances of the null hypothesis, that is, type II errors. Already at At = 0.50 years, the

rate of false acceptances is approximately 50%.

Figure I1.4 illustrates the previous argument from a different viewpoint. It shows the
conditional probability of a given yield resulting from either no jump or one jump. To
normalize the results, the abscissa shows the corresponding number of standard deviations.
Again, the computations are based on our standard sample parameter set and we consider
both daily and weekly sampling frequencies. Note that the two probabilities do not
add up to one due to the non-zero possibility of two or more jumps. For both time
horizons, we observe that the conditional probability of no jumps is higher for returns
below approximately three standard deviations and wvice versa. However, while small
daily returns below one standard deviation can be attributed to purely diffusive changes
with a probability of approximately 96%, the same probability for weekly returns is only
approximately 78%. This confirms our intuition that disentangling the contribution of the
diffusion and jump components becomes harder as the time interval increases. Ait-Sahalia
(2004), for example, discusses these issues in the context of the Merton (1973) jump-
diffusion model. The implication of these findings is that any empirical estimation of the

model has to be based on sufficiently frequent samples.
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Figure I1.5: Effect of changes of the jump parameters on the return density. The
reference density is based on 7 = 0.25, u = 0%, 0 = 10%, A = 15, p = 40%,
ny = 80, n— = 60, kK = +1.50%, k- = —2.00%. The solid (dashed) line
corresponds to the ratio of the density after an up (down) shift of one of the

parameters, keeping all others constant, and the reference density.
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Figure I1.5 visualizes the ceteris paribus effect of changes of each individual jump
parameter on the return density at a time-horizon of At = 0.25 years. Qualitatively,
these results continue to hold for other maturities as well. In each subplot, the solid
(dashed) line corresponds to an up (down) shift of the respective parameter, keeping all
others constant. Instead of showing the changes in the densities directly, we plot the
ratio between the density using the shifted parameters and the reference density using
the original parameters. The reference density has been centered to have a mean of
zero. Values above (below) one indicate that the shifted density has a higher (lower)
likelihood of the respective yield occurring. Figure I1.5.a shows that A controls the tails
of the distribution. Higher values for A (increase) decrease the probability of large (small)
absolute returns. The effect is more pronounced, when the initial value of A is lower. It
vanishes for large values due to a central limit argument. Thus, the kurtosis is increasing
(decreasing) in A when it is small (large). Figure I1.5.b demonstrates that the probability
p of an up-move mainly influences the skewness of returns. With higher values of p, the
left (right) tail of the distribution decreases (increases). At the same time, there are more
(less) small negative (positive) returns and thus the skewness increases. Figures I1.5.c
and I1.5.d confirm our intuition that smaller values of 74 and n_ lead to fatter right and
left tails, respectively, and decrease the likelihood across all other returns. A decrease
in n4 or an increase in n_ alone mainly increases the skewness. The dominating effect
of a simultaneous increase in both parameters is an increase in the kurtosis. Finally,
Figures I1.5.e and II.5.f show that increasing the absolute values of x; and x_ has a

similar effect to that of decreasing n4 and 7n_.

II.3 Risk-Neutral Spot Price Dynamics

In this section, we discuss two possible constructions of the risk-neutral probability
measure. The first one applies a simple drift change to the diffusion part in a rather ad-
hoc way. However, it is a convenient choice when the P-dynamics of the asset price are
irrelevant. The second one defines the martingale measure through an Esscher transform
of the logarithmic stock price process. As shown in Section I1.4, this corresponds to
the pricing kernel exhibited by an economy where agents have exponential utility. This

approach is useful when a calibration to the market prices of plain vanilla options is not
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possible, but the P-dynamics of the asset price process have been estimated from the time

series of returns.

I1.3.1 Drift Change Martingale Measure

We denote the drift-compensated return process by f(t = X; — tix, (—i). Then S't =
SpeXt is a (P, F)-martingale; see for example Proposition 2.1.3 in Applebaum (2004), pp.
72-73, or Proposition 3.17 in Cont and Tankov (2004), p. 97. Note, that this expression
is only well-defined if 1, > 1 as previously assumed. The characteristic exponent of X; is
given by

Ui, (@) = —i7 — 2620 + A (9 () ~ 1),

where

. 1 .
¥y = 502 + A (dy; (—1) = 1)
1, [ - >
= —og“+ A\ — T _eft (1 — e~ —1].
5 <p77+ — ( p)n_ 1

This allows us to define the mean logarithmic return of S under P as v = pu — 4, or
equivalently p =~ + 4. We now formally define a new probability measure P* equivalent

to P on [0,7%] by
dP*
dP

1
= exp {—aWT* — 2a2T*} P-a.s.,

In what follows, we interpret P* to be the risk-neutral probability measure. The
corresponding Radon-Nikodym derivative process v (P,P*) = {v, (P,P*):t € [0,T"]} is

given by
dP*
dP

V¢ (P,P*) = 9

1
$t = exp {—aWt — oz2t} P-a.s..

Here,

o =
g

is the Sharpe ratio and it follows by Girsanov’s theorem that the process W* =
{Wp,t €0, T*)} defined by

is a standard Brownian motion under P*; see for example Theorem II1.5.1 in Karatzas and
Shreve (1991), p. 191. Consequently, the discounted asset price is a (P*,F)-martingale

and has the same distribution and characteristic exponent under P* as the process S under

P. Since the market is incomplete, this choice of the risk-neutral probability measure is
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not unique. However, it is convenient in that neither the jump intensity nor the jump
size distribution changes. Instead, we only adjust the drift of the Brownian motion, just
as in the standard geometric Brownian motion model. This approach is useful when the
actual asset dynamics are irrelevant and our sole interest lies in pricing contingent claims.
The risk-neutral parameters can then be directly calibrated to the market prices of plain
vanilla options. Economically, « is the market price of Wiener risk with corresponding
risk premium «o. The market price of jump risk is zero and thus jumps are assumed
to represent a purely idiosyncratic risk source. This approach was first used by Merton
(1976) in the context of normally distributed jumps in the logarithmic returns. While the
assumption of idiosyncrasy is obviously unjustified when the underlying asset is a stock
index, it is even difficult to argue in favor of the hypothesis that the jumps in single stocks

are completely diversifiable.

I1.3.2 Esscher Transform Martingale Measure

Alternatively to the pure drift adjustment, we can define the risk-neutral probability
measure P* through an Esscher transform of the logarithmic return process X. The Esscher
transform is a tool originating from and widely used in the actuarial sciences. It refers to
the exponential tilting and subsequent re-normalization of a PDF. The transform is due to
Esscher (1932), who considers the problem of insurance pricing when the aggregate claim
amount follows a non-negative compound Poisson random variable. Biithlmann (1980,
1984) economically develops the Esscher premium calculation principle. He shows that
there exists an economy in which agents have exponential utility functions, such that the
equilibrium price for some risk is given by the expected claim amount under the Esscher
transformed probability measure. A survey on the origins and applications of the Esscher

transform in the actuarial sciences can be found in Yang (2004).

In a seminal paper, Gerber and Shiu (1994) systematically develop the theory of
using the Esscher transform to define an equivalent probability measure for exponential
Lévy processes in the context of option pricing. To this end, they extend the Esscher
transform from random variables to stochastic processes of the Lévy type and show that
these constitute valid Radon-Nikodym derivative processes. The class of exponential Lévy
models for the asset price in general, and jump-diffusion processes in particular, is closed
under this measure change since both the independence and stationarity of increments are

preserved. The Esscher transform martingale measure (ETMM) is obtained by uniquely
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choosing the transform parameter such that the asset price denominated in units of
the money market account becomes a martingale. Again, this particular choice of the
martingale measure is, apart from a few special cases, not unique and at first seems equally
arbitrary. However, in the authors’ response to the discussions following Gerber and Shiu
(1994), they show that in an economy where the representative agent has power utility,
the option is in zero net supply when its price is given by the discounted expected payoff
under the Esscher transform martingale measure (ETMM). The transform parameter is
closely linked to the coefficient of relative risk aversion. In Section II.4, we construct an
economy based on the framework by Naik and Lee (1990), in which the equilibrium asset
dynamics follow an exponential AD-DE jump-diffusion process and the change of measure

can be represented as an Esscher transform.

Following Gerber and Shiu (1994), we define the equivalent risk-neutral probability

measure P* on [0, 7*] through

dp*
dP

=exp {BX7- — T"Yx, (-18)}  P-as,

with transform parameter 5 € R. As shown in Appendix I1.B.1, the corresponding Radon-
Nikodym derivative process v (P, P*) = {v; (P,P*) : t € [0,T7]) is given by

dP*
dP

v (P,P*) = §¢ = exp {BX: — tYx, (—iB)}

N
= exp {ﬁaWt — ;gQUQt} exp {B Z Y, — t@bX{'(—iﬁ)} P-a.s., (I1.2)
i=1

where again Proposition 2.1.3 in Applebaum (2004), pp. 72-73, ensures that v (P,P*) is
a (P,F)-martingale; see also Proposition 3.17 in Cont and Tankov (2004), p. 97.

Proposition I1.1 (Esscher Transform Dynamics).
For B € B=(—n-,n4), the Esscher transform is well-defined. Under the new probability

measure P*, X is also an AD-DE jump-diffusion process with parameters

¥ o= y+ B

A=A (10771%5”€+ +(1 —p)n*eﬁ’“> ,
4 -
) = pe Iz > kb + (- p)nte™ T < kY
po= palt ebur,
)\*ni
e = nxFpB
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and characteristic exponent

* : 2 1 2 2 oo iwzr Bx
¢X1(w):1w(’y+ﬁa)—§wa +)\/ (e“® —1) f(z)e " dx.

—00

The diffusion coefficient o and the two displacement terms k4 and k_ are invariant under

the measure change.

Proof Here, we present only an outline of the proof. All details are given in

Appendix II.B.1. Again, it follows by Girsanov’s theorem that the process W* defined by

is a standard Brownian motion under P* and we obtain the new drift term ~*; see for
example Theorem II1.5.1 in Karatzas and Shreve (1991), p. 191. The second factor of

v (P,P*) in Equation I1.2 can be rearranged to

& . o (NN s
exp {ﬁ;}ﬁ — th{(—lﬁ)} = exp {;ln ()\f(Yz)) — (A" =) t} .
The parameters determining the P*-dynamics of X7 are found by matching terms. We
require that 4 > fand n— > —f. Then 1} and n* are strictly positive and the PDF f*(x)
is well-defined. It then follows by Girsanov’s theorem for compound Poisson processes,
see for example Proposition 9.6 in Cont and Tankov (2004), p. 305, that the process X7

is a compound Poisson process with intensity A* and jump size density f*(x) under P*. O

Note, in particular, that the jump sizes still follow an AD-DE distribution. This is due
to the parametric form of the AD-DE distribution in combination with the exponential

tilting of the Lévy measure v (dz) of X under the Esscher transform, that is
Vi(dz) = vy (dz)eP?.

This closedness result holds under more general conditions; see Chapter IV for details.
The invariance of the two displacement terms . and x_ is necessary for the equivalence
of the two probability measures. Lemma I1.4 relates the characteristic function of the

jumps under the two measures.
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Lemma II.4 (Jump Size Characteristic Function).
The characteristic function of the sequence of random wariables (Y;);cy under the

probability measure P* is given by

* _ ¢Y1 (w — 16)
¢Yl(w) - (bYl(_iﬁ) .

Proof This immediately follows from using the representation

PR = e

_ 1 \ oBYi
- ¢Y1(—iﬂ)f(me

for the jump size distribution under P*. [J

The discounted asset price process is a (P*, F)-martingale if 9% (—i) = r or equivalently,

+oo

gB)=vy-r+ (5* + ;) o? + )\/ (e® —1) f(x)eﬁ*xd:): =0, (IL.3)

— 00

where the integral evaluates to

+o0o
/ (& — 1) f(2)e™dx = A (dwi (i1 + B)) — by (—iB)).

—00

Proposition I1.2 (Existence and Uniqueness).

The ETMM exists and is unique. That is, Equation II.83 has a unique solution 8* € B.

Proof The proof is similar to the sketch of the proof of Proposition 9.9 in Cont and
Tankov (2004), pp. 310-311. Using the dominated convergence theorem, we can show
that g(f) is both continuous and differentiable; see for example Theorems 2.24 and 2.27 in
Folland (1984), pp. 53, 54. Since limg,—,,_ g(8) = —oo, limgy,, g(f) = oo and ¢'(8) > 0
for all 8 € B, the claim follows. All details are given in Appendix I1.B.2.
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Alternatively and less rigorously, we recognize the integral as the difference between
the moment generating function 6y, (z) = ¢y, (—iz) evaluated at = f+ 1 and =z = .
By Theorem 7.1.4 in Lukacs (1970), p. 197, 0y, (x) is strictly convex on x € B. Thus,
0(1+ B) — 0(B) and also g(p) is strictly increasing in 4. O

Under the Esscher transform, the market price of Wiener risk is given by —f*c with risk
premium —f3*0%. The jump risk is now priced and the corresponding risk premium is

given by

@i (=) = 1) = A" (¢ () = 1)
— Ay (=) — 1) (1 Oy (i1 89) — oy, (—iB ))

)

Py, (_i) -1

compare to Section 4 in Cheang and Chiarella (2011), pp. 4-5. The following corollary

suggests that we will find 8* < 0 for assets that bear a positive amount of systematic risk.

Corollary II.1 (Sign of the Transform Parameter).
The sign of B* is positive (negative) if the excess return p—r is negative (positive). When

the excess return is zero, then 5* = 0 and all the parameters under P* and P coincide.

Proof We first substitute

1= 50" = Adwi (1) ~ 1)

in Equation II.3 to obtain a condition in terms the mean return. We then immediately
see that a zero excess return implies that §* = 0. Thus, v, (P,P*) = 1 for all ¢ € [0,T7]
and consequently the two probability measures P and P* coincide. As shown in the proof
of Proposition I1.2, the function g(5) is strictly increasing. Consequently, a positive value

of the excess return has to be compensated by a negative value of §* and wvice versa. [J

Corollary I1.2 (Comparative Statics for the Transform Parameter).

Compared to the physical probability measure P, positive (negative) values for

(i) dampen (increase) the lower tail of the jump size distribution,

(ii) increase (dampen) the upper tail,
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Table I1.2: Example parameters under the physical probability measure and the
ETMM, where in addition to the values given the table p = 10%, » = 0%,

o =10%, ky = +1.50%, k— = —2.00% and B* ~ —3.2468.
Parameter P P*
A 15 15.66
D 40.00% 35.10%
m 80.00 83.25
n_ 60.00 56.75

(iii) decrease (increase) the probability p* of an up-jump,
(iv) increase (decrease) the mean jump return Ep« [Y1] and

(v) might either increase or decrease the intensity \*.

Proof By Proposition II.1, we have n* —n_ = 8 (9} —n4y = —p3). Since the length
of the lower (upper) tail under P* is decreasing in n* (n7}), Properties (i) and (ii)
follow. Property (iii) holds since dp*/08 > 0. Property (iv) is a direct consequence
of Properties (i)—(iii). To prove Property (v), it is sufficient to show that the slope of
the moment generating function 0y, (x) = ¢y,(—iz) in = 0 might be both positive
and negative, depending on the parameters of the AD-DE distribution. The required

computations can be found in Appendix I1.B.3. [

We now consider an example for how the risk-neutral parameters relate to the physical
ones under this choice of the risk-neutral probability measure. Using the parameters given
in Table I1.2, Equation II.3 is solved numerically to find 8* ~ —3.2468. As postulated
by Corollary II.1, the sign of 8* is negative in the presence of a positive excess return.
Figure I1.6 compares the Lévy measures under the two probability measures. In accordance
with Corollary II1.2, the risk-neutral jump size density assigns a lower (higher) weight to
positive (negative) jumps. To gain some intuition for this, we can consider a simple
binomial tree model for the asset price. Compared to the physical probability measure,
the probability of an up-move is lower under the risk-neutral probability measure. This is
necessary to compensate for discounting the expected payoff at the risk-free interest rate

instead of the higher risk-adjusted rate, while keeping the current asset price fixed.

At first, choosing the Esscher transform to obtain the risk-neutral probability measure

seems just as ad-hoc as just changing the drift. However, as shown in Section II.4, the
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Lévy measures under Esscher transform
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Figure I1.6: The solid (dotted) line represents the Lévy measures under P (P*).
The risk-neutral probability measure is found using the Esscher transform. All

parameters are identical to those given in Table II.2.

discounted Esscher transform arises as the pricing kernel in a model economy in which
the equilibrium logarithmic stock price follows an AD-DE jump-diffusion process. That
is, under the given model assumptions, a representative agent values contingent claims
in equilibrium in a way that is consistent with the prices obtained under the ETMM.
Furthermore, the ETMM is closely related to the minimal entropy martingale measure
(MEMM). The latter is the equivalent martingale measure, which minimizes the Kullback-
Leibler divergence to the physical probability measure and is thus closest to it in terms of
its statistical information content; see Miyahara (1999, 2004) and Fujiwara and Miyahara
(2003). In Miyahara (1999), the choice of the MEMM is motivated economically through
its link to utility indifference pricing when the agent has exponential utility; see also
Frittelli (2000). Finally, as shown in Section II.5, these results are important when
changing the numéraire from the money market account B to the asset price S in order

to simplify the option pricing problem.
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I1.4 General Equilibrium Analysis

The exposition thus far has mainly focused on discussing the stochastic and statistical
properties of the proposed model. Once these have been decided upon, a common approach
in the mathematical finance literature is to consider the dynamics as exogenously specified.
However, from an economic viewpoint, it is desirable to show that there exists a model
economy that embeds the postulated asset price dynamics in equilibrium. We consider
a continuous time Lucas (1978) type pure exchange economy, which is based on the one
proposed by Naik and Lee (1990). While the latter authors focus on the Merton (1973)
jump-diffusion model, their setup is sufficiently general to accommodate most exponential
Lévy models. Milne and Madan (1991) also use this framework to define the risk-neutral
probability measure in the variance gamma model introduced by Madan and Senata

(1990).

The stochastic setup is the same as discussed earlier but we now consider an infinite
horizon by letting T* — oo. This simplifies the portfolio and consumption choice problem
by removing the explicit dependence on time and thus rendering it stationary. The

following assumptions characterize our economy; see also Naik and Lee (1990).

Assumption I1.1 (Consumption Good).
There exists a single perishable physical good. It can be used for either immediate
consumption or trade in the financial assets. All prices are expressed in terms of units of

this good.

Assumption I1.2 (Production).
There exists a single fully equity financed firm with one unit of share outstanding. It
engages in costless production and pays a continuous dividend at the stochastic rate 6 =

{6¢,t € [0,00)} such that the cumulative dividends over the time interval [0,t] are given by

t
0

The dividend follows the exponential AD-DE jump-diffusion process in Equation (1I.1),
that is Xy = In (6:/d0) and

Ny
(5,5:5sexp{7(t—s)+a(Wt—Ws)—|— Z YZ}
i 1

for 0 < s <t and with §s > 0.
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The exponential form of the solution to the dividend process along with a strictly
positive initial value ensures that the aggregate income in the economy stays strictly
positive as well. Exogenously specifying the dividends to follow the same type of dynamics
that we previously postulated for the stock price turns out to be a crucial assumption.
Kou (2002) considers a variation of the Naik and Lee (1990) model economy where the

logarithmic endowment of the representative agent follows a jump-diffusion process.

Assumption II.3 (Contingent Claims).
There exists a market for a wvariety of competitively traded and perfectly divisible
contingent claims on the dividend process §. FEach contingent claim is defined through

its instantaneous payout process ¢ = {(¢,t € [0,00)} such that ; is Fi-measurable.

Note in particular, that both the stock price S = {S;,t € [0,00)} and zero-coupon
bonds B(-,T) = {B(t,T),t € [0,T]} with unit notional and maturities in 7" € [0, c0) can
be considered special cases of contingent claims on the dividend process. Consequently,
there exists a market for borrowing and lending for all maturities. We thus do not need
to explicitly introduce a short-rate to this economy. In what follows, we will determine
the equilibrium prices of the stock as well as the zero-coupon bonds and give a general
valuation equation for all other contingent claims. All financial assets, except for the
stock, are in zero net supply in equilibrium such that any long position by one agent
has to be offset by a short position of another. We emphasize that our motivation for
introducing the additional assets to this market is not to artificially complete it. This
is a common approach in the no-arbitrage literature and would require a continuum of
European contingent claims of all maturities and strikes due to the random jump sizes.

Instead, all assets are valued endogenously in equilibrium.

Assumption I1.4 (Agents).

There exists a fixed number of individuals who are identical with respect to their initial
endowment, expectations and preferences. All agents agree on the stochastic dynamics of
the dividend process and can observe its current value at any point in time. Each has the

same iso-elastic utility of consumption

In(C ifa=1
() = (Ct) f |

(C7*—1) /(1 —a) otherwise
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where a € Ry is the coefficient of relative risk aversion. At each point in time, t > 0, each

agent chooses her portfolio allocation process such as to mazximize her exrpected lifetime

)

in the von Neumann and Morgenstern (1947) sense, subject to the wealth dynamics V =

utility.

Ep [/ e PPu (C,)dv
¢

{Vi,t € [0,00)}. Here, p € R is her subjective rate of time preference.

Note that this parametrization of the constant relative risk aversion utility function
differs from the one in Naik and Lee (1990) and Kou (2002). However, the two formulations
represent the same preferences and are thus equivalent. The assumption of homogeneity
of preferences implies that p and « are the same for all agents. They further allow
for the use of the Rubinstein (1974) aggregation theorem. The equilibrium prices can
thus be determined assuming a representative agent facing the same expected utility
maximization problem. This significantly simplifies the analysis of the equilibrium since
the representative agent has to hold the one unit of the stock outstanding and no pure

contingent claims at any point in time since they are in zero net supply.

Assumption II.5 (Transversality Condition).
Let J (t,V4) be the indirect utility function corresponding to the representative agent’s

utility maximization problem satisfying

Jim Ep [J (¢, V)] = 0.

This transversality condition is the infinite horizon counterpart of a bequest terminal
condition and guarantees the convergence of the above integral; see for example Section 6

in Merton (1969), pp. 252-253.

Definition II.1 (Competitive Equilibrium).
A competitive equilibrium in this economy is a set of asset price processes such that at
all times the representative agent holds one stock, none of the zero-coupon bonds or other

contingent claims and her instantaneous consumption is equal to the dividend C} = d¢;. A

In equilibrium, the representative agent thus engages in an exogenous production such
that this yields her optimal consumption. Lemma II.5 gives a general valuation formula

that characterizes the equilibrium price of all assets; see also Naik and Lee (1990).
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Lemma II.5 (Equilibrium General Valuation Formula).

In a competitive equilibrium, the time t > 0 price of an asset with instantaneous payout

St:| )

where w is the valuation operator and assuming that this quantity is finite.

process € is given by

7 Q) = e | [ G G

e—Pty!

Proof Let M = {M,,t € [0,00)} be the stochastic discount factor process in this economy.
We refer to for example Sections 13.5 and 13.6 in Back (2010), pp. 236-241, and
Section 12.4 in Pennacchi (2008) for general discussions in the context of continuous time
consumption and portfolio choice. Then by definition, the accrued, that is cum dividend
or interest, price of any asset deflated with M is a (P,F)-martingale. Setting up the
Lagrangian of the representative agent’s optimization problem yields the following first-

order condition for optimal consumption
e "'u’ (6,) = \M, Yo € [t, 00),

where A is the Lagrange multiplier. By the properties of the stochastic discount factor,

m«ML:M{[w@Mwu&}

and Lemma I1.5 follows; see Appendix II.C.1 for details. [

we have

We can now use this result to value the assets under consideration and obtain an explicit
representation of the pricing kernel. The following assumptions guarantee, that both the
risk-free interest rate and the stock price are strictly positive and that the stock price is

in addition finite.

Assumption II.6 (Existence Conditions).
The subjective discount rate p satisfies

(i) p—¥x,(ia) >0
(i) p—vx, (i —1)) >0

The lower tail parameter of the jump size distribution satisfies n— > o — 1.

Note that we could alternatively interpret Assumption I1.6 as a constraint on the drift

1, while considering the subjective discount rate p as fixed.
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Proposition I1.3 (Equilibrium Zero-Coupon Bond Price).
The time t > 0 price of a zero-coupon bond with unit notional and maturity in T > t is
given by

B(t,T) = exp{(T — t) (¥x, (ia) — p)} .

The risk-free interest rate is the same for all maturities and given by

r=p—tx, (104)

From Assumption I1.6.(i), it follows that r > 0.

Proof We use the general valuation formula from Lemma II.5 with the payout process

¢t = A(T — t) where A(z) is the Dirac delta function. This yields

1
ePLo;

B(t,T) = Ep [e 7657 §] -
This expectation can be computed using the fact that X is a Lévy process with i.i.d.
increments and known characteristic exponent. The corresponding yield is then obtained

through

y(ta T) - -

In B(t,T).
—— W B(L,T)

We observe that the latter is also constant and independent of time and the bond maturity;

see Appendix I1.C.2 for details. [

The following Proposition I1.4 is the analogue of Proposition 1 in Naik and Lee (1990), p.

499-500, corresponding to our dividend dynamics.

Proposition I1.4 (Equilibrium Stock Price).
The time t > 0 price of the stock is given by

— 6t
~p— U la—1)

St

From Assumptions I1.2 and I1.6.(ii), it follows that Sy > 0 for all t > 0.
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Proof We apply the general valuation formula for (; = §; to obtain

1 o)
St = 77}}31@ |:/ e_puéi_adu

S

Again, the expectation can be evaluated using elementary properties of the Lévy
process X. Assumption I1.6.(ii) is necessary to ensure that the integral converges; see

Appendix I1.C.3 for details. [J

Note, in particular, that the stock price and dividend process are identical up to a
scaling factor. Thus, in equilibrium, the logarithmic stock price dynamics also follow
an AD-DE jump-diffusion processes. Given the equilibrium zero-coupon bond and stock
price processes, we can now define a new equivalent probability measure P*, such that the
prices of all assets are given by the discounted expectation under it. Milne and Madan
(1991) and Kou (2002) also use this approach to define a risk-neutral probability measure

in similar model economies.

Proposition II.5 (Equilibrium Risk-Neutral Measure).
Define a new probability measure P* equivalent to P through the Radon-Nikodym derivative

process
dP*
dP

v (P, P*) = Fr=e"— P-a.s.,

where M is the stochastic discount factor process in this economy. Then the time t > 0

price of any asset in this economy with instantaneous payout process ¢ is given by

m(¢) = e [ / me—rw—%du} .

Proof We again only give the outline of the proof; all details can be found in
Appendix I1.C.4. We first note that the process v (P,P*) is a (P,F)-martingale starting
at one. Thus, it constitutes a valid Radon-Nikodym derivative process for an equivalent
measure change; see for example Chapter II1.8 in Protter (2004), pp. 131-143. We then
use the general valuation formula from Lemma I1.5, substitute M by v (P, P*) and change

the measure from P to P* to obtain the result. [J
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Lemma I1.6 shows that the measure change implicit in this model economy is given by an

Esscher transform of the logarithmic spot price, as discussed in Section I1.3.2.

Lemma I1.6 (Equilibrium Risk-Neutral Measure as an Esscher Transform).
The risk-neutral probability measure P* defined in Proposition I1.5 corresponds to an

Esscher transform of the process X with transform parameter —«, that is

v (P,P*) = exp{—aX; — tx, (i)} .

Proof This follows immediately from substituting for M;/M, in the expression for

vy (P, P*) and using Proposition 11.3. O

In accordance with Corollary II.1, the transform parameter * = —a, which defines the
ETMM, is strictly negative. Both the market prices of Wiener and jump risk are strictly

positive.

I1.5 Option Pricing

Probably the main reason for the popularity of the Kou (2002) model is that it
explicitly incorporates non-normal higher moments but still features analytical solutions
for European plain vanilla options. In Kou and Wang (2003), the authors furthermore
obtain solutions for the Laplace transform of the first passage time density and use it in
Kou and Wang (2004) to price path-dependent contingent claims such as lookback and
barrier options. In this section, we show that analytical solutions for European plain

vanilla options can also be attained when the jump sizes follow an AD-DE distribution.

The structure of this section is as follows. In Section II.5.1 we start by deriving a
few important auxiliary results regarding the distribution of a sum of random variables
following an SD-DE distribution. These results are generalized to the case of asymmetric
displacements in Section I1.5.2. This two-step approach helps to focus on the main
problem associated with symmetric displacement terms first. The asymmetric case then

follows from these results by considering a shift of the origin. The corresponding tail
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probabilities are computed in Section I1.5.3. One of the main results of this chapter is
the analytical expressions for European plain vanilla options developed in Section II.5.4.
Finally, Section I1.5.5 provides some comparative static results for the shapes of the implied

volatility smiles (IVS), which typical parameter combinations of the model generate.

I1.5.1 Auxiliary Results for Symmetric Displacements

The main property of the Kou (2002) model that makes it possible to obtain analytical
expressions for the tail probabilities is the memorylessness of the exponential distribution.

For k4 = k_ =0, we have
P{er —¢|er >} ~er.

This feature is retained in the SD-DE specification with £, = —k_ but not in the general
model with asymmetric displacements. In this section, we only consider this special case
and, for the moment, set Kk = Ky = —k_. In Section I1.5.2 we show that asymmetric
displacements can be regarded as being symmetrically displaced around a different origin.
This enables us to generalize the results obtained here to the general model. We choose
this two-step approach to focus on the main ideas of the derivation first before stating the

quite formidable general results. Lemma I1.7 is a direct consequence of the memorylessness
property.

Lemma I1.7 (Distribution of £+ — ¢7).

The distribution of £* — &~ (€7 — £T) conditional on €T > £ (€7 > £7) is that of an
exponential random variable with mean 1/ny (1/n—). Taking into account the respective

probabilities of the two complementary sets that we are conditioning on, we get

B T — kK with probability n—/ (ny +n-)
-6~ :
—& + Kk with probability ny/ (n+ +n-)

Proof This follows from explicitly calculating the respective conditional probabilities; see

Appendix I1.D.1 for details. [
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Now let
Aln,m) =Y "&H =3¢
i=1 j=1

for n,m > 1. Lemma IL8 characterizes the distribution of A(n,m) in terms of a
probability-weighted average over the distributions A(k,0) or A(0,1), that is, sums only
involving either €T or £~. This step is important as we can explicitly compute the joint
distribution of a normal random variable and either A(k,0) or A(0,[), but in general not

A(n,m).

Lemma II.8 (Distribution of A(n,m)).

The distribution of A(n,m) admits the following decomposition

)
A(k,0) 4+ (n — k —m)k  with probability p(n,m, k)

fork=1,2,....n
A(n,m) ~ )

A0,1) + (n—m+ 1)k  with probability g(n,m,1)

forl=1,2,...,m

where

_ n—k+m-—1 I n-k n— m
k) = = _ =
Bl m, k) ( m—1 ><77++77—) ne+n-)

~(nml) B n—14+m—1 L " L m—l
= n—1 ny+n-/) \ns +10- '

Proof The proof follows along the same steps as the one given for Lemma B.1 in Kou
(2002), pp. 1098-1099, carefully taking the additional displacement term into account.
We again only discuss the main idea here and provide all details in Appendix I1.D.2. The
auxiliary result obtained in Lemma II.7 allows us to express A(n,m) as a probability
weighted average of the distribution of A(n,m — 1) — k and A(n — 1,m) + k. This step
is iteratively repeated until we are left with an expression of either the form A(k,0) or

A(0,1) plus some multiple of k. O

Let 7, = inf{t > 0 : N; = n} for n = 1,2,... be the arrival time of the n-th jump and
consider the random variable Xﬁn = >",Y;. We can interpret Xf-']. as randomly taking

the values A(i,n — ¢) plus some constant for i = 0,1, ...,n, following a binomial B(n,p)
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distribution. Proposition I1.6, which is the analogue of Proposition B.1 in Kou (2002),
p. 1098, states this result, which will be central to computing the tail probabilities in
Section I1.5.3.

Proposition IL.6 (Distribution of X? ).

The distribution of Xﬁn admits the following decomposition

Z?:l f;-' + (20 —n—k)k  with probability p(i,n)p(i,n — i, k)

fork=12....n—1i=kk+1,...,n—1

i > i1 f;-L with probability p(n,n)
" - Zé‘:l § + (20 —n+1)k  with probability p(i,n)q(i,n —i,1) ’
forl=1,2,...n—1;i=1,2,...,n—1
= =1 & with probability p(0,n)
where

pi,n) = P{X] ~ A(i,n—1i)}
= (?)pi(l—p)m

1s the binomial probability.

Proof The proof immediately follows from Lemma I1.8. We replace A(n, m) by A(i,n—1)
and multiply by the probability p(i,n — i) of observing ¢ up-jumps when the total number
of jumps is n. Note that A(k,0) (A(0,1)) appears only in the decompositions of A(i,n — 1)
fori=kk+1,...,n—-106(=12,...,n=10). O

Due to the additional displacement term x, we cannot decompose Xﬁn into a probability-
weighted sum of either the fj or the & alone as in Proposition B.1 in Kou (2002), p.

1098. The reason is that the factor multiplying  depends on the starting point A(i,n—1).

I1.5.2 Auxiliary Results for Asymmetric Displacements

Our approach to solving the pricing problem for the asymmetrically displaced case is to
transform it such that our previous results apply. The key idea is to consider asymmetric

displacements as being symmetrically displaced with respect to a different y-axis.
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centering of the asymmetrically displaced jump-size density
T

density

jump size

Figure I1.7: Centering of the AD-DE jump size density. The point a =
(k4 — Kk—) /2 is the midpoint of the interval [k_, k4]. Both tails are shifted by

—a to have the origin as the new midpoint.

Define o = (k4 + £-) /2 to be the midpoint of the interval [k_, x4]. Next, introduce

two auxiliary random variables f+ = ¢ — o and f_ =¢ 4aandlet kK = Ky —a =
—(k_ —a). Then éF —k ~ E(ny) and € — k ~ & (1_) are exponentially distributed.

Consequently, the sequence of i.i.d. random variables (Yz)l N given by

. €t with probability p € [0, 1]

_é— with probability 1 — p

follows an SD-DE distribution. Figure I1.7 illustrates that we obtain Y; by adding the
constant term —a to Y;, thus centering the formerly asymmetric displacement around zero.
Note, that when k. = —k_, then o = 0 and thus the results in this section encompass

the previous ones as special cases. The following lemma directly follows from and replaces
Lemma IIL.7.
Lemma IL.7* (Distribution of £+ — ¢7).

The distribution of é* — fA* s given by

. . &t —a—+r  with probability n—/ (ny +n-)
§r—¢ ~ :
—& —a+k  with probability ny/ (n+ +n-)
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Proof Apply Lemma II.7 to é+ — é ~ and substitute the definitions of the two displaced

exponential random variables. [J

Next, we need to extend Lemma II.8 to account for the additional term —a.

Lemma II.8* (Distribution of A(n,m)).

The distribution of A(n,m) admits the following decomposition

A(k,0) + (n — k)(a+ k) + m(a — k) with probability p(n, m, k)
fork=1,2,....n

A(n,m) ~ ;

A0,1) +n(a+ k) + (m—1)(a—k)  with probability Gg(n,m,!)

forl=1,2,...,m

where the probabilities p(n,m, k) and G(n,m,l) are as given in Lemma I1.8.

Proof The steps to this proof are analogous to the original proof to Lemma II.8; see

Appendix I1.D.3 for details. [J

The extension of Proposition I1.6 then follows nearly effortlessly.

Proposition IL6* (Distribution of XZ ).

The distribution of Xgu admits the decomposition

Z?Zl 5;7 + (n—Fk)a  with probability p(i,n)p(i,n — i, k)

+(2i—n—k)k fork=1,2,....n—1;i=kk+1,...,n—1
"IN S & with probability p(n,n)

- Zé-:l § + (n—1Da  with probability p(i,n)q(i,n —i,1)

+(2i —n+1)k forl=1,2....n—1;1=1,2,...,n—1

=2 & with probability p(0,n)

where the probabilities p(i,n) are as given in Proposition I1.6.

Proof The proof is the same as the one given for Proposition 11.6. [J
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I1.5.3 Tail Probabilities

We first define

Zt (Al,n) = ’)/t'i‘ O'Wt + ZA“
i=1

where (A;),cy is a sequence of i.i.d. random variables with the same distribution as the
random variable A;. Thus, Xy = Z; (Y7, Ny) is a jump-diffusion process whose jump size
distribution follows an AD-DE law. Throughout this section, we repeatedly need a slight
generalization of Proposition B.3 in Kou (2002), p. 1100.

Lemma II.9 (Distribution of Z; (A1,n)).

Let & be an exponential random variable with arrival rate . Then for every n > 1, we

have
t)" 1
Pz et = T o Do (o -ain)
oV 2mt 2
x — vt
Hh,, <$ . \/Z +m7\/i> dz
and

P{Z (£6.n) > 2} = f’;\% exp {;(077)275} L <x — T —anﬂ> ,

where

Hh i (z) = e /2
Hho(z) = V2r®(—z),
1 o

Hh,(z) = = (t— m)”e_tQ/th n=12...
n! J,

L.(c;a,8,0) = / e““Hh, (fz — 0)dx n=20,1,....

Proof See the proof of Proposition B.3 in Kou (2002), p. 1100. O

The Hh,-function is a special function from mathematical physics. Its properties are
discussed in detail in Abramowitz and Stegun (1972) and Kou (2002). Section 7.2 in
Abramowitz and Stegun (1972), pp. 299-300, establishes the connection between the Hh,,-
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function and the error function and gives an iterative recurrence relation for the latter. In
the same spirit, Proposition B.2 in Kou (2002), p. 1099, derives a closed-form expression
for the I,-function in terms of finite sums over the Hh,,-function for m = 1,2,...,n
evaluated at the same point. It is valid for all parameter combinations that are relevant for
our purposes. For practical implementations, we choose these representations as they are

both exact and can be implemented efficiently without the need for numerical quadrature.

The following theorem is an extension of Theorem B.1 in Kou (2002), p. 1098, to

asymmetrically displaced jumps. It represents our main result.

Theorem II.1 (Tail Probability of X).

The upper tail probability of the process Xy = Z; (Y1, Ny) is given by

= P{N:=0}P{Z(,0) = z}
—|—ZIP’{Nt =n} (IP’{Zt (&t — kyon) + neg > ) p(n,n)

+P{Z (& — k—,n) + nk_ >z} p(0,n)

n—1n—1

+Z Z (P{Zt (67 — ki k) +irg + (n—i)k- > 2} p(i,n)p(i,n — i, k)

k=1 i=k
—i—IP’{Zt (—éi — K_, k) +(n—i)ky + ik > x}ﬁ(n —i,n)q(n — 1,1, k))),

where the probabilities on the right-hand side are given in Lemmata I1.8, II.9 and
Proposition 11.6, and

]P){Nt = n} = (),\r;) e*)‘t

is the Poisson probability mass function.

Proof The proof is given in Appendix 11.D.4. O
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Corollary I1.3 (Density of X;).
The PDF of the process X is given by

P{X, € du}
= P{N =0}P{Z(,0) =z}
+ > PN = n} (P{Z (€7 — hy.m) + ks = 2} f(n,m)
n=1

+P{Z; (-~ —k_,n) +ns_ =z} p(0,n)

n—1ln—1

—i—ZZ (]P’{Zt (&F = k4, k) +ikg 4+ (n—i)k- = 2} p(i,n)p(i,n — i, k)

k=1 i=k

+P{Z (=& —k_,k) + (n—i)ky +ik_ =z} p(n—i,n)d(n — 1,1, k)))dx

Proof This immediately follows from Theorem II.1 and the details are omitted for brevity.

O

While these expressions look quite formidable, they are composed entirely of elementary
functions. Thus, they can be evaluated readily in standard programming languages.
When implementing these formulas, we need to truncate the infinite summation at some
level npax which has to be determined such that the truncation error does not exceed
a predefined threshold. As will be shown, the summands quickly converge to zero,
thanks to the factorial term in the denominator of the Poisson probability mass function.

Lemma I1.10 provides the necessary results.

Lemma I1.10 (Truncation Error Bound).

The truncation error induced by computing the upper tail probability based on the first nmax

terms only is bounded by

oo
1, At
S PN = n}P{Z (Yi,n) > o} < Lma T LAY,
nmax'
Tmax+1

where
X
’y(s,x):/ 5 te~tdt
0

1s the lower incomplete gamma function.
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Proof Since P{Z;(Yi,n) >z} € [0,1], we can bound the truncation error by

P {N¢ > nmax}, which yields the given expression; see Appendix I1.D.5 for details. [J

It should be noted that the error bound in Lemma II.10 is of course not unique and
there might exist better bounds. The inverse problem of finding the smallest nm,ay such
that the truncation error is below a fixed absolute threshold can be solved by using the
Poisson inverse cumulative distribution function, which is implemented in most statistical

computing libraries.

11.5.4 European Plain Vanilla Options

Let t > 0 be the current point in time and C = {C; : t € [0,T]} be the price process
of a European plain vanilla call option on the spot asset S with maturity in ¢t <7 < T*

and terminal payoff Cr = (S — K)". Denote the time-to-maturity by 7 =T — t.

Proposition I1.7 (European Plain Vanilla Call Options on Spot Assets).
Let

A(l‘;tv’}/a U’)‘upa 7]+777—7’€+7’i—) = ]P){Xt > CC},

be the upper tail probability of the jump-diffusion process X with drift v, diffusion
coefficient o, jump intensity A and AD-DFE jump size distribution with parameters p, ni,
N—, Ky and k_ as giwen in Theorem II.1. The price of the European plain vanilla call
option is given by

Cy = SiAy — B(t, T)K As,

where

K
In <S) ;7—77570) )‘Sapsaniansﬂi-‘mﬁ—) )
t

K
AQ = A(h’l <> ;T7’Y*70—7A*up*vnj-ﬂni7ﬁ+7’%—)
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and

L s % n- )
= r——o"=\|(p" et +(1-p" - -1,
7 2 ( m—1 =)
¥ = ot
)\S — A* <p*,’7:‘19‘e,‘{+ + (1 _p*> Tlgefﬁ_) ,
3 n-
By = pnfe e I e >k} + (1-p%) e )1 (o <k},
A*n*
S _ * + K4
= 7e y
p v
S *
ny = nyF1

All parameters under the risk-neutral probability measure are as determined in Section I1.3.

Proof We apply the risk-neutral pricing formula - see for example Proposition 9.1 in Cont
and Tankov (2004), p. 298 - and expand the payoff function to express the call price in
terms of two expectations under the risk-neutral probability measure. While the second
expectation can be readily computed using Theorem II.1, we need to first apply a change
of numéraire from the bank account to the asset price to compute the second. It turns out
that this measure change is equivalent to an Esscher transform with transform parameter
8 =1 and thus Proposition II.1 can be used to obtain the asset price dynamics under this

new measure; see Appendix I1.D.6 for all details. [

The resulting formula is similar in structure to the Black and Scholes (1973) formula with
two terms representing the expected values of the asset and the strike price payment upon
exercise. Heston (1993) obtains a similar expression in a stochastic volatility context. We
note that in the special case when k. = k_ = 0, the European plain vanilla call price
formula reduces to the one given in Theorem 2 in Kou (2002), p. 1095. For the dynamic
risk-management of derivative books, the availability of analytical solutions for the hedge
ratio and other Greeks is just as important as the possibility to rapidly re-evaluate the

option positions themselves.

Lemma I1.11 (Delta and Gamma of European Plain Vanilla Call Options).

The delta and gamma of the European plain vanilla call option are given by

Lo

AV =Ay  and TY =—ZA,
St
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where
A/ ((IJ, ta Y, 0, )‘7p7 Ny N— K4, KJ—)

is the PDF of Xy as given in Corollary I1.5.

Proof While the expression for delta seems obvious given the call price formula, care has
to be taken when taking the partial derivative of C; with respect to Sy as both probabilities
A1 and As are functions of the asset price as well. However, we do not need to explicitly
apply the chain rule of differentiation but can instead use a homogeneity result. Like all
exponential Lévy models, the asset price S exhibits constant returns to scale. By Theorem
9 in Merton (1973), p. 149, it then follows that the European plain vanilla call price is
homogeneous of degree one in the spot and the strike price; see also Reiss and Wystup
(2001) for related results and generalizations. Thus, by Euler’s theorem, it admits the
representation
0Cy 0Cy

Ct:Stai‘St‘i‘KaiK

From the model independent pricing formula
C\ = B,T) / (Sie® — K)P* {X, € da}
K

we get by differentiating

@ =—-B(t, TP {X; >z}dx = —B(t,T)As.
0K
Thus,
oC, 1
C —_ t — — =
Ay = 95, S (Cy — B(t,T)KA2) = A;.

The formula for gamma follows immediately by differentiating Atc another time with

respect to S; using the result from Corollary I1.3. [J

Lemma I1.12 (European Plain Vanilla Put Options on Spot Assets).

The price of the corresponding European plain vanilla put option is given by
P,=B(t,T)K (1 —A2)—S; (1 —Ay)

with Greeks
A=A -1  and TF =—_A,.
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Proof This follows immediately from the put-call parity relationship,

Ci+ B, T)K = P, + 5,

Corollary I1.4 (Sensitivities of European Plain Vanilla Options).
The prices of both European plain vanilla call and put options are ceteris paribus increasing

mn A\*.

Proof It immediately follows from the put-call parity relationship, that the sign of the
sensitivity with respect to the jump intensity has to be the same for call and put options.
By Theorem 8 in Merton (1973), p. 149, it is sufficient to show that the riskiness of the

underlying asset’s returns is increasing in A*. See I1.D.7 for details. [

Corollary I1.5 (European Plain Vanilla Options on Forwards).
Let Fg(-,U) = {Fs(t,U) : t € [0,T*]} be the price process of a forward contract on the
asset S with maturity in U > T. The prices of the European plain vanilla call and put

options on Fg(-,U) are given by

Ct = B(th)(FS(tvU)AlfKAQ)v

P, = B(t,T)(K(1-A)— Fs(t,U)(1-Ay)).

where
1, o n-
Fe gt = N pf———e "+ (1 =D e~ —1
gt 5 <p771_1 ( p)n,+1

all remaining parameters are as given in Proposition I11.7 with Fs(t,U) replacing Sy.

Proof We first note that the forward price Fg(t,U) = S;/B(t,U) is a (P*,F)-martingale
and its logarithm has the drift v* — r. The proof is then fully analogous to that of
Proposition I1.7; see Appendix I1.D.8 for details. [J

As usual, European vanilla options on the spot asset can be priced as an option on the

forward Fs(t,T), where option and forward maturity are identical.
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I1.5.5 Comparative Statics for the Implied Volatility Smile

Since the main motivation of adding jumps to the Black and Scholes (1973) diffusion
process is to capture the non-zero skewness and excess kurtosis present in most listed
options markets, it is interesting to analyze which shapes of the IVS can be generated by

the model and what the effect of each of the model parameters is.

Figure I1.8 is the analogue of Figure I1.5, showing the ceteris paribus effect of changes
of each individual jump parameter on the shape of the IVS. The solid reference curve is
based on our standard sample parameter set and a maturity of three months. We observe
that this IVS exhibits a smile pattern that is not symmetric around the at-the-money
strike of K = 100.00 USD. It is directly linked to the asymmetry in the corresponding
distribution of logarithmic returns induced by the larger displacement and slower tail decay
of downward jumps. The dashed (dash-dotted) curve corresponds to an up (down) shift
of one of the parameters, keeping all others constant. Given the intimate link between the
shape of the IVS and the higher moments of the risk-neutral distribution of logarithmic
returns, the reasons for the changes in the IVS follow immediately from the discussion of
Figure I1.8. A higher negative skewness increases the implied volatility of out-of-the-money
put options relative to out-of-the-money call options. An increased kurtosis increases the
implied volatilities of both out-of-the-money call and put options relative to that of at-

the-money options.

I1.6 Extension to Displaced Double Gamma Jumps

In this section, we further generalize the results from Section I1.5 to the case where
each tail of the jump size distribution is given by a AD-DG density with an integer-valued
shape parameter. This is possible, because the sum of independent exponential random
variables follows a gamma distribution. We choose to only introduce this extension at
this stage since its derivation is based on the previously obtained results for the AD-DE
model. Considering it right from the start obfuscates the key insights regarding displaced
exponential random variables that make it possible to obtain closed-form solutions for
European plain vanilla option prices. In this section, we restate the main results of

Section II.5 for the AD-DG distribution.
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Figure I1.8: Effect of changes of the jump parameters on the IVS. The solid
reference curve is based on Sy = 100.00 USD, 7 = 0.25, 7 = 0%, 0 = 10%, A\ = 15,
p = 40%, ny = 80, n— = 60, ky = +1.50%, k— = —2.00%. The dashed (dash-

dot) line corresponds to an up (down) shift of one of the parameters, keeping all

others constant.

54



Formally, the sequence of random variables (Y;);.y is now defined by

¢t with probability p € [0,1]

)

Y, ~
—(~ with probability 1 —p

where (* — k4 ~ T (e4,04) and (- — k_ ~ T'(e_,d_) are gamma random variables with
shape parameters €,e_ € N and rate parameters d,d_ > 0. The corresponding jump

size density is given by

5€+ E4+— — T—K
flz) = pﬁ(fﬂ—mr)+ Le=d+( +)1{x2/<;+}
65__ €—— T—K
Al s VL G A CE S

This setup nests the AD-DE model as a special case when e =1, ny =64 and n— =46_.

Lemma I1.13 (Characteristic Function of the Jumps).

The characteristic function ¢y, (w) of the sequence of random variables (Y;),cy under P is

1= () s 1o (o)

0y —iw 0_ +iw

given by

Proof This follows either by direct computation or by using the translation property of
the Fourier transform in conjunction with the Hermitian property of the characteristic

function; see Appendix II.E.1 for details. (I

By combining Lemmata I1.2 and I1.13, we obtain the characteristic exponent ¥x, (w) of
the logarithmic return process X. Many previous results then carry over to the model of
AD-DG jumps without modifications. The general equilibrium analysis in Section I1.4, for
example, does not depend on the particular functional form of the jump size distribution.

Instead, all processes are expressed in terms of ¥x, (w).

Lemma I1.14 (Cumulants of the Logarithmic Return Process).

The n-th cumulant of the logarithmic return process X 1is given by

cn (Xy) = t(’yl{n:l}+021{n:2}+)\<pi(?)(5++n—i—1)! /ﬁi

=0 (6+ — 1)' (Si_z

/(e +n—i—1)! KL
+(1—p)z<i) ) (—5_)""))'

1=0
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Figure I1.9: Sample AD-DG jump size density plot for ex € {1,2,3,4} p = 40%,
d+ =80, 6 =60, Ky = +1.50% and k_ = —2.00%.

Proof Similar to the proof of Lemma II.3, this follows immediately from computing the n-
th derivative of the cumulant generating function ¢x, (w) w.r.t. the transform parameter.

g

Figure I1.9 shows how the jump size density changes for different values of the shape
parameters e+. We observe that the tail decay decreases with increasing values of ..
The peak of the two tails no longer coincides with the displacement terms but is shifted
further outward. The AD-DG density introduces an additional degree of asymmetry, since

it is possible for €4 and e_ to take on different values.

Up to the particular functional form taken by the characteristic function of the jump
size density, all results from Section II.3 continue to hold. Proposition II.8 provides the

equivalent result for Proposition IL.1.

Proposition II.8 (Esscher Transform Dynamics).

For § € B = (-0_,04), the Esscher transform is well-defined. Under the new probability
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measure P*, X is also an AD-DG jump-diffusion process with parameters

v = y+pa?
(54_ e+ 8 1) &= 8
* K4 1— - K—
v al(is) ruen(i) o).
: . (07 1 8 (an)
Fle) = Py oy )T e e 2 )
* (5i)€_ e_—1 J§* (xf,tg )
+(1—p)m(ﬁ_—I) e~ 71{$§I€_},
>‘5i+ (64—6%
o= T k% +)
G |
0L = 0+Ff

and characteristic exponent

* : 2 1 2 2 oo iwx Bz
Uy, (w) =iw (v + Bo?) — Qwo +)\/ (" — z) f(x)e dz.

—00
The diffusion coefficient o, the two shape parameters ey and €_ as well as the two

displacement terms k4 and k_ are invariant under the measure change.

Proof The proof is fully analogous to that of Proposition II.1 given in Appendix II.B.1

and thus omitted for brevity. [

Again, the jump size distribution under both the physical and the risk-neutral probability
measure fall into the same distributional class. This follows from the AD-DG distribution
being a natural exponential mixture family in the rate parameters 6, and d_; see
Chapter IV for details. In particular, the shape parameters € and ¢_ are unaffected by
the measure transformation. Consequently, their estimates under the physical probability

measure can be used for pricing under the ETMM.

Lemma I1.15 (Sums of Displaced Exponential Random Variables).
Let (Ai);cn be a sequence of i.i.d. displaced exponential random variables such that A; —

ke ~ E(9). Define
B=) A.
i=1

Then B follows a displaced gamma distribution, that is B — k ~ I'(g,9).
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Proof This follows immediately from the well-known special case result for zero displace-

ments; see for example Chapter 1.3 in Feller (1970), pp. 8-11. O

Now let & — k4 /ep ~ E(04) and & + K Je— ~ € (J_) be sequences of i.i.d. exponential

random variables. Then, by Lemma I1.15

, Sr gt with probability p € [0, 1]

=& with probability 1 — p

Asin Section I1.5.1, define 7, to be the arrival time of the n-th jump and let Xf;n =3, Y.
We can then interpret Xﬁ'n as randomly taking the values A (eji,e_(n — 1)) plus some
constant for ¢ = 0,1,...,n following a binomial B(n,p) distribution. The following result

then generalizes and replaces Proposition I1.6%*.

Proposition IL6** (Distribution of X2 ).

The distribution of X%zn admits the decomposition

(

SVer + (n—k)a with probability p(i,n)p(i,n — i, k)

7=1
+(2i—n—k)k fork=1,2,....n—1;i=kk+1,...,n—1
E4MN 4 . .7 A~
Xi ~ >51 & with probability p(n,n) |

- Zj;ll § +(n—Da  with probability p(i,n)q(i,n —i,1)

+(2i —n+ 1k forl=1,2,....n—1;i=1,2,...,n—1

- Z;;’f & with probability p(0,n)

where the probabilities p(i,n) are as given in Proposition I1.6.

Proof The proof is the same as the one given for Proposition 11.6. [J

Here, o and x are again the midpoint between the asymmetric displacement terms and
the symmetric displacement after shifting the distribution, respectively; see Section 11.5.2.

We can now re-state our main result in Theorem II.1.
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Theorem II.1* (Tail Probability of X4).

The upper tail probability of the process Xy = Z; (Y1, Ny) is given by

= P{N =0}P{Z(,0) >z}
—l—ZIP’{Nt =n} (]P’{Zt (&" — k4 /ey, e4n) + niy >z} p(n,n)
n=1

—l—IP’_{Zt (=¢ —k_/e_,e_n) +nk_ >z} p(0,n)
n—1n—1

+ Z Z (P{Z; (¢* — ky/eq,e4k) +ike + (n— i)k >z} p(i,n)p(i,n — i, k)
k=1 i=k

+P{Z (& —k_/fe_,e_k) + (n— i)kt +ik— >z} p(n —i,n)G(n — i,i, k)) ),

where the probabilities on the right-hand side are as in the original Theorem II.1.

Proof The proof is fully analogous to that of the original Theorem II.1; see Ap-
pendix II.D.4 for details. (I

I1.7 Parameter Estimation

This section discusses a methodology to estimate the physical parameters of a wide class of
model dynamics for the underlying asset based on the time series of logarithmic returns.
After introducing our estimation approach based on ML estimation, we briefly discuss
alternative estimation methodologies that have been proposed in the literature. We argue
that, in addition to its desirable statistical properties, ML requires no ad-hoc decisions
about the construction of the moment conditions as do the GMM and the closely related
spectral GMM approaches. Furthermore, it can be implemented efficiently through a

fractional Fourier transform.

I1.7.1 Maximum Likelihood Estimation

The ML estimator is appealing, due to its consistency, asymptotically normal
distribution and efficiency. Since its asymptotic variance is given by the inverse of

the Fisher information matrix, it achieves the Cramér-Rao lower bound for consistent
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estimators; see for example Theorem 16.1 in Greene (2008), p. 487. Sgrensen (1991) shows
that these general properties continue to hold for the inference of jump-diffusion processes
under mild regularity conditions. Ait-Sahalia (2002) considers the problem of estimating a
general Ito diffusion process based on discrete samples. Ait-Sahalia (2004) establishes that
the asymptotic variance of the diffusion coefficient estimator is not deteriorated by the
presence of compound Poisson type jumps within the ML framework. He further confirms
our intuition that in the limit of infinitely frequent sampling, the jumps and diffusion
components can be perfectly disentangled. It is surprising, however, that this result even
holds for infinite activity Lévy processes. Bates (2006) adopts the ML approach to the
estimation of latent affine processes which allow for both a time-varying volatility and
jump intensity. Ramezani and Zeng (1999, 2007) apply ML to estimate the parameters of
the original Kou (2002) DE model based on a two year long sample of daily stock returns.
Their empirical results support the hypothesis that upward- and downward-jumps exhibit
different characteristics. We postpone a more detailed discussion of their results until

Section II.8.

We now give a brief overview of the estimator and the corresponding test statistics.
Unless explicitly mentioned, Chapter 16 in Greene (2008), pp. 482-572, serves as the
main reference for all results in this Section. We consider an equally spaced time series of
logarithmic returns r;, = In (S;/S;—,) for t = 1,2,...,7. When estimating the physical
model parameters, the sampling frequency 7 should not be too large. Otherwise, as argued
in Section 11.2.2, the disentanglement of the diffusion and jump components is impeded.

The empirical study in Section II.8 is thus based on daily observations. Let
O = {:U’ € ]R7U € R-‘r))‘ € R-ﬁ-ap € [07 1]777+ € R-ﬁ-a”— € R-ﬁ-v’i-i- € R-HK'— € R—}v

be the parameter space of the AD-DE model. Since the PDF of logarithmic returns is
known in closed-form, we can employ ML estimation. The logarithmic likelihood is given
by

L(re,0) =InP{X, =r,|0},

where the conditional density is as in Corollary I1.3. The ML estimator is then defined as

the parameter vector éT, which maximizes the sample likelihood. We have

Or = 0|7,
T argIeneacz)('C( ‘T)7
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where .
L(Olr:)=> 1(rr,0).
t=1

The asymptotic distribution of the ML estimator is given by
07 "XV N (60,17 (60))

where I (6)) is the information matrix evaluated at the true parameter vector. Since the
latter is not known, we estimate the covariance matrix through the Berndt et al. (1974)

estimator
-1

i (or) = (a(0r) a(ar)

where G (0) is a T x |0| matrix given by

. al(rt; 0)

4 692

G(0),

We employ two different hypothesis and model specification tests. First, restrictions
on the estimated model parameters are evaluated using a Wald test. It is based on
the asymptotic distribution of a quadratic form of the restrictions being chi-squared
distributed. Alternatively, we estimate both the restricted and unrestricted models and
compute the corresponding likelihoods. The validity of the restrictions in then evaluated by

constructing the likelihood ratio statistic, whose limiting distribution is also chi-squared.

I1.7.2 Alternative Estimation Methodologies

A common alternative approach to estimating the physical model parameters of
models with a known characteristic function is the Hansen (1982) GMM. The population
orthogonality conditions can then be constructed from matching the empirical and
model implied central moments and tail probabilities. The model considered in this
chapter admits closed-form solutions for both of these types of moment conditions.
Furthermore, within any iteration of the corresponding optimization problem, each of
these computationally relatively expensive expressions has to be evaluated only once
for the full sample. In contrast to this, the conditional likelihood has to be computed
for every observation in the sample separately. This suggests that the GMM might be
computationally more efficient. However, Section 11.7.3 shows that ML estimation can be
significantly accelerated by simultaneously computing all conditional likelihoods using the

fractional fast Fourier transform (FFT).
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There are three main arguments against using the GMM for estimation. First, for the
GMM to be asymptotically efficient, a consistent estimator of the covariance matrix of
the moment conditions is required. In the presence of serial correlation in the time series
of returns, this requires iterated estimations. At each step, an autocorrelation consistent
estimator of the covariance matrix has to be computed using, for example, the method
suggested by Newey and West (1987). Second, GMM is typically less efficient for finite
samples than the ML. Third, the particular choice of the moment conditions and their
total number is rather ad-hoc. It is not clear how to optimally choose the central moments

and tail values to minimize the variance of the estimator.

Ball and Torous (1983) use a GMM procedure to estimate the Merton (1976) jump-
diffusion model. They construct the moment conditions from the first six cumulants
of the return process. Ramezani and Zeng (1999) estimate the Kou (2002) DE model
using both the cumulant based GMM and ML approaches. In accordance with Press
(1968) and Beckers (1981), they find that the cumulant method, unlike ML, sometimes
yields economically unreasonable parameter estimates. Furthermore, using higher order
moments might be problematic for small samples as the corresponding empirical moment

estimates become increasingly noisy.

Singleton (2001) and Chacko and Viceira (2003) suggest a closely related approach
based on the empirical characteristic function. They construct the moment conditions from
the real and imaginary parts of the characteristic function evaluated at a predefined set
of transform parameters. This is particularly appealing when even the cumulants cannot
be computed in closed-form. However, their approach suffers from the same shortcomings
as the one previously discussed. In particular, it is not clear how to optimally choose the

set of transform parameter values.

Finally, we briefly discuss the estimation procedure proposed by Detering et al. (2013),
who consider the special case of symmetric displacement terms. The authors start by
setting the parameter K, = —k_ equal to the average of the absolute logarithmic returns
corresponding to the a and 1 — a quantiles of the empirical distribution function. They
suggest the use of a value of & = 1% and thus implicitly categorize all absolute logarithmic
returns greater than o as jumps. Next, A is set to be equal to the total number of jumps
divided by the total number of observations. However, it is clear that once the level of «
has been fixed, the estimate of X is just equal to the average number of trading days per

year times . The tail parameters 74 and n_ are chosen such that they fit the mean of
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the returns classified as jumps. Finally, the diffusive variance is given by the total sample
variance minus the variance of the compound Poisson component, whose parameters have

already been determined.

While it can be extended to asymmetrically displaced jumps in a straightforward
fashion, this approach seems rather ad-hoc. Its parameter estimates fully depend on the
discretionary choice of the quantile oe. Another important shortcoming is, that it provides
no estimate of the covariance matrix of the parameter estimates. Thus, it is not possible

to construct confidence intervals or to conduct further hypothesis tests.

I1.7.3 Computational Aspects

As indicated in the previous section, the computational bottleneck of ML estimation
is the high number of costly evaluations of the conditional likelihood function that it
requires. There are two approaches to mitigate this problem and significantly accelerate
the estimation. First, it is possible to employ the FFT algorithm to simultaneously obtain
the PDF on a fixed grid. These values can then be interpolated to match the observations
in the sample. Second, as already indicated in a footnote by Heston (1993), the direct
integration can be accelerated through a caching algorithm. This is possible since the
values of the characteristic function depend solely on the transform parameter but not on
the logarithmic return. Kilin (2011) offers an in-depth discussion of this approach and

benchmark results in the context of model calibration.

While caching might prove superior when the total number of function evaluations
is rather low, the FFT seems better suited for ML estimation with a large number of
observations. It is an efficient algorithm to compute the sums appearing in the discrete
Fourier transform through exploiting the orthogonality of the complex exponentials. The
FFT reduces the computational effort from O (N 2) to O (N logy N). The most common
FFT algorithm is due to Cooley and Tuckey (1965). Lemma II.16 states the relevant

result.

Lemma I1.16 (Fast Fourier Transform Approximation).
Given the characteristic function ¢x,(w) of the random variable Xy, its PDF fx,(x) can

be approximated on an equally spaced grid x = (:Uj)éy:_ol for 7 =0,1,...,N, with N being
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a power of two, through

N—

1 iy
th (g;k) — ;me Z e lekaxgj
j=0

= gme (:D_l {g})k 5

—_

N-1

where D~ is the discrete inverse Fourier transform operator and the vector g = (gj)].:0

s given by
g; = e IRy (jw).

N-1

Here, w = (wj)j:() are the integration weights for the N sample points w = (wj)N_l

§=0
in the frequency domain, which are spaced Aw apart. The corresponding spacing in the
spatial domain is given by Az = 2w /(NAw), where the lower endpoint xo can be freely
chosen. When using the Simpson’s rule for approrimating the integral, the weights are
given by
Aw/3 ifj€{0,N -1}
wj = 4Aw/3 ifj/2€N

2Aw/3  otherwise

Proof This equation is based on the Gil-Pelaez (1951) inversion theorem, which expresses
the upper tail probability as a semi-infinite integral over the characteristic function. The
corresponding integrand is real-valued and decays at an exponential rate. We thus truncate
the upper limit of integration at some point (N — 1)Aw and approximate the resulting
integral through Gaussian quadrature. The values of fx, (z;) can then efficiently be

computed simultaneously by the FFT algorithm; see Appendix IL.F.1 for details. (O

Remark. Note that the definition of the inverse Fourier transform ®~! given in
Appendix II.LF.1 is consistent with the definition of the characteristic function as the
forward Fourier transform of the density function. This is the convention typically used
in statistics. However, an alternative definition is often employed in the engineering

literature, where the signs in the exponents are reversed.

For a fixed number of sample points NV, there is a trade-off between the spacing of the x-
and the w-values. A finer spacing of the spatial grid directly leads to a coarser grid for

the integration reducing the numerical accuracy of the FFT and vice versa.
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We construct an example to illustrate this problem. Let’s assume that based on the
structure of the integrand, we require a spacing of Aw = 0.05 in the frequency domain

and truncate the integral at @ = 200. The number of points needed is then given by

N = {2i:¢eN,2i—1 <2 g2i}
Aw

and we get N = 4,096 with wy_1 = 204.80. By the above restriction, it follows that
Az = 3.07% and the corresponding spatial grid has the lower endpoint g = —6, 281.65%.
In the context of ML estimation, fx,(x) is typically the PDF of at most daily logarithmic
returns. It is obvious, that the spatial grid is both much wider than necessary and has too
big a spacing. Thus, we are not only computing many unnecessary values in the far tails
of the distribution, but more importantly also do not achieve the necessary accuracy in its
center. In case of equity indices, for example, a grid with a spacing of Az = 0.05% and
covering the interval [—20%, +20%] would be a conservative choice. Fixing Az = 0.05%
then requires N = 1,024 points and we get o = —25.58%. The corresponding frequency
grid has a spacing of Aw = 12.27 with truncation point wy_1 = 12,544.10. Thus, starting
by specifying the spatial grid just shifted the problem to the frequency domain. To achieve
the necessary required precision in both domains simultaneously, we fix Aw = 0.05 and
search for the smallest 7 € N such that Az < 0.05%. We obtain i = 20 and get Az = 0.05%,
wn_1 = 52.428.75 and z¢o = —6,283.18%. While this yields the necessary precision, it
comes at the cost of increasing the number of complex multiplications and additions in
the Cooley and Tuckey (1965) radix-2 algorithm by a factor of approximately 427 compared
to a grid size of N = 4,096.

This link between the two grid spacings can be broken by using the fractional FFT
algorithm proposed by Bailey and Swarztrauber (1991, 1994). They show how sums of

the form

N-1

—2Tijna .
€ g]

§=0
for an arbitrary « € R can be computed rapidly by invoking three nested FF'T procedures
with 2V points each. The two grid spacings are now linked through AzxAw = 27a.
Lemma II.17 states the main result from Bailey and Swarztrauber (1991) applied to the

problem of approximating the likelihood function.

Lemma I1.17 (Fractional Fast Fourier Transform Approximation).

Given the characteristic function ¢x,(w) of the random variable X, its PDF fx,(w) can
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be approzimated on an equally spaced grid x = (acj)?[:_ol for 3 =0,1,..., N with N being

a power of two through

P (ex) = St (7 (0 (D7 (6} 00 ) }), ).

where ® and D' denote the discrete forward and inverse Fourier transform respectively,

o is the Hadamard element-wise product and

w = ()L L)

The definition of the vector g = (gj)j.v:_ol is identical to Lemma I1.16 and o = AxAw/27.

Chourdakis (2004) applies the fractional FFT to value European plain vanilla options
within the Carr and Madan (1999) framework. The main advantage of this algorithm
over the standard FFT is that o does not depend on the number of points N. This
allows us to first choose the optimal spatial and frequency grid independent of one
another and find a by the above relationship. In the previous example, the optimal
discretization of the frequency domain requires a higher number of points and we thus set
N = 4,096. The corresponding spatial grid then has Az = 0.01% with lower endpoint
zo = —20.00% and we get a = 7.77 x 10~7. While the fractional FFT algorithm requires
three FFTs instead of one, the much smaller grid size leads to a reduction in the number
of complex multiplications and additions by a factor of approximately 90 compared to the
FFT with grid size N = 1,048,576. Here, we assume that the exponential factors have
been precomputed; see the discussion in Section 2 of Bailey and Swarztrauber (1991), p.

390-392.

When computationally maximizing the sample likelihood function, great care has to
be taken in selecting an appropriate optimization routine to ensure convergence to the
global maximum. Although the question of how to carry out a specific optimization is
of central importance to most estimation problems, this point is usually unmentioned in
the literature. Through numerical experiments, we find that the convergence of standard
gradient-based algorithms strongly depends upon the set of starting values chosen. This
suggests the existence of multiple local maxima, and consequently a non-convex nature of

the optimization problem at hand. Kiefer (1978) shows within a similar mixture density
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setting, that the likelihood function may exhibit local optima when the sample size is finite.
We thus turn to the class of heuristic optimization routines that use a stochastic search
strategy and are guaranteed to converge to the global optimum in the limit. However,
their generality comes at the cost of more function evaluations and consequently slower

estimations.

Differential evolution is a population based heuristic optimization algorithm developed
by Storn and Price (1997). It is suitable for continuous search spaces and is based on a
genetic algorithm, which models the evolutionary process of a population of candidate
solutions. The population is updated by a random vector-crossover and mutation scheme
that retains the fittest candidate solutions at the end of each iteration step. Like all
heuristic optimization routines, and in contrast to gradient based methods, differential
evolution does not rely on a set of strong assumptions about the underlying optimization
problem. While it converges to the global optimum with probability one as the number
of iterations becomes large, this comes at the cost of a high number of objective function
evaluations. Ardia et al. (2011) estimate the Merton (1976) jump-diffusion model through
ML using differential evolution and find that it outperforms all convex optimization
routines considered. Gilli and Schumann (2010, 2012) provide further applications of

differential evolution in financial econometrics.

II.8 Empirical Results

This section describes the data set used and discusses the empirical results. All tables
can be found in Appendix IL.LF. We estimate the parameters of the AD-DG, AD-DE,
SD-DE and DE models based on the 30 year historical daily logarithmic returns from
January 1, 1982 to December 31, 2011. All data is obtained from Bloomberg. The assets
fall into three main categories: (i) equity indices, (ii) commodity indices and (iii) foreign

exchange (FX) rates and spot precious metals. Table I1.4 provides the summary statistics.

Category (i) consists of: DAX 30 (Germany), Dow Jones Industrial (USA), Hang Seng
(Hong Kong), MSCI World (global), NASDAQ Composite (USA), Nikkei 225 (Japan),
S&P 500 (USA) and TOPIX (Japan). All of these indices are market capitalization
weighted and, except for the DAX 30, are calculated as price indices. This refers to them

not re-investing the dividends paid by their constituent stocks. On any ex-dividend date,
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the index thus falls by the net dividend amount times the number of stocks in the portfolio.
However, all of these indices are highly diversified and the dividend payment dates are
spread throughout the year. The dividend payments can thus be well approximated by
a continuous dividend yield. Our objective is to estimate the parameters of the different
jump size distribution specifications but not the mean return. Consequently, the non-zero

dividend yield is irrelevant for our purposes.

Category (ii) corresponds to the S&P GSCI Excess Return (ER) commodity index and
three of its sub-indices. The basic index constituents are commodity futures contracts,
weighted by their relative world production. The single futures positions are dynamically
rolled forward before the respective first notice date or expiry date. The S&P GSCI ER
index itself can be broken down into five sub-indices corresponding to the main classes
of commodities: S&P GSCI Energy ER, S&P GSCI Industrial Metals ER, S&P GSCI
Precious Metals ER, S&P GSCI Agriculture ER and S&P GSCI Livestock ER. This
study excludes the S&P GSCI Energy ER and S&P GSCI Livestock ER indices, since
no historical data is available on Bloomberg for the first years of the considered time span.
However, the S&P GSCI ER index itself strongly overweights the energy futures and thus

serves as a good benchmark for this market segment.

Finally, category (iii) contains the three major spot exchange rate pairs EUR/USD,
GBP/USD and USD/JPY as well as the spot prices of silver and gold. We remark that,
despite the naming convention adopted, USD is the domestic currency in the quotation of
the EUR/USD and GBP/USD exchange rate pairs but the foreign currency in USD/JPY

quotation.

Tables I1.5 and II.6 show the AD-DE parameter estimates and hypotheses tests for
equity indices. For convenience, I1.3 summarizes the null hypotheses. The key observation
is that, without exception, both positive and negative displacement terms are individually
significant at the 1% level. Furthermore, both the null hypothesis 7-[62) of jointly zero

(()1) of symmetric displacements can also be

displacements as well as the null hypothesis H
rejected at the 1% level in all cases. However, for some equity indices, such as the Hang
Seng and the S&P 500, one of the two displacement terms is economically insignificant.
We conclude that the asymmetric displacements succeed at capturing a statistical property
that is consistently present in equity index returns. We can thus reject both the SD-DE
and the DE model in favor of the AD-DE dynamics. We further note, that on average

only 25.35% of the total historical variance can be attributed to the diffusion component.
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Table I1.3: Overview of the null hypothesis evaluated for the ML AD-DE

parameter estimates.

Null Hypothesis Description

Y /ﬁD‘DE + kAD-DE — AD-DE displacements are symmetric.

?—[(()2) : liﬁD‘DE = rAD-DE — AD-DE displacements are jointly zero.

7—[(()3) : nﬁiD‘DE — pAD-DE — AD-DE tails decay at the same rate.
7—[((]4) : gAD-DE _ 5DE — AD-DE and DE volatility coefficients are equal.
’H(()S) . pAD-DE _ pDE _ AD-DE and DE upward jump probabilities are equal.

7—[((]6) : \AD-DE _ \DE _ AD-DE and DE jump intensities are equal.

#(7) . yAD-DE _ nEE =0 AD-DE and DE upper tails decay at the same rate.

0o T+
7—[68) . pAD-DE _ ,DE _ AD-DE and DE lower tails decay at the same rate.

Except for the three Asian indices, downward jumps are significantly more frequent. For
all equity indices except for the DAX 30 and the NASDAQ Composite, n_ is smaller
compared to 74, thus implying a slower decay of the lower tail the jump size distribution.
However, due to the relatively large standard errors of these parameter estimates, the null
hypothesis 7-[83) of equal tail decay can only be rejected at the 10% level for three out of
eight indices.

The null hypotheses 7-[(()4) through 7—[(()8) correspond to the estimates of the AD-DE
and the DE parameters being identical. They are thus used to test the empirical
Hypotheses II.1 through I1.4 formulated in Section I1.2.2. For all indices, the diffusion
coefficient estimate for the DE model is indeed lower than that for the AD-DE model,
thus confirming Hypothesis II.1. However, the differences are so small that the null
hypothesis 7-[((]4) cannot be rejected at the 10% level. In accordance with Hypothesis I1.2,
the jump frequency under the AD-DE model is always lower than that under the DE
model. This difference is significant for at the 10% level for the NASDAQ Composite and
the Nikkei. The conditions in Hypothesis I1.3 are satisfied in case of the DAX 30, Dow
Jones Industrial, MSCI World, NASDAQ Composite and the S&P 500. In all five cases the
signs of the differences between the AD-DE and the DE probability of an upward jump
are as predicted. They are significant at the 10% level for three indices. The equality
of the tail parameters cannot be rejected at a p-value of 90% in all cases thus providing

strong support for Hypothesis 11.4.
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NASDAQ Composite empirical and fitted AD-DE return distribution
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Figure 11.10: Fitted AD-DE density for the NASDAQ Composite index based
on daily logarithmic returns from January 1, 1982 to December 31, 2011. The
parameters are o = 8.58%, A = 175.55, p = 43.74%, n. = 99.05, n_ = 104.28,
ky = 40.05% and x_ = —0.28%.

The above results for equity indices also hold for commodity indices, exchange rates
and precious metals. For brevity, we thus do not explicitly discuss them. However, all

relevant data can be found in Tables I1.7 through II.10.

We further estimate the AD-DG model for all assets in the sample. Except for the S&P
GSCI Agriculture, we find that the AD-DG and AD-DE parameter estimates coincide,
that is the shape parameters of both the positive and negative gamma tails are equal
to one. Consequently, the historical return distribution of these assets is consistent with
the AD-DE model and the generalization to AD-DG distributed jump sizes provides no
further improvement in the fit. As shown in Table I1.12, the estimate of the upper tail
shape parameter for the S&P GSCI Agriculture is §+ = 4. The corresponding displacement
term is significant at the 1% level though economically insignificant. A likelihood ratio
test for the restriction 61 = 1 yields a p-value of 34.29% so that we cannot reject the

AD-DE model in favor of the AD-DG model at the 10% level.

In summary, we find very strong empirical support for the AD-DE model dynamics.
These results are robust across three different asset classes. For all assets in the sample,
both displacement terms are jointly and individually significant at the 1% level. We can
reject both the DE as well as the SD-DE model in favor of the AD-DE dynamics. Our

results are robust with respect to other estimation horizons. In particular, we obtain the
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same qualitative results for the 20 year sub-period from January 1, 1992 to December 31,

2011.

Care has to be taken when comparing our results to the studies by Ramezani and Zeng
(1999, 2007), which use a slightly different parametrization of the DE model. Instead of
estimating the jump frequency and the probability of an up-jump, they estimate the
frequency of the independent up- and down-jumps directly. Furthermore, their jump
frequency is expressed in number of jumps per trading day instead of per year. When
accounting for these difference, then the parameter estimates are of the same order of
magnitude. Compared to Detering et al. (2013), we find that the jump frequency for the
SD-DE model implied in the time series of logarithmic returns is much higher than the
approximately five jumps per year that the authors postulate. Table II.11 contrasts the
ML estimates with their approach for the NASDAQ Composite index.

I1.9 Conclusion

This chapter extends the Kou (2002) jump-diffusion dynamics by introducing asym-
metric displacement terms to the jump size density. The dynamics are supported by an
equilibrium economy which also implies a risk-neutral pricing measure. One of our main
contributions is to show that the valuation problem for European plain vanilla options
still admits a closed-form solution. The model can be further generalized to double
gamma jumps without sacrificing analytical tractability. To our knowledge, these are
most general jump-diffusion model dynamics yet with this property. Through empirical
test, we demonstrate that the extension to asymmetrically displaced jumps is not only
academically interesting but also reflects the statistical properties of asset returns. We
estimate the model parameters based on a diverse sample of 17 assets across equity indices,
commodity indices and foreign exchange. The DE model can be rejected in favor of our

AD-DE dynamics for all assets and at the 1% level.

Future research could analyze the ability of the AD-DG model to fit the implied
volatility smile or market prices of European plain vanilla options. For reasons discussed
in Section II.2.1, different maturities should be analyzed separately instead of jointly.
Given the statistically significantly improved fit under the physical probability measure,
we expect that the calibration error under the risk-neutral probability measure decreases

as well.
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II.LA  Appendix for Section I1.2
IT.A.1 Characteristic Function of X under P

This appendix contains the detailed proof of Lemma II.2. Let X = X¢+ X/, where X¢
and X7 are the continuous and pure jump parts of X respectively. Due to the independence

of the processes W, N and the sequence of random variables (Y;) the characteristic

1€N?

function factors into the characteristic functions of X¢ and X7. We obtain

bxe(w) = Elexp{iw (vt +oWi)}]

1
= exp {iw’yt — 2w202t}
and

(ZSXJ' (w) = E

Ny

exp {iw Z YZ}
i=1

= iE exp {iwzn:Yi}
n=0 i=1

o0

= > (E[M]) P{N, =n}

n=0

P{Nt = n}

— (A"
= nz:%%q(w)e AtT

= exp{At(¢y(w) — 1)}

Here, ¢y, (w) is the characteristic function of the sequence of random variables (Y;),cy

given by

K—

¢Y1 (OJ) = pn+/ ex(iW*n+)+77+li+dx + (1 _ p)n_ / ex(iU-H*T]_)*T]_H_ dz
K

—00
=00 T=K—
= p- N+ eZ(w=n1)+n4 K4 +(1 _p)‘ni—ex(iwrn—)—n—ﬁ—
W — N+ T=K, w + 17— T=-—00
N+ iwk4 - Wk —
= —_— 1 _— —€ .
S Ut O

Note, that given the characteristic function of the exponential distribution, we could have
alternatively used the translation property of the Fourier transform to find the characteris-
tic function of the displaced exponential distribution without further computations; see for
example Theorem 4.1.10 in Gut (2005), p. 166. Similarly, the characteristic function of the

negative exponential distribution is given by the complex conjugate of the characteristic

81



function of the positive exponential distribution; see for example Theorem 2.1.1 in Lukacs
(1970), p. 15. We use this approach to find the characteristic function of the AD-DG

distribution in Appendix II.E.1. Putting everything together, we get

ox,(w) = d)Xtc(w)d)th (w) = exp {iwfyt — %WQU% + At (dy, (w) — 1)} .

II.B Appendix for Section I1.3
II.B.1 Esscher Transform Logarithmic Return Dynamics

This appendix contains the detailed proof of Proposition II.1. First note that the

Radon-Nikodym derivative process can be expressed as

v (P, P*) = exp{BX; — tx, (—iB)}

Ny
= exp {ﬂaWt - ;520%} exp { <ﬁfy + ;ﬁ202> t+p Z Y - thl(—iﬁ)}
i=1
L o 9 o .
= exp {ﬁaWt — 55 o t} exp ﬂZY; — th{-(—lﬁ) .
i=1

Here, the first factor changes drift of the Brownian motion W and the second term
changes the intensity and jump size distribution of the compound Poisson process X7.
By Girsanov’s theorem, it follows that W is a drifted Brownian motion under P* with

drift So. Equivalently, the process W* defined by

is a standard Brownian motion under P*. By Proposition 9.5 in Cont and Tankov (2004),
pp. 303-304, in order to define a measure change for a compound Poisson process, the

Radon-Nikodym derivative process has to take the form

S I £SO DA
eXp{B;YZth{(lﬁ)}—eXp{;ln</\f(Yi)> (A" = A)t .
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From this representation, we immediately find that

M= Yy (=i8)+ A

o M+ Br n— ﬂn)
= A e’ 4+ (1 — e
<p77+ - (1=p) n-+p

= Aoy, (—if).

In order for this expression to be well-defined and non-negative, we require that n. > 3
and n_ > —(3. We denote the set of admissible values for the transform parameter g by

B = (—n-,n4+). Next,

) = e

A
- = <p77+e_(77+_’8)x+’7+”+1 {z>r b+ - p)n_e("""ﬁ)x_n‘”—l {z < K_}) )

Now let
ny=n+—06, ni=n-+8
and group terms to obtain

f*(x) _ <p;fiten+(n+—ni)> niefni(xfm_)l {x > /<L+}
N+

! ((1 ~») A”fy e‘“("‘”i)) Nt o < k)

= P T e 2 my b (1= p ) e T 1 < k)

where the definitions of p* and 1 — p* are implicitly clear. Some tedious algebra shows
that these two terms indeed sum to one. Furthermore, § € B also guarantees that both
p* and 1 — p* are non-negative and thus p* € [0, 1] represents a valid probability. Thus,

under P*, we have
Nf
t

Xi=7't+ oW +> Y7,
=1

where v* = v + B0?, N* is a Poisson process with intensity A* and the Y;, i = 1,2,...
are i.i.d. random variables with PDF f*(z). It immediately follows from the results in

Appendix II.A.1 that the characteristic exponent of X under P* is given by

+oo
vy (w) = iwy* — %(72(,«)2 + )\*/ (e —1) f*(z)dw
1 b too
= iw(y+Bo?) — 502w2 + /\/ (e —1) f(z)e*de,
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where the integral evaluates to

+00
A / (e — 1) f(z)ePdx

—00

+00 D

= Ay, (—i(148) — A*
= Moy (—1(1+ B)) = oy, (=iB)) -

II.B.2 Existence and Uniqueness of the Esscher Transform Martingale
Measure

This appendix contains the detailed proof of Proposition I1.2. Let the function & : R x
B — R be the integrand in Equation I1.3, that is

k(z, ) = (e” — 1) ™ f(z).

We need to show that there exists another non-negative function h : R — R, such that

for all 5 € B, k(z, ) is bounded by h(z) almost everywhere. Note that
A% f(x) = pnpe B R L1 > g ) 4 (1 — p)yp_e®BHn-)=n—r-1 {3 < 5 _}.

Since B € (—n_,7n:), we have that lim, 1o f(z)e’® = 0. The function f(z)e’* thus
attains its global maximum at either = x_ or x = x,. Furthermore since e f(x) > 0

for all x € R, it follows that

|f(2)e*| < max {pmeﬁ*’”*, (1—p)n_e’= } < max {pn e, (1 —p)n_e ="}
and thus

[k, )] < e — 1| f()e?] < |e* — 1| max {prse™+, (1 = p)y_e ™% } = I(a).

Since in addition k(z, 3) is continuous in its second argument, it follows by Theorem 2.27.a
in Folland (1984), p. 54, that ¢g(/) in Equation I1.3 is continuous on B. Next, note that

the partial derivative

ggtc,ﬁ) = ah(z, §)
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exists for every x € R and § € B and is continuous in its second argument. Furthermore,

‘81@

w(m)\ < Jali(a).

It follows by Theorem 2.27.b in Folland (1984), p. 54, that g(p) is differentiable on B5.
The derivative

g(B) =0+ A/m z(e® — 1) f(z)e®dz > 0,

—00

is strictly positive since the integrand is non-negative. Finally, note that

lim = —00, lim = 0.
s g(6) Sim 9(B)

In summary, the function g(/) is continuous and strictly increasing on B with range R.

Consequently, the Equation I1.3 has a unique solution.

II.B.3 Properties of the Esscher Transform Martingale Measure

This appendix contains the detailed proof of Corollary I1.2. As part of the proof of
Property (iii) in Corollary I1.2, we need to show that dp* /9 as defined in Proposition II.1

is positive. First, it is convenient to write

p*(IB) _ <1 + (1;]7)77— (77+ - 5)eﬁ(n_n+)>1 ]

(n—+B)n+
Then
op*
R (B)
— 2 (1*]7)777 eﬁ(”—*“-&-) b — k _ _ _
000 (o) ) (5 = ) (e = B) 0+ 8) = s =),

It is obvious that the first two factors are positive. The third one is negative since K < k4
and both n_ + 8 and ny — 8 are strictly positive due to 8 € (—n—,ny). It follows that
Op* /0B > 0 as claimed.

We next prove Property (v) in Corollary I1.2. Since A\* = My, (), where

Oy,(x) =E [exyl] ,

it is sufficient to show that there exists two parameter combinations for the AD-DE

distribution and a fixed value of 3, such that the sign of the moment generating function
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differs. One possibility to achieve this is to find two parameter combinations such that

the slope of the moment generating function at the origin changes. We have

9y1(0)2p</£++771+> +(1—p) (m_—1>.

Now consider p = 50.00% and 74 = n—. Then sgn (fy,(0)) = sgn (k4 — k_). Thus, for

K4+ > Kk, the slope is positive and vice versa.

II.C Appendix for Section 11.4
I1.C.1 Equilibrium Pricing Equation

This appendix contains the detailed proof of Lemma I1.5. Let M be a stochastic

discount factor process. Then the budget constraint is can be expressed as

00
t

To solve the constraint optimization problem, we construct the Lagrangian

L({Cu,0 <u<o0})=Ep [/too (e7"u(Cy) — AM,) dv

31&] + AVi M.

The first order condition for optimal consumption is then given by

oL

e {Cu,0<u<o0})=0 & e Py (CF) = AM,,

which has to hold for all v € [t,00). By the properties of the stochastic discount factor,
the time ¢t > 0 value of the payout stream ( is given by
1 o0
m(Q) = 3B [ | &]
1

- S [/too P (5) Cod

e— Pty

;

and Lemma I1.5 follows.
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II.C.2 Equilibrium Risk-Free Rate

This appendix contains the detailed proof of Proposition I1.3. A zero-coupon bond with
maturity in T > t has single payment of one unit of the consumption good at maturity
and no intermediate cash-flows. We thus have {; = A(T —t) where A(z) is the Dirac delta

function with the property

for any function f(x). Using the general valuation formula from Lemma II.5 in conjunction

;

with the iso-elastic utility function, we thus get

1 > v s—a
B(t,T) = e_Ptét_o‘EP [/t e "o, “A(T — v)dv

1 - —«
- e—pt(st—ocEP [e pT&T ‘%t]

= AT, {e—a(xT—x»

5.

To compute this expectation, we use that the increment X7 — X; is independent of §; and

has the same distribution under P as Xp_;. Thus,

Bt,T) = e PTUEp [emoXT]

= exp{(T — 1) (¢x, (ia) = p)} .
The corresponding yield is then given by

1

= p—x, (o).

We see that Assumption I1.6.(i) guarantees that the risk-free interest rate is strictly

positive.
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II.C.3 Equilibrium Stock Price

This appendix contains the detailed proof of Proposition II.4. Again using the general

valuation formula from Lemma I1.5 with {; = §; yields

1 o
pv sl—a
Sy = o ply @ s, - Ep [/t e Y5, “dv

)

= 5FEp [/too exp{—p(v—1)+ (1 —a) (X, — Xp)}dv

)

~ GEe [/too exp {—p(v— ) + (1 a)th}dv] .

We now need to interchange the integration and expectation. Since,

Ep He—p<v—t>+(1—a>xv7t

} - Fp [e—p(v—t)+(1—a)Xv7t}

= exp{(¥x, (i(a=1)) = p) (v = 1)}

< 1 Yo € [t, 00).

this is justified by the stochastic Fubini Theorem; see for example Theorem VI.65 in
Protter (2004), p. 207. The inequality follows from Assumption II.6.(ii), which ensures

that the exponent is strictly negative for v > ¢t. Thus,

S, = 4 / " exp {(x, (o — 1)) — ) (v — )} do
0t
(o 1))°

I1.C.4 Equilibrium Risk-Neutral Measure

This appendix contains the detailed proof of Proposition II1.5. From the proof of
Lemma I1.5, we have that M; oc e ?'/ (6;). Thus, the Radon-Nikodym derivative process
v (P,IP*) can be expressed as
yew' (0¢)

u’ (0o
— exp{(r — p)t — aXi}

= exp{—aX; —tx, (ia)},

v (P,P*) = e

~—

where the last equality uses the expression for the risk-free interest rate obtained in

Proposition I1.3. By Proposition 2.1.3 in Applebaum (2004), pp. 72-73, v (P,P*) is a
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strictly positive (P, F)-martingale with initial value vy (P,IP*) = 1. Thus, it constitutes a
valid Radon-Nikodym derivative process for an equivalent measure change; see for example

Chapter II1.8 in Protter (2004), pp. 131-143. Starting from the general valuation formula

m(C) = Ep[ OoéuMudu %t]
t

_ * oor(u—t) . Vu (B, F7)
e M N Dk

= FEp- { / e "¢, du &] .
t

In the last step, we apply the abstract Bayes rule to change the measure from P to P*; see

in Lemma IL.5, we then get

S

for example Lemma A.1.4 in Musiela and Rutkowski (2005), p. 615.

II.D Appendix for Section I1.5
II.D.1 Distribution of &€+ — ¢~

This appendix contains the detailed proof of Lemma II.7. First, remember that the

random variables £ and ¢~ are independent and have density functions
fer(@) =npe Yz > k), feo(2) =n_e Iz > k).
The density function of ¢+ — £~ is thus given by the convolution

+oo
feroe- (@) = / fer @) fe- (4 — 1)y

= /OO 77+77,e_(77++”*)(y_“)+’7*5‘dy

max{r,z+r}

= M (@71{z < 0} + e 1{z > 0} + 1{z = 0}) .
N + 17—

Next,

+o00 [e'e)
P{ct>e) — / fe- () / fer (y)dyda

— / ne—n(w—n)/ npe Ry
_ /mne—(n++n)<w—n)dy

=
N+ +1-
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This yields the conditional density

fer—g-jgr>e-(x) = npe” Tz = 0}

= fer(z+ k).

Similarly, we have

Plerse} = 1Bl e )=

with corresponding conditional density

fer—e-jer<e-(2) = n-e""1{z <0}

= fe-(—2+K))).

In summary, we can decompose the distribution of £ — £~ into

B &t — Kk with probability n—/ (n4 +n-)
EF—¢ ~ :
—& + k  with probability ny/ (n4+ +n-)

II.D.2 Distribution of A(n,m) I

This appendix contains the detailed proof of Lemma II.8. We first apply Lemma II1.7

to decompose the distribution of
An,m) =An—1,m—-1)+ &5 — €.
as

Aln—1,m—1)+ & —k  with probability n_/ (n4+ +n-)

A(n,m) ~
An—1,m—1) =&, + r with probability 4/ (ny +n-)
A(n,m — 1) — k with probability n_/ (ny +n_)
A(n —1,m) + x with probability 04/ (n+ +n-)

We can iteratively repeat this step until we are left with an expression of the form A(k,0)

or A(0,1) plus a deterministic term which is some multiple of the displacement term .
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A(0,5) Ko m et 1

no. of down jumps

A(0,1) B

A(1,0) A(3,0) A(7,0)
no. of up jumps
Figure I1.11: Sample path of the random walk starting at A(7,5) and moving
left four and down five steps to stop at A(3,0). The thick dotted lines represent
the boundary of the domain on which the random walk lives. The dashed lines

correspond to the parts of the boundary on which the random walk is stopped.

We use the same combinatorial proof as the one given for Lemma B.1 in Kou (2002), pp.
1098-1099. Consider the number of £ and £~ in the sums to be the position of a random
walk on an integer lattice starting at {n,m} in the first quadrant and stopping once it
hits either of the two axes. Each step reduces the number of either £ or £~ in the sums
by one and thus corresponds to moving either left or down in the lattice. Consequently,
only the nodes {k,0} ({0,1}) for k = 1,2,...,n (Il = 1,2,...,m) can be reached on the
x-axis (y-axis). In particular, the node {0,0} can never be reached. Immediately before
hitting the node {k,0} ({0,1}), the random walk has to be at {k,1} ({1,/}) and then take
a down (left) step. It has to take a total of n —k (n—1) left and m —1 (m — 1) down steps
to get from {n,m} to {k,1} ({1,1}). There are ("fnt"f*l) ((n?li"f*l)) such paths.
By the previous result, the probabilities of a left and down step are 1/ (n4+ +n-) and
n—/ (ny + n-), respectively. The factor multiplying x is equal to the difference between
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the number of left- and down-steps taken. Thus

A(k,0) + (n — k —m)k with probability p(n, k)
fork=1,2,...,n

A(n,m) ~ )

A(0,1) + (n —m + 1)k with probability ¢(n,!)

forl=1,2,....,m

where

o - () () )
P = m—1 N 41— nt+n-)

N n—1+m-—1 " _ m=l
i) = )G i)
n—1 Nt 41— Nt =+ 1
Figure II.11 illustrates the domain and a sample path of the random walk starting at

A(7,5) and stopping at A(3,0).

II.D.3 Distribution of A(n,m) II

This appendix contains the detailed proof of Lemma II1.8*. Using Lemma IL.7* we

can decompose the distribution of
A(n,m)=An—1,m—1)+ & — &, 4 2a
as

A(n,m —1) 4+ a—r with probability n_/ (n4+ + n-)
A(n,m) ~

A(n —1,m)+ a+r with probability ny/ (n+ + n-)

We again iteratively repeat this step until we are left with an expression of the form A(k,0)
or A(0,7). The term multiplying « is equal to the total number of iteration steps taken,

which are given by n — k + m and n + m — [ respectively.

I1.D.4 Jump-Diffusion Upper Tail Probability

This appendix contains the detailed proof of Theorem II.1. We start by expression the

upper tail probability of the jump-diffusion process X as a probability weighted sum over
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the tail probabilities conditional on a fixed total number of jumps, that is

n=0

Using Proposition I1.6* and Lemma I1.9, we can express the summands in terms of I,,-

functions as

= PN, =0}P{Z(,0) >} + > P{N,=n} (]P’{Zt (€F,n) > 2} p(n,n)

+P{Z; (=¢",n) > 2} p(0,n)
n—1 n—

+Z(ZIP’{Zt (€ k — K)o+ (2 —n— k) > 2} pli, n)pli,n — i, k)
k=1 i=k

+ 3 P{Z (—6 k) + (n— k)a + (20 — n + k)x > o} pli, )i, n — zk:)))
=1

We can merge the inner two summations by changing the order of summation which

corresponds to replacing ¢ by n — ¢ in the second sum and get

= PN, = 0}P{Z(.0) >z} + > P{N, = n} (P{Zt (€7,n) > 2} p(n,n)

P {Z (~¢",n) > 2} p(0,n)

n—1n—1

+D > (P{Z (T k —k)a+ (2i —n —k)x >z} pli,n)p(i,n — i, k)

k=1 i=k

A P{Z (—€7 k) + (n— k)a— (2 —n— k)k > x}ﬁ(n—i,n)(j(n—i,i,kz))).

Also, note that the &7 (—£7) are not standard (negative) exponential random variables.

To make this explicit such that Lemma I1.9 can be directly applied, we write

= P{Ny=0}P{Z(.,0) > z}
—i—ZIP’{Nt =n} (P{Zt (€" = kg n) + neg >} p(n,n)
n=1

+P{Z; (—¢ — k—,n) +nk_ >z} p(0,n)

n—1n—1

—}—ZZ (P{Zt — ki, k) Hikg + (n—i)s_ >} pli,n)p(i,n — i, k)

k=1 i=k

—l—IP’{Zt (—5_ - m,,k) +(n—i)ky +ik_ > x}ﬁ(n —i,n)j(n — z,z,k)))

Here, we also substituted for @ = (k4 +£_) /2 and k = (k4 — k) /2.
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II.D.5 Truncation Error

This appendix contains the detailed proof of Lemma I1.10. When truncating the

infinite summation at nyax, the truncation error is given by

Y PN, =n}P{Z,(Vi,n) =z} < > P{N,=n}

N=Nmax+1 N=Nmax+1

= IP){J\ft anax+1}a

where we use that the second term in the summand takes values in [0,1]. The last
expression is equivalent to the probability that the (n,,q, + 1)-th jump occurs before time
t. Since the time of the n-th jump follows a gamma distribution, see for example Section

2.5 in Cont and Tankov (2004), pp. 44-55, we obtain

A

t
P{Nt > Nmax + 1} = ] / ()\u)”m‘”‘e_)‘“du
0

Nmax-

1 At
= ' / p"tmaxeTVdy
Nmax- 0

v (Nmax + 1, At)

|
Nmax-

I1.D.6 European Plain Vanilla Call Options on Spot Assets

This appendix contains the detailed proof of Proposition II.7. By the risk-neutral

pricing formula, see for example Proposition 9.1 in Cont and Tankov (2004), we have

s

Here, we assume that P* is a risk-neutral probability measure as defined in Section I1.3

Cr
= BiEp+ | —
Cy tJP[BT

such that the discounted asset price S;/B; is a (P*,F)-martingale. Expanding the payoff

function yields
C; = BEp+ L‘ZTl {S1 > K}‘ &] — B(t,T)KP*{Sr > K| &}, (I1.4)
T

where B(t,T) = B;/Br is the time ¢ > 0 price of a zero coupon with maturity in 7' > ¢ and

a unit notional value. The second expression can be readily computed using Theorem II.1.
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We have

P*{Sr > K|§:} = P {Se’" % >K|§}

= P*{X, >In(K/S))}
K
= A <1Il <S> §Ta’Y*a0', A*ap*vnianiaﬁJﬂ’%) .
t

where the second equality is a consequence of the Markov property of X. Here, all

parameters are specified under the risk-neutral probability measure. In particular,

1 *

To compute the first expression, we change the numéraire from B to S. To this end, we

define a new probability measure P° equivalent to P* on [0, 7] by

dPS  SpBy
dP*  SoBr-
Nops
= exps (Y —=r)T" +oWp. + Z Y; P*-a.s..
i=1

The corresponding the Radon-Nikodym  derivative process v (IP*, P ) =
{v, (P*,P5) : t € [0,T*]} is given by

dp® Si By
P* P%) = =
v (BT B7) = e | B SoB;
Ny
= exp {(fy* —r)t+oW; + Z YZ} P*-a.s.
i=1

We recognize this expression as an Esscher transform of the risk process X with transform
parameter 8 = 1 and P* taking the role of the prior probability measure. From
Proposition II.1, it then immediately follows that X is an AD-DE jump-diffusion process

under the new probability measure P° with parameters

7=y
2 = x (T - B )
[/ n-
) = ponfe e O e > w}+ (1-p%) e 1 o <k},
A*n*
S * + Ky
= —QF e N
p e
o= LTl
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Using the abstract Bayes rule, see for example Lemma A.1.4 in Musiela and Rutkowski

(2005), p. 615, the first expression in Equation I1.4 becomes

St By
S Br

vr (P*,P9)
V¢ (IP)*, ]P)S)

= SP¥{Sr>K|F:}.

S
BiEp- [l;;l{ST>K}‘3’t] = StEP*[ 1{ST>K}’&}

= StE[P’*

1{Sr > K}‘St]

Again using Theorem II.1 yields

K
PS {ST Z K|‘St} =A (111 <St> T7'.)/Sao-7 )‘Svpsvniﬂns7ﬁ+7ﬁ—> .

II.D.7 Sensitivities of European Plain Vanilla Options

This appendix contains the detailed proof of Corollary I1.4. Similar to Rothschild and
Stiglitz (1970), we define the returns of a price process S = {St(Q) :t€[0,T%] } to be
riskier under P* than those of another asset price process S(!) = {St(l) 1t € [0,T%] } if

St(Z) Sgl)

—— ~p=

— 3 Ets
SéQ) S(()l)

where &; is an non-trivial random variable with Ep« [ & St(l)] =1 for all S’t(l). Assume

w.l.o.g. that the jump intensities of these two assets are given by A1) < X\*2)_ Then

S~ s exp {2V},

St(2) ~p S[()?) exp {Zt(l) + Zt(z)} ,

where

1 .
2 = (v gt X0 (G -1) e .
=1
N&®
2 * % * . 2
2 = - (3 -3 ) (G000 -1 ) e+ >,

Here, N = {Nt(l) 1t € [0,7%]} and N® = {Nt(z) : t € [0,7%] } are independent

Poisson processes under P* with intensities \*(1) and ()\*’(2) —)\*’(1)) respectively. Similarly,
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) e and ()

;jen are sequences of i.i.d. random variables that are further also
independent of each other and the two Poisson processes. This decomposition rests on the
additivity of the jump intensity of two independent compound Poisson processes with the
same jump size distribution. Now let ¢, = exp {Zt(2)}. Then Ep« [ e St(l)] =1 due to the
independence of St(l) and Zt(Q) and the martingale property of the exponential of Zt(2); see

Section I1.3.1.

II.D.8 European Plain Vanilla Call Options on Forwards

This appendix contains the detailed proof of Corollary I1.5. We first need to compute
the dynamics of the forward contract on the asset S. By Lemma 9.6.1 in Musiela and

Rutkowski (2005), p. 374, we have

Fs(t,U) = B0

and thus

AFs(t,U) = Fs(t, U) (Cft - rdt> .
t

These dynamics imply that Fs(-,U) a (P*,[F)-martingale, such that its logarithm has the

drift v* — r. All remaining parameters are identical to those of the process X. We get

Cy= B(;g,tU)EP* [ST1{Fs(T,U) > K}|3:| — B(t,T)KP*{ Fs(T,U) > K|§:} .

All remaining steps are fully analogous to I1.D.6. In particular,

* K * x k% *
P {Fs(T,U) ZK|3',§}:A<1D (w) 3T —T’,O’,)\ vy 777+a77—7/<‘+a"</>

and

By
B(T,U)

Ep- [S71{Fs(T,U) > K}|§] = B(t, T)Fs(t,U)P* { Fs(T,U) > K|3:},
where

K
PS{FS(Ty U) > K|3"t} =A (hl <Fs(tU)> §7'7’Ys -no, Asvpsmf,nsmhﬂ—)
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II.LE Appendix for Section I1.6

II.E.1 Characteristic Function of Y; under P

This appendix contains the detailed proof of Lemma I1.13. The characteristic function

oy, (w) of the sequence of random variables Y; is given by

6€+ o e4+—1 _— —iw)x K
oy, (w) = Pﬁ /I;-'r (z—£K4)"" Fem(Ormilztoin g
5 - e——1 (d—+iw)z—0_r_
+(1_p)f‘(5_—1)/_oo (k- —x) € da
Be N s (B — i) [ ot (o))
_ iwky \Y+ — ) _ w)(z—r+)q
P <5+ - iw) e T -1 ), (x — Kk4) e x

= o (0 Fiw)T e e-—1 (6—+iw)(z—r-_)
+(1—p) (5_+1w> (& P(g_,'_—l)/_voo (H_—.'L') (] d.ﬁU

Now consider the integral

“ / (@ k) e g,
€4+ — K

+

If w € C was a strictly complex number with PRe(w) = 0, then the integrand would be
real valued and we would recognize this expression as an integral over the full support of
the displaced gamma distribution. It would thus evaluate to one. However, the transform
parameter w € R is a real number and thus this argument cannot be directly employed.
Instead, we can make a change of variables by setting y = x — k4 and then expand the

complex part of the exponent as a Taylor series around w = 0 to obtain

_ (5+_iw) /OO er—1 —(0+—iw)y
S TeE-on Y W

B 5+—1w +/
N €+—1)

o0
_ 5+—1w +Z n/ o1 5+ydy

[(ey —1)

€+—1 —5+ydy

B (5+—1w+§: w)"T'(ex —14n)

[ey —1) g
nn 1
(5+—1w> Z 1w/5+ H(—s—_l"‘i)

= =0
= 1.
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Here, we used the integrand in the third equality is, after normalization, the PDF of a

I' (e4,d4+) gamma random variable. The last equality follows from

1=0

which shows that the sum is a Taylor series expansion of the reciprocal of the first term
around w = 0. Similarly, we can show through analogous computations that the second
integral in the equation for ¢y, (w) evaluates to one as well. Consequently,

1= () v ()

oy —iw 0_ +iw

The above proof can be substantially simplified by using the known characteristic function
of gamma random variables as well as elementary properties of the Fourier transform.
First, since the random variable (* — k; ~ T'(ey,d,) has gamma distribution, its
characteristic function ¢¢+_,, (w) is given by

b= (522)

5+—iw

Now, by the translation property of the Fourier transform, see for example Theorem 4.1.10
in Gut (2005), the characteristic function ¢¢, (w) of (4 is given by
+oco
bc, (W) = / e fer (r)dx

—00

+o00

= / eimjfﬁ_,€+ (r — ky)dx
—0o0
iwn+'

= ¢C+7R+ (w)e

A similar result holds for the lower tail, where we first find the characteristic function of

¢~ + r_ and then use that the characteristic function is Hermitian, that is ¢_.- (w) =

¢¢- (—w) = ¢¢-(w); see for example Theorem 2.1.1 in Lukacs (1970), p. 15.

II.LF Appendix for Section II.7
II.F.1 Probability Density Approximation

This appendix contains the detailed proof of Lemma I1.16. Gil-Pelaez (1951) develops

a general inversion theorem for characteristic functions that allows to express the upper
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tail probability as
1 1 > 1 —iwz iwx

For computational purposes, it is convenient to have a real-valued integrand. By Theorem
2.1.1 in Lukacs (1970), p. 15, the characteristic function is Hermitian, that is ¢x,(—w) =

¢x,(w). Thus,

1>/ 1 T
— —e ox, (W) + —e Wy, (w) | dw
0 1w

1w

1 [ 1 .
- Re | —e v d
+ /0 e < e ox, (w)) w

+
B
3

T 1w
1 ooN 1 —iwx

+ = Jm [ —e oy, (w) | dw.
m™Jo w

The former expression can be found in Heston (1993), while the latter one is given in Bates

NI~ N~ N =

(1996b). Differentiating with respect to x then yields

P{X; edz} = 1 /OO Re (e_i”ngxt(w)) dwdx
0

™

o0
= / 3m(ie_i“’w¢xt(w))dwdx.
T Jo

Next note that, due to the linearity of the integral,

1 /Ooo Re (e o, (w)) dw = %Eﬁe (/000 e Wy, (w)dw) .

™

We now approximate the integral by first truncating its upper limit of integration at some
level wy—1 = (IV — 1)Aw and then approximating the resulting definite integral through

Gaussian quadrature

o) . WN -1 )
/ e oy, (w)dw = / e “ox, (w)dw + e(N, Aw)
0 0
N-1

~ 3w e ().

Jj=0

N-1
J=0

Here, w = (wj)évzgl are the integration weights for the N sample points w = (w;)
in the frequency domain which are spaced Aw apart. The values of w; depend on the
concrete choice of the numerical integration method used. We implement the Simpson
rule and thus have
Aw/3 ifje{0,N -1}
wj = 4Aw/3 if j/2€N

2Aw/3 otherwise
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.. . . . . N—1
Our aim is now to compute the above approximation simultaneously for a grid & = (xj)j:()

of returns. When choosing N to be a power of two and using the same number of points in
the spatial and frequency domain, this can be efficiently accomplished through the FFT.

We start by constructing an equidistant grid centered around zero by

(N -1)Azx

Tp = xo + nAwx, To= — 5

Substituting back into the discrete approximation and using that w; = jAw yields

N-1
1 iy .
fo(an) = —Se| Y wjeVAEmADgy (jAw)
j=0
1 N-1
— ;%2 e—lewnAngj ’
7=0

where
g; = wje TEUT0G (jAw).

Here, the values g = (gj)j.v:_ol have been chosen such that they do not depend on n. Now,

1

the inverse discrete Fourier transform of the vector f = ( fj)jv:  corresponding to the

convention used in this chapter is given by

_ —1rg _ iN_l —27ijn/N ¢
fo= (O7HFY) =5 D fi-
j=0

n

By comparing the exponents, we obtain

27 27
AwAzr = — Az = .
war=y < = NAw

Consequently,

Fx. (ea) = S8 (07 {g}) ..

I1.G Appendix for Section II.8

This appendix hold the detailed estimation results for Section II.8.
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Table I1.4: Summary statistics for the full data set used in the empirical analysis. Daily logarithmic returns are
calculated on a close-to-close basis for the time span from January 1, 1982 to December 31, 2011. Means and standard

deviations are annualized assuming 252 trading days per year.

Asset Bloomberg N Mean Stand. Skew  Excess Min. Max.
Ticker Dev. Kurt.

DAX 30 DAX 7,566 8.24% 22.48%  -0.30 6.22 -13.711%  10.80%
Dow Jones Industrial INDU 7,568 8.75% 18.27%  -1.58 39.48 -25.63%  10.51%
Hang Seng HSI 7,418 8.81% 28.45%  -2.07 46.35 -40.54%  17.25%
MSCI World MXWO 7,822 6.73% 14.64%  -0.53 11.29 -10.36% 9.10%
NASDAQ Composite CCMP 7,569 8.62% 22.30%  -0.24 8.26 -12.05%  13.25%
Nikkei 225 NKY 7,387 0.31% 22.55%  -0.30 8.83 -16.14%  13.23%
S&P 500 SPX 7,569 7.75% 18.61%  -1.21 26.89 -22.90%  10.96%
TOPIX TPX 7,387 0.82% 20.12%  -0.36 9.94 -15.81%  12.86%
S&P GSCI SPGSCIP 7,571 2.28% 20.04%  -0.64 9.87 -18.45% 7.53%
S&P GSCI Agriculture SPGSAGP 7,573  -4.06%  17.26%  -0.11 3.51 -7.48% 7.16%
S&P GSCI Industrial Metals SPGSINP 7,574 3.85% 23.05%  -0.22 4.02 -12.52% 8.40%
S&P GSCI Precious Metals SPGSPMP 7,573 0.07% 18.28%  -0.15 5.71 -8.25% 8.76%
EUR/USD EURUSD 7,689 0.50% 10.40% 0.05 1.96 -3.38% 4.72%
GBP/USD GBPUSD 7,825  -0.67%  10.03%  -0.07 3.05 -4.13% 4.59%
USD/JPY USDJPY 7,825  -3.38%  10.75%  -0.36 5.04 -6.95% 5.50%
Silver XAG 7,707 4.05% 29.90%  -0.68 8.49 -20.39%  13.18%

Gold XAU 7,693 4.51% 17.32%  -0.11 9.51 -12.90%  10.48%
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i:” AD-DE

estimates. Black superscripts
indicate a lack of significance m:a are used to highlight the parameters that are tested. iE

— kAD-DE _ ( and im ). swo DE

*** k%

+

Table I1.6: AD-DE model ML estimation hypothesis tests for equity indices based on daily logarithmic returns over
the time span from January 1, 1982 to December 31, 2011. The p-values are given in parenthesis below the parameter

, and * denote significance at 1%, 5%, and 10%, respectively. Gray superscript
AD-DE 4  AD-DE _ ()

— nAP-DE — () are evaluated based on a Wald test. ig . gAD-DE _

oDE — o+ \I@ : Eu-om _ @Um -0, \Im v . \AD-DE _ \DE _ 0, \IQV >U-Um o f — 0 and \IA ). : Eu DE _ ,DE _
are evaluated U@mm& on a likelihood ratio test.
Asset DAX 30 Dow Jones Hang Seng MSCI World NASDAQ Nikkei 225 S&P 500 TOPIX
Industrial Composite
HY —0.28%%F*  40.28%%F*  —0.10%%F*  40.22%%F*  —0.28%%F*  —0.35%%*F  4£0.03%FFF 0,200 %**
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
\l%v I TT _kkk _kkk _kkk ko kKK _kkk _kkk
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
e —2.35%FF  117.99%k* +15.95%%%  114,16%%* —5.23%% +6.397% % +13.72%F%  114,13%%%
(68.04%) (0.00%) (0.00%) (25.18%) (38.73%) (38.13%) (0.03%) (11.15%)
HY 40.03%FFF  40.02%FFF  40.00%FFF  40.03%FFF  40.04%FFF  40.19%FFF  40.00%FFF  40.07%F
(96.57%) (95.93%) (99.42%) (91.88%) (88.65%) (78.17%) (99.55%) (90.84%)
\I%v —25.74%%* —25.33%%* —4.,74*** —24.04%%* —37.22%%* —84.38%** —4.42%** —52.83%**
(15.57%) (23.30%) (81.53%) (11.86%) (0.63%) (1.74%) (85.45%) (13.40%)
HE  4BAB%TE TTO%FFF L1620 FF  —TTANKFE 4B.ETHRRF 410.12%%FF  —0.95%FFF  48.00%%F*
(27.31%) (5.30%) (70.15%) (6.57%) (2.54%) (0.40%) (79.44%) (5.57%)
" —0.05% +0.08% —0.00% % 40.227%% —0.07% — 0,57 +0.00%** —0.23%%*
(99.59%) (99.34%) (100.00%) (98.42%) (98.86%) (94.97%) (100.00%) (98.47%)
Y 40.06% —0.06%%* —0.00% % —0.13%% 0.08% % 40,497 40.00%** +0.33%5
(99.31%) (99.40%) (100.00%) (98.90%) (98.67%) (94.48%) (100.00%) (96.90%)
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Table I1.8: AD-DE model ML estimation hypothesis tests for commodity indices based on daily logarithmic returns over
the time span from January 1, 1982 to December 31, 2011. The p-values are given in parenthesis below the parameter
estimates. Black superscripts *** ** and * denote significance at 1%, 5%, and 10%, respectively. Gray superscript

indicate a lack of significance and are used to highlight the parameters that are tested. imc : zwo-_um + xAD-DE —

i%v : kAD-DE — AD-DE — ( and \l%v : swo-om — nAP-DE — () are evaluated based on a Wald test. i%v : gAD-DE _

K
oDE — oL” i%v . pAD-DE _ ,DE _ i%v . AAD-DE _ \DE _ ) i%v : :uwo-_um _ zmm — 0 and \I%v . pAD-DE _ ;DE _ ()
are evaluated based on a likelihood ratio test.
Asset S&P GSCI S&P GSCI S&P GSCI S&P GSCI
Agriculture Industrial Metals  Precious Metals
" +0.81%*** +1.02%***  —0.85%%** +0.06%***
(0.00%) (0.00%) (0.00%) (0.00%)
\I%v —% % % — ok — % % —FH*
(0.01%) (0.00%) (0.00%) (0.00%)
HP +43.92%%* +28.26%** +18.31%%* +51.15%%*
(0.00%) (3.66%) (2.70%) (0.00%)
1Y 40.59%% +0.63%* % 40.38%F* +0.01%***
(27.82%) (9.94%) (53.36%) (99.10%)
1P —113.50%%* —79.TGH*¥ —62.27% % —46.28%%*
(0.01%) (0.00%) (2.73%) (13.12%)
1O _25.24%%%F  _27.08%%%*F  416.14%%** — 3,21 %% *
(0.00%) (0.00%) (0.01%) (20.66%)
H" +11.60%%* +12.42%5% —1.56% % 40.047*
(25.92%) (31.39%) (87.54%) (99.66%)
HY —2.14%% — 4,97 +2.38% 5 —0.007%
(79.96%) (64.82%) (72.26%) (100.00%)
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Table I1.10: AD-DE model ML estimation hypothesis tests for FX and precious metals based on daily logarithmic
returns over the time span from January 1, 1982 to December 31, 2011. The p-values are given in parenthesis below
the parameter estimates. Black superscripts *** ** and * denote significance at 1%, 5%, and 10%, respectively.

Gray superscript indicate a lack of significance and are used to highlight the parameters that are tested. H

- - - - 3 -
zwcom._.mwoomnovi ”zwoumlzwuomnoﬁaiwv ”ﬁwoom

(2)
0

test. i%v . gAD-DE _ DE _ H,
i%v : pAP-DE _ 5DE — () are evaluated based on a likelihood ratio test.

) .

0

— 3|
AD-DE __ pPE — 0, i@ . \AD-DE _ \DE

AD-DE

= 0 are evaluated based on a Wald
=0, imd : :wobm — :wm =0 and

Asset ~ EUR/USD GBP/USD USD/JPY Silver Gold

H +0.05%*%%  40.12%%¥%F  40.06%**F  40.25%FFF  40.19%***
(0.00%) (0.00%) (0.00%) (0.01%) (0.00%)

\I%v _ kkk _ kkk ko ko _ kekok
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%)

H® —25.65% %+ F64.62%%F  L70.59%KF  L27.21%k% |28 7gRkx
(16.27%) (0.04%) (0.00%) (0.00%) (0.02%)

Y +0.02%F%F  40.07%*F*  40.02%FFF  +0.05%FFF  +0.09%**
(97.74%) (88.96%) (97.99%) (94.02%) (86.03%)

H) —125.99%FF  _135.74%FF  _60.07FFF  —4B.75FFE 84 54%%
(37.40%) (8.11%) (27.88%) (6.94%) (1.18%)

#H® —BTTHFFF —11.04%FRF 5420 FF  _6.68%FKF 89T FH*
(55.54%) (1.73%) (29.08%) (2.83%) (0.03%)

H 40.16% %+ +1.65% %+ 40.20% +0.07" 40.90%*
(99.64%) (95.53%) (99.46%) (99.13%) (91.82%)

e —0.027 % —0.38%%*% —0.05%% —0.027% —0.13%%
(100.00%) (98.81%) (99.80%) (99.63%) (98.79%)
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Table I1.11: Detailed Estimation Results for the NASDAQ Composite based on
daily logarithmic returns over the time span from January 1, 1982 to December
31, 2011. The parameters for models (1) through (3) are obtained from ML

estimation. The parameters of model (4) are fixed using the approach proposed

in Detering et al. (2013). When applicable, the standard errors are given in

parenthesis below the parameter estimates. Black superscripts *** ** and *

denote significance at 1%, 5%, and 10%, respectively, for the displacements terms

k+ and k_. Gray superscript indicate a lack of significance and are used to

highlight the parameters that are tested.

Asset NASDAQ NASDAQ NASDAQ NASDAQ
Composite Composite Composite Composite
Model (1) AD-DE (2) D-DE (3) DE (4) DE
o 8.58% 8.54% 8.54% 18.10%
(0.29%) (0.25%) (0.24%)
A 175.55 198.18 212.77 5.04
(11.18) (11.81) (12.73)
p 43.74% 38.15% 38.07% 50.00%
(2.29%) (1.70%) (1.35%)
I 99.05 99.13 99.13 62.32
(5.13) (4.36) (4.12)
n— 104.28 104.20 104.20 64.70
(4.54) (4.22) (3.94)
Ky +0.05%*** +0.07%*** — +4.01%
(0.00%) (0.00%)
K —0.28%*** — —
(0.02%)
L 22,755.20 22.755.20 22,755.20 22,317.54
N 7,569 7,569 7,569 7,569
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Table I1.12: Detailed Estimation Results for the S&P GSCI Agriculture based on
daily logarithmic returns over the time span from January 1, 1982 to December
31, 2011. The parameters for both models (1) through (2) are obtained from ML

estimation. When applicable, the standard errors are given in parenthesis below

the parameter estimates. Black superscripts

kkk o kk
)

, and * denote significance

at 1%, 5%, and 10%, respectively, for the displacements terms x4 and x_. Gray

superscript indicate a lack of significance and are used to highlight the parameters

that are tested.

Asset S&P GSCI S&P GSCI

Agriculture Agriculture

Model (1) AD-DG (2) AD-DE
o 11.45% 11.43%
(0.28%) (0.27%)
A 80.08 86.10
(9.71) (9.72)
p 34.33% 26.71%
(1.37%) (1.65%)
£4 4 _

(=)
[ 1 -
(=)

04 /1y 264.04 153.31
(14.21) (14.46)
Oy /n- 124.48 125.05
(8.41) (7.46)

Ky +0.00%***%  41.08%%**
(0.00%) (0.06%)

K_ —0.20%*** —0.06%***
(0.00%) (0.00%)
N 7,573 7,573
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II.LH Glossary of Notation

O

{4}

PA-a.s.
AD-DE
AD-DG
B(t,T)

ETMM

St
FFT

GMM

iid.
Jm(x)
IVS

R+

AA

end of a proof

end of a definition

Hadamard element-wise product

indicator of the set A

Sharpe ratio; midpoint between the displacements k4

almost surely under P4

asymmetric displaced double exponential

asymmetric displaced double gamma

zero-coupon bond value

Esscher transform parameter

i-th cumulant of the random variable X

discrete forward Fourier transform

discrete inverse Fourier transform

upper/lower tail decay of the double gamma density under P4
Dirac delta function

double exponential

expectation under P4

upper/lower shape parameter of the double gamma density
upper/lower tail decay of the double exponential density under PA
Esscher transform martingale measure

sigma algebra

filtration at time ¢t

fast Fourier transform

generalized method of moments

imaginary unit

independent and identically distributed

imaginary part of the complex number x

implied volatility smile/surface

strike price

positive /negative displacement of the double exponential/gamma

jump intensity under P4

111



PDF

infinitesimal generator of X under P4

stochastic discount factor process

maximum likelihood

P-null sets

one-dimensional Poisson process under P4

Lévy measure of the process X

Radon-Nikodym derivative process between P4 and P5
probability space

probability of an upwards jump under P4

physical /real-world probability measure

bank account martingale measure/risk-neutral probability measure
asset price martingale measure

probability density function

characteristic function of the random variable X under P4
cumulant generating function of the random variable X under P4
continuously compounded risk-free interest rate

real part of the complex number x

subjective rate of time preference

asset price process

symmetric displaced double exponential

diffusion coefficient

maturity date

terminal time

current time-to-maturity

utility of consumption

wealth process

standard one-dimensional Brownian motion under P4
without loss of generality

logarithmic return process

instantaneous payout process of a contingent claim
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Chapter 111

Volatility Smile-Adjusted Closed-Form
Pricing and Risk Management of
Barrier Options

We propose an approach to valuation and risk management of deferred start
barrier options within the Black and Scholes (1973) framework. We provide
closed-form solutions which are functions of the implied volatility smile. Our
barrier options are contingent claims on two perfectly correlated assets that
diffuse with different volatilities. While the terminal payoff is a function of
one of the assets, the barrier trigger is determined by the path of the other.
To mitigate the dynamic hedging problems associated with large discontinuous
sensitivities, we suggest the application of an additional exponential bending of
the barrier close to maturity. In contrast to existing approaches we explicitly
take the time-dependence of the risk exposure into account. By generalizing
the method of images, we obtain closed-form solutions for both deferred start

piecewise exponential barrier options and associated rebates.

Keywords: barrier option, volatility smile, two volatility, barrier bending,

method of images, closed-form solution

JEL Classification: G13
MS Classification (2010): 35K20, 60G51
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II1.1 Introduction

Vanilla barrier options belong to the class of first generation exotic options. However,
due to their widespread use, they are now mostly regarded as flow derivatives. Besides
American plain vanilla options, barrier options are amongst the fundamental types of
weakly path-dependent contingent claims. They are also one of the first contract types to
be traded in the United States market, even before the Chicago Board Options Exchange
(CBOE) opened in 1973; see Chapter 10.1 in Zhang (1998), pp. 232-233. A barrier
option has a terminal payoff equal to that of a plain vanilla option in case it expires
active. A knock-in (knock-out) barrier option is initially inactive (active) and is activated
(deactivated) once the underlying asset price breaches a predefined barrier level for the
first time after the contract’s inception, the so-called trigger event. Depending on whether
the asset price breaches the barrier from below or above, these contracts are referred to
as up- or down-barrier options. Both knock-in and knock-out barrier options might have
a cash rebate at maturity in case they expire inactive. Knock-out barrier options might
alternatively have a cash rebate that is paid immediately upon the trigger event. A further
distinction is made between conventional and reverse barrier options. While the barrier
of conventional barrier options lies in the out-of-the-money region, reverse barrier options

knock-in or -out when in-the-money.

The popularity of barrier options stems from them offering the possibility to take
directional positions on more specific market views. Compared to the otherwise identical
plain vanilla option, a barrier option is always strictly cheaper. Many structured equity,
foreign exchange and commodity products implicitly contain positions in barrier options.
These contracts are both held in the portfolios of institutional investors and are actively

traded, for example, in the European markets for retail derivatives.

Just like American plain vanilla options, most common types of barrier options exhibit
a weak path-dependence and are thus solutions to the Black and Scholes (1973) partial
differential equation (PDE) subject to appropriate terminal and boundary conditions. One
counterexample are Asian barrier options. Unlike for American options, there is no free

boundary, which greatly simplifies the valuation problem.
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IT1.1.1 Literature Review

By solving for the price of a down & out put call option, Merton (1973) obtains the
first explicit solutions for barrier options within the Black and Scholes (1973) framework.
He transforms the terminal boundary value problem for the Black and Scholes (1973) PDE
into a corresponding problem for the heat equation which has a well-known solution. In
Chapter 7.4, pp. 408412, Cox and Rubinstein (1985) give the valuation function for down
& out call and put options on non-dividend paying stocks with a rebate paid at maturity.
They also mention the possibility to extend these results to barriers and rebates which are
exponential and mixed linear-exponential functions of the time-to-maturity respectively.
Reiner and Rubinstein (1991b) obtain analytical solutions for all eight types of vanilla
barrier options on dividend paying stocks as well as the associated rebates paid at expiry.
They explicitly evaluate the corresponding conditional expectations under the risk-neutral
probability measure. Rich (1994) details the steps involved in their derivation using the
probabilistic approach. The author also derives the first passage time probability density
function (PDF) as well as the joint PDF of the terminal underlying asset price and its

running minimum or maximum as auxiliary results.

As a result of the Feynman-Kac formula, most contingent claim pricing problems can
be equally approached probabilistically or through PDE methods. Buchen (2001b) shows
how the method of images for the Black and Scholes (1973) PDE can be used to solve
a large class of initial boundary value problems; see also Chapter 12 in Wilmott et al.
(1995), pp. 206-232. Similar to Merton (1973), the author implicitly applies a coordinate
change and then exploits symmetry relationships of the heat equation. The virtue of his
approach is that he defines an image operator that can be directly applied to the solution
of a related full-range problem to obtain the valuation function for vanilla barrier options.
It is thus not necessary to carry out the change of variables explicitly. The fundamental
building blocks in these valuation functions are often (higher-order) binary options; see
Ingersoll (2000) and Buchen (2004). Skipper and Buchen (2003) generalize most previous
results on binary options by considering a power payoff in a multi-period and multi-asset

setting.

A closely related strand of the literature is concerned with the pricing of exotic barrier
options. These contracts have been developed to accommodate the demand for payoff
structures that fit even more refined market views. The following overview is by no means

exhaustive. Cox and Rubinstein (1985) already mention the possibility to price barrier
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options with exponential boundaries. Omberg (1987) approximates the optimal exercise
boundary for American put options through an exponential function of time. He then
values them as down & out barrier options with an immediate rebate equal to the intrinsic

value upon the trigger event.

Kunitomo and Tkeda (1992) obtain a valuation formula for double barrier options with
curved boundaries. For these contracts, the trigger event corresponds to the first hitting
time of either the upper or the lower barrier. They compute the PDF for staying between
the two boundaries and their solution takes the form of a rapidly converging sum of
an infinite series. Hui (1996) also considers double knock-out binary options and solves
the corresponding boundary value problem for the heat equation using Fourier series.
Geman and Yor (1996) derive the Laplace transform of the option price with respect to
its maturity date and then numerically invert this expression. Pelsser (2000) analytically
inverts the Laplace transform of the PDFs and prices a wide variety of double barrier
options. Buchen and Konstandatos (2009) reproduce the results by Kunitomo and Ikeda
(1992) by extending the method of images for the Black and Scholes (1973) PDE to

exponentially bent double barriers.

Heynen and Kat (1994a) analyze the valuation of partial barrier options where the
monitoring period is restricted to either the start or the end of the option’s lifetime. Their
results are based on an explicit evaluation of the integrals corresponding to the risk-neutral
conditional expectation; see also Carr (1995) and Hui (1997). Buchen (2004) shows that
given the valuation function for higher-order binary options, these results follow almost
immediately from the method of images in Buchen (2001b). See also Chapter 4.2 in
Konstandatos (2003), pp. 85-90, for an extension to multiple barrier windows. Finally,
Heynen and Kat (1994b) discuss outside barrier options, where the terminal payoff and the

barrier trigger event depend on two different but correlated assets; see also Carr (1995).

While this chapter focuses on expanding the universe of analytical solutions for barrier
option prices, a large strand of the literature is concerned with numerical approaches. The
motivation for using numerical methods is twofold. First, they make it possible to obtain
approximate solutions to exotic valuation problems for which an analytical solution is not
known, even within the Black and Scholes (1973) framework. Second, they are usually
necessary to price barrier options under alternative underlying dynamics. These include,
for example, the stochastic volatility and jump-diffusion models proposed by Heston

(1993), Schobel and Zhu (1999) and Duffie et al. (2000), the local volatility dynamics
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as in Dupire (1994), Rubinstein (1994) and Derman et al. (1995b), as well as the class
of (time-changed) exponential Lévy models, as in Madan et al. (1998), Barndorff-Nielsen
and Shephard (2001a,b) and Carr et al. (2003). Since the focus of this chapter is on the
Black and Scholes (1973) framework, the numerical approaches used within this setting
are briefly reviewed below. In particular, Monte Carlo simulations and finite difference

schemes are used to validate our main results.

Boyle (1977) introduces Monte Carlo methods to the area of contingent claim pricing.
This approach involves simulating the stochastic differential equation (SDE) defining the
underlying asset dynamics or, if available, its solution on a discrete time grid; see also
the monograph by Kloeden and Platen (1995). In order to value continuously monitored
barrier options through Monte Carlo simulation, one can use the relationship obtained by
Broadie and Glasserman (1997) when analyzing the inverse problem. Alternatively, the
hitting probability between two samples can be computed analytically using the known
conditional distribution of the maximum or minimum over the time interval; see for

example Karatzas and Shreve (1991) and Glasserman (2003).

The convergence of tree methods for barrier options is impeded by the inability of
the exogenously specified lattice to reflect the contractual terms of the barrier option.
Boyle and Lau (1994) optimally determine the number of binomial tree steps to employ
with the objective to minimize the difference between the contractual and the effective
barriers. Ritchken (1995) constructs a trinomial tree whose nodes pass exactly through
the contractual barrier; see also Kamrad and Ritchken (1991). Derman et al. (1995a)
propose to improve the convergence in a binomial tree through interpolating between the
prices of two auxiliary barrier options that can be accurately priced on the given lattice.
Analogous to the approach used in Monte Carlo simulations, Barone-Adesi et al. (2007)
adjust the binomial tree backward induction algorithm to account for the probability of a

barrier breach between two nodes that both lie within the active domain.

I11.1.2 Contribution

This chapter jointly addresses two fundamental problems related to the pricing and
risk management of barrier options. First, we discuss how a two-volatility pricing
approach succeeds in capturing some of the distributional information embedded in the
implied volatility surface while staying within the Black and Scholes (1973) framework

and retaining full analytical tractability. As a novel contribution, this chapter formally
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establishes the equivalence of the two-volatility outside barrier pricing problem and that of
valuing an exponential barrier option. Second we introduce a new approach to mitigate the
dynamic hedging problems associated with the large in absolute value and discontinuous
delta of reverse barrier options. It combines a flat barrier shift with an exponential bending
toward the option maturity. We argue that, in contrast to the standard approach of using
a constant barrier shift, this functional form provides a better model of the time-dependent
risk exposure without sacrificing analytical tractability. One main insight is that valuing
a two-volatility option with an exponentially bent barrier is equivalent to pricing a one-

volatility option with a continuous and piecewise exponential barrier.

We approach the valuation problem by developing the method of images for expo-
nentially bent barriers. While the result itself is known, we establish its connection
to an appropriately chosen coordinate transformation applied to the underlying Black
and Scholes (1973) PDE. Furthermore, we provide an alternative derivation using a
probabilistic approach that explicitly evaluates the corresponding conditional expectation.
The application of the image operator to obtain solutions for deferred start piecewise
exponential knock-out barrier options and the associated rebates is novel. We establish
additional properties of the image operator in the steps leading to the derivation of
these valuation functions. The robustness of the proposed risk management approach
is evaluated using Monte Carlo simulations of the delta hedging profit & loss under the
Merton (1976) jump-diffusion dynamics. We find that, given the same initial option price,

the exponential bending yields significantly lower standard deviation of hedging errors.

This chapter is structured as follows. Section III.2 introduces the two-volatility frame-
work for barrier option pricing. Section III.3.3 proposes an improved risk management
approach which involves a piecewise exponential barrier. Section I11.4 develops the method
of images for exponentially bent barriers. A repeated application of the image operator
yields the valuation functions for deferred start piecewise exponential barrier options
in Section III.6. The corresponding rebates are dealt with separately in Sections II1.7
and II1.8. Section III.9 simulates the delta hedging profit & loss distribution for shifted
and exponentially bent barrier. Section II1.10 concludes by summarizing the main results

and proposing potential avenues for future research.
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III.2 Two-Volatility Pricing Approach

This section discusses the problem of pricing barrier options within the Black and
Scholes (1973) framework when the market implied volatility exhibits a smile or skew
pattern. The two-volatility pricing approach proposed in Chapter 14.2 of Brockhaus et al.
(2000), pp. 144-146, provides a simple and tractable remedy to this problem. One of
the main contributions of this section is to establish that there exists an equivalent and

simpler valuation problem in terms of an exponential barrier option.

I11.2.1 Background

While the Black and Scholes (1973) and Merton (1973) framework relies on a number
of unrealistic assumptions about the underlying dynamics and the market, its most severe
shortcoming is to model the logarithmic asset price through a pure diffusion process with
independent and stationary Gaussian increments. This misspecification is unveiled in the
strong pricing biases first reported by Rubinstein (1985); see also the review by Bates
(1996).

Within this framework, all input parameters of the valuation function for European
plain vanilla options, except for the diffusion coefficient, are either contract-specific con-
stants or traded quantities in other markets with readily observable prices. Consequently,
all deviations from the model assumptions have to be incorporated in the choice of this
single degree of freedom. Given the market price of a European plain vanilla option, it is
possible to numerically invert the valuation function for the implied volatility. A solution
to this problem exists, given that the market prices do not violate the lower and upper
static no-arbitrage bounds. It is unique, since the price of European plain vanilla options
is a continuous and strictly monotonically increasing function of the underlying asset’s
volatility. For options whose strike prices are not too far away from the forward price, a
good initial guess can be obtained by approximation methods. Corrado and Miller (1996),
for example, use a modified second-order Taylor series expansion of the cumulative normal
distribution function. By the put-call parity, the implied volatility of an otherwise identical
call and put option have to coincide in order for the prices to be free of arbitrage. We refer
to, for example, Jéckel (2006) and Li and Lee (2011) for robust algorithms that efficiently

handle the task of computing the implied volatility from observed market prices.
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The implied volatilities typically exhibit both a strike and time-to-maturity depen-
dence. Tompkins (2001) finds that implied volatilities in many different markets and for
near-the-money strikes can be approximated well through a second-order polynomial as a
function of a time-to-maturity adjusted logarithmic moneyness measure; see also Chapter
18 in Natenberg (1994), pp. 385-418. The shape of the implied volatility surface is
intimately linked to the non-normal higher moments of the risk-neutral distribution of
logarithmic yields. Ceteris paribus, a positive (negative) skewness as the only deviation
from normality, yields a positively (negatively) sloped implied volatility smile (IVS). A
positive (negative) excess kurtosis generates a convex (concave) IVS. We refer to the
Edgeworth series expansion approach proposed by Rubinstein (1998), which parameterizes
the risk-neutral distribution directly in terms of its higher third and fourth moments and

thus allows for a convenient analysis; see also Balieiro Filho and Rosenfeld (2004).

Absence of arbitrage within an IVS for any fixed maturity is equivalent to the strict
monotonicity and convexity of the corresponding European plain vanilla call or put option
prices; see for example Theorem 4 in Merton (1973), p. 146, and Breeden and Litzenberger
(1978). Lee (2004) establishes the relationship between the asymptotic behavior of the
IVS and the number of finite moments in the underlying asset’s distribution. He shows
that the arbitrage free implied variance has to be asymptotically linear in the logarithmic
strike, unless one assumes that the underlying asset has finite moments of all orders.
Fengler (2009) shows that the absence of calendar spread arbitrage requires that the total
variance is a strictly increasing function of the time-to-maturity for any constant strike
to forward ratio; see also Gatheral (2004, 2006). We refer to the monograph by Fengler
(2006) for an extensive overview of approaches to infer the implied volatility surface from
listed options quotes. Gatheral (2004) and Gatheral and Jacquier (2012) propose a widely

adopted flexible class of IVS parametrizations and discuss their arbitrage-free calibration.

I11.2.2 Barrier Valuation Problem

When pricing European plain vanilla options for a strike and maturity combination
that is not traded in the market, the aforementioned approaches can be used to construct
and interpolate the IVS in an arbitrage-free fashion. This interpolated value is then
substituted back into the standard Black and Scholes (1973) valuation function. Despite
using a pricing model that is inconsistent with the market as a whole, this approach still

yields a market consistent price for the single contract under consideration. However, in
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Figure IIL.1: Illustration of the barrier option pricing problem when the implied

volatility exhibits a smile pattern.

the case of barrier options, it is not clear how the value of the underlying asset’s diffusion
coefficient should be chosen in the presence of a non-flat IVS. Figure III.1 illustrates the
associated pricing problem within the Black and Scholes (1973) framework for a typical
shape of the IVS. We consider an up & out call option for which the implied volatility at
the strike price K is greater than that at the barrier B. Setting the diffusion parameter
equal to the implied volatility at either the strike or the barrier seems just as arbitrary
as any weighted average of these values. Consider, for example, using the higher strike
volatility o as the input to the valuation function obtained by Reiner and Rubinstein
(1991b). The decreasing IVS suggests that the asset on average diffuses at a lower rate
as the spot price increases. Consequently, the model probability of a knock-out is too
high and the corresponding barrier option price is too low. We can make an analogous

argument against using the barrier volatility op.

To gain some intuition for how the prices of up & out call options should depend on the
shape of the volatility smile, we consider a super-replication strategy. Consider a portfolio
that holds (i) a long position in one European vanilla call option with a strike price of K,
(ii) a short position in one European plain vanilla call option with a strike price of B and
(iii) a short position in (B — K) bond binaries with a strike price B and a unit notional
each. All options expire at the same time as the up & out call option. The terminal payoff
of this portfolio is equal to that of the barrier option conditional on no prior knock-out.

Since its payoff is independent of the path taken by the underlying asset, it is often referred
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to as a European barrier option. The value of this portfolio thus represents an upper bound
for the value of the up & out call option. It is the smallest such upper bound that can be
constructed from European options with a single maturity. Ceteris paribus, as the barrier
(strike) volatility increases, so do the values of the corresponding call and binary options
(the corresponding call option) and consequently the portfolio value decreases (increases).

Thus, we expect the price of the up & out call to be decreasing in the slope of the IVS.

In a brief discussion of this problem in Chapter 14.2, Brockhaus et al. (2000), pp.
144-146, outline an approach to capture some of the information embedded in the IVS
while at the same time staying within the Black and Scholes (1973) framework and thus
preserving full analytical tractability. In analogy to the outside barrier options discussed
by Heynen and Kat (1994b), they suggest to model two perfectly correlated geometric
Brownian motion spot assets, which start at the same initial value but have different
diffusion coefficients. While the option payoff is a function of the terminal value of the
first asset, the trigger event is determined by the maximum or minimum of the second
asset. We adopt this so-called two-volatility approach to attain smile-adjusted barrier

option prices.

In the following section, we formally set up the two-volatility model and show that,
as a result of the perfect correlation between the two assets, the valuation problem can
be reduced to that of pricing a one-volatility barrier option with an exponentially bent
barrier. The valuation functions for these types of contracts are well known; see for
example Omberg (1987) and the discussion in Cox and Rubinstein (1985), p. 411. First,
however, it should be emphasized that this valuation approach is merely a contract-type
specific adjustment applied to the Black and Scholes (1973) model in order to capture some
of the non-normality of the market implied asset return distributions. In particular, the
two-volatility approach is solely based on the IVS corresponding to the time-to-maturity of
the option but does not take into account the term-structure information embedded in the
full implied volatility surface. Much of the recent literature in option pricing has focused on
generalizing and modifying the underlying asset dynamics; see the references provided in
Section III.1. These approaches have in common that their parameters are first calibrated
to the observable market prices of all plain vanilla options before using them to price
path-dependent contingent claims. This usually requires the use of numerical methods
such as finite difference lattices or Monte Carlo simulation. A notable exception is the
Kou (2002) double exponential jump diffusion model where the joint PDF of the overshoot

and the first passage time can be computed analytically; see Kou and Wang (2003) and

122



Table III.1: Overview of the March 2013 exchange turnover in German retail

listed derivatives as reported by Deutscher Derivate Verband (2013).

Product Category No. of Issues Volume No. of Trades
(1,000 EUR)
Capital Guaranteed Certificates 3,141 112,647 5,497
Structured Bonds 466 80,573 3,626
 Reverse Convertible Bonds 54,383 207,647 11,569
Discount Certificates 177,182 669,801 18,387
Express Certificates 2,153 94,924 4,788
Bonus Certificates 185,018 465,685 17,642
Index & Participation Certificates 5,165 470,736 26,908
Outperformance & Sprint Certificates 2,603 5,466 445
N Warrants 341,122 459912 90,497
Knock-Out Certificates 217,396 901,597 207,624
Total 988,629 3,468,988 386,983

Kou and Wang (2004). However, like all pure exponential Lévy models, it generates
IVSs that flatten out with increasing time-to-maturity. It is thus not rich enough to fit
the whole term structure of implied volatilities. The two-volatility model is fundamentally
different from the aforementioned approaches in that it can neither be fitted to the market
prices of all European plain vanilla options, even of a single maturity, nor can it be
universally applied to value all contract types. Its main appeal stems from the possibility
to obtain analytic solutions for partial barrier options where the barrier follows a piecewise
exponential function of time. The motivation for considering these seemingly highly exotic

contracts is discussed in this section and the next.

The availability of analytical solutions that capture some of the distributional
information embedded in the market prices of plain vanilla options is especially important
in a high-frequency environment. While barrier options are usually traded in an on-
request basis in the over-the-counter market, there exist exchanges where they are quoted
in a continuous fashion. Examples are the European markets for structured limited
liability retail derivatives. In Germany, products known as bonus certificates are traded,
which can be decomposed into, among others, long positions in (deferred start) down
& out put options. As shown in Table III.1, both the number of issues as well as
their exchange turnover are significant. Some variants of reverse convertible bonds and

discount certificates also implicitly contain positions in (deferred start) barrier options.
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The continuous market making of these issues based on purely numerical methods is
computationally unfeasible. A common compromise between computational speed and
pricing accuracy is to use a valuation model with an analytical solution for the continuous
quotation. These prices are then adjusted for the pricing error with respect to a more
realistic model that is evaluated numerically on a lower frequency only. The latter should

be chosen depending on the risk-sensitivities of the contract under consideration.

I11.2.3 Model Setup

In this section, we formally setup the two-volatility model dynamics. Let W* =
{W; :t€[0,T"]} be a one-dimensional standard Brownian motion on a complete filtered
probability space (Q,§,F,P*). As we are solely interested in pricing, we interpret P* to
be the risk-neutral probability measure corresponding to the bank account numéraire and
consider continuous trading in the interval [0, 7] for a fixed terminal time 0 < 7™ < oo.
The filtration F = (§¢)c(o 7+ is the P*-augmentation of the natural filtration induced by
the process W*. The market consists of a bank account B = {B; : ¢t € [0,7%]} with non-
random dynamics

dBt = TBtdt.

It’s initial value is By = 1 and the risk-free interest rate is constant at r € R. In addition,
there are two perfectly correlated risky spot assets S = {Sﬁl) (t e [0,T%] } and S =
{St@) :t € [0,7%] } with dynamics

ds = (r — &) SVt + oy SMawy

and

dS® = (r — 6,) SPdt + 028D awy,

where the diffusion coefficients o1, o9 € Ry and the dividend yields 41, d2 € R are constants.

The initial values S(()l) = SSQ) agree and are equal to Sy € R...

We now consider an American knock-out barrier option on these two assets where
without loss of generality (w.l.o.g.) we assume that the terminal payoff is that of a plain
vanilla option on the first risky asset S, conditional on the second risky asset S not
having breached the barrier during the lifetime of the option. Here, the term “American”
is used to indicate that the barrier is continuously monitored and does not refer to early

exercise rights as in the context of plain vanilla options. The value of the otherwise
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Table III.2: Knock-out barrier option types corresponding to the different

combinations of the indicators ¢ and .

Option Type ¢
Up & Out Call +1 -1
Down & Out Call +1 +1
Up & Out Put -1 -1
Down & Out Put

—_
+
—

identical knock-out barrier option then follows from the in-out parity for barrier options;
see for example Chapter 4.17 in Haug (2007), pp. 152-167. Let 0 < T < T™ be the option
maturity and let v be the first hitting time of the asset S® to the constant barrier B € R
defined as

V:inf{tz 0: 95?2 §¢B}.

Here, ¢ € {—1,+1} is the indicator for an up- or down-barrier. Note that the convention
employed in the definition of v is rather uncommon. It is chosen for consistency with
the PDE approach discussed in Section III.4. Throughout this chapter, we follow the
convention to set ¥ = 0o on the set where the asset price process never breaches the
barrier. From Theorem 1.4 in Protter (2004), p. 5, for example, it follows that v is a valid

stopping time. The terminal option payoff is then given by
_ (45D *
Vr = |9S;" — oK 1{v>T},

where ¢ € {—1,+1} is the indicator for a put or call option. Table III.2 provides an
overview of the knock-out barrier option types corresponding to the different combinations
of the indicators ¢ and . For the moment, we only consider barrier options that do
not pay a rebate when knocked-out prior to expiration. This assumption is dropped in
Sections II1.7 and IIL.8, which discusses the pricing of fixed rebates that are paid either

at the option maturity or immediately upon the trigger event.

We next give a formal definition of an exponential boundary. Throughout this chapter,
we follow the convention of denoting the time-to-maturity of an option by 7 = T — ¢.
Deterministic functions of the calendar time are denoted in capital Latin letters as, for
example B(t), while functions of the time-to-maturity are annotated by a tilde, for example

B(7). While probably not obvious at first, it is convenient for computational purposes
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to define a time-varying barrier as a function of the time-to-maturity, where the initial

condition corresponds to the barrier level at the expiry of the option.

Definition II1.1 (Exponential Boundary).

A function B : Ry — R, is an exponential boundary if it can be represented as

B(1) = B(0)e*7

with initial value B (0) € Ry and shape parameter £ € R. The corresponding barrier level

as a function of the calendar time is then given by B(t) = B(T —t). A

Using this definition, we can now establish an equivalent valuation problem that can

be formulated solely in terms of the first risky asset.

Lemma III.1 (Link between Two-Volatility and Exponential Barrier
Options).

Define a new random time U by
D = inf {t > 0,48 < ¢B*(T — t)} ,

where B* : [0, T*] — R4 is an exponential boundary given by

with
- B\ .
B*(0) = So <> e T,
So
) 1
& = 7"<Ul—1> +6— 22 4 o) (01 — ).
092 09 2
Then
v=>r P*-a.s
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Proof The perfect correlation between the two risky assets suggests that we can also

express the first hitting time in terms of the first risky asset S(1). We have

s® - B
L

* 4%% . . _ }7 2
oW L ((2) (n )

o1/02
= Slgl) = S (B> exp{<7“ <1—01> —514‘017524‘101 (02_0'1)) t}
So 092 09 2

with B* : [0,7*] — R, as given in Lemma IIL.1. [J

Consequently, the problem of pricing a two-volatility barrier option with a constant
barrier can be reduced to that of pricing a standard one-volatility barrier option with
an exponential barrier. Stated differently, the Lemma establishes that the value of an
outside barrier options converges to that of an exponential barrier option in the limit
when the correlation between the two assets approaches one. It is thus not necessary to

use the outside barrier option valuation functions obtained by Heynen and Kat (1994b).

One peculiarity of the two-volatility approach for reverse knock-out barrier options
is that the maximal payoff at the option maturity, which is assigned a strictly positive
probability, is in general not equal to the absolute value of the difference between strike
and barrier. Consider, for example, a three-month up & out call option with strike K =
100.00 USD and barrier B = 120.00 USD. Further assume that the current spot price
is Sg = 100.00 USD, the risk-free interest rate and dividend are equal for both assets
and given by r = 5.00% and 6 = 0.00%. Finally, the strike and barrier volatilities are
ox = 20.00% and o = 15.00% respectively. Using the result from Lemma III.1, we
then obtain B* (0) = 124.79 USD. Thus, although we are pricing a contingent claim whose
maximal contractual payoff is equal to B — K = 20.00 USD, it is valued as if the highest
achievable payoff was instead B*(0) — K = 24.79 USD. This effect is due to the perfect
correlation between the two assets and the volatility at the barrier being lower than that
at the strike. Ceteris paribus, if the barrier volatility was instead op = 25.00%, then
we would obtain B*(0) = 117.45 USD. Note however, that B*(0) — B as the spot price

approaches the barrier.

Figure II1.2 illustrates the dependence of the two-volatility price of an up & out call
option on the underlying asset price for different barrier volatilities. Ceteris paribus, for

higher (lower) barrier volatilities, the probability of a knock-out increases (decreases) and
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Figure II1.2: Price of a three-month two-volatility up & out call option as a
function of the underlying asset price and for different barrier volatilities. The
fixed contract and market parameters are K = 100.00 USD, B = 120.00 USD,
ok = 20.00%, r = 5.00% and 6 = 0.00%.

consequently the barrier option price decreases (increases). This is in accordance with the

previously discussed dependence of the super-replicating portfolio value on the slope of

the IVS.

There are two more results related to the link between exponential boundaries and

dividend yields that will be useful in Section II1.8 when pricing fixed rebates that are paid

immediately upon the first hitting time of the barrier.

Lemma II1.2 (First Hitting Time PDF).

Let B(7) be an exponential boundary where 7 = T —t for some time T € [0,T*] and let the

dynamics of the spot asset S = {Sy : t € [0, T*]} under the risk-neutral probability measure

P* be given by

dSt = (7’ — 5)Stdt + UStth*.

Then the first hitting time v of S to the barrier B(t) on the interval [0,T] is defined as

v=inf{t€[0,T]:S :B(T—t)}.

The corresponding first hitting time PDF is given by

N o} a— At)?
P*{v edt} = t\|/2%exp{—(2t)}dt,
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Proof It is easy to show that the problem of finding the first hitting time PDF of a
geometric Brownian motion asset to an exponential barrier can be reduced to that of

finding the first hitting time PDF of a drifted Brownian motion to the constant barrier a.

See Appendix III.A.1 for details. [J

Corollary III.1 (Link between Exponential Barriers and Dividend Yields).
When considering the barrier as fized at B = B(O)egT, then the first hitting time PDF
P*{v € dt} depends on the dividend yield 6 and the shape parameter & only through their
difference £ — 9.

Proof This is obvious from the solution for the first hitting time PDF given in
Lemma III.2. Alternatively, from Definition III.1 and the solution to the SDE for S,
we find that S; = B(T — t) when

1 1 1 B
o 2 o So
and the claim follows. O

From this corollary, it follows that the problem of pricing contingent claims with
exponential barriers, whose payoffs solely depend on the first hitting time but not the
corresponding spot price, can be reduced to that of pricing contingent claims with a flat

barrier and a modified dividend yield.

129



III.3 Risk Management

This section analyzes the risks involved in dynamically hedging barrier options in real-
world markets and how the valuation can be adjusted to account for them. In particular,
it focuses on the potential problems arising from limited market liquidity, non-continuous
price paths and discrete trading. While our discussion in general applies to all types of
barrier options, the impact of a violation of the model assumptions is most pronounced
for reverse barrier options which knock-in or -out when in-the-money. Thus, an up & out

call option is used as a consistent example throughout this section.

We focus on the case when a position in the barrier options is dynamically hedged
through a self-financing trading strategy by taking positions in the underlying asset and
the bank account. Following a static-dynamic hedging strategy as in Derman et al. (1994),
where positions in European plain vanilla options are added to match the barrier option
value at some points of the boundary and at the maturity, mitigates the problem but does

not eliminate it; see also Bowie and Carr (1994) and Carr et al. (1998).

In order not to obscure the actual risk management issues, we first take a step back and
analyze the sensitivities of barrier options in the standard Black and Scholes (1973) one-
volatility setting. The qualitative insights continue to hold in the two-volatility valuation
approach discussed in Section III.2. The synthesis between the separately developed

volatility smile and risk adjustments is then performed in Section III.3.4.

The main contribution of this section is to introduce a time-dependent barrier shift
that better reflects the risk profile of dynamically hedging reverse barrier options than
existing approaches do. By modeling it as a piecewise exponential function, we retain full
analytical tractability within the Black and Scholes (1973) framework. Furthermore, it can

be easily combined with the two-volatility approach to pricing developed in Section IIL.2.

I11.3.1 Background

Dynamically hedging reverse barrier options is challenging for two reasons. First, the
sensitivities are discontinuous at the barrier and, second, the absolute exposure becomes
very large near the option maturity when the spot price is close to the barrier. See, for
example, Chapter 19 in Taleb (1996), pp. 312-346, or Chapter 10 in de Weert (2008), pp.

57-69, for general discussions.
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Figure II1.3: Delta of an up & out call option as a function of the underlying
asset price and for different times-to-maturity. The fixed contract and market
parameters are K = 100.00 USD, B = 120.00 USD, ¢ = 20.00%, r = 5.00% and
0 = 0.00%.

Figure II1.3 depicts the delta of an up & out call option with strike price K = 100.00
USD and barrier B = 120.00 USD as a function of the spot price and for different times-
to-maturity. In contrast to plain vanilla options, the payoff function of reverse barrier
options is not monotonic in the underlying asset price and consequently its delta can
be both positive and negative. Its sign is the same as that of the otherwise identical
plain vanilla option near the strike price and it changes as the spot price approaches the
barrier. Once the barrier is breached, the option immediately matures and thus all of
its sensitivities vanish. This causes a discontinuity of the delta and other Greeks at the
barrier. In the case of the up & out call option and as the holder of a short position in
the contingent claim, we hedge by taking a short position in the underlying asset when
its spot price is close to the barrier. Figure I11.3 also reveals that the absolute size of this
position is increasing as the time-to-maturity decreases and is in particular not bounded
by one. With one trading day to maturity, the absolute delta takes on values as high as
9.41 units of the underlying asset per barrier option. This hedge position has to be fully

unwound upon the barrier trigger event.

Within the Black and Scholes (1973) framework, this presents no difficulty as markets
are frictionless, trading is continuous and the underlying asset follows a pure diffusion

process. Thus, the valuation is implicitly based upon the assumption that we are always
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Figure I11.4: Profit & loss of a delta hedged short position in a one week up &
out call as a function of the instantaneous jump size and for different initial spot

prices. All remaining contract and market parameters are as in Figure II1.3.

able to close out the complete delta hedge position in the underlying asset exactly on the
barrier. However, even when abstracting from the discreteness of the price grid, asset prices
in real markets jump during the market opening hours and because of the exogenously
imposed overnight period between two trading days. Furthermore, assets are not perfectly
elastic, especially during the adjustment process after the arrival of news. The unwinding
of a delta hedge position that is large relative to the liquidity of the underlying asset is

thus likely to move the spot price further beyond the barrier.

Since the delta is decreasing with increasing prices of the underlying asset, the holder of
the short position in the up & out call option has a long gamma position close to the barrier.
This is less problematic from a risk management perspective as failing to continuously delta
hedge a gamma long position in the worst case forfeits the profit from re-balancing the
underlying asset position. However, the discontinuity at the barrier corresponds to a large
short gamma singularity. The cost corresponding to an unwinding of the hedge position
beyond the barrier is equal to the number of shares held times the difference between the

mean transaction price and the barrier.

Figure II1.4 shows the overall profit & loss of a delta hedged short position in the one
week up & out call as a function of the instantaneous jump size and for different initial
spot prices. Here, we ignore w.l.o.g. the price impact of the hedge transactions and assume

that the full delta hedge can be closed out at the post jump price. The profit & loss is
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Figure IIL.5: Delta of an up & out call option as a function of the underlying
asset price and for different times-to-maturity. The black curves correspond to
the contractual barrier at B = 120.00 USD. The dark gray curves correspond to a
barrier that is shifted up in parallel by 1.00% to B = 121.20 USD. The remaining

fixed contract and market parameters are as in Figure II1.3.

first increasing and convex in the jump size due to the local concavity of the barrier option
price. It is linearly decreasing from the point where the jump results in a spot price that
crosses the barrier. Assume for example that we last hedged the up & out call at a spot
price of 119.50 USD by taking a short position in 3.67 underlying assets. A subsequent
instantaneous up-jump of +1.00% to 120.70 USD then corresponds to an overall loss of
2.54 USD per contract. While the value of the short option position drops by 1.86 USD,
the delta hedge position yields a loss of 4.40 USD. In percentage terms, this corresponds

to a loss of 136.23% of the last barrier option prior to the trigger event.

II1.3.2 Barrier Shifting

A common approach to account for the liquidity and jump risk associated with
dynamically hedging reverse barrier options is to apply a barrier shift; see for example
Chapter 10.2 in de Weert (2008), pp. 5860, or Chapter 4.4 in Ekstrand (2011), pp. 69-73.
Instead of the contractually agreed upon barrier, the valuation and risk management is
based on a shifted barrier level. The sign of the barrier shift is chosen such that the payoff
of the priced contract dominates the contractual payoff. Shifting the barrier serves two

main purposes. First, it reduces the maximum absolute delta exposure near the barrier
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and thus yields a more well-behaved hedge. Second, it provides a buffer within which the
hedge position can be unwound without incurring a loss. This can be seen as follows. If
the official barrier is not breached before the option maturity, then the contractual and
hedged payoffs coincide. Otherwise, the value of the hedged claim upon the barrier trigger
event is non-negative while the contractual value is zero. The value of the hedged barrier
option is strictly positive if the spot price that breaches the contractual barrier does not
cross the shifted barrier at the same time. Consequently, the hedger faces a net loss
only if the loss of unwinding the delta hedge beyond the barrier exceeds the value of the
hedge portfolio immediately prior to the knock-out. The motivation for using a barrier
shift is thus very similar to that for super-replicating a European bond binary through an
appropriately chosen European plain vanilla call or put spread; see for example Chapter

17 in Taleb (1996), pp. 273-294.

The first effect is visualized in Figure II1.5, which compares the delta exposure profile
of the up & out call option using the contractual barrier of B = 120.00 USD to a barrier
that is shifted up in parallel by 1.00% to B = 121.20 USD. At one week to maturity for
example, this reduces the absolute delta exposure at a spot price of 119.50 USD from
3.67 to 3.37 units of the underlying asset per barrier option. A subsequent instantaneous
up-jump of +1.00% now corresponds to an overall windfall profit of 2.45 USD. It can be
broken down into a profit of 6.48 USD from the last portfolio value prior to the knock-out
and a loss of 4.03 USD from the delta hedge position. The break-even jump size for this
scenario is given by 1.61%, which corresponds to a spot price of 121.42 USD.

It remains to be decided how the barrier shift should be determined in practice.
Starting from a model that captures both the statistical dynamics of the underlying asset
as well as the price impact of an order as a function of the trade size, we can determine
the break-even barrier shift. As the above numerical example illustrates, setting the
barrier shift equal to the expected average jump size yields a positive windfall profit on

expectation.

I11.3.3 Barrier Bending

Section II1.3.2 discusses how a parallel shift of the barrier can be used to mitigate
the risks involved in dynamically hedging reverse barrier options. It is introduced to
create a buffer within which the potentially large delta hedge position can be unwound

once the barrier is breached. This cushion is mainly needed very close to maturity where
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Figure I11.6: Delta of an up & out call option as a function of the time-to-maturity
in years and for different underlying asset prices. All remaining contract and

market parameters are as in Figure I11.3.

the absolute hedge ratio becomes large. However, by using a parallel shift we obtain a
buffer whose size is independent of the time-to-maturity. Using a break-even analysis as
suggested before yields a barrier shift that averages over all knock-out events, irrespective
of their time of occurrence. This results in too large (too small) a buffer when the time-

to-maturity is large (small).

From a risk management perspective, it is thus preferable to model the barrier shift
in such a way that it takes into account the time-dependent nature of the delta hedging
risk. Figure II1.6 shows the change in the delta of the up & out call option as the time-
to-maturity becomes shorter, keeping the underlying asset price unchanged at different
levels close to the barrier. This so-called delta bleed is small in magnitude for long times-
to-maturity and it increases exponentially as the expiration approaches. In what follows,
we propose a parametrization of the barrier shift which reflects this. Let 0 < T < T be
a fixed point of time with corresponding time-to-maturity 75 = T — T and define the

percentage barrier shift b: R, — R as

B

(1 +b1)exp{%1 In (ﬁZé) T} -1 ifre]0,7]

b(r) =

by if m>17p
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Figure II1.7: Delta of an up & out call option as a function of the spot price and for
different times-to-maturity. The black and dark gray curves are as in Figure II1.5.
The light gray curves correspond to an exponential bending of the barrier over
the last month from an initial shift of 0.00% to a terminal shift of 1.00%. The

remaining fixed contract and market parameters are as in Figure II1.3.

where by € R is the flat barrier shift before the bending start date T and by €
{z € R:sgn(x) =sgn(b1),|x| > |b1]} is the terminal barrier shift at the option maturity.
We then define the absolute barrier level by B(7) = B (1+ 5(7’)) so that

By — B(0)er ifTe[O,%B]’

B(0)e"™B if 7 > 7p

where

Consequently, as a function of calendar time the absolute barrier is also first constant at
B (7g) and then exponentially bends to B(0). The parameters by, by and T can be again
determined from a model of the underlying asset dynamics and its liquidity by minimizing

the volatility of delta hedging profits & losses subject to the break-even condition.
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Figure II1.8: Price of an up & out call option as a function of the spot price and

for different times-to-maturity. See Figure II1.7 for details.

Figures II1.7 and III.8 compare the delta profile and the prices of an up & out call
option with no barrier shift, a parallel barrier shift and an exponential barrier shift over
the last month. We observe no significant difference in either graph between the parallel
and exponential barrier shifts when the time-to-maturity is one day or one week. In these
cases the exponentially bent barrier is already very close to its terminal level. The prices of
contracts with one month to maturity, however, clearly differ for high enough spot prices,

as the exponentially bent barrier is still equal to the contractual one.

I11.3.4 Synthesis: Two-Volatility Bent Barrier Options

In this section, we combine the two-volatility pricing and the exponentially bent barrier
risk management approaches. We start by generalizing Definition III.1 to a continuous

piecewise exponential function.

Definition II1.2 (Piecewise Exponential Boundary).
Let 0 < T < T be the bending change time and define 75 = Tp —t and 75 = T — 1.
A function B : R,y — R, is a continuous piecewise exponential boundary if it can be
represented as
B(r) = ?(O)e7 if 7 €[0,7p]
B(0)eBHTEif 7> 7
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with initial value B (0) € Ry and shape parameters v,k € R. The corresponding barrier

level as a function of the calendar time is then given by B(t) = B(T' —t). A

Note that the bent barrier risk management approach discussed in Section I11.3.3 yields
a piecewise exponential boundary with £ = 0. As in Section II1.2, we again consider two
perfectly correlated assets S and S and start by defining the first hitting time v of

the asset S® to the piecewise exponential boundary B(7) as
v = inf{t >0: 9S82 < wB(T—t)} .
The terminal option payoff is then given by
Vp = (qﬁS}” - ¢>K)+ v >T).
Next, we establish the analog to Lemma III.1 for piecewise exponential boundaries.

Lemma II1.3 (Link between Two-Volatility Bent Barrier and Piecewise
Exponential Barrier Options).

Define a new random time U by
D = inf {t > 0,98 < B (T - t)} :
where B* : [0,T*] — Ry is a piecewise exponential boundary given by

B*(O)eV*T if T €1[0,7]

BHO)eT B TE i r s g

with
- o1/02
~ B 0 *
B(0) = so< ”) )
So
Y = +§ )
g2
/<L* — M +§*,
[2p)
1) 1
& = T<01—1> -1-51—701 2 + 501 (01 — 02)
()] ()]
Then
v=>r P*-a.s
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Figure I11.9: Sample shapes of the two-volatility bent barrier level for a one-year
up & out call option as a function of the calendar time and for different barrier
volatilities. The barrier bending is performed over the last three months from
b1 = 1.00% to by = 2.50%. The spot price is Sy = 100.00 USD and all remaining

fixed contract and market parameters are as in Figure II1.2.

Proof The proof is nearly fully analogous to that of Lemma III.1 and is thus omitted. [J

Consequently, the problem of pricing a two-volatility bent barrier option can be reduced
to that of pricing a standard one-volatility barrier option with a piecewise exponential

barrier.

Figure II1.9 depicts the time-dependent shapes of the barrier level corresponding to
the two-volatility bent barrier valuation approach for different barrier volatilities. The
barrier is first shifted up in parallel by 1.00% and a bending to the terminal barrier shift
of 2.00% is performed over the last three months before expiration. When the barrier
volatility is below (above) the strike volatility and no barrier shifts are employed, then the
initial barrier level used for pricing is above (below) the official barrier and it is downward
(upward) sloping over time. The bending start date can be easily recognized through the

kink point in the barrier levels.
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II1.3.5 Relation to Leverage Constraints

An alternative stream of the literature approaches the dynamic risk-management
problem of derivatives with discontinuous payoff by explicitly imposing upper and/or
lower bounds for the number of underlying assets held in the replication portfolio at any
point in time. Based on earlier work by, among others, Cvitani¢ and Karatzas (1993), El
Karoui and Quenez (1995) and Broadie et al. (1998), Schmock et al. (2001, 2002) analyze
the problem of finding the lowest initial capital that permits a super-replication of weakly
path-dependent contingent claims with discontinuous payoffs under leverage constraints.
In particular, the authors consider the valuation of an up-and-out barrier option when
short-selling possibilities are limited. They show that the corresponding dual problem
becomes one of singular stochastic control and obtain closed-form solutions for the so-

called upper hedging price.

We now briefly discuss the relation of the exponentially bent barrier approach in this
chapter to the leverage constraint replication portfolio considered by Schmock et al. (2001,
2002). Both aim at alleviating the dynamic replication problem associated with reverse
barrier options and construct a super-replicating portfolio that has the same terminal
payoff. They implicitly or explicitly constrain the maximum absolute position held in
the underlying asset at any point in time. The trading strategy proposed in this chapter
furthermore explicitly accounts for the risk of closing out the delta hedge position at a
price beyond the barrier. A windfall profit is realized if it can be unwound at a price better
than the then-current shifted barrier level. In contrast to this, the value of the leverage
constraint replication portfolio constructed by Schmock et al. (2001, 2002) matches that
of the barrier option on the contractual boundary. Their upper hedging price thus does

not contain any provisions for potential discontinuities.

As discussed previously, any choice for the parameters of the exponentially bent barrier
implies a maximum absolute number of underlying assets held at any point in time.
Conversely, and as already suggested by Schmock et al. (2001, 2002), there might exist
an equivalent formulation of the leverage constraint valuation problem in terms of a time-
dependent shifted barrier function. It is a topic of future research to further investigate

the link between these two approaches.
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II1.4 Method of Images

The method of images for the heat transfer equation provides a simple solution to
many initial boundary value problems. Analogously to the reflection principle for the
paths of Brownian motions, it exploits symmetry relationships in the Kolmogorov forward
equation satisfied by the transition PDF. The central idea is to extend a problem defined
on a semi-infinite domain into a related problem on an infinite domain. The latter can
then be solved though standard techniques by a convolution of its initial condition with
the corresponding Green’s function. The infinite domain problem is constructed such as
to satisfy the same initial condition on the original domain and for its solution to match
the prescribed value on the boundary. It can be further decomposed into two infinite
domain auxiliary problems, the first of which has the same initial condition as the original
problem on the corresponding semi-infinite domain and zero outside it. The second has a
non-zero initial condition on the opposite semi-infinite domain, which is chosen such that

the sum of their solutions takes the desired value on the boundary.

The method of images often significantly simplifies the solution of boundary value
problems that are hard to handle through probabilistic methods. This is particularly true
when dealing with high-dimensional problems such as the multiple barrier windows in
this chapter. Wilmott et al. (1995), Buchen (2001b) and Konstandatos (2003) provide an
introduction in the context of standard barrier options. Buchen (2001b), Konstandatos
(2003) and Buchen and Konstandatos (2005, 2009) apply the method of images to
the pricing of various exotic (double) barrier and lookback options. In Chapter 9 of
Konstandatos (2003), pp. 187205, the author further generalizes it to two dimensional

asset dynamics.

This section explicitly establishes the link between the image operator for exponentially
bent barriers and a change of variables for the Black and Scholes (1973) PDE. It further

provides an alternative probabilistic derivation.

111.4.1 Zero Temperature Boundary Value Problem

We start by giving a fundamental motivating example for the method of images; see
also the discussion in Chapter 12.2 of Wilmott et al. (1995), pp. 207-209. Consider

the problem of finding the temperature distribution on a semi-infinite rod, where a zero
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temperature boundary is imposed on its left end, that is

H{u}(z,7) = 0 for (z,7) € (b,00) x (0, 00),

u(z,0) = f(x),
0

for 7 € [0, 00).

Here, b € R is the coordinate of its left end and H is the one-dimensional heat operator
defined by ,
ou  0°u
H{u} = 9 + 52
We remark that H is a second-order differential operator. This formulation of the problem
is slightly uncommon, as we would normally impose the boundary to lie at zero. However,
when applying the method of images to price barrier options within the Black and Scholes
(1973) framework, a coordinate transformation will yield an equivalent initial boundary
value problem for the heat equation with a boundary that, in general, does not lie at
the origin. We define the corresponding full-range problem wu(x,7) on an infinite rod by
removing the boundary condition and multiplying the initial condition by the indicator

for the spatial domain of the original problem wu(z, 7), that is

HA{up} (x,7) = 0 for (z,7) € R x (0,00),

up(2,0) = f(a)1{z > b}.

The corresponding image problem be (x,7) is obtained by reflecting the initial condition

of the full-range problem about the axis passing through the barrier. It satisfies

H{ w Ha,m) = 0 for (z,7) € R x (0, 00),

* N

up (2,0) = f(2b—z)1{zx < b}.

It then follows from the symmetry property of the heat transfer equation that, on the
boundary, the solutions for the full-range problem and its image coincide at all times.
Consequently, their difference satisfies the zero temperature boundary condition of the

original problem
up(b, 7)— w, (b,7) =u(b,7) =0 for 7 € [0, 00).

In general, if the initial temperature distribution of an infinite rod is an odd function with

respect to some point b € R, then the positive and negative temperatures will exactly
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heat distribution for a sinusoidal initial condition
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Figure I11.10: Evolution of the heat distribution in an infinite rod when the
initial condition is given by a sinusoidal function. At the spatial points given by

multiples of pi, the temperature is zero at all times.

offset each other in this point at all times. Furthermore, by construction, the difference
also satisfies the same initial condition on the semi-infinite rod. By the linearity of the

differential operator, it has the same dynamics on the domain of the original problem
H{uy— w, Ha, 1) = H{u}(z,7) =0 for (z,7) € (b,00) x (0, 00).

Consequently, the two solutions coincide on this domain as well

*

u(z, ) = up(z, 7)— up (,7) for (x,7) € (b,00) x (0, 00).

Example II1.1 (Boundary Value Problem with Sinusoidal Initial Condition).

As an example, consider the following problem

H{u}(x,7) = 0  for (z,7) € (0,00) x (0,00),
u(z,0) = sin(x),

uw(0,7) = 0  for 7 €0,00).

Since the sine is an odd function with respect to the origin, it follows by the method of
images that dropping the boundary condition yields the correct solution for u(z, 7) on the

original domain. See Figure II1.10 for an illustration that shows the heat distribution in
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an infinite rod when the initial condition is a sinusoidal function. At all times, the positive
and negative temperatures exactly offset each other at all multiples of pi and at zero in

particular.

II1.4.2 Three Transformations of the Black and Scholes (1973) PDE

This section discuses how a carefully chosen coordinate transformation reduces the
Black and Scholes (1973) PDE to the one-dimensional heat transfer equation such that
the exponential barrier becomes a constant boundary under the new coordinates. We
emphasize that obtaining a constant boundary in the transformed space is necessary for
the method of images to be applicable. Note, that, in general, there is no single unique
change of variables such that the new function satisfies the heat equation. We will first
review the two transformations commonly encountered in the literature and discuss their
properties. It then turns out that we need a mixture of these two approaches in order for

the transformed barrier to become a constant.
We start by giving two central definitions.

Definition ITI.3 (Black and Scholes (1973) Forward Operator).

The one-dimensional Black and Scholes (1973) forward operator L is defined as

OV OV 1 , ,0%V -

Definition II1.4 (Black and Scholes (1973) Initial Exponential Boundary
Value Problem).
Let B(7) be an exponential boundary. The function V (S, 7) satisfies an initial exponential

boundary value problem (IEBVP) if

V(B(r),7) = 0 forr€0,00),
where the active domain D C Ri is given by

D ={(S,7):9%S > ¢B(r), 7 € (0,00)}
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and ¢ € {—1,+1} indicates an upper or lower boundary. A

Now let V(S, 7) be the value of a knock-out barrier option on the spot asset with
current price S € R, time-to-maturity 7 € R, and time-dependent exponential barrier
B(7) = B(0)e"". Then V(S,7) satisfies a Black and Scholes (1973) IEBVP with initial
condition f(S) = (¢S — ¢K)T in the case of a vanilla payoff. Note that in defining the
valuation problem, we already implicitly reversed time by setting 7 = T — ¢ and made

the change of variables V(S,t) = V(S,7) thus transforming the terminal condition into

an initial condition.

The first candidate transformation of the Black and Scholes (1973) PDE considered
here is the most straight forward one and can often be found in the literature on the

pricing of non-path-dependent contingent claims.

Lemma II1.4 (Heat Equation I).
Let V(S,7) satisfy a Black and Scholes (1973) IEBVP. Define

x = In(S)+<&r,

1
§ = T—5—502,

V(S,7) = e "u(x,T).

Then the function u(x,T) satisfies the following initial boundary value problem

H{u}(z,7) = 0 for (x,7) € D,

u(z,0) = f),
0

for T €10, 00),
where

flx) = f(e"),
b(r) = ln(B(T))—i-&',

D = {(z,7): x> ¢b(r), 7 € (0,00)}.
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Proof By the chain rule, we obtain

oV _,«T< ou m)
= e —ru+é&—+—|,
X

ar dx ' or
ov. . 10u
s~ Sox

v .1 (9w Ou
a5z~ € S2<ax2_ax)'

Substituting back into the forward Black and Scholes (1973) PDE yields

ou 15 ou 1 ,0u
0=—— —q—=0“—¢&) —+ -0"—.
+ <T 17357 E) Ox + 27 922
The parameter £ as given in Lemma III.4 is determined such that the convection term

vanishes. [J

Note that an exponential boundary B(7) = B(0)e?" in the original coordinates is trans-
formed into a time-dependent linear boundary b(7) = In (B(0)) + (£ +v)7. Furthermore,
the parameter £ is determined from the objective of eliminating the convection term and
can thus not be freely chosen. Consequently, the method of images cannot be directly
applied to this valuation problem except for in the unlikely special case when v = —¢.
However, non-path-dependent European style option with various terminal payoffs can
be easily priced through a convolution of the heat kernel with the corresponding initial

condition.

Another approach to transform the Black and Scholes (1973) PDE into the heat
equation seems more common in the literature and has some advantages, as discussed

later; see for example Chapter 5.4 in Wilmott et al. (1995), pp. 76-81.

Lemma ITL.5 (Heat Equation II).
Let V(S,7) satisfy a Black and Scholes (1973) IEBVP. Define

x = In(95),
1 r—94
“© T T T2
(2(r — 8) + o?)°
B = - o2 ;
V(S,7) = e PTu(x, 7).
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Then the function u(x,T) satisfies the following initial boundary value problem

A~

H{u}(z,7) = 0 for (z,7) € D,
u(z,0) = f(z),
0

for T € ]0,00),
where

b(t) = In (B(T)),

D = {(z,7) vz >Yb(1),7 € (0,00)}.

Proof By the chain rule, we obtain

o = emthT <5U + 8“) )

ar or

af/ o az+pBT 1 8’&

% = € g <Oéu + 8:E> 5
82‘7 ar+6T 1

— = e

ou  O%*u
052 '

o (a(a —Du+ (2a — 1)% toz
Substituting back into the Black and Scholes (1973) PDE yields

_ Ou 9 N\ 0u 1 ,0%
0 = —T+<T—5+U (Oé—2>>ax+20'ax2

_(ﬂ_a(r—é—i—;UZ(a—l)) +7") ”

The parameters « and § as given in Lemma IIL.5 are determined such that both the

reaction and convection terms vanish. [J

This approach is the method of choice for standard barrier options since a constant

boundary B(7) = B(0) in the original coordinates stays constant under the transformation

at b(1) =In (B (0)) However, an exponential boundary is again transformed into a time-

dependent linear function.
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Finally, we consider a mixture of the first two approaches which encompasses the
second one as a special case. The idea is to be able to freely choose the parameter £ (in
particular to set £ = —v) and then determine the values for the parameters « and  such

that the convection and reaction terms cancel out.

Lemma II1.6 (Heat Equation III).
Let V(S,7) satisfy a Black and Scholes (1973) IEBVP. Define

x = In(S)+<&r,

o - L_r—0-¢
2 o2
20— g-9+0?)°
/B - 80'2 )

V(S 1) = e @HhTy(z 7).

Then the function u(x,T) satisfies the following initial boundary value problem

H{u}(z,7) = 0 for (x,7) € D, (IL.1a)
w(z,0) = f(z), (IIL.1b)
u(b(r),7) = 0  forT€]0,00), (IL.1c)

where

— efen),
= In(B(r)) +¢r,
D = {(z,7): x> ¢b(r), 7 € (0,00)}.

Proof By the chain rule, we obtain,

oV aa+BrT Ou | Ou

ot ¢ <(5+“5)“+§ax+ar)’

OV awtrprl Ou

o5 ¢ S(O‘“+am>’
OV aztpr L ou  9*u
552 = °© SQ(a(a—l)u—l—@a—l)ax—i—W).
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Substituting back into the Black and Scholes (1973) PDE yields

~ Ou 9 1 ou 1 ,0%u
—(ﬁ—a(r—é—i—iaz(a—l)—f)+7’>u.

Given the value of the parameter &, the parameters a and 3 as given in Lemma II1.6 are

determined such that both the reaction and convection terms vanish. OJ

I11.4.3 Image Operator

The following definition is a generalization of Theorem 1 in Buchen (2001b), p. 128,
to dividend paying assets and exponential barriers; see also Section 2 in Buchen and

Konstandatos (2009), pp. 502-503.

Definition III.5 (Image Operator).
Let V(S,7) be a solution to the Black and Scholes (1973) PDE. The image of V (S, 7)

relative to the exponential barrier B(7) = B(0)e?7 is given by

B0)y,m . S 200 22 6277'
7 {V(S1)}= (B(O)e”) 1% (B((gﬂ') ,

where

Note that the dependence of the image operator on the parameters defining the
exponential barrier and time-to-maturity is made explicit through superscript notation.
While this may seem unnecessary at first, it will be essential when dealing with more
complex contingent claims where the barrier is either a continuous piecewise exponential

function or only partially active or both.

While this definition seems ad-hoc at first, it immediately follows from applying
the method of images to the heat transfer equation and then reversing the coordinate

transformation, as the proof to Proposition III.1 shows.
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Proposition IT1.1 (Method of Images for the Black and Scholes (1973) PDE).
Let V(S,7) satisfy a Black and Scholes (1973) IEBVP. Let ‘N/B(O) ,(8,7) be the solution to

the corresponding full-range problem

C{V), }(5.7) = 0 for (S,7) €RE,

Vi 4(8:0) = f(@)1{yS > ¢B(0)}.

Then V (S, 1) is given by

- - B(0

)7777_ ~
V(S,T) = VB(O),A/(S7T)_ T {VB(O),"/(S7T)}'

Proof As shown in Section II1.4.2, applying the change of variables proposed in
Lemma IT1.6 and setting & = —+ yields a constant boundary in the transformed coordinates
at b = In (B (0)) Consequently, the method of images can be applied. It follows from
the results in Section III.4.1 that the initial boundary value problem in Equation (III.1)
satisfies

u(x, 7) = up(z, 7) — up(2b — x, 7),

where

HA{up} (x,7) = 0 for (z,7) € R x (0, 00),

up(z,0) = f(a)1{vz > b}

is the related full-range problem for the heat transfer equation. Let VB(O) 7(S, 7) be the
corresponding full-range problem for the Black and Scholes (1973) PDE as defined in
Proposition III.1. The image solution for the Black and Scholes (1973) PDE is then given

by
B’(O)v')/»‘r ~ ax—f—,@’r
T {VB(O),y(S’T)} = e u(2b —x, 1)

e?a(x—b)ea(Zb—x)+,BTu(2b — 7z, 7_)

201 B2(0)e2VT
- B v
= (= 5 Vo (0)e T
B(0)er™ 0),y S

and Proposition III.1 follows. [J
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Proposition II1.2 provides the most important properties of the image operator.

Proposition IT1.2 (General Properties of the Image Operator).
Let V(S,7) and U(S,7) be solutions to the Black and Scholes (1973) PDE. The image

operator in Definition II1.5 has the following properties.

(i) Z is an involution, that is

(i) T is a linear operator, that is for constants a,b € R

B(0),y,7 - . B(0),y,7 .~ B(0),y,m -
7 {aU(S,7)+0V(S,7)}=a T {US,T}+b T {V(S 1)}

(iii) If
E{‘N/(S, )} =0 for (S,7) € D

on some domain
D= {(S,7) : ¢S > ¢¥B(0)e’, 7 € (0,00)}

then
B(O),'y,f - 9
E{ T {V(S,T)}} =0 for (S,7) € R{L\D.

(iv) The values of the original function and the image agree on the boundary

~ B0)y,m ( -~

V(B(r),) =7 {V(Bm,f)}.

Proof For brevity, only the main ideas of the proofs are given here. All details can be
found in Appendix III.B.1. Properties (i) and (ii) immediately follow from a (repeated)
application of Definition IIL.5. In order to prove Property (iii), we explicitly compute the

partial derivatives of the image of V/(S,7) and then show that it satisfies the Black and
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Scholes (1973) PDE. To see that Property (iv) holds, we apply the change of variables in
Lemma IT1.6 setting £ = —v so that we obtain a constant boundary problem for the heat
transfer equation. By the symmetry property, the solution to any initial value problem
and its reflection agree on the boundary. Reversing the change of variables yields the

result in the original coordinates and for the exponential boundary. [J

It is important to note that Property (i) in Proposition III.2 only holds if the two image
operators are with respect to the same exponential barrier, that is they have the same

parameters B(0), v and 7.

For the dynamic hedging and risk management of contingent claims, the availability
of closed form solutions for its sensitivities is of utmost importance. The following three
Lemmata provide the major greeks for images of valuation functions. These results all

follow from a careful differentiation and the proofs are omitted for brevity.

Lemma IIL.7 (Delta and Gamma of the Image of a Valuation Function).
Let V(S,7) be some waluation function. Then the first- and second-order asset price

sensitivities of the image of V(S,7) are given by

o By, .
o 77 {V(s.m)}

o
B S \* 20, B2(0)e2™ B2(0)e27 9V [ B2(0)e®7
B (W) s\ s 7)) s as\ s 7

and

2(1 — 20) B2(0)e*™ 9V [ B2(0)e*" B(0)e*'™ 02V [ B2(0)e*'™
53 5 A Rt 7))

—

Lemma IIL.8 (Theta of the Image of a Valuation Function).

Let V(S, T) be some valuation function. Then the first-order time-to-maturity sensitivity
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of the image of V (S, ) is given by

0 (0) VT

9 {VST}

- [ B2(0)e*7 B2(0)e>7 9V [ B%(0)e*1™
ew) (‘MV (s” s s s T

+5LV B2(0)e1™ -
or S ’ ’

Lemma IIL.9 (Vega of the Image of a Valuation Function).
Let XN/(S, T) be some valuation function. Then the first-order volatility sensitivity of the
image of V(S,7) is given by

o B(O),’y,T -
% T {V(S,T)}

) (50 () 3 ()

111.4.4 Probabilistic Derivation of the Image Operator

This section shows how the image operator for exponential boundaries can alternatively
be obtained within a probabilistic setting. The Feynman-Kac formula provides a
connection between a Cauchy problem and a corresponding conditional expectation; see
for example Theorem V.7.6 in Karatzas and Shreve (1991), p. 366. It is thus not surprising
that the method of images for the Black and Scholes (1973) PDE can also be derived by
exploiting the symmetry properties of the Brownian motion. However, we are not aware
of a reference in the literature that explicitly establishes this link, even for the special
case of a flat boundary. This approach requires us to first obtain a closed-form solution
for the probability distribution of the terminal spot prices conditional on the barrier not
having been breached before. The derivation is thus much more involved compared to the
one discussed in Section II1.4.3, which simply requires an appropriately chosen coordinate

transformation for the Black and Scholes (1973) PDE.
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The reflection principle, see for example Section I1.6.A in Karatzas and Shreve (1991),
pp. 79-81, allows us to solve for the joint PDF of the terminal underlying asset price and
the indicator of no prior breach of an exponential barrier. The following Lemma provides
the precise result. See also Omberg (1987), who approximates the early exercise boundary

for American plain vanilla options through an exponential function.

Lemma II1.10 (Joint Density of S; and {7 > t}).

Let B(7) be an exponential boundary where 7 = T —t for some time T € [0, T*] and let the
dynamics of the spot asset S = {S; : t € [0,T*|} under the risk-neutral probability measure
P* and the first hitting time v of S to the barrier B(T) be as in Lemma II1.2. Then the

unconditional joint PDF is given by

P*{S, € dz,v >t} = :ml\/i <N’ (W) — 2N (W)) dz,

where

alz) = i(ln <§0>+7t>,
)
A= i<r5+’yiaz).

Proof The proof can be found in Appendix I11.B.2. [J

The image operator can now be recovered from the risk-neutral pricing formula.

Proposition II1.3 (Probabilistic Method of Images for the Black and Scholes
(1973) Model).

Let V.= {V;,t € [0,T]} be the value process of a contingent claim with maturity in T €
(0, T*] and terminal payoff
Vp = f(Sr) {v >T},

where the dynamics of the spot asset S = {Sy : t € [0,T*]} and the first hitting time v to
an exponential boundary B(t) are as in Lemma II1.10. Let VBO) = {VtB(O) 1t elo, T]} be
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the value process of the corresponding full-range problem given by the risk-neutral pricing

formula

VPO = e IB [ £ (Sp) St > wBO)}| 5] .

Then

5 B(O),’y,T—t

where the image operator I is as in Definition I11.5.

Proof This follows from applying the risk-neutral pricing formula and expressing the
expectation as an integral over the terminal payoff multiplied by the joint PDF obtained

in Lemma TI1.10. All details can be found in Appendix I11.B.4. OJ

I11.5 Binary and Q@ Options

As shown in Buchen (2001b), the method of images yields a solution for the prices
of standard barrier options in terms of a linear combination of cash-or-nothing (bond)
and asset-or-nothing (asset) binaries and their respective images. As we will show, this
continues to hold when the barrier is a continuous and piecewise exponential function of
time. Ingersoll (2000) also shows that a wide variety of exotic payoffs can be priced in terms
of elementary digital options. Skipper and Buchen (2003) generalize much of the previous
literature on digital option pricing by introducing the so called M-binary. These multi-asset
and multi-period exotic binary options can be used to price most rainbow options, whose
terminal payoff depends on the asset prices at a discrete set of monitoring points. Examples
include fixed and floating strike discrete geometric average Asian options and discretely
monitored multi-asset barrier and lookback options. Veiga et al. (2012) independently
obtain similar results in a slightly more general setting with time-dependent drift and
diffusion functions. Both the Skipper and Buchen (2003) M-binaries and the Veiga et al.

(2012) generic contracts allow to value the same types of elementary payoff structures.

The basic building blocks for the prices of the barrier options considered in this chapter
are higher-order bond and asset binaries. Our notation is very similar to that used by

Skipper and Buchen (2003).
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Definition II1.6 (n-th Order Bond and Asset Binaries).

Let s = (s1,2,. .. ,sn)/ be a n-dimensional column vector of indicators with values s; €
{(—1,+1}, let T = (T}, T, ..., Ty) € R" be a n-dimensional column vector of maturity
dates such that T; < Tj for i < j and let & = (&1, &2, ... &) € R? be a n-dimensional
column vector of strike prices. The n-th order bond binary Bg and asset binary Ag have

the time T,, payoff

B¢ (St,T,) = 1,{diag(s)St > diag(s)¢},

Ag (ST, Tn) = Sr,1n {diag(s)St > diag(s)&}.

Here, St = (S1,,S1,,...,57,)" € R" is the n-dimensional column vector of spot prices at
the maturity dates and diag(s) is the n x n diagonal matrix created from the vector s.

The n-dimensional indicator function 1,, is defined element-wise as

1n{w>a}:H1{xi>ai}. A
i=1

Thus, an n-th order bond (asset) binary has a payoff of one unit of cash (one asset)
at the terminal maturity date T,,, if and only if s;S7, > ;& for all i € {1,2,...,n}.
Again, each s; € {—1,+1} serves as an indicator for a less-than or greater-than inequality,
respectively. Higher-order binary options can also be regarded as compound options. A
second-order binary, for example, is a binary option to receive a first-order binary at time
T given that s1.57, > s1£1. In general, for n > 1 we have at the first maturity date

8222258: (S, Tl) = Bg;g’gg (S, Tl) 1 {815 > 8161}

Agg e (ST = AZZ e (8,Th) 1{s18 > s161}-

Proposition ITI.4 (Valuation of n-th Order Bond and Asset Binaries).

The time 0 < t < T} values of the n-th order bond and asset binaries are given by

Bg(S,t) = e "N, (diag(s)d—;C),
AS.8) = SeIN, (ding(s)dy: ©).
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where Ny (x; C) is the n-variate standard normal cumulative distribution function eval-

uated at point x and with correlation matrizx C. The n-dimensional column wvectors

dy = (deq,dso,...,dr,) €R™ are defined by

I (S/&)+ (r—0£30%) 7

d .
+,i O'\/Tj‘ y

where T; = T; — t is the i-th time-to-maturity and C € R™ x R" is a symmetric positive

definite correlation matrix given by

1 if i =j
Cij = \sisj\/mi/7j ifi<j
$iSj\/Tj/Ti otherwise

Proof This result is a special case of the generalized M binary valuation equation given
in Theorem 1 in Skipper and Buchen (2003), pp. 10-11, when there is only a single
underlying asset. Section 5.2.(b) of their paper, p. 15, gives an example. [J

Following Buchen (2004), we define higher-order Q options (pronounced /kju:/) to have
a payoff equal to that of a European plain vanilla call option with strike price &, at the
terminal maturity date 7}, conditional on s;S7, > s;&; for all i € {1,2,...,n}; see also the
related working paper Buchen (2001a) for the origin of this notation. The concept of a
QO option is thus a natural extension of standard European plain vanilla options to higher
orders. Introducing these contracts is not necessary to solve the valuation problem in
this chapter since a Q option corresponds to a special linear combination of higher order
asset and bond binary options. However, it often simplifies the notation by reducing the

number of terms involved.

Definition IIL.7 (n-th Order Q Options).
Let s, € and T be as in Definition II1.6. The n-th order Q option has the time T}, payoff

Qg (ST7 Tn) - Ag (ST7 Tn) - anz (ST7 Tn) . A
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By Definition III.7, the value of a standard European plain vanilla call option with

strike price K is Q}E(S, 7) while that of the otherwise identical put option is —Q (S, 7).

Corollary III.2 (Valuation of n-th Order Q Options).
The time 0 <t <11 value of the n-th order Q option is given by

QZ(S,t) = Se™*™ N, (diag(s)dy; C) — &ne™ "™ N, (diag(s)d—_; C).

Proof This immediately follows from Definition I11.7 and Proposition I11.4 as well as the

linearity of the pricing rule. [J

In order to hedge against the random changes in the underlying asset price, we need to
be able to compute the first partial derivative of the contingent claim prices with respect
to it. Propositions I11.5 and II1.6 provide the necessary results for binary options. These

represent novel contributions.

Proposition ITL.5 (Delta of n-th Order Bond and Asset Binaries).
Let oy = diag(s)d+. Let, p; be the i-th column of the matriz C then

“orh)

V, = C'—p;

D? = diag(Vj),

bri = (Di)7 (o3’ —p;low)
G = (D) V(D)

where we use the notation x=* (X %) to indicate that the i-th element (the i-th row and
column) is removed from the vector x (the matrix X ). The time 0 < t < T first-order

asset price sensitivities of the n-th order bond and asset binaries are given by

%(S t) = —TTnlzn: Si N (a_ )N, (A . “,)
85 9 - € S Pt o/ a*,l n—1 a*,l’ 1)
8./42

—6mn . g Si / s
W(S,t) = e (Nn (a+7c)+;mﬁi/\/ (a+,i)Nn1(a+,i>Ci)>'

Here, N'(z) is the univariate standard normal PDF and we define Ny(+;-) = 1.
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Proof For brevity, we only outline the derivation of the delta for n-th order bond binaries.
The result for the higher-order asset binaries follows analogously. First, we express the n-

variate standard normal cumulative distribution function as an integral.

@(S t) = e*”"i - N (z; C)dx
o5 > =e ag [ NalmEjde.

Each of the n upper limits of integration a_; is a function of S. Thus, by a repeated

application of the Leibniz rule we get

%(S t)y=e "™ z”: %N' (a— ;) /a_i/\/" (:c_i' 1 V-)dm_i

95 7 22798 V) e Tt R TEE
We use that conditional on x; = a_ ;, the vector 2~ has a multivariate normal distribution
with mean vector fi; = pi_ia_7i and covariance matrix V; as given in Proposition II1.5; see
for example Theorem B.7 in Greene (2008), p. 1013. Consequently, (ﬁi)fl (a:*i - /lz)
has a multivariate standard normal distribution with correlation matrix C; as given in

Proposition II1.5. The result follows when substituting for the partial derivatives of a_;

using that
804;&}2‘ . S;
2s Soy/T;

Proposition II1.6 (Vega of n-th Order Bond and Asset Binaries).
The time 0 < t < T first-order volatility sensitivities of the n-th order bond and asset

binaries are given by

oB; " sid .
76 = —e 781 + / . A .. .
9o (Svt) € ; o N (O‘f,z)anl(af,uCz%
8./43 5T n S’Ld—72 R ~
a—;(S, t) = —e° "S; TN/ (o4 i) N1 (G435 Cy).

Proof The proof is fully analogous to that of Proposition II1.5 and thus omitted. We use
that

daxi Qg
Odo o
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II1.6 Barrier Option Pricing

In this section, we discuss the pricing of knock-out barrier options. Our final objective is to
obtain a valuation function for deferred start barrier options, where the barrier, once active,
follows a continuous and piecewise exponential function. As shown in Section II1.3.4,
although this functional form of the barrier might sound arbitrary at first, it arises
from a valuation and risk management perspective when dealing with standard deferred
start barrier options like the ones embedded in bonus certificates pro. As intermediate
results, we obtain the valuation formulas for standard exponential barriers, deferred start

exponential barriers and continuous piecewise exponential barriers.

Throughout this section, we assume that the barrier option does not pay any rebate
upon knock-out. The separate valuation of only the rebate as an American binary
option with its payout either at maturity or at the first hitting time is postponed until
Sections II1.7 and II1.8. Appendix III.E contains an overview of the main results of this

and the following two sections for easier reference.

The following lemma establishes that a separation of the valuation problem is indeed

possible; Rich (1994) provides a less formal argument.

Lemma ITI.11 (Valuation of Barrier Options with Rebates).
The valuation function of a knock-out barrier option that pays a rebate when the barrier
1s breached before maturity is given by the sum of the valuation functions of the terminal

payoff and the rebate alone.

Proof Let 0 < T < T* be the maturity date and v be the first hitting time of the
barrier during a monitoring period. Let X be a §r-measureable random variable, ¥ =
{Y;:t €[0,7]} be an F-adapted process and f : R — R and g : [0,7] x R — R be the
payoff and rebate functions respectively. By the risk-neutral pricing formula, the value

process V = {V; : t € [0, T]} is then given by
V; = Ep- [e_T(T_t)f(X)l{u ST+ e Vg (1,Y,) 1{r < T}‘ gt}

for all ¢ € [0, A T]. The separability follows immediately from the linearity of the

expectation operator. [

Note that by defining X to be §pr-measureable and Y to be F-adapted, the Lemma holds

for general payoff and rebate functions. In this chapter, we only consider the case where
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X is o (S7)-measurable (that is a function of the terminal stock price) and Y is a constant

such that the rebate is a function of the first hitting time alone.

II1.6.1 Exponential Barrier Options

In this section, we compute valuation formulas for knock-out barrier options where
the barrier is continuously monitored and given by an exponential function of the time-
to-maturity B(7) = B(0)e?” as in Definition ITI.1. Let v be the first hitting time of the
asset S to the barrier B(7) defined as

V:inf{tZO:z/JSt gzpB(T—t)}.
The terminal option payoff is then given by
Vi = (¢Sr — oK)t 1{v > T}.

The option value V (S, 7) satisfies a Black and Scholes (1973) IEBVP with a plain vanilla

initial condition, that is

£{‘7}(S,7') =0 for (S,7) € D,

V(S,0) = (68— oK),

V(B(T),T) = 0 for 7 € [0, 00),

where

D={(S7): 9S> YB(1), T € (0,00)}.

The corresponding full-range problem is given by

E{VB(Q),V}(SJ) =0 for (S,7) € R3,

Va~(50) = (65— oK) 1{$:5 > ¢B(0)}.

In what follows, we will always provide all intermediate steps in the solution for the down
& out put price which corresponds to ¢ = —1 and ¢ = +1. For brevity, we only state the
final results for the three other knock-out barrier option types as they follow along the
same steps. Alternatively, we can apply a parity result obtained by Buchen (2001b), which

expresses the value of all knock-out barrier options in terms of the valuation functions for
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plain vanilla options and the full-range problem for the corresponding down & out option

as well as their respective images. The initial condition of the full-range problem can be

decomposed as

Va,(5:0) = (K—95)1{S < K}1{S > B(0)}
(K - S)(1{S < K} —1{S < B(0)}) if K > B(0)

if K < B(0)
We thus obtain the following valuation function for the full-range problem

_ —Qi(8,7) = KBg  (S,7) + Ag  (S.7) if K > B(0)

Va),(57) = ~
if K < B(0)

It follows by the method of images that the value of the down & out put is

.

—Q,(5,T)— KBT( )(S T) + AT(O)(S, T)
3(0),7,7 B(0),7,7
Vp,dO(S7 T) = B(0),y,7 . B .
-7 {%@ )} it K > B(0)
0 if K < B(0)

The values of the other three knock-out barrier options are given by

KBy (8:7) = A (S7)
- By ¢ BO)y,m ) .
VaolSi7) =4 —K I {Bp S+ 1 {45, (80} if K>B0),
_ B0)y,r _ .
—Q(S, 1)+ T {Qg(S.7)} if K < B(0)
(. BO)yr ‘ _
Q(S,7)— I {Qx(S.7)} if K> B(0)

VeaolS:m) =4 4t (8,7) = KBE,_ (8,7)
B(O)ﬂ/ﬂ- 3(0)7777 ~
+ + :
-7 {Amﬂ&ﬂ}+K T {Bmﬁ&ﬂ} if K < B(0)
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and

0 if K > B(0)
Tn(So7) = Q) (S,7) — Ag(o)(s,r) + KBJBF(O)(S, 7)
oA B(0),y,7 B(O),’Y,T
- ks T A ()
B(0),y,m . ~
K T {Bg(o)(s,T)} it K < B(0)

II1.6.2 Deferred Start Exponential Barrier Options

In this section, we analyze partial time knock-out barrier options with an exponential
barrier. For these contracts, the period in which the barrier can be triggered by the
underlying asset price is a subset of the lifetime of the option. We only consider the case
of deferred start barrier options, where the barrier is not monitored initially but only after

some date 0 < Tg < T

The barrier again follows the exponential function B(7) = B(0)e?". Let v be the first

hitting time of the asset S to the barrier B(7) after the monitoring start date defined as
y:dﬁ{tZTmeh§¢BﬂVf®}
The terminal option payoff is then given by
Vi = (¢St — ¢K)T 1{v > T}.

During the monitoring period when ¢ € [Ts,T], the value of the deferred start barrier
option is just equal to that of the standard barrier option from Section II1.6.1. Before
the barrier start date, it can be regarded as a binary option to receive a standard barrier
option at time 7T conditional on ¥St, > VB (7s), where 7¢ = T — Tg is the time-to-
maturity at the barrier start date. The option value f/dS(S, 7) of the deferred start barrier

option outside the monitoring period then satisfies

E{f/ds}(S, T) = 0 for (S,7) € RT x (7g,00),
V(S 75) = V (S, 7s) 1{vS > ¢ B (7s) }.
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Using the result from Section II1.6.1, we can express the value of the deferred start down

& out put at the barrier start date as

(= Qx (5.75) = KBy (,75) + A (5,75)
B(O)ﬂ/v‘f-s _ R B(O):’Yﬁ's _ R
g I {8} +K I {Bg, (S7s)}
Vp,ilo (57 7A—S) = B(0),y,7s _ . ~ . 5 '
_ 7 {AB(O) (S, TS)} )1{5 > B(7g)) it K> B(0)
0 if K < B(0)

Our aim is to express the right-hand side (r.h.s.) in terms of second-order binary and Q
options and their respective images. While it is an immediate consequence of the discussion
following Definition II1.6 that for example

B

S,7s)1{S > B (fs) } = BL S,0,%s),

(0) ( (7s)B(0) (

it is not obvious if and how the indicator can be pulled inside the image operator. Note
that the notation Cgllgj (S,71,72) is used to denote the value of a second order binary
option where the time remaining to the first and second maturity dates is given by 71 and

T9, respectively.

Lemma ITI1.12 (Product of the Image of a Binary and an Indicator).
Let ng(S, T) be the wvalue of a first-order bond or asset binary. Then the following
relationship holds

BQ)rr BO)AT
I {czs s >nay= 1 {c;02(s,01)},

where 3
A B2(0)e277
S =—-"—.

The property continues to hold for higher-order binary options.
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Proof By Definition III.5, we have

BT {Csz(& 7-)} 1{s15 > s1&1}
_ =co ( ((?S)YemT ) 1{s18 > s161}
_ PO {ez(s,0m},

with él defined as in Lemma II1.12 and

- ( )2“.

The proof for higher-order binaries is identical. [

S
B(0)erT

(1]

Corollary II1.3 (Product of the Image of a Binary and an

Let (,’5522(5’,7') be the wvalue of a first-order bond or asset binary.

relationship holds

B(0),yT
T

B(0),yT o=

{cg;(s,f)} 1{51S > s1B(r)} = i

{

Proof This follows immediately from Lemma I11.12. [J

Indicator).

Then the following

(8,07}

Returning to the valuation problem of the deferred start down & out put, we notice that

Corollary II1.3 applies. Consequently,

(

“ Qb (5:0.79) = KBLL o) (5,0.7)

FALC ) (5:0.75) + BOyps { Q50 (5,0
Vido (5.75) = ) +K T {Batni (5079}

- {Aoasi0 (5:0.79)]

0
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and consequently letting 79 = T's — t be the time-to-barrier start, we get for 7 > 7g

Vp do(S 7—)

Qg (52797 = KBy gy (5:707)

A5 oo (5797 " Crrtis)

+K A B (57507}

BT {A__TS)B( (5 TS’T)} if K > B(0)
0 if K < B(0)

The values of the other three knock-out barrier options are given by

Vs (S,7) =

p,uo

‘/;do(SvT) =

and

Vemo(S,7) =

KBE;ESgB(O) (577_87 ) A~( )B( )(S,TS7’7')

B(0),y,T

- -

I{ 1 { B(rs)B(0) TS’T)}
B(0)7777— _ X ~ )

+ 1 {AE #5)B(0) (Sv 7_5'77—)} if K > B(O)
__ 3(0),7,7 B . B

|~ Qi S7e)+ T {Qh  (S7s.m)} i K < B(0)

++ ’ —+ . ~
QB(%S)K (S,15,7)— I {QB(%S)K(S,Ts,T)} if K > B(0)
++ . ++

AB~(7A'S)B 0) (Sa TSvT) KBB(?s)E(O) (Sa TS’T)

B(0),v,7 ,
_ —+
T {4500 (57507}
B(O),%T B
_+ .

K1 {BB(%S)B(O) (S, TS,T)} if K < B(0)
0 if K > B(0)
Liieopic (5797 = Agle) iy (5:75:7)

B(O),"/,T
- ++
+KB)( )B(O) (S 7—577_) T {Qé(‘f’S) (S TS, )}
B(0),y,m
++
T 1 A5t 50 (57507}
B(0),y,T B
++ :
KT {BBGS)B(O) (S, TS,T)} if K < B(0)
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I11.6.3 Piecewise Exponential Barrier Options

We now consider a knock-out barrier option, where the barrier is continuously
monitored and given by a continuous piecewise exponential function as in Definition III.2.
In the first period, from the inception to some date 0 < T < T, the barrier bends
exponentially at the rate k. In the second period, the bending rate is given by . We

recall that the barrier is given by the following function of the time-to-maturity

B(r) = B(0)e™™ if 7 €[0,7g] |

B(0)e¥BATBif 7 > 75

where 7 = Tp—t and 7 = T —Tp. The terminal payoff of a piecewise exponential barrier
option is the same as the one given in Section II1.6.1 but using the piecewise exponential
instead of a standard exponential barrier. Similarly to the deferred start option, its value
after the bending change date when t € [T'5,T] is just equal to that of a standard barrier
option from Section II1.6.1. The option value VP¢(S, 7) of the piecewise exponential barrier

option before the bending change date then satisfies

E{f/pe}(& 7) 0 for (S,7) € D,
VPe(S,75) = V(S,75) 1{wS > B (75) }

Vpe(B(T)jT) - 0 for T € [75,00),

where
D={(5,7):¢S > VB(1), T € (7B, 0) }.

The corresponding full-range problem is given by

L{Vp(opy 3 (S7) = 0 for (8,7) € Ry x (fg,00),

Vitemw (5:78) = V(8,78) 1{yS > ¢B(7p) }.

We observe that the full-range problem satisfies the same equation as the deferred start
barrier option in Section III.6.2 when the bending change date takes the place of the

barrier start date. It follows by the method of images that the value of the down & out
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put for 7 > 7p is

4 +—
_QB 5K (Sa TB7T) - Kl?(égﬁg) 3(0) (Sa TB7T)
B(0),y,T {

)

+_
Ao (ST T
B(0)7.r
+K IV {BTi (S, 7B, T

V(ST =S +K T

B&MWJB{IﬂgﬂJ{BEZm oS}

T A 87}

The values of the other three knock-out barrier options are given by

(

KBy 0 578 7) = Ap (e o) (5 75:7)
)

B(0),y,7
+_
K 1 {Béwmémﬂsﬂﬁ“ﬂ}
B

+ %%{A“ 5o G757}

B(
B(AB)v sTB _
{BBwBﬂ%m(S“”“T)}

+ T {A__ 50) (S, TB,T)}

B(7p)B
+_
BBGmB«»QQTB””}}

Vppﬁo(SaT) = B(fB),mB{ (%,7 {
AEGB)B(O) (S, TB,T)} }

B(%BI),R,TB { B((%W{

B(ip)K

B(#B),%,TB {

+ Qggyrc (5:707) )

Qﬁémi&”%ﬂ}}
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if K> B(0)

if K < B(0)

if K > B(0)

if K < B(0)



B(0),y,7 _
QEZLT (S8, 7)— I {QBZ;B)K(S,TBJ)}
(TB)HTB
++
-1 {QBGmK(&TB”j}
(

+Bm%WB{B@ﬂJ{Q§émf&n%ﬂ}} if K> B(0)

VP (S, 1) =

c,do

+

—4+ . =
Byt (S | K < B(O)

and

0 if K > B(0)

e _ B(7B),x,T
VCPUO(S’T)_ - I B{QTJFA (578, 7)

o
>
&y
=
\‘
oy
—

111.6.4 Deferred Start Piecewise Exponential Barrier Options

The final option type considered here are deferred start barrier options with a

continuous piecewise exponential barrier. There are three relevant dates0 < Tg < Tg < T.
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The barrier is not monitored before the barrier start date Ts. During the monitoring
period, the barrier follows the same piecewise exponential function as in Section III.6.3.
The option value Vds’pe(S, 7) of the deferred start piecewise exponential barrier option

outside the monitoring period then satisfies

L{Vds,pe}(s) 7-) =0 for (S, 7') S R.,. X (%5,00)7

Vispe (S 7g) = VP(S,7s) L{yS > ¥ B (7s) }.

Using the result from Section II1.6.3, we can express the value of the deferred start

piecewise exponential down & out put at the barrier start date as

+— A
(_ QB(%B)K (SaTBuTS)

+_ A
“EBp )50 (57 T5)

+_ ~
TAbm B (578 75)
B(O)fYﬂA—S _ R
z {QB(%B)K (S’TB’TS)}
B(O)f%f's

KT {BE(;B)B(O)(S,TBa%S)}
B(O)fYﬂA—S

o z {Aj_é(_%B)g(o) (SaTB,?S)}

+_ A
- ds.pe X QB(%B)K(SyTBaTS)}
prd’o (S’ TS) = B(%B)J{W—B 4 N
{Bé(+3)é<0> (878, TS>}

+_ A
- T AL e S e )}

L o)
B(7B),k,7B { B(O)j'_%?S{

_ ~ I | BE(_?B)B(O) (S,TB,%S)} }
B(tp).s75 ( BO)v,7s -
o1 A5 S} })
1S > B (7)) if K > B(0)
0 if K < B(0)

Analogously to Section I11.6.2, we aim to express the r.h.s. in terms of third-order binary
and Q options and their respective (composite) images. While Lemma I11.12 can be applied
when the image of a binary option is multiplied by an indicator, we need an analogous

result for composite images.

Lemma IT1.13 (Product of the Composite Image of a Binary and an Indicator).

Let C222(S,7p,7) be the value of a second-order bond or asset binary and B(r) be a
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continuous piecewise exponential barrier function. Then the following relationship holds

B(#B),%,TB { B(O);y,r{

7 I (Cae (S, TBaT)} }1 {515 > s161}

B(fBI),n,TB { B(o),w{

518983
6515263 (S’O’TB7T)} }7

where

&= e2(v—K)TB £1.

The property continues to hold for higher-order binary options.

Proof Repeatedly applying Definition IIL.5 yields

B(‘f’B),N,TB B(O),’V,T
7 { 7 {nggs: (S,TBM')} }1{515 > 5181}

B(%QB),K],’TB _ $98 BQ 0 6277—
= T {;1 C&Q&? <(5)'7 B, T) } 1 {815 > 8151}

_ B%(0)e>7S
= =9 CE;;; (W,TB,T 1 {SlS > 8151}

= EQ 6522533 <e2(’y_ﬁ)TB S, B, 7’) 1 {8162(7_’{)7—35 > 8182(—\/—@7'3 fl}

= meen (S0 s 0m.T)

B(RB)wrs [ _ B2(0)e®"
a 1 {H1C§1€2§3 T’TB?O’T

B(%B%H,TB { B(O),'y,T{

515253
6515253 (S,O,TB,T)} }

where él is as defined in Lemma I11.13 and

S 2a()
<B(O)e”) ’
B < IS >20¢(H) B2 (712) ©2KTB 20(7)
27 \B(7p)erms B(0)er™S '

Note that we made the dependence of the transform parameter o« on the bending

w
|

(1]

parameters v and x explicit. The proof for higher-order binaries is identical. [
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Applying Lemmata I11.12 and T11.13 then yields

(

_Q-H-—

B(#5)B(7p) K
++—
KBy eoypenio |
++— A
TAB (01 Brm) B0y (5 0278 78)

B(O)ﬂ/ 7s o R
+ 1 QG k(50,7 7s)

B(0)7’77+S o ~
{BClB(TB)B(O) (5,075, TS)}

A (SaOaTB77A—S)}

G B(#5)B(0)

(5707737%5)

Sv OaTBa 725)

+K
B(O)z’}/:%s
_ 7 {

B(B),k,TB

‘rds,pe A +— N
Vp,d(I)) (S’ TS) =qF 7 {QCQB i5)K (57077—377—5)}

B(‘f‘B),Iﬁ:,TB
O

7+7 A
Qﬁ@mm“m”&“&

B(i-B)vHaTB
_ —4- :
z {AQM@Bmﬂ&OJ&’@}

S (e 0 ) )
B&E&mﬁmﬂsﬂhn%f@}}

5)m.p ( BO)77

_K BI B{ I’Y S{
+__ A . -
Awwwamwﬁf&m&} if K> B(0)

3

B(f—B)aHaTB B(O)f%i—s
+ T

0 if K < B(0)

where

<2 = B(i—S)a

(3 = B(%S)QQ(’Y_”)(%S—f'B)‘
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Consequently, we get for 7 > 7g

,

++—
_QB Ts)B(‘fB)K (57 7S, TB, T)

-
BB(TS)B(TB

++—
AB(Ts) B(#p)B(0 )(

B(0),y,7 L
{Q@BﬁB)K (8,75, 78, T)}

0),yy,7
+[{ z {BQB@B)B(O) (SaTS,TB,T)}
B(0),y,m o
a - z {AQB(%B)B(()) (57 TS’TB,T)}

~ B(7B),k,TB L
vispe(g )y = + z {chg(fs)K(S’TS’TB’T)}

p,do
7+7
1 B@m@mmﬂ&““ﬁ%”}

B(‘T’B),H,TB
_ -t
z {AC2B(TB )B(0 )(S 75, TBs T )}

—E“B%’“’TB{ Qi S}

)B ( )(357-577—337—)
S7TS7TB7T)

+

B(7B),k,TB {

0

\

The values of the other three knock-out barrier options are given by

,

KB )b 5(0) (550 T8 T)

AB(Ts) B(75)B(0 )(

B(0),y,7
o
Kz {BQBGB)B(O)(S’TS’TB’T)}

+4—
Al BemBo) (TS TBT )}

S, TS, TB,T)

N B(oz),w {

B(%B%HTB
_ -
1 {B@B(%B)B(O) (8,75, 78, T)}
B(%B)#/‘.WTB
+ I AT (S, 75,7B,T)
B(#p)B(0
risre (s, ) = {q<m<) }

B(%B)JﬁvTB B(O),"/,T
+k 1 {

B(’f’B),Kﬂ'B B(O),’y,’r
r{ T

Bir) Bk (575 TET)

++—
QQE(“ VK (S,TS,TB,T)}

B(7B),k,TB L
Qi (.75, 737) |

B(#p) k.7 { B((%V’ {Q;%?%B)K (S, TsvTBvT)}}

173

4 { OMH{ B e (5757} |
B

+Bv2ﬁm{ “3’{A$m@mm%&f$ﬁ%ﬂ}}

__l’__
B BiimBo) (579 TB’T)} }

AcaBim o) (578 7B T "}

if K> B(0)

if K < B(0)

if K > B(0)

if K < B(0)



“rds,pe
ch,do

and

Vds pe

c,uo

(S,7)

(S,7) =

\

Q++;SL)B(TB) (S,7s,7B,T)

B(0),,7
——+
N { GB(fp)K (S, TSvTBJ)}
B(7B),k,TB
—++
- { ~€2B(7‘B)K (S’ TS’TB’T)}
B(7p),k,mB ¢ B(0),7,7 )
+—+ ]
T { {ché(ﬁg)K (S, Ts,TB,T)} } if K > B(0)

+

+++ i
B(#s)B(#5)B(0)

+++ i
T B(7s)B(7p)B(0)

B(0),y,7
— -+
z {ACIB(f'B)B(D) <S7 TS7TB,T)}

+
BCIB(TB)B(O) (S7 7S, TB, T)}

++
AC2B TB)B(O) (57 TS)TB7T)}

B(#) k.7
—++
-l-K: T {BQB(%B)B(O) (S, s, TB,T)}
B(#B).k,m8 ( B(0),y,7
7 { { +—+

ACSB(TB) ()(S TS, TB, T )}}

B(#p),km8 ¢ B(0),7 i
+—+ X
Z { { <3B('T'B)B(O) (S7 TSuTB)T)} } lfK < B(O)

(57 7S, TB, 7-)
(S7 TS‘) T37 T)

VK B(0),v,7 {

B(%B),K,TB {

+

’ if K > B(0)
——+
B(r5) By (5750782 T)
Y D
B(Ts) (TB)B( )(S7 TSaTB’T)
+K B__+ (‘977-5'77_3,7')

o B(#s)B(7p)B(0)
B(0),7,7
-7 {QHfi » (S,TS,TBJ)}

) ¢G1B(7B
LT {AEETTS)B( 0% TS’TB’T)}
kT {BL by (5. 75070
TB K TB {QZ;BJF S TS,TB, T )}
Birs ,H,TB{ St b (ST TET )}
—K P {5 &ZB@B(O) (S:7577)}
| Fe)wis { g {943? e (5575, TB’T)} }

B B(%BZ)’H’TB { B(OI)’W {‘A I 5(0) (S, TS,TB,T)} }

- _ (sB(7s)B
B(#B),k, 7B ¢ B(0),y,T - . )
z { { B )B(0) (SWSaTB,T)} } if K < B(0)

+K "
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II1.7 Rebate Pricing: Payout at Maturity

This section discusses the valuation of fixed rebates that are paid at the maturity of
the option if the barrier has been breached before. W.l.o.g., we assume that the rebate at
maturity is equal to one currency unit. Again, symmetry relationships of the heat transfer
equation yield a simple solution in terms of two bond binaries. Like in Section III.6, we
first derive various auxiliary valuation formulas before obtaining the solution for the case
of a deferred start piecewise exponential barrier. We repeatedly use that the terminal

payoff and the rebate of a barrier option can be valued separately; see Lemma III.11.

I11.7.1 Exponential Barrier Rebate

Let v be again the first hitting time of the asset to the exponential boundary B (1) as
in Section III.6.1. Since the rebate has a unit payoff at maturity conditional on v < T, it
follows that its value at the first hitting time is equal to that of a zero coupon bond with
a unit notional, that is

V, =e "I 1{y < T}

The following well-known parity relationship is essential in constructing a static portfolio

that satisfies the initial and boundary conditions of the rebate pricing problem.

Lemma IT1.14 (Bond Binary Parity).

First-order bond binaries satisfy
BEL(S, T)+ B (S,7)=e"""

forall S e R;.

Proof This follows immediately from
Bgr(S, 0) + Bg(S, 0)=1

forall S e Ry. O
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By Lemma III.14, a portfolio consisting of a long position in one bond binary call and
put matches the value of the rebate on the boundary. However, it does not match the
zero initial condition at the option maturity since either of the two binary options always
expires in-the-money. Proposition II1.7 provides a remedy to this problem by using the
image function to change the active domain of one of the two bond binaries while keeping

its value on the boundary unchanged.

Proposition II1.7 (Pay-at-Maturity Bond Binary Valuation).
Let B(1) = B(0)e"™ be an exponential boundary and let V(S,T) satisfy

5{‘7}(5,7) =0 for (S,7) € D,
V(S,0) = 0,

V(B(T),T)) = 7 for T € ]0,00),
where the active domain D C R?._ s given by
D= {(S,T) (hS > wB(T), TE (0,00)}

and ¢ € {—1,+1} indicates an upper or lower boundary. Then

W B(O),’y,q’

V(S,7) =By (S)+ T {Bp (5,7}

Proof First, note that by Lemma III.14 the trial solution U(S,7) given by

U(S,7) =B (S,7) + B

© (5,7)

(0)

satisfies both the Black and Scholes (1973) PDE and the boundary condition. While the
payoff of the first bond binary is zero for 1S > 1 B(0) and non-zero otherwise, that of
the second is non-zero on the active domain of the American bond binary. Thus U(S, )
does not satisfy the initial condition and consequently also does not solve the problem
in Proposition III.7. However, by Properties (iii) and (iv) of Proposition II1.2, it follows
that the image of the second bond binary has a zero payoff for 1S > ¢ B (0) and its value
on the boundary stays unchanged. Consequently, the function V(S,T) as given in the
Proposition is a solution to the initial boundary value problem. Appendix II1.C.1 presents

an alternative derivation. OJ
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Proposition II1.10 not only solves the valuation problem in this section but also provides
the standard tool used to price more complex pay-at-maturity binary options in the

following sections.

II1.7.2 Deferred Start Exponential Barrier Rebate

Similarly to Section II1.6.2, before the barrier start date the deferred start rebate can
be valued as a binary option to receive a pay-at-maturity American bond binary at T's

conditional on 1Sz, > 1B (75). The option value VI5(S, 1) satisfies

[,{‘N/ds}(s, 7-) = 0 for (S,T) e Ry x (%5700)7

VE(S,75) = V (S, 75) 1{$S > ¢¥B (s) } +e " 1{¥S < ¢ B (7s) }.

Note that compared to Section I11.6.2, we have one additional term in the initial condition.
It accounts for the case when the barrier is violated immediately once it becomes active.
Using Corollary II1.3 with Proposition II1.7, we obtain the valuation function

- . BO)y,r (-
ds — =1 -
VE(S, ) = BB(%S)B(O) (S,1s,7)+ I {BB(+S),B(0) (S,7g,7) }

—rfg =Y
+e SBB(%S) (S, TS) .

I11.7.3 Piecewise Exponential Barrier Rebate

When the barrier is continuously monitored and given by a piecewise exponential

function as in Section I11.6.3, then the option value VP¢(S,7) satisfies

E{f/pe}(S, ) = 0 for (S,7) € D,

VPe(S,75) = V(S.78),

Vpe(B(T)’T) = e 7 for 7 € [?B,OO),
where

D= {(S,T) (S > wB(T), T € (T, ) }

Using Lemma III.11, we separately value the rebate before and after the bending change

date. The valuation problem VP®!(S, 7) for the rebate before the bending change date
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alone is given by

£{f/pe’1}(5,7) =0 for (S,7) € D
Vpe’l(s,f'B) = 0,

l(B(r)r) = e forr € [igoc).

By Proposition II1.7, it has the solution

~ e _ B(TB K, TB
vrel(s,m) =Byl (S,78)+ {By.,, (8.75) }.

The rebate after the bending change date can be valued as a knock-out barrier option to
receive a standard rebate on Tz. The valuation function VP®2(S,7) satisfies the initial

boundary value problem

E{Vpe’2}(5’,7') =0 for (S,7) € D

(Svf-B)a

<

f/pe’Q(S,f'B) =
Vpe’Q(B(T),T) = 0.

The solution to the full-range problem is the same as the one obtained for the deferred
start exponential barrier rebate when ignoring the term which accounts for an immediate

knock-out at the barrier start date. We thus have

- B(0),y,7
o2 _ gy )
VPRST) = Bpipe St T By 5 (587 }

(TB)HTB

- {BwT )B()(S7TBvT>}

B(TB),N,TB B(O),'y,T —
T { T {BB(%B)B(O) (S’,TB,T)}}.

Combining these two results yields

re(s,r) = BE?;B) (S,78)+ T B( )(S,TB)}
By oy (5757 A B (5 757)}
B B(%BIn TB {Bﬁ(i) s )(S, TB,T)}
B = s
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II1.7.4 Deferred Start Piecewise Exponential Barrier Rebate

The auxiliary results from Sections II1.7.1 through II1.7.3 now allow us to value a
deferred start rebate with a continuous piecewise exponential barrier. The valuation

function V9% Pe(S, 7) satisfies

E{vds,pe}(S’ 7—) = 0 fOI' (S, T) (S R+ X (’725’700)7

Ve (S 35) = VPO(S,75) L{S > B (7s) } + e 1{wS < ¥B (4s) }.

Using Lemmata I11.12 and III.13, we obtain its solution as

- B(#B),k,TB
ds,pe _ p—1p -y
14 (S7T) - BB(%S)B(%B) (57751TB)+ v {BQB(%B) (S77577-B)}
B(0),y,7
i R
By imao ST BT L B R ) (575:78,7) }
B(#B),kTB
—pyp—1
_ T {BQB(%B)B(O) (S, 75,78, T) }

B(#B),k,TB B(0),y,7
Y=y
z { z 8433(%}3)53(0) (75,75, 7) }}

—rfs =Y
re B (S,7),

where (1, (2 and (3 are as in Section I11.6.4.

II1.8 Rebate Pricing: Payout at Hit

Finally, we discuss the valuation of fixed rebates that are paid immediately upon the
first hitting time of the barrier. We once more assume w.l.o.g. that the rebate is equal to

one currency unit.

I11.8.1 Exponential Barrier Rebate

Let v be again the first hitting time of the asset to the exponential boundary B (1) as
in Section II1.6.1. Since the rebate is paid upon the first hitting time, it follows by the

risk-neutral pricing formula that its value is equal to the expected discount factor, that is

Vo=Ep [ 1{r <T}].
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The following Lemma uses Corollary III.1 to reduce the valuation problem to the well

known case of a constant barrier.

Lemma II1.15 (Equivalent Constant Barrier Valuation Problem).
Let B(r) be an exponential boundary where 7 = T — t for some time T € [0,T*] and
let the dynamics of the spot asset S = {S;:t € [0,T*]} under the risk-neutral probability
measure P* and the first hitting time v of S to the barrier B(T) be as in Lemma II1.2. Set
B= B(T) and let the dynamics of a second spot asset S = {S’t :t e [0,T] } under P* be
given by

dS; = (r — 6 + ) Sydt + 0.8, dW;.

with initial value Sy = Sy. The first hitting time U of S to the barrier B on the interval
[0,T7] is defined as
v =inf {t € [0,T]: 5, = B},

where we set U = oo on the set where this event occurs after T' or never. Then
v="r P*-a.s.

and consequently

Ep- [e™1{v < T}] = Ep- [e—% (v < T}] .

Proof From Lemma III.2 and Corollary III.1, it follows immediately that v ~p« U, where
~p+ denotes equality in distribution under P*. This is sufficient for the two expectations in
the Lemma to be equal. Although not necessary for our purposes, equality almost surely
can be shown by expressing Sy = B(T — t) and S; = B in terms of the Brownian motion

W* analogous to the proof of Lemma III.2 in Appendix II1.A.1. [J

Note that since S is a Markov process with time-homogeneous increments, we obtain a
similar result when conditioning on the sigma algebra F; and defining © to be the first
hitting time of the asset S to the constant the barrier B = B(T —t). Lemma IIL15
corresponds to the special case where t = 0. Next, we formally setup the valuation

problem in this section.
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Definition III1.8 (Pay-at-Hit Bond Binary Valuation Problem).
Let B(1) = B(0)e"™ be an exponential boundary. V(S,7) is an exponential barrier pay-

at-hit bond binary valuation problem if it satisfies

L{V}(S,r) = 0  for (S,7) €D,
‘7(57 O) = 0,
V(B(r),7) = 1 for 7 € [0, 00),

where the active domain D C Ri is given by
D= {(5’,7’) (hS > wB(T), TE (0,00)}
and ¢ € {—1,+1} indicates an upper or lower boundary. A

As a consequence of Lemma III.15, we can use the well-known formula for perpetual
American binary options on dividend paying stocks as a component to value the
exponential barrier rebate; see for example Chapter 9 in Wilmott (2006), pp. 151-168.

Lemma ITI1.16 provides the corresponding result.

Lemma II1.16 (Decomposition of the Valuation Problem).
Let f/(S, T) satisfy an exponential barrier pay-at-hit bond binary valuation problem. Then

its solution can be decomposed as
V(S,7)=U% _(S)—V(S,7).

Here, Ug (5’) is the wvaluation function of a constant barrier perpetual American bond

binary on the asset S with dividend yield 0 — vy defined in Lemma I11.15 and strike price

U?(S’) _ (?)ﬁ(—d))’

&, It is given by

where

B) = at+yo’VA+a?,

1 r—40+x
a = - — ——
2 o2
2r
A= —.
o2
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In particular, « is the same expression as the one given in Definition I11.5 for the image

operator. V1 (5’,7’) is a contingent claim on the asset S, which satisfies for T € [0, 7]

E{Vl}(S,T*) =0 for (5’, ™) € D,
( ’O) = Ug(T) (51)7
Vi (B(T),T*) =0 for " €0, 7],

where

Proof Using Lemma II1.15, we first construct the equivalent constant barrier valuation
problem. A finite maturity American bond binary then corresponds to initially taking a
long position in the otherwise identical perpetual claim and closing it out at the maturity
given that the constant barrier B(T) has not been breached by any spot price S, over
the interval 7* € [0,7]. See Appendix IIL.D.1 for details on the decomposition. For
completeness, Appendix III.D.2 derives the valuation functions for perpetual American

bond binaries. UJ

Remark. Note that all valuation functions in Section III.8, such as Uéw (S ) and V! (5’ , 7'),
correspond to the auxiliary asset S with a modified dividend yield. We make this explicit
in their definition. When using them to value the pay-at-hit bond binary, we evaluate
them at the current price of the asset S since the auxiliary asset S is constructed such

that their initial values agree; see Lemma II1.15 and the discussion following it.

Also note that for consistency with our previous notation, we use the unusual convention
that ¢ = +1 (¢» = —1) corresponds to a perpetual American call (put) bond binary. The
valuation function V1 (5’, 7') in Lemma II1.16 can be computed using Proposition I1I.1. As
an intermediate step, we need to obtain the solution for the corresponding full-range
problem. However, the terminal payoff is neither a standard bond nor an standard
asset binary. Instead, it can be regarded as the multiple of a power binary on the
asset S. In Sections IIL.8.2 through I11.8.4, when considering deferred start and/or
piecewise exponential barriers, we also need to be able to price higher-order power binaries.

Definition III.9 and Proposition III.8 formalize this and provide the corresponding
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valuation functions. It should be noted that various definitions of power options can
be found in the literature. A standard reference is Heynen and Kat (1996), who obtain
solutions for first-order power binaries and use them as building blocks for more complex

power and parabola options.

Definition II1.9 (n-th Order Power Binaries).
Let s, & and T be as in Definition II1.6. The n-th power binary P with exponent n on the
asset S has the time T}, payoff

"P¢ (ST, Ty) = St, 1, {diag(s)St > diag(s)&} . A

Proposition ITI.8 (Valuation of n-th Order Power Binaries).

The time 0 < t < Ty value of the n-th order power binary is given by

Pg(5.0) = 57exp { (4 =1) (1 + G0 ) 08 7} N (ding(6)d: ).

Here, d;, = (dp1,dp2,-..,dpn) € R™ is a n-dimensional column vector defined by

~ In(5/&) + (r=6+Mm-3%o)mn

dp; = ,
7t O'\/7TZ'
where 7, = T; — t is the i-th time-to-maturity and the correlation matriz C is as in

Proposition II1.4.

Proof Just like Proposition II1.4, this result is a special case of the generalized M binary
valuation equation given in Theorem 1 in Skipper and Buchen (2003), pp. 10-12, when

there is only a single underlying asset. [

Note that the bond and asset binaries in Definition II1.6 can be considered special cases
of power binaries when n = 0 and n = 1 respectively, that is BE(S, T) = 07753(5, 7) and
AE(S, T) = 173§(S, 7). We choose to only introduce power binaries at this point, since they
are less common in the literature and only required in their full generality to value pay-

at-hit rebates.
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Proposition ITI.9 (Delta of n-th Order Power Binaries).
Let oy = diag(s)d,. The time 0 < t < T} first-order asset price sensitivity of the n-th

order power binary is given by

6;7;58 (S,t) = S lexp { ((?7 —1) <r + ;7702> - 775> T} <N" (ay; C)

+Z an, )Nn—l (dn,i;éi)>7

where &y, ; and C; are defined analogous to Proposition II1.5.

Proof The proof is fully analogous to that of Proposition III.5 and thus omitted. [

After laying the groundwork, we can now state the main result of this section.

Proposition IT1.10 (Pay-at-Hit Bond Binary Valuation).
Let V(S, T) satisfy an exponential barrier pay-at-hit bond binary valuation problem. Then

its solution is given by

B(r) Br) (7)™ 7" {1eory s} )

g \A¥) S \PW
= ( _ > N (—dg—y)) + ( = ) N (=dgy)) ,

B(7) B(7)

V(S,7) = UY (S)— 3—6(—@(7)(5(—@7;1@

where all contingent claims are on the asset S with dividend yield & — v defined in

Lemma II1.15, (¢), a and X are as in Lemma III1.16 and

n (S/B(7)) + ¢Yo* VA + a7
() o/ :

Proof We use Definition I11.9 to express the valuation function for the full-range problem
Vé( )(S,T) corresponding to V1! (5’, 7') in Lemma II.16 in terms of a power binary
whose value is given by Proposition IIL.8. The valuation function for V! (5’,7’) then
follows by the method of images; see Proposition III.1. Finally, the value of the
exponential barrier pay-at-hit bond binary follows from Lemma II1.16. To obtain the

second expression, we substitute for the option values and combine terms. All details are

given in Appendix I11.D.3. [J
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The constant barrier pay-at-hit bond binary valuation function in Proposition III1.10 is
well-known; see for example Reiner and Rubinstein (1991a). Thus, if our sole interest lies
in pricing exponential barrier pay-at-hit bond binaries, then we could resort to these results
after establishing the equivalent constant barrier valuation problem in Lemma III.15.
However, they are usually obtained by an explicit integration over the first hitting time
PDF in Lemma III.2. While this approach has to yield the same final solution, it does not
immediately reveal the underlying structure in terms of perpetual American and power
binaries and their respective images. Yet it is this decomposition that, together with the
valuation formula for higher-order power binaries in Proposition II1.8, allows us to solve
the deferred start and/or piecewise exponential barrier valuation problems in the following

sections.

111.8.2 Deferred Start Exponential Barrier Rebate

The option value VI5(S, 7) satisfies

L{vey(s,r) = 0  for (S,7) € Ry x (%5,00),
V(S 75) = V(S,75)1{eS > B (7s) } + 1{v:S < ¥B (7s) }.
Compared to Section II1.7.1, a violation of the barrier at the beginning of the monitoring

period now leads to an immediate unit payoff. Using Corollary III.3 together with

Proposition II1.10 yields

VIS, 1) = B8 (7g) (6(—¢)p1€ (Se™™s 75)

B(%s)
B(=) p¥v T
— )PB(%S)B(%S) (Se™77, 75, 7)
B(#s),0,7 B _ o - -7,
s T oo (Se s s ) L) + B (S0 ).

where again all contingent claims are on the asset S with dividend yield & — v defined in
Lemma II1.15. Adjusting the initial spot price is necessary to obtain the correct underlying
asset prices at the barrier start date. While the logarithmic returns of the actual underlying
S have a risk-neutral drift of r — 0 — %02, those of the asset S that we use for pricing have
a risk-neutral drift of r —§ 4+~ — %02; that is for a positive (negative) value of the bending
coefficient ~, the drift of S is too high (low) and we compensate by adjusting the initial

value downwards (upwards).
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I11.8.3 Piecewise Exponential Barrier Rebate

When the barrier is continuously monitored and given by a piecewise exponential

function as in Section I11.6.3, then the option value VP¢(S,7) satisfies

c{veey(S,r) = 0  for (S,7) € D,
VPe(S,75) = V(S,7B),

VP(B(r),7) = 1  for 7€ [fp,00),

where

D={(571):¢S> YB(7), T € (7p,0) }.

Analogously to Section IT1.7.3, we use Lemma II1.11 to separately value the rebate before
and after the bending change date. The valuation problem VP®!(S, 1) for the rebate before

the bending change date alone is given by

E{f/pe’l}(S,T) =0 for (S,7) € D,
veel(s, 75) = 0,

Vpe’l(B(T),T) =1 for 7 € [T, 00).
By Proposition III1.10 it has the solution

r7pe, 1 _ ¥ <) — BB(=¥ik) B(—tsw) p .
vrel(s,r) = Up (Sik) - B () (PP (8,781 k)

- B(T)I,O,TB {ﬁ(_¢;n)73g(7) (S, 75; ,{)})

Here, we augmented the notation to make it explicit that the bending parameter « is used
in the computation of the perpetual American bond binary U, g (S; k), the function B(; k)
and the power binaries 77735 (S,7; k). That is, the drift of the underlying asset S is given
by 0 — k. This distinction was not necessary in Sections I11.8.1 and II1.8.2. We choose
to only introduce it at this point to not distract from the main problems when deriving
the key result in Proposition II1.10. The valuation function VP®2 for the rebate after the

bending change date satisfies the initial boundary value problem

£{vee2l(S,r) = 0  for (S,7) € D,
VPQ’Q (S,%B) = V(S, 7A'B),
ype2 (B(T), ) = 0.
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Analogous to Section II1.7.3, the solution to the corresponding full-range problem

(7 PB’Q
B(tp).x
exponential rebate in Section II1.8.2. Using Proposition III.1, we thus obtain

(S,7) was obtained as an auxiliary result when valuing the deferred start

VPe2(S, 7)) = B (3p) (ﬁ(—zm)pg(ﬁg) (Se™ "8 75:7)
_B(=yy) p¥¢ —YTB .
PB(TB) B(7p) (Se »TB> 75 7)

B(#B),0,7 oy
+1 {PIIPE ey (ST i) |

B(#B),k,TB o o
- 7 {ﬁ( w,'y)pg(ﬁg) (Se™ "8, 15;7) }

B(%B)»KHTB T
+ T {’B( 1/’7)772?;3) B(¢g) (Se v B,TB,T;’)/)}
B(?B),R,TB B(TB),
B vy -7 .
N z { z { - TZ]’Y)PB(TB)B(?B) (Se ! B’TB’T’V)} })

Combining these two results yields

[7pe — ¥ BB(=ik) B(—sx) p¥
VE(S,T) = U (Sik) - (r) PPy

B( ) 0 sSTB
_ B(—sx) pb )
1 { P (S’TB’“)})
+ B (75) (ﬂ(fw;v)pg(ﬁg)
(Sei’YTBa TB,T; 7)

(S,7B; k)

(Sei’YTB y TB; 7)

_B(=ym) pvy
! P B(#B)B(7B)

B(TB)z sT
(—bm)p—tt
t I { P (s B(s)

TB ,Ii,TB {5 —3y) Pw (SG_WTB7TB;’Y) }

(Se_’YTBa B, T; ’Y) }

’7' 7:"€T
B i {B T/}’Y Pw¢ (Sei'YTB’?TBaT;’y)}

B(7p B(TB)

,n,TB { { )P Eiﬁ)B(TB) (Se_’YTB7TBaT;7)} })

111.8.4 Deferred Start Piecewise Exponential Barrier Rebate

Finally, we consider the valuation of the pay-at-hit rebate linked to a deferred start

piecewise exponential barrier option. Its valuation function f/ds’pe(S, T) satisfies

E{f/ds,pe}(& Ty = 0 for (S,7) € Ry x (7g,00),

VP (S 5g) = VPO(S,%5) 1{y)S > B (7s) } + 1{ppS < ¢B (75) }.
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Using the results from Sections I11.8.1 through II1.8.3 in combination with Lemma II1.13,

we obtain

f/ds,pe(S, T) = B B(=¥ir) (75) (ﬁ(fw;ﬁ)pg(fs) (Se*"”s,rg; m)

—5(’1/’;”)77?(2)3(%5) (Se”"s, TS, TB; n)

B(%SLO’TB
B(—wsk) =99 —KT .
+ 1 { ( )PE(%S)B(fS) (Se 0TS T R)} )

+B7BEY) (75) (6(*1&;7)732%(%3) (Se™78, 15, 75;7)

_B( ) w¢’¢ (S ’YTBaTS7TBvT;fY)

QB B B(TB

B(#B),0,7 _ o
+ T {ﬁ( MNP %(wd)] B )(Se VB,Ts,TB,T;’y)}

B(#B),k,TB o
O gt (50

B(#) k.
B(—; — i —T .
+ T { ( ’Y)IP<1B(TB)B(TB) (Se Y B,Ts,r,’y)}

B(‘?_B)v'{vTB B(%B),O,T
B(— i) py—1v . .
B z { z { ( ’Y)PC(;B(’?B)B(%B) (Se 7 B77-Sa7-B77-1 ’7)} }
(S7 TS5 0) s

n—Y
+Bé(fs)

where

G = B(fg)e"E )
G = B(%B)Q(N—W)(%B—’fs)j

(3 = B(g)elra=Ts)

Here, we have carefully adjusted the newly added barrier level B (Ts) to account for the

shifted initial stock prices as well as the image functions; see Appendix II1.D.4 for details.

II1.9 Numerical Examples

This section analyzes the distribution of the delta hedging error for short positions
knock-out barrier options when the actual underlying dynamics follow a Merton (1976)
jump-diffusion process. We show through Monte Carlo simulations that for a fixed initial
option price, an exponential bending of the barrier towards the option maturity yields a

more robust hedge as opposed to a constant barrier shift. This manifests in lower values
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for the standard deviation, absolute skewness and excess kurtosis of the hedging error.

The mean does not depend on the chosen functional form of the barrier shift.

Following Merton (1976), we assume that the logarithmic returns X =
{X;:t€0,T7*]} follow a jump-diffusion process with normally distributed jumps. The
P*-dynamics of X are given by

N,
X; = <r—5— %az — Aoy (—1) — 1)) t—l—UWt-i-zt:Y;‘,
i=1
where N = {N; : t € [0,7%]} is a one-dimensional Poisson process with constant intensity
A € Ry and (Y]),cy is a sequence of independent identically distributed N (a, 52) normal
random variables. The characteristic function ¢j-(w) of the jump size distribution under
P* is given by
oy (w) = exp {iwa - ;w2ﬁ2} :
The compound Poisson process introduces non-normal higher moments to the logarithmic
return process. In particular, a non-zero mean jump size o induces a skewness with
the same sign and a non-zero jump volatility 8 induces positive excess kurtosis. These
deviations vanish asymptotically as the time horizon becomes large due to the Lindeberg-
Lévy central limit theorem. As discussed in Section III.2.1, a non-normal logarithmic
return distribution generates a strike dependent IVS. Figure II1.11 shows a set of sample
IVSs induced by Merton (1976) for a parameter vector that is typical for well-diversified
stock indices. The 2-axis denotes the scaled moneyness In (K/Sp) /+/T in order to facilitate
the comparison of different maturities. In accordance with the term-structure of the higher
moments, the IVS is strongly convex for short maturities and flattens out for longer times-

to-expiration.

In Section II1.3, we argue that an exponential bending of the barrier close to the option
maturity reflects the time-dependent nature of the jump risk exposure that the hedger of
a short position in a knock-out barrier option is exposed to. This hypothesis is evaluated
through a Monte Carlo simulation study. Let II = {¢o,¢1,%2,...} be an equally spaced
time grid with ¢to =0, t; — t;—1 = At for all ¢ € N and At = 1/252. The same set of model
parameters as in Figure II1.11 is used to generate 100,000 sample paths of the risky asset
on II. We refer to for example Section 6.1 in Cont and Tankov (2004), pp. 172-178, and
Section 3.5.1 in Glasserman (2003), pp. 134-142, for a discussion on efficient simulation
approaches. For each knock-out barrier option and sample path, we compute the profit &

loss from a self-financing pure delta hedging strategy that is re-adjusted once daily. Let
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Merton (1976) implied volatility smiles
18% : : :

1 month

— — — 3 months

17%
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—-0.50 —-0.25 0.00 0.25 0.50
moneyness level

Figure ITII.11: Sample IVS in the Merton (1976) jump-diffusion model. The model
parameters are Sy = 100.00 USD, r = 5.00%, § = 0.00%, o = 10.00%, A = 15.00,
a = —0.50% and 3 = 2.50%.

98 = {0F :t € [0,T*]} and 6° = {67 : t € [0,T*]} be the positions in the money market
account and the risky asset, respectively. The value process P = {P; : t € [0,T*]} of the

hedge portfolio is then given by
P, =0BB, + 675,

where Py = V (Sp,0) is the initial value of the contingent claim. The portfolio weights

satisfy

8V/8S (Sti, ti) ifv>t;

9t = Vt € [ti, tz‘+1) s
0 otherwise
P, — 078,
¢9tB = L i) Vit € [tz‘;ti—&-l) ,
By,

7

where the first hitting time v of the asset S to the constant barrier B on the grid II is
defined as
v =min{i € Ng : ¢Sy, < ¢YB}.

Finally, the hedging error is given by

£=Pr—V(SpT).
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Note that the portfolio process is constructed such that the delta hedge position in
unwound upon the knock-out event. The money market account position also stays
unchanged until the contractual option maturity while the portfolio values are compounded
at the risk-free interest rate. This ensures that the hedging error always corresponds to
a value as of the contractual maturity date and can thus be compared across different

sample paths.

Figure II1.12 shows the first four simulated moments of the hedging error for a down
& out put option with a maturity of one year and a barrier equal to 85% of the initial
spot price. We compare the profit & loss of using a constant barrier shift between —0.50%
and —2.00% to that of a barrier which is first constant at —0.50% and then exponentially
bends to levels between —0.50% and —3.00% over the last three months before maturity.
We consider one functional form of the barrier shift to yield more stable hedges than
another one, if the absolute higher moments of its hedging errors are lower conditional on
the same initial option price. To facilitate the comparison between the constant barrier
shift and the exponential bending approaches, we thus plot the simulated moments as a
function of the corresponding fair values. To account for the noise in the observations, we

fit second order polynomials through each set of data points.

Figure II1.12.a demonstrates that for any fixed initial option price, the mean hedging
error does not depend on the functional form of the barrier. This is not surprising since our
simulation is carried out under the risk-neutral probability measure, where the expected
return using any admissible trading strategy is the same and equal to the risk-free interest

rate.

Figures I11.12.b through II1.12.d provide strong support for our hypothesis that an
exponential bending of the barrier close to maturity yields most robust hedges. As shown
in Figure I11.12.b shows that the volatility of the hedging error is consistently lower, with
the difference being more pronounced for higher initial option prices. The reason is that
large parallel barrier shifts yield a high expected windfall profit when the barrier option
is knocked-out relatively early after inception. This in accordance with our reasoning
in Section III.3. It also explains the large positive skewness of parallel barrier shift in
Figure II1.12.c. Finally, Figure I11.12.d shows that the excess kurtosis is consistently lower
under the exponentially bent barrier. This can be explained by fewer large and positive

(negative) hedging errors for long (short) times-to-maturity. That is, the number of both
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Figure I11.12: Simulated moments of the delta hedging error for a down & out
put when the actual spot price dynamics follow a Merton (1976) jump-diffusion
process. The stars correspond to a constant barrier shift between —0.50% and
—2.00%. The circles correspond to a barrier which is first constant at —0.50%
and then exponentially bends to levels between —0.50% and —3.00% over the
last three months before maturity. The simulation is based on 100,000 paths and
daily re-balancing. The common contract and market parameters are T' = 1.00,
K =100.00 USD, B = 85.00 USD and Sy = 100.00 USD. The parameters of the

jump-diffusion process are as in Figure III.11.
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large windfall profits and large losses induced through jumps that breach the barrier is

reduced.

We emphasize that the parameters of the exponential bending function used in
this example are not optimally chosen. In Section III.3.3, we characterize the optimal
parameter vector as the one that minimizes the variance of the hedging error conditional
on a fixed mean profit & loss. In Figure II1.12 however, we fix the initial barrier shift
as well as the bending start time and only vary the final barrier shift. Consequently, an
optimal choice of the full parameter vector would further improve the robustness of the
delta hedges. Finding a computationally feasible solution to this problem is a topic of

future research.

I11.10 Conclusion

We develop a unified approach to a volatility smile adjusted pricing and more robust
risk management of barrier options within the Black and Scholes (1973) framework.
Closed-form solutions for deferred start barrier options and the corresponding rebates are
obtained. In the first part of this chapter, we propose to model the barrier shift through
a functional form that mimics the time-dependent risk exposure faced by the hedger of
a short position in a knock-out barrier option. The option price is further adjusted to
account for the distributional information embedded in the market implied volatilities.
This yields a valuation problem in terms of a piecewise exponential barrier. The second
part of this chapter derives closed-form solutions for these contingent claims using the
method of images. The corresponding valuation equations can be expressed in terms of
higher-order power binaries. Their computational implementation is straightforward and
numerically stable. Finally, we confirm through hedging simulations that our proposed
piecewise exponential barrier shift indeed reduces the absolute higher moments of the

profit & loss distribution thus yielding more robust hedges.

Future research could further investigate the link between the exponentially bent
barrier approach proposed in this chapter and the leverage constraint replication portfolio
analyzed by Schmock et al. (2001, 2002), as briefly discussed in Section II1.3.5. Fur-
thermore, this chapter characterizes the problem of optimally choosing the parameters

of the exponentially bent barriers in Section II1.3.3 and gives examples in Section III.9.
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However, it remains a topic of future research to find a computationally feasible solution

to the optimization problem and analyze its properties.
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III.A Appendix for Section III.2
III.A.1 First Hitting Time PDF

This appendix contains the detailed proof of Lemma II1.2. First, from Definition III.1
and the solution to the SDE for S, it immediately follows that S; = B(T — t) when

Wt*+i<r—5+£—;a2>t:i<ln<BSEOO))+§T>

/\:1<r—(5+§—502>

and define a new probability measure P equivalent to P* on [0, T™] by

dP S \
i E+ (—/0 /\qu> P*-a.s.,

where £ is the Doléans-Dade exponential martingale. The corresponding Radon-Nikodym

derivative process & (IP)*,I@’) = {{t (IP)*,I@’) 1t €[0,7% } is given by

St =& (—/ AdW;) P*-a.s..
0

It follows by Girsanov’s theorem that the process W = {Wt :t€[0,7%] } defined by

Now let

)

dP

gt(]P)*JIAD) = @

Wy=W/4+ X  Vitel0,T]

is a one-dimensional standard Brownian motion under P; see for example Theorem IIL.5.1
in Karatzas and Shreve (1991), p. 191. Next, by the reflection principle for Brownian

motion, the first passage time PDF of W to a level « is given by

ot 2t

2
P{v e dt} = : o] exp {_a} dt;

see for example Equation (I1.6.3) in Karatzas and Shreve (1991), p. 80. The corresponding
probability under P* can then be computed through a change of measure. Using the

abstract Bayes rule, see for example Lemma A.1.4 in Musiela and Rutkowski (2005), p.
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615, we get

P*{v edt} = Ep«[1{v € dt}]
= B [6 (P, P)1{v € at}]
o 1
= E; [exp {)\Wt - 2)\2t} v e dt}} .
Now, when v = ¢, then W; = a and thus

1 A
P*{v edt} = exp {)\a - 2)\2t} P{r € dt}.

o { (o — At)? }
e ——— o dt.
N 2t

II1I.B Appendix for Section 111.4

II1.B.1 General Properties of the Image Operator

This appendix contains the detailed proof of Proposition III.2.

(i) We have

(ii) We have

B(0),v,7 . -
T {aU(S,T) + bV (S, T)}

B S N\**( - (B20)e>" [ B2(0)e™
= <B(O)e“/T) (aU(Sﬂ')—i-bV <5,7)>

- (B(Sw>2a0 <BQ(OS)QT> o <B<£ew>zav (

B(0)y,m - B(0)y,m .
= a T US4 T {V(ST))
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(iii) The partial derivatives of the image of V(S,7) are given by

0 T (8,7

or
- [ B%(0)e*1" B2(0)e>™ 0V [ B%(0)e*™
( e’YT> (—Qa'yV (S T | +2v 5 25 3 ,T

+8l B2(0)e®" .
or S ’ ’

and
9% BT -
72 {V(S, T
2 2a —1) <B2(0)e2'” >
= ,7_
e'YT S
(1 — 2a (0 )e2rT av B2(0)e>" N B4(0)eY7 92V [ B2(0)e*'7
s 7 ST 982 s )
We have after some simplifications
9 B(0)y,T 9 BT -
—5- I (VS-S5 1T {V(Sin)}
1 4, 8% BOwr - B(0),y,m -
+§ 2? {V(S,T)}*T T {V(S,T)}

B 22 gV [ B2(0)erT B2(0)e2™ oV [ B2(0)e2™
- (B(O)e’YT> {_87 (S’T>+(“5) S a8 s 7

1 B4 4yT 927 BQ 2yT N BQ 2yT
, B4(0)e av( O _W( (0)e T)}

S

and the claim follows.

(iv) Applying the change of variables in Lemma II1.6 with { = —~ yields the initial

boundary value problem

H{u}(z,7) = 0 for (z,7) € D,
u(@,0) = f(a),
0

for 7 € [0, 00),
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where f(z) is as in Lemma ITL.6 and

b = In(B(0)),

D = {(z,7):¢x > b1 € (0,00)}.

By the symmetry property of the heat transfer equation, the solution of any initial
boundary value problem and its reflection agree on the boundary. Reversing the
change of variables yields the result in the original coordinates and for the exponential

boundary.

II1.B.2 Joint Density of S; and {r >t} Part I

This appendix contains the detailed proof of Lemma III.10. To keep the notation simple,
we only explicitly discuss the case of an upper barrier. The steps for a lower barrier
are fully analogous. We first start by computing P*{S; < x,v <t} as this allows for
the application of the reflection principle for Brownian motion. Similar to the proof of
Lemma I11.2 in Appendix II1.A.1, we express the condition v < ¢ in terms of the Brownian

motion W* as

max qu+l T—5+’Y—102 ub> L (1 5(0) +4T | .
ue[O,t] g 2 o SO

We define the equivalent probability measure P just like in Appendix II.A.1 with
corresponding Brownian motion process W = {Wt :te|o, T*]} Let
M; = max {Wu}

u€(0,t]

be the maximum value that the Brownian motion path W attains over the interval [0, #].

M, > 1 (ln (B(O)) —}—WT) =: 3.
g S()

Similarly, we can express the condition S; < x in terms of the Brownian motion W* as

1 1 5 1 x
g S — ) — — < =ln{—].
Wt+a<r 20>t_0n<50>
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Equivalently, in terms of the Brownian motion W, we get

W, < % <ln (;{)) +’yt> = a(z).

Then

P S <o <t} = Ee [1{W <oafe), V> 5}

To explicitly see the next step, we express this expectation as a double integral over the

joint PDF and get

o) 1 . R .
- / exp {)\y — 2)\2t}}P’{Wt e dy, M, > [3}

—00

o) 1 . R .
= / exp{)\y—2)\2t}P{Wt€2ﬁ—dy,MtZﬁ}

a(z) 1 . R
J— R 2 —_—
= /_OO exp{)\y 2)\ t}P{Wt€2ﬁ dy}.

Here, we used the reflection principle for Brownian motion in the second step. We now

make a change of variables by defining z = 25 — y to obtain

= / exp{)\(Qﬂ—z)—l)\2t}I@’{Wt edz}
28—a(x) 2

. 1 .
Ej [eXp {)\ (25 - Wt> - 2)\2t} 1 {Wt > 28— a(aﬁ)}] .
We now define a new probability measure P equivalent to P on [0,T%] by

P o .
dA = Ep« <—/ )\qu) P-a.s..
dP 0

The corresponding Radon-Nikodym derivative process f(ﬁ’), I@)) = {ﬁt (If”,[@’) 2t € [0,T%] }

St =& <—/ )\qu> P-a.s..
0

By Girsanov’s theorem, it follows that the process W = {Wt 1t €[0,T%] } defined by

is given by

dP

é.t(ﬂj)vﬁj)) = dp

Wt = Wt + At YVt € [O, T*]
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is a one-dimensional standard Brownian motion under P. Thus, applying the abstract

Bayes rule yields

— P, [&(B,P)1 {1 = 26 - a(2) }]
P {Wt > 26— a(z) + )\t}

20 (_25 - a\(/z;) + )\t) |

Thus,

p{Wi<a@). 0t <p} = P {W<a@]-P (¥ <a(@), >}

Next, note that by the Leibniz rule we have

;]P’*{St§x,y>t}dx:]P’*{St€da:,l/>t}.
x

Consequently,

P*{S; € dz,v > t}
0

= %IP* {Wt < a(z),M; < B} dz

_ a’\%c) </\/’ <a(x)ﬁ— )\t> Y (_25 a(a:)+/\t>>d$

;

The last step uses the symmetry of the standard normal PDF. We obtain exactly the same

result in case of a lower barrier. In this case, we start by computing P* {S; > z,v < t}

and follow the same steps.

II1.B.3 Joint Density of S; and {7 > t} Part II

This appendix presents an alternative and significantly simpler derivation of
Lemma IT1.10 based on the method of images. This approach uses results from Section I11.5
on bond binaries. We consider a contingent claim that has a unit payoff at its maturity

T € [0,7%] if the terminal spot price is above some level x € Ry such that yx > 1/1B(O)
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and conditional on no prior breach of the exponential barrier B (7). Here, we assume that
the barrier is constructed such that at the maturity of the contingent claim its level is
given by B(0). This comes at no loss of generality, since an exponential barrier can be
equivalently defined with respect to any reference time point. The option value V(S, T)

then satisfies the Black and Scholes (1973) IEBVP

L{V}(S,r) = 0 for (S,7)€D,,
V(S,0) = 1{¢S > ¢z},

V(B(T),T) =0 for 7 € [0, 00),

where
D={(S,7): %S> YB(1),T € (0,00)}.
The corresponding full-range problem VB(OM(S’, T) is given by

E{VB@, }S,7) = 0 for (S,7) € R%,
V(S,0) = 1{yS >z}

However, this is just the value of a bond binary with strike price z. By Proposition III.1,
we thus have

- - B(0)yy,m ( ~

vs,m=BYs,n- 1 {Bisn},
Since the contingent claim value is just the discounted probability of obtaining the unit

payoff at maturity, we have
P* {4Sp >z, v > T} =TV (S, T).

Consequently, we obtain the joint PDF by differentiating this expression with respect to
x. We again only explicitly compute the result for v» = +1. The steps for ¢ = —1 are

however nearly identical. We have

B(O%V,T {

P*{Sy €dz,v >T} = —e'T = <B;f (So,T) — BY (SO,T)}> dz

oBY BO)~T [ 9BY
_ _arT z i T
= e <8K (So,T) T { 0K (So,T)}) dl‘,
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where we used that the image operator does not depend on the strike price K. The partial

derivative of the bond binary price with respect to the strike price is given by

oBY
0K

1
(SO, T) = *e_rTxo_iTNl (Tl)d, (S(], T)) y

where

In(So/z)+ (r—6—30%)T
oVT '

d_ (So,T) =

Putting everything together, we obtain

P*{Sr edz,v >T} = % (./V" (d= (S0, T))

So \* ., B2(0)e”

It is easy to check that this expression is indeed equivalent to the one previously obtained

in Appendix II1.B.2.

I11.B.4 Probabilistic Method of Images

This appendix contains the detailed proof of Proposition II1.3. We again only explicitly

prove the case of an upper barrier. By the risk-neutral pricing formula, we have
Vi = e "Ep- [f(S7) H{v > T}
Using the result from Lemma II1.10, we can express this expectation as an integral

vV, = e_”/ f(x)P*{Sr € de,v > T|§:}
0

e [ o () e (B

We split this integral in two parts. Substituting for a(z) and A from Lemma II1.10, the

first part Vt(l) can be expressed as

BO) f(z , (a(x) — A
0 o e [ e ()

o [ f(a;)l{a: < B(O)} , [ In(z/Sy) — (7’ -0 — %02) T
¢ /0 xoN\/T N ( o\T >dx.

We recognize the integrand as the product of the payoff of the full-range value process

VBO) a5 defined in Proposition II1.3 times the log-normal conditional PDF of the terminal
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spot prices St under the risk-neutral probability measure P*. Consequently, Vt(l) = V;B(O).

2 o2 (s L) (n (22 )
- (Bfi))m’

where « is as in Definition III.5. The second part V,

B5(0) _
‘/;(2) — e2)\5e—7’7/ x.];(\'%-/\/'/ (26 (X\(/Z’F)—FAT) da
0

- ( St >2ae—w/°° f(@)1{z < B(0)}
0 x

B(r) o\ T
In (28,/B%(r)) = (r =6 — }o?) 7

oNT

Next,

(2) then becomes

N’ dx

_ PO {Vf;m)} .

Consequently,

5 B(O),%T
Vi = ‘/tB(O)_ 7 {V;B(O)},

which completes the proof for this case. As the joint PDF of the terminal spot price and
v > T is the same for an upper and lower barrier, we simply need to adjust the limits of

integration and indicator functions when dealing with a lower barrier.

III.C Appendix for Section III.7
III.C.1 Pay-at-Hit Bond Binary Valuation

This appendix contains an alternative proof of Proposition II1.7. Let U (S, 1) follow

the IEBVP

E{U} =0 for (S,7) € D,

Uus,0) = 1,

Us,1) = 0 for 7 € [0, 00),
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where the active domain D is as in Proposition II1.7. Then U(S, 7) is the valuation function
of a contingent claim that has a unit payoff at maturity conditional on no prior crossing

of the exponential barrier B(7). It follows by Proposition IIT.1 that

0(S,7)=B% (Sr)— 1 {BY (57)}

(0)(
Since V(S,0) + U(S,0) = 1 and thus V(S,7) + U(S,7) = e "7, we obtain

V(S,7) =By (S.1)+ T {Bp, (5.7},

where we used that BQ(S, T) + B’g (S,7)=e""".

III.D Appendix for Section III.8
III.D.1 Decomposition of the Pay-at-Hit Valuation Problem

This appendix contains the detailed proof of Lemma III.16. Fix some initial 7 € [0, o).
As shown in Lemma II1.15, it is sufficient to solve the equivalent constant barrier valuation

problem for 7* € [0, 7]

N

ﬁ{V}(S,T*) =0 for (S,T*) €D,
(

V(B(T),T*) =1 for 7* € [0, 7],

where
D={(8,7) 198 > ¢B(r), 7 € (0,7]}

and the asset S has a dividend yield of §=26— ~v. Now define the stationary Black and
Scholes (1973) operator J for the asset S as
dU d?

~ 1 N
J{UY=(r—86+~)S— + =c252— — U
{U}=( ) @2 152
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and let Ug) (5’) satisfy the stationary valuation problem

j{Ug}(S*) =0 for 1S > 1€,

Ui = 1,
. oo ifyY =+1
lim Ug) (S) =0 where ¢ = .
5=¢ 0 ifyp=-1

Ug’ (S) is the valuation function of a constant barrier perpetual American bond binary
on the asset S with strike price &. The finite maturity American bond binary V(S,7)
corresponds to initially taking a long position in the claim U;f (T)(S) and closing it out at
the maturity given that the constant barrier B(7) has not been breached by any spot price

N

Sy« over the interval 7* € [0, 7]. We thus set

V(S’ T) = Ug(T)(S) - ‘71(5’ T)a

where V1 (S , 7') satisfies the initial boundary value problem for 7* € [0, 7]

S,T*) =0 for (S,T*) e D,
(

0) = UL (),

(7)(
Vvl (B(T),T*) =0 for 7* € [0, 7]

the solution of which can be obtained using Proposition III.1.

II1.D.2 Derivation of the Perpetual American Bond Binary
Valuation Functions

This appendix provides a detailed derivation of the valuation function for perpetual
American bond binaries used in Lemma IT1.16. This problem is well-known and we refer
to for example Chapter 9 in Wilmott (2006), pp. 151-168. We note that the valuation
equation in the active domain is a homogeneous linear second-order ordinary differential

equation (ODE) with constant coefficients since it can be rearranged to

azuY duY
2 & 4 pS—5 _\UY =0,
ds ¢

ds?
where
2(r — 06
oo 2 2+7)7
o
2r
A= —.
o2



This equation is of the Euler-Cauchy type and we thus try the solution
b e
U (S) =9"

and get
B(B —1)5% + BrS® — A58 = 0.

This equation holds for all values of S if

B4+ B(k—1)—A=0

/ k—1\% k-1
OBy == )\—i-( 5 ) TR

The expression for 84+ can be expanded to

1 1 1.\?
BE) == —<r—5—|—7—02>i\/27“02+<7“—5+7—02>
o 2 2

and we note that S < 0 and 84+ > 0. Furthermore, for § = v, we have x = A and thus

or

B+ =1 and B_ = —v. The general solution to the ODE is given by
Ug’(S’) =c_S° +C+S’ﬂ+,

where c+ are the constants of integration and have to be determined using the boundary
conditions of the particular contract to be priced. In the case of a perpetual American
bond binary put, when ¢ = +1, the upper boundary condition limg_, Ugr (3) = 0 implies

that ¢, = 0. Next, the value matching condition at the lower boundary is
U () =1 o o =¢P-,

Consequently, s
R S\ P-
Ug (3) = (g) .

Similarly, in case of a perpetual American bond binary call when ¢ = —1 the lower
boundary condition limg_,, U (S ) = 0 implies that ¢ = 0. The value matching condition

at the upper boundary is

Ug (&) =1 = ey =70,
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Thus,

I11.D.3 Pay-at-Hit Bond Binary Valuation

This appendix contains the detailed proof of Proposition II1.10. By Lemma III.16, it
remains to find the valuation function V! (5’ ) T) which satisfies an initial boundary value

problem. The corresponding full-range problem for 7* € [0, 7] is given by

[,{ }(5* ) =0 for (5’,7’*) € Ry x (0,7],
(9

0) = Up,,(8)1{w:s>¢B()}.

We recognize the initial condition as the scaled payoff of a power binary as in

Definition III1.9, that is

8 NBY)
S)) {3 > ¢B(r)}.

‘N/B(T)(&O) = <B(T

Using Proposition I11.8 with n = 3(—1), we thus have

G
- (B()) N ().

It is straight forward to check that the terms in the exponential cancel out for both ¢ = +1.

Ve { (600 -1 (r+ Lotwe) ~808) 7L (i)

Similarly, term dg(_,) simplifies to

In (S’/B(T)) + (7“ -5+ (ﬂ(—w) — %) 02) T

dg(—y) = o\/T
_ D(S/B(T)) — PV + alr
o\T ’

where a and A are as in Lemma II1.16. By the method of images, see Proposition III.1,
we thus get
B(T) 0,7

VIS, 7) = Vay ($r)= T {V(, (7))
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Using Definition IILI.5 the image term can be simplified to

B(r)

0,7 . . Sv BY)
2 V(57 = (505) N (v

III.D.4 Adjusted Strike Levels

This appendix provides details on how the adjusted strike levels in Section I11.8.4 are
determined. To find (7, we first note that under the correct specification the drift and the

initial underlying asset price, the probability of ¢S, > VB (7s) is

p* {wSO exp { <r - — ;a2> Ts + UW:S} > B (%S)} .

However, we are instead using the adjusted initial value Spe™"3 and the dividend yield
0 — 7 in the pricing of the power bond binary. We thus search for an adjusted strike level
(1 such that the probability

1
P{q/}Soexp{—’yTB + <r— o+v— 202> Tg —i—aWTS} > wcl}

is identical to the aforementioned one. This is clearly the case when

G = B (75) Y (FB—7s)

To find (5, we apply an approach very similar to that used in the proof of Lemma II1.12.

We have for 7 = 7g

B(#),0,7 ) _ - ~
T {epay L (SeTTE g, min) {68 > ¥ (7s) }
i B2 (7p) 5
= B P Bien) (Se—m 73,7y | US> B (7s) }
o B2 (75) B2 (75) B (7p)
_ SBvmpvE B : B Z
= 7DB(%B)B(ﬁE;) (Se—“/TB ’TB’T”V> ! {wSe_WB = wé (Ts) e 178

Here,

(11

(SefyTB ) 2a(7)
~ \B(%p) '

We thus set (2 equal to the r.h.s. expression in the indicator and obtain

Co = B (7B) (k=) (FB—7s)
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Similarly, to find (3, we follow the same main steps as in the proof of Lemma II1.13. We

have for 7 = 7g

B(7B),k,TB B(%B),O,T i
B(=¥i) p=v¥ o . )
T { T { P e (Se VB,TB,T,W)}}1{¢S>¢B(7—S)}
B(%B),K,TB . _ B2 (7A_ ) )
= = B(=;y) p-vY B _ .
-7 {“1 P (m)Blrs) (ge—w 1. | ¢ L{wS > B (7s) }

p- B* (7p) § _
— =, B p¥Y B _ .
=D P 5 Brm) (BQ (7p) 25’ TB,T,7> 1{yS > ¢B(7s) }

— = By pTid (v—2x)TB . (v—2k)TB (v=28)TB R (4
= = Pé(fs)é(fs) (e S, TB,T,’)/> 1{1/16 S > e B (7s) }

Here,

w
I

Se—’yTB 20‘(7)

< B (#p) ) 7

< S >2a(n) B (%B) ©2KTB
B (723) erTB S

From the r.h.s. expression in the indicator we thus immediately obtain

2a()

(11
V)
I

(3= B (78) (k=1 (FB—7s)

III.LE Overview of the Main Results

Figures II1.13 through III.15 provide a schematic overview of the valuation formulas
obtained in this chapter and their inter-relation, and illustrate which auxiliary results were

used in their derivation.

III.LF MATLAB Code

In this appendix, we provide the MATLAB Code for the valuation of the deferred start
piecewise exponential barrier options and rebates in Sections I11.6.4, I11.7.4 and II1.8.4.
There is significant potential for errors when implementing the final pricing formulas. This

is particularly true for the valuation of the pay-at-hit rebate where one has to be careful,
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Figure I11.14: Schematic overview of the main results on rebate at-maturity valuation. The middle column contains references to the

main results and indicates their inter-dependencies. The left (right

and definitions used in their derivation.

Specific Auxiliary Results

Main Results on
and Definitions

Rebate At-Maturity Valuation

(i) Lemma III.14, p. 175

(ii) Proposition IIL.7, p. 176
Bond Binary Parity

+| Pay-at-Maturity Bond Binary
Valuation

(1) Section IIL.7.1, p. 175 ff.
--» Exponential Barrier Rebate

initial condition

: '
\ :

) column contains references to specific (general) auxiliary results

General Auxiliary Results
and Definitions

(a) Definition IIL.5, p. 149
Image Operator

; m ¥
(iv) Corollary IIL.3,\p. 165 (2) Section II1.7.2, pp. 177 ff.

-~ Product of the Image of'a -- - --» Deffered Start Exponential
Binary and an Indicator . : Barrier Rebate

(iii) Lemma II1.12, p. 164
Product of the Image of a
Binary and an Indicator

(b) Proposition IIL.1, p. 150
Method of Images for the
Black and Scholes (1973) PDE

(c) Proposition IIL.2, p. 151
General Properties of the Image
Operator

™ // : m full range problem
+
(v) Lemma III.11, p. 160 /,, (vi) Definition III.2, p. 138 (3) Section II1.7.3, pp. 177 ff.
Valuation of Barrier Options : . Piecewise Exponential Boundary - Piecewise Exponential Barrier
with Rebates N Rebate
NN .. // nitial condition
- ] . ] H

(d) Definition IIIL.6, p. 156
n-th Order Bond and Asset
Binaries

(vii) Lemma II1.13, p. 171----_
Product of the Composite Image
of a Binary and an Indicator

(4) Section II1.7.4, pp. 179 ff.
Deferred Start Piecewise
Exponential Barrier Rebate

(e) Proposition IIL.4, p. 157
Valuation of n-th Order Bond and
Asset Binaries
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10

whether the spot price adjustment has to performed at the level of the binary option
directly or when taking its image. The sample code fragments provided here should
facilitate the implementation in any programming language. For brevity, we often only
provide the core functionality and omit the otherwise highly recommended validation of a
function’s parameters, the handling of other errors and use of extensive code comments.
The implementations presented here are also not optimized for performance but instead

for ease of readability.

III.F.1 Auxiliary Functions

We repeatedly call the following auxiliary functions that perform the image operation

and value general power binaries.

function [result] = IIf(condition, valueTrue, valueFalse)

if (condition)

result = valueTrue;
else

result = valueFalse;

end

end

function [value] = ImageFunction (ValueFunction, barrierFinal, barrierBending, spot,

maturity, rate, dividend, volatility)

barrierLevel = barrierFinal x exp(barrierBending * maturity);

alpha = 0.5 — (rate — dividend + barrierBending) / (volatility”2);

value = (spot / barrierLevel)” (2 % alpha) » ValueFunction (barrierLevel”2 / spot);
end

function [value] = PowerBinary(eta, strikes, flags, spot, maturities, rate,

dividend, volatility)

order = length(strikes);
CorrelationCoefficient = Q@(i, j) flags(i) * flags(]j) * sgrt(maturities(i) /
maturities(j));

correlationMatrix = eye (order);
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for i = 1: (order — 1)

for j = (i + 1):order
correlationMatrix (i, Jj) = CorrelationCoefficient (i, 7J);
correlationMatrix(j, i) = correlationMatrix (i, 3J);
end
end
dvalues = (log(spot ./ strikes) + (rate — dividend + (eta — 0.5) * volatility”2) =
maturities) ./ (volatility * sqgrt (maturity));
value = spot’eta » exp(((eta — 1) » (rate + 0.5 » eta » volatility”2) — eta »*
dividend) * maturities(order)) = mvncdf (flags .x dValues, zeros(order, 1),

correlationMatrix);

end

III.F.2 Barrier Option Valuation

function [value] = KnockOutBarrierOption (spot, rate, dividend, volatility, phi, psi,

strike, barrierFinal, barrierBending, barrierStart, bendingChange, maturity)

maturities = [barrierStart, bendingChange, maturity];

barrierMiddle = barrierFinal * exp (barrierBending(2) * (maturity — bendingChange));

barrierInitial = barrierMiddle * exp (barrierBending(l) = (bendingChange —
barrierStart));

zetal = barrierInitial * exp(2 % (barrierBending(2) — barrierBending(l)) =
(bendingChange — barrierStart));

zeta2 = barrierInitial;

zetal3 = barrierInitial * exp(2 % (barrierBending(2) — barrierBending(l)) =

(bendingChange — barrierStart));

BondBinary = @ (strikes, flags, spot) PowerBinary (0, strikes, flags, spot,
maturities, rate, dividend, volatility);

AssetBinary = @(strikes, flags, spot) PowerBinary(l, strikes, flags, spot,
maturities, rate, dividend, volatility);

QO0ption = @ (strikes, flags, spot) AssetBinary(strikes, flags, spot) — strikes(end) =*
BondBinary (strikes, flags, spot);

ImageOperatorA = @ (ValueFunction, spot) ImageFunction (ValueFunction, barrierFinal,
barrierBending(2), spot, maturity, rate, dividend, volatility);

ImageOperatorB = @ (ValueFunction, spot) ImageFunction (ValueFunction, barrierMiddle,

barrierBending(l), spot, bendingChange, rate, dividend, volatility);

if ((phi == 1) && (psi == 1))
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if (strike > barrierFinal)
value = QOption([barrierInitial, barrierMiddle, strike], [1, 1, 1], spot);
value = value — ImageOperatorA (@ (spot) QOption([zetal, barrierMiddle,
strike], [-1, =1, 1], spot), spot);
value = value — ImageOperatorB (@ (spot) QOption([zeta2, barrierMiddle,
strike], [-1, 1, 1], spot), spot);
value = value + ImageOperatorB (@ (spot) ImageOperatorA (@ (spot) Option([zeta3,
barrierMiddle, strike], [1, -1, 1], spot), spot), spot);
else
value = AssetBinary([barrierInitial, barrierMiddle, barrierFinal], [1, 1,
1], spot);
value = value — strike % BinaryOption([barrierInitial, barrierMiddle,
barrierFinall, [1, 1, 1], spot);
value = value — ImageOperatorA (@ (spot) AssetBinary([zetal, barrierMiddle,
barrierFinall, [-1, =1, 1], spot), spot);
value = value + strike * ImageOperatorA (@ (spot) BondBinary([zetal,
barrierMiddle, barrierFinal], [—-1, —1, 1], spot), spot);
value = value — ImageOperatorB (@ (spot) AssetBinary([zeta2, barrierMiddle,
barrierFinal], [—1, 1, 1], spot), spot);
value = value + strike * ImageOperatorB (@ (spot) BondBinary([setz2,
barrierMiddle, barrierFinal], [-1, 1, 1], spot), spot);
value = value + ImageOperatorB (@ (spot) ImageOperatorA (@ (spot)
AssetBinary([zeta3, barrierMiddle, barrierFinal], [1, -1, 1], spot),
spot), spot);
value = value — strike * ImageOperatorB (@ (spot) ImageOperatorA (Q (spot)
BondBinary ([zeta3, barrierMiddle, barrierFinal], [1, —1, 1], spot),
spot), spot);
end
elseif ((phi == 1) && (psi == —1))
if (strike > barrierFinal)
value = 0;
else
value = QOption([barrierInitial, barrierMiddle, strike], [—-1, —1, 1], spot);
value = value — AssetBinary([barrierInitial, barrierMiddle, barrierFinall,
[-1, =1, 1], spot);
value = value + strike % BondBinary ([barrierInitial, barrierMiddle,
barrierFinall, [—1, —1, 1], spot);
value = value — ImageOperatorA (@ (spot) QOption([zetal, barrierMiddle,
strike], [1, 1, 1], spot), spot);
value = value + ImageOperatorA (@ (spot) AssetBinary([zetal, barrierMiddle,
barrierFinall, [1, 1, 1], spot), spot);
value = value — strike * ImageOperatorA (@ (spot) BondBinary([zetal,
barrierMiddle, barrierFinal]l], [1, 1, 1], spot), spot);
value = value — ImageOperatorB (@ (spot) QOption([zeta2, barrierMiddle,
strike], [1, -1, 1], spot), spot);
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end

elseif

if

value = value + ImageOperatorB (@ (spot) AssetBinary([zeta2, barrierMiddle,
barrierFinal], [1, —1, 1], spot), spot);

value = value — strike * ImageOperatorB (@ (spot) BondBinary ([zetaZ2,
barrierMiddle, barrierFinal], [1, -1, 1], spot), spot);

value = value + ImageOperatorB (@ (spot) ImageOperatorA (@ (spot)
QOption([zeta3, barrierMiddle, strike], [—-1, 1, 1], spot), spot), spot);

value = value — ImageOperatorB (@ (spot) ImageOperatorA (@ (spot)
AssetBinary([zeta3, barrierMiddle, barrierFinal], [-1, 1, 1], spot),
spot), spot);

value = value + strike * ImageOperatorB (@ (spot) ImageOperatorA (Q (spot)
BondBinary ([zeta3, barrierMiddle, barrierFinal]l, [-1, 1, 1], spot),

spot), spot);

((phi == —1) && (psi == 1)

(strike > barrierFinal)

value = —QOption([barrierInitial, barrierMiddle, strike], [1, 1, —1], spot);
value = value — strike % BondBinary ([barrierInitial, barrierMiddle,

barrierFinal], [1, 1, —1], spot);

value = value + AssetBinary([barrierInitial, barrierMiddle, barrierFinall],
[1, 1, =11, spot);

value = value + ImageOperatorA (@ (spot) QOption([zetal, barrierMiddle,
strike], [-1, -1, —1], spot), spot);

value = value + strike * ImageOperatorA (@ (spot) BondBinary([zetal,

barrierMiddle, barrierFinal], [-1, —1, —1], spot), spot);
value = value — ImageOperatorA (@ (spot) AssetBinary([zetal, barrierMiddle,
barrierFinal], [—1, —1, —1], spot), spot);

value = value + ImageOperatorB (@ (spot) QOption([zeta2, barrierMiddle,
strike], [-1, 1, —1], spot), spot);

value = value + strike * ImageOperatorB(@ (spot) BondBinary([zeta2,

barrierMiddle, barrierFinall], [-1, 1, —1], spot), spot);
value = value — ImageOperatorB (@ (spot) AssetBinary([zeta2, barrierMiddle,
barrierFinal], [—-1, 1, —1], spot), spot);
value = value — ImageOperatorB (@ (spot) ImageOperatorA (@ (spot)
QOption([zeta3, barrierMiddle, strike], [1, -1, —1], spot), spot), spot);
value = value — strike x ImageOperatorB (@ (spot) ImageOperatorA (Q (spot)
BondBinary ([zeta3, barrierMiddle, barrierFinal], [1, -1, —1], spot),

spot), spot);
value = value + ImageOperatorB (@ (spot) ImageOperatorA (Q (spot)
AssetBinary([zeta3, barrierMiddle, barrierFinal], [1, —1, —1], spot),

spot), spot);

else

end

else

if

value = 0;

(strike > barrierFinal)
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value = strike * BondBinary ([barrierInitial, barrierMiddle, barrierFinall,
[-1, =1, —1], spot);

value = value — AssetBinary([barrierInitial, barrierMiddle, barrierFinall],
[-1, =1, =11, spot);

value = value — strike * ImageOperatorA (@ (spot) BondBinary([zetal,
barrierMiddle, barrierFinal], [1, 1, —1], spot), spot);

value = value + ImageOperatorA (@ (spot) AssetBinary([zetal, barrierMiddle,
barrierFinal], [1, 1, —1], spot), spot);

value = value — strike * ImageOperatorB (@ (spot) BondBinary([zeta2,
barrierMiddle, barrierFinall], [1, -1, —1], spot), spot);

value = value + ImageOperatorB (@ (spot) AssetBinary([zeta2, barrierMiddle,
barrierFinal], [1, -1, —1], spot), spot);

value = value + strike * ImageOperatorB (@ (spot) ImageOperatorA (Q (spot)
BondBinary ([zeta3, barrierMiddle, barrierFinal], [-1, 1, —1], spot),
spot), spot);

value = value — ImageOperatorB (@ (spot) ImageOperatorA (@ (spot)
AssetBinary([zeta3, barrierMiddle, barrierFinal], [-1, 1, —1], spot),
spot), spot);

else

value = —QOption([barrierInitial, barrierMiddle, strike], [—1, —1, —1], spot);

value = value + ImageOperatorA (@ (spot) QOption([zetal, barrierMiddle,
strike], [1, 1, —1], spot), spot);

value = value + ImageOperatorB (@ (spot) QOption([zeta2, barrierMiddle,
strike], [1, —1, —1], spot), spot);

value = value — ImageOperatorB (@ (spot) ImageOperatorA (@ (spot)
QOption([zeta3, barrierMiddle, strike], [—-1, 1, —1], spot), spot), spot);

end
end
end

III.F.3 Rebate Valuation: Payout at Maturity

function [value] = RebatePayAtMaturity (spot, rate, dividend, volatility, psi,

barrierFinal, barrierBending, barrierStart, bendingChange, maturity)

maturities2 = [barrierStart, bendingChange];

maturities3 = [barrierStart, bendingChange, maturity];

barrierMiddle = barrierFinal * exp (barrierBending(2) * (maturity — bendingChange));

barrierInitial = barrierMiddle * exp (barrierBending(l) # (bendingChange —
barrierStart));
zetal = barrierInitial * exp(2 % (barrierBending(2) — barrierBending(l)) =

(bendingChange — barrierStart));
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zeta2 = barrierInitial;
zetal3 = barrierInitial * exp(2 % (barrierBending(2) — barrierBending(l)) =

(bendingChange — barrierStart));

BondBinary = @(strikes, flags, spot, maturities) PowerBinary (0, strikes, flags,
spot, maturities, rate, dividend, volatility);

AssetBinary = @ (strikes, flags, spot, maturities) PowerBinary(l, strikes, flags,
spot, maturities, rate, dividend, volatility);

ImageOperatorA = @ (ValueFunction, spot) ImageFunction(ValueFunction, barrierFinal,

barrierBending(2), spot, maturity, rate, dividend, volatility);
ImageOperatorB = @ (ValueFunction, spot) ImageFunction (ValueFunction, barrierMiddle,
barrierBending(l), spot, bendingChange, rate, dividend, volatility);

value = BondBinary ([barrierInitial, barrierMiddle], [psi, —psi], spot, maturities2);

value = value + ImageOperatorB (@ (spot) BondBinary([zeta, barrierMiddle], [—psi,
psi], spot, maturities2), spot);

value = value + BondBinary ([barrierInitial, barrierMiddle, barrierFinal], [psi, psi,
—psil], spot, maturities3);

value = value + ImageOperatorA (@ (spot) BondBinary([zeta2, barrierMiddle,

barrierFinal], [—psi, —psi, —psi], spot, maturities3), spot);

value = value — ImageOperatorB (@ (spot) BondBinary([zetal, barrierMiddle,
barrierFinal], [—psi, psi, —psi], spot, maturities3), spot);

value = value — ImageOperatorB (@ (spot) ImageOperatorA (@ (spot) BondBinary ([zeta3,
barrierMiddle, barrierInitial], [psi, —psi, —psi], spot, maturities3), spot), spot);

value = value + exp(— (maturity — barrierStart) * BondBinary (barrierInitial, —psi,

spot, barrierStart);

end

III.F.4 Rebate Valuation: Payout at Hit

function [value] = RebatePayAtHit (spot, rate, dividend, volatility, psi,

barrierFinal, barrierBending, barrierStart, bendingChange, maturity)

maturities2 = [barrierStart, bendingChange];
maturities3 = [barrierStart, bendingChange, maturity];
alpha = 0.5 — (rate — dividend + barrierBending) / volatility~2;

lambda = 2 x rate / volatility’2;
betaPlus = alpha + sgrt(lambda + alpha."2);
betaMinus = 2 x alpha — betaPlus;

BetaValue = @(flag, index) IIf(flag == 1, betaPlus(index), betaMinus (index));
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barrierMiddle = barrierFinal »* exp (barrierBending(2) * (maturity — bendingChange)) ;
barrierInitial = barrierMiddle x exp (barrierBending(l) # (bendingChange —
barrierStart));

zetal = barrierInitial * exp(barrierBending(2) * (barrierStart — bendingChange)) ;

zeta2 = barrierMiddle * exp((barrierBending(l) — barrierBending(2)) * (barrierStart
— bendingChange)) ;

zeta3 = barrierMiddle * exp((barrierBending(l) — barrierBending(2)) x (barrierStart
— bendingChange)) ;

spotAdjustmentl = exp(—barrierBending(l) % barrierStart);

spotAdjustment2 = exp(—barrierBending(2) =* bendingChange) ;

ImageOperatorA = @ (ValueFunction, spot) ImageFunction (ValueFunction, barrierInitial,

0, spot, bendingChange, rate, dividend — barrierBending(l), volatility);

ImageOperatorB = @ (ValueFunction, spot) ImageFunction (ValueFunction, barrierMiddle,
0, spot, maturity, rate, dividend — barrierBending(2), volatility);
ImageOperatorC = @ (ValueFunction, spot) ImageFunction (ValueFunction, barrierMiddle,

barrierBending(l), spot, bendingChange, rate, dividend, volatility);

temp = PowerBinary (BetaValue(—psi, 1), barrierInitial, psi, spot * spotAdjustmentl,
barrierStart, rate, dividend — barrierBending(l), volatility);

temp = temp — PowerBinary (BetaValue(—psi, 1), [barrierInitial, barrierInitiall, [1,
1], spot * spotAdjustmentl, maturities2, rate, dividend — barrierBending (1),
volatility);

temp = temp + ImageOperatorA (@ (spot) PowerBinary (BetaValue(—psi, 1),
[barrierInitial, barrierInitial], [—1, 1], spot, maturities2, rate, dividend —
barrierBending(l), volatility), spot % spotAdijustmentl);

value = temp / barrierInitial "BetaValue(—psi, 1);

temp = PowerBinary (BetaValue(—psi, 2), [zetal, barrierMiddle], [1, 1], spot =
spotAdjustment2, maturities2, rate, dividend — barrierBending(2), volatility);

temp = temp — PowerBinary (BetaValue(—psi, 2), [zetal, barrierMiddle, barrierMiddle],
[1, 1, 1], spot x spotAdjustment2, maturities3, rate, dividend —
barrierBending(2), volatility);

temp = temp + ImageOperatorB (@ (spot) PowerBinary (BetaValue(—psi, 2), [zeta2,
barrierMiddle, barrierMiddle], [-1, —1, 1], spot, maturities3, rate, dividend —
barrierBending(2), volatility), spot * spotAdjustment2);

temp = temp — ImageOperatorC (@ (spot) PowerBinary (BetaValue(—psi, 2), [zetal,
barrierMiddle], [—1, 1], spot * spotAdjustment2, maturities2, rate, dividend —
barrierBending(2), volatility), spot);

temp = temp + ImageOperatorC (@ (spot) PowerBinary (BetaValue(—psi, 2), [zetal,
barrierMiddle, barrierMiddle], [—1, 1, 1], spot * spotAdjustment2, maturities3,
rate, dividend — barrierBending(2), volatility), spot);

temp = temp — ImageOperatorC (@ (spot) ImageOperatorB (€ (spot)
PowerBinary (BetaValue(—psi, 2), [zeta3, barrierMiddle, barrierMiddle], [1, -1,
1], spot, maturities3, rate, dividend — barrierBending(2), volatility), spot =
spotAdjustment2), spot);

value = value + temp / barrierMiddle BetaValue(—psi, 2);
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38 value = value + PowerBinary (0, barrierInitial, —1, spot, barrierStart, rate,
dividend, volatility);
39

40 end
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III.G Glossary of Notation

O end of a proof

| end of an example

A end of a definition

1{A} indicator of the set A

Az higher-order asset binary

PA-a.s. almost surely under P4

Bg higher-order bond binary

B constant barrier level

b(7) percentage barrier shift

B(7) (piecewise) exponential boundary

D active domain of a PDE

0 continuously compounded dividend yield
& (X)) Doléans-Dade exponential of the process X
Epa expectation under P4

F sigma algebra

St filtration at time ¢

H heat operator

B(OI)MT exponential barrier image operator

IEBVP initial exponential boundary value problem
VS implied volatility smile

J stationary Black and Scholes (1973) operator
K strike price

L Black and Scholes (1973) operator

v first hitting time of a barrier

ODE ordinary differential equation

Q probability space

P* bank account martingale measure/risk-neutral measure
"TP¢ higher-order power binary

PDE partial differential equation

PDF probability density function
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T*
T

TA
V(S,7)
WA
w.lo.g

¢ (P4, PP)

indicator for a put or call option

indicator for a down- or up-barrier
higher-order Q option

continuously compounded risk-free interest rate
right-hand side

asset price process

stochastic differential equation

diffusion coefficient

maturity date

terminal time

bending change date

barrier start date

current time-to-maturity

current time to the date T4

time-to-maturity at the date T4

contingent claim valuation function

standard one-dimensional Brownian motion under P4
without loss of generality

Radon-Nikodym derivative process between P4 and PB
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Chapter 1V

Jump Size Distributions of Additive
Compound Poisson Processes That Are
Closed under the Esscher Transform

We model logarithmic asset price dynamics under the physical probability
measure as additive jump-diffusion processes, which exhibit a time-dependent
Jjump intensity and jump size distribution. The corresponding risk-neutral
probability measure is defined through an Esscher transform. We are interested
in the conditions under which the jump size distributions under the two
probability measures fall into the same parametric class. We show that it
is necessary and sufficient for the jump size distribution to follow a natural
exponential mizture family at all points in time. Immediate applications of

these results in financial engineering are discussed.

Keywords: Esscher transform, additive processes, compound Poisson, jump-

size distribution, natural exponential family

JEL Classification: G13
MS Classification (2010): 60G51, 62E10
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IV.1 Introduction

This chapter models asset dynamics as exponential additive jump-diffusion (AJD)
processes. In contrast to standard time-homogeneous jump-diffusion (THJD) processes,
as considered by for example Merton (1976) and Kou (2002), these allow for a time-
dependence of all parameters and, in particular, the jump intensity and the jump size
distribution. In general, the corresponding markets are incomplete in the Harrison and
Pliska (1981) sense and, consequently, the risk-neutral probability measure is not unique

if it exists.

In the mathematical finance literature that solely focuses on the valuation of contingent
claims, the problem of selecting a martingale measure is often bypassed by directly
specifying the stochastic dynamics under the risk-neutral probability measure; see for
example Cai and Kou (2011). The model parameters are then calibrated to the market
prices of plain vanilla options. Criteria for model selection are the in- and out-of-sample
goodness of fit to the Black and Scholes (1973) implied volatility surface and the empirical
robustness of the corresponding hedging and replication strategies; see for example Bakshi

et al. (1997).

However, the econometric literature approaches the model selection problem from a
different angle by focusing on the physical asset dynamics. The parameters are estimated
from the time series of historical returns through maximum likelihood or the generalized
method of moments; see for example Ball and Torous (1983), Sgrensen (1991), Ait-Sahalia
(2002, 2004), Bates (2006) and Ramezani and Zeng (1999, 2007). Models are selected based
on their ability to reflect the stylized empirical facts of a particular asset class. Typical test
statistics to evaluate the relative fit of two models to the same data set are the likelihood
ratio and the Bayesian information criterion. To be able to price contingent claims, one
then has to specify the change of measure process that defines the corresponding risk-

neutral asset price dynamics.

Often, ad-hoc assumptions about the market price of jump risk are made to obtain a
risk-neutral probability measure that differs from the physical probability measure only
by the average expected return; see for example Merton (1976). Instead, Gerber and
Shiu (1994b) propose to define the Radon-Nikodym derivative process through an Esscher
transform of the logarithmic return process. They show that this choice arises as the

equilibrium change of measure process in certain economies where the representative agent
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has iso-elastic utility of consumption. Naik and Lee (1990) obtain a similar result in a
Lucas (1978) type pure exchange economy where asset prices follow a Merton (1976) jump-
diffusion process. Again, the assumption of iso-elastic utility is key, because it leads to
an exponential form of the stochastic discount factor; see Milne and Madan (1991) and
Kou (2002) for further applications. In general, the Esscher transform induces a non-
zero market price of jump risk. Consequently, the dynamics of the jump components
under the physical and risk-neutral probability measures differ. Moreover, the jump size
distributions may fall into different parametric classes. However, this is undesirable from
a modeling perspective because the two distributions cannot be compared directly to each

other based on their respective parameter vectors.

It is beneficial to specify the jump size distribution of logarithmic returns to
follow a parametric class that is closed under a measure change defined through an
Esscher transform, even when the dynamics under the physical probability measure are
irrelevant. As noted by Gerber and Shiu (1994b), the Radon-Nikodym derivative process
corresponding to the change of numéraire from the bank account to the spot asset can
be represented as an Esscher transform of the logarithmic return process with a unit
transform parameter. This application is central because it often simplifies the contingent
claim valuation problem significantly. As shown by Geman et al. (1995), it allows to
express the value of European plain vanilla options in terms of two probabilities under the
risk-neutral and asset price probability measures, respectively. Consequently, if the jump
size distribution is closed under an Esscher transform measure change, then being able to
evaluate the cumulative distribution function of the logarithmic returns under the risk-
neutral probability measure is sufficient to price European plain vanilla options; see for

example Kou (2002) for an application.

The literature mostly focuses on asset prices that are driven by THJD processes,
and our AJD models nest these as special cases. We show that a time-dependent
instantaneous risk-free interest rate, and thus non-constant market prices of risk, renders
a THJD processes under the physical probability measure into a strictly AJD process
under the Esscher transform martingale measure (ETMM). Similarly, a non-constant jump
frequency under the physical probability measure induces a time-dependence of the jump

size distribution under the ETMM.

This chapter analyzes conditions under which a class of AJD processes is closed under

an Esscher transform measure change. We show that it is both necessary and sufficient for
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the jump size distribution at each point in time to follow a natural exponential mixture
(NEM) family. This result is important as it allows us to narrow down the set of candidate
dynamics for a given modeling problem. Further, we fully characterize the parameter
vector under the Esscher transform probability measure (ETPM) in terms of the original
parameter vector and the transform parameter. Immediate applications of this result to,
among others, the THJD models proposed by Merton (1976), Kou (2002) and Cai and
Kou (2011) are provided. Finally, we discuss how our result relates to conjugate prior
distributions in Bayesian statistics and what its implications for the minimal entropy

martingale measure (MEMM) are.

The remainder of this chapter is structured as follows. Section IV.2 introduces the
stochastic setup and formally defines AJD processes. We discuss their main properties
and derive several auxiliary results. Section IV.3 generalizes the Esscher transform to
AJD processes. Section V.4 discusses AJD processes whose jump size distribution at
each point in time follows an NEM family. We show that this class of processes is closed
under the Esscher transform and characterize its dynamics under the new probability
measure. Applications in financial engineering are also discussed. Section IV.5 concludes

the chapter and proposes directions for future research.

IV.2 Stochastic Setup

Let (9,5,F,P) be a complete filtered probability space. We interpret P to be
the physical or real-world probability measure. All considered stochastic processes are
defined on the interval [0,7™] for a fixed terminal time 0 < 7™ < oo. The filtration

F = (St)ieo,r+) is the P-augmentation of the natural filtration induced by the process

X ={X;:t€[0,T%]}, defined below. That is
Se=0(Xy:ue€l0,t]) VN,

where N are the corresponding P-null sets. By Proposition I1.7.7 in Karatzas and Shreve

(1991), p. 90, this ensures the right-continuity of F.

Throughout this chapter, the dynamics of X follow an AJD process, as defined in

Section IV.2.3. It can be uniquely decomposed into the independent sum of a continuous
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component X¢ = {Xf :t € [0,7*]} and a pure jump component X7/ = {Xt] te [O,T*]}.
While X¢ follows a drifted Brownian motion with time-dependent drift and diffusion
coefficients, which is extensively studied in the literature, the dynamics of X7 are novel.
The pure jump component follows an additive compound Poisson (ACP) process, where
not only the jump intensity but also the jump size distribution is allowed to be time-
dependent, though non-random. In Section IV.2.1, we formally define X7, show that it is
an additive process, and discuss its properties in detail. We then generalize these results

to AJD processes in Section 1V.2.3.

We consider a frictionless market in which two primary assets can be traded
continuously in the interval [0,7*]. S = {S;:t € [0,T*]} is the price process of a risky,

limited liability spot asset given by
St == SoeXt,

with initial value Sp € Ry. B = {By; :t € [0,T*]} is the value of a money market account
with non-random dynamics

dB; = r(t)Bydt

and initial value By = 1. Here, 7 : [0,7*] — R is the deterministic instantaneous risk-free

interest rate satisfying
T*
/ Ir(u)|du < oo.
0
Since X follows an ACP process with random jump sizes, this market is generally

incomplete in the Harrison and Pliska (1981) sense. Consequently, the risk-neutral

probability measure is not unique, if it exists.

Following Jacod and Shiryaev (2003), we start by introducing a stochastic integration
operator o before defining the dynamics of X because this simplifies the notation in many

cases.

Definition IV.1 (Stochastic Integration Operator).
Let « = {a; : t € [0,7%]} and X = {X; : ¢t € [0,T*]} be two stochastic processes. Then for

any 0 < s <t < T%*, the notation

t
(o X)i g = / a,d Xy,

is used to denote the stochastic integral of o with respect to X over the interval [s, ],

given that this expression is well-defined. A
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IV.2.1 Additive Compound Poisson Processes

In the following sections, we use the concept of a Poisson random measure repeatedly.
For convenience, we start by providing its definition; see also Definition 19.1 in Sato (1999),

p. 119 and Definition 2.18 in Cont and Tankov (2004), p. 57.

Definition IV.2 (Poisson Random Measure).

Let (2,5, P) be a probability space and p be a positive Radon measure on (E, ), where
E C R"™ and & := B(FE) is the Borel o-algebra on the Euclidian subspace E. A Poisson
random measure M :  x &€ — Ny on E with intensity measure p is an integer valued

random measure such that

(i) for any bounded measurable set A € £, M(-,A) < oo is an integer valued random
variable,

(ii) for each measurable set A € £, M(-, A) is a Poisson random variable with mean
u(A), and

(iii) for disjoint measurable sets Aj, As,...,A, € &, the random variables
M(-;A1),M (-, A2),...,M (-, Ay) are independent. A

We recall, that a Radon measure on (E, &) assigns a finite measure to every compact
measurable set A € &; see for example Section 7.1 in Folland (1984), pp. 204-209, or
Definition 2.2 in Cont and Tankov (2004), p. 23. Note that Definition IV.2 is not in its
most general form but is instead chosen to suit our purposes. According to Proposition
19.4 in Sato (1999), p. 122, given any Radon measure p on (F, ) defined as above, there
exists a Poisson random measure M with intensity measure u; see also Proposition 2.14
in Cont and Tankov (2004), pp. 57-58. Thus, it is sufficient to characterize the intensity
measure. Using the concept of Poisson random measures, we can now define an ACP
process that allows for a time-dependence in both its jump intensity and its jump size

distribution.

Definition IV.3 (Additive Compound Poisson Process).
An ACP process X7 = {Xg 't e [O,T*]} is defined as

. t +oo
X7 :/ / xJx (du x dx),
0 J—oo
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where Jx is a Poisson random measure on (E,€) with E = [0,7%] x R. Its intensity
measure can be decomposed as p(dt x dz) = A(t)f(t,x)dtdx. Here, the jump intensity

A:[0,7%] — Ry is a deterministic function satisfying

T*
/ AMu)du < 0o
0

and for each time 0 < ¢t <T*, f(¢,-) : R — Ry is a probability density function (PDF). A

Note that the above definition, in particular, implies that y is a finite measure on R

for each 0 <t < T*, that is,

T p+oo
/ / p(du x dz) < co.
0 —00

Thus, X7 has piecewise constant trajectories; see for example Proposition 3.8 in Cont and
Tankov (2004), p. 85. Like time-homogeneous compound Poisson processes, X7 is a right-
continuous pure jump process. The expected number of jumps over any time interval [s, ¢]

for 0 < s <t <T*is given by

Conditional on observing a jump at time 0 < t < 7™ its jump size follows the PDF f(¢, x).
This process no longer has stationary increments because of the time-dependence of the
jump intensity and the jump size distribution and, thus, it is generally not a Lévy process.
However, as already implied by the chosen nomenclature, X7 is an additive process. The

following lemma formally establishes this.

Lemma IV.1 (X7 Is an Additive Process).
The ACP process X7 = {Xg 't e [O,T*]} in Definition IV.3 is an additive process.
Following Definition 1.6 in Sato (1999), p. 3, this entails that it

(i) starts at Xo =0,

(ii) has independent increments, and

(iii) is stochastically continuous;

see also Definition 14.1 in Cont and Tankov (2004), p. 454.
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Proof Property (i) is obvious from the definition as an integral. The independence of
increments follows immediately from the independence of the Poisson random measure
over disjoint sets; see Definition IV.2.(iii). Stochastic continuity requires that

limP { | X7

im +h—X§‘>e}:O

for all ¢ > 0. This can be shown to hold by dominated convergence, since the probability
on the left-hand side is bounded from above by the probability of observing one or more
jumps over the interval [¢, t+h], which converges to zero in the limit. See Appendix IV.A.2
for details. [J

Note that some definitions of additive processes also include the extra condition of right-
continuous sample paths. However, this is not necessary because every additive process,
as defined above, admits a unique right-continuous modification; see Theorem 11.5 in Sato
(1999), p. 63. In the following sections, we will always assume implicitly that the process

under consideration is this right-continuous modification.

Only a few papers in the mathematical finance literature consider risky asset prices
driven by additive processes explicitly. One example is Fujiwara (2009), who characterizes
the MEMM under these dynamics. In contrast to this chapter, he allows for more
general jump dynamics and does not impose the decomposition of the intensity measure

in Definition IV.3.

The result in Proposition IV.1 below is repeatedly applied in what follows to find

characteristic functions and construct exponential martingales.

Proposition IV.1 (Exponential Form of X7).
Let X7 = {Xt] te [O,T*]} be an ACP process and let o : [0,T*] — R be a deterministic
function. Then for any 0 <t < T*

o [exp {i (ao Xj)[(]’t]}] — exp { /0 t /_ :o (eiaW - 1) A(u) f(u,:n)dxdu}

~ exp { | 2w @y (wau) -1 du} |

0

where

+oo
oy (t,w) :/ e“Tf(t,z)dx

—00

is the characteristic function of the PDF f(t,x) under P.
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Proof This is a special case of the more general Proposition 19.5 in Sato (1999), pp.
123-124, adapted to the ACP process in Definition IV.3; see also Proposition 3.6 in Cont
and Tankov (2004), p. 78. O

Corollary IV.1 (Characteristic Function of X7).
Let X7 = {X{ ‘te [O,T*]} be an ACP process. Then, for any 0 < t < T*, the

characteristic function ¢;(w) of Xg under P is given by
t

Pxi(w) = exp{/ot /_:O (" —1) )\(u)f(u,:n)dmdu}
= o { [ M) v () - Daul}.

0

Proof This immediately follows from applying Proposition IV.1 with a(u) = w. O

Lemma IV.2 below shows that, as for standard time-homogeneous compound Poisson
processes, the distribution of the process at any point in time can be decomposed into
the sum of independent processes with the same jump size distribution but a scaled down

jump intensity.

Lemma IV.2 (Infinite Divisibility).
Let X7 = {Xf ‘te [O,T*]} be an ACP process. For every 0 <t < T*, the distribution of
Xg is infinitely divisible. For any n = 2,3, ..., there exist n independent and identically

distributed (i.i.d.) random variables Y,/ Y7 ... Y7 such that
X{ ~p > Y
i=1

In particular, each Y = {Yti’j 1t e |0, T*]} is an ACP process with jump intensity 5\(15) =

A(t)/n and the same time-dependent jump size distribution as X7.

Proof The infinite divisibility of the distribution of Xg for every 0 <t < T™ follows from
X7 being an additive process as shown in Lemma IV.1; see Theorem 9.1 in Sato (1999),

p. 47. It is straightforward to check that the n-th power of the characteristic function of
Ytl’j is equal to ‘Z)X;Z (w). O
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Similar to Lévy processes, the distribution of an additive process at each point in time
can be fully characterized through a generating triplet. However, we in general need to

define these triplets for each point in time separately because of their non-stationarity.

Lemma IV.3 (System of Generating Triplets).

Let X7 = {Xt] 1t € [O,T*]} be an ACP process. Then its system of generating

triplets with respect to the truncation function g(z) = 0 is given by (02,1/,7) =

{(2(t),v(t,),v(t)) : t € [0, T*]}, where

oty = 0
t
v(t,z) = /0 Aw) f(u, z)du
~(t) = 0.

Proof This immediately follows from Corollary IV.1, Lemma IV.2 and the Lévy-
Khintchine representation; see for example Theorems 8.1 and 9.8 in Sato (1999), pp.
37-38 and p. 52. O

When defining the Esscher transform in Section IV.3, we need to construct exponential

martingales from AJD processes. Lemma IV .4 lays the foundation for this.

Lemma IV.4 (Complex Exponential Martingale of X7).
Let X7 = {Xg :t e |0, T*]} be an ACP process adapted to the filtration F. Let o : [0,T*] —
R be a deterministic function and define the process ZJ = {Zt] 1t e [O,T*]} by

Zg = exp {i(aOXj)[o,t]} (Ep {exp {i(ozoXj)[OJ]}D_l.

Then Z is a complezr valued (P, F)-martingale.

Proof This follows from X7 having independent increments in conjunction with Propo-

sition IV.1. See Appendix IV.A.1 for details. [J
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IV.2.2 Time-Changed Compound Poisson Processes

In the following sections, we will often consider the special case when the jump size
distribution does not depend on time. This yields a standard compound Poisson process
with time-dependent intensity and allows for a more well-known representation in terms of
a Poisson sum over i.i.d. random variables. The following definitions and lemmata make

this precise.

Definition IV.4 (Time-Changed Compound Poisson Process).

A time-changed compound Poisson (TCCP) process is an ACP process whose intensity
measure can be decomposed as u(dt x dz) = A(t) f(x)dtdx, where f: R — R, is a PDF.
A

Cox (1955) considers a more general class of time-inhomogeneous Poisson processes,

where the instantaneous jump intensity is itself stochastic.

Lemma IV.5 (Time-Changed Compound Poisson Representation I).
Let X7 = {X{t7 it e [O,T*]} be a TCCP process with deterministic jump intensity. Then
it can be represented as

Nt

X/ =3 Y

i=1
where N = {N;:t € [0,T*]} is a one-dimensional Poisson process and (Yi);cy 15 a
sequence of i.i.d. scalar random wvariables with PDF f : R — Ry on (,F,F,P). The

Poisson process has a deterministic intensity X : [0,T*] — R4 and is independent of the

sequence of random variables (Y;);cy-

Proof We compute the characteristic function of the proposed representation of X7 and
show that it is equal to the one in Corollary IV.1 when the jump size distribution is time-

homogeneous. See Appendix IV.A.3 for details. [J

The following lemma justifies the choice of the nomenclature for the class of processes in

Definition IV.4.

Lemma IV.6 (Time-Changed Compound Poisson Representation IT).
Let X7 = {Xt] te [O,T*]} be a TCCP process and let X7 = {Xg 1t €[0,7%] } be defined

by
f=3v,
=1
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where N = {Nt :t e [0,T%] } is another one-dimensional Poisson process on (2,5, F,P).
We assume that N has a constant intensity of one and is independent of the sequence of

i.i.d. random variables (Yj> Then Xi ~p Xg(t) for all 0 <t < (~H(T*), where ~p

)

ieN
denotes equality in distribution under the measure P.

Proof By construction, Ny and Ng(t) have the same distribution under P. [J

The intuition behind this result is that only the distribution of the total number of jumps
is relevant because the jump size distribution is independent of the jump time. Thus, we
can define a Poisson process with constant intensity and speed up or slow down calendar
time by a deterministic function such that at all times the distribution of the original

Poisson process and the time-changed one are identical.

Finally, it is useful to distinguish clearly between ACP processes that are also TCCP

processes and the ones that are not. Definition IV.5 makes this precise.

Definition IV.5 (Strictly Additive Compound Poisson Processes).
Let X7 = {Xg ‘te [O,T*]} be an ACP process. It is a strictly ACP process, if it is not
a TCCP process. A

IV.2.3 Additive Jump-Diffusion Processes

This section extends the ACP dynamics to include a continuous drift and martingale
component. This extension is straightforward but treated separately from the definition
of the pure jump component for clarity of exposition. For brevity, we only discuss the

results that are central to the following applications.

Definition IV.6 (Additive Jump-Diffusion Process).
An AJD process X = {X; : ¢t € [0,T*]} is defined as

Xy = X7+ X].
Here, the process X¢ = {Xy : t € [0,7%]} is the continuous part of X given by
t t
Xi = / ~(u)du +/ o(u)dW,,
0 0

242



where v : [0,7%] — R and o : [0,7*] — R, are deterministic functions satisfying

-
/O (Iv(w)| + 0*(u)) du < oo,

W = {W,:t€]0,T*]} is a one-dimensional Brownian motion under P, and X’/ =

{Xg :t €0, T*}} is an ACP process independent of W. A

Proposition 1V.2 provides the exponential form for AJD processes, thus, generalizing

Proposition IV.1.

Proposition IV.2 (Exponential Form of X).
Let X = {X;:t€[0,T*]} be an AJD process and let « : [0,T*] — R be a deterministic
function satisfying )

/OT (Je(u)y(u)| + @ (u)o?(u)) du < oco.

Then
Ep {exp {i (o Xy H = exp {i/ot a(u)y(u)du — 5 /Ot o (u)o?(u)du

+ /Ot /;oo (eia(”)‘r — 1) )\(u)f(u,x)da:du} .

Proof The expectation factors and, thus, the exponential form of X can be expressed as
a product of the exponential forms of the continuous and pure jump components because

of the independence of X¢ and X7. Using that
t t
/ a(u)o(u)dW, ~ N <O,/ a2(u)02(u)du> ,
0 0
we find that
t 1 t
Ep [exp {i (a0 X ) ﬂH = exp {1/ a(u)y(u)du — / a2(u)02(u)du}
’ 0 2 Jo
and the claim follows. [J

Similar to Proposition IV.1, this result yields the characteristic function of X as a special
case. Analogous to Lemma IV .4, we can construct a complex exponential martingale from

X. We omit the details for brevity.
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IV.3 Esscher Transform Probability Measures

This section defines an equivalent probability measure through the Esscher transform
when the risk process is given by an AJD process. We show that the ETPM constructed
from a time-inhomogeneous jump-diffusion process generally induces a time-dependence
of the jump size distribution. The ETMM is a special case of the ETPM, where the
transform process is chosen such that the stock price is a martingale under the bank
account numéraire. Our analysis unveils an, at the outset surprising, connection between

the short-rate process and the jump dynamics under the ETMM.

Following Esscher (1932), we start by giving the definition of an Esscher transform of

a random variable.

Definition IV.7 (Esscher Transform).
Let Z be a random variable whose law under P is given by some distribution function Fz(x)
with corresponding characteristic function ¢z (w). For a transform parameter 5 € R, the

Esscher transform distribution function Fy(z) of Fy(z) is given by

~ S x
afrta) =

conditional on

oz(—iB) = /+oo PTAFy, (x) < . A

—00

Thus, the Esscher transform corresponds to an exponential tilting of the PDF, if
available, and a subsequent re-normalization. This requires that the S-th exponential
moment of Z under P is well-defined. Gerber and Shiu (1994b) extend this approach to
a Lévy process X = {X; :t € [0,7*]} by applying an exponential tilting to the PDF of
X; at all points in time ¢ € [0,7*]. Analogous to Definition IV.7, this is still possible in
terms of a Riemann-Stieltjes integral, even when the distribution function of X; is not
differentiable. Definition IV.8 generalizes this approach to additive processes. The non-
stationarity now calls for a time-dependent transform parameter. We refer to Kallsen
and Shiryaev (2002) for an application to semimartingales, where the change of measure

process takes a similar structure.

Definition IV.8 (Esscher Transform Process).
The Esscher transform process X = {Xt :t e [0,T *]} of the additive process X =
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{X;:t €]0,T*]} with deterministic transform parameter 3 : [0,7%] — R is given by

X, = eXp{(BOX)[O,t]}<EP [exp{(ﬁoX)[o,t]H) g

conditional on

-
/0 (lﬁ(u)v(u)\ + ﬁQ(u)JQ(u)) du < oo

T p4o0
/ / AW (du x dz) < oo. A
0 —00

and

Lemma IV.7 (X' Is a Radon-Nikodym Derivative Process).
The Esscher transform process X = {Xt it e [O,T*]} in Definition IV.8 constitutes a

valid Radon-Nikodym derivative process.

Proof For X to be a valid Radon-Nikodym derivative process, it has to be a (P,F)-
martingale starting at Xy = 1. The latter property is obvious from Definition IV.8. Next,
we factor X into two terms linked to the continuous and jump components X¢ and X7,
respectively. We can show that each of these independent processes is a (P, F)-martingale

and, thus, their product is as well. All details are provided in Appendix IV.B.1. [J

Definition IV.9 (Esscher Transform Probability Measure).

Let X = {X;:t€[0,7*]} be an AJD process. The ETPM P(X, ) equivalent to P on
[0,7%] is defined through the Radon-Nikodym derivative process X = {Xt 1t €[0,T%}
in Definition IV.8. For all 0 <t < T, we have

= ol oo [ o)

exp {/0 /;oo B(u)zJx (du x dz)
- /0 t /_ :o (e»B(u)fv - 1) Au) f(u, x)dmdu} P-a.s..

We denote the set of all ETPM by P(X). A

- dIP’

gt (Pa IP)) di]P)
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Again, the Radon-Nikodym derivative process factors into a change of measure process for
the continuous and jump parts of X, respectively, because of the independence of X¢ and
XJ. The following standard result characterizes the drift of X¢ under the new probability
measure P(X, ).

Lemma IV.8 (Dynamics of X¢ under P(X, 3)).
Let X¢ = {Xf:t€[0,T*]} be the continuous component of an AJD process X =
{X;:t €0, T*]}. Then

Xe = /0 (7(u) + Blu)o?(w)) du + /0 o (w)d W,

where the process W = {Wt (e [0,77 } 15 a standard one-dimensional Brownian motion

under IF”(X7 B).

Proof This is a direct consequence of the Girsanov theorem for Brownian motions; see for
example Theorem II1.5.1 in Karatzas and Shreve (1991), p. 191. In particular, it entails
that the process
¢
Wy =W, — / B(u)o(u)du.
0
is a one-dimensional standard Brownian motion under P(X, 3) and the result follows by

substitution. O

Note that the conditions imposed on the transform parameter in Definition IV.8 are
sufficient for the Lebesgue integral in the dynamics of X under I@’(X , B) to be well-defined.
In the following sections, we discuss the effect of the measure transformation on the ACP

process in detail. We start by finding the characteristic function of X7 under I@’(X ,B).

Proposition IV.3 (Dynamics of X7 under BP(X,3) I).
Let X7 = {th :t € [0, T } be the ACP pure jump component of an AJD process X =
{X;:t€[0,T*]} under P. Let 5: Ry — R be such that

T p+oo
/ / AW f (4, r)dadu < co.
0 —o0

Then X7 is also an ACP process under the ETPM I@’(X, B) with intensity measure fi(dt X

~ ~

dz) = A\(t) f(t, z)dtdz, where

>
~—~
~
~—
I

Aty (t, —1B(t)),
R ) B eﬂ(t)xf(ta x)
Jwb) = 5 S0)
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and ¢y (t,w) is the characteristic function of the PDF f(t,x) under P as defined in

Proposition IV.1.

Proof This is shown by computing the characteristic function ngng (w) of th under
]IS’(X ,B). We start by making a change of measure to represent b x,(w) as an expectation
under P, which can be computed using Proposition IV.1. The resulting expression
resembles the characteristic function of an ACP process given in Corollary IV.1, but the

PDF needs to be renormalized. All details can be found in Appendix IV.B.2. [J

We observe that, for each time 0 < ¢ < T™, the jump size distribution under the ETPM
]fD(X ,B) is given by the Esscher transform of the corresponding jump size distribution
under the original probability measure P with transform parameter (3(t); compare to

Definition IV.7.

Corollary IV.2 (Characteristic Function of f(t,x)).

The characteristic function of the jump size PDF f(t, x) is given by

L etw—i8()
ov () == 8w

Proof This is shown as part of the proof to Proposition IV.3 in Appendix IV.B.2. [J

In the context of contingent claim valuation, the ETPM has two main applications. First,
it is used to construct the risk-neutral probability measure. As discussed in the literature
review in Section IV.1, the ETMM naturally arises as the pricing kernel in different model
economies, where the representative agent has iso-elastic utility of consumption; see for
example Naik and Lee (1990), Milne and Madan (1991) and Gerber and Shiu (1994b).
Second, the Radon-Nikodym derivative process linked to the change of numéraire from
the bank account to the spot asset corresponds to an Esscher transform of the logarithmic
return process with a constant transform parameter function 3(t) = 1; see for example

Gerber and Shiu (1994b) and Geman et al. (1995).

We proceed by defining and characterizing the ETMM.
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Definition IV.10 (Esscher Transform Martingale Measure).
An ETPM P* € P(X) is the ETMM, if the discounted asset price process S/B is a (P*,F)-

martingale. A

Lemma IV.9 (Characterization of the ETMM).
The discounted asset price process S/B is a (P*,F)-martingale if the transform parameter

g* :10,T%] — R satisfies

1

3(0) = )+ 00) (870 + § ) + M0 (0 (1, =51+ 5°(0) — o (1, —i6° 1) =0

for all t € [0,T%].

Proof The martingale condition Sy = Ep« [S;/By] for all ¢t € [0,7*] can equivalently be

expressed as qS}t(—i) = B;. Using Propositions IV.2 and 1V.3, we obtain

/0 t <7(U> —r(u) + o*(u) (B*(u) + ;) + N (u) (% (u, —i) — 1)) du = 0.

We substitute for the jump frequency and the characteristic function of the jump size

distribution under PP using Proposition IV.3 and Corollary IV.1 to obtain the result. [

Note that the above characterization does not mean to imply the existence of the ETMM.
For any fixed t € [0, T*], the conditions under which this problem has a solution are very
similar to the standard time-homogeneous case. We refer to the proof of Proposition 9.9
in Cont and Tankov (2004), pp. 310-310, who discuss the existence of the ETMM for
Lévy processes; see also Section 2 in Gerber and Shiu (1994a), pp. 197-200. Delbaen and
Schachermayer (1994) generalize the fundamental theorem of asset pricing due to Harrison
and Pliska (1981) by showing that in general semimartingale markets, the existence of a
risk-neutral probability measure is equivalent to the absence of arbitrage. It should be
noted that the non-existence of the ETMM does not imply the existence of an arbitrage,

as the ETMM is only one possible construction of the risk-neutral probability measure.

The condition in Lemma IV.9 has one interesting consequence. Assume that
logarithmic returns follow a THJD process under the physical probability measure. If the
risk-free interest rate is a non-constant deterministic function of time, then Lemma IV.9
implies that 5*(t) is non-constant as well. Thus, by Proposition IV.3, both the jump

intensity and the jump size distribution become time-dependent under the ETMM and
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we obtain a strictly ACP process. The connection between the risk-free rate and the
risk-neutral jump dynamics seems surprising at first. By assumption, X follows a THJD
process under P. Thus, a non-constant instantaneous risk-free rate implies a time-varying
excess return. Since the jump risk is priced under the Esscher transform, this yields a non-
constant market price of jump risk and, consequently, also a time-varying jump intensity
and jump size distribution under the ETMM. We illustrate this by giving an example
based on the Merton (1976) jump-diffusion model.

Example IV.1 (Merton (1976) with a Term-Structure of Interest Rates).
Following Merton (1976), we assume that the physical dynamics of the logarithmic returns
exhibit normally distributed jumps, that is

N
1 .
X; = <u - 502 — Aoy (—i) — 1)) t+ oW + z;y
1=
where N = {N; : t € [0,T*]} is a one-dimensional Poisson process with a constant intensity
A € Ry under P, and (Y]),cy is a sequence of iid. A (v,6%) normal random variables.
Assume that we estimate u = 10%, o = 20%, A = 15, v = —0.50% and 6 = 2.50% from
the historical time series of returns. Let the instantaneous interest rate be given by a

Nelson and Siegel (1987) exponential polynomial of the form
r(t) = Co+ Cre /M.

The corresponding term-structure of zero-coupon yields is then given by

1

y(t) = t/o r(u)du

= o (D) (1-e),

Assume that, by calibrating the parameters to the current term-structure of interest
rates, we obtain (o = 5.00%, (1 = —2.00% and n = 1.50. This yields a strictly
increasing and concave term-structure of instantaneous forward rates with r(0) = 3.00%

and lim;_,o 7(t) = 5.00%.

Using Lemma IV.9, we numerically solve for the transform parameter function 5*(t)
using a root-search routine. Figure IV.1 shows the time-dependence of the jump-diffusion
parameters under the ETMM. Since the risk premium under the physical probability

measure is positive for all time horizons, the expected return from jumps over any fixed
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time interval is lower under the ETMM than under the physical probability measure. This

corresponds to a lower mean jump return v*(¢) and a higher jump frequency A*(¢). B

Now assume that the logarithmic returns follow a TCCP process under the physical
probability measure and the risk-free interest rate is constant. By a similar argument,
it follows from Lemma IV.9 that the transform function 5*(¢) becomes time-dependent.
Consequently, a TCCP process under the physical probability measures is rendered into

a strictly ACP process under the ETMM.

These two examples provide further justification for considering ACP processes. They
show that ACP processes can arise quite naturally under a measure transformation from

common asset dynamics.

IV.4 Natural Exponential Families

In this section, we define two subclasses of ACP processes, where, at each time 0 <
t < T*, the jump size distribution is a natural exponential (NE) family or a finite mixture
thereof. The important property of these special types of ACP processes is that they are
closed under an Esscher transform measure change. To be able to better focus on the key
idea, we start by deriving the main results for the simpler case of no mixing before moving

on to the more general case.

IV.4.1 One-Parameter Natural Exponential Families

We start by recalling the following two definitions; see for example Chapter 1.6 in

Bickel and Doksum (2001), pp. 49-66.

Definition IV.11 (Exponential Family).
An exponential family is a class of probability distributions indexed by a parameter vector

n € R” for some n € N whose PDF admits the representation

f(z;m) = a(x) exp {n - T(x) = b(n)},

where T : R — R" is the sufficient statistic, 3: R" > Rand a: R - R,. A
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(i) risk-free interest rate
6% T T T T
5% I =
4% I 7
3% 1 1
0 2 3 4 5
t
(ii) transform parameter
-1.0 T T
= 15t i
)
-2.0 ) '
0 2 3 4 5
t
(iii) jump intensity
15.20 T T
= 1515 _
15.10 : ' '
0 1 2 3 4 5
t
(iv) mean jump size
_05% T T T
—-0.6% 7
=
-0.7% 7
1 1
3 4 5

-0.8%

0
Figure IV.1: Sample parameters of the Merton (1976) model under the ETMM

when the instantaneous risk-free interest rate is time-dependent.
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Definition IV.12 (Natural Exponential Family).
An NE family is a class of probability distributions indexed by a parameter § € R, whose

PDF admits the representation

f(@;0) = a(z) exp {6z — b(0)} .

We define Dng(b(+)) as the class of NE families characterized by the function b(#) and
formally write f(x;6) € Dng(b(-)) to indicate that the PDF f(x;60) is a member of
Dng(b(+). &

Thus, an NE family is a one-parameter exponential family, whose sufficient statistic
T'(x) = z is the identity function. Given the class of exponential families Dyg(b(-)) that a
PDF belongs to, it is fully characterized by the particular value of the parameter 6. Note
that many multi-parameter classes of distributions are NE families when considering all

but one parameter as fixed; see also the examples following Proposition IV.4.

Lemma IV.10 (Characteristic Function of Natural Exponential Families).
Let Z be a random variable whose distribution under P is a Dyg(b(-)) NE family with

parameter 0. Then the characteristic function ¢z(w) of Z under P is given by

62(w) = exp {b(0 + iw) — b(9)}

Proof This follows from a completion of the exponent in the integrand defining the

characteristic function; see Appendix IV.C.1 for details. [J

Note that the characteristic function of a random variable following an NE family only
depends on the functional form of b(6) but not on a(x). Since the characteristic function
uniquely identifies a distribution, see for example Theorem 3.1.1 in Lukacs (1970), p. 28,
it follows that b(#) fully characterizes any NE family. This justifies the notation Dng/(b(+))
introduced in Definition IV.12.

Definition IV.13 (Natural Exponential Additive Compound Poisson

Processes).
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Let X7 = {Xg :t €0, T*]} be an ACP process. It is an NE-ACP process, if the intensity

measure can be represented as
wu(dt x dx) = X(t) f(t, z; 0(t))dtdz,

where, for each time 0 < ¢ < T%, f(t,;0(t)) € Dnr (b(t,-)) : R — Ry is an NE family
characterized by the function b(¢,-) and with parameter 6(t). Thus, any NE-ACP process
is fully characterized by the system of triplets

(M 6,0) = {(\®),0(),b(t, ) : t€ [0, T*]}. A

The system of triplets (A, 6,b) used to uniquely identify an NE-ACP process is not be
confused with its system of generating triplets, as discussed in Lemma IV.3. The latter is

a much more general concept and applies to all additive processes.

Proposition IV.4 (Dynamics of X7 under P(X,3) II).

Let X7 = {th it e [O,T*]} be the ACP pure jump component of an AJD process X =
{X:t€]0,T*]}. Assume that X7 is an NE-ACP process under P with system of triplets
(A, 0,b) = {(\(t),0(t),b(t,-)) : t € [0,T*]}. Then X7 is also an NE-ACP process under the
ETPM I@’(X,ﬁ) with system of triplets (S\,é,b) = {(;\(t),é(t),b(t, )) 1t € [0,7% }, where

At) = Aoy (t, —iB(1)),
0t) = 0(t)+B(t)

and
oy (t,w) = exp {b(t, 0(t) + iw) — b(t,0(t))}

as in Lemma IV.10. In particular, for each time 0 < t < T*, the jump size PDFs
f(t,z;0(t)) and f(t,x;é(t)) are the same NE family Dyg(b(t,-)).

Proof It follows from Proposition IV.3, that X7 is also an ACP process under IP’(X , ) with
the given jump intensity. Therefore, it only remains to show that, if, for each 0 <t < T,
the jump size PDF f(¢,2;0(t)) is an NE family under P, then, f(t,x;é(t)) is the same

NE family under I@’(X ,B) with the given parameter. Using Proposition IV.3 again, in
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conjunction with Definition IV.12, and substituting for ¢y (¢, —i3(¢)) using Lemma IV.10,

we obtain

F(t,2560(2), (1)) = alt,x) exp {(0(t) + B(1)) & — b(t, 6(t) + 5(1))}

which justifies setting 6(t) = 6(t) + 3(t). We see that f(t,m; é(t)) is also an NE family.
Since the function b(0) is unaffected by the change of measure, it follows by Lemma IV.10

and the discussion succeeding it that, for each 0 < ¢ < T, the jump size distributions

under P and P(X, 8) are the same NE family.

Alternatively, we can use Corollary IV.2 in conjunction with the representation of the

characteristic function for NE families in Lemma IV.10 to obtain

Py (t,w) = exp {b (¢, 0(t) + B(t) +iw) — b (¢, 0(t) + B(t))}
By Lemma IV.10, we recognize this as the characteristic function of an NE family

Dyg(b(t, ) with parameter A(¢) and the claim follows. [

This result is important because it shows that, for any choice of 5(t), the class of NE-ACP
processes with a jump size distribution in Dng(b(t,-)) is closed under a measure change
given by an Esscher transform. In Section 1V.4.2, we show that there exists a broader
class of jump size distributions, given by a finite mixture of NE distributions, that still
preserves this property. Next, we provide some examples of common NE families and
their parameters under the original probability measure P and the ETPM HAJ’(X ,B). To
keep the presentation as simple as possible, we consider the case of time-homogeneous jump
size distributions as in Definition IV.4. The extension to time-dependent parameters is
straightforward but complicates the notation. The examples are of a purely illustrative
nature and we do not mean to imply that these distributions are good choices to model

the jumps of logarithmic asset returns.

Example IV.2 (Normal Distribution).
Let (Y;);cn be a sequence of i.i.d. N (% (52) normally distributed random variables under

P with PDF
fx;7,6%) =

1 (z — )
eXp ———— -
V2mH2 202
If we consider the variance 6% as being fixed, then we see that f (z;7) is an NE family

with

1 x? (66)?
9:§, a(x) = Wexp{—w}, b(0) = 5
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From Proposition IV.3, it follows that each Y; is N (’?,52) normally distributed under
]IAJ’(X7 B) with 4 = v + 362 since

52 j A

YEBT Y

o+8=15—=

Example IV.3 (Gamma Distribution).
Let (Y;),cy be a sequence of i.i.d. I'(a,b) gamma distributed random variables under P

with PDF
1

I'(a)be

f(x;a,b) = 29 Le/P1{z > 0}.

If we consider the shape parameter a as being fixed, then we see that f(x;b) is an NE

family with

1, B 1
9:—5, a(a:):@x "{z >0}, b(f) =aln <—0> .

From Proposition IV.3, it follows that each Y; is F(a, 3) gamma distributed under I@’(X ,B)
with b = b/(1 — bB) since
1 1

9+ﬁ:—m:—529 |

Example IV.4 (Exponential Distribution).
Let (Y;),cy be a sequence of i.i.d. £(\) exponentially distributed random variables under
P with PDF

f(z;0) = de M 1{z > 0}.

Since the exponential distribution is a special case of the gamma distribution with £(\) ~
I'(1,1/X), it follows from Example IV.3 that each Y; is 5(5\) exponentially distributed
under P(X,8) with A=XA—5. B
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IV.4.2 Natural Exponential Mixture Families

Definition IV.14 (Natural Exponential Mixture Family).
An NEM family is a class of probability distributions indexed by an n-dimensional
parameter vector 8 = (01,0a,... ,Hn)T and weight vector w = (wi,wy, ... ,wn)T whose

PDF admits the representation
n
f(@:0,w) = wif; (x;6).
i=1

Here, the weights satisfy w; > 0 for all ¢ € {1,2,...,n} and > ;" ,w; = 1. Each
fi(xz;6;) € Dng (bi(+)) is an NE family. We define Dxpm(b(+)) to be the class of NEM
families characterized by the vector valued function b (8) = (by (61), b2 (02) ..., bn (6,))7.
A

Consequently, a random variable Z follows an NEM distribution if it is defined by a
finite mixture of n random variables { A;}, the i-th of which is a Dg (b;(+)) NE family with
parameter 6; and PDF f; (z;60;). A realization of Z has the same distribution as A; with
probability w;. We refer to the {4;} as the mixture components of Z. Note that each A; is
allowed to follow a different NE family. Since an NE family can be considered a special case
when we mix over a single distribution with unit weight, all the following results generalize
the ones previously obtained. We refer to, for example, Section 1.1 in McLachlan and Peel

(2000), pp. 22-23, for a definition of general finite mixture distributions.

Lemma IV.11 (Characteristic Function of Natural Exponential Mixture Fam-
ilies).

Let Z be a random variable whose distribution under P is a Dygy(b(+)) NEM family with
parameter vector 6@ and weight vector w. Then, the characteristic function ¢z(w) of Z

under P is given by

dz(w) = w;exp {b; (0; +iw) — b; (6;)} .

=1

Proof This follows immediately from Lemma IV.10 and the linearity of the Fourier

transform. [
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Definition IV.15 (Natural Exponential Mixture Additive Compound Poisson
Processes).

Let X7 = {Xt] 1t e|o, T*]} be an ACP process. It is an NEM-ACP process if the intensity

measure can be represented as
w(dt x dx) = A(t) f(t, z;0(t), w(t))dtdx,

where, for each time 0 < ¢t < T*, f(t,;0(t),w(t)) € Dnem (b(t,7)) : R — R4 is an
NEM family characterized by the function b(¢,-) with parameter vector 6(t) and weight
vector w(t). Here, b: Ry x R" — R" 0 : Ry — R" and w : Ry — [0, 1]" such that
Yo wi(t) = 1. Thus, any NEM-ACP process is fully characterized by the system of

quadruplets

(A, 0,w,b) = {(\(t),0(), w(t),b(t,) : t € [0,T*]}. A

Proposition IV.5 below is our main result. It shows for any choice of b(t,-), the class
of NEM-ACP processes with jump size distribution in Dngm(b(t,-)) is closed under a

measure change given by an Esscher transform.

Proposition IV.5 (Dynamics of X7 under P(X,3) III).

Let X7 = {Xt] it e [O,T*]} be the ACP pure jump component of an AJD process
X = {X;:te€[0,T*]}. Assume that X’ is an NEM-ACP process under P with
system of quadruplets (\,0,w,b) = {(A\(t),0(t),w(t),b(t,-)):t € [0,T*]}. Then XJ
is also an NEM-ACP process under the ETPM ]fD(X, B) with system of quadruplets

~

(A, 8,,b) = {(\(1),0(t),w(t),b(t,")) : t € [0,T*] }, where

At) = M)y (t —iB(1),
w;(t)pa,(t, —iB(t))

oy (t,—iB(t))
0:(t) = 6;(t) + B(b),

and

¢Y(taw) = Zwi(t)¢A¢ (tvw)v
=1
¢Ai (t, w) = exp {bZ (t, Hz(t) -+ iw) — bi (t, (gz(t))}
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as in Lemmata IV.10 and IV.11. Here, ¢a,(t,w) is the time 0 < t < T™* characteristic
function of the i-th mixing component under the original probability measure P. In
particular, for each time 0 < t < T* the jump size PDFs f(t,x;0(t),w(t)) and
f(t,m; é(t),tb(t)) are the same NEM family Dygy (b(t,-)).

Proof It follows from Proposition IV.3, that X7 is also an ACP process under I@’(X ,B)
with the given jump intensity. Therefore, it only remains to show that, if, for each
0 <t < T* the jump size PDF f(t,z;0(t),w(t)) is an NEM family under P, then
f(t, z;0(t), W(t)) is the same NEM family under P(X, 3) with the given parameter. The
proof is very similar to that of Proposition IV.4. Again, it is based on explicitly computing
the jump size distribution using Proposition IV.3 in conjunction with Lemmata IV.10
and IV.11. Care must be taken when defining the weight vector w(t) such that it
satisfies Definitions 1V.14 and IV.15. Alternatively, we can employ Corollary IV.1 and
Lemmata IV.10 and IV.11 again to find the characteristic function @y (t,w). All details
are provided in Appendix IV.C.2. OJ

Proposition IV.5 shows that not only the parameters of the mixture components but also
their weights change under the ETPM. Each weight w; is scaled by the percentage that
the ¢-th mixture component contributes to the total -th exponential moment of the jump
size distribution under P. The main insight is, that for any choice of §(t), the class
of NEM-ACP processes with a jump size distribution in Dngm(b(t, ) is closed under a

measure change given by an Esscher transform.

Examples IV.5 and IV.6 below illustrate how Proposition IV.5 can be used to find the
logarithmic return dynamics under both the ETMM and the corresponding asset price

probability measure.

Example IV.5 (Displaced Mixed Exponential Distribution).

Following Cai and Kou (2011), we consider the case where the jump sizes follow a mixed
exponential distribution. Their model augments the Kou (2002) double exponential jump-
diffusion model by adding additional exponential tails; see also Kou and Wang (2003) and
Kou and Wang (2004). The authors motivate this model by showing that a wide variety
of heavy-tailed distributions can be closely approximated through a mixture of two to
four exponential distributions. We consider a further generalization, where each of the

exponential tails is allowed to be displaced away from the origin. See also Chapter II for a
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discussion of and closed-form solutions for European plain vanilla options under displaced

double exponential jump size distributions.

Let (Y;);cy be a sequence of iid. M-€ (py,my, k4, p—,n—,k_) displaced mixed

exponentially distributed random variables under P with PDF

m n
fy(x) = Zp_i_ﬂn_i_,ie*nﬁi(x*mi)l {x > R—&—,i} + Zp_ﬂ-n_ﬂvenai(mfn—)]_ {33 < ﬁ—,i} .
i=1 =1

Here, p4 € [0,1]™, ny € RT, kp € RY, p_ € [0,1]", n— € R} and k_ € R™. As usual,
the weight vectors py and p_ satisfy > ;" pi; + > p—; = 1. Cai and Kou (2011)
allow for the individual weights to be negative, conditional on the resulting PDF being non-
negative everywhere. The authors formulate the model dynamics directly under the risk-
neutral probability measure and, thus, are not concerned with the measure transformation
discussed in this chapter. However, they mention that the mixed exponential dynamics
can be embedded in a Naik and Lee (1990) type general equilibrium economy, thus, giving
rise to an Esscher transform as the Radon-Nikodym derivative process.

From the above representation of the PDF,| we see that each Y; is an NEM family, where
the mixing components correspond to m positive and n negative displaced exponential

random variables. In the notation introduced in Definition IV.14, we have
T
w = (p+7p—) )

0 = (_77+777—)T

Given the characteristic function for displaced double exponential jumps in Chapter II,

we immediately obtain

Z D+, 277+Z 1w/-:+l Z P—il— 1um_,i
—1— iw ’

P/

From Proposition IV.4, it follows that each Y; is M-& (ﬁ+, N4, Ky, P, N—, n_) displaced
mixed exponentially distributed under ]IE’(X , ) with

-1
. _ P+iM4a oBFi P+,iT+i B P—iT—i B

p 7' - + 9
o 5 <Z 5 Z + 5

N+ — i i
—1
o . P—il—i ﬁ,i b+, 7,77—0— i 5H+ P—iN—i 5,.;
p_7, — L L _I_ R
’ —z+5 (Z N+, — Z

Nig = Nii— B,
N—i = nN—;+pB. |
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Example IV.6 (Gaussian Mixture Distribution).
We now propose to model the jump size as following a Gaussian mixture distribution. Our
model embeds the Merton (1976) jump-diffusion model with normally distributed jumps

as a special case.

Let (Y7),en be a sequence of i.i.d. M-N ('w, ¥, 52) Gaussian mixture random variables

under P with PDF

~_w (& —%)*
fr(z) =) —— exp{_ 257 }
i=1 271'(52-2 i
where w € [0,1]", v € R™ and § € R}. The weight vector w satisfies > " ; w; = 1.

Consequently, each Y; follows an NEM distribution, where each of the n mixing random

variables follows a normal distribution. In the notation of Definition IV.14, we have

oo (12 m\
6%75%7"'?5% ?

compare to Example IV.2. The corresponding characteristic function is given by
- 1
oy, (w) = Zwi exp {iw’yi - 2w25i2} .
i=1

From Proposition IV.4 and the result obtained in Example IV.2, it follows that each Y is

a M-\ (12),’3/, 62) Gaussian mixture random variable under I@’(X , ) with

n —1
~ 1 2¢2 1 2¢2
W = wiexp{/?% + 55 51-} (;Zl w; exp {B%Jr 55 o; ;

4% = i+ P67 L

Until now, we only considered discrete mixtures of NE families. In the limit, when n —
00, we obtain a continuous mixture. The previous results can be seamlessly generalized to
this case. Instead of re-iterating the previous definitions and results, we only provide an
informal discussion of this case and illustrate it through an example. The mixing weights
now correspond to a PDF w : A — Ry on some domain A. Let f(x;y,0(y)) € Dng (b(y,-))

be an NE family for each y € A. A continuous NEM family can be represented as

F(:0,w) = /,4 w()f (;,0(y))dy.
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Note that Definition IV.14 corresponds to the special case when w(y) is a discrete PDF

of the form
= Z w;d(y —
i=1

where 0(z) is the Dirac delta function. The following example based on student’s
t-distribution considers a jump size distribution that is not an NE family but can be

represented as a continuous NEM family.

Example IV.7 (Student’s T-Distribution).
Let (Y;);cy be a sequence of i.id. N-I'!(u,& 0,7,6) normal inverse gamma random
variables under P. That is, each Y; is a normal mean-variance mixture, where the mixing

density is an inverse gamma distribution. It can be represented as
Yi~op+EW +oVvVWZ,

where Z ~ N(0,1) and W ~ TI'"!(4,6) are independent random variables and the

parameters satisfy u,& € R, g,7,6 € Ry. The PDF is given by

fr(z) = /0 fw (Y7, 8) fz (z; 0+ &y, 0%y) d
= AR X {—5}1 x {_W}
/0 P(’Y)y P Y \/27T02ye P 202y a

Consider the special case when = ¢ =0, 0 = 1 and v = § = v/2. Then, as shown in

Appendix IV.C.3,

” 22\ " th)/2
foto) - LDV () 2 |

Sl (v/2)

We recognize this as the PDF of a student’s t-distribution with v degrees of freedom,
that is X ~ T(v). Thus, while each Y; follows a continuous NEM family, it does not
follow an NE family. Nevertheless, we can apply the general result in Proposition IV.3
to find its PDF under I@’(X ,3), assuming that it does exist. After some simple algebraic

manipulations, we obtain

V/2 V/2 (/7)1 v — 52[92
/ by (—iB)T(v/2)" P {‘ 2y }
exp{ (z - By)* }dy.

2y

V 2Ty

We observe that each Y; is still a normal mean-variance mixture under I@’(X ,3) and

consequently follows a continuous NEM family. However, the mixing density w(y) is
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now given by

() = (v/2)""? w1 g, [ V=B
W) = BT p{ 2 }

and, in particular, it no longer follows an inverse gamma distribution. Consequently, each
Y; no longer follows a normal inverse gamma distribution, in general, and a student’s
t-distribution, in particular, under I@’(X ,B) either. To find the jump size PDF under

I@’(X, B), we can just apply Proposition IV.3 to obtain

. T(v+1)/2) a? *<”“>/2€ﬁw
N = S i)t () (“ ) |

We choose this example because it illustrates an important property of continuous
NEM distributions. In principle, any continuous distribution can be approximated through
a Gaussian mixture to an arbitrary precision; see for example Section 1.5.2 in McLachlan
and Peel (2000), pp. 11-14. However, as is the case in Example IV.7, the PDF of the
continuous NEM distribution is not necessarily an NE or finite NEM family. It is for
this reason that we use the terminology “class of probability distributions” to refer to

parametric distributions or finite mixtures thereof only.

For the moment, assume that we would also include continuous mixtures. By this
definition, the jump size distribution of any ACP process would either be closed under
the Esscher transform or could be approximated to an arbitrary precision by one that is.
However, the representation of the jump size distribution as a continuous NEM family
does not, provide additional insights or enhance tractability. As with any ACP process,

the jump size PDF can simply be found using the general Proposition IV.3.

IV.4.3 Relation to Conjugate Distributions

It is tempting to think that the results in Sections IV.4.1 and IV.4.2 are somewhat
related to the concept of conjugate priors in Bayesian statistics; see for example Box and
Tiao (1973) for a standard reference. Both problems analyze under which conditions a class
of distributions is closed under some operation and, in both cases, (natural) exponential
families and their mixtures play key roles. Thus, we briefly discuss why these two problems
are quite distinct, while similar at the first glance. Consider a random sample X =

{X1,Xs,... X, } obtained from a one-parameter sampling distribution f(z;6). Denote the

262



prior distribution of the parameter § by = : D — R,. By Bayes’ theorem, the posterior

distribution of 6, conditional on the sample X, is given by

o f(X50)7(0)
m (6;X) = I f(X;0)7(6)do’

where we write f(X;0) to denote the likelihood of the sample, conditional on the
parameter 6. A class of prior distributions A is a conjugate family for a class of sampling
distributions B, if the posterior distribution is in A for all 7(6) € A, all f(z;0) € B, and for
any random sample X'. The key difference between the above expression for the posterior
distribution and the Esscher transform is that the exponential tilting in the latter is not
a PDF. While it resembles an exponential distribution, it is unnormalized and, thus, does

not integrate to one.

Assume that the samples are drawn from an exponential distribution and the prior
distribution is an NE family, that is f(z;60) = e % and 7(0) = a(f)exp {nf — B(n)}.

Then, ignoring the normalization term, we obtain

n

T(0;X) Hf(Xi§9)7T(‘9)

=1

x aen ] (- ;Xi>9+nln0 -5

The gamma distribution has a sufficient statistic T(0) = (0,In6)" and, thus, is the
conjugate prior. Other distributions that nest the gamma distribution as special cases are
also conjugate priors when considering some of their parameters fixed. One such example
is the generalized inverse Gaussian distribution. Similar to the result in Section IV.4.2, a

mixture of gamma distributions is also a conjugate prior.

Now, consider the Esscher transform parameterized by ¢ = —f when the fz(x;0)

follows an NE family under P. We have

fZ(az; 0) e_mgfz(:z; 0)

x a(z)exp{(0 —&)x—b(h)}.

Any distribution with sufficient statistic T'(z) = x is closed under the Esscher transform

because of the lack of a normalization term in the exponential tilting.
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IV.4.4 TImplications for Minimal Entropy Martingale Measures

While Gerber and Shiu (1994b) only explicitly consider measure changes defined by
the Esscher transform of the Lévy dynamics governing the logarithm of the underlying
asset, it is clear that alternative choices of the risk process are equally possible. In a
series of papers, Miyahara (1999, 2004), Fujiwara and Miyahara (2003) and Fujiwara
(2009) identify the ETMM of the simple return process as the MEMM under increasingly
general dynamics. See also Chan (1999), Kallsen and Shiryaev (2002) and Hubalek and
Sgarra (2006) for related works. The MEMM is the equivalent martingale measure that
minimizes the relative entropy or Kullback-Leibler divergence to the physical probability
measure and, thus, is closest to it in terms of its information content. In Miyahara (1999),
the MEMM is motivated economically through its link to utility indifference pricing when

the agent has exponential utility; see also Frittelli (2000).

Formally, the MEMM P* is defined as the solution to the problem

. dQ (dQ
P* = f Ep|—In|—
Eocmp T [dIP’ B <dIP’>} ’
where M(P) denotes the set of martingale measures equivalent to P on [0,77]. As shown

in Theorem 3.1 in Fujiwara (2009), pp. 77-78, the MEMM is given by the ETPM of the
simple return process R = {R; : t € [0,T*]}, defined as

£ ds,

R, = .
L

Using the Ito formula, see for example Proposition 8.15 in Cont and Tankov (2004), p.

276, we obtain

Ry = /Ot <’y(u) + ;a%)) du + /Ota(u)qu + /Ot /:O (e — 1) Jx(dz x du).

We observe that R also follows an AJD process under P. When the process X jumps by
AX; at some time ¢ € [0,7%], then the process R jumps by e®Xt — 1 at the same time.
Thus, we set h(z) = e® —1 (h™(z) = In(z + 1)) and define a new intensity measure
v(dt x dz) = p (dt x h=!(dz)) with corresponding Poisson random measure Jp(dt x dz).
Then,

R; = /Ot (’y(u) - ;am)) du + /Ota(u)qu + /Ot /_:O zJg(dz x du).
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The MEMM is then given by the ETPM P* € P(R) that satisfies Definition IV.10. It
follows from Proposition IV.5 that the jump size distributions of X under P and P* fall

into the same parametric class if R follows an NEM-ACP process.

Most jump-diffusion processes proposed in the literature and considered thus far in
this chapter are such that the jump size distribution of the logarithmic return process
X is an NEM family, while that of the simple return process R is not. Example IV.8
below shows that, when each Y; follows a negative Gumbel distribution with unit scale
parameter under the physical probability measure, then R exhibits displaced exponential
jumps. Consequently, the jump sizes of X under the MEMM also follow a negative Gumbel
distribution but with a different location parameter. Again, this example is purely of an

illustrative nature.

Example IV.8 (Gumbel Distribution).

Let (Y;),cy be a sequence of i.i.d. G_(u,0) negative Gumbel random variables under P

1
f(ﬁ;u70)=exp{w—exp{ﬁﬂ}}-
g g (o2

Let (Z;);cy be the corresponding sequence of jumps in the simple return process R. It has

the PDF

with PDF

! (z + 1)1 exp{g — (z+ 1)1/”exp{§}} H{z > -1}

g(x;p,0) = —
g

Assume that the scale parameter is fixed at 0 = 1 and define A = e#. Then,
gz, 1) = e 201 {2 > 1},

We recognize this as the PDF of a D-£()\, k) displaced exponential distribution with

displacement term x = —1. Its characteristic function under PP is given by

It follows from Proposition IV.4 and Example 1V.4 that each Z; is D-& (;\, —1) distributed
under I@’(R, B) with A = A — 3. Consequently, each Y; follows a G_ (f1, 1) negative Gumbel
distribution under P(R, 8) with i = In (e# — 3). B
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IV.5 Conclusion

This chapter shows that the class of NEM-AJD processes is closed under an Esscher
transform measure change. This result is important since it ensures that jump sizes under
the physical probability measure and the ETMM fall into the same distributional class.
It thus allows for a direct comparison of the corresponding two asset dynamics based on
their parameter vectors. Furthermore, we fully characterize the model parameters under
the new probability measure in terms of the parameters under the original probability
measure and the transform parameter. A second application of this result is the change
of numéraire from the bank account to the spot asset. For all NEM-AJD processes, being
able to evaluate the tail probability of logarithmic asset prices under the risk-neutral
probability measure is sufficient to be able to price European plain vanilla options. We
show that several well-known models represent special cases of NEM-AJD processes and

provide further examples.
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IV.A Appendix for Section IV.2
IV.A.1 Martingale Property of ZJ

This appendix contains the detailed proof of Lemma IV.4. It is almost identical to
that for Lévy processes; see for example Proposition 3.17.(i) in Cont and Tankov (2004),
p. 97. Let 0 < s <t <T%, then

e o i) )
exp {i (oo Xj)[oﬁ]} Ep [exp {i (a0 Xj)[s,t]H

= enfifas Xy + [ A Grtuma) - Dau}.

Here, we used the independence of (a o XJ )[S 1 of § in the second and Proposition IV.1
in the third step. We divide this expression by

t
Ep [exp {i (ao Xj)[o t]H = exp {/ AMu) (oy (u, a(u)) — 1) du}
’ 0
and use the linearity of the integral to obtain the result.

IV.A.2 X7 Is an Additive Process

This appendix contains the detailed proof of Lemma IV.1. It only remains to establish
the stochastic continuity of X7. For any interval we can bound the probability of the
absolute change in X7 being greater than some value € by the probability of observing at

least one jump during this time.

P{|X1, - XI| >} < 1—P{/t+h/_oojx(duxdx):0}
= 1—exp{—un(t,t+h] xR)}.

Here, we used that by Definition IV.2 the total number of jumps on the set A = [¢,t+h] xR
follows a Poisson distribution with mean p(A). Taking the limit as h | 0, the right-hand

side converges to zero and the stochastic continuity of X7 follows.
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IV.A.3 Time-Changed Compound Poisson Representation

This appendix contains the detailed proof of Lemma IV.5. Just like for standard

compound Poisson processes, we use iterated conditional expectations to obtain

bxi(0) = S {Ni=n} (dv(w)" P
n=0
i e )y ()"

n!

n=0

= o { [ M) @) - ).

Here, ((t) is the total jump intensity over the interval [0,t] as previously defined in
Section IV.2.1. This expression is equal to the one given in Corollary IV.1 when the
jump size distribution is time-homogeneous. The result then follows from the uniqueness

of the characteristic function; see for example Theorem 3.1.1 in Lukacs (1970), p. 28.

IV.B Appendix for Section 1V.3
IV.B.1 X Isa Radon-Nikodym Derivative Process

This appendix contains the detailed proof of Lemma IV.7. First, the independence of
X¢ and X7 and the linearity of the stochastic integral allow us to decompose X into two

factors X¢ = {Xf :t€[0,7%] } and X/ = {th 1t €[0,7%] }, that is X; = XeXI. Here,

Xi= exp{(ﬁoXi)[07t]} (Ep [exp{(ﬁoXi)[o’ﬂ}Dila

where i € {¢,j}. If we can show that both X¢ and X7 are (P,F)-martingales then it

follows that X is one as well. First, note that by Proposition IV.2 with a(t) = —if(t)

% = on [ stwotwaw, - /Otmu)a?(u)du}

= & </O ﬁ(u)a(U)qu> )

where £ denotes the Doléans-Dade exponential. The Novikov condition, see for example

Proposition II1.5.12 in Karatzas and Shreve (1991), p. 198, states that a sufficient
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condition for X¢ to be a martingale is given by

exp {; /Ot 52(u)02(u)du} < .

This is ensured to hold for all 0 < ¢t < T™ by the restriction imposed on the parameter

functions in Definition IV.8. Next, again from Proposition IV.1 with «(t) = —i5(t) we get

X/ = exp{ /0 t /_ :O Blw)adx (du x dz) — /0 t /_ :O (9 1) Aw) f x)dzxdu}

= & </O /_:o Blw)aJx (du x dx) .

Once more, it follows from the restriction imposed on the transform parameter and the
intensity measure that X7/ is a (P, F)-martingale; see for example Proposition 3.6 in Cont

and Tankov (2004), p. 78.

IV.B.2 Characteristic Function of X7 under P(X,3) Part I

This appendix contains the detailed proof of Proposition IV.3. We start by computing
the characteristic function ¢ i (w) of X 7 under ]@’(X ,B). We change the probability
t

measure to P and get

(JASth(w) = Ep :exp {ingH

— Ep :gt (P, P) exp {ingH
— Ep :exp {/Ot (iw + B(w)) dXI — /Ot /:O (eﬁ(“)z - 1) /\(u)f(u,a;)da:du}] .

Note, that due to the independence of X¢ and X7, the characteristic functions of X7 under

]@’(X ,8) and under P (Xj, ﬁ) coincide. Formally, we substituted for & (IP’,I@’) in the last

equality, using that

([ swaxs) = eo{ [ swaxi- [ san,}

is a (P,F)-martingale starting at one. Continuing with the computation of (ZASX]‘ (w), we
t
obtain

‘ZBXJ' (w) = exp {/t /+oo (e(i“’Jrﬁ(“))x — eﬁ(u)x> )\(u)f(u,x)dxdu}
7 0 J_

[e.9]

= exp {/Ot /W (e — 1) A(u)em“)wf(u,x)dxdu}.

—0o0
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Here, we again used Proposition IV.1 to compute the remaining expectation. This last
expression already closely resembles the characteristic function of an ACP process given in
Corollary IV.1. However, the term ¢®(® f (u, z) is in general not a valid PDF but requires
re-normalization. Let £ : Ry — R4 be a deterministic normalizing function such that for
every 0 <t < T* we have

5(115) /+OO SO f(¢ e =1 & ) = /+OO PO (¢, x)dx

= ¢y (tv _I/B(t))

The condition imposed on ((t) ensures that the ((¢)-th exponential moment of f(¢,x)
exists for all 0 <t < T™. Here, we defined ¢y (t,w), in analogy to the representation of
the TCCP process in Lemma IV.5, to be the characteristic function of the PDF f(¢,x).

b =] [ [ @ - 1) M i,

where for all 0 <t <T*

Then

A0 = ADoy(t,—iB(1)).
. eﬁ(t)mf(t, )
f6o) = =B

Again, the condition imposed on 3(t) ensures that

T
/ AMu)du < oo.
0

Thus, A(t) is a valid jump intensity function as required by Definition IV.3. Simplifying
t, t
(w) <¢Y( w—ip(t) 1> du}

bw) = o /0 oy (L, —1(D)

(
_ exp{/t () (dy (1) —1)du}

Py (t,w —if(1))
oy (t,—iB(t))

The Proposition follows by the uniqueness of the characteristic function. Note that the

further gives

>

where

by (t,w) =

last step was not necessary for the proof but yields the characteristic function qu(t, w) of

the PDF f(t,z) as a useful side result.

274



IV.C Appendix for Section IV.4

IV.C.1 Characteristic Function of Natural Exponential Families

This appendix contains the detailed proof of Lemma IV.10. We have

+oo
dz(w;0) = / e“r f(x;0)dx

—00

+o00
= / a(x)exp{(f +iw)xr — b(z)} dz

o .

= exp{b(f+iw) —b(0)} /_ a(x)exp{(0 +iw)xr — b(0 + iw)} dzx
+oo

= exp{b(0+iw) —b(0)} f(z; 0 + iw)dx.

—00

To compute the remaining integral, we notice that if w € C was a strictly complex number
with Re(w) = 0, then the integrand would be real valued and we would recognize this
expression as an integral over the full support of a PDF. It would thus evaluate to one.
However, the transform parameter w € R is a real number and thus this argument cannot
be directly employed. Instead, we can expand the exponent as a Taylor series around

w = 0 to obtain

. +oo . . +oo & ; n
b0 [T oy < e[S 4 () B g,

n!
0 n=0

. X (i,\n ptoo
e_b(9+W)ZO(1:!) /_Oo a(x)z"e d.

Furthermore it follows from the definition of the NE family that

o be) on /+oo ¢

_ - = zq

0{”6 e | a(z)es*dx

+o0o
= / a(x)z"e dz.
Consequently,

9 b(0+iw) _:n oo n 0z
%{e }(O) =i /_Oo a(x)z"e" dx,

which shows that the sum is a Taylor series expansion of the reciprocal of the first term

around w = 0. As a result, the remaining integral does vanish and we obtain

b2(w; ) = exp b0+ iw) — b(0)} .
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IV.C.2 Characteristic Function of X7 under P(X,3) Part III

This appendix contains the detailed proof of Proposition IV.5. Using Proposition IV.3
in conjunction with Definitions IV.12 and IV.14 we get

A~

(t, Z; H(t), w(t)a B(t))
n wi(t)

= Z mm(t, I) exp {(Ql(t) + ﬁ(t)) x—b (t, Gz(t))} '
— ,

1=

While this expression already resembles the structure of an NEM family, we observe
that the exponentials in the summands are not properly normalized; compare to
Definition IV.12. We thus substitute for 6;(t) = 0;(t) + 3(t) and add and subtract the

normalization term to obtain

n

Z mai(t’ z) exp {éi(t)x —bi (¢,0i(t)) £ b; (t, éz(t))}

n (t 1/8) R R
Z oy (t, —15 ) a;(t, z) exp{gi(t)x—b@'(tﬁi(t))},

where we define
da,(t,w) = exp{b; (£, 0;(t) +iw) — b; (¢,0:(1))}

to be the time 0 < ¢ < T™ characteristic function of the i-th mixing component under the
original probability measure P; see also the discussion following Definition IV.14. We thus

set
wi(t)Pa, (t, —1B(t))
qu (t7 _lﬁ(t))

and it remains to show that w(t¢) is a vector of non-negative real numbers that sum to

w;(t) =

one. First, we recognize ¢ 4,(t, —i8(t)) and ¢y (¢, —if(t)) as the time 0 < ¢ < T™ moment
generating functions of the i-th mixing density and the jump size distribution under P,
evaluated at [3(t). Their existence is ensured by the assumption made in Proposition IV.3.
Since a moment generating function is the expected value of a strictly positive random
variable, it follows that it is strictly positive itself; see for example Theorem 7.1.4 in Lukacs

(1970), p. 197. From w;(t) > 0 for all t = 1,2,...,n it then follows that w;(t) > 0 as well.
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Finally, it is not hard to see that

;’U}z(t) = gzﬁy(t,—iﬁ(t)); iba, (t, —iB(t))

oy (t, —1B(t))
oy (t, —1B(t))
= 1,

where we use Lemma IV.11.

Alternatively, we can use Corollary IV.2 in conjunction with the representation of the
characteristic function for NEM families in Lemma IV.11 to obtain

A - wj(t) )

datw) =S — Y oty (¢, 0:(1) + B(E) + iw) — by (¢, 0 ()} .

) = 3 g P (0 £ 50 + i) — i 100}

Again, by multiplying and dividing through ¢4, (¢, —i5(t)), we obtain the characteristic

function of an NEM distribution with the given weights w;(t).

IV.C.3 Student’s T-Distribution as a Gaussian Mean Variance Mixture

This appendix contains additional details for Example IV.7. Setting u =£§ =0, 0 =1

and v = § = v/2 in the normal inverse gamma distribution function yields

(v/2)""? /oo —(v+1)/2—1 { ? + V}
S v - dy.
Vo wi2) Jo Y P ey S

We make a change of variables by setting y = 1/z to obtain

v [e%¢) 2
_ (v/2)v/? / L(v+1)/2-1 exp {_ (30 + I/) z } &
0

V21T (v/2) 5
_ (v/2)"/*T((v +1)/2) <$2+y>—(u+l)/2
V21T (v/2) 2 :

See Section 6.1.1 in Abramowitz and Stegun (1972), p. 251, for the solution of the integral

used in the second equality. Another simplification finally yields

D((v+1)/2) (, 22\ 2
Vo (v)2) (” > |

v
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IV.D Parameters for Common Natural Exponential
Families

This appendix contains an alphabetically sorted overview of common NE families that
might be used in mixture models for the jump size distribution. This list is by no means
exhaustive. Often, however, the distributions listed here nest other NE families as special
cases such that the results still apply. For each distribution, we state the parametrization
under P and P(X, 3), the PDF f(z) under P, the natural parameter 6 as well as the two

functions a(z) and b(#).

IV.D.1 Exponential Distribution
EN) = EA-P)
f(z) = X1z >0}
06 = -\
a(z) = 1{z >0}
b)) = —In(-0)
IV.D.2 Gamma Distribution

I'(a,b) = T (a, 1_%)
flz) = F(;)bax“_le_x/bl{x > 0}
a(x) = F(la)xa_ll{x > 0}
b(#) = aln (—;)
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IV.D.3 Generalized Inverse Gaussian Distribution

GIG(a,b,p) = GIG(a—28,b,p)
a/b)P/2 azx T
flz) = %:ﬁ’*l exp {—W} 1{z > 0}

21, (Val) 2
g = ¢
2
1
a(x) = 2bp/2:rp 1exp{—x}1{aj>0}
b(o) = ln(Kp(—29b))—gln(—20)
IV.D.4 Hyperbolic Distribution
Hyp(u,a,b,6) = Hyp(u,a,b+ B,6)
VaZ — b2
— _ 52 — )2+ b(x —
@) = g v o~V i bt -
0 = b
Va? —b?
= _ 52+ _ 2
) = ol T
bO) = b

IV.D.5 Inverse Gaussian Distribution

pA
A Mz — p)?
f@) = \gmmen{- 252 >0

[S—
Q
F
=
4
[S—

A
0 = 7@
A A
a(x) = 53 CXP {—%} 1{z > 0}
b)) = —vV—20\
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IV.D.6 Normal Distribution

280



IV.E Glossary of Notation

O end of a proof

| end of an example

A end of a definition

1{A} indicator of the set A

ACP additive compound Poisson

AJD additive jump-diffusion

PA-as. almost surely under P4

B(A) Borel o-algebra on the set A

B(t) Esscher transform parameter function

Dre(b(+)) class of NE families
Dnem(b(+))  class of NEM families

D-£(+) displaced exponential distribution

& Borel o-algebra on the set E

EN) exponential distribution with rate parameter A

& (X)) Doléans-Dade exponential of the process X

Epa expectation under P4

ETMM Esscher transform martingale measure

ETPM Esscher transform probability measure

F sigma algebra

St filtration at time ¢

ft,x ACP jump size PDF

G(p, o) Gumbel distribution with local parameter p and scale parameter o
~(t) ACP drift function

I'(a,b) gamma distribution with shape parameter a and scale parameter b
i imaginary unit

ii.d. independent and identically distributed

Jx Poisson random measure of the process X

A(t) ACP jump intensity function

M(P) set of martingale measures equivalent to P

M-£(-) displaced mixed exponential distribution

MEMM minimal entropy martingale measure
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NA

N (3.7)
NTL()
NE

NEM

0(t)
THJID

intensity measure

one-dimensional Poisson process under P4

normal distribution with mean v and variance 62
normal inverse gamma distribution

natural exponential

natural exponential mixture

probability space

bank account martingale measure/risk-neutral measure
set of all ETPM with respect to X

ETPM of the risk process X with parameter 3
probability density function

characteristic function of the random variable X under P4
continuously compounded risk-free interest rate

AJD diffusion function

terminal time

student’s ¢-distribution with v degrees of freedom

NE parameter function

time-homogeneous jump-diffusion

standard one-dimensional Brownian motion under P4
NEM-ACP weight function

Radon-Nikodym derivative process between P4 and P8

ACP total jump intensity over the interval [0, ¢]
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Chapter V

Conclusion

This dissertation discusses three contemporary topics in financial engineering. Here, we
briefly summarize the main contributions of Chapters II through IV and propose potential

avenues of future research.

Chapter II proposes the most general jump-diffusion model yet that admits closed-
form solutions for European plain vanilla option prices. The corresponding valuation
functions are both numerically robust and computationally fast to evaluate. Empirical
estimations provide strong evidence that our newly introduced asymmetrical displacement
terms are both jointly and individually highly statistically significant. In particular, we
can reject the Kou (2002) double exponential jump-diffusion model for all assets. We find
that the empirical jump size distribution of most assets in the sample is consistent with
exponential tails. The additional flexibility offered by gamma tails with an inter-valued

shape parameter only improves the empirical fit for a single asset.

We approach the model selection problem by choosing the dynamics that provide the
best fit to the historical time series of logarithmic returns conditional on the availability of
closed-form solutions for European plain vanilla options. However, other selection criteria
are equally reasonable. Following Bakshi et al. (1997), future research could investigate
whether and by how much our model improves the robustness of the corresponding

replication portfolios.

Chapter III introduces a novel framework that jointly addresses the pricing and risk
management of deferred start barrier options. We consider markets where the implied
volatility exhibits a smile pattern and a the underlying asset dynamics are discontinuous.
We formulate an adjusted valuation problem in terms of a deferred start piecewise
exponential barrier option on a constant coefficient geometric Brownian motion asset. It is
solved iteratively by introducing the image operator for exponential barriers. These results
are novel and further applications to another well-known problem are proposed below. A

Monte Carlo simulation study confirms the improved robustness of our approach.
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Future research could explore further applications of piecewise exponential barrier
options. Following Omberg (1987), the valuation function for a down & out put with a
piecewise exponential barrier could be applied to find an improved approximation to the
value of American put options. In addition to the results obtained in this dissertation,
this requires the valuation of a slightly different rebate structure and the characterization

of the optimal parameters defining the early exercise boundary.

Chapter IV shows that the class of natural exponential mixture additive compound
Poisson processes is closed under an Esscher transform measure change. This result is
important when not only the risk-neutral but also the physical model dynamics are of
interest. Furthermore, it reduces the European plain vanilla option pricing problem to

finding the tail probabilities under the risk-neutral probability measure.
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